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Abstact Sequential Inulti~constraint graph partitioners have been de~ 
veloped to address the load balancing requireu1ents of Inulti~phase siu1u~ 
lations. The efficient execution of large Inulti~phase siu1ulations on high 
perforu1ance parallel cou1puters requires that the Inulti~constraint par~ 
titionings are cou1puted in parallel. This paper presents a parallel for~ 
Inulation of a recently developed Inulti~constraint graph partitioning al~ 
gorithui. \\7e describe this algoritlnn and give experiu1ental results con­
ducted on a 128-processor (~ray T3E. \\7e show that our parallel algo-­
ritlnn is able to efficiently cou1pute partitionings of siu1ilar edge--cuts as 
serial Inulti-constraint algorithu1s 1 and can scale to very large graphs. ()ur 
parallel Inulti-constraint graph partitioner is able to cou1pute a three­
constraint 128-way partitioning of a 7.5 Inillion node graph in about 7 
seconds on 128 processors of a (~ray T3E. 

1 Introduction 

A.Jgoritlnns that find good partitionings of highly unstructured and irregular 
graphs arc critical for the efficient execution of scientific si1nulations on high 
pcrforn1ancc parallel co1nputcrs. In these si1nulations, co1nputation is pcrforn1cd 
iteratively on each clcn1cnt of a physical (2D or 3D) 1ncsh, and then so1nc in­
forn1ation is exchanged bct\vccn adjacent 1ncsh clcn1cnts. Efficient execution of 
these si1nulations requires a n1apping of the co1nputational 1ncsh to the proces­
sors such that each processor gets a roughly equal nu1nbcr of clcn1cnts and the 
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an1ount of inter-processor co1n1nunication required to exchange the inforn1ation 
bct\vccn adjacent 1ncsh clcn1cnts is n1ini1nizcd. This n1apping is connnonly found 
using a traditional graph partitioning algoritlnn. Even though the problc1n of 
graph partitioning is l\P-co1nplctc, n1ultilcvcl schcn1cs [3, 7, 11, 12] have been 
developed that arc able to quickly find excellent partitionings of graphs that 
correspond to the 2D or 3D irregular 1ncshcs used for scientific si1nulations. 

Despite the success that n1ultilcvcl graph partitioncrs have enjoyed, for n1any 
i1nportant classes of scientific si1nulations, the for1nulation of the traditional 
graph partitioning problc1n is inadequate. For cxa1nplc, in n1ulti-phasc si1nula­
tions such as particlc-in-n1csh si1nulations, crash-\vorthincss testing, and co1nbus­
tion engine si1nulations, there exists sy11chronization steps bct\vccn the different 
phases of the co1nputation. The existence of these requires that each phase be 
individually load balanced. That is, it is not sufficient to si1nply su1n up the 
relative ti1ncs required for each phase and to co1nputc a dcco1nposition based on 
this suni. Doing so n1ay lead to so1nc processors having too n1uch \vork during 
one phase of the co1nputation (and so, these n1ay still be \vorking after other 
processors arc idle), and not enough \vork during another. Instead, it is critical 
that every processor have an equal an1ount of \vork fro1n each of the phases of 
the co1nputation. In general, n1ulti-phasc si1nulations require the partitioning to 
satisfy not just one, but a nu1nbcr of balance constraints equal to the nu1nbcr of 
co1nputational phases. 

Traditional graph partitioning techniques have been designed to balance a 
single co1nputational phase only. _\n CA-tension of the graph partitioning problc1n 
that can balance n1ultiplc phases is to assign a \vcight vector of size 'fll to each 
vertex. The problc1n then bccon1cs that of finding a partitioning that n1ini1nizcs 
the total \vcight of the edges that arc cut by the partitioning (i.e., the edge-c'ut) 
subject to the constraints that each of the 'fll \vcights arc balanced across the 
subdon1ains. Such a rrrulti-constraint graph partitioning for1nulation as \vcll as 
serial algoritlnns for co1nputing n1ulti-constraint partitionings arc presented in 
[6]. 

It is desirable to co1nputc n1ulti-constraint partitionings in parallel for a nu1n­
bcr of reasons. Co1nputational 1ncshcs in parallel scientific si1nulations arc often 
too large to fit in the 1nc1nory of one processor. _:\._ parallel partitioner can take 
advantage of the increased 1nc1nory capacity of parallel n1achincs. Thus, an effec­
tive parallel n1ulti-constraint graph partitioner is key to the efficient execution of 
large n1ulti-phasc problcn1s. Furthcrn1orc, in adaptive co1nputations, the 1ncsh 
needs to be partitioned frequently as the si1nulation progresses. In such co1nputa­
tions, do\vnloading the 1ncsh to a single processor for repartitioning can bccon1c 
a n1ajor bottleneck. 

