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Abstract
In today’s dynamic and ever-changing world, data uncertainty is inevitable. The most
popular methods for addressing this uncertainty utilize stochastic optimization or robust
optimization (RO). Because garnering a true probability distribution can be fleeting, the
primary focus of this dissertation is in the RO realm, whose implementation utilizes

uncertainty sets to consider uncertainty in data.

We first introduce the notion of robust goal programming (RGP) which utilizes
cardinality-constrained robustness via interval-based uncertainty sets. We offer a new
extension to the foundational structure of RGP by considering different uncertainty sets to
implement. Within this context, we compare interval-based and norm-based uncertainty
sets using cardinality-constrained robustness as well as strict robustness using ellipsoidal
uncertainty sets. The aforementioned methods are demonstrated for a simple instance from
the literature where the results are summarized and conclusions are made regarding the
proposed RGP models when likened to a similar RGP model seen in the literature. Further,
the suitability of each RGP model is offered when a decision maker’s (DM) risk preference
or computing availability are taken into consideration. Inferences are made regarding the
effectiveness of each uncertainty set in the context of solutions that are relatively

unaffected by data uncertainty — that is, robust solutions.

We also investigate several risk elicitation methods in the context of maximizing
expected utility in an attempt to approximate a DM’s risk preference. To this end, the

notion of rigorously eliciting a DM’s risk a priori for RO parameters is offered. More



specifically, three theorems are provided to show that a DM’s risk preference can be
mapped to appropriate RO model parameters, and that a risk-neutral point exists over a
bounded interval.  Using piecewise exponential decay functions derived from
conceptually-motivated differential equation models, we demonstrate how to
mathematically map a DM’s risk preference to RO parameters for each of four different
risk elicitation methods. To that end, we provide a novel mapping methodology that links

the sub-disciplines of risk and RO.

Lastly, we apply an RGP model utilized in concert with the risk mapping
methodology to the United States Transportation Command (USTRANSCOM) rate setting
problem. USTRANSCOM is responsible for the technical direction and supervision of
over $7 billion [1] of annual passenger, cargo, mobility, and personal property movements
in support of the Department of Defense (DoD). Transporting people and material with
both organic and contracted assets, USTRANSCOM supports DoD organizations and
agencies on a reimbursable basis, annually setting and charging rates for air and liner (i.e.,
sea) transport for their customers and reimbursing the transportation providers accordingly.
TCJ8 (Financial Management and Program Analysis), a staff organization within
USTRANSCOM, annually sets air and liner shipping rates specific to each combination of
origin, destination, commodity type, booking terms, and container size for the upcoming
fiscal year (FY). As a government entity, USTRANSCOM seeks to neither make a profit
nor operate at a loss in any given FY, although they do maintain a fiscal buffer known as
the Transportation Working Capital Fund (TWCF) to prevent the possibility of running a
deficit in a given year from incurring a debt. Current rate setting methodologies are

relatively straightforward; TCJ8 adjusts average costs computed from invoices to date in a



current year, and subsequently adjusts the average costs for inflation, overhead expenses
to manage and administer the process, and aggregation of selected origin-destination pairs
by region. This process assumes existing data (i.e., inflation rates, overhead adjustment
rates, invoice costs) to be deterministic, resulting in process inaccuracies that contribute to
unexpected surpluses or deficits each FY. Due to the increasing number of rates being set
and the low density of shipping cost records available for each rate being set,
USTRANSCOM also seek to account for the variance inherent in other parameters, with
the objectives of managing the TWCF balance and preventing large individual changes to
rates from year-to-year. Considering the different goals and inherent parametric variance,
we attempt to improve the USTRANSCOM rate setting process by incorporating a DM’s
risk preference via a priori analysis in concert with RGP techniques, identifying a process

to set robust shipping rates for DoD customers.
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I. Introduction

