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Regret of Queueing Bandits
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Sanjay Shakkottai
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Abstract

We consider a variant of the multiarmed bandit problem where jobs queue for ser-
vice, and service rates of different servers may be unknown. We study algorithms
that minimize queue-regret: the (expected) difference between the queue-lengths
obtained by the algorithm, and those obtained by a “genie”-aided matching algo-
rithm that knows exact service rates. A naive view of this problem would suggest
that queue-regret should grow logarithmically: since queue-regret cannot be larger
than classical regret, results for the standard MAB problem give algorithms that en-
sure queue-regret increases no more than logarithmically in time. Our paper shows
surprisingly more complex behavior. In particular, the naive intuition is correct
as long as the bandit algorithm’s queues have relatively long regenerative cycles:
in this case queue-regret is similar to cumulative regret, and scales (essentially)
logarithmically. However, we show that this “early stage” of the queueing bandit
eventually gives way to a “late stage”, where the optimal queue-regret scaling is
O(1/t). We demonstrate an algorithm that (order-wise) achieves this asymptotic
queue-regret, and also exhibits close to optimal switching time from the early stage
to the late stage.

1 Introduction

Stochastic multi-armed bandits (MAB) have a rich history in sequential decision making [1} 2, |3].
In its simplest form, a collection of K arms are present, each having a binary reward (Bernoulli
random variable over {0, 1}) with an unknown success probabilit (and different across arms). At
each (discrete) time, a single arm is chosen by the bandit algorithm, and a (binary-valued) reward is
accrued. The MAB problem is to determine which arm to choose at each time in order to minimize
the cumulative expected regret, namely, the cumulative loss of reward when compared to a genie that
has knowledge of the arm success probabilities.

In this paper, we consider the variant of this problem motivated by queueing applications. Formally,
suppose that arms are pulled upon arrivals of jobs; each arm is now a server that can serve the arriving
job. In this model, the stochastic reward described above is equivalent to service. In other words,
if the arm (server) that is chosen results in positive reward, the job is successfully completed and
departs the system. However, this basic model fails to capture an essential feature of service in many
settings: in a queueing system, jobs wait until they complete service. Such systems are stateful: when
the chosen arm results in zero reward, the job being served remains in the queue, and over time the
model must track the remaining jobs waiting to be served. The difference between the cumulative
number of arrivals and departures, or the queue length, is the most common measure of the quality of
the service strategy being employed.

"Here, the success probability of an arm is the probability that the reward equals *1°.

30th Conference on Neural Information Processing Systems (NIPS 2016), Barcelona, Spain.



Queueing is employed in modeling a vast range of service systems, including supply and demand
in online platforms (e.g., Uber, Lyft, Airbnb, Upwork, etc.); order flow in financial markets (e.g.,
limit order books); packet flow in communication networks; and supply chains. In all of these
systems, queueing is an essential part of the model: e.g., in online platforms, the available supply
(e.g. available drivers in Uber or Lyft, or available rentals in Airbnb) queues until it is “served” by
arriving demand (ride requests in Uber or Lyft, booking requests in Airbnb). Since MAB models are
a natural way to capture learning in this entire range of systems, incorporating queueing behavior
into the MAB model is an essential challenge.

This problem clearly has the explore-exploit tradeoff inherent in the standard MAB problem: since
the success probabilities across different servers are unknown, there is a tradeoff between learning
(exploring) the different servers and (exploiting) the most promising server from past observations.
We refer to this problem as the queueing bandit. Since the queue length is simply the difference
between the cumulative number arrivals and departures (cumulative actual reward; here reward is
1 if job is served), the natural notion of regret here is to compare the expected queue length under
a bandit algorithm with the corresponding one under a genie policy (with identical arrivals) that
however always chooses the arm with the highest expected reward.

Queueing System: To capture this trade-off, we consider a discrete-time queueing system with a
single queue and K servers. Arrivals to the queue and service offered by the links are according to
product Bernoulli distribution and i.i.d. across time slots. Statistical parameters corresponding to the
service distributions are considered unknown. In any time slot, the queue can be served by at most
one server and the problem is to schedule a server in every time slot. The service is pre-emptive and a
job returns to the queue if not served. There is at least one server that has a service rate higher than
the arrival rate, which ensures that the "genie" policy is stable.

Let Q(t) be the queue length at time ¢ under a given bandit algorithm, and let Q*(t) be the corre-
sponding queue length under the “genie” policy that always schedules the optimal server (i.e. always
plays the arm with the highest mean). We define the queue-regret as the difference in expected queue
lengths for the two policies. That is, the regret is given by:

V(1) =E[Q() - Q" (1)]. ey
Here U(t) has the interpretation of the traditional MAB regret with caveat that rewards are accumu-

lated only if there is a job that can benefit from this reward. We refer to W(t) as the queue-regret;
formally, our goal is to develop bandit algorithms that minimize the queue-regret at a finite time ¢.

To develop some intuition, we compare this to the standard stochastic MAB problem. For the
standard problem, well-known algorithms such as UCB, KL-UCB, and Thompson sampling achieve
a cumulative regret of O((K — 1) logt) at time ¢ [4} 5/ [6]], and this result is essentially tight [[7]]. In
the queueing bandit, we can obtain a simple bound on the queue-regret by noting that it cannot be
any higher than the traditional regret (where a reward is accrued at each time whether a job is present
or not). This leads to an upper bound of O((K — 1)logt) for the queue regret.

However, this upper bound does not tell the whole story for the queueing bandit: we show that
there are two “stages” to the queueing bandit. In the early stage, the bandit algorithm is unable to
even stabilize the queue — i.e. on average, the queue length increases over time and is continuously
backlogged; therefore the queue-regret grows with time, similar to the cumulative regret. Once the
algorithm is able to stabilize the queue—the late stage—then a dramatic shift occurs in the behavior
of the queue regret. A stochastically stable queue goes through regenerative cycles — a random
cyclical behavior where queues build-up over time, then empty, and the cycle repeats. The associated
recurring‘‘zero-queue-length” epochs means that sample-path queue-regret essentially “resets” at
(stochastically) regular intervals; i.e., the sample-path queue-regret becomes non-positive at these
time instants. Thus the queue-regret should fall over time, as the algorithm learns.

Our main results provide lower bounds on queue-regret for both the early and late stages, as well
as algorithms that essentially match these lower bounds. We first describe the late stage, and then
describe the early stage for a heavily loaded system.

1. The late stage. We first consider what happens to the queue regret as ¢ — co. As noted above, a
reasonable intuition for this regime comes from considering a standard bandit algorithm, but where
the sample-path queue-regret “resets” at time points of regeneration In this case, the queue-regret is

*This is inexact since the optimal queueing system and bandit queueing system may not regenerate at the
same time point; but the intuition holds.



approximately a (discrete) derivative of the cumulative regret. Since the optimal cumulative regret
scales like log ¢, asymptotically the optimal queue-regret should scale like 1/¢. Indeed, we show
that the queue-regret for a-consistent policies is at least C'/t infinitely often, where C' is a constant
independent of ¢. Further, we introduce an algorithm called Q-ThS for the queueing bandit (a variant
of Thompson sampling with explicit structured exploration), and show an asymptotic regret upper
bound of O (poly(logt)/t) for Q-ThS, thus matching the lower bound up to poly-logarithmic factors
in t. Q-ThS exploits structured exploration: we exploit the fact that the queue regenerates regularly
to explore more systematically and aggressively.

2. The early stage. The preceding discussion might suggest that an algorithm that explores ag-
gressively would dominate any algorithm that balances exploration and exploitation. However, an
overly aggressive exploration policy will preclude the queueing system from ever stabilizing, which
is necessary to induce the regenerative cycles that lead the system to the late stage. To even enter the
late stage, therefore, we need an algorithm that exploits enough to actually stabilize the queue (i.e.
choose good arms sufficiently often so that the mean service rate exceeds the expected arrival rate).

We refer to the early stage of the system, as noted above, as the period before the algorithm has
learned to stabilize the queues. For a heavily loaded system, where the arrival rate approaches the
service rate of the optimal server, we show a lower bound of Q(log ¢/ loglog t) on the queue-regret in
the early stage. Thus up to a log log ¢ factor, the early stage regret behaves similarly to the cumulative
regret (which scales like log t). The heavily loaded regime is a natural asymptotic regime in which
to study queueing systems, and has been extensively employed in the literature; see, e.g., [8, 9] for
surveys.

Perhaps more importantly, our analysis shows that the time to switch from the early stage to the late
stage scales at least as t = (K /¢), where ¢ is the gap between the arrival rate and the service rate
of the optimal server; thus e — 0 in the heavy-load setting. In particular, we show that the early
stage lower bound of Q(logt/loglogt) is valid up to ¢ = O(K/¢); on the other hand, we also show
that, in the heavy-load limit, depending on the relative scaling between K and e, the regret of Q-ThS
scales like O (poly(logt)/€?t) for times that are arbitrarily close to Q(K /€). In other words, Q-ThS
is nearly optimal in the time it takes to “switch” from the early stage to the late stage.

Our results constitute the first insight into the behavior of regret in this queueing setting; as em-
phasized, it is quite different than that seen for minimization of cumulative regret in the standard
MAB problem. The preceding discussion highlights why minimization of queue-regret presents a
subtle learning problem. On one hand, if the queue has been stabilized, the presence of regenerative
cycles allows us to establish that queue regret must eventually decay to zero at rate 1/¢ under an
optimal algorithm (the late stage). On the other hand, to actually have regenerative cycles in the first
place, a learning algorithm needs to exploit enough to actually stabilize the queue (the early stage).
Our analysis not only characterizes regret in both regimes, but also essentially exactly characterizes
the transition point between the two regimes. In this way the queueing bandit is a remarkable new
example of the tradeoff between exploration and exploitation.

2 Related work

MAB algorithms. Stochastic MAB models have been widely used in the past as a paradigm for
various sequential decision making problems in industrial manufacturing, communication networks,
clinical trials, online advertising and webpage optimization, and other domains requiring resource
allocation and scheduling; see, e.g., 1,2, 3]. The MAB problem has been studied in two variants,
based on different notions of optimality. One considers mean accumulated loss of rewards, often
called regret, as compared to a genie policy that always chooses the best arm. Most effort in this
direction is focused on getting the best regret bounds possible at any finite time in addition to designing
computationally feasible algorithms [3]]. The other line of research models the bandit problem as a
Markov decision process (MDP), with the goal of optimizing infinite horizon discounted or average
reward. The aim is to characterize the structure of the optimal policy [2]. Since these policies deal
with optimality with respect to infinite horizon costs, unlike the former body of research, they give
steady-state and not finite-time guarantees. Our work uses the regret minimization framework to
study the queueing bandit problem.

Bandits for queues. There is body of literature on the application of bandit models to queueing and
scheduling systems [12, [10} 11} 124113} 11415, 116]. These queueing studies focus on infinite-horizon



costs (i.e., statistically steady-state behavior, where the focus typically is on conditions for optimality
of index policies); further, the models do not typically consider user-dependent server statistics. Our
focus here is different: algorithms and analysis to optimize finite time regret.

3 Problem Setting

We consider a discrete-time queueing system with a single queue and K servers. The servers are
indexed by £k = 1,..., K. Arrivals to the queue and service offered by the links are according to
product Bernoulli distribution and i.i.d. across time slots. The mean arrival rate is given by A and
the mean service rates by the vector pu = [ux]re[x], With A < maxye(x) px. In any time slot, the
queue can be served by at most one server and the problem is to schedule a server in every time slot.
The scheduling decision at any time ¢ is based on past observations corresponding to the services
obtained from the scheduled servers until time ¢ — 1. Statistical parameters corresponding to the
service distributions are considered unknown. The queueing system evolution can be described
as follows. Let x(t) denote the server that is scheduled at time ¢. Also, let R (t) € {0,1} be
the service offered by server k and S(t) denote the service offered by server x(t) at time ¢, i.e.,
S(t) = Ry)(t). If A(t) is the number of arrivals at time ¢, then the queue-length at time ¢ is given

by: Q(t) = (Q(t — 1) + A(t) = S(t))".

Our goal in this paper is to focus attention on how queueing behavior impacts regret minimization
in bandit algorithms. We evaluate the performance of scheduling policies against the policy that
schedules the (unique) optimal server in every time slot, i.e., the server k* := arg maxj.¢[x) px With
the maximum mean rate p* := maxex] pr- Let Q(t) be the queue-length vector at time ¢ under
our specified algorithm, and let Q*(¢) be the corresponding vector under the optimal policy. We
define regret as the difference in mean queue-lengths for the two policies. That is, the regret is given
by: ¥(t) := E[Q(t) — Q*(t)] . We use the terms queue-regret or simply regret to refer to W(t).
Throughout, when we evaluate queue-regret, we do so under the assumption that the queueing system
starts in the steady state distribution of the system induced by the optimal policy, as follows.

Assumption 1 (Initial State). Both Q(0) and Q*(0) have the same initial state distribution, and this
is chosen to be the stationary distribution of Q* (t); this distribution is denoted my ,,~).

4 The Late Stage

We analyze the performance of a scheduling algorithm with respect to queue-regret as a function of
time and system parameters like: (a) the load on the system € := (u* — \), and (b) the minimum
difference between the rates of the best and the next best servers A := p* — maxyzp- [k

As a preview of the theoretical results, Fig-
ure[T shows the evolution of queue-regret

with time in a system with 5 servers under 40 1 ‘ —
a scheduling policy inspired by Thompson agp I fote Stoge
Sampling. Exact details of the scheduling 3010 (log 1)
algorithm can be found in Section It st S/
is observed that the regret goes through a S0 S
phase transition. In the initial stage, when s S o)
the algorithm has not estimated the service 1o} : N
rates well enough to stabilize the queue, the 5 : () .
regret grows poly-logarithmically similar 0 \ y \ \ \ \ \
0 500 1000 1500 2000 2500 3000 3500 4000

to the classical MAB setting. After a crit- ¢

ical point when the algorithm has learned Figure 1: Queue-regret ¥ (¢) under Q-ThS in a system
thq system parameters well enough to sta- with K =5.¢=0.1and A = 0.17

bilize the queue, the queue-length goes

through regenerative cycles as the queue

become empty. In other-words, instead of the queue length being continuously backlogged, the
queuing system has a stochastic cyclical behavior where the queue builds up, becomes empty, and
this cycle recurs. Thus at the beginning of every regenerative cycle, there is no accumulation of past
errors and the sample-path queue-regret is at most zero. As the algorithm estimates the parameters
better with time, the length of the regenerative cycles decreases and the queue-regret decays to zero.



Notation: For the results in Section 4, the notation f(t) = O (g(K,¢,t)) forall ¢t € h(K,€) (here,
h(K,¢) is an interval that depends on K, €) implies that there exist constants C' and ¢, independent
of K and € such that f(t) < Cg(K,e,t) forall ¢t € (tg,00) Nh(K,€).

4.1 An Asymptotic Lower Bound

We establish an asymptotic lower bound on regret for the class of a-consistent policies; this class
for the queueing bandit is a generalization of the a-consistent class used in the literature for the
traditional stochastic MAB problem [7, (17, [18]]. The precise definition is given below (1{-} below is
the indicator function).

Definition 1. A scheduling policy is said to be a-consistent (for some o € (0,1)) if given any
problem instance, specified by (A, p), E [Zt 1{k(s) = k}| = O(t*) for all k # k*.

s=1
Theorem I]below gives an asymptotic lower bound on the average queue-regret and per-queue regret
for an arbitrary a-consistent policy.
Theorem 1. For any problem instance (A, p) and any a-consistent policy, the regret V(t) satisfies

¥(0)> ($000 )k - 1) §

for infinitely many t, where
A

Outline for theorem|I] The proof of the lower bound consists of three main steps. First, in lemma[21]
we show that the regret at any time-slot is lower bounded by the probability of a sub-optimal schedule
in that time-slot (up to a constant factor that is dependent on the problem instance). The key idea in
this lemma is to show the equivalence of any two systems with the same marginal service distributions
under bandit feedback. This is achieved through a carefully constructed coupling argument that maps
the original system with independent service across links to another system with service process that
is dependent across links but with the same marginal distribution.

As a second step, the lower bound on the regret in terms of the probability of a sub-optimal schedule
enables us to obtain a lower bound on the cumulative queue-regret in terms of the number of
sub-optimal schedules. We then use a lower bound on the number of sub-optimal schedules for
a-consistent policies (lemma[I9)and corollary to obtain a lower bound on the cumulative regret.
In the final step, we use the lower bound on the cumulative queue-regret to obtain an infinitely often
lower bound on the queue-regret. O

4.2 Achieving the Asymptotic Bound

We next focus on algorithms that can (up to a poly log factor) achieve a scaling of O (1/t) . A key
challenge in showing this is that we will need high probability bounds on the number of times the
correct arm is scheduled, and these bounds to hold over the late-stage regenerative cycles of the
queue. Recall that these regenerative cycles are random time intervals with ©(1) expected length
for the optimal policy, and whose lengths are correlated with the bandit algorithm decisions (the
queue length evolution is dependent on the past history of bandit arm schedules). To address this, we
propose a slightly modified version of the Thompson Sampling algorithm. The algorithm, which we
call Q-ThS, has an explicit structured exploration component similar to e-greedy algorithms. This
structured exploration provides sufficiently good estimates for all arms (including sub-optimal ones)
in the late stage.