The n1ulti-constraint partitioning algoritlnn in [6] can be parallelized us­
ing the techniques presented in the parallel for1nulation of the single-constraint 
partitioning algoritlnn [8] as both arc based on the n1ultilcvcl paradig1n. This 
paradig1n consists of three phases: coarsening, initial partitioning, and n1ultilcvcl 
rcfincn1cnt. In the coarsening phase, the original graph is successively coarsened 
do\vn until it has only a s1nall nu1nbcr of vertices. In the initial partitioning 
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Fig. 1. The three phases of multilevel k-way graph partitioning. During the c::oarsening 
phase, the size of the graph is suc::c::essively dec::rnased. During t he initial partitioning 
phase, a k-way partitioning is c::ornputed, During the unc::oarsening/rnfinmrwnt phase, 
the partitioning is suc::c::essivdy rnfined as it is projec::ted to the larger graphs. G0 is the 
input graph, whic::h is the finest graph. G;+i is the next level c::oarser f,traph of G;. (;4 

is the c::oarsest graph. 

phase, a partitioning of the coarsest graph is computed. In the multilevel refine­
ment phase, the initial partitioning is successively refined using a Kernighan-Lin 
(KL) type heuristic [10] as it is projected back to the original graph. Figure 1 il­
lustrates the multilevel paradigm. Of these phases, it is straightforward to (n .. -tm1d 
the parallel formulations of coarsening and initial partitioning to the context of 
multi-constraint partitioning. The key chalkmge is the parallel formulation of 
the refinement phase. The refinement phase for single-constraint partitioners is 
parallelized by rela:;..ing the KL heuristic to the e:;..i:ent t hat the refinement can 
be performed in paraJlel while remaining effective. This relaxation can cause 
the partition to become unbalanced during the refinement process, but the im­
balances arc quickly corrected in succeeding iterations. Eventually, a balanced 
partitioning is obtained at the finest (i. e., the input) graph. Similar relaxation 
docs not work for multi-constraint partitioning because it is non-trivial to correct 
load imbalances when morn t han one constraint is involved. A better approach 
is to avoid situations in which partitionings becomes imbalanced. This can be 
accomplished by either serializing the refinement algorit hm, or else by restrict­
ing the amount of refinement that a processor is able to perform. The first will 
reduce t he scalability of the algorithm and the second will result in low quality 
partitionings. Neither of these is desirable. Hence, the challenge in developing a 



parallel 1nulti-constraint graph partitioner lies in developing a relaxation of the 
rcfincn1cnt algoritlnn that is concurrent, effective, and n1aintains load balance 
for each constraint. 

This paper describes a parallel n1ulti-constraint rcfincn1cnt algoritlnn that 
is the key co1nponcnt of a parallel n1ulti-constraint graph partitioner. V\.'c give 
CAl)Crin1cntal results of the full graph partitioning algoritlnn conducted on a 128-
proccssor Cray T3E. V\.'c sho\v that our parallel algoritlnn is able to co1nputc 
balanced partitionings that have si1nilar edge-cuts as those produced by the 
serial n1ulti-constraint algoritlnn, \vhilc also being fast and scalable to very large 
graphs. 

2 Parallel Multi-constraint Refinement 

The n1ain challenge in developing a parallel n1ulti-constraint graph partitioner 
proved to be in developing a parallel n1ultilcvcl rcfincn1cnt algoritlnn. This algo­
ritlnn needs to 1ncct the follo\ving criteria. 

1. It 1nust n1aintain the balance of all constraints. 
2. It 1nust n1axi1nizc the possibility of rcfincn1cnt 1novcs. 
3. It 1nust be scalable. 

V\.'c briefly explain \vhy developing an algoritlnn to 1ncct all three of these crite­
ria is challenging in the context of n1ultiplc constraints, and then describe our 
parallel n1ultilcvcl rcfincn1cnt algoritlnn. 

In order to guarantee that partition balance is n1aintaincd during parallel rc­
fincn1cnt, it is necessary to update global subdon1ain \vcights after every vertex 
n1igration. Such a schcn1c is n1uch too serial in nature to be pcrforn1cd efficiently 
in parallel. For this reason, parallel single-constraint partitioning algoritlnns al­
lo\v a nu1nbcr of vertex 1novcs to occur concurrently before an update step is 
pcrforn1cd. One of the i1nplications of concurrent rcfincn1cnt 1novcs is that the 
balance constraint can be violated during rcfincn1cnt iterations. This is because 
if a subdon1ain can hold a certain an1ount of additional vertex \vcight \vithout 
violating the balance constraint, then all of the processors assu1nc that they can 
use all of this extra space for pcrfor1ning rcfincn1cnt 1novcs. Of course, if just t\VO 
processors 1novc the an1ount of additional vertices that a subdon1ain can hold 
into it, then the subdon1ain \vill bccon1c ovcr\vcight. 