Robust optimization (RO) is a field in the study of optimization which considers
uncertain data using set theory, and specifically, uncertainty sets. Accounting for
parametric variability in this manner is helpful as a true probability distribution is not
required. RO concepts are first introduced by Soyster [2] when he formulates a linear
program which accounts for data uncertainty via an uncertainty set. Soyster [2] considers
strict robustness, wherein for any realization of uncertain data, the resulting solution will
remain feasible. Considered the most conservative approach, strict robustness is just one
of multiple levels of robustness that are considered when using RO. How to represent the
uncertain data via uncertainty sets is yet another pillar of RO that must be deliberated.
Some uncertainty sets utilize the decision maker’s (DM) views on risk, while others
simply take into account the maximum deviation from a nominal value. In the end, RO is
about compromising between feasibility and optimality. This dissertation research
contemplates various RO models when dealing with data of stochastic or uncertain nature
in an attempt to not only broaden the scope of RO, but to also increase its practicality to
real-world problems, such as the United States Transportation Command

(USTRANSCOM) rate setting problem.

This dissertation outlines the research contributions which address the theoretical
foundation and practical expansion of various RO models. Chapter Il provides a
literature review of pertinent subject areas such as multi-objective optimization (MOO),
uncertainty modeling methods, decision analysis (DA), and rate setting practices.

Chapter I11 considers a relatively new RO model, first presented by Kuchta [3], called



robust goal programming (RGP), wherein we adapt new RGP models with varied levels
of robustness and uncertainty sets. Chapter 1V discusses a variety of ways to elicit a
DM’s risk preference a priori, wherein a mathematical mapping methodology is offered
to account for a DM’s views on risk for various RO parameters. Chapter V serves as a
proof of principle regarding the theoretical contributions of this research as applied the
USTRANSCOM rate setting problem. Finally, Chapter V1 discusses overall conclusions
generated from this dissertation research along with recommendations for future work.
Although Chapters 111, IV, and V are individual journal manuscripts, the overarching
contribution for this research is evident in each one — the extension of RO and its direct

applicability to everyday problems.

More specifically, we examine in Chapter 11 MOO techniques such as a priori, a
posteriori, and no articulation methods. We provide a comparison of uncertainty
modeling methods such as stochastic optimization and RO, wherein we introduce a
variety of robustness levels, as well as different uncertainty sets utilized in practice.
Furthermore, we discuss different RO models witnessed in the literature, as well as an
RGP formulation. We transition from RO to DA wherein we offer expected utility
maximization axioms, utility function measures, and different risk elicitation methods.

Finally, we offer a brief discussion vis-a-vis rate setting methodologies.

In Chapter 111 we examine the RGP construct. Instead of strict, or minimax
robustness, RGP utilizes a less-conservative approach, first presented by Bertsimas and
Sim [4], [5] called cardinality-constrained robustness wherein only a subset of parameters

endure variability. Applying this level of robustness, Kuchta [3] utilizes interval-based



uncertainty sets with goal programming concepts. In our attempt to extend RGP
principles, we offer an RGP model that implements cardinality-constrained robustness,
but instead of interval-based uncertainty sets, we utilize norm-based uncertainty sets via
both the L; and L,-norms. Moreover, we couple the RGP-mindset with strict robustness
and ellipsoidal uncertainty sets in the event a DM is unsure of the amount of parametric
variability present. In the end, we compare our three conceptually-motivated, alternative
RGP formulations to the existing RGP model via a simple test instance presented by

Kuchta [3] when considering a DM’s risk a posteriori.

Chapter 1V’s discussion incorporates RO, but also presents the topic of DA and
risk assessment. We take into account the fact that a posteriori analysis, although useful,
Is sometimes intractable. To build upon this idea, we consider four popular risk
elicitation methods and in particular, the bomb risk elicitation task (BRET), first
presented in Crosetto and Filippin [6]. We propose three proofs that serve as the
theoretical foundation for a mathematical mapping methodology, which enables a DM’s
risk preference in the DA realm to be mapped to an RO risk parameter. We demonstrate
graphically, using all four risk elicitation methods, the sigmoid shape of the mapping
methodology. In order to validate the mapping methodology, we consider the raw data
used by Crosetto and Filippin [6] to refine the BRET’s risk preference categories and
utilize the same test instance used by Kuchta [3]. Applying the RGP model described by
Hanks et al. [7], we demonstrate the usefulness of the proposed mapping methodology

and a priori analysis in terms of robust solutions.



