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Proper orthogonal decomposition and dynamic mode decomposition are evaluated for the study of self-excited

longitudinal combustion instabilities in laboratory-scaled single-element gas turbine and rocket combustors. Since

each proper orthogonal decompositionmode comprises multiple frequencies, specific modes of the pressure and heat

release are not related, which makes the analysis more qualitative and less efficient for identifying physical

mechanisms. On the other hand, dynamic mode decomposition analysis generates a global frequency spectrum in

which each mode corresponds to a specific discrete frequency so that different dynamics can be correlated. In

addition, proper orthogonal decomposition results are found to be inaccurate when only a limited amount of spatial

information is provided in contrast with dynamic mode decomposition results, which provide more reliable results.

Overall, dynamic mode decomposition analysis proves to be a robust and systematic method that can give consistent

interpretations of the periodic physics underlying combustion instabilities.

Nomenclature

A = proper orthogonal decomposition matrix
a�t� = temporal mode
m = number of spatial points
N = number of temporal points
Np = total number of decomposed modes
p = pressure, Pa
pc = mean chamber pressure, Pa
q = heat-release rate, W
Σ = proper orthogonal decomposition singular value

matrix
T = dynamic mode decomposition temporal modes matrix
U = proper orthogonal decomposition temporal modes

matrix
V = proper orthogonal decomposition spatial modes

matrix
VN
1 = dynamic mode decomposition matrix from first to Nth

snapshots
Ψ = dynamic mode decomposition spatial mode(s) vector
y = dynamic mode decomposition temporal mode(s)

vector
z�x; t� = target function for postprocessing
Φ�x� = spatial mode

Subscript

k = mode number

Superscript

0 = perturbation variables

I. Introduction

DATAprocessing techniques based on proper orthogonal decom-
position (POD) and dynamic mode decomposition (DMD) are

powerful and elegant methods that can be used to obtain a low-
dimensional approximate description of a high-dimensional physical
process. POD has been extensively employed in the study of turbu-
lence primarily for cold flow due to the limitations of experimental
measurements in terms of both temporal and spatial resolution [1–3].
POD can also be used to extract mode shapes and basis functions. Its
application in combustion problems has received some attention
recently [4–6]; it has been used to gain insight into flame dynamics.
DMD is a newer technique that has not yet been extensively used for
reacting flow analysis. Thus far, DMD has been used in the inves-
tigation of flowfield characteristics [7–9].Motheau et al. [10] applied
DMD in reacting flows to investigate mixed acoustic–entropy
interactions in a gas turbine.
Combustion instabilities arise due to the coupling of specific

acoustic modes in the combustor configuration with the dynamics of
the combustion heat release. When these phenomena occur in phase
for a specific acoustic mode frequency, there is usually a constructive
amplification of the mode, resulting in the growth of the mode and
instability. Understanding the coupling of these phenomena is not
trivial, especially for complex configurations involving multiple
physical interactions, and the use of decomposition techniques such
as POD and DMD provides an attractive basis for such analysis. The
overall objective of this paper is to explore the use of POD and DMD
techniques for analyzing combustion instability data. In general, the
source of the data may be from experiments or from computations,
but the present analysis uses computational results for definiteness.
Traditional data processing in combustion instability analysis

involves the bandpass filtering of the signals around a frequency of
interest. The frequencies of interest can be determined from a power
spectral density (PSD) analysis of the signal. In this way, the correla-
tion between acoustics and combustion can be explored within a
certain frequency range. However, filtered results are sensitive to
several factors like filter type, bandwidth, and sample quality. One
primary advantage of the decomposition techniques over filtering is
that they work with the entire data set with minimal information loss.
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Moreover, unlike filtering techniques, POD and DMD do not require
prior knowledge or preanalysis of the data to obtain the dominant
frequencies.Anothermotivation is that decomposition techniques are
capable of extracting dynamically significant structures from the
flowfield of interest. Each decomposed mode can be represented in
terms of a spatial response and a temporal response, which provides
detailed insight into the dynamics of acoustics and combustion.
In this paper, a lean direct injection (LDI) gas turbine combustor

and a gas–gas coaxial rocket combustor are selected as two represen-
tative test configurations to explore the use of POD and DMD. The
simulation of the single-element LDI combustor was performed by
Huang et al. [11,12] and showed a low-level instability (p 0∕pc within
5%). Couplings of acoustic and hydrodynamics modes are identified
as important mechanisms that sustain instability in the combustor
[12]. Related experimental studies of this combustor configuration
were done by Gejji et al. [13]. Multiphysics and diverse frequency
content were found in both experiment and computation. The
simulation of the rocket combustor was performed by Harvazinski
et al. [14,15] and showed a high-level instability (p 0∕pc up to 35%).
A distorted triple flame was found in a large-eddy simulation of the
same geometry by Garby et al. [16] and Harvazinski et al. [17].
Experimental measurements of this configuration have been pub-
lished previously, and recent results were given by Feldman et al.
[18]. The present POD and DMD analyses are carried out using the
aforementioned simulation data sets of Huang et al. and Harvazinski
et al. The primary motivation of this study is to develop systematic
approaches and techniques for the analysis of complex data sets that
can be used for comparison, validation, and identifications of phys-
ical mechanisms. Specifically, we focus on the fundamental interac-
tions between acoustic waves and unsteady combustion heat release
and are interested in elucidating these effects at specific frequencies
that may contribute to the generation of combustion instabilities.
In addition, we also evaluate the capabilities of the methods to deal
with data sets of different spatial extents and temporal resolution to
determine their overall reliability for complex problems.
The remainder of the paper is organized as follows. In Sec. II, an

overview of the two test cases [LDI and a continuously variable
resonant combustor (CVRC)] with preliminary analysis of simula-
tion results is presented. This helps to address difficulties with
traditional filtering techniques and also emphasizes the importance of
developing a systematic approach to study combustion instability.
Section III is a comparison between POD and DMD results for the
two test cases. The results demonstrate that DMD is the preferred
approach for our applications. A summary of the comparisons and

conclusions are given in Sec. IV. In addition, supplementary
materials are provided in the Appendix with the mathematical details
given in Appendix A for POD and DMD. We then consider more
detailed performance evaluations of the DMD procedure in
Appendix B.