Parallel single-constraint graph partitioncrs address this challenge by en­
couraging subsequent rcfincn1cnt to restore the balance of the partitioning \vhilc 
i1nproving its quality. For cxa1nplc, it is often sufficient to si1nply disallo\v further 
vertex 1novcs into ovcr\vcight subdon1ains and to pcrfor1n another iteration of 
rcfincn1cnt. In general, the rcfincn1cnt process n1ay not al\vays be able to balance 
the partitioning \vhilc i1nproving its quality in this \Vay (although experience has 
sho\vn that this usually \vorks quite \veil). In this case, a fc\v edge-cut increasing 
1novcs can be n1adc to 1novc vertices out of the ovcr\vcight subdon1ains. 

The real challenge is \vhcn \VC consider this phcnon1cnon in the contcA--t of n1ul­
tiplc balance constraints. This is because once a subdon1ain bccon1c ovcr\vcight 
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Fig. 2. This figure slwws the subdomain weights for a 4-way partitioning of a 3-
constraint f,!Taph. The white bars represent the extra space in a subdomain for each 
weight given a 5% user specified load imbalance tolerance. 

for a given constraint, it can be very difficult to balance t he partitioning again. 
Furthermore, the problem becomes more difficult as the number of constraints 
increases, as the multiple constraints arc increasingly likely to interfere with 
each other during balancing. Given the difficulty of balancing multi-constraint 
partitionings, a better approach is to avoid situations in which t he partitioning 
becomes imbalanced. Therefore, we would like to develop a multi-constraint re­
finement algorithm that can help to ensure that balance is maintained during 
parallel refinement. 

One scheme that ensures that t he balance is maintained during parallel re­
finement is to divide the amount of m .. i:ra vertex weight that a subdomain can 
hold without becoming imbalanced by the number of processors. This then be­
comes t he maJ...imum vertex weight t hat any one processor is allowed t o move 
into a particular subdomain in a single pass through the vertices. Consider the 
example illustrated in Figure 2. This shows the subdomain weights for a 4-way, 3-
constraint partitioning. Let s assume t hat the user specified tolenmce is 5%. The 
shaded bars represent the subdomain weights for each of the three constraints. 
The white bars represent the amount of weight that if added to t he subdomain, 
would bring the bring t he t otal weight t o 5% above the average. In other words, 
the white bars show t he amount of e'J:tra space each subdomain has for a part ic­
ular weight given a 5% load imbalance tolenmcc. Figure 2 shows how the extra 
space in subdomain A can be split up for the four processors. If each processor 
is limited to moving the indicated amounts of weight into subdomain A, it is not 
possible for the 5% imbalance tolenmcc to be exceeded. 

While this method guarant ees that no subdomain (t hat is not overweight to 
start with) will become overweight beyond the imbalance tolcnmce , it is overly 
restrictive. This is because in general not all processors will need to use up 
t heir allocated space, while ot hers may want to move more vertex weight into 
a subdomain than allowed by their slice. Furthermore, as the mnnbers of either 



processors or constraints increases, this effect increases. The reason is that as 
the nu1nbcr of processors increases, the slices allocated to each processor get 
thinner. A._s the nu1nbcr of constraints increases, each additional constraint \vill 
also be sliced. This n1cans that every vertex proposed for a 1novc \vill be required 
to fit the slices of all of the constraints. For cxa1nplc, consider a three-constraint, 
tcn-\vay partitioning co1nputcd on ten processors. If subdon1ain _:\._ can hold 20 
units of the first \vcight, 30 units of the second \vcight, and 10 units of the third 
\vcight, then every processor 1nust ensure that the su1n of the \vcight vectors of 
all of the vertices that it 1novcs into subdon1ain _:\._is less than (2, 3, 1). It could 
very easily be the case then that this restriction is too severe to allo\v any one 
processor to pcrfor1n their desired rcfincn1cnt. 

It is possible to allocate the CA-tra space of the subdon1ains n1orc intelligently 
than si1nply giving each processor an equal share. V\.'c have investigated schcn1cs 
that n1akc the allocations based on a nu1nbcr of factors, such as the potential 
edge-cut i1nprovcn1cnts of the border vertices fro1n a specific processor to a spe­
cific subdon1ain, the \vcights of these border vertices, and the total nu1nbcr of 
border vertices on each processor. V\.'hilc these schcn1cs allo\v a greater nu1nbcr 
of rcfincn1cnt 1novcs to be n1adc than the straightfor\vard schcn1c, they still re­
strict n1orc edge-cut reducing 1novcs than the serial algoritlun. Our CAl)Crin1cnts 
have sho\vn that these schcn1cs produce partitionings that arc up to 50% \Vorse 
in quality than the serial n1ulti-constraint algoritlun. (l\otc, these results arc not 
presented in this paper.) 

Our Parallel !vfolti-eonstraint Refinement Algorithm. We have developed a par­
allel n1ulti-constraint rcfincn1cnt algoritlun that is no n1orc restrictive than the 
serial algoritlun \vith respect to the nu1nbcr of rcfincn1cnt 1novcs that it allo\vs, 
\vhilc also helping to ensure that none of the constraints bccon1c overly in1bal­
anccd. In the n1ultilcvcl context, this algoritlun is just as effective in i1nproving 
the edge-cuts of partitionings as the serial algoritlun. 