Chapter V provides an in-depth summary of the USTRANSCOM rate setting
problem, considering liner (sea) rates exclusively. We discuss the current rate setting
methodology adopted by TCJ8 (Financial Management and Program Analysis) and the
challenges that result from disaggregation of rates and sparse data. A proposed rate
setting methodology is then discussed wherein an RGP model, and specifically the
cardinality-constrained robustness via L,-norm uncertainty sets [7], is invoked. Thanks
to TCJ8, who provide the liner data, we conduct analysis on FY12-FY16 data wherein we
compare and contrast two inflation-adjusted, weighted average rate setting methods, as
well as the proposed RGP method. We find that the RGP method outperforms both of
the weighted-average models in terms of the TCJ8-specific goals. However, due to the
sparsity in the data and a lack of knowledge of all parameters, we present possible
directions for future research that will assist TCJ8 optimize their process of setting liner

rates for USTRANSCOM.

Finally, Chapter VI provides an overall conclusion to this dissertation research,
with ample discussion regarding recommendations for future research endeavors. A final

summary regarding our research contributions is also offered.

In summary, the contributions of this dissertation research are many. Upon
researching pertinent literature, we introduce three conceptually-motivated, alternative
RGP formulations that account for data uncertainty via either cardinality-constrained or
strict robustness; demonstrate that the existing RGP model is equivalent to one of our
proposed RGP models; and compare the applicability of each RGP model given a DM’s

risk preference. Moreover, we provide a means to mathematically map a DM’s risk



preference to a variety of RO model risk parameters via a mapping methodology and a
priori analysis. Finally, we reveal the effectiveness of utilizing RGP techniques in
unison with our mapping methodology as applied to the USTRANSCOM rate setting

problem.



Il. Literature Review

The topics concerning this literature review are extensive. To begin, multi-objective
optimization (MOQ) methodologies are presented, with an emphasis on goal
programming (GP), along with a brief discussion regarding scaling. Stochastic
optimization (SO) and robust optimization (RO) concepts are then compared and
contrasted, with a much more extensive dialogue pertaining to RO. Decision analysis
(DA) areas are covered, including expected utility theory and risk elicitation methods.

Finally, discoveries in rate setting are discussed.

21 MOO

Multi-objective optimization (MOO), or sometimes referred to as vector optimization,
considers the process of systematically or simultaneously solving a collection of
objective functions [8]. In general, MOO methodologies can be classified as a priori, a
posteriori, or no articulation, all of which consider a DM’s expertise in a different
manner. This sub-section outlines each of these MOO approaches, while providing a

more extensive discussion on GP, as it is of interest to this dissertation research.

2.1.1 A priori methods

A priori methods are considered when a DM can explicitly express their preferences or
goals in terms of relative importance. Often times, these preferences are quantified via
parameters in the form of coefficients, exponents, limits, etc. depending on the a priori
methodology used [8]. There are many a priori methods presented by Marler and Arora

[8], wherein an interested reader is directed. Additionally, an interested reader is referred



to the following references regarding each specific a priori method: the weighted-sum
[9], [10], [11], [12], [13], [14], [15], preemptive or lexicographic [16], [17], [18], [19],
weighted minimax [10], [20], [21], [22], exponential weighted criterion [23], weighted
product [24], bounded objective function or e-constraint [25], [26], [27], [28], [18], [29],

[30], [31], [32], [33], physical programming [34], [35], [36], [37], [38], and finally, GP.