We describe the algorithm we employ in detail. Let T (¢) be the number of times server k is
assigned in the first ¢ time-slots and fi(¢) be the empirical mean of service rates at time-slot ¢
from past observations (until ¢ — 1). At time-slot ¢, Q-ThS decides to explore with probability
min{1, 3K log?t/t}, otherwise it exploits. When exploring, it chooses a server uniformly at random.
The chosen exploration rate ensures that we are able to obtain concentration results for the number



of times any link is sampledH When exploiting, for each k € [K], we pick a sample 6 (t) of
distribution Beta (fix (t)Tk(t — 1) + 1, (1 — fx(¢)) Tk(t — 1) + 1), and schedule the arm with the
largest sample (the standard Thompson sampling for Bernoulli arms [[19]). Details of the algorithm
are given in Algorithm[I]in the Appendix.

We now show that, for a given problem instance (A, ) (and therefore fixed ¢€), the regret under
Q-ThS scales as O (poly(logt)/t). We state the most general form of the asymptotic upper bound in
theorem 2] A slightly weaker version of the result is given in corollary 3] This corollary is useful to
understand the dependence of the upper bound on the load € and the number of servers K.

Notation : For the following results, the notation f(t) = O (g(K,¢,t)) forall t € h(K ¢) (here,
h(K,¢) is an interval that depends on K, €) implies that there exist constants C' and ¢, independent
of K and € such that f(t) < Cg(K,e,t) forall ¢t € (tg,00) Nh(K,€).

o\ 2/3
Theorem 2. Consider any problem instance (A, ). Let w(t) = exp ((212gt> ) , () =

SEw(t) and v(t) = 24 logt + %Mﬂflog%. Then, under Q-ThS the regret U (t), satisfies
Kov(t)log*t
U(t) =0 (”Ut‘)g)

for all t such that i‘;(gtz > 2 ¢t >exp (6/A%) and v(t) +v'(t) < t/2.

Corollary 3. Let w(t) be as defined in Theorem Then,
log® t
U(t)=0 (K o8 )

€2t

for all t such that fffg? > 2, oy = max {2 15K logt}, t > exp (6/A%) and oty > 15

Outline for Theorem[2] As mentioned earlier, the central idea in the proof is that the sample-path
queue-regret is at most zero at the beginning of regenerative cycles, i.e., instants at which the queue
becomes empty. The proof consists of two main parts — one which gives a high probability result on
the number of sub-optimal schedules in the exploit phase in the late stage, and the other which shows
that at any time, the beginning of the current regenerative cycle is not very far in time.

The former part is proved in lemma[9} where we make use of the structured exploration component
of Q-ThS to show that all the links, including the sub-optimal ones, are sampled a sufficiently large
number of times to give a good estimate of the link rates. This in turn ensures that the algorithm
schedules the correct link in the exploit phase in the late stages with high probability.

For the latter part, we prove a high probability bound on the last time instant when the queue
was zero (which is the beginning of the current regenerative cycle) in lemmal[I5. Here, we make
use of a recursive argument to obtain a tight bound. More specifically, we first use a coarse high
probability upper bound on the queue-length (lemmal|[IT)) to get a first cut bound on the beginning of
the regenerative cycle (lemma[I2). This bound on the regenerative cycle-length is then recursively
used to obtain tighter bounds on the queue-length, and in turn, the start of the current regenerative

cycle (Iemmas[T4]and [T5]respectively).

The proof of the theorem proceeds by combining the two parts above to show that the main contribu-
tion to the queue-regret comes from the structured exploration component in the current regenerative
cycle, which gives the stated result. O

S The Early Stage in the Heavily Loaded Regime

In order to study the performance of a-consistent policies in the early stage, we consider the heavily
loaded system, where the arrival rate A is close to the optimal service rate p*, i.e., e = p* — A — 0.
This is a well studied asymptotic in which to study queueing systems, as this regime leads to

3The exploration rate could scale like log ¢/t if we knew A in advance; however, without this knowledge,
additional exploration is needed.



fundamental insight into the structure of queueing systems. See, e.g., [8, 9] for extensive surveys.
Analyzing queue-regret in the early stage in the heavily loaded regime has the effect that the the
optimal server is the only one that stabilizes the queue. As a result, in the heavily loaded regime,
effective learning and scheduling of the optimal server play a crucial role in determining the transition
point from the early stage to the late stage. For this reason the heavily loaded regime reveals the
behavior of regret in the early stage.

Notation: For all the results in this section, the notation f(t) = O (g(K,¢,t)) forall t € h(K¢€)
(h(K, €) is an interval that depends on K, €) implies that there exist numbers C and ¢, that depend
on A such that for all € > €, f(t) < Cg(K,e,t) forall t € h(K,e).

Theorem 4 gives a lower bound on the regret in the heavily loaded regime, roughly in the time interval
(K'/(=2) O (K/€)) for any a-consistent policy.
Theorem 4. Given any problem instance (A, p), and for any a-consistent policy and v > ﬁ the
regret U(t) satisfies

logt
loglogt

w(p) > P 1)

fort € [max{”, T4 (K —1) Déf)} where D(u) is given by equationE, and 7 and (g are

constants that depend on o, v and the policy.

Outline for Theorem{d| The crucial idea in the proof is to show a lower bound on the queue-regret in
terms of the number of sub-optimal schedules (Lemma @ As in Theorem E we then use a lower
bound on the number of sub-optimal schedules for a-consistent policies (given by Corollary [20) to
obtain a lower bound on the queue-regret.

Theorem E] shows that, for any a-consistent policy, it takes at least 2 (K /¢€) time for the queue-regret
to transition from the early stage to the late stage. In this region, the scaling O(logt/loglogt)
reflects the fact that queue-regret is dominated by the cumulative regret growing like O(logt). A
reasonable question then arises: after time €2 (/K/¢), should we expect the regret to transition into the
late stage regime analyzed in the preceding section?

We answer this question by studying when Q-ThS achieves its late-stage regret scaling of
0] (poly(log t)/ ezt) scaling; as we will see, in an appropriate sense, Q-ThS is close to optimal
in its transition from early stage to late stage, when compared to the bound discovered in Theorem
Formally, we have Corollary [5] which is an analog to Corollary [3|under the heavily loaded regime.

Corollary 5. For any problem instance (A, p), any v € (0,1) and § € (0, min(y, 1 — 7)), the regret
under Q-ThS satisfies

K log3 t
€2t

\y(t)=0<

1 o 1
YVt > (gmax { (H)= (&)™ (K?) =7 (%)™° } where (g is a constant independent of €

€ €

(but depends on A, vy and §).

By combining the result in Corollary [5 with Theorem [, we can infer that in the heavily loaded
regime, the time taken by Q-ThS to achieve O (poly(log t)/ th) scaling is, in some sense, order-wise
close to the optimal in the a-consistent class. Specifically, for any 5 € (0, 1), there exists a scaling of
K with e such that the queue-regret under Q-ThS scales as O (poly(logt)/¢%t) forall t > (K /¢)”
while the regret under any a-consistent policy scales as Q (K logt/loglogt) for t < K/e.

We conclude by noting that while the transition point from the early stage to the late stage for Q-ThS
is near optimal in the heavily loaded regime, it does not yield optimal regret performance in the early
stage in general. In particular, recall that at any time ¢, the structured exploration component in Q-ThS
is invoked with probability 3K log? ¢ /t. As aresult, we see that, in the early stage, queue-regret under
Q-ThS could be a log? t-factor worse than the Q (logt/loglogt) lower bound shown in Theorem@
for the a-consistent class. This intuition can be formalized: it is straightforward to show an upper
bound of 2K log®t for any t > max{(g, U}, where (fg is a constant that depends on A but is
independent of K and €; we omit the details.
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Figure 2: Variation of Queue-regret ¥(¢) with K and e under Q-Ths. The phase-transition point
shifts towards the right as e decreases. The efficiency of learning decreases with increase in the size
of the system.

6 Simulation Results

In this section we present simulation results of various queueing bandit systems with K servers.
These results corroborate our theoretical analysis in Sections @ and 5] In particular a phase transition
from unstable to stable behavior can be observed in all our simulations, as predicted by our analysis.
In the remainder of the section we demonstrate the performance of Algorithm [[Junder variations of
system parameters like the traffic (¢), the gap between the optimal and the suboptimal servers (A),
and the size of the system (K'). We also compare the performance of our algorithm with versions of
UCB-1 [4] and Thompson Sampling [19] without structured exploration (Figure 3]in the appendix).

Variation with € and K. In Figurewe see the evolution of ¥(t) in systems of size 5 and 7 . It can
be observed that the regret decays faster in the smaller system, which is predicted by Theorem 2 in
the late stage and Corollary [3in the early stage. The performance of the system under different traffic
settings can be observed in Figure 2] It is evident that the regret of the queueing system grows with
decreasing e. This is in agreement with our analytical results (Corollaries [3 and[5). In Figure[2 we
can observe that the time at which the phase transition occurs shifts towards the right with decreasing
e which is predicted by Corollaries [3|and [5]

7 Discussion and Conclusion

This paper provides the first regret analysis of the queueing bandit problem, including a charac-
terization of regret in both early and late stages, together with analysis of the switching time; and
an algorithm (Q-ThS) that is asymptotically optimal (to within poly-logarithmic factors) and also
essentially exhibits the correct switching behavior between early and late stages. There remain
substantial open directions for future work.

First, is there a single algorithm that gives optimal performance in both early and late stages, as well
as the optimal switching time between early and late stages? The price paid for structured exploration
by Q-ThS is an inflation of regret in the early stage. An important open question is to find a single,
adaptive algorithm that gives good performance over all time. As we note in the appendix, classic
(unstructured) Thompson sampling is an intriguing candidate from this perspective.

Second the most significant technical hurdle in finding a single optimal algorithm is the difficulty
of establishing concentration results for the number of suboptimal arm pulls within a regenerative
cycle whose length is dependent on the bandit strategy. Such concentration results would be needed
in two different limits: first, as the start time of the regenerative cycle approaches infinity (for the
asymptotic analysis of late stage regret); and second, as the load of the system increases (for the
analysis of early stage regret in the heavily loaded regime). Any progress on the open directions
described above would likely require substantial progress on these technical questions as well.
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Appendix

Algorithm 1 Q-ThS

At time ¢,
Let E(t) be an independent Bernoulli sample of mean min{1, 3K log: .
if E(t) =1 then

Explore:

Schedule a server uniformly at random.
else

Exploit:

For each k € [K], pick a sample () of distribution,

O1.(t) ~ Beta (fir ()T (t — 1) + 1, (1 — fu(8)) Tr(t — 1) + 1)
Schedule a server

k(t) € arg IgrelﬁKx] 05 (2).

end if

We present our theoretical results in a more general setting where there are U queues and K servers,
such that 1 < U < K. All the results in the body of the paper become a special case of this setting
when U = 1. The queues and servers are indexedbyu = 1,...,U and k = 1, ..., K respectively.
Arrivals to queues and service offered by the links are according to product Bernoulli distribution and
ii.d. across time slots. The mean arrival rates are given by the vector A = ()‘u)ue[U] and the mean

service rates by the matrix p = [puk|ue[v] ke[x]-

In any time slot, each server can serve at most one queue and each queue can be served by at most
one server. The problem is to schedule, in every time slot, a matching in the complete bipartite graph
between queues and servers. The scheduling decision at any time ¢ is based on past observations
corresponding to the services obtained for the scheduled matchings until time ¢ — 1. Statistical
parameters corresponding to the service distributions are considered unknown. The relevant notation
for this system has been provided in Table[I]

Table 1: General Notation

[[ Symbol | Description |
Au Expected rate of arrival to queue u
Amiin Minimum arrival rate across all queues
A,(t) Arrival at time ¢ to queue u
Mk Expected service rate of server k for queue u
R, (t) | Service rate between server k queue u at time ¢
kY Best server for queue u
I Expected rate of best server for queue u
Umaz Maximum service rate across all links
Lmin Minimum service rate across all links
A Minimum (among all queues) difference
between the best and second best servers
Koo (t) server assigned to queue u at time ¢
Potential service provided by server
Su(t) assigned i
gned to queue wu at time ¢
Qu(t) queue-length of queue v at time ¢
Q* (1) queue-length of queue u at time ¢
u for the optimal strategy
v, (%) Regret for queue u at time ¢
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The queueing system evolution can be described as follows. Let &, (t) denote the server that is
assigned to queue u at time ¢. Therefore, the vector () = (ku(t)uecv)) gives the matching
scheduled at time ¢. Let R, (t) be the service offered to queue u by server k and S, (¢) denote the
service offered to queue u by server k,,(t) at time ¢. If A(¢) is the (binary) arrival vector at time ¢,
then the queue-length vector at time ¢ is given by:

Q) = (Q(t —1) + A(t) = S(t)".

Regret Against a Unique Optimal Matching

Our goal in this paper is to focus attention on how queueing behavior impacts regret minimization in
bandit algorithms. To emphasize this point, we consider a somewhat simplified switch scheduling
system. In particular, we assume for every queue, there is a unique optimal server with the maximum
expected service rate for that queue. Further, we assume that the optimal queue-server pairs form
a matching in the complete bipartite graph between queues and servers, that we call the optimal
matching; and that this optimal matching stabilizes every queue.

Formally, make the following definitions:

.= uk s € U7 3

o = 10X fluks U] 3)

kY= uk s U 5 4

» arglsrel%u g, u € U] 4)

€y 1= i — Ay, u€ [U]; &)

Auk} = MZ—Muk» u € [U]’ke [KL (6)

A:= min Ay @)
u€[U)kgk;,

min “— i uk 8

bomin i e “

mazx ‘— uk 9

a well]rerx) ®

Amin = min \,. (10)

ue[U]

The following assumptions will be in force throughout the paper.

Assumption 2 (Optimal Matching). There is a unique optimal matching, i.e.:

*

1. There is a unique optimal server for each queue: k!, is a singleton, i.e., Ay, > 0 for k # k7,

for all u,

2. The optimal queue-server pairs for a matching: For any v’ # u, kX # k..

Assumption 3 (Stability). The optimal matching stabilizes every queue, i.e., the arrival rates lie
within the stability region: ¢, > 0 for all u € [U].

The assumption of a unique optimal matching essentially means that the queues and servers are
solving a pure coordination problem; for example, in the crowdsourcing example described in the
introduction, this would correspond to the presence of a unique worker best suited to each type of job.
Note that the setting described in Section [3]is equivalent to the unique optimal matching case when
U = 1. We now describe an algorithm for the unique best match setting which is a more general
version of Algorithm I]

The notation specific to Algorithm 2|has been provided in Table 2]

8 Proofs

We provide details of the proofs for Theorem [2 in Section and for Theorems [I6 and [T7 in
Section[8.2 In each section, we state and prove a few intermediate lemmas that are useful in proving
the theorems.
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Algorithm 2 Q-ThS(match)

At time ¢,
Let E(¢) be an independent Bernoulli sample of mean min{1, 3K 10th }.
if E(t) =1 then
Explore:
Schedule a matching from & uniformly at random.
else
Exploit:
For each k € [K],u € [U], pick a sample 0, (t) of distribution,

éuk’ (t) ~ Beta (ﬂuk (t)ﬂtk( ) + 1 (1 - ﬂuk (t)) ﬂtk( ) + 1)
Compute for all u € [U]

ko (t) :== 0,
(t) == arg max k(t)

Schedule a matching k() such that

i.e., k(t) is the projection ofI::(t) onto the space of all matchings M with Hamming distance as

metric.
end if

Table 2: Notation specific to Algorithm

H Symbol ‘ Description H
E(t) Indicates if the algorithm schedules
a matching through Explore
Indicates if Server k is assigned
E.x(t)

to Queue u at time ¢ through Explore

Lo (1) Indicates if Server k is assigned
uk to Queue wu at time ¢ through Exploit
Number of time slots Server k is assigned

Tuk(t) to Queue u in time [1, ¢]
(1) Empirical mean of service rates
H at time ¢ from past observations (until ¢t — 1)
K(t) Matching scheduled in time-slot ¢

8.1 Regret Upper Bound for Q-ThS(match)

Theoremis a special case (U = 1) of Theorem@ stated below,
Theorem 6. Consider any problem instance (A, ) which has a single best matching. For any

2/3
u € [U], let w(t) = exp ((212‘“) ) ol (t) = %w(t), t > exp (6/A?) and v, (t) = z—%logt +
MM. Then, under Q-ThS(match) the regret for queue u, V,,(t), satisfies

o v — 0 ( Kuu(tt) log? t>

for all t such that w(ti >2Z t>e (6/A2) and v, (t) + vl (¢) < t/2.

) . Then,

loggt
\\ = K
) 0( £ )

Corollary 7. Let w(t (
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=

for all t such that % > 2 ﬁ > max { 24K 15K logt} and logt > 16%8.