This algoritlun (essentially a reservation schcn1c) pcrforn1s an additional pass 
through the vertices on every rcfincn1cnt iteration. In the first pass, rcfincn1cnt 
1novcs arc n1adc concurrently (as norn1al), ho\vcvcr, only tc1nporary data struc­
tures arc updated. l\cA-t, a global reduction operation is pcrforn1cd to dctcr1ninc 
\vhcthcr or not the balance constraints \vill be violated if these 1novcs conunit. If 
none of the balance constraints arc violated, the 1novcs arc conunittcd as norn1al. 
Othcr\visc, each processor is required to disallo\v a portion 1 of its proposed ver­
tex 1novcs into those subdon1ains that \vould be ovcr\vcight if all of the 1novcs arc 
allo\vcd to conunit. The specific 1novcs to be disallo\vcd arc selected rando1nly 
by each processor. V\.'hilc selecting 1novcs rando1nly can negatively i1npact the 
edge-cut, this is usually not a problc1n because further rcfincn1cnt can easily 
correct the effects of any poor selections that happen to be n1adc. Except for 
these n1odifications, our n1ulti-constraint rcfincn1cnt algoritlun is si1nilar to the 
coarse-grain rcfincn1cnt algoritlun described in [4]. 

1 This portion is equal to one Ininus the au1ount of extra space in the subdou1ain 
divided by the total weight of all of the proposed u1oves into the subdou1ain. 



It is i1nportant to note that the above schcn1c docs not guarantee that the bal­
ance constraints \vill be n1aintaincd. This is because \vhcn \VC disallo\v a nu1nbcr 
of vertex n1ovcs, the \vcights of the subdon1ains fro1n \vhich these vertices \Vere 
to have n1ovcd bccon1c higher than the \vcights that had been co1nputcd \vith 
the global reduction operation. It is therefore possible for so1nc of these subdo­
n1ains to bccon1c ovcr\vcight. To correct this situation, a second global reduction 
operation can be pcrforn1cd follo\vcd by another round in \vhich a nu1nbcr of 
the (rcn1aining) proposed vertex 1novcs arc disallo\vcd. These corrections n1ight 
then lead to other i1nbalanccs, \vhosc corrections n1ight lead to others, and so 
011. V\.'c can easily allo\v this process to iterate until it converges (or until all of 
the proposed 1novcs have been disallo\vcd). Instead, \VC have chosen to si1nply 
ignores this problc1n. This is because the nu1nbcr of disallo\vcd 1novcs is a very 
s1nall fraction of the total nu1nbcr of vertex 1novcs, and so, any i1nbalancc that 
is brought about by thc1n is quite n1odcst. Our cxpcrin1cntal results sho\v that 
the an1ount of i1nbalancc introduced in this \Vay is s1nall enough that further 
rcfincn1cnt is able to correct it. In fact, as long as the an1ount of i1nbalancc in­
troduced is correctable, such a schcn1c can potentially result in higher quality 
partitionings co1nparcd to schcn1cs that CAl)lorc the feasible solution space only. 
(Sec the discussion in Section 3.) 

Scalability Analysis. The scalability analysis of a parallel n1ultilcvcl (singlc­
constraint) graph partitioner is presented in [8]. This analysis assu1ncs that (i) 
each vertex in the graph has a s1nall bounded degree, (ii) this property is also 
satisfied by the successive coarser graphs, and (iii) the nu1nbcr of nodes in suc­
cessive coarser graphs decreases by a factor of 1 + f, \vhcrc 0 < f :::; 1. (l\otc, 
these assu1nptions hold true for all graphs that correspond to \vcll-shapcd finite 
clcn1cnt 1ncshcs.) \; ndcr these assu1nptions, the parallel run tin1c of the singlc­
constraint algoritlun is 

(n) Tpar = 0 p + O(plogn) (1) 

and the isocfficicncy function is ()(p2 logp), \vhcrc n is the nu1nbcr of vertices 
and p is the nu1nbcr of processors. The parallel run tin1c of our n1ulti-constraint 
graph partitioner is si1nilar (given the t\VO assu1nptions). Ho\vcvcr, during both 
graph coarsening and n1ultilcvcl rcfincn1cnt, all 'fll \vcights 1nust be considered. 
Therefore, the parallel run tin1c of the n1ulti-constraint algoritlun is 'fll tin1cs 
longer, or 

(
nm) Tpar = 0 p + O(pm log n). (2) 

Since the sequential co1nplcxity of the serial n1ulti-constraint algoritlun is ()(nu1), 
the isocfficicncy function of the n1ulti-constraint partitioner is also ()(p2 logp). 

3 Elli erimental Results 

In this section, \VC present cxpcrin1cntal results of our parallel n1ulti-constraint k­
\vay graph partitioning algoritlun on 32, 64, and 128 processors of a Cray T3E. 



V\.'c constructed t\VO sets of test problcn1s to evaluate the effectiveness of our 
parallel partitioning algoritlnn in co1nputing high-quality, balanced partitionings 
quickly. Both sets of problcn1s \Vere generated sy11thctically fro1n the four graphs 
described in Table 1. 