II. Background

For many applications, raw data are available as a series of snap-
shots. The purpose of the decomposition is to take a collection of data
snapshots and decompose it into a reduced form. In the case of POD,
this decomposition is done using a singular value decomposition
(SVD), while for DMD, the data are reduced using the Arnoldi
algorithm. POD decomposes data based on optimality to obtain a set
of best representations of the original data set. A detailed description
of the PODmethod is given by Chatterjee [19] and Berkooz et al. [3].
DMDdecomposes the data based on frequencies, and an introduction
to this technique can be found by Rowley et al. [20] and Schmid [21].
Both POD and DMD result in decomposed modes. POD generates
modes that are orthogonal in both space and time, while DMD
generates decomposed modes based on discrete frequencies. A brief
overviewof themathematicalmodels of PODandDMDcan be found
in Appendix A.

A. Single-Element LDI Gas Turbine Combustor

A detailed description of the LDI gas turbine combustor can be
found in [12,13]. The computational domain used for the simulations
and decomposition analysis is shown in Fig. 1. Hot air
(Tair � 800 K) enters through the air plenum and passes through a
swirler just before the converging–diverging venturi shown in Fig. 1
(detail B). Air mixes and reacts with incoming liquid fuel (Jet A)
quickly in the venturi section because of the presence of a strong
swirling flow. The air plenum is 56 cm long, and the combustion
chamber is 108 cm long. Choked slots (Fig. 1, detail A) and choked
exit nozzle (Fig. 1 detail C) are used at the domain inlet and outlet,
respectively, to enforce ideal acoustic boundary conditions for both
experiment and simulation. The chamber is designed to sustain
acoustics at fundamental frequency around 300 to 400 Hz with mean
chamber pressure pc at 1 MPa. Five million grid points are used for
the simulation.
For this study, a low equivalence ratio (Φ � 0.36) is selected for

POD and DMD analysis due to the wide range of frequencies ob-
served in both the experiment and simulation (see Fig. 2). Frequency

Fig. 1 LDI computational domain used for decomposition analysis.
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content ranges from 330 to 8000 Hz. The fifth and sixth longitudinal

modes are dominant in both the simulation and experiment. These

two high-order acoustic harmonics couple with the natural hydrody-

namic modes that exist in the combustor [12].
The time-averaged heat-release rate is shown in Fig. 3 with a black

isoline of zero axial velocity (U � 0), used to indicate the vortex

breakdown bubble, the interactions with acoustic field of which have

been proposed to be the key mechanism to sustain combustion

instability in this LDI combustor [12]. The majority of the heat

release takes place in the diverging section of the venturi following

the cone angle into the combustor surrounding the vortex breakdown

bubble. Six locations in the chamber head section are selected to

study the PSD analyses for the pressure and heat-release signals,

which are shown in Figs. 4 and 5, respectively.

Interestingly, acoustic responses in this single-element LDI combustor

showboth local andnonlocal effects.Thepressure signals showconsistent

dominance of 5L and 6L (L stands for longitudinal acoustic mode)

frequencies consistent with Fig. 2 at all locations, but there are some

differences in the high-frequency region (4 to 7 kHz), the responses of

which are largely dependent on the location. As the flow moves

downstreaminto thecombustor, thehigh-frequencyresponse isweakened.
The heat-release responses in Fig. 5 show greater dependence on

locations. The dominance of the low frequency (1L and 2L etc.) are

observed in the upstream location (point 1) close to the venturi throat,

while downstream there is a greater dominance of high frequencies.

The strongest acoustic mode, 6L, is still dominant in the heat-release

responses at several locations, while at the outer edge of the cone

(point 3), a higher frequency (∼6 to 7 kHz) is dominant. The PSDs for

Fig. 2 PSDanalysis for the experiment (left) and simulation (right) of LDI combustor (signals are taken 4.6 cmdownstream to the exit of the venturi) [12].

Fig. 3 Time-averaged heat-release rate contour of LDI simulation (black line: U � 0, indicating vortex breakdown bubble).

Fig. 4 PSD analysis for pressure signals at different locations (highlighted in Fig. 3) in LDI simulation.
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points 5 and 6 show less frequency content, which indicates that the
mean heat-release responses are weak. Heat release is driven by
mixing and chemistry, which are governed by local effects, unlike the
pressure, which is mainly a global acoustic response. This increases
the difficulties in investigating the coupling between local combus-
tion and global acoustic responses in combustion instability studies
and hence our interest in using PODandDMDanalyses to probe such
effects. In addition, the identification of mechanisms that promote
higher acoustic harmonics and the local pressure fluctuations further
require efficient postprocessing techniques.

B. CVRCModel Rocket Combustor

The rocket injector geometry used in the present study is the CVRC
experiment,which has beenmodeled usingDetachedEddySimulation
byHarvazinski et al. [14,15]. The experiment features a variable length
oxidizer post, which produces varying levels of instability. For this
simulation, a single operating point is considered. The domain used for
the simulation and decomposition analysis is shown in in Fig. 6. The
oxidizer is decomposed hydrogen peroxide and enters from the left
through the oxidizer post. The fuel, gaseousmethane, enters just before
the backstep. For the simulation, the oxidizer post length is fixed at
13.97 cm. This represents an unstable operating point with a
fundamental longitudinal acoustic frequencybetween 1300 to1500Hz
and mean chamber pressure pc at around 1.65 MPa.