The basic premise of GP dates back to 1955 when Charnes et al. [39] did a study
on executive compensation, where the concept of minimizing deviation d; away from a
goal t; for each objective function F;(x) is first presented. Seminal articles regarding GP
[40], [41], [42] can also be viewed in the literature. The objective of GP is to minimize
total deviation 3., |d;|. However, the absolute value placed on the total deviation can
present computational issues. Consequently, the total deviation can be presented as
positive and negative parts such as d; = d;’ — d; where dj’ =>0,d; =0,and d]*dj‘ =0
[8]. In this context, d]?“and d;” represent overachievement and underachievement for each

jt" objective, respectively. Accordingly, it follows that the most general GP formulation

is outlined in (1)-(6) [8]:

Minimize Zk:(d;“+di‘) 1)
i=1

subject to Fi(x) —d +d; =t;, j=1,2,..,k 2)
Ax=D>b (3)
df,d7 20, j=1,2,...k (4)



dfd= =0, j=1,2,.. .k 5)
xXeEX (6)

Different variations of GP have been presented in the literature that combines GP
with other methodologies. GP has been used in conjunction with assigning relative
weights to each deviational goal, called Archimedean GP or weighted GP [43].
Additionally, Charnes and Cooper [43] introduce the concept of preemptive GP, wherein
the deviational goals are ordered in terms of priority and minimized lexicographically.
Other methods that incorporate GP are multigoal programming [44], goal attainment
methods via a weighted minimax approach [25], and reference GP [45]. More recently,
GP has been implemented using fuzzy logic. Fuzzy logic was developed by Lotfi Zadeh
[46] to account for imprecise data or when a problem is not well defined. The use of
fuzzy logic is a means to make solving more practical problems, wherein data is either
unknown or fluctuates between a continuous or discrete range of values. GP has also

been applied in concert with RO [3], [7].

The applications of GP are diverse. Schniederjans [47] discusses nine functional
areas to which GP is readily applied: accounting, agriculture, economics, engineering,
finance, government, international, management, and marketing. More recent
applications of GP have been witnessed in manure management systems pertaining to
sustainability development [48] as well as problems where a DM’s judgments are

provided as incomplete interval additive reciprocal comparison matrices [49].



2.1.2 A posteriori methods

Unlike a priori methods, a posteriori methods are beneficial when the DM cannot
explicitly state their preferences before analysis begins. A posteriori methods are
sometimes called generate-first-choose-later approaches because an algorithm is used to
generate the Pareto optimal set first, wherein the DM then chooses the option they like
best [50]. An interested reader is referred to [8] for an excellent survey of a posteriori
methods, as well as the following references: physical programming [36], [50], normal

boundary intersection [51], [52], [53], and normal constraint [54], [12].

2.1.3 No articulation of preferences

When a DM cannot accurately define or determine their preferences, whether before or
after analysis, are classified as MOO methods with no articulation of preferences. The
methods having no articulation of preferences presented in this section are generally
relaxations or simplifications of a priori methods previously discussed, wherein Marler
and Arora [8] provide a general overview of each of these methods, along with the
following references: exponential sum methods [55], [18], [56], Nash arbitration and

objective product [57], [58], and Rao’s method [59], [60], [57].

2.2 Uncertainty modeling

This portion of the literature review briefly introduces SO, along with SO application
areas. Then, an in-depth discussion is provided regarding RO models, to include various
levels of robustness and uncertainty sets. Furthermore, arenas in which RO methods

have been applied is offered.



2.2.1 Stochastic optimization

SO is a widely applied optimization method when dealing with problems contaminated
with uncertain data. SO assumes that the uncertainty in data can be accessed via
probability distributions. The concept of SO is complex as it incorporates mathematical
concepts such as nonlinear calculus, abstract optimization, statistical techniques, and
probability theory [61]. The origins of SO can be traced as far back as Dantzig’s original
paper [62] and in more recent book publications [63], [61], [64], and the survey article
[65]. In addition to these well-known sources, Birge [65] presents different
methodologies that use SO algorithms to solve a variety of application areas, as seen in
Figure 1 below. Moreover, SO has also been researched in the form of Markov decision
processes as applied in aircraft path planning, meteorology, traffic reporting, and

dynamic programming [66].