The purpose of the first set of problcn1s is to test the ability of the n1ulti­
constraint partitioner to co1nputc a balanced k-\vay partitioning for so1nc rela­
tively hard problcn1s. Fro1n each of the four input graphs \VC generated graphs 
\vith t\vo, three, four, and five \vcights, respectively. For each graph, the \vcights 
of the vertices \Vere generated as follo\vs. First, \VC co1nputcd a 16-\vay partition­
ing of the graph and then \VC assigned the san1c \vcight vector to all of the vertices 
in each one of these 16 subdon1ains. The \vcight vector for each subdon1ain \Vas 
generated rando1nly, such that each vector contains 'fll (for 'fll = 2, 3, 4, 5) ran­
do1n nu1nbcrs ranging fro1n 0 to 19. l\otc that if \VC do not co1nputc a 16-\vay 
partitioning, but instead si1nply assign rando1nly generated \vcights to each of 
the vertices, then the problc1n reduces to that of a single-constraint partitioning 
problc1n. The reason is that due to the rando1n distribution of vertex \vcights, 
if \VC select any l vertices, the su1n of their \vcight vectors \vill be around ( lr, lr, 
... , lr) \vhcrc r is the expected average value of the rando1n distribution. So the 
\vcight vector su1ns of any t\VO sets of l vertices \vill tend to be si1nilar regardless 
of the nu1nbcr of constraints. Thus, all \VC need to do to balance 'fll constraints 
is to ensure that the subdon1ains contain a roughly equal nu1nbcr of vertices. 
This is the for1nulation for the single-constraint partitioning problc1n. R,cquiring 
that all of the vertices \vithin a subdon1ain have the san1c \vcight vector avoids 
this effect. It also better n1odcls n1any applications. For cxa1nplc, in n1ulti-phasc 
problcn1s, different regions of the 1ncsh arc active during different phases of the 
co1nputation. Ho\vcvcr, those 1ncsh clcn1cnts that arc active in the san1c phase 
typically for1n groups of contiguous regions and arc not distributed rando1nly 
throughout the 1ncsh. Therefore, each of the 16 subdon1ains in the first problc1n 
set n1odcls a contiguous region of 1ncsh clcn1cnts. 

The purpose of the second set of problcn1s is to test the pcrforn1ancc of the 
n1ulti-constraint partitioner in the context of n1ulti-phasc co1nputations in \vhich 
different (possibly overlapping) subsets of nodes participate in different phases. 
For each of the four graphs, \VC again generated graphs \vi th t\vo, three, four, and 
five \vcights corresponding to a t\vo-, three-, four-, and five-phase co1nputation, 
respectively. In the case of the five-phase graph, the portion of the graph that 
is active (i.e., pcrfor1ning co1nputations) is 100%, 75%, 50%, 50%, and 25% of 
the subdon1ains. In the four-phase case, this is 100%, 75%, 50%, and 50%. In 
the three- and t\vo-phasc cases, it is 100%, 75%, and 50% and 100% and 75%, 
respectively. The portions of the graph that arc active \Vas dctcr1nincd as follo\vs. 
First, \VC co1nputcd a 32-\vay partitioning of the graph and then \VC rando1nly 
selected a subset of these subdon1ains according to the overall active percentage. 
For instance, to dctcr1ninc the portion of the graph that is active during the 
second phase, \VC rando1nly selected 24 out of these 32 subdon1ains (i.e., 75%). 
The \vcight vectors associated \vith each vertex depends on the phases in \vhich 
it is active. For instance, in the case of the five-phase co1nputation, if a vertex 
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Fig. 3 . This figure shows the edge-cut and balance results from the parallel mult i­
constraint algorit hm on 32 processors. The edge-cut results am normalized by t he 
results obtained from the serial multi-constraint algorithm implemented in MI::IIS. 

is active only during t he first , second, and fifth phase, its weight vector will 
be (1, 1, 0, 0, 1). In generating t hese test problems we also assigned weight to 
t he edges t o better reflect t he overall communication volume of t he underlying 
multi-phase computation. In particu lar, t he weight of an edge ('v, 7.L) was set to 
t he number of phases that both vert ices 'V and u are active at t he same t ime. 
T his is an accurate model of the overall informat ion exchange between vert ices 
since during each phase, vert ices access each other's data only if both are act ive. 

Graph Num of Verts Num of Edges 
m rnyl 257,000 1,010,096 
m rny2 1,017,253 4,031,428 
m rny3 4,039,160 16,033,696 
mrny4 7,533,224 29,982,560 

Table 1. Characteristi<',s of t he various graphs used in the experiments. 

