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1. Summary 
The investigators developed and explored new algorithms for multi-armed bandits with 
periodic fluctuations, multi-armed bandits with budgets, and for transfer learning in Markov 
Decision Processes (MDPs). In the periodic fluctuations case, they developed new theory and 
promising experimental results. In the budgeted case, there are promising experimental 
results but no new theory. In the MDP case, existing theory was validated on small problems 
but did not generalize well to larger problems due to computational limitations. 

2. Introduction 
This project involved three thrusts: 

1. New algorithms for multi-armed bandits (Rudin). 

2. New algorithms for multi-armed bandits in the presence of costs and a budget 
(Munagala). 

3. Evaluation of transfer learning algorithms for Probably Approximately Correct (PAC)-
optimal learning in MDPs (Parr). 
 

The three investigators explored each of these questions and produced some new 
algorithms and promising experimental results, as described in the subsequent sections and 
attached documents. 

2.1 Multi-armed Bandits 
Multi-armed bandits abstract a basic learning question in which the learned must estimate the 
payoff or reward that results from making different choices (abstracted as arms on different 
slot machines). The payoffs are stochastic, so a single pull is not sufficient to estimate the 
payoff. The learned must use a strategy that balances exploration (learning new information 
by pulling arms that might not have had the highest payoff so far) with exploitation (pulling 
the arm that is currently estimated to have the highest payoff). 

Rudin’s team observed that payoffs may often have periodic fluctuations that can be 
exploited, a case that was not addressed by existing literature. She developed new algorithms 
and results, summarized in the next section, and discussed in detail in Appendix A1. 

2.2 Budgeted Multi-Armed Bandits 
Budgeted Multi-Armed bandits are a generalized over the standard multi-armed bandit 
problem to the case where arms have an associated cost and there is a fixed budget for 
exploration. This is, arguably, a more realistic scenario in which there is a variable cost 
associated with exploring various options and this cost must be taken into account. 

Munagala’s team developed a new algorithm for the budgeted case and were able to show 
that this algorithm performed better than the natural alternatives in simulations. This is 
summarized in the next section, and greater detail is provided Appendix A2. 
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2.3 PAC-optimal Transfer Learning in MDPs 
PAC-optimal learning in MDPs involves learning how to perform near optimally in an MDP 
while making a bounded number of steps that are significantly suboptimal. Existing work in 
this area had very limited ability to transfer knowledge from one problem to a related 
problem. 

In unpublished previous work (see appendix A3) Parr and coauthors developed new 
algorithms for transfer learning that included the use of a transfer function to transfer 
knowledge between MDPs. This allowed new PAC-optimality bounds. However, it was not 
clear if the theory would be useful in practice. 

Parr’s team implemented and tested the above approach. The results are summarized in the 
next section and described in detail in Appendix A4. In addition, they explored the use of 
various manifold alignment and Generative Adversarial Network (GAN) techniques to 
achieve practical transfer learning results. 

3. Methods, Assumptions and Procedures 
3.1 Bandit Problems 
Standard approaches to bandit problems involve some attempt to balance exploration with 
exploitation. The techniques explored in his project involve generalizations of the three main 
approaches described below: 

3.1.1 ε-greedy 
The ε -greedy approach picks the arm that looks best with probability 1- ε, and picks a 
random arm with probability ε. The parameter may be chosen adaptively. 

3.1.2 UCB 
The Upper Confidence Bound (UCB) approach estimates the payoff for each arm within a 
confidence interval and adds a decaying (with experience) exploration bonus to ensure that 
even suboptimal arms are continually tested - albeit decreasingly with time. 

3.1.3 Thompson Sampling 
Thompson sampling is a Bayesian approach that maintains a distribution over payoffs. 
Models are sampled from this distribution and the distribution is updated based upon the 
results. As with UCB, this ensure that arms will be tried with some positive probability 
throughout learning. 
 
3.2 PAC-optimal exploration in MDPs, and transfer in MDPs 
Similar to the UCB algorithm mentioned above, most PAC-optimal algorithms for MDPs 
involve some form of exploration bonus. Exploration in continuous state spaces typically 
involves some form of state aggregation so that similar states are clustered together to create 
a piecewise-constant value function. This was done in Parr’s previous work. 