As shown in Algorithm g, E(t) indicates whether Q-ThS(match) chooses to explore at time ¢. We
now obtain a bound on the expected number of time-slots Q-ThS(match) chooses to explore in an
arbitrary time interval (¢1, t2]. Since at any time ¢, Q-ThS(match) decides to explore with probability

min{1, 3K@}, we have

& 2 log?l t2 1og? I 3 3
E| Y E0)|<3K > <K = dl = K (log®t2 —logt1) . (11)
I=t1+1 l=t1+1 1

The following lemma gives a probabilistic upper bound on the same quantity.
Lemma 8. Foranytandt, < ts,

ta
1
3 3 A
P L_;HE(Z) > 5max (logt, K (log®t, — log tl))] <

Proof. To prove the result, we will use the following Chernoff bound: for a sum of independent
Bernoulli random variables Y with mean EY and for any § > 0,

oo EY
PllY > (1+0EY| < | ———— .
> (140087 < (3550 )
If EY > logt, the above bound for § = 4 gives

1

P[Y >5EY] < —.

~

Note that {E(1)}! 1=, +1 are independent Bernoulli random variables and let X = Zf:tl E(l). Now
consider the probability P[X > 5max (logt,EX)]. If EX > logt, then the result is true from the
above Chernoff bound. If EX < logt, then it is possible to construct a random variable Y which is a
sum of independent Bernoulli random variables, has mean log ¢ and stochastically dominates X, in
which case we can again use the Chernoff bound on Y. Therefore,

P[X >5logt] <P[Y >5logt] < %4.

Using inequality (1)), we have the required result, i.e.,

ta
P l Z E(l) > 5max (logt, K (log® t> —log’t1)) | < P[X > 5max (logt,EX)] < 1/¢*.
I=t1+1

O

N\ 2/3
Let w(t) = exp <(2 1th> ) . The next lemma shows that, with high probability, Q-ThS(match)

does not schedule a sub-optimal matching when it exploits in the late stage.
Lemma9. Fort > exp (G/Az),

Pl U S 3 ) -0l =0 (%).

(U] l=w(t)+1 k#k,

Proof. Let Xy, (l),u = 1,2,.., Uk = 1,2,.., K,l = 1,2, 3.. be independent random variables
denoting the service offered in the I*" assignment of the server k to queue u. Consider the events,

Tur(w(t)) > %logs(w(t)), Wik € [K],u € [U] (12)

13



1 2
Oukz (8) > puy — og” (5) , Vs, stw(t)+1<s<tue U] (13)

“ Tz (s)
and
. [log®(s) .
Our(s) < ul — C Vs kstw(it)+1<s<tk#k,, uelU (14)
Tukz (S)

It can be seen that, given the above events, Q-ThS(match) schedules the optimal matching in all time-
slots in (w(t),t] in which it decides to exploit, i.e., Zfzw(t)ﬂ > ks luk(l) = 0 forall u € [U].
We now show that the events above occur with high probability.

Note that, since the matchings in € cover all the links in the system, T,x(w(t)) < 3 log®(w(2))
for some u,k implies that Ew(t I{s(t) =K} < 3 log®(w(t)) for some kK € &. Since

Zw(t) 1 {k(t) = &} is a sum of i.i.d. Bernoulli random variables with mean log®(w(t)), we use
Chernoff bound to prove that event occurs with high probability.

P[(12) is false] < Z]P’ Z]I{K, =k} < - log( (1)

KEeE

< Kesp (—8 fog*(u (1)

_Kexp< < (QIth) ) :o<ﬁ>. (15)

In order to prove high probability bounds for the other two events, we define U, to be a sequence
of i.i.d uniform random variables taking values in [0, 1] for s = w(¢) + 1, ..., t. Let us also define

Ykl = Elr:1 Xuk(r). In what follows let ngta denote the c.d.f of the Beta(a, b) distribution

while F,, denotes the c.d.f. of a Binomial(n, p) distribution. Let Sy (t) = mity (t)Tur () for all
u € [U], k € [K].

¢ 2
1
P[(13) is false] < Z Z P [9%”(3) < - og (S)]
welU] s=w(t)+1
t

2. > P

u€lU] s= w(t)—i—l

Sy e

w€e[U] s=w(t)+1
UK
+o0 o

t s
< Z Z Z )IP [E“ kol < (FB)H-LM \/@(Us)

uw€[U] s=w(t)+11=1 log?(s

log® (s)
Beta *
U, <F Suk* ()41, Toupex ()= Supx (s)+1 (/J’u - Topor (S)

—~
)

i)

IN

1
Il e =log®(s),...,sp : FP Yk 1) < Ug|(12) is true
IO A G E

UK
+o0 tT

In (7) we use the well-known Beta-Binomial trick [] and the fact that given (12)) is true, uk; has been
scheduled enough number of times. Now the term (F'B Uy) can be thought of as
g ( )l+1,u;jf \/m( ) g

the sum of / + 1 i.i.d Bernoulli random variables with mean p), — 4/ log log~(s) Let Z, be a sequence of
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1.1.d random variable with mean 1/ w. Therefore we have,
P lEu,k,l < (FB)~!

l
Us)| <P Zy <1
l+1,u:;—\/1°g2+s’( )] 7;

(“‘) log2 (s)

<e "3 (16)

Here, (i7) is due to Chernoff-Hoeffding’s inequality. Therefore we have,

o £ () ()

w(t)+11=3 log?(s)

1 K
<Uexp (—3log2(w(t)) + 210gt) +o (id )

1 /2logt\ Y3 UK UK

t 2
1
P [(14) is false] < Z P [Quk(s) >k — ;g ((S))]
we[Ul,k#£ks: s=w(t)+1 uky \S
t 2
1 K
< P | 0ui(s) > p, 08 (5) (12) is true| + o UK
Tuk,* (8) t3
u€[U),k#k} s=w(t)+1 uw
(iid) ! . 2 , UK
S Z P [Huk(s) > ,Uu — @ ') 1strue| + o (151)))
uw€[U],k#k} s=w(t)+1

A
5 (12) is true

UK
+o e

: 1 , ‘ 5 UK
< P |:3[ c {210g (s),,s} DY (F )l+1 IL“kJrA(U )] +o0 (#3)

We observe that given (12)) is true, we have scheduled uk;, enough number of times in order to get
(é44). In (iv) we use that fact that ¢ > exp (6/A?). (v) is due to the Beta-Binomial trick while (vi)

is a result of applying the Chernoff-Hoeffding bound to the first term in (v) in a manner similar to
that of (16)). O

For any time ¢, let
B, (t) :==min{s > 0: Q,(t — s) = 0}

denote the time elapsed since the beginning of the current regenerative cycle for queue u. Alternately,
at any time ¢, t — B, (t) is the last time instant at which queue u was zero.

The following lemma gives an upper bound on the sample-path queue-regret in terms of the number
of sub-optimal schedules in the current regenerative cycle.

Lemma 10. Foranyt > 1,

I=t—B, (t)+1 k#kx



Proof. If B, (t) =0, i.e., if Q,(t) = 0, then the result is trivially true.

Consider the case where B, (t) > 0. Since @, (1) > 0forall t — B, (t) + 1 <[ < t, we have
Qu(l) = Qu(l = 1) + Ay(l) = Su(l) Vt—Bu(t) +1<1<t.

This implies that

Moreover,

1<s<t

t + t
Q. (t) = max (QZ(O)JFZAu(l) —SZU)> > > A - S0).

Combining the above two expressions, we have
t

Qu) —Qut) < Do Si) — Su)

I=t—B, (t)+1

= > > (Rus () = Rur() (Eur(D) + Lur (D))

I=t—B,(t)+1 k€[K]

S (Ew@) + k(@)

l=t— By (t)+1 k#k>,

IN

t

< Y B0+ Y w0,

I=t—B, (t)+1 kK

where the second inequality follows from the assumption that the service provided by each of the links
is bounded by 1, and the last inequality from the fact that 3=, - ;) Eux (1) = E(I) VI,Vu € [U]. O

In the next lemma, we derive a coarse high probability upper bound on the queue-length. This bound
on the queue-length is used later to obtain a first cut bound on the length of the regenerative cycle in
Lemma

Lemma 11. Foranyl € [1,1],

PlQ.() > 2xu(0] = 0 (5 )

3

Vit s.t. %gz > % and t > exp (6/A2).

Proof. From Lemma [0}

t

Q- < > [EO+ Y ha® | <Y [EQ+ Y k(@)

I=t—B, (t)+1 k#kx 1=1 k#ks,

Since Q7 (t) is distributed according to 7

wsl))

PQ;(t) > w(t)] = :Z (W)w(t) < exp (w(t) log (M)) <
w(t

if 2 > % The last inequality follows from the following bound —

logt
log <“ =log|l4+ ————
Au (1= py) Au (1= p3)

> log (1 +4e,) since (A, (1 —pp) < 1/4)

€y

v
| o
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Moreover, from Lemmal|8] we have
i 1
P lz E(l) > Kw(t)} =0 (t?’) .
=1

Z K-Du®+ S S )

l=w(t)+1 k#k}

Now, note that

k*
u

Therefore,

SN > (K -Du@)| <P| S 3 a@) >0 :o@f)

1=1 k#£k I=w(t)+1 k#k?

from Lemma@ Using the inequalities above, we have

PlQu(t) > 2Kw(t)] < P[Qy(t)

1=1 k#k?
1 UK
§t3+0< ; )

O
Lemma 12. Letv) (t) = %w(t) and let v,, be an arbitrary function. Then,
UK
LB (- 0(0) > 0] = 0 (G5 )
Vt s.t. ;ﬂgz > 2.t > exp (6/A%) and v, (t) + vy, (t) < t/2.
Proof. Letr(t) :=t — v,(t). Consider the events
Qu(r(t) = v, (1)) < 2Kw(t), an
r(t) c
Y. Aul) = Rug () < =S (0), (18)

I=r(t) v, (£)+1
r(t)

> + > Luk(l) < Kuw(t). (19)

l=7‘(t)—v{l(t)+1 k#k?

By the definition of v/, (t),

2K w(t) — %v;(t) < —Kuw(t).

Given Events (17)-(19), the above inequality implies that

r(t) r(t)
Quir@®) — v, + Y. A< > Rus()— |ED+ D (D)

l=r(t)—v! (t)+1 l=r(t)—v! (t)+1 k#k¥
r(t)
l=r(t)—v! (t)+1

17



which further implies that Q,,(I) = 0 for some [ € [r(t) —v.,(t) + 1,7(t)]. This gives us that
By (r(t)) < v, (1)
We now show that each of the events (17)-(19) occur with high probability. Consider the event
and note that A, () — Ry (1) are i.i.d. random variables with mean —¢, and bounded between —1
and 1. Using Chernoff bound for sum of bounded i.i.d. random variables, we have
r) € 62 1
P Z Ay(l) = Rupx (1) > —EU;(t) < exp (—8vu(t)) < 5
I=r(t)—v! (t)+1

since v/, (t) > Ew(t) > 2 logt.

By Lemmas E EandE the probability that any of the events (17), does not occur is O (Z5)

Vi s.t. 10(;3 > 62 and v, (t) + vl,(t) < t/2, and therefore we have the required result. O

Using the preceding upper bound on the regenerative cycle-length, we derive tighter bounds on the
queue-length and the regenerative cycle-length in Lemmas [T4 and [I5 respectively. The following
lemma is a useful intermediate result.

Lemma 13. Forany u € [U] and ty s.t. 1 < 5 < t,

2logt 1
- > < =
[m{ > uk<>}— o ]—ts-

l=to—s+1

Proof. Let X, = 312 to—st1 Au(l) = Rugx (1). Since X is the sum of s i.i.d. random variables with
mean €, and is bounded within [—1, 1], Hoeffding’s inequality gives

2logt

€u

]P’{st

2logt
:|_P|:XS—EXSZ€uS+ %8 ]

€u

2
9 <€u5+ 210gt)

<exp| — 1
s

< exp(—4logt),

where the last inequality follows from the fact that (a + b)? > 4ab for any a,b > 0. Using union
bound over all 1 < s < 5 gives the required result. O

Lemma 14. Let v}, (t) = & - w(t) and v, be an arbitrary function. Then,
log“t UK
P Qu(t —vy(t)) > ( )1ogt—|—30K“()tOg] @) ()

€ t3

Vst i > 2t > exp (6/A2) and v, (1) + v} (1) < /2.

Proof. Letr(t) =t — v,(t). Now, consider the events

Bu(r(t)) < v, (1), (20)

21
081 < s <l (1), Q1)

€
l=r(t)—s+1 “

r(t)
> E()+ Y luk(l) < 5logt + 5K (log® (r(t)) —log® (r(t) — v}, () . (22)

I=r(t)—v! (t)+1 k#k

18



Given the above events, we have

r(t)

Qu(r(t)) = Au(l) = S(1)
I=r(t)— By (r(t))+1
r(t)
I=r(t)— Bo (r(£)) 41 e
2
< <6 + 5> logt + 5K (log® (r(t)) — log® (r(t) — v}, (1))
2 vl (t) log? t
<(= +5> logt + 15K —2 28 *_
(Gu r(t) — v, ()
2 t)1 t
< ( + 5) logt + SOKM,
€u t
where the last inequality is true if v, (t) + v}, (t) < t/2. From Lemmas[12}[13][9]and 8] probability of
each the events 20)-22) is 1 — O (25 ) and therefore we have the required result. O

Lemma 15. Let v),(t) = X w(t) and v, (t) = 24108t 4 GOK vy (1) log L. Then,

u €u €y

P[By(t) > v, (t)] = O (Zf)

Vst 2 > 24> exp (6/A2) and v, (t) + v (1) < t/2.

log

Proof. Letr(t) =t — v,(t). As in Lemma[12] consider the events

Qu(r(t)) < (6 >logt+3OK“()tIOgt, (23)
Z Au(l) = Rur (1) < = o (), (24)
I=r(t)+1
t
Z E(l) + Z lur(1) < 5logt + 5K (log” t — log® (r(t))) . (25)
l=r(t)+1 ktk:

The definition of v,,(¢) and events (23)-(25) imply that

Z Au(l) < Z Ruey ()= Y EO+ Y lu(D)

l=r(t)+1 r( )+ I=r(t)+1 k#k},

Z Su(l)

I=r(t)+1

IN

which further implies that Q(I) = O for somel € [r(t) + 1,t] and therefore B, (t) < v, (t). We can
ain show that each of the events occurs with hlgh probability. Particularly, by Lemmas|[§]
Egand E the probability that any one of the events (23), (25) does not occur is O (%5£) V¢ s.t.

ﬁ’)(gtz > 2 and v, (t) + v/, (t) < t/2. We can bound the probablhty of event (24) in the same way as

event 1i in Lemma|12{to show that it occurs with probability at least t% Combining all these gives
us the required high probability result. O

Proof of Theorem[6] The proof is based on two main ideas: one is that the regenerative cycle length
is not very large, and the other is that the algorithm has correctly identified the optimal matching
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in late stages. We combine LemmaSEand 15 to bound the regret at any time ¢ s.t. 1055) > % and
valt) + 0 (1) < t/2:

v, (t) =E [Qu(t) - QZ (t)]

<E [Qu(t) — Q)| Bu(t) < vu(t) | P[Bu(t) < vu(t)]

+E | Qu(t) — QL) Bu(t) > vu(t) | P[Bu(t) > vu(t)]
<E > + > k(D) | + P [Bu(t) > vu(t)] (26)
I=t—v,(t)+1 k#kz

< K (log®(t) — log*(t — v, (1)) + tP S k() > 0| +tP[Bu(t) > vu(t)]

I=t—v,(t)+1 k#k},

< 3K log? tlog (1 + %) +0 (U;;K)
oo )

2
_0 <Kvu(t)t10g t>’

where follows from Lemma [I0, and the last two terms in inequality are bounded using
Lemmas[9]and O

27)

Proof of Corollary[7} We first note the following:

Nt 2K ¢
() 5@ = = implies that vy, (t) < 7,

\%

(ii) ﬁ > 15K?%log t implies that 23 logt > 60K% , and therefore v, (t) < 28 logt

(iii) 10’; - > 198 > implies that v, (t) < L.

These inequalities when applied to Theorem [6 give the required result. O

8.2 Lower Bounds for o-Consistent Policies

As mentioned earlier, we prove asymptotic and early stage lower bounds for a class of policies called
the a-consistent class (Definition[T). As before we will be proving our results for a more general
case where there are U queues and K servers. Theorems|[]] and@are special cases of the analogous
theorems stated below, under the unique optimal matching assumption.

Theorem 16. For any problem instance (X, ) with a unique optimal matching, and any a-consistent
policy, the regret ¥ (t) satisfies

(a)

o~ | =
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for infinitely many t, where
A
KL (/J/mz’na 'u‘ma;_‘—l) .

D(p) = (28)

Theorem 17. Given any problem instance (A, p), and for any a-consistent policy and y > ﬁ, the
regret W (1) satisfies
(a)

1 D(u) logt
— v, > —(K-1
U GZ[;J] u(t) 2 4 ( )log logt’

for t € lmax{CgK",7}, (K — I)Dig)}, and

(b) forany u € [U],

logt

()
U, (t) > ——max{U — 1,2(K —U)} Toglog

4
fort e [max{C{gK’Y,T}, (K — 1)2&’:)} ,

where D(p) is given by equatioan_S] E=4 ZuE[U] €u, and T and (g are constants that depend on
a, v and the policy.