Area Model Type Solution Method
Finance Linear, multistage Nested decomposition
Finance Linear, multistage Simple recourse [134]
Manufacturing capacity Linear, integer Mixed integer [115]
Telecommunications Linear Stochastic decomposition [56)
Fleet assignment Linear, two-stage Generalized network
Vehicle allocation Linear multistage Dynamic network,
approximation
Power generation Linear, multistage, Lagrangian, progressive
integer hedging
Energy planning Nonlinear, Nonlinear nested
multistage decomposition

Figure 1: Stochastic Programming Examples [65]

Application areas in which SO and RO are utilized in unison have been witnessed
in multi-expert decision making [67], scheduling [68], location problems [69], and the

evaluation of queueing networks, auctions, and pricing models [70]. For an extensive list
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of current application areas regarding RO coupled with SO, an interested reader is direct

to the survey article [71].

2.2.2 Why RO?

When a problem is contaminated with uncertain data, it can be difficult to decipher which
uncertainty modeling technique to apply. Ben-Tal et al. [66] discuss how a large amount
of RO approaches consider the notion of minimizing the maximum deviation. When this
is in fact the case, SO is often times regarded as the less conservative method if the
following are true: 1) The uncertain data are of stochastic nature, 2) The true probability
distribution is known and understood, and 3) There is a willingness to accept probabilistic
guarantees by chance constraints [66]. However, Ben-Tal et al. [66] warn that sometimes
even if the data are in fact stochastic in nature, that finding a true probability distribution
is difficult. Because of this, SO is often times “forced to operate on oversimplified
guesses for the actual probability distributions” [66]. Put another way, SO is often
difficult to implement for two reasons: 1) Finding a true probability distribution for
uncertain data is extremely challenging and can be misleading, and 2) As the number of
potential scenarios increase, the SO model becomes combinatorial and computational

intractability [4]. Consequently, we examine RO techniques herein.

2.2.3 Robust optimization

The basic premise regarding RO is the ability to account for data uncertainty, while also
ensuring all solutions are “desirable”. RO techniques were first introduced by Soyster [2]
in 1973 when he presents the concept of minimax robustness via inexact linear

programming (LP) and set theory. Yet, for years after Soyster’s seminal article, data
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uncertainty was mainly dealt with reactively via sensitivity analysis or proactively via
SO. Reactively considering data uncertainty ignores the uncertainty upfront and
addressing it after the fact, which generally does not work well in practice [72].
Similarly, and as previously discussed, finding a true probability distribution is a limiting
factor when utilizing SO. To account for these problems, Mulvey et al. [73] presents a
framework for robust mathematical programming that classify solutions via uncertainty
sets as either solution robust (close to optimal for all scenarios) or model robust (almost
feasible for all scenarios). Finally, in the late 1990’s, the theoretical findings of Soyster’s
method are expounded with the well-known articles [74], [72], [75], [76], and in the book
[66]. It was this literature that also built the framework for less conservative robust

approaches.

The tractability of RO in different problem settings have made it very popular in
the last 15 years. RO concepts have been discussed in large scale systems and applied to
aircraft allocation [73]. Furthermore, robust strategies are presented on how to locate
facilities with uncertain data [77]. Additionally, RO concepts have been applied in
logistics, inventory management, and finance [71]. For an extensive summary of RO

concepts and application areas, see [71], [69], [78].

2.2.3.1 Levels of robustness

There are various levels of robustness in terms of conservatism. These levels of
robustness are presented below, with an emphasis on strict and cardinality-constrained
robustness. Other widely applied levels of robustness are as follows: adjustable [73],

[79], [80], light [81], [82], recoverable [83], and regret or deviation [84], [85], [86]. Fora
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detailed list of all levels of robustness, an interested reader is directed to the survey article

[87].

2.2.3.1.1 Strict

Strict robustness is often times regarded as classic RO, minimax optimization, or simply
RO [87]. Given an uncertain optimization problem, a solution is considered strictly
robust if it is feasible for all scenarios in the uncertainty set [87]. Soyster [2] is the first
to consider such an idea in the realm of LP. Strict robustness is applicable in such
applications as building a bridge that must be stable at all times, independent of the
amount of traffic that occurs at any given time [87]. Although the practicality of strict
robustness is limited by it’s over conservatism, it still serves as the foundation of RO and

the starting point for more conservative RO relaxations.