Figure 7 shows the power spectral density results of the raw
pressure signals from the computational and experimental results
[15]. The first six strongest acoustic frequencies can be observed
from the figure. The experimental results indicate lower values of
frequencies compared with simulation results, but the higher modes
are near integer multiples of the first mode [18].
An overview of combustion dynamics within a representative

acoustic cycle is given in Fig. 8 for the CVRC simulation. The high-
pass filtered pressure signal ismonitored at the chamber head section,
and four points in a 1L period are selected to identify the combustion
response (a central slice is extracted to visualize heat-release and
vorticity dynamics of the three-dimensional flowfield). The acoustics
at the head section goes through a slow expansion (time 1 to 3) and a
rapid compression (time 3 to 4). The combustion and flow dynamics
follow the acoustics such that during expansion the vorticity level is
decreasing, which slows down the mixing between the fuel and
oxidizer, and therefore there is less heat release produced in the
combustor, while as the acoustics moves into compression, the
vorticity level starts to rise near the dump plane at time 3, which
enhances the fuel–oxidizer mixing and consequently leads to a
significant rise in the heat-release rate. Based on these investigations,
qualitative understanding of the combustionacoustic coupling can be
obtained. However, more quantitative and systematic postprocessing
techniques are required to establish more precise correlations

Fig. 5 PSD analysis for heat-release signals at different locations (highlighted in Fig. 3) in LDI simulation.

Fig. 6 CVRCcomputational domain showing the regionsused fordecomposition analysis (domain I is the combustiondone, anddomain II is one-quarter
of domain I).
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between certain acoustic modes and the combustion response. In
addition, efficient tools are needed to extract more statistically
stationary information from the highly unsteady and spontaneous
flame behavior seen in Fig. 8.

III. Results

In this section, decomposition results are discussed with specific
emphasis on comparing the POD and DMD methods in terms of
capabilities for capturing the important dynamics of the p 0 and q 0
variables. For the LDI combustor, comparisons between POD and
DMD are focused on the efficiency of each technique for providing
useful information of acoustic and combustion dynamics. For the
CVRC, studies focus on the capabilities of the techniques when
dealingwith incomplete information. Subdomains (dashed regions in
Fig. 6) are used in addition to the full domain to evaluate the effect of
incomplete information on the decomposition technique.
To study the unsteadiness of physics occurring during combustion

instability, the mean values of the pressure and heat-release rate are
subtracted from the raw data before the analysis for both combustors.
Only the fluctuating portions of the pressure p 0 and heat-release rate
q 0 are used. To reduce the amount of data for postprocessing, infor-
mation is interpolated from the original fine computational grid to a
coarser grid. This is needed due to the large memory requirement of

the decomposition techniques and the large number of cells used for

the CFD simulations.

Before proceeding to the rest of the results section, it is useful to

compare the basic properties and capability of POD and DMD [22].

Given a sequence of snapshots from either experiment or simulation,

POD decomposes the data set to maximize the inner product of the

dynamics provided for an optimal representation of the original

information (mathematical details are given in Appendix A1), while

DMD calculates the temporal transition between snapshots to iden-

tify coherent structures corresponding to one single frequency

(mathematical details are given in Appendix A2). In this respect, the

temporal evolution for each POD mode may contain a range of

frequencies, which might make it less efficient than DMD in dealing

with temporally coherent problems (e.g., combustion instability). On

the other hand, it should be pointed out that for analysis of transient

problems that are lack of temporal coherence (e.g., laminar–turbulent

transition), the energy-based POD approach might have more

advantages over the frequency-based DMD approach.

A. Single-Element LDI Gas Turbine Combustor

1. POD Analysis

For the LDI, the entire geometry is used for decomposition

analysis. The POD analysis decomposes the whole data set based on

Fig. 7 PSD analysis for the experiment (left) and simulation (right) of CVRC [15].

Fig. 8 Overview of cycle behavior of combustion and flow dynamics (right) with regard to pressure oscillations (left).
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the significance of single modes to minimize the error between the
decomposed modes and the original data set. The POD mode power
represents the weighting of each mode and is defined as the nor-
malized singular value in Eqs. (A4) and (A5), while the cumulative
power, defined as the summation of POD mode power, is useful for
checking the reconstructed solution data. These quantities are defined
as follows:

POD mode power � σiP
i
σi

× 100%

Cumulative power �
P

k
i�1 σiP
i
σi

× 100% (1)

The POD mode power and cumulative power are plotted against
the mode number in Fig. 9 for both the pressure and heat-release
fluctuations. For the pressure, the first several modes contain a
significant percent of the total power. After the first ten modes, there
is a rapid decay in the mode power, indicating that nearly all of the
required information to reconstruct the pressuremode can be found in
the first few modes. For the heat release, on the other hand, there is a
gradual decrease in mode power. The most dominant mode of heat
release contains only 1% of the mode power compared to 10% in
the case of pressure. To reconstruct the heat release, therefore, a
significantly larger number of modes is required. By including the
first 100 POD modes, 60% of the power of the pressure fluctuations
and 20% of the power of the heat-release fluctuations are captured.
The mode power summary suggests that for organized and periodic
physics, like acoustics, only a few POD modes are needed to repre-
sent the response. For spontaneous and highly nonlinear physics, like
combustion, a large number of POD modes is needed. When a large
number of modes is required, the benefit of using a decomposition
technique is minimized.
Four representative POD modes are selected for pressure and are

shown in Fig. 10. A PSD analysis of the temporal signal of each POD
mode shows which modes are present. A cross-sectional slice along
with a single axial slice are used to visualize the spatialmodes. For the
heat release, the cross-sectional slice is restricted to the combustor
head end, where most of the combustion takes place.
In each single POD mode, multiple frequencies are present. In the

case of the pressure fluctuations, the 5L and 6L frequencies are
dominant in PODmodes 1 and 2. The sideview shows a six half-wave
configuration, while the axial view shows a uniform distribution. The
global acoustic response of the system (Fig. 4) is captured by the
lower PODmodes,which contain themost energy. The nonstationary
characteristics of the signals result in a zero-frequencymode showing
up in POD modes 1 and 2.
Local acoustic responses are also observed in Fig. 4; these appear

in the higher POD modes with a dominant frequency of 7000 Hz.
This mode is related to the hydrodynamic precessing vortex core
(PVC) mode [11,12]. Contributions from the 1L and 6L acoustic
modes are still identifiable but are suppressed. The mode shape for
PODmodes 10 and 11 are different than the global mode shapes seen
for POD modes 1 and 2. A weak response is found in the chamber
section, while the venturi section (the zoomed-in area highlighted by
the dashed rectangular box) shows elevated content, and the axial

slice shows the contribution from the swirling motion of the flow and

the PVC mode.