Transfer learning in MDPs (and reinforcement learning) can take many forms, though 
there is very little work on sample complexity for this case. Parr’s work involves a user-
provided transfer function that shows how samples from one MDP can be adapted to another 
MDP. 
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4. Results and Discussion 
4.1 Bandits with Fluctuations 
Rudin’s team developed several new algorithms for this case. She introduced a greed 
parameter that could be regulated over time. The regulation of greed is done in response to a 
known, external signal that acts as a payoff multiplier. For example, a retailer may evaluation 
various strategies for reaching consumers at different times of the year, but during the 
December holiday season, the payoffs for various strategies could be multiplied because of 
increased consumer spending. The retailer may have a good estimate of the multiplier but not 
the base payoffs. 
 

Rudin considered three variations on existing work: 

1. A variable arm pool approach that limits or expands the number of arms considered 
based upon the payoff multiplier. 

2. Variations on the -greedy approach that takes the multiplier into account. 

3. Variations on the UCB algorithm that take the multiplier into account. 

In each of the above cases, Rudin proved regret bounds for the modified algorithms. In 
addition, experiment results showed that these algorithms performed favorably in comparison 
to the standard algorithms in presence of periodic payoff multipliers. 

4.2 Budgeted Bandits 
Munagala’s team modified the Thompson sampling approach for multi-armed bandits to the 
budgeted cost case. Experimentally, this approach was shown to be superior to existing 
algorithms for the budgeted case, though he was not able to obtain any positive theoretical 
results to support the experimental observations. 

In addition, Munagala’s team showed theoretically that no algorithm could be expected to 
have reasonable performance against an adversary that chose arms costs in an adversarial 
manner. Allowing an adversary to set costs implies a very strong adversary, to a weaker 
model that allowed costs to change slowly was considered and a new algorithm was 
proposed, though it did not perform consistently better than other approaches. 

Munagala also considered a generalization of the Thompson sampling algorithm to 
contextual bandits, though the experimental results were not promising. In the final phase of 
the project (not detailed in the appendices), the team considered a contextual bandit case 
where there is a global context that that multiplies the payoffs (similar to the case considered 
by Rudin). In this case, the modified version of Thompson sampling did provide some 
advantage over existing algorithms. 

4.3 Transfer in MDPs 
Parr’s team conducted experiments to evaluate the benefit of using a transfer function to 
improve transfer learning MDPs. The transfer function describes how samples from one 
MDP can be transformed to act like samples in another MDP (or a related part of the same 
MDP). For example, in a single MDP with that exhibits some sort of symmetry, samples from 
one quadrant of the state space could be transformed to act like samples from another part of 
the state space by flipping the signs of the state variables, effectively doubling the number of 
reduces and reducing the sample complexity by half. 
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Experimental results for a simple problem like the classic inverted pendulum benchmark 
showed that the expected reduction in the number of samples required did indeed occur. 
Unfortunately, it proved difficult to find interesting examples that satisfied the assumptions of 
the theory and that also had easily described transfer functions that provided significant 
reduction in sample complexity. 

Parr’s team also considered other approaches to transfer such as the use of GANs. Initial 
results, detailed in Appendices A5 and A6, were somewhat promising, but like many GAN 
methods, it was somewhat unstable. Prospects for extending this approach to more 
challenging problems are unclear. It is possible that improved GAN techniques that have been 
developed recently could help. 

5. Conclusions 
In the case of multi-armed bandits, a major finding of this project is that periodic noise 
multipliers can be exploited. This is supported by theoretical results and experimental results. 
For arms with budgeted costs, variations on Thompson sampling look promising, though 
theoretical results supporting the experimental results are still lacking. 

For transfer learning in MDPs, the experimentation done supports the existing theory, but 
existing algorithms with theoretical guarantees still do not scale well to large problems. Other 
techniques, such as transfer through GANs, show some promise, but further work is required 
to improve the stability of such approaches and demonstrate that they can work on larger and 
more challenging problems. 
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List of Acronyms 
 
MDP – Markov Decision Process 
 
PAC – Probably Approximately Correct 
 
GAN – Generative Adversarial Network 
 
UCB – Upper Confidence Bound 
 
 
 
 

 