In order to prove Theorems[I6and[I7] we use techniques from existing work in the MAB literature
along with some new lower bounding ideas specific to queueing systems. Specifically, we use lower
bounds for a-consistent policies on the expected number of times a sub-optimal server is scheduled.
This lower bound, shown (in Lemma/[19) specifically for the problem of scheduling a unique optimal
matching, is similar in style to the traditional bandit lower bound by Lai et al. [7] but holds in the
non-asymptotic setting. Also, as opposed the traditional change of measure proof technique used
in [[7]], the proof (similar to the more recent ones [20, 21} [18]]) uses results from hypothesis testing
(Lemmal[18).

Lemma 18 ([22]]). Consider two probability measures P and @), both absolutely continuous with
respect to a given measure. Then for any event A we have:

P(A) +Q(A%) = % exp{—min(KL(P[|Q), KL(Q[|P))}.

Proof. Letp = P(A) and ¢ = Q(A°) . From standard properties of KL divergence we have that,
KL(P[|Q) = KL(p, q)

Therefore, it is sufficient to prove that

1 P 1—p 1/1-¢q\? q 1-p
> — —1 — (1 — 1 = - — _ .
p+q26><p( plog (1—p)log . ) 2( , ) -

Now,
- » 1—p — 2p 2(1-p)
(5 ()7 S

)
_ (\/p(l —q) +Vq(1 *p))z
< 2(p(1 —q) 4+ q(1 —p))
<2(p+q)

as required. .



Lemma 19. For any problem instance (A, p) and any a-consistent policy, there exist constants T
and C s.t. foranyw € [U], k # kX and t > T,

E [T ()] + Z; ki = KB [Tui; (0] > (o (umml,

e ¥1) (1 —a)logt —log(4KC)).

Proof. Without loss of generality, let the optimal servers for the U queues be denoted by the first U
indices. In other words, a server k > U is not an optimal server for any queue, i.e., for any v’ € [U],

* _ _ Mmaxtl
K >k>U,1{k}, =k} =0. Also, let § = HmerT=,

We will first consider the case & < U. For a fixed user u and server k < U, let v/ be the queue that
has k as the best server, i.e., k¥, = k. Now consider the two problem instances (A, ¢) and (A, fz),
where [ is the same as p except for the two entries corresponding to indices (u, k), (v/, k') replaced
by . Therefore, for the problem instance (A, f1), the best servers are swapped for queues » and u’

and remain the same for all the other queues. Let IP’L and PZ be the distributions corresponding to
the arrivals, chosen servers and rates obtained in the first ¢ plays for the two instances under a fixed
a-consistent policy. Recall that T, (£) = S'_, 1{r,(s) = k} Yu € [U], k € [K]. Define the event

s=1

A = {T,(t) > t/2}. By the definition of a-consistency there exists a fixed integer 7 and a fixed
constant C' such that for all t > 7 we have,

E!, [Z 1{ku(s) = k}
s=1

< Ct*

< Ct* ,Vk' # k.

t
E; lz 1{ru(s) =K'}
s=1
A simple application of Markov’s inequality yields

2C
t
Pu(A) < =2
2C(K —1)
t c
Pa(A9) < e
We can now use Lemma[18]to conclude that
t t
KL(P,|[P;) > (1 — a)logt — log(4KC). (29)
It is, therefore, sufficient to show that
KL (P, |[P) = KL (ttuk, 8) Ep[Tur (t)] + KL (pary . 8) Ep [Tk ().
For the sake of brevity we write the scheduling sequence in the first ¢ time-slots {&(1), (2), ..., k(¢)}
as k), and similarly we define A () as the number of arrivals to the queue and S(*) as the service

offered by the scheduled servers in the first ¢ time-slots. Let Z() = (k®), A() S®). The KL-
divergence term can now be written as

KL(P,[Ph) = KL(P(2) PR (Z).
We can apply the chain rule of divergence to conclude that
KL(PL(Z“))HPZ(Z“))) = KL(IP’L(Z(FD”Upltz(z(tq)))
+ KL(P), (k(t) | Z(tfl))HIP’Z(n(t) | Z(-Dy)

+ B! [1{ru(t) = RYKL (s B) + L{rur (£) = kYKL (ks , 8)]
We can apply this iteratively to obtain

KL(]P’Z|

Pf},) = ZEZ [1{ru(s) = E}KL (ptur, B)]
+ ZEZ []l{ﬁu’(s) = k:;}KL (Nu’k:,ﬁ)}

+ Y KL(PL(k(1) | Z0D)|IPL k(1) | Z07)) (30)
=1
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Note that the second summation in (30) is zero, as over a sample path the policy pulls the same
servers irrespective of the parameters. Therefore, we obtain

KL(P,,|P5) = KL (ptuk, 8) Ey [Tk ()] + KL (purky , 8) By, [Tk, (£)],
which can be substituted in to obtain the required result for K < U.

Now, consider the case k > U, where ) ., 1 {k;, = k} = 0. We again compare the two problem
instances (A, u) and (A, f), where fi is the same as p except for the entry corresponding to index
(u, k) replaced by (3. Therefore, for the problem instance (A, f), the best server for user u is server k
while the best servers for all other queues remain the same. We can again use the same technique as
before to obtain

KL(P,|[P3) = KL (pur, ) E, [Tur (1)),
which, along with (29), gives the required result for K > U. O

As a corollary of the above result, we now derive lower bound on the total expected number of
sub-optimal schedules summed across all queues. In addition, we also show, for each individual
queue, a lower bound for those servers which are sub-optimal for all the queues. As in the proof of
Lemma|[I9, we assume without loss of generality that the first U indices denote the optimal servers
for the U queues.

Corollary 20. For any problem instance (X, p) and any a-consistent policy, there exist constants T
and C s.t. foranyt > T,

(a)

28 3 3" E[T(®)] 2 UK — 1)D(u) (1 - o) logt — log(4KC),
uwe[U] k#kx:

(b) forany u € [U],

28 ) E[Tu(t)] = (U~ 1)D(p) (1 - a) logt —log(4KC)),
kK

(¢) and for any u € [U],
AN E[Tur()] = (K = U)D(p) (1 — ) logt — log(4KC))
k>U

where D(p) is given by (28).

Proof. To prove part[(a)] we observe that a unique optimal server for each queue in the system implies

that
IDIEINCED S SEIT)

w€[U] k#£k: we[U] v £u

S Y Y R = HE [T (0)].

u€ (U] k#k; u'#u

Now, from Lemma[l9} there exist constants C' and 7 such that for ¢ > T,

Y Y BT > Y Y (BT + X 14k = B E [Ty 0]

welU] k#ks uelU] k#ks W
UK —1)
= KL (i, 225751

(1 — ) logt —log(4KC)).
Using the definition of D(p) in the above inequality gives part@ of the corollary.
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To prove part we can assume without loss of generality that a perfect matching is scheduled in
every time-slot. Using this, and the fact that any server is assigned to at most one queue in every
time-slot, for any u € [U], we have

Tuks () + D Tur(t) =t > Tugy (8) + Y Tk (1),

k#k? u' #u
which gives us
D Tuk(t) > max$ > Tups (8), Y Twks (t) ¢ - (31)
k#k}, u' F#u u' #u

From Lemmawe have, for any u’ # u and for t > 7,

1
E [T, ()] +E [T (0] 2 o o Ty (1= @) logt — 10g(4K ),
min» 2

which gives
> E [ Tuk, (0] +E [Ty (8)]
u! #u

Combining the above with (31)), we have for t > 7

U-1

> (1 —a)logt —log(4KC)).
KL (. 2 )

S E[T®)] 2 maxd ST E [T, (0], 30 E [Tun, ()]
k#k? u'#u u'#u

S U-1

- 2KL (anina Mma2m+1)

(1 —a)logt —log(4KC)).

To prove part|(c)| we use the fact that 1 {k, = k} = 0 forany v’ € [U], K > k > U. Therefore, for
t > 7, we have

Y ETu®)] =D |E[Tu®)]+ Y 1{k = k}E [Tuy (0)]

k>U k>U u'#u
K-U
- KL (,u’m’L’rLa HwtaQa:“Fl)

(1 —a)logt —log(4KC)),
which gives the required result. O

8.2.1 Late Stage: Proof of Theorem

The following lemma, which gives a lower bound on the queue-regret in terms of probability of
sub-optimal schedule in a single time-slot, is the key result used in the proof of Theorem[I6, The
proof for this lemma is based on the idea that the growth in regret in a single-time slot can be lower
bounded in terms of the probability of sub-optimal schedule in that time-slot.

Lemma 21. For any problem instance characterized by (A, p), and for any scheduling policy, and
user u € [U],

V() > A > AP [L{ku(t) = k} =1].
k#k:

Proof. For the given queueing system, consider an alternate coupled queueing system such that

1. the two systems start with the same initial condition,

2. the arrival process for both the systems is the same, and
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3. the service process for the alternate system is independent of the arrival process and i.i.d.
across time-slots. For each queue in the alternate system, the service offered by different
servers at any time-slot could possibly be dependent on each other but has the same marginal
distribution as that in the original system and is independent of the service offered to other
queues.

We first show that, under any scheduling policy, the regret for the alternate system has the same
distribution as that for the original system. Note that the evolution of the queues is a function of the
process (Z(1)),~; = (A(l),£(1),S(1)),», - To prove that this process has the same distribution in
both the systems, we use induction on the size of the finite-dimensional distribution of the process. In
other words, we show that the distribution of the vector (Z(l))fz1 is the same for the two systems for
all ¢ by induction on ¢.

Suppose that the hypothesis is true for ¢ — 1. Now consider the conditional distribution of Z(t)
given (Z(l))f;l1 Given (Z(1))!Z{, the distribution of (A(t),(t)) is identical for the two sys-
tems for any scheduling policy since the two systems have the same arrival process. Also, given
((Z(1))iZ{, A(t),K(t)), the distribution of S(t) depends only on the marginal distribution of the
scheduled servers given by k(t) which is again the same for the two systems. Therefore, (Z(l))?=1
has the same distribution in the two systems. Since the statement is true for ¢ = 1, it is true for all ¢.

Thus, to lower bound the queue-regret for any queue u € [U] in the original system, it is sufficient to
lower bound the corresponding queue-regret of an alternate queueing system constructed as follows:
let {U(t)},~, be i.i.d. random variables distributed uniformly in (0, 1). For the alternate system,
let the service process for queue u and server k be given by Ry (t) = 1{U(t) < gy} Since
E[Ruk(t)] = puk, the marginals of the service offered by each of the servers is the same as the
original system. In addition, the initial condition, the arrival process and the service process for all
other queues in the alternate system are identical to those in the original system.

We now lower bound the queue-regret for queue u in the alternate system. Note that, since p;, >
puk VE # ki, we have Ryp- (t) > Ry (t) VE # ki, Vt. This implies that Q; (t) < Qu(t) Vt. Now,
for any given ¢, using the fact that Q% (t — 1) < Q. (t — 1), it is easy to see that

Qu(t) = Q,(t) = 1 {Ay(t) =1} (Rk,’; (t) = > Uru(t) = k}Ruk(t)) :

Therefore,

=

EQu(t) — QL) 2 E

1{A.(t) = 1} (Rk:: () = ) Wru(t) = k‘}Ruk(t)ﬂ

=X Y P{ku(t) =k} = 1P [por < U(t) < pj]
k#k

=M Y AP [I{k(t) =k} =1].

k£k

e

O

We now use Lemma 21]in conjunction with the lower bound for the expected number of sub-optimal
schedules for an a-consistent policy (Corollary 20) to prove Theorem

Proof of Theorem[16] From Lemma[21]we have,

Wu(t) > A Z AP [1{ky(t) = k} = 1]
ktk?

> Amind Y Pk, (1) = k} = 1]. (32)
k#ks,
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Therefore,
t
ST Wu(8) 2 AminA YD E[Tur(t)] -
s=1ue[U] u€[U] k#E
‘We now claim that
UK -1
> vz MED o - )
u€e[U]

for infinitely many ¢. This follows from part[(a) of Corollary 20|and the following fact:

(33)

Fact 1. For any bounded sequence {ay}, if there exist constants C and ng such that y 1 _; am >

C'logn ¥Yn > ng, then a,, > % infinitely often.

Similarly, for any u € U, it follows from parts [(b)|and [(c) of Corollary [20] that

max{U — 1,2(K - U)}
Vu(t) 2 %

Amin D(p)(1 — )

for infinitely many ¢.

8.2.2 Early Stage: Proof of Theorem

(34)

In order to prove Theorem [E, we first derive, in the following lemma, a lower bound on the

queue-regret in terms of the expected number of sub-optimal schedules.

Lemma 22. For any system with parameters (A, ), any policy, and any user u € [U|, the regret is

lower bounded by

\I’u(t) > Z Auk'E [Tuk(t)] — €yt.
Ktk

Proof. Since Q. (0) ~ 7, .z, we have,

U, (t) = E[Qu(t) — Qu(1)]

=1

= At — Z E [Tuk (t” Huk
k=1

>E

= )\ut —|t- Z E [Tuk(t)] M *qy — Z E [Tuk(t)] Huk

kK k#k?

= > AuE[Tu(t)] — eut.
kAkx

O

We now use this lower bound along with the lower bound on the expected number of sub-optimal

schedules for a-consistent policies (Corollary [20).

Proof of Theorem[I7] To prove part (a) of the theorem, we use Lemma [22 and part [(a)] of corol-
lary 20 as follows: For any 4 > X, there exist constants Cjg and 7 such that for all ¢ €

11—’
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Figure 3: Comparison of queue-regret performance of Q-ThS, Q-UCB, UCB-1 and Thompson

Sampling in a 5 server system with ¢,, = 0.15 and A = 0.17. Two variants of Q-ThS are presented,

with different exploration probabilities; note that 3/ 1og2 t/t is the exploration probability suggested

by theoretical analysis (which is necessarily conservative). Tuning the constant significantly improves

performance of Q-ThS relative to Thompson sampling.

[maX{%777}7 (K - 1)D4(g)]»

% Z]\I!u(t) z% S DD Em)] - eut

welU welU] \k#k;

D

> (K — 1)% (1 —a)logt —log(K(Og)) — &t
D(p) logt _

> (K—-1)—= -

= ) 2 loglogt ¢
D(p) logt

>(K—-1)—=

= ) 4 loglogt’

where the last two inequalities follow since ¢t > (g™ and ¢t < (K — 1)%.
Part (b) of the theorem can be similarly shown using parts [(b)]and [(c) of corollary 20] O

Additional Discussion: As mentioned in Section[7] we note that (unstructured) Thompson sampling
[19] is an intriguing candidate for future study.

In Figure [3, we benchmark the performance of Q-ThS against unstructured versions of UCB-1,
Thompson Sampling and also a structured version of UCB (Q-UCB) analogous to Q-ThS. Note
that there are two variants of Q-ThS displayed: the first has exploration probability 3K log? t/t,
as suggested by the theory; the second has a tuned constant, with an exploration probability of
0.4K log®t/t.

It can be observed that in the early stage the unstructured algorithms perform better which is an
artifact of the extra exploration required by Q-UCB and Q-ThS. In the late stage we observe that
Q-UCB gives marginally better performance than UCB-1, however Thompson sampling has the best
performance in both stages. This opens up additional research questions, discussed in Section [7.
Q-ThS is dominated as well, but can be made to nearly match Thompson sampling by tuning the
exploration probability (cf. the discussion above).

Nevertheless, it appears that Thompson sampling dominates UCB-1, Q-UCB, and the theoretically
analyzed version of Q-ThS, at least over the finite time intervals considered. In some sense this is not
surprising; empirically, similar observations in standard bandit problems [23} 24]] are what have led
to a surge of interest in Thompson sampling in the first place. Given these numerical experiments, it
is important to quantify whether theoretical regret bounds can be established for Thompson sampling
(e.g., in the spirit of the analysis in [25} 16} 26]]).
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Abstract

Motivated by online recommendation and advertising systems, we consider a causal
model for stochastic contextual bandits with a latent low-dimensional confounder. In our
model, there are L observed contexts and K arms of the bandit. The observed context
influences the reward obtained through a latent confounder variable with cardinality m
(m < L, K). The arm choice and the latent confounder causally determines the reward
while the observed context is correlated with the confounder. Under this model, the
L x K mean reward matrix U (for each context in [L] and each arm in [K]) factorizes
into non-negative factors A (L x m) and W (m x K). This insight enables us to
propose an e-greedy NMF-Bandit algorithm that designs a sequence of interventions
(selecting specific arms), that achieves a balance between learning this low-dimensional
structure and selecting the best arm to minimize regret. Our algorithm achieves a regret
of O (Lpoly(m,log K)logT) at time T', as compared to O(LK logT') for conventional
contextual bandits, assuming a constant gap between the best arm and the rest for
each context. These guarantees are obtained under mild sufficiency conditions on the
factors that are weaker versions of the well-known Statistical RIP condition. We further
propose a class of generative models that satisfy our sufficient conditions, and derive a
lower bound of O (KmlogT). These are the first regret guarantees for online matrix
completion with bandit feedback, when the rank is greater than one. We further compare
the performance of our algorithm with the state of the art, on synthetic and real world
data-sets.