The strict robustness methodology can best be explained when considering the

below LP model [2]:

Maximize c'x (7)
n
ZA].X'J < b, VA] € K,,] = 1, - (8)
Jj=1
X; >0, Vj (9)

Each uncertainty set K; is considered a convex set. Soyster also assumes in his
formulation that the uncertainty in the A matrix is column-wise, or every column of 4;

belongs to the same uncertainty set K;. Soyster [2] then demonstrates that formulation
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described in (7)-(9) is in fact equivalent to the below formulation, wherein a;; =

SupA]EKJ(Al])

Maximize c'x (10)
n
Z Ajxj < b (12)
j=1
Xj = 0, V] (12)

2.2.3.1.2 Cardinality-constrained

Cardinality constrained robustness achieves a more conservative level of robustness by
simply shrinking the uncertainty set as proposed by Bertsimas and Sim [4], [5]. The
authors claim that it is unlikely for all coefficients of one constraint to change
simultaneously to their worst-case scenario values and instead offer that only a
percentage (T;) of them will change at one time. Thus Bertsimas and Sim [4], [5] restrict
the amount coefficients that are allowed to change at any one time in this robustness
methodology, which is sometimes referred to as I'-robustness [87]. For every

constraint i, there is a corresponding robustness measure I;,i = 0,1, ..., m that take on
values in the interval [0, |J;|], where J; = {jlai]- > 0}. The parameter TI; is used to adjust
robustness in terms of conservatism, whereas J; are the set of coefficients a;;,j € J; that
are vulnerable to parameter uncertainty in the interval [ai]- — 4jj, a;; + 4y ] Bertsimas
and Sim continue by explaining that it is not probable that every a;;,j € J; will change

with each. In the case where each I is not restricted to integer values, up to |I;] of the
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coefficients will change at their maximum allowable deviation and exactly one
coefficient @;; will change by at most(T; — |I;])d;;. When the T; values are integer,
every coefficient that deviates from their nominal value will do so at a maximum
allowable value (e.g.(T; — [I;])@;; = 0). Itis interesting to note that if I; = |J;| then the

solution is equivalent to Soyster’s strict robustness method [4], [5].

Berstimas and Sim continue by defining a non-linear, robust counterpart that can
implement the concepts driving cardinality-constrained robustness. They then use duality
theory and concepts of strong duality to define a linear robust counterpart, wherein p;; is
the penalty associated witheachi =1,..,mandj =1, ..,nand b;, i = 1,...,mis the

right hand side for each penalty constraint [4], [5].

Maximize c'x (13)

subject to z a;jxj +z;I; + Z pij < by, VieM, (14)
J JEJi

z; +pi; = 455x;, Vi,j €], (15)

Ax = b, (16)

xj,d;,d;,pijz; =0, ViEM, jEN (17)

By proving there is in fact a linear, robust counterpart, Bertsimas and Sim
significantly improve the computational tractability of their cardinality-constrained
robustness technique. This technique has been extended to uncertainty sets using norms

[88] and combinatorial optimization problems [89].
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2.2.3.2 Uncertainty sets

Data uncertainty is a reality in almost every real world problem. There are generally two
types of uncertainty: microscopic uncertainty such as numerical or measurement errors
and macroscopic uncertainty such as forecasting errors, disturbances, or change in
environment conditions [87]. For optimization problems that incorporate uncertain data,
the nominal scenario is simply the most typical or likely behavior of the uncertain data.
Computing these scenarios depend entirely on the type of data uncertainty, but can
sometimes be easily determined [87]. Using notation presented by Goerigk and Schébel
[87], optimization problems accounting for uncertainty take the form below, wherein & €
RM signifies different scenarios that can occur, F(+, §),: R®™ - R™ represents the m
constraints for each scenario, (-, §): R® — R characterizes the objective function for

each scenario, and X’ € R" defines the variable space:

Minimize f(x, &) (18)
subject to F(x,§¢) <0, (19)
x€EX (20)

The values represented for each scenario are most often not known and thus
represented as an uncertainty set U € RM, wherein & € U [87]. There are many different
uncertainty sets that can be used when addressing uncertain data. The implementation of
these uncertainty sets are of interest because not all are the same and depending on which
one is used, the level of robustness or optimality can be greatly affected. To that end, this

dissertation research is particularly interested in interval-based, norm-based, and
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ellipsoidal uncertainty sets. Other uncertainty sets include: finite [87], polytopic [87],
[76], [79], [82], [90], as well as constraint-wise [87]. Furthermore, an interested reader is
referred to Bertsimas and Sim [91] on how to construct uncertainty sets and Natarajan et

al. [92] regarding how to build uncertainty sets while considering risk measures.