The first four heat-releasemodes are shown in Fig. 11. Frequencies

observed in the POD results of pressure are also found in the heat

release throughout the first four modes. Unlike the pressure, for

which the modes with similar frequency content appear in neighbor-

ingmodes, the 6L response is split betweenmodes 1 and 4 for the heat

release, whilemodes 3 and 4 are dominated by the higher frequencies

present in modes 10 and 11 for pressure. Heat-release modes 1 and 4

show variations in the longitudinal direction and a uniform distribu-

tion in the azimuthal direction. On the other hand, identifiable azi-

muthal variations are found in heat-releasemodes 2 and 3with strong

indications of a spiral structure. Based on the frequencies and spatial

mode shapes, pressure modes 1 and 2 can be correlated with heat-

release modes 1 and 4, both revealing responses driven by longitu-

dinal acoustic modes, and pressure modes 10 and 11 seem to be

related to the heat-release modes 2 and 3, which contain the effects of

the swirling flow.

In the LDI combustor simulation, the POD analysis is seen to be

capable of capturing important mode shapes for both pressure and

heat-release fluctuations at different frequencies. Qualitative under-

standings of the contributions from certain frequencies can be ob-

tained from the spatial modes, and couplings between pressure and

heat release can be partially addressed by establishing connections

based on the dominant frequencies. However, POD analysis is not

able to provide robust one-on-one correlations between pressure and

heat-release modes. Though correlations can be established based on

the PSD analysis of the temporal signals, the nonpairing of the

responses makes it difficult to interpret the data and make specific

connections. Moreover, any understanding that can be derived

requires additional work that can be tedious and time con-

suming given the large number of frequencies of interest. Further, the

presence of multiple frequencies in each POD mode also increases

the difficulty of distinguishing the responses under different fre-

quencies. For example, in heat-release modes 2 and 3 (Fig. 11), PSD

powers of 4500 and 7000Hz are comparable, which indicates that the

spiral mode shapes of heat release can be the combining effects of

those two frequencies.

The computed POD modes can be combined to reconstruct the

responses of the 6L and PVC frequencies. Based on the discussions

of mode shapes in Figs. 10 and 11, the 6L dominant longitudinal

acoustic responses are reconstructed using modes 1 and 2 for the

pressure andmodes 1 and 4 for heat release; similarly, PVC dominant

swirling responses are reconstructed using modes 10 and 11 for the

pressure and modes 2 and 3 for the heat release.

The dominant reconstructed 6L response is shown in Fig. 12 and

covers half of an acoustic cycle. From 0.14420 to 0.14454 s, the

acoustic pressure at the chamber head goes from a compression to an

expansion with a clear six half-wave mode in the chamber evident at

times 1 and 2. During the intermediate period (times 2 and 3), diverse

pressure mode shapes are present. At time 2, the amplitude of the

pressure fluctuations is uniform throughout the chamber and air

plenum, indicating a mean shift and a nonstationary behavior of the

pressure oscillations. This can be further explained by the strong

zero-frequency observed in PSD analysis of modes 1 and 2 temporal

signals from Fig. 10. In addition, weaker contributions from the 5L

Fig. 9 PODmode power vs mode number for pressure (left) and heat-release (right) fluctuations in LDI combustor (PODmode power is plotted on a log
scale).
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acoustic mode can be identified at time 3, the frequency of which is

found in POD mode 1 of the pressure.

Heat-release responses follow the pressure fluctuations and during

the acoustic compression at the chamber head (time 1), and an

increase in the heat release is observed in the diverging section with a

decrease in the chamber. As discussed in [11,12], this is due to the

strong acoustic forcing on the flowfield that brings more fuel

upstream toward the venturi throat where the level of combustion is

expected to rise. Going from acoustic compression to expansion

(times 2 to 4), the heat release increases in the chamber while

decreasing in the diverging section. This is attributed to the decrease

in acoustic forcing at the chamber head, which allows formore fuel to

enter chamber and react. Time 4 is the transition point from expansion

to compression, the fuel is pushed back to the diverging section, and a

local increase in heat release is observed therein.

The reconstructed PVC response is shown in Fig. 13 and covers a

single cycle of swirling motion. A clockwise rotation can be inferred

from the cross-sectional views of both pressure and heat-release

responses, and a phase difference is observed by looking at the cross-

section close to the venturi region. The heat release follows the high-

pressure region in space and shows nonstationary amplitude changes.

These changes are due to theweaker frequency peaks in modes 2 and

3 (Fig. 11). Moreover, as mentioned previously while discussing the

pressuremode shapes, the presence of the longitudinal acousticmode

shapes is still identifiable in modes 10 and 11 in Fig. 10. It is difficult
to disconnect the swirling motion from the longitudinal acoustic
modes even though they have less power than the dominant
PVC mode.

2. DMD Analysis

Unlike the POD analysis, the DMD technique provides decom-
posed modes at discrete frequencies. Figure 14 shows the DMD
frequency spectrum. Both pressure and heat-release modes are
shown. Pressure fluctuations show a spectrum that is similar to a
standard PSD analysis (Figs. 2 and 4). Like with the POD, the non-
stationary signal results in a zero-frequency mode. The benefit of
DMD is that the DMD modes are organized in terms of a single
frequency, unlike POD for which multiple frequencies are grouped
together,making the individual impact of a single frequency impossi-
ble to discern. Heat-release fluctuations show a strong response to the
6L acoustic frequency and an additional excitation near the PVC
frequency. This is similar to what is found in the POD analysis but is
much more readily apparent.
The reconstructed pressure and heat-release responses for the 6L

mode are shown in Fig. 15. The pressure response reconstructed from
the DMD mode shows a global 6L acoustic mode shape. The heat
release shows increased activity near the head end of the combustor
with a complex mode shape around the venturi wall. The axial cut

Fig. 10 Representative POD modes of pressure fluctuations in LDI combustor (the zoomed-in view is selected for the area highlighted by the dashed
rectangular box, and the cross-section view of spatial mode is picked 1 mm downstream of the venturi).
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Fig. 12 Reconstructed 6L response of pressure and heat release using POD modes (modes 1 and 2 for pressure; modes 1 and 4 for heat release).