1 Introduction

The study of bandit problems captures the inherent tradeoff between ezploration and ex-
ploitation in online decision making. In various real world settings, policy designers have the
freedom of observing specific samples and learning a model of the collected data on the fly; this
online learning is instrumental in making future decisions. For instance in movie recommenda-
tions, algorithms suggest movies to users in order to meet their interests and simultaneously



learn their preferences in an online manner. Similarly, for product recommendations (e.g. in
Amazon) or web advertisement, there is an inherent tradeoff between collection of training
data for user preferences, and recommending the best items that maximize profit according
to the currently learned model. Multi-armed bandit problems provide a principled approach
to attain this delicate balance between exploration and ezploitation [9].

The classic K-armed bandit problem has been studied extensively for decades. In the
stochastic setting, one is faced with the choice of pulling one arm during each time-slot
among K arms, where the k" arm has mean reward U,. The task is to accumulate a total
reward as close as possible to a genie strategy that has prior knowledge of arm statistics
and always selects the optimal arm in each time-slot. The expected difference between the
rewards collected by the genie strategy and the online strategy is defined as the regret. The
expected regret of the state of the art algorithms [9] scales as O(K logT') when there is a
constant gap between the best arm and the rest.

When side-information is available, a popular model is the contextual bandit, where the

side information is encoded through observed contexts. In the stochastic setting, at each
time an observed context s € [L] is revealed, and the observed context influences the reward
statistics of the K arms. Thus, there are (K x L) reward parameters {Ug} (encoded through
the reward matrix U) that need to be learned, one per each arm and observed context. Since
there are (K x L) reward parameters, it has been shown [9, 39] that the best expected regret
obtainable scales as O (K LlogT).
Netflix Example: Consider the task of recommending movies to user profiles on Netflix.
A user profile along with the past browsing history, social and demographic information is
the observed context. The list of movies that can be recommended to any user are the arms
of the bandit. In this setting with millions of users and items, standard contextual bandit
algorithms are rendered impractical due to the K x L scaling.

Therefore, it is important to exploit that in most practical situations, the underlying
factors affecting the rewards may have a low-dimensional structure. Although this low
dimensional structure is often not observable (latent), we will show that it can be leveraged to
obtain better regret bounds. In the context of Netflix, there are millions of user profiles but
the preference of users towards an item may be represented by a combination of only a handful
of moods, where these moods lie in a much lower dimension. This is further corroborated by
the fact that the Netflix data-set, which has more than 100 million movie ratings, can be
approximated surprisingly well by matrices of rank as low as 20 [7]. Crucially however, these
moods cannot be directly observed by a learning algorithm.

This problem of a contextual bandit with a latent structure has direct analogy with

problem of designing structural interventions (forcing variables to take particular values)
in causal graphs, a class of problems that is of increasing importance in social sciences,
economics, epidemiology and computational advertising [31, §].
A Causal Perspective: A causal model [31] is a directed graph that encodes causal
relationships between a set of random variables, where each variable is represented by a node
of the graph (see Figure la). This example has a directed graph with 3 variables, where the
variable Y has two parents {5, A}.

To illustrate the connection between contextual bandits and causal models, consider again
the Netflix example, which can be mapped to the causal graph in Figure la. Here, the
reward Y (satisfaction of the user) is causally dependent on two quantities — the observed
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context (user profile in Netflix) described by S, and the arm selection (the recommended
movie) described by the variable A. Setting A to a particular value is equivalent to playing a
particular arm (act of recommending an item). In this example, A is the only variable that
can be directly controlled by the algorithm; in the language of causality this is known as an
intervention [31] denoted by do(A = a).

More specifically, this contextual bandit setting maps to the causal graph problem of
affecting a target variable Y (satisfaction of users), through limited interventional capacity
(only being able to recommend a movie) when other observable causes (user profiles and
contextual information) affecting the target variable are present but cannot be controlled.
This is precisely the model in Figure 1a. An identical structural equation model has been
defined in Figure 8 of |8].

Latent Confounder

do(A = a) do(A
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(a) Causal graph representing regular contextual (b) Causal graph representing contextual bandits
bandits with latent confounders.

Figure 1: Comparison between regular contextual bandits and contextual bandits with latent
confounders through causal graphs.

Latent Confounders: In this causal framework, it is possible to formally capture the
implications of latent effects, such as the moods in the context of Netflix. Consider the
modified causal model in Figure 1b. The new variable Z denotes a latent confounder (mood)
that is causally connected to the observed context and also causally affects the reward Y.
The latent confounder Z takes values in {1,2,...,m}, where m < L, K.

The goal here is to develop an efficient algorithm that chooses the sequence of limited
interventions (i.e. a sequence of do(A = a) actions) to achieve a balance between learning this
latent variable (indirectly learning Z) from observed rewards, and maximizing the observed
reward under the given (but not intervenable) observed context S.

In the setting of contextual bandits with L observed contexts and K arms, we note that the
presence of the m-dimensional latent confounder leads to a factorization of the L x K reward
matrix U into non-negative factors A (an L x m matrix) and W (a m x K matrix). We
leverage this latent low-dimensional structure to develop an e-greedy NMF-Bandit algorithm
that achieves a balance between learning the hidden low-dimensional structure (indirectly
learning 7), and selecting the best arm to minimize regret. In the setting of causality, this
result thus demonstrates an approach to designing a sequence of interventions with limited



capacity to control a reward variable, in the presence of other (possibly latent) variables
affecting the reward that cannot be intervened upon.

1.1 Main Contributions

The main contributions of this paper are as follows:

1. (Model for Latent Confounding Contexts) We investigate a causal model for
contextual bandits (Figure 1b), which, compared to the conventional model, allows more
degrees of freedom through the unobservable context variable. This allows us to better capture
real-world scenarios. In particular, our model has (a) Latent Confounders representing
unobserved low-dimensional variables affecting the mean rewards of the bandit arms under
an observed context; and (b) Limited Interventional Capacity signifying that the observed
contexts (eg. user profiles) cannot be intervened upon.

In the contextual bandit setting with L observed contexts and K arms, this translates
into a decomposition of the L x K reward matrix U = AW, where A (non-negative L x m
matrix) represents the relation between X (observed contexts) and Z (hidden confounder),
while W' (non-negative m x K matrix) encodes the relation between Y (reward) and Z.

2. (NMF-Bandit Algorithm) We propose a latent contextual bandit algorithm that,
in an online fashion, multiplexes two tasks. The first task refines the current estimate of
matrix A by performing a non-negative matrix factorization (NMF) on the sampled version of
a carefully chosen sub-matrix of the mean-reward matrix U. The second task uses the current
estimate of A and refines the estimate of W from sampled versions of several sub-matrices of
U.

A direct application of results from existing noisy matrix completion literature is infeasible
in the bandit setting. In the literature, one of the key conditions to derive spectral norm
bounds between the recovered matrix and the ground truth is that the noise in each entry
should be O(1/K) in a L x K matrix [20]. In the bandit setting where errors occur due to
sampling, this would lead to a regret of at least would lead to O(LK logT) in the presence
of sampling errors. We provide further insights in Section A.2 in the appendix.

In contrast, our algorithm has much stronger regret guarantees that scale as
O(Lpoly(m,log K)logT). We show that our algorithm succeeds when the non-negative
matrices A and W satisfy conditions weaker than the well-known statistical RIP property [35].
Further, we prove a lower bound for this setting which is only poly(m,log K) factors away
from our upper bound. This the the first work which has provable guarantees for matrix
completion with bandit feedback for rank greater than one.

3. (Generative Models for A and W) We propose a family of generative models for
the factors A and W which satisfy the above sufficient conditions for recovery. These models
are extremely flexible, and employ a random + deterministic composition, where there can
be large number of arbitrary bounded deterministic entries (see Section 2.4 for details). The
remaining random entries in the matrices are generated from mean-shifted sub-gaussian
distributions (commonly used in the compressive sensing literature [16]).

Finally, we numerically compare our algorithm with contextual versions of UCB-1, Thomp-
son Sampling algorithms [9] and online matrix factorization algorithms 25| on synthetic and
real-world data-sets.



1.2 Related Work

The current work falls at the intersection of learning of low-dimensional causal structures
and multi-armed bandit problems. We briefly review the areas of literature that are most
relevant to our work.

Contextual Bandit Problems: There has been significant progress in contextual
bandits both in the adversarial setting and in the stochastic setting. In the adversarial setting,
the best known regret bounds scale as O(v/LKT log K) [9, 38| where L is the number of
contexts and K is the number of arms. In the stochastic regime where there is a constant gap
from the best arm, it can be shown that the regret scales as O (LK logT) [39]. Contextual
bandits with linear payoff functions have been analyzed in [2, 12] in the adversarial setting,
while in [1] it has been analyzed in the stochastic setting. In [15] the authors have expanded
this model for the generalized linear model regime.

However, these models require one of the low-dimensional features to be known a priori,
while our algorithm learns both the features from sampled data. Another related line of work
is in the online clustering of bandits [17, 30, 29]. In this framework, the features of the arms
can be directly observed, which is the fundamental difference from our paper.

Causality and Bandits: Recently, contextual bandit algorithms have found use within
the framework of causality. In [5], the authors investigate a similar latent confounder model.
However [5] does not consider our scaling regime nor provide theoretical guarantees (and has
a very different algorithm).

In [28], a causal model for observing feedback has been introduced in the best arm
identification regime. However, in their model all the variables can be intervened upon.
Moreover, the states of all the non-intervened variable including the reward is revealed
after the intervention is made. In this work, we focus on a more realistic case where only
some of the variables can be intervened upon and in fact some of the variables cannot be
observed directly. Further, side information about the observed variables are revealed before
an intervention has to be made. The reward is the only extra information that is revealed
after each intervention.

Online Matrix factorization : The non-negative matrix factorization (NMF) problem
has generated a lot of interest in the area of semi-supervised topic modeling. Arora et al.
have shown that if the matrix is separable and has some robustness properties [4], then
NMF is solvable efficiently. Since then, there has been a lot of work in proposing efficient
scalable algorithms for NMF, out of which [18, 13, 32| are of particular interest. There has
been some progress in online NMF [14, 19| which aims to update the features efficiently
in a streaming sense. To the best of our knowledge there has been no work in NMF with
bandit feedback with theoretical guarantees. |27, 25| propose algorithms for online matrix
factorization, however they only have theoretical analysis for the rank 1 case.

2 Problem Statement and Main Results

2.1 System Model

Observed Contexts and Latent Confounders: We consider a stochastic bandit model
represented by the causal graph in Figure 1b. The variable S denoting the observed context



takes values in § = {1,2,--- , L}, while the variable A determines the arm that has been
pulled taking values in A = {1,2,--- , K}. The variable Z denotes the latent confounding
contexts and takes values in Z = {21,292z, } C S, where m < L, K. The causal model
results in the bayesian factorization of the joint distribution of S,Y and Z. A natural
interpretation is that, at any time nature chooses a latent context z € Z, and based on that,
a context s € S is actually observed. We denote the posterior probability of a latent context
z given an observed context s as,

P(Z=z|S=s)=ag, Vs€ S\ 2,2 € Z,
as; =1{s =z} Vs,z;, € Z

Let A be the matrix with elements ay; where s € {1---L} and i € {1,2---m}. Please note
that the sub-matrix corresponding to the row indices in Z from an identity matrix L, x,.
This is essentially the well-known separability condition [32]. We also define the marginal
probability of observing a context s € S as P (S = s) = 5, Vs € S. This specifies the joint
distribution of the latent context Z and the observed context S.

Bandit Setting: In this setting the contextual bandit problem can be described as
follows: (i) At each time ¢ the algorithm observes a context S; = s; € S; (i) After observing
the context the algorithm selects an arm A; = a; € A which is the intervention do(A = a;);
and (i) The algorithm then obtains a Bernoulli reward Y; with mean Uy, ,,. The mean
rewards Uy, 4, have a latent structure described in the next subsection.

Rewards: When an observed context s is provided, the reward for arm k depends only
on the latent variables. Consider an m x K reward matrix W. W;; specifies the mean reward
for arm k when the latent context is z;. For all observed contexts s € §, the mean rewards
are given by the matrix U. This is given by:

Uk=> P(Z=z|S=s)Wy=>_ aWa.

Therefore, we have U = AW. Since the latent contexts Z are also a subset of observed
contexts, the matrix A contain a I,,,, sub-matrix. This is equivalent to the separability
condition and is widely used in the NMF literature (see [18]). A represent the relation
S <— Z while the matrix W denotes the relation 7 — Y in the causal model of Figure 1b.

Regret: The goal is to minimize regret (also known as pseudo-regret [9]) when compared
to a genie strategy which knows the matrix U. Let us denote the best arm under a context
s € § by k*(s) and the corresponding reward by u*(s). Now, we are at a position to define
the regret of an algorithm at time T,

RT)=), >, («(s)-E[Y) (1)

s€S {te[T):Sy=s}

Note that the genie policy always selects the arm k*(s) when S; = s. The class of policies
we optimize over are agnostic to the true reward matrix U and Z, however we assume that
m (the latent dimension) is a known scalar parameter. We work in the problem dependent
setting, where there is a gap (bounded away from zero) between the mean reward of the best
arm and the second best for every observed context. Let the gap (A), be defined as,

A =min min u*(s) — Us.
s€[L] k#k*(s)
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2.2 Notation

We denote matrices by bold capital letters (e.g. U ) and vectors with bold small letters (e.g.
x ). For an L x K matrix Ug. denotes the sub-matrix restricted to the rows in S C [L], while
U. r denotes the sub-matrix restricted to the columns in R C [K]. 0,,(P) denotes the m-th
smallest singular value of P. ||x||; denotes the £,-norm of x. For, a matrix [[U]|, , refers to
the maximum ¢;-norm among all the rows while ||U||, and ||UJ| denotes its spectral and
Frobenius norms respectively. |[U||_, ., denotes the maximum absolute value of an element
in the matrix. Ber(p) denotes a Bernoulli random variable with mean p.

2.3 Main results

We first provide few definitions before presenting our main results.

Definition 1. Consider an m x m’ matriz P with m" > m. Define ¢,,(P) =  inf T
a#0:aT1=0 all2

Definition 2. Consider an m x m/ matriz P with m’ > m. Define ¥} (P) = 7&01an1 . Talh
a a =

In our work, we require the matrices (W and A) to satisfy some weaker versions of the
‘statistical RIP property’ (RIP - restricted isometry property). This property has been well
studied in the sparse recovery literature [6, 11, 36, 35, 10|. Statistical RIP property is a
randomized variant of the well-known RIP condition [16]. RIP requires the extreme singular
values to be bounded for sub-dictionaries formed by any k columns (or rows) of a dictionary
for a suitable k. Statistical RIP property is a weaker probabilistic version where extreme
singular values need to be bounded for random sub-dictionaries with high probability when
k random columns are chosen out of a dictionary to form the random subdictionary. We
note that this same property goes by different names such as weak RIP property [11| and
quasi-isometry property [10] in the literature. The terminology we adopt in this work is from
[6].

Definition 3. (Statistical RIP Property - StRIP) An L x m matriz (L > m) P, whose
rows have unit {5 norm, satisfies the ly-Statistical RIP Property ({3-StRIP) with constants

(67 p? ml)? lf
Pr|S|=m’<1 —p S Omin (PS,:) < Omax (PS,:) S 1+ ,0) > 1— €,
where the probability is taken over sampling a set S of size m' uniformly from [L].

In our work, we only need a weaker version of StRIP condition to hold. We only need
that the smallest singular value be bounded below for random sub-matrices and we work
with un-normalized matrices. Hence, we have the following version which we will use:

Definition 4. (¢, Weak Statistical RIP Property - (,-WStRIP) An L x m matriz
(L > m) P satisfies the £o- Weak Statistical RIP Property ({a-WStRIP) with constants (e, p,m’)
if Prigj=m/ (Omin (Ps:) > p) > 1 — € where the probability is taken over sampling a set S of
size m’ uniformly from [L].



For one of the matrices among W and A, we need its random sub-matrices to satisfy
weaker RIP-like conditions in the ¢; sense.

Definition 5. (¢; Weak Statistical RIP Property - (;-WStRIP) An m x K matriz
(K > m) P satisfies the {1-weak statistical RIP property ((,-WStRIP) with constants (e, p, m')
if Prigjzm (U5, (P.s) > p) > 1 — € where the probability is taken over sampling a set S of size
m’ uniformly from [K].

In what follows, we assume that W satisfies /1-WStRIP and A satisfies £o-WStRIP. Note
that in Section 2.4 we provide reasonable generative models for W and A that satisfy these
conditions with high probability.

Now we are at a position to state Theorem 1 which shows the existence of an algorithm
for the latent contextual bandit setting, with regret that scales at a much slower rate than
the usual O (LK logT') guarantees.

Theorem 1. Consider the bandit model with reward matric U = AW. Suppose A is
separable [32]. Let A satisfy lo-WStRIP with constants (0/L, ps,m}) while W satisfies
01-WStRIP with constants (0, p1,my). Let m’ = max(m/,mb) = ©(mlog(K)). Suppose
Bs = Q(1/L) for all s € [L]. We also assume that L = Q(K log(K)). Then there exists a
randomized algorithm whose regret at time T is bounded as,

R(T) = O <Lp01y<m:2°g(K ) log(T)) 2)

with probability at least 1 — §. Here, poly(m,log(K)) = O (m5 log? K).