2.2.3.2.1 Interval-based uncertainty sets

Interval-based uncertainty sets are considered a special case of polytopic uncertainty sets

wherein the polytope is a box U = [é a] X [E_Z 5] X ... X [E_M a] with 2™ extreme

points (&;,&,, ..., &y)E wherein ¢; € [i 5] [87]. Thus, when implementing interval-based

uncertainty sets, the nominal value is bounded above and below by some allowable
deviational amount. Interval-based uncertainty sets are used in conjunction with

cardinality-constrained robustness [4], [5] and various extensions [3], [7], [93].

2.2.3.2.2 Norm-based uncertainty sets

Bertsimas et al. [88] discuss norm-based uncertainty and demonstrate how uncertainty
sets using general norms are equivalent to applying the dual norm. Moreover, the authors
validate that the L,-norm and L.,-norm result in linear optimization problems, whereas
the L,-norm produces a second-order cone problem (SOCP) [88]. The general form for a

norm-based uncertainty set is U = {£ € RM:||€ — || < a} for parameter a > 0, wherein

& € U is the nominal scenario and the robust counterpart is dependent on the problem at

hand [87].
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2.2.3.2.3 Ellipsoidal uncertainty sets

Ellipsoidal uncertainty sets enable the DM to adjust the size of the ellipsoid using the
parameter Q. This allows the DM to trade off between optimality and robustness in the
form of risk assessment. Ellipsoidal uncertainty sets are utilized by Ben-Tal and
Nemirovski [75], [76], as well as El Ghaoui et al. [74], [94]. Further, Ben-Tal and
Nemiroski [72] demonstrate that if an uncertainty set is ellipsoidal then different convex
optimization problems and their robust counterparts are computationally tractable in
polynomial time. Ben-Tal and Nemiroski [75] further present that the robust counterpart

using ellipsoidal uncertainty sets is equivalent to an SOCP. The general form for
- . _ g2
ellipsoidal uncertainty sets is U = { ¢ € RM: f’il( ‘/02> < Q¢ for parameter Q > 0
i

[87].

224 MOO and RO

Up until this point, the discussion of RO has been in the realm of single objective
optimization. MOO coupled with RO is generally a new concept and one whose
theoretical understanding is relatively new. Ide and Schobel [95] conduct a survey article
of MOO and RO techniques and concepts, as well as an extensive summary of
application areas in. Ehrgott et al. [96] provide an in depth survey article regarding
minmax robustness for MOO problems. Kuchta [97] proposes a new robust methodology
for solving MOO problems, which acts as a two-stage process. MOO and RO have been

applied via the multi-expert, multi-criteria robust weighted sum approach, which
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minimizes the worst-case weighted sum of objectives [67]. Moreover, Kuchta [98]

discusses a robust, bicriteria approach to project management.

2.24.1 RGP

A more recent development which utilizes MOO in concert with RO techniques is a
methodology known as RGP [3]. As the name suggests, RGP couples GP techniques
with RO ideals wherein a basic GP model is utilized with cardinality-constrained
robustness and interval-based uncertainty sets. The GP formulation utilized by Kuchta

[3] is depicted in (21)-(25) below:

m

Minimize ZWid;' (21)
i=1
n

subject to 2 aijx; —df +di =t;, Vi€EM, (22)
=1

Ax =D, (23)

x=0, (24)

df,di =0, VieM. (25)

Although Kuchta assumes that each weight w; = 1, the general GP formulation
compensates for different scales pertaining to constraints, preemption, or a hierarchy of
goals. Furthermore, when considering the cardinality-constrained model seen in (13)-

(17) as well as the GP formulation in (21)-(25), the below RGP model is generated.
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m
Minimize z d} (26)