Comparison of Serial an d Parallel Multi-constraint Algorithrns. Figures 3, 4, 
and 5 compare the edge-cuts of t he part it ionings produced by our parallel mult i­
constraint graph part itioning algorit hm with those produced by the serial multi-
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Fig. 4. This figure shows the edge-cut and balance results from t he parallel multi­
constraint algorithm on 64 processors. The edge-cut results are normalized by the 
results obtained from t he serial multi-constraint algorithm implemented in lVllfilS. 

constraint algorit hm [6], and give the maximum load imbalance of the parti­
t ionings produced by our algorit hm. Each figure shows four sets of results, one 
for each of the four graphs described in Table 1. Each set is composed of two-, 
t hree-, four- , and five-constraint Type 1 and 2 problems. These are labeled "m 
cons t" where m indicates t he number of constraints and t indicates t he type 
of problem (i.e., Type 1 or 2). So t he results labeled "2 cons 1" indicates t he 
edge-cut and balance results for a two-constraint Type 1 problem. The edge-cut 
results shown are t hose obtained by our parallel algorithm normalized by those 
obtained by the serial algorit hm. Therefore, a bar below the 1.0 index line in­
dicates t hat our parallel algorithm produced partitionings wit h better edge-cuts 
than the serial algorit hm. The balance results indicate t he ma)..imum imbalanC(;l 
of all of the constraints. (Here, imbalance is defined as the ma)..imum subdomain 
weight divided by t he avcrag(;l sub domain weight for a given constraint.) These 
results are not normalized. Note t hat we set an imbalance tolerance of 5% for all 
of t he constraints. The result s given in Figures 3, 4, and 5 give t he arit lunetic 
means of three nms by our algorithm ut ilizing different random sei:ids each t ime. 
Note t hat in every case, t he results of each individual run were wit hin a few per­
cent of the averaged results shown. For each figure, the number of subdomains 
computed is equal to the number of processors. 

Figures 3, 4, and 5 show t hat our parallel multi-constraint graph partit ion­
ing algorit hm is able to compute partit ionings \vith similar or better edge-cuts 



co1nparcd to the serial n1ulti-constraint graph partitioner, \vhilc ensuring that 
n1ultiplc constraints arc balanced. 

l\oticc that the parallel algoritlun is so1nctin1cs able to produce partitionings 
\vith better edge-cuts than the serial algoritlun. There arc t\VO reasons for this. 
First, the parallel for1nulation of the n1atching schcn1c used (heavy-edge n1atch­
ing using the balanced-edge heuristic as a tic-breaker [6]) is not as effective in 
finding a n1axin1al n1atching as the serial for1nulation. (This is due to the pro­
tocol that is used to arbitrate bct\vccn conflicting n1atching requests n1adc in 
parallel [4].) Therefore, a s1nallcr nu1nbcr of vertices n1atch together \vith the 
parallel algoritlun than \vith the serial algoritlun. The result is that the nc\vly 
co1nputcd coarsened graph tends to be larger for the parallel algoritlun than 
for the serial algoritlun, and so, the parallel algoritlun takes n1orc coarsening 
levels to obtain a sufficiently s1nall graph. The effect of this is that the n1atch­
ing algoritlun usually has one or n1orc additional coarsening levels in \vhich to 
rcn1ovc exposed edge \vcight (i. c., the total \vcight of the edges on the graph). 
By the tin1c the parallel algoritlun co1nputcs the coarsest graph, it can have 
significantly less CAl)Oscd edge \vcight than the coarsest graph co1nputcd by the 
serial algoritlun. This n1akcs it easier for the initial partitioning algoritlun to 
co1nputc higher-quality partitionings. During n1ultilcvcl rcfincn1cnt, so1nc of this 
advantage is n1aintaincd, and so, the final partitioning can be better than those 
co1nputcd by the serial algoritlun. The disadvantage of slo\v coarsening is that 
the additional coarsening and rcfincn1cnt levels take tin1c, and so, the execution 
tin1c of the algoritlun is increased. This phcnon1cnon of slo\v coarsening \Vas also 
observed in the context of hypcrgraphs in [1]. 

The second reason is that in the serial algoritlun, once the partitioning bc­
co1ncs balanced it \vill never explore the infeasible solution space in order to 
i1nprovc the edge-cut. Since the parallel rcfincn1cnt algoritlun docs not guaran­
tee to n1aintain partition balance, the parallel graph partitioner n1ay do so. This 
usually happens on the coarse graphs. Herc, the granularity of the vertices n1akcs 
it n1orc likely that the parallel n1ulti-constraint rcfincn1cnt algoritlun \vill result 
in slightly in1balanccd partitionings. Essentially, the parallel 1nulti-constraint 
rcfincn1cnt algoritlun it too aggressive in reducing the edge-cut here, and so, 
n1akcs too n1any rcfincn1cnt 1novcs. This is a poor strategy if the partitioning 
bccon1cs so i1nbalanccd that subsequent rcfincn1cnt is not able to restore the 
balance. Ho\vcvcr, since our parallel rcfincn1cnt algoritlun helps to ensure that 
the an1ount of i1nbalancc introduced is s1nall, subsequent rcfincn1cnt is able to 
restore the partition balance \vhilc further i1nproving its edge-cut. 