We present an algorithm that achieves this performance in Section 3. This theorem is
re-stated as Theorem 8 in the appendix which has greater details specific to our algorithm.
It should be noted that in practice our algorithm has much lesser regret than O(Lm?®logT).
This can be observed in Section 4, where our algorithm performs well even if we set the
explore rate much lower than what is prescribed.

Remark: In prior works |6, 11, 36, 35, 10] the statistical RIP property was established by
relating it to the incoherence parameter u of a matrix B which is defined as  (B) = mjx\bfbj |.

i#]

In some works, the average of these incoherence parameters has been used instead. We
note that matrices A and W are non-negative. Hence, directly using analysis based on
controlling dot-products among rows and columns is not useful in this scenario. Hence, we
propose generative models for A and W that satisfy the properties listed above with high
probability even when they are not incoherent. We also explain why these generative models
are extremely reasonable for our setting.

2.4 Generative Models for W and A

We briefly describe our semi-random generative models for W and A that satisfy the weak
statistical RIP conditions. We refer to Section A.3 for a more detailed discussion of the
generative models.



1. Random+ Deterministic Composition: A significant fraction of entries of W and A are
arbitrarily deterministic. O (1/m) fraction of columns of W and O (1) fraction of rows
of A are deterministic. In addition, we assume that a sub-matrix in the deterministic
part of A is an identity matrix to account for the separability condition [32]. The
rest of the entries are mean shifted, bounded sub-gaussian random variables with some
additional mild conditions. Uniform prior on reward that has been used in bandit
setting [26] reduces to a special case of this model.

2. Bounded randomness in the random part: The random entries of both W and A are in
“general position”, i.e., they arise from mean shifted bounded sub-gaussian distributions
(see Section A.3, and also [16] for similar conditions in compressed sensing literature).
The mean shifts in the random parts of A and W, the support of the sub-gaussian
randomness satisfy some technical conditions to make sure that row sum of A is 1 and
to ensure that the weak statistical RIP conditions are satisfied.

One of our main results is stated as Theorem 2, which implies that if W comes from our
generative model then with high probability projecting it onto a small random subset of its
columns preserves the a-robust simplical property [32] which is a key step in our algorithm.

Theorem 2. Let m’ > %mlog(e[(}. Let W follow the random model in Section A.3. W

satisfies ((1-WStRIP) with constants (2 exp(—c; log(eK)), () V\}%’,Qm’) with probability

at least 1 — exp(—clog(eK)). Here, ¢1,c, are constants that depend on the sub-gaussian
parameter c¢(q) that depends on the variance in the model for W.

In Theorem 3, we follow very similar techniques to prove that small random subsets of
rows of A have singular values bounded away from zero with high probability if A is drawn
from our generative model.

Theorem 3. Let m' > 32mlog(eL). Let A follow the random model in Section A.3. A

satisfies (Co-WStRIP) with constants (2 exp(—comlog(el)), %@,Qm’) with probability at

least 1 — exp(—cymlog(eL)). Here, ¢4, co are constant the depends on the sub-gaussian
parameter c¢(q) that depends on the variance in the model for A.

The proof of these theorems are available in the appendix in Section A.4.

2.5 Lower Bound

We prove a problem-specific regret lower bound for a specific class of parameters (U, W, A)
which is only a poly(m,log(K))/A factor away from the upper bound achieved by our
algorithm. The lower bound holds for all policies in the class of a-consistent policies [33]
defined below.

Definition 6. A scheduling policy is said to be a-consistent if given any problem instance
U we have, E [Z{tem:st:s} 1{X; = k}} = O(T(s)*) for all k # k*(s) and s € S, where
a € (0,1) and T(s) = 3., 1{S, = s}



Theorem 4. There exists a problem instance (U, A, W) with Bs = Q(1/L) for all s € S
such that the regret of any a-consistent policy is lower-bounded as follows,

R(T) = (K = 1)mD(U)((1 — a)(log(T/2m) — log(L/m)) — log(4KC))

for any T > 7, where C, T are universal constants independent of problem parameters and
D(U) = O (1/A) is a constant that depends on the entries of U and is independent of L, K

and m.

The proof of this theorem has been deferred to the appendix in Section A.11 where we
specify the class of problem parameters for which we construct this bound.

3 NMF-Bandit Algorithm

In this section we present an e-greedy algorithm that we call NMF-Bandit algorithm. Our
algorithm takes advantage of the the low-dimensional structure of the reward matrix. The
algorithm explores with probability €;; in this case it samples from specific sets of arms (to
be specified later). Otherwise w.p. (1 — ¢;) it exploits, i.e., chooses the best arm based on
current estimates of rewards to minimize regret. A detailed pseudo-code of our algorithm has
been presented as Algorithm 1 in the appendix. The key steps in the algorithm are as follows.

(a) At each time ¢ and with probability €;, the algorithm ezplores, i.e. it randomly performs
one of these two steps:

Step 1 — (Sampling for NMF in low dimensions to estimate A): Given that it
explores, with probability « it samples a random arm from a subset S C [K] of arms.
|S| = 2m’ for m' = O(mlog(K)). The set S is a randomly chosen at the onset and kept fixed
there after. This is Step 6 of Algorithm 1.

Step 2 — (Sampling for estimating W): Otherwise with probability (1 — «), it samples
in a context dependent manner. If the context at the time is s;, the algorithm samples one
arm at random from a set of m arms given by R(s;) (the selection of these sets are outlined
below). The context specific sets of arms are designed at the start of the algorithm and held
fixed there after. This is Step 7 of Algorithm 1.

(b) Otherwise with probability (1 — ¢) it exploits by performing Step 3 below.

Step 3 — (Choose best arm for current observed context): Compute estimate A (t)
as detailed in Step 10 of Algorithm 1, using Hottopix. Estimate W(t) as detailed in
Step 11 of Algorithm 1. Let U(t) = A(t)W(t). The algorithm plays the arm given
by arg maxe g Ij(t)st,k, i.e., the best arm for the observed context according to current
estimates.

For solving the NMF to obtain A(t), we use a robust version of Hottopix [32, 18] as
a sub-routine. Now, we briefly touch upon the construction of the context specific sets of
arms in Step 2 of the explore phase. These sets have been defined in detail in Section A.1
in the appendix. Let | = |K/m]. A set R C [L] of contexts is sampled at random, such
that |R| = 2(I + 1)m’ at the onset of the algorithm. We partition R into [ + 1 contiguous
subsets {S(1),5(2),...,S(l + 1)} of size 2m’ each. In Step 2 of explore, if s; € S(i), then
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R(s)) ={(—1)m,(i —1)m+1,---max(im — 1, K)}. If s; ¢ S(i) for all i € [l + 1], then the
algorithm is allowed to pull any arm at random, and these samples are ignored.

A more detailed version of our main result (Theorem 1) has been provided in (Theorem 8)
in the appendix, along with a detailed proof. Theorem 8 exactly specifies the algorithm
parameters ¢;, a and m’ under which we obtain the regret guarantees. We provide some key
theoretical insights and a brief proof sketch in Section A.2 in the appendix. In particular
we discuss in detail why usual matrix completion techniques would fail to provide regret
guarantees that are o( K Llog(T')). We explain the challenges of dealing with sampling noise
and how we overcome them through careful design of the arms to explore.

4 Simulations

We validate the performance of our algorithm against various benchmarks on real and
synthetic datasets. We compare our algorithms against contextual versions of UCB-1 [9]
and Thompson sampling [3]. To be more precise, these algorithms proceed by treating each
context separately and applying the usual K-armed version of the algorithms to each context.
We also compare the performance of our algorithm to this recent algorithm [25] for stochastic
rank 1 bandits. In [25] the problem setting is different. Therefore, whenever we compare the
performance with this algorithm the experiments have been performed in the setting of [25],
which we call S2. The more realistic setting of our paper will be denoted by S1. The two
settings are:

S1 : The arrival of the contexts cannot be controlled by the algorithm and the regret is w.r.t
the best arm which is context dependent. This is strongly motivated by the causal setting
discussed with real world scenarios in Section ?7?.

S2 : This is in accordance with the model in [25]. The contexts and the arms both can be
chosen by the algorithm and the aim is to compare regret w.r.t the best arm out of all KL
entries.

Synthetic Data-Sets : In order to generate the synthetic reward matrix U, the parameter
L, K, m are chosen. The L x m matrix A is then generated by picking each row uniformly
at random from the m-dimensional simplex. The m x K matrix W is generated with each
entry uniformly generated in the interval [0, 1]. We further corrupt 5 % of the entries in each
row of W with completely arbitrary noise while ensuring that they still lie in [0, 1].

In Figure 2a,2b, we compare our algorithm to UCB-1 and Thompson in S1 under different
values of problem dimensions. In Figure 2a, the rewards are uniform with means given by
U, while they are Bernoulli in Figure 2b. We observe that UCB-1, Thompson have linear
regret as they do not get sufficient concentration for the L x K mean parameters. However,
our algorithm is able to enter the sub-linear regime much faster. We mention the choice
of the parameters # and m’ below the corresponding figures. It should be noted that our
algorithm performs well even for values of the explore parameter 6, which are much lower
than prescribed. In Figure 2e the experiments are performed under S2. We can see that our
algorithm’s regret is better compared to the others by a large margin, even though it has not
been designed for this setting.

Real World Data-Sets : We use the Movielens 1M [21] and the Book Crossing [40]
data-sets for our real world experiments. A subset of dimension 2000 x 2000 is chosen from

11
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Figure 2: Comparison of contextual versions of UCB-1,Thompson sampling and Rank 1
Stochastic bandits with Algorithm 1 (NMF-Bandit) in S1 and S2 on real and synthetic
data-sets.

the Movielens 1M dataset, such that we have at least 20 ratings in each row and each column.
Similarly a subset of 3000 x 3000 is chosen from the Book Crossing data-set with the same
property. Both these partially incomplete rating matrices are then completed using the
Python package fancyimpute |22] using the default settings. These completed matrices are
used in place of the reward matrix U without any further modifications, and all the algorithms
are completely agnostic to the process through which these matrices have been completed.
The experiments have been performed in a setting where the rewards observed are uniform

around the given means. The support of the uniform distributions has been specified below
each figure.

In Figure 2c and 2d, we compare our algorithm to UCB-1 and Thompson in S1 on the
MovieLens and Book Crossing data-set respectively. As before, our algorithm has superior
performance. In Figure 2f, we compare the algorithms on the Book Crossing data-set under
S2. NMF-Bandit outperforms all the other algorithms, even on the real datasets.
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5 Conclusion

In this paper we investigate a causal model of contextual bandits (as shown in Figure 1b)
with L observed contexts and K arms, where the observed context influences the reward
through a latent confounder. The latent confounder is correlated with the observed context
and lies in a lower dimensional space with only m degrees of freedom. We identify that under
this causal model, the reward matrix U naturally factorizes into non-negative factors A and
W.

We propose a novel e-greedy algorithm (NMF-Bandit), which attains a regret guarantee
of O(Lpoly(m,log K)logT/A?). Our guarantees are under statistical RIP like conditions on
the non-negative factors. We also establish a lower bound of O(KmlogT/A) for our problem.
To the best of our knowledge, this is the first achievable regret guarantee for online matrix
completion with bandit feedback, when rank is greater than one.

We validate our algorithm on real and synthetic datasets and show superior performance
with respect to the baselines considered. This work opens up the prospect of investigating
general causal models from a bandit perspective, where the goal is to control the regret of
a target variable, when the algorithm can intervene only on some of the variables (limited
interventional capacity), while other variables (possibly latent) can causally influence the
reward. This is a natural setting and we expect that it will lead to an interesting research
direction.
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A Appendix

A.1 Algorithmic Details

We present a precise version of the algorithm described in Section 3 as Algorithm 1. For ease
of exposition, we introduce the concept of matrix sampling, which is a notational tool to
represent the sampled entries from different subsets of arms in a structured manner.

A.1.1 Matrix Sampling

Consider the L x K reward matrix U. Consider a ‘sampling matrix’ G with dimensions
K xp. Let {a1,a2...a,} C [K]. In this work, we consider G only of the following form:
G, =1, V1 <14 < p and zero otherwise. Consider the product between a row s of U and
G, i.e. U, .G. This selects the co-ordinates corresponding to {a; ...a,} in vector U, .. Given
arow s (a context s) of U, i.e. Uy, = u[s]|, we describe how to obtain a random Bernoulli
vector estimate G[s| such that E[d[s]] = %US,: by sampling an arm as follows:

e Given that the context is s, sample a uniform random variable x with support {a; ... a,},

which represents the arm to be pulled after observing the context.

e Conditioned on k = k, pull arm k and observe the reward Y} € {0,1}.

e The random vector sample is then given by d[s], = Y,e..

Then we have E[a[s|y] = E[E[Yx|x = k]] = %u[s] k- In other words, whenever the context is s,
we pull an arm uniformly at random from {a;,as...a,} and the samples are collected in @[s].

A.1.2 Arms to be sampled during explore

Before we present the pseudocode, we define the sampling matrices {G(0), G(1),--- ,G(l + 1)}.
Recall that any subset of arms can be encoded in a sampling matrix. G(0) corresponds to
the subset S in Step 1 of explore stated in Section 3. For ease of reference, we restate the sets
relevant to the context specific sampling procedure in Step 2 of ezplore. G(i) corresponds to
the subset R(s;) is s; € S(i). Let | = [ K/m] and » = Kmod(m). A set R C [L] of contexts
is sampled at random, such that |R| = 2(I + 1)m’ at the onset of the algorithm. We partition
R into [+ 1 contiguous subsets {S(1),.5(2), ..., S(l + 1)} of size 2m’ each. The elements of the
set S(7) will be denoted as S(j) = {s1(j),52(J) - - - , Somr(7) }. In Step 2 of explore, if s, € S(i),
then R(s;) = {(i—1)m, (i —1)m+1,---max(im — 1, K)}. If s, ¢ S(7) for all ¢ € [[ + 1], then
the algorithm is allowed to pull any arm at random, and these samples are ignored.

1. G(0): An K x2m/ random matrix formed as follows: An 2m’ subset ay,as . .. agy, C [K]
is chosen randomly uniformly among all 2m/-subsets of [K] and G(0),,; =1, V1 <i <
2m’ and all other entries are 0.

2. G(i): An K x m matrix such that,

Gli) — 1, ifk=(G—-1)m+jforje{l,--- ,m}
Uki = 0, otherwise
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when i € {1,2,--- 1}
3. G(l+1): An K x r matrix defined as follows:

1, ifk=(m+) for je{l,--r}
G+ 1)y = { 0, otherwise

In words, G(7) for i € [{] is the K x m matrix which has an identity matrix I,,x,, embedded
between rows (i — 1)m and im — 1, and is zero everywhere else.
A.1.3 Representation of the collected Samples

In what follows, let the mean of samples collected through G(0) till time ¢ be collected in
a L x 2m’ matrix F/(t) such that E [ﬁ"(t)} = (1/2m")F = (1/2m’)UG(0) as detailed in
Section A.1.1. Let F(t) = 2m/F'(t). Let the samples collected from G(i) be stored in a
2m/ x m matrix M/;(t) such that E [M’z(t)} = LAg;);WG(i) for all i € {1,2, ..., 1+ 1}. Let
M, (t) = mM;(t) be the scaled version.

A.1.4 Pseudocode

We present a detailed pseudo-code of our algorithm as Algorithm 1. For the sake of com-
pleteness we include the robust version of the Hottopix algorithm [18] which is used as a
sub-program in Algorithm 1. The following LP is fundamental to the Hottopix algorithm,

min p’diag(C) (3)
CGR_f,'_X"

.. HX - CXH < 2
00,1
and Cy; <1, Cj; < Cy Vi, j € [L]

where p is a vector with distinct positive values.
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Algorithm 1 NMF-Bandit - An e-greedy algorithm for Latent Contextual Bandits

©

10:

11:

12:

13:

At time t,

1
2: Observe context S; = s;
3:

4: if E(¢t) =1 then

Let E(t) ~ Ber(¢&)

r+2m’

2m’ ) .
er (m o) otherwise

If H; = 1 sample an arm according to the matrix sampling technique applied to matrix
G(0) and update F(¢).

If H; = 0 sample an arm according to the matrix sampling technique applied to matrix
G (i) if s, € S(i) for i € {1,2,--- 1+ 1} and update M;(¢). If s, is not in any of these
sets then choose an arm at random.
else

Ezxploit:

Let us compute,

2m’ .
Eaplore: Let H, ~ { Ber (255), if s, € S(1+1) }

W (t) = Hottopix(F(t), m, 2m/(t)).

A(t)=  argmin F(t) — ZW(t)H

Z>0,rowsum(Z)=1

00,1

Let W (t) € R™*K be such that,

W(t):,(i—l)m:im—l = argmin “A(t)s(z),x - MZ(t)H y Vi € {1, 2, ory l}
XTVLXm 2
VAV(t):,lm:K = argmin

Xm><7‘+1

A5 X = Mia ()|

Compute U(t) = A(t)W(t). Play the arm a; such that,

a; = arg max fJ(t)st,a
a

end if

Algorithm 2 Hottopix(X, m, €)

1:

Input : X such that X = AW + N | where A € [0, 1]"*™ and ||A;.||, = 1 for all i € [L],
W e R and [IN||,, <.
Output : W such that W ~ W,

Compute an optimal solution C* to (3).
Let K denote the set of indices ¢ for which C}; > 1.