Fig. 11 Representative POD modes of heat-release fluctuations in LDI combustor (the three-dimensional view is shown with two representative

isosurfaces corresponding to the minimum and maximum values in the contour legend, and the cross-section view of the spatial mode is picked 1 mm
downstream of the venturi).
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shows that this complex mode shape is more or less axisymmetric,

which is consistent with the fact that the 6L acoustic mode is a purely

axial mode.

The PVC mode is shown in Fig. 16. A spiral structure is visible,

which is similar to the mode shape from the POD decomposition

shown in Fig. 13. The DMD decomposition shows that pressure

fluctuations are restricted to the venturi section with very little re-

sponse in the chamber, unlike the POD analysis (Fig. 13). This

confirms that the PVC mode is due to the local swirling flow effects

and the combustion taking place in that region.

For this single-element LDI gas turbine combustor, both POD and

DMD analyses are able to capture the representative frequency

responses found in Figs. 4 and 5. Two major responses are identified

by both techniques. A strong longitudinally acoustic mode is present

in the entire combustor, and a local swirl-driven PVCmode is present

in the venturi section. POD provides spatial mode shapes corre-

sponding to temporal evolutions that might contain a range of fre-
quencies and cannot guarantee that there is a one-on-one correlation
between different variables. It is difficult to associate specific
physical phenomenawith the PODmodes directly.On the other hand,
DMDgenerates decomposedmodes sorted by frequency, providing a
cleaner perspective of the different physical phenomena occurring at
distinct frequencies. The response in different variables can be con-
nected easily by comparing modes occurring at the same frequency.
We conclude that DMD is therefore a more systematic and efficient
tool for extracting and isolating physical phenomena from large data
sets in which multiple physical phenomena are present.

B. Model Rocket Combustor (CVRC)

Comparisons between POD and DMD analyses is performed next
by applying both techniques to the CVRC simulations. In this case,
three different domains are used to assess the capabilities of both

Fig. 13 Reconstructed PVC response of pressure and heat release using POD modes (modes 10 and 11 for pressure; modes 2 and 3 for heat release).

Fig. 14 DMD frequency spectrum for pressure (left) and heat-release (right) fluctuations in LDI combustor.

Fig. 15 DMD reconstruction of the 6L acoustic mode for pressure (left) and heat release (right) shown for two time instances.
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techniques for treating data sets with incomplete information, which
is often the case especially for experimental results. As shown in
Fig. 6, domain I is the region where combustion takes place, only
covering one-third of the chamber. The oxidizer post is absent result-
ing in incomplete information about the acoustics. Domain II is about
one-fourth of the size of domain I and has incomplete information
about both the combustion and acoustics. Along with domains I and
II, the full domain is also be used to provide a baseline.

1. POD Analysis

The PODmode power and cumulative power for pressure and heat
release are shown in Fig. 17 for the full domain and both subdomains.
As in the LDI case, there is a rapid decrease in the pressure mode
power while that of heat release is much flatter. With less acoustic
response included in the analysis, domains I & II show sharper power
distributions and faster power accumulation for the pressure than the
full domain. However, there is little change in both the single and
cumulative mode power distributions between the domains for the
heat release.
The first two POD modes for pressure are shown in Fig. 18. The

first POD mode of pressure shows both 1L and 2L acoustic fre-
quencies in the PSD plot. The full domain shows a clear half-wave
and half-wave configuration in both the chamber and post, which
confirms the dominance of the 1L frequency in mode 1. The partial
domains show reasonable agreementwith the full domain for both the
spatial and temporal component. Domain II shows higher PSDpower
at high frequencies (>6;000 Hz) than domain I and the full domain.
For the second mode, the spatial mode shape in the region span-

ning the partial domains is more complex than the first mode. This
leads to very different and incorrect responses for the partial domains.
Domains I and II have half-wave spatial modes that are correct for
their domain size but incorrect for the global acoustics. The partial
domains also show a discrepancy in the temporal signal content
compared to the full domain. This indicates that extreme caution
should be used when analyzing incomplete data sets.
The discrepancy in the POD analysis for the subdomains becomes

even more apparent as the mode number increases. Figure 19 shows

the spatial modes for modes 3 and 4. Domain I shows a full wave in
mode 3 and nearly two full waves in mode 4. The 1T acoustic mode
shows up in mode 3 of the domain II POD analysis, the frequency of
which is around 13,000 Hz, and a twisted full wave configuration is
seen in mode 4.
The first two POD modes of the heat-release fluctuations are

shown in a similar manner with different domains in Fig. 20. POD
analysis of full domain and domain I produces similar spatial mode
shapes and frequency content in the PSDs of the temporal modes
throughout the first four POD modes, which should be attributed to
the fact that most of the combustion response is concentrated in
domain I as highlighted in Fig. 6. Multiple frequencies are found in
each POD mode, and the number of dominant frequencies increases
as the PODmode number increases. PODmodes 1 and 2 of domain II
show similarities to the full domain and domain I results with the first
five acoustic frequencies dominant in the temporal modes. A pulsing
mode is identified in mode 1, which can be responsive to the strong
driving force from the acoustic field as discussed in the cycle studies
in [17]. Mode 2 has very similar frequency content as mode 1 but
shows two alternative response spots of combustion in the spatial
modes. For the higher POD modes (>2) of heat-release fluctuations,
discrepancies between domains I and II and the full domain are more
apparent, which is consistent with what has been observed in the
pressure POD analysis as well.
By comparing the POD modes using different fractions of the

domain, it has been shown that POD is sensitive to the completeness
of the spatial information. The results and physical interpretations
can be very different if an incomplete data set is used. This can be
traced back to the fact that POD analysis decomposes modes to
optimize the representations of the original data set, which can be
compromised if some physical information is missing.