R'un Tirne Res'ults. Table 2 co1nparcs the run tin1cs of the parallel n1ulti-constraint 
graph partitioning algoritlun \vith the serial n1ulti-constraint algoritlun i1nplc­
n1cntcd in the -~\'ffIIS library [5] for u1rngl. These results sho\v only n1odcst 
speedups for the parallel partitioner. The reason is that the graph u1rngl is 
quite s1nall, and so, the co1n1nunication and parallel overheads arc significant. 
Ho\vcvcr, \VC use u1rngl because it is the only one of the test graphs that is s1nall 
enough to run serially on a single processor of the Cray T3E. 



0.9 

0.8 

0.7 

0.6 

0.5 

04 

0.3 

0.2 

01 

=Edge-cut 

mrng1 

- Balance - Edge-cut Normalized by M etis 

>---

,_ 

mrng2 mmg3 mrng4 

Fig. 5. This figure shows the edge-cut and balance results from t he parallel multi­
constraint algorithm on 128 processors. The edge-cut results are normalized by the 
results obtained from the serial multi-constraint algorithm implemented in lVllfilS. 

Table 3 gives selected nm time result s and efficiencies of our parallel multi­
constraint graph partitioning algorit hm on up to 128 processors. Table 3 shows 
that our algorithm is very fast, as it is able to compute a t hree-constraint 128-way 
partitioning of a 7.5 million node graph in about 7 seconds on 128 processors 
of a Cray T3E. It also shows t hat our parallel algorit hm obtains similar n m 
t imes as you double (or quadruple) both the size of problem and t he number of 
processors. For example, t he t ime required t o part it ion m:mg2 (wit h 1 million 
vertices) on eight processors is similar to t hat of partitioning mrng3 (4 million 
vertices) on 32 processors and mrng4 (7.5 million vertices) on 64 processors. 

k serial time parallel t ime 
2 7.3 6.4 
4 7.5 4 .4 

8 8.0 2.5 
16 8.3 1.7 

Table 2. Serial and parallel run times of t he multi-constraint f,'I"aph part itioner for a 
t hree-constraint problem on mrn,ql. 



(;raph 8-processors 16-processors 32-processors 64-processors 128-processors 
tiu1e efficiency tiu1e efficiency tiu1e efficiency tiu1e efficiency tiu1e efficiency 

1nrny2 9.8 100% 5.3 92% 3.5 7()7{, 2.5 497{, 3.1 20% 
1nrny3 31.8 100% 16.9 947{, 9.3 857{, 5.7 7()7{, 4.4 457{, 
1nrny4 out of u1eui. 30.7 100% 16.7 92% 9.2 83% 6.4 60% 

Table 3. Parallel run tiu1es and efficiencies of our Inulti-constraint graph partitioner 
on three--constraint type 1 probleu1s. 

(;raph 8-processors 16-processors 32-processors 64-processors 128-processors 
1nrny2 5.4 3.1 2.1 1.5 1.7 
1nrny3 15.8 8.8 4.8 3.0 2.7 
1nrny4 38.6 16.2 8.8 5.0 3.6 

Table 4. Parallel run tiu1es of the single-constraint graph partitioner iu1pleu1ented in 
PAR"Vll"IJS. 

Table 4 gives the run tin1cs of the k-\vay single-constraint parallel graph par­
titioning algoritlnn i1nplcn1cntcd in the PA!\'f FITS library [9] on the san1c graphs 
used for our cxpcrin1cnts. Co1nparing Tables 3 and 4 sho\vs that co1nputing a 
three-constraint partitioning takes about t\vicc as long as co1nputing a singlc­
constraint partitioning. For cxa1nplc, it takes 9.3 seconds to co1nputc a thrcc­
constraint partitioning and 4.8 seconds to co1nputc a single-constraint partition­
ing for u1rng3 on 32 processors. AJso, co1nparing the speedups indicates that the 
n1ulti-constraint algoritlnn is slightly n1orc scalable than the single-constraint al­
goritlnn. For cxa1nplc, the speedup fro1n 16 to 128 processors for u1rng3 is 3.84 
for the n1ulti-constraint algoritlnn and 3.26 for the single-constraint algoritlnn. 
The reason is that the n1ulti-constraint algoritlnn is n1orc co1nputationally inten­
sive than the single-constraint algoritlnn, as n1ultiplc (not single) \vcights 1nust 
be co1nputcd regularly. 