Set W = XIC,:'
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A.2 Theoretical Insights

Below, we discuss some of the key challenges in the theoretical analysis.

Noise Guarantees for samples used in NMF: Matrix completion algorithms that
work under the incoherence assumptions require the noise in each element of the matrix to
be O(1/K) in order to provide l,,-norm guarantees on the recovered matrix [20]. In order to
ensure such noise guarantees, we require a very large number of samples in order for estimates
to concentrate. This in turn increases bandit exploration which implies that regret scales
as O(LK log(T)). To avoid this, we follow a different route. In Step 1 of the explore phase,
the NMF-Bandit algorithm only samples from a small subset of arms denoted by S. By
leveraging the ¢;-WStRIP property of W, we can ensure that NMF on these samples (which
are basically a noisy version of U, g ) gives us a good estimate of A at time ¢; this estimate
is denoted by A(t). We prove this statement formally in Lemma 6. Given that we sample
only from a small subset of arms in the first step of explore, in Lemma 11 we show that the
samples concentrate sharply enough.

Ensuring enough linear equations to recover W: Recall that the reward matrix
has the structure U = AW. Therefore, an initial approach would be to use the current
estimate of A along with samples of the rewards, and directly recover W. This however will
not work due to lack of concentrations. First, the estimate of A in the early stages will be
too noisy to provide sharp estimates about the location of the extreme points aka the latent
contexts. Even if we knew the identities of the observed contexts that correspond to “pure’
latent contexts (extreme points of the affine space corresponding to the observed contexts),
most observed contexts will not correspond to these extreme points — thus, a large number
of samples will be wasted, again leading to poor concentrations. Second, if one decides to
sample the entries in U at random, the concentration of the entries would be too weak. As
before, these weak concentrations will imply O(LK log(T)) regret.

Instead, we design the context dependent sets of arms to pull in Step 2 of the explore
phase, such that we get enough independent linear equations to recover W. The key is to
have a small number of arms to sample per observed contexts, but the small number of arms
differ across observed contexts. In this case, we show that by leveraging the fo-WStRIP
property of A we can get a good estimate of W, denoted by W(t) even in the presence of
sampling noise. Since we sample from a small subset of arms for each observed context, in
Lemma 12 we can ensure that we have sharp concentrations.

Scheduling the optimal arm during exploit: The [,,-norm bounds on the errors in

A(t) and W (t), imply that Hﬂ(t) — UH < A/2 with probability at least 1 — O(LTm/) pro-
vided ¢ is sufficiently big (see proof of Theorem 8). Here A = mingez)(u*(s) —maxysp(s) Usk).
This essentially implies that the correct arm is pulled at time ¢ w.h.p if the algorithm decides
to exploit.

Y

A.3 Description of Generative Models for matrices W and A

The model for W and A are both very similar with deterministic and random parts. The
technical description of the model given below is complex due to the following two reasons:

1. Fact 1: Rows of A must sum to 1.
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2. Fact 2: The rows of W shifted by an arbitrary vector m € R'¥ does not affect the
NMEF algorithms employed. The setting is invariant to such a shift.

1. Random-+ Deterministic Composition:

(a) We assume that columns W, p corresponding to the column index set D C
(K], |D| < K/(32m) is arbitrary and deterministic. 0 < W;; <1, j € D. The
maximum entry in every row of W is assumed to be contained in the deterministic
part.

(b) Similarly, Ag. where E C [L] is arbitrary and deterministic. Let |E| < pL.
p =1/18. Row sum of every row of Ag. is 1. In order to ensure separability [32]
we assume that there is a subset M C E : |M| = m such that Ay;. =L, x,,. For
alie E—M,0<A; <y <1

2. Bounded randomness in the random part:
W:7Dc == 1 * l’IlT + R:’Dc + W:7Dc (4)

(a) (i,7)-th entry of W:7Dc is an independent mean zero sub-gaussian entry with
variance ¢, and bounded support and sub-gaussian parameter c¢(g). m € RIP°*1 is
an arbitrary deterministic vector ! .

(b) R. pe is a deterministic perturbation matrix satisfying ||R.;[» < £, Vj € D°. The
support parameters for W. p., m and R. pe are chosen such that 0 < W, ; <
las., VjeDe

A e is a matrix which is a row-normalized version of another random matrix A. We

first describe the random model on the |E¢| x m matrix A. Like in the case for model
of W,

A=N+A (5)

(a) A is a matrix with independent mean zero sub-gaussian entries each with variance
q, and bounded support and sub-gaussian parameter c(q).

(b) We denote the matrix of means by N consisting of the parameters n;;. The ¢y
norm of every row of N is at most % The support, sub-gaussian parameter and
the matrix of means N are chosen such that 1/m < flij <~ < 1 a.s. The stricter
condition (in the lower bound) ensures that after normalization by the row sum,
Aij§’7<1u 1€ B°.

A.4 Projection onto a Low Dimensional Space

In this section, we will prove some properties of the matrix F = UG(0) = AWG(0) where
G(0) is a K x 2m/ as defined in Section A.1.1. From the definition in Section 2.1, A contains
a I, «m sub-matrix corresponding to the rows in Z. Further, the row sum of every row of A

! This is introduced to respect Fact 2 in Section A.3
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is 1. This means that the rows of U consists of points in the convex hull of extreme points,
i.e. the rows of W, together with the extreme points themselves.

The extreme points in W are mapped to extreme points in WG(0). We also show that
the new set of extreme points WG(0) also satisfy what is called the simplical property when
W satisfies the assumptions in Section A.3.

When the entries in W are random and independent bounded random variables as in
Section 2.4, we show that ¢; distance of any non-zero vector a such that a’1 = 0 is preserved
under the map a’ WG(0)with high probability over W for any fixed G(0). We need some
results relating to sub-gaussianity of the matrix W which we deal with in the next subsection.

A.5 Sub-gaussianity of a matrix with bounded i.i.d random entries

Definition 7. [16] A random variable X is sub-gaussian with parameter ¢ > 0 if Elexp(tX)] <
exp(—c?t?), Vt € R.

Definition 8. [16] A random vector Y € R™ is isotropic if E[(Y7x)?] = E[x'x|, Vx € R".
It is sub-gaussian with parameter c if the scalar random variable YTx is sub-gaussian with
parameter ¢ for all x € R™ : ||x]|s = 1, i.e. E[exp(t(YTx))] < exp(—ct?),Vt € R, V|x||s = 1.

Lemma 1. [16/,/34] Consider a random variable X such that E[X]| =0, E[X?] =1, |X| <
b a.s for some constant b > 0. Then, X 1is sub-gaussian with parameter % Consider a
random vector Y € R™ where each entry is drawn i.1.d from a mean zero, unit variance and
a sub-gaussian distribution with parameter c. Then Y s a sub-gaussian isotropic vector with

the same sub-gaussian parameter c

Remark: The first part is from Theorem 9.9 in [34] while the second part is from Lemma
9.7 from [16].

Lemma 2. [16] Let P and Q be two matrices of the same dimensions. Let oy, and opmax be
the largest and smallest singular values of a matrix respectively. Then,

|Umin (P) - Umin(Q)’ S O max (P - Q) (6)
Let P € RP*9 where p > q. Then,
Tmax(PTP —Typ) < 6 = omin(P) > /(1 —0) (7)

Lemma 3. [16] Consider an m x s matriz P with every row being a random independent
sub-gaussian isotropic vector with sub-gaussian parameter c. Let m > s, then:

1 3¢ 7s
Pr (amax <EPTP — sts) > 5) < 2exp(—z(52m + 7) (8)

Further,

Pr (,(P) < viny/(1-9)) (9)

1
S Pr (Umax (_PTP - sts) Z (5)
m

o (10)

Here, ¢ is a constant that depends only on the sub-gaussian parameter c.

2z
<2 exp(—gézm +
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Remark: The first result follows from equation (9.15) in [16] and also from combining
Lemma 9.8 and Lemma 9.9 in [16]. The second follows from applying Lemma 2

Definition 9 ([32]). Let us consider a matriz M which is px q where p < q. Let m; € RYP be

the i-th row of the matriz M. The matriz M is a-simplical if min min |m; —
1€{1---p} x€conv({my---mp}\m;)

x|[y > «. In other words, every row is at least a far away in ¢, distance from the convex hull
of other points.

A.6 Results regarding sub-matrices of W

The following results hold for WG(0)) since WG(0) = W, g when S = {a; ... a,} is the set
of column indices associated with G(0) as in Section A.1.

Theorem 5. Let W follow the random generative model in Section 2.4. Let S C D°. Let

S| =m' > 3Zmlog(eK),
11
V(W s) > (%) vm/ (11)

with probability at least 1 — ﬁ over the randommness in W. Here, ¢ is a constant that
depends on the sub-gaussian parameter c(q) of the distributions in the generative model in
Section 2.4.

Proof. According to the random generative model for W in Section 2.4, Wg = V~V;,5 +1m} +
Rs. Here, W. g has sub-gaussian entries with parameter ¢(q), since by Lemma 1, all bounded
random variables on support [—1, 1] with zero mean are sub-gaussian and their sub-gaussian

parameter depends on the variance. Let mg refer to the vector restricted to co-ordinate in S.

Applying Lemma 3 to the sub-gaussian matrix (m’ x m) V~V:,S with m’ > 22mlog(eK) and

21¢
setting § = 7/16, we have:

- 3 7
Py (am<w?s> < 2/_7”’) < 2exp(~ Lmlog(K)
Now, applying Lemma 2, we have:

|Um(R:,S + W:,S) - 0m<W:,S)| S Umax<R S)

)

S ||R:,S”F

1
< —vm!
5
Combining the above two equations, we have:

Pr (JW(W:,S +R.s) < (z - %) \/W)

7
< 2exp(—§mlog(K)) < 2K T/2,
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For any fixed set of size S = m’, We have the following chain:

TW.
inf [[2” W 5[l (12)
a#0:a71=0 Ha||2
o la’(1mL + W.s+ R. )2
a#0:al'1=0 ||aH2
_ |a"(W. s+ R.s)]l2
(aT1=0) a#0::aT'1=0 HaH2
> Um<R:,S + V~V:,S) ( )
O
Theorem 6. Consider a matrix W with the generative model in Section 2 4 Let m' >

2mlog(eK). For any fized set S of size 2m’ such that Sy = S(\D, |S1| < 2% we have:

laT W 5] (13> V15m!
e Wesi o 22
60/ +/8m

with probability at least 1 — 2K~"™/2 over the randomness in W. Further, rows of W is
VL (W.5)-simplical

Proof. Let Sy = S D¢. Here, [So| > 2m/(1 — ;&) > B > 32 1og(eK). The first result
follows from the following chain:
la"(W.s)ll > [Ja’ [W. 5, W.s,]||2 (15)
2 la" W s,]l2 — [[a” Ws, |2

Yl (W.g) = inf

a#0:aT1=0 ||aH1

(14)

2m/
= m(Ws,) — 16
> (W) =y m g5 (16)
> Jall o (35 - )
(c) ! vém \4 5 /15
v 1om/ 2
> 38 om wp. l———— (17)
4 15/ v8m Km/2

Justifications of the above chain are: (a)- Triangle inequality for the norm |[|-||2. (b)- Definition

of Y (-) and [a"Ws, o < " Ll Ws, |7 < v/m[Silla" 2. (c)- |2 = TRt and applying
Theorem 5 because Sy C D¢ and |Sa| > gizmlog(eK) .
For the second part, let us denote r—* € R'™™ to be a vector satisfying Y ' = —1,
ki

T];i <0Vk#iandr;" = 1. It is easy to easy that:
x> 1. (18)

From the definition for an a-simplical matrix (Definition 9), it is enough to show that for
any ', [[r"Wg|1 > 9,,(W. g). We prove this as follows:

= Wesll > ¢, (Wes) (19)

(lr=*h=1)

O
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A.6.1 Choosing a good S for G(0)

Lemma 4. Let D be the set as defined in Section 2.4. Let a random 2m’-subset S be chosen
out of [K] where m’ = gi%mlog(e[() Then, Pr (|SN D] < 16m) < exp(—c log(eK)) for
constant ¢; > 0 that depends on c.

Proof. Let Xy,... X5, be set of indicator functions such that X; = 1 if the i-th element in
the random subset S chosen uniformly without replacement belongs to D and it is 0 otherwise.
Let Y7,Y5... Y5, be the set of indicator functions such that Y; = 1 (and 0 otherwise) if the
i-th element in the random multi-set S belongs to D where the multiset elements are Chosen
independently and uniformly with replacement. It is clear that E[X;] = E[Y;] = ‘D| = [ >
The moment generating function of the sum of X;’s is dominated by the moment generating
function of the sum of Y;’s. Therefore, all concentration inequalities, based on moment
generating functions, for variables drawn with replacement holds for variables drawn without
replacement [23]. In particular, the following inequality derived from moment generating
functions holds [24] for any ¢ > 0:

Pr <Z Xi>(1+ 5)2m’u)

< Pr (Z X, > 1+ (5)2m’,u>
< exp (802m/p) (1 + &)~ Fo2mn

Let us take § = 1. Therefore, Pr (]S D| > 2m’ ) < (%)_%log(em < ok

— 16m (eK)QJT% log(4/e) *

Proof of Theorem 2. From Theorem 6 and Lemma 4 we have,

Ps (w,ln(Wz,d < (g) %H

< exp(—c; log(eK)) + 2K /2
< 2exp(—c; log(eK)

Ew

Now by Markov’s inequality this implies that,

Pw [(P (@zz,ln(w:,s) < (9) W) > 2exp(— 5 log(eK)) |

60/ 8&m
exp(—cy log(eK)
~ exp(—% log(eK))

< exp(— 5 log(eK)
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This implies the following chain:

Pw

(PS <¢3n<wz,s> > () ‘/185_:;> <1 - 2exp(~ 2 log(eK)) )|

< exp(— 5 log(eK)

= Py [(IP’S (%(W:,S) > (g) \/g) >1- Qexp(—%log(eK))ﬂ

> 1 — exp(— log(ek)

This proves that with probability at least 1 — exp(—% log(eK)) the ¢;-WStRIP condition is
satisfied with the said parameters. O

A.7 Results regarding sub-matrices of A

We assume that A satisfies the random generative model in 2.4. We prove some results
regarding the minimum singular values of sub-matrices corresponding to columns in set S
(|S| = 2m’) which is a mix of random and the deterministic columns. The proofs follow
closely those of W in the previous section.

Theorem 7. Let A follow the random generative model in Section 2.4. Letm' > %mlog(eL).

Fiz any set S of size 2m’ such that Sy = S E, |S1| < QT’"/. Let So = S\ Sy. Then, we have:

om (852 T (1) wp1- 2 (20)

m - [Tm/2"

Proof. Let S, be the set of rows in the random matrix A that corresponds to the rows S5 in
A. Here, A §,.. has sub-gaussian entries with sub-gaussian parameter c(q), since by Lemma 1,
all bounded random variables on support [—1, 1] with zero mean are sub-gaussian and their
sub-gaussian parameter depends on the variance.

Therefore, applying Lemma 3 to the sub-gaussian matrix (|S;| x m) Ag%: with |Sy| >

m' > 22mlog(eL) and setting 6 = 7/16, we have:

pr (maths, ) < v ) < 20 (B0

S 2L—7m/2‘

Now, consider the following matrix: [ (Ng%: + AS},;) Ag, .]. First, note that according

to the model in Section 2.4, rows of Ag, . sum to 1. Therefore, we have the following chain
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for any non zero vector a € R*™:

A 1 .
[INs,. +As, As, Jall: > [Ng, .+ —Ag, als (21)
~ 1A, all
> ||(Ns,.. + As,. ) alla = [ llAcIBlal3
IS
> ||(Ns,., + As,. ) all = [ llAcI]al3
IS

> ||(Ng,, + Ag,,) all: = v/2om'|Jal2

> [|Ag,.alls — INg, alls — v/2pm/[a]|2

. 1.1 1
2 Om <A§2,: —/2m/(1 - 5)5 =/ 257”') ]2
3 1 %
> |22

11
> <§ —— - —) Vm! w.p. 1 —2L7 /2, (22)

1
2m/(1 — §) w.p. 1 —2L7™/2,

Now, we normalize the every row of [NS%: + AgQ’:ASM] to get [Ag, . Ag, .| = AgP where
P is a permutation matrix. Now, every entry gets scaled by at least 1/m since rows sum is
at most m. Therefore, the minimum singular value scales by at least 1/m. Therefore,

\/W(s 1 1)

m

Om (AS) = O0Om (Asp) Z

w.p 1 —2L7™/2

A.7.1 Choosing a good S(i) for a G(i)

Lemma 5. Let E be the set as defined in Section 2.4. Let a random 2m’-subset S be chosen
out of [L] where m" = %2m]log(eL). Then, Pr (]S E| < QTm/) < exp(—camlog(el)) for

21¢
constant co > 0 that depends on c.