=1
n n
SUijCt to Zaux]+2pu+klzl—dl++dl_ :tl‘, ViEM, (27)
j=1 j=1
zl-+pij20ijxj, VieM, jEN, (28)
Ax = b, (29)
xj,d{*,di_,pij,zizo, ViEM, ]EN (30)

Unlike the RO model Bertsimas and Sim [4], [5] present, instead of using I; as a
measure of robustness, Kuchta uses K = (k;)i{~, wherein k;,i = 1, ..., m is chosen by the
DM and determines how many of the coefficients in the i** constraint can change. Thus,
k; serves as the DM’s source for choosing their level of conservatism. Kuchta [3] labels
this the K-robust method. Another subtle difference is that Bertsimas and Sim do not

assume integer values for I;, whereas Kuchta does for k;.

Regarding practical use, RGP has recently been applied to portfolio selection [93],

supply chain network design [99], and routing problems [100].

2.3 Decision Analysis

More times than not, individuals believe they are good DM’s, or that they make
competent decisions. However, individuals make poor decisions routinely, even after
careful consideration of the outcomes. DA considers the theory and methodology of

making decisions in a formal setting (i.e., DA establishes a discipline for decision making
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norms). As DA has been studied for several years, there are many facets that comprise
the theoretical construct. These theories, along with a variety of utility functions and risk

elicitation methods, will be discussed in this section.

2.3.1 Expected utility theory

There are generally two approaches when considering DA: prescriptive and
descriptive. A prescriptive approach identifies actions as they should be, whereas a
descriptive mindset identifies reality and actions as they actually are.

Evaluating a decision prescriptively often correlates with the precepts of expected
utility theory (EUT), wherein the goal is to maximize expected utility. Bernoulli [101]
first presented the idea of computing utilities for strategic purposes using EUT whereas
von Neumann and Morgenstern [102] identified axioms, which form the conjectural
foundation of EUT. These axioms govern how an individual should act when making
choices involving some sort of risk or uncertainty. If an individual accepts the EUT
axioms to be true, they also believe: (1) it is possible to construct a utility function to
evaluate different outcomes or consequences, and (2) decisions should be made
corresponding to maximizing expected utility [103]. The EUT axioms, sometimes
referred to as the von Neumann and Morgenstern axioms, are briefly discussed in Clemen
and Reilly [103], and more extensively in Mongin [104], wherein an interested reader is
directed.

There has been much scrutiny regarding the EUT axioms’ validity, with
inconsistencies such as loss aversion [103], [105] and the Allais Paradox [106], [103],

[107]. Because of this, many EUT variants have evolved, wherein the most
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predominately used methods are subjective EUT [104], [108], [109], [110], [111] and
prospect theory [112], [104]. For a comprehensive list of EUT variants, see [101], [113]

as well as Figure 2 below.

1. = pix Expected Monetary Value
2. I piv(x;) Bernoullian Expected Utility (1738)
3. Z piu(n) von Neumann-Morgenstern Expected Utility (1947)
4. = flpi)xn Certainty Equivalence Theory (Schneeweiss,
1974; Handa, 1977; de Finetti, 1937)
5. 2 flpi)v(x;) Subjective Expected Utility (Edwards, 1955)
6. 2 f(pi)u(xi) Subjective Expected Utility (Ramsey, 1931;

Savage, 1954; Quiggin, 1980)
7. 2 w(p)x Weighted Monetary Value
8. 2 w(pi)v(x;) Prospect Theory (Kahneman and Tversky, 1979)
9. I w(pi)u(x;) Subjectively Weighted Utility (Uday Karmarkar, 1978)

Note: v(x) denotes an interval scaled utility measure constructed under certainty; u(x) denotes
one constructed via lotteries.

Figure 2: Popular EUT Variants [113]

Even though there are many generalizations of EUT that either use a subset of the
original EUT axioms, or different axioms altogether, the original EUT axioms are still
considered at least as good per Hey and Orme [113]. Although EUT comes with “noise”,
it still outperforms most generalized EUT variants [113]. More specifically, Hey