Parallel Efficiency. Table 3 gives selected parallel efficiencies of our parallel 
n1ulti-constraint graph partitioning algoritlnn on up to 128 processors. The effi­
ciencies arc co1nputcd \vith respect to the s1nallcst nu1nbcr of processors sho\VIL 
Therefore, for u1rng2 and u1rng3, \VC set the efficiency of eight processors to 
1003, while we set the efficiency of 16 processors to 1003 for mrng4. The par­
allel n1ulti-constraint graph partitioner obtained efficiencies bct\vccn 20% and 
94%. The efficiencies \Vere good (bct\vccn 90% - 70%) \vhcn the graph \Vas suffi­
ciently large \vith respect to the nu1nbcr of processors. Ho\vcvcr, these dropped 
off for the s1nallcr graphs on large nu1nbcr of processors. The isocfficicncy of the 
parallel n1ulti-constraint graph partitioner is ()(p2 logp). Therefore, in order to 



n1aintain a constant efficiency \vhcn doubling the nu1nbcr of processors, \VC need 
to increase the size of the data by a little n1orc than four tin1cs. Since u1rng3 is 
approxin1atcly four tin1cs as large as u1rng2 \VC can test the isocfficicncy function 
CAl)Crin1cntally. The efficiency of the n1ulti-constraint partitioner \vith 32 proces­
sors for u1rng2 is 70%. Doubling the nu1nbcr of processors to 64 and increasing 
the data size by four tin1cs (64-proccssors on u1rng3) yields a si1nilar efficiency. 
This is better than expected, as the isocfficicncy function predicts that \VC need 
in increase the size of the data set by n1orc than four tin1cs to obtain the san1c 
efficiency. If \VC cxa1ninc the results of 64 processors on u1rng2 and 128 proces­
sors on u1rng3 \VC sec a slightly decreasing efficiency of 49% to 45%. This is \vhat 
\VC \vould expect based on the isocfficicncy function. If \VC cxa1ninc the results 
of 16 processors on u1rng2 and 32 processors on u1rng3 \VC sec that the drop 
in efficiency is larger (92% to 85%). So here \VC get a slightly \Vorse efficiency 
than expected. These cxpcrin1cntal results arc quite consistent \vith the isocffi­
cicncy function of the algoritlun. The slight deviations can be attributed to the 
fact that the nu1nbcr of rcfincn1cnt iterations on each graph is upper bounded. 
Ho\vcvcr, if a local n1inin1a is reached prior to this upper bound, then no further 
iterations \vill be pcrforn1cd on this graph. Therefore, \vhilc the upper bound 
on the an1ount of \vork done by the algoritlun is the san1c for all of the cxpcr­
in1cnts, the actual an1ount of \vork done can be slightly different depending on 
the rcfincn1cnt process. 

4 Conclusions 

This paper has presented a parallel for1nulation of the n1ulti-constraint graph 
partitioning algoritlun for partitioning 2D and 3D irregular and unstructured 
1ncshcs used in scientific si1nulations. This algoritlun is essentially as scalable 
as the \vidcly used parallel for1nulation of the single-constraint graph partition­
ing algoritlun [8]. EA1)crin1cntal results conducted on a 128-proccssor Cray T3E 
sho\v that our parallel algoritlun is able to co1nputc balanced partitionings \vith 
si1nilar edge-cuts as the serial algoritlun. V\.'c have sho\vn that the run tin1c of 
our algoritlun is very fast. Our parallel n1ulti-constraint graph partitioner is able 
to co1nputc a three-constraint 128-\vay partitioning of a 7.5 n1illion node graph 
in about 7 seconds on 128 processors of a Cray T3E. 

A.Jthough the cxpcrin1cnts presented in this paper arc all conducted on syn­
thetic graphs, our parallel n1ulti-constraint partitioning algoritlun has also been 
tested on real application graphs. Bascrn1ann ct al. [2] have used the parallel 
n1ulti-constraint graph partitioner described in this paper for load balancing 
n1ulti-phasc car crash si1nulations of an _\udi and a B:V'IV\.' in frontal i1npacts 
\vith a \Vall. These results arc consistent \vith the run tin1c, edge-cut, and bal­
ance results presented in Section 3. 

V\.'hilc the CAl)Crin1cntal results presented in Section 3 (and [2]) arc quite good, 
it is i1nportant to note that the effectiveness of the algoritlun depends on t\VO 
things. First, it is critical that a relatively balanced partitioning be co1nputcd 
during the initial partitioning phase. This is because if the partitioning starts out 



i1nbalanced, there is no guarantee that it \vill ever becon1e balanced during the 
course of 1nultilevel refinen1ent. Our experin1ents (not presented in this paper) 
have sho\vn that an initial partitioning that is n1ore than 20% i1nbalanced for 
one or n1ore constraints is unlikely to be i1nproved during n1ultilevel refinen1ent. 
Second, as is the case for the serial n1ulti-constraint algoritlun, the quality of the 
final partitioning is largely dependent on the availability of vertices that can be 
S\vapped across subdon1ains in order to reduce the edge-cut, \vhile n1aintaining all 
of the balance constraints. EA1)erin1entation has sho\vn that for a s1nall nu1nber 
of constraints (i.e., t\VO to four) there is a good availability of such vertices, and 
so, the quality of the co1nputed partitionings is good. Ho\vever, as the nu1nber 
of constraints increases further, the nu1nber of vertices that can be n1oved \vhile 
n1aintaining all of the balance constraints decreases. Therefore, the quality of 
the produced partitionings can drop off dran1atically. 
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