Proof. The proof is identical to the proof of Lemma 4. We just choose p = % and 0 = 1.
Therefore we have:
2m’ 1
Pr(|S[ |E| > < : 23
r <| m | = 9 ) — (eL)5121108gé(64/e)m ( )
0
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Proof of Theorem 3. From Theorem 7 and Lemma 5 we have,

P (am(As,:) < \/n? <%)>]

< 3exp(—cymlog(el))

Ea

Now by Markov’s inequality this implies that,

P [(P <o—m<As,> <Y (21—0)) > exp(- Smlog(eL) )|

exp(—cymlog(eL))

<3

exp(—%mlog(eL))

/
<3 exp(—%m log(eL))

This implies the following chain:

Pa [(IP’S (am(As,:) > Vo <%)> <1- exp(—z—émlog(eL))ﬂ

m

/

<3 exp(—%m log(el))

= Pa [(IP’S (O’m<A57;) > \/f (2—10)> >1-— exp(—%/?mlog(eL)))]

/

>1- SeXp(—%mlog(eL))

This proves that with probability at least 1 — exp(—%m log(eL)) the ¢,-WStRIP condition
is satisfied with the said parameters. O

A.8 Noisy NMF in Low dimensions

In this section we enhance the guarantees of the robust Hottopix algorithm from [18| provided
W satisfies £1-WStRIP and the subset S chosen by Algorithm 1 is good as in Section 4.

Lemma 6. Suppose W' satisfies {1-WStRIP with parameter (6, p1, 2m’~) and the subset S of

its columns (|S| = 2m’) satisfies 1,,(Ws.) > p1. Consider a matric X = AW. g + N such
that |[N|| ., < € and A is separable [32]. Under these assumptions Hottopix(X,m, €) returns

W such that,

HW_W"SH <e (24)
00,1
if € < %5_’\). Suppose A = argming.o rowsum(z)=1 Hf{ — ZWH . Then we have,
=Y 0071
- 4
ool < e
00,1 pP1 — €
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Proof. Let W/ = W.g and X = AW, 5. The bound in (6) is immediate from Theorem 2
in [18] as W' is pj-robust simplical by Theorem 6. We first note that,

HX—AW“ gHX—ﬂ]-ﬂw—Awmm+WMV—AWH
00,1 00,1 ’

<|a(w-w)| -+
00,1

<A [W =W e
’ 00,1

00,1

The first inequality follows from the triangle inequality while the last one holds because
|Al1 =1 Thus, the LP to recover A will always output A with,

[x-aw| —[aw - Aw| <se 2
00,1 00,1

We can apply triangle inequality to get,

[(a-2)w]_,

<[Jaw - Aw|_ +[a (w-w)|
0,1 00,1

<aes A [w
00,1

-]
00,1
§&+(HWA—M‘JG (27)

In order to get the desired result we need to lower bound the L.H.S in (27). Note that
rowsum (A — A) = 0. Therefore we have,

[(a-2) w2 |a-4]_,~ 29)

by definition. Combining (28) and (27) we get the required bound. O

A.9 Noisy Recovery of Extreme Points

In this section we assume that A satisfies the fo-WStRIP property with parameter (6/L, ps, m').

Lemma 7. If A satisfies the lo- WStRIP property with parameter (§/L, p2,2m’) then the sets
{S(1),---,S(L+ 1)} with |S(i)| = 2m’ satisfy,

om(As),:) = p2, for allie [l +1]
with probability atleast 1 — § over the randomness in choosing the subsets.
Proof. The proof of this lemma is just an union bound over all the events {am(Ag(i),:) < pg}.
Note that by virtue of /5-WStRIP each of these events is true with probability atmost

5/L. O
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If the conditions of the above lemma are satisfied we will call the corresponding sets good.
Recall the definition of M;(t). We will show that if A(¢) is close to A and the matrices M, (t)
are sufficiently close to their means, then we recover W upto the same accuracy. Let us

Lemma 8. Suppose A satisfies the lo-WStRIP property and {S(1),5(2),---S(l+ 1)} are

good in the sense of Lemma 7. Given that HA(t) — AH <€ and Hl\?[,(t) — M; < e
00,1 00,00
for alli € [l 4+ 1], W(t) recovered by Algorithm 1 satisfies,
- 2 3
Hw(t) — WH < w (29)
00,00 P2

; P2
Zf€1762 S m°

Proof. Let W(t):7(i_1)m:im_1 and W. (;_1)m:m—1 be denoted by VAVZ(t) and W respectively.
Similarly we denote A(t) s@), and Aggy. by Az(t) and A; respectively. Then following
identities hold,

AW, =M,

Az(t)wz(t) = Mz(t> (30)

Note that A; has full-column rank. Let the left-inverse of A; be A}. It is easy to see that,
. m

47l < 2 (31)

From (30) we have,

~

(T+ ALA() — A)) Wilt) = Wi + A (NL(t) — M)
— W) = (T4 AJ(A) —A)) (W, + AL () — M)
— Wi(t) = (1= AJ(Ai() ~ AT+ AT (A1) — A)) (Wi + A (N(t) — M)
We can simplify further to yield,
W, (t) — W; = AX(M;(t) — M) — (Af(Ai(t) — AW, + (Af(Ai(t) - A,))2 WZ)
~ (ArA) - MDA — M) + (A7 (Ad(r) — A)) ATV () - Mz-))
Therefore by triangle inequality we have,

Wi - w,

I LSO AOR S

00,1

+ H (A;‘(Ai(t) CA)W, + (A;‘(Ai(t) . Ai))Q W,-) Hoo,l

~

# (A A0 - ApALEO - M)+ (AAD - A) AL - M) )|

00,1
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Now we will bound each of the terms seperately as follows,

HA;-*(Mi(t) M| <Al (M, (t) — M) .
< me
P2
Similarly we have,
~ N 2
H (AA0 - )W+ (A1(A(0) - 4)) W) ]
00,1

S ||A;<||oo,1 (]‘ + ”A:Hoo,l 61)61 ”W’LHOO,OO
2m€1
P2

Finally the third term can be bounded as,

| (Aithu0 - oL - ) + (Ai(h0 - A)) AT - M) )|
2meq

2 3
< (1Alr) e+ (1A7l0n) e <
Therefore we have,

m(2e; + 3ez)

00,1 P2

HVVi(t) —wi| <

We can repeat the same analysis for all ¢ € [[ 4+ 1] to arrive at the required result. ]

A.10 Putting it together: Online Analysis

In this section we prove Theorem 8, which provides a parameter dependent upper bound
on the regret of Algorithm 1 if W and A satisfy the ¢;-WStRIP and (5-WStRIP. The
regret bound provided here is in the parameter dependent regime, that is we assume a
constant gap between the best arm and the rest for each context. More precisely let
A = ming (u*(s) — MAX) () Usk) be a fixed constant not scaling with L, K or ¢t. This
falls under the purview of the random generative model because we allow for O(K/m)
deterministic rewards for each of the latent context. These conditions are expected to
hold in real world data as each latent contexts are expected to have some unique arms
which are significantly different from the others. In the said regime we reduce the regret
bound of O (LK log(t)) for general contextual bandit to only an O (Lpoly(m,log(K))log(T))
dependence.

Theorem 8. In a contextual bandit setting suppose the reward matriz has the form U = AW
and each contexts s arrives independently with probability S, for all s € [L]. Assume that
L =Q(Klog(K)). If the problem parameters satisfy the following assumptions,

e 8 =min, B, = Q(1/L).
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e W c R™E satisfies £1-WStRIP with parameters (6, py,2m’)
o A € [0,1]E%™ satisfies €o- WSLRIP with parameters (5/L, p2,2m’) and is separable [32].

then with probability atleast 1 — 6, Algorithm 1 with ¢, = min (1,9(2";—,;7")) and y(t) =

max (%, \%) has regret,

O(m + 2m’)log(T)
B
=0 <LM log T)

R(T) < +4(L+ K + 1)m'log(T) + o(1)

AQ

m?log? K
—~0 (LA—flogT)

2
2m/ ((16+A)p2+32m) 15
where 6 > 4 max ( Apros , pl(l—/\)> )

Before we proceed to the proof of our theorem, we need to introduce a few useful lemmas.
The next lemma connects the chance of making an error in the exploit phase with the
estimation errors in the system.

Lemma 9. Suppose at time t, ||F(t) — FH < € (t) and HI\A/IZ(t) - M;
i € [+ 1]. If the following conditions hold, 7

< €(t) for all

[e.o]

. Apps prl =)
€1(t) < min <2m’((16 + A)ps +32m)’ 15 )
Apz
ex(t) < 12m
E(t) =0 )

then k(t) = k*(s;), that is the optimal arm for the context is scheduled in the exploit phase.

Proof. If €(t) < %5_/\), then by Lemma 6 we have,

oA, < e g

~ p1—2mle(t)

Since we have,
mp1
< —
alt) < 2m/ (4py +m)

P2
t) < =
62()_m

it is easy to verify that the conditions of Lemma 8 are satisfied. Therefore we have,

o m 16m/eq (t)
p1— 2m’e(t)

A

W(t) — W(t) + 362(25)) (34)

Hoo,oo - P2
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Therefore we have,

A~

U - Ul = aw - Apwo)

00,00

<Al [W-Wo|  +a-Am|

m 16m’e; (t) > 8m/ey(t)
<2 get) ) 4 —

o (e ) * 5 e
< 8m/ey (t) < 2m> N 3m62(t)

< 1420 gt
p1— 2m’e;(t) P2 P2

W@)H

00,00

Now, under the conditions of the lemma in (32), we have

/
8m’e (t) L+ 2m <
p1 — 2m’e(t)

This further implies that,

o], =

00,00
This guarantees that we select the optimal arm at time-step t. O

The following lemma we prove that each entry of the matrices F(t) and M;(t) for all
i € [l41] are sampled sufficient number of times. Let T;(¢) denote the the number of samples
obtained for the entry F(t),;. Similarly we define N (¢); as the number of sampled for the

~

enrty MZ (t)s] .

Lemma 10. Suppose ¢, = (m-‘,—Bth')G where 3 = min, 8,. Algorithm 1 ensures that,
0 1

and where H, = Y1 | + ~ log(n)

Proof. Let Sy denote the random variable describing the context at time t. Let C; denote
the random variable denoting the the column of G(0) to be sampled provide E(t) = 1 and
H; = 1. Note that,

t
E[T;(t)] > > P(Si=sE(l)=1H =1,C =)
=1
'
> - =0H
_;l :
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Now, a straight forward application of Chernoff-Hoeffding’s inequality yields,

PL(0) < (1= OB [T, < oxp (-G E T (0] )

52
< exp (—gth>

We can set § = 1/2 to get the required result. The same analysis works for N@(t),;. The
corresponding entry is sampled if S; = s4(i). Let C] denote the column of G(7) to be sampled
when E(t) = 1,5; = s4(i) and H; = 0.
t
E[ND(t)y] > Y P(E(t) = 1,8 = s.(i), H = 0,C] = j)
=1
t

22?—0&

=1

The same concentration inequality as before applies.

Lemma 11. Under the conditions of Lemma 10 we have,

R e1(t)? 0log(t) 2Lm/
P (HF(t) — FHOO,OO > el(t)> < 4Lm’ exp (— 12 5 T

Proof. The proof of this lemma is an application of Chernoft’s bound to the samples observed.
Note that E [F(t)] = F. We have,

P (IF(0 - Ful > () <P (P - Pl > a0

_ e ®? olog(®) 1
< 2e 2 2+ W

T,(t) > gm) +P (Tsj(t) < gHt)

where the last inequality if due to lemma 10. Now, we can apply an union bound over all
s € [L] and j € [m]" to obtain the required result. O

Similarly we can bound the errors in estimating M;’s as in the lemma below.

Lemma 12. Under the conditions of Lemma 10 we have,

~ , €o(t)? Olog(t 2(K + 1)m/
P (Uieten {800 M| > )} ) < a0+ e (- 2GR 2E0) 2D

Proof. The proof of this lemma is analogous to that of Lemma 11. We have the following
chain,

P (\Mi(t)sj ~ M| > el(t)) <P (yMi(t)Sj — Miy,| > €(t)

T,(t) > gHt) +P (Tsj(t) < gHt)

_e2(®)? 9log() 1

< 2e ? ? $0/12

We can apply union bound over all the entries of all the [ + 1 matrices to get the result. [J
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Now, we are at a position to prove our main theorem.

Proof of Theorem 8. We have ¢, = % where we set,

l 2
6> 4max (Qm (16 + A)ps + 32m)’ 15 )
Apips p1(1—A)
By virtue of the ¢;-WStRIP property of W, the set S is p;-simplical with probability at
least 1 — 0. Similarly, by Lemma 7 all the sets S(i) are good with probability at least 1 — .

In what follows, we will assume that the above high probability conditions hold. Note that
according to Lemmas 11 and 12 we have,

(r-r]_ > 5) = 4 o)
(om0 3] 5]) ()

As U € [0, 1]*¥ the regret till time T can be bounded as follows,

(35)

~

M, (t) — M;

gz [1{E(t) +ZE [L{E(t) = 0} P (k(t) # k" (s1) (37)

By Lemma 9 we have that,

P (k(t) # k*(s,)) < P (Hﬁ‘(t) _ FHOO’OO > %) +P (uie[m] {“Mi(t) M| > %})
We can combine this with (37) to get,
R(r) < 2t QTZI) 5(T) | 4(L + K + 1)m' log(T) + o(1)
~ O (Lpoly(m, m') log(T))
if we assume that 1/8 = O(L). u

A.11 Lower Bound for a-consistent Policies

In this section we provide a problem dependent lower bound for the contextual bandit problem
with latent contexts. The lower bound is established for a particular class of data-matrix U
and for a-consistent policies. For, any z; € Z we define C(z;) as,

C(zi) ={seS:ayu#0}

Theorem 9. Consider a problem instance (U, A, W) such that 5, = 1/L for all s € S
and |C(z;)| = L/m (assume that m divides L) for all z; € Z. Further, we assume that
C(z) NC(zj) =0, for all z; # z;. Then the regret of any a-consistent policy is lower-bounded
as follows,

R(T) =z (K = 1)mD(U) ((1 — a)(log(T/2m) — log(L/m)) —log(4KC))

for any T > 7, where C, T are universal constants independent of problem parameters and
D(U) is a constant that depends on the entries of U and is independent of L, K and m.
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In order to prove Theorem 9 we introduce an inequality from the hypothesis testing
literature.

Lemma 13 ([37]). Consider two probability measures P and Q, both absolutely continuous
with respect to a given measure. Then for any event A we have:

PA) + Q(A%) > J expl~ min(KL(PI|Q), KL(QI|P)}

Proof of Theorem 9. Note that the conditions in the theorem imply that there are m distinct
latent contexts and there are L/m — 1 copies for each of them. For any z; € Z let us define
T(z) =31, 1{S, € C(z)}. With some abuse of notation we also define k*(z;) as the index
of the optimal arm and A(z;) as the gap between the optimal and second optimal arm for all
contexts in C(z;). By the assumptions in the theorem we have,

T
(] =
Let E; be the event {3- < T(z) < 2L}, Let E¢ = {U,,czEf}. By a simple application of
Chernoff bound we have,

_ 1
P(U.ezEf) < 2me ™" =0 <ﬁ)

Fix a z; € Z and let k be the index of an arm that is not optimal for any of the contexts
that belong to C(z;). Let us create another system with parameter (U’, A, W’) where we
make the entry Wy, = A = % where Upyqp = max; ;, Ug,, while everything else remains
the same including the coefficients of the convex combinations relating the observed contexts
to the latent contexts. Note that this implies that in the second system arm k£ is optimal for
all s € C(z). Let A be the event defined as follows,

T Zi
A= > H{Xt:k}z%
{t:StEC(Zi)}
Now, in the system with parameter U for any s € C(z;) we have,
E| Y 1{X,=k}| <CT(s)

{t:S¢=s}

if T'(s) > 7, since the policy in consideration is a-consistent. Here, 7, C' are universal constants.
By an application of Jensen’s inequality we have,

E| Y 1{X,=k} <ClC(z)]" T ()"
{tZStEC(Zi)}
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Let P{; and Pf, be the distributions corresponding to the chosen arms and rewards obtained
for T' plays for the two instances under a fixed a-consistent policy. Now we can apply
Markov’s inequality to conclude that,

2C|C(z) |
T(Zi)lfa
2(K - 1)CC(z)|
T(Zi)l_a

Py(4) <

Py (A°) < (38)

Now from Lemma 13 we have,
KL (P, PY)
> (1 - a) (log(T (=) — log(L/m)) — log(4KC)

Using standard methods from the bandit literature it can be shown that,
KL (PG.PG) = > Y KL(Ug, A Ey [1{X, = k}]
s€C(z;) {t:St=s}

Let us define the regret incurred during the time-steps where S; € C(z;) as R(T(2;)). We can
follow the same procedure for all the sub-optimal arms which yields the following bound,

R(T(z)>Az) > > > Eg[{X,=k}

k#k*(z;) s€C(z;) {t:St=s}

> (angin e ) (01 ) (7)) tos(2/m)  og(15:C)
Let D(U) = (argminw %) Now, we have
= S ERTC)
(0~ 1 3 (1~ ) (os(T(2)) ~ gl m) ~log(4KC)

Now, using the fact that T'(z;) > 5= given E, we have

=Y E[R(T())]

z€EZ

=Y E[R(T(x))|E]B(E) + E[R(T(x))|EP(E°)

z2EZ

> D(U)(K — 1)m ((1 — «) (log(T/2m) —log(L/m)) — log(4KC)) + o(1)
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