2. DMD Analysis

A DMD analysis is performed with the same domains that were
used for the POD analysis. The DMD frequency spectra of pressure
and heat-release fluctuations are shown in Fig. 21. Analysis of three
domains shows consistency in terms of the frequencies picked up for

Fig. 16 DMD reconstruction of the PVC mode for pressure (top) and heat release (bottom).

Fig. 17 PODmode power vs mode number for pressure (left) and heat-release (right) fluctuations in CVRC simulation with different domains (symbol:
POD mode power; line: cumulative power).
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Fig. 18 POD modes 1 and 2 of pressure fluctuations in CVRC simulation.

Fig. 19 POD modes 3 and 4 of pressure fluctuations for the three domains in the CVRC simulation.
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both pressure and heat-release responses. Well-defined harmonic
behavior can be found in the spectrum. Unlike what is found for the
LDI case, the fundamental acoustic frequency (1L) is dominant here
with a cascade of energy between the modes as the frequency in-
creases. The heat release shows a harmonic response to the acoustic
field.
The reconstructed responses at 1L frequencies are shown in

Fig. 22. The responses corresponding to a full 1L cycle are selected to
assess the capabilities of DMD analysis in capturing impor-

tant dynamics when incomplete information is used. In both
reconstructed 1L and 2L responses, DMD analysis of all three
domains shows good consistency in terms of spatial distributions and
temporal evolutions. More importantly, the relationship between the
pressure and heat-release fluctuations is captured using each of the
domains. From time 1 to 3 in Fig. 22, pressure rises at the chamber
head section with an increase in heat release, and when it steps from
time 3 to 4, the pressure drops in phase with the decrease in the heat
release.

Fig. 20 POD modes 1 and 2 of heat-release fluctuations in the CVRC simulation.

Fig. 21 DMD frequency spectrum for pressure (left) and heat-release (right) fluctuations in the CVRC simulation with different domains.
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Based on the application of the POD and DMD decomposition
techniques on the simulation results of the LDI and CVRC con-
figurations, the following conclusions can be drawn:
1) POD provides an optimized representation of the data set and

captures the dominant responses efficiently; DMD provides modal
decomposition based on frequency content.
2)Multiple frequencies are found in each PODmode. Frequencies

of the dominant responses are present in lower modes, while weaker
responses appear in higher modes. This makes it difficult to isolate
the effect of different physical phenomena that occur at distinct
frequencies. With DMD, a direct interpretation of dynamics occurr-
ing at discrete frequencies is produced.
3) POD modes of different quantities (e.g., pressure and heat

release) are not directly correlated. DMD modes of different quanti-
ties can be easily correlated by comparingmodes occurring at similar
frequencies. The dynamics can be reconstructed accordingly to
investigate possible physical coupling.
4) POD requires a complete set of spatial information to produce

the correct modes. DMD can be used with partial sets of spatial
information.

IV. Conclusions

This paper is concerned with the analysis of three-dimensional
simulation results for self-excited combustion instabilities in a single-
element lean direct injection (LDI) gas turbine combustor and a
model rocket chamber, though the conclusions are applicable to a
wide range of applications. Both proper orthogonal decomposition
(POD) and dynamicmode decomposition (DMD) techniques are used
as data-processing methods. It can be concluded from the LDI sim-
ulation results that the traditional bandpass-filtering technique is
largely dependent on the results of a priori PSD analyses, which can be
unreliable. Global longitudinal acoustic responses can be easily con-
firmed by checking several locations along the chamber, but there are
high-frequency responses, which can be more difficult to pinpoint. In
addition, by varying the parameters used for bandpass filtering
(bandwidths and filter type), the signal amplitude and phases change.

Decomposition techniques provide a systematic approach to inves-
tigate important physics in complex systems. POD analysis provides
a series of modes of decreasing energy content and an efficient and
optimized way to represent the large data set. However, each mode
corresponds to multiple frequencies. This makes it difficult to
distinguish and isolate the specific contributions of phenomena that
occur at distinct frequencies (as in the case of acoustics-driven
combustion instabilities). There is no direct connection between the
individual pressure and heat-release modes, making it difficult to
make inferences about coupling (e.g., the precessing vortex core
frequency is dominant in pressure PODmodes 10 and 11 fromFig. 10
and in heat-release PODmodes 3 and 4 from Fig. 11). One individual
frequency can be spread over several nonneighboring PODmodes (e.
g., 5L frequency can be found in pressure PODmodes 1, 10, and 11 as
shown in Fig. 10). It was shown that the physical interpretations from
POD can be variant to the completeness of spatial information
included (e.g., the dominant chamber acoustic mode is not well
captured using a fraction of the full domain as shown in Fig. 18).
Using limited spatial information can provide poor results compared
to the results using the entire spatial domain. For global phenomena
like acoustics, the entire geometry is needed to ascertain the correct
mode shapes. These factors limit the usefulness of POD for
establishing correlations between multiple physical phenomena and
analyzing cases with the recorded data not spanning the entire
domain, which can be common for experiment measurement.
The frequency-based DMD technique provides modes that

correspond to single frequencies. The global frequency spectrum can
be obtained to help understand all the important periodic dynamics in
the data set. Reponses at discrete frequencies can be simply inves-
tigated usingDMDmodes to get a clear picture of the dynamics (e, g.,
the reconstructed 6L responses using POD modes show evidence of
other frequencies in Fig. 12, while cleaner mode shapes can be
reconstructed using DMD modes in Fig. 15). Different physical
processes (e.g., pressure and heat release) can be correlated in terms
of frequencies to help postulate relevant mechanisms. Moreover,
DMDanalysis is able to provide consistent physical interpretations of
the different spatial information given. As evaluated in Appendix B,

Fig. 22 Reconstructed 1L responses of pressure and heat release using DMD modes for the CVRC simulation.
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grid sensitivity studies show consistent results, but DMD results can
be affected by temporal information, and to resolve certain desired
response behavior, sufficient resolution is required. Therefore, DMD
analysis proves to be a more systematic and useful tool than POD for
studies of combustion instability.

Appendix A: Mathematical Model of Decomposition
Techniques

Thegoal of decomposition is to approximate a function z�x; t� over
a specified domain as a finite sum of a temporal component ak�t� and
a spatial component Φk�x�,

z�x; t� ≈
XNp

k�1

ak�t�Φk�x� (A1)

It is assumed that approximation becomes exact asNp approaches
infinity. Note that in Eq. (A1) there is no fundamental difference
between x and t, but we usually think of x as a spatial coordinate and t
as the temporal coordinate.
The representation of Eq. (A1) is not unique. For example, if the

domain (either from experiment or computation) is a bounded
intervalX on the real line, then the functionsΦk�x� can be chosen as a
Fourier series, Legendre polynomials, Chebyshev polynomials, and
so on. Different choices of the space-dependent function Φk�x�
will result in different time-dependent functions ak�t�. The time-
dependent functions can be periodic or nonperiodic, single-frequency
dominated, or multifrequency dominated.
In the POD analysis, the spatial functions Φk�x� are chosen to be

orthonormal functions, i.e.,

Z
X

Φk1�x�Φk2�x� dx �
�
1 if k1 � k2
0 otherwise

(A2)

The orthonormality of Φk means that ak can be determined using
only Φk, as opposed to all of the Φ functions,

ak�t� �
Z
X

z�x; t�Φk�x� dx (A3)

A1. Singular Value Decomposition in POD Analysis

In practice, whole data sets or snapshots are arranged into a POD
matrix first, for example, with each row containing the temporal data
and each column containing the spatial data. Thus, if there areN rows
of temporal data andm columns of spatial data, the POD matrix will
be of size N ×m.
Once we obtain the POD matrix A, the SVD of A is

A � UΣVT (A4)

where U is an N × N orthogonal matrix, V is an m ×m orthogonal
matrix, and Σ is anN ×mmatrix with all elements zero except along
the diagonal. The diagonal elements ofΣ consist ofNp � min�N;m�
nonnegative numbers σi, which are the singular values of A. The
singular values are unique and are arranged in decreasing magnitude,

σi > σi�1 (A5)

In Eq. (A5), let Q � UΣ. Then, A � QVT . Letting qk be the kth
column of Q and vk be the kth column of V, we write out the matrix
product as

A � QVT �
XNp

k�1

qkv
T
k (A6)

Equation (A6) is the discrete form of Eq. (A1). Thematrix for each
POD mode is

Ak � qkv
T
k (A7)

In Eq. (A7),Ak is defined as the kth PODmode for matrixA, and it
is noted that Ak has the same dimensions as the matrix A. Moreover,
the column matrix qk can be interpreted as the temporal mode of the
kth POD mode, while the column matrix vk represents the spatial
mode. If the temporal mode qk is obtained such that Q � UΣ, the
spatial mode vk contains all normalized numbers and vice versa. Or
we can write Eq. (A7) in this way:

Ak � ukσkv
T
k (A8)

In Eq. (A8), uk is the kth column of U, and σk corresponds to the
kth singular value ofmatrixA. The σk is defined as themode power of
the kth POD mode, and it indicates mathematically how represen-
tative the decomposed modes are compared with raw data, and
physically it represents the level of information that one can extract in
terms of the decomposed modes from the original data.

A2. Arnoldi Algorithm in DMD Analysis

DMDanalysis decomposes the data by frequency. To obtain single
frequency dynamic modes, suppose the data set is represented as a
sequence of snapshots,

VN
1 � fv1; v2; v3; : : : ; vNg (A9)

where vi stands for the ith snapshot of the data. DMD assumes that a
linear map exists between a snapshot and the next snapshot in the
sequence; thus, ifB represents the linearmap,vi�1 � Bvi. Therefore,

VN
1 � fv1; Bv1; B2v1; : : : : : : ; B

N−1v1g (A10)

Another assumption is that there exists a specific number N,
beyond which the vector vN can be expressed as linear combination
of the previous vectors,

vN�a1v1�a2v2� ···�aN−1vN−1 or v1�VN−1
1 a�r (A11)

Hence,

BVN−1
1 � VN

2 � VN−1
1 S� reTN−1 (A12)

where

S �

0
BBBBB@

0 a1
1 0 a2

. .
. . .

. ..
.

1 0 aN−2
1 aN−1

1
CCCCCA

(A13)

Applying the eigenvalue decomposition for matrix S,

S � TΛT−1 (A14)

where matrix T is the eigenvector matrix of S. If a sufficient number
of snapshots is used, the eigenvalues of S are representative of the
eigenvalues ofB, which contain the time-evolution information of the
flowfield.
Similarly the kth dynamic mode corresponding to the frequency

response can be constructed as

Ψk � VN−1
1 yk (A15)

where yk is the kth eigenvector of matrix S in Eq. (A14). The original
data set can be decomposed into the form in Eq. (A1),

VN−1
1 �

X
k

Ψky
T
k (A16)
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where Ψk contains the dynamic spatial information and yk contains
the temporal evolutional information.

A3. Practical Implementations of DMD Analysis

As pointed out by Schmid [21], even though the previous Arnoldi
algorithm is mathematically correct, in practical implementations,
the companion matrix S can be ill conditioned, especially when the
data are contaminated with noise. Therefore, a more robust imple-
mentation is used for DMD analysis in the current studies. First, the
snapshots are arranged as in Eq. (A9) to get matrix VN

1 and apply a
SVD,

VN
1 � WΣUT (A17)

wherematricesW andU are both orthonormal and contain spatial and
temporal information, respectively. Substitute Eqs. (A17) into (A12):

BWΣUT � VN
2

⇒ BW � VN
2 UΣ−1

⇒ WTBW � WTVN
2 UΣ−1 � ~S (A18)

It should also be noted from Eq. (A12) that VN
2 ≈ VN−1

1 S, so

WTVN−1
1 SUΣ−1 � ~S

⇒ WT�WΣUT�SUΣ−1 � ~S

⇒ �ΣUT�S�ΣUT�−1 � ~S (A19)

And it can be seen that ~S is a similarity matrix to S and they share
the same eigenvalues. Therefore, eigenvalue decomposition is
applied to ~S instead of S,

~S � ~T ~Λ ~T−1 (A20)

In that way, the kth spatial mode can be calculated as

Ψk � W ~yk (A21)

where ~yk is the kth eigenvector of matrix ~S in Eq. (A20) and the
temporal modes can be computed as

yk � UΣ−1 ~yk (A22)

Each DMD mode corresponds to a single frequency fk,

2πfk � log�μk;i�∕Δt (A23)

where μk;i is the imaginary of the kth eigenvalue of matrix ~S in
Eq. (A20) and Δt is the time step in between two snapshots. Unlike
POD, which produces modes in all real numbers, DMD modes
consist of complex numbers, and usually each individual frequency is
related to twomodes, complex conjugate to each other. Therefore, the
responses Vk corresponding to the kth frequency can be recon-
structed by taking the real part of DMD spatial and temporal modes’
product,

Vk � RefΨky
T
k g (A24)

Appendix B: Performance Evaluation of Dynamic Mode
Decomposition

From the discussions in Sec. III, DMD is better suited to inves-
tigating the effects of multiple physical phenomena occurring
simultaneously. In this section, theDMDanalysis is further examined
by using different time intervals and computational grids to
investigate the influence of data quality on the results.

B1. Sensitivity Study of Temporal Quality

TheLDI simulation is used in this section to evaluate the sensitivity
of DMD to the amount of quasi-periodic dynamics included in the
analysis. Three different time intervals are used for the studies, the
summary of which can be found in Table B1. The sample rate is kept
the same to guarantee the range of frequencies that can be captured in
the analysis. Results presented earlier use the most information
(interval III), and intervals I and II contain less temporal information
then Interval III.
TheDMD frequency spectrum for the three time intervals is shown

in Fig. B1. As the time interval is decreased, frequency resolution
decreases, and this broadens the bands and makes the frequency
peaks less definite. The low-frequency responses can be important
because it has been postulated that couplings between higher
harmonic hydrodynamic instabilities and acoustic modes are the
driving mechanisms that sustain combustion instability in the single-
element LDI combustor and the fundamental frequencies happen to
lie in the low-frequency region highlighted previously [11,12].
The effects of time interval lengths are studied by comparing the

reconstructed responses at the 1L frequency for both pressure and
heat-release fluctuations shown in Fig. B2. Comparisons are perfor-
med in terms of the response during the acoustic compression phase
at the head section. Pressure modes from the different time-interval
lengths show awell-defined half-wave mode shape in the combustor,
and correspondingly, the heat-release modes indicate growth during
the acoustic compression. Although the DMD analysis gives consis-
tent pressure response and correlations between pressure and heat
release, differences in the heat-release mode shapes are still identi-
fiable. With the longer time interval, the dynamics of heat release
becomes less noisy than the ones with a shorter interval. There are
fewer heat-release decaying spots during acoustic compression and
fewer growing spots during acoustic expansions. So, it seems that
when more temporal information is included in the analysis, the
reconstructed responses are more definite, and the coupling between
the different physics is easier to identify. Of course, this also means
the investment of more computational resources for the analysis.

Table B1 Testing temporal quality information

Case
name Time interval

Sample
rate, kHz

Number of
1L cycles

Number of
6L cycles Δf, Hz

Interval I 0.12 ∼ 0.14 s 100 6 36 50
Interval II 0.12 ∼ 0.15 s 100 10 60 33
Interval III 0.12 ∼ 0.16 s 100 13 78 25

Fig. B1 DMD frequency spectrum for heat-release fluctuations in LDI
combustor simulation using different time intervals.
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B2. Sensitivity Study of Grid Resolution

The CVRC simulation is next used as the test case to examine the

sensitivity of DMD analysis to grid resolution. Only heat-release

fluctuations in the combustion zone (domain I shown in Fig. 6) are

used for this study. Grid points in the azimuthal direction are kept the

same due to the longitudinal nature of the physics observed in both

the experiments [18] and simulations [17], and the refinement of

grids is performed in three levels as summarized in Table B2. Also, it

should be noted that the medium grid is the same as that used for the

results in Sec. III.B.

The DMD frequency spectrum of the heat-release fluctuations is

shown in Fig. B3 for the three different grid resolutions, and the

dominant frequency peaks are captured consistently by the DMD

analysis.

The reconstructed responses at the 1L frequencywith different grid

resolutions are shown in Fig. B4. The response during acoustic

expansion and compression are shown here for comparisons, which

correspond to times 1 and 3 in Fig. 22. Differences in the 1L re-

sponses are very small, and the DMD results are able to capture

consistent spatial distributions and temporal evolutions for the heat-

release variations.

The DMD 2L response shows more differences in the spatial

distribution, but it is still capable of describing the dominant dynamics

of interest. Small improvements can be observed in the top half of the

domain with the grid refinement.

Based on the temporal quality and grid sensitivity studies for the
DMD analysis, it can be concluded that with sufficiently resolved
information input the DMD analysis provides a consistent mode
shape and is capable of extracting the dynamics at discrete fre-
quencies reliably.
Here, the information input includes 1) sufficient grid points to

resolve the physics of interests (i.e., combustion and acoustics) and
2) a sufficient number of repeatable quasi-periodic information
to resolve the dynamic response of interest (e.g., the longitudinal
acoustic-driven combustion response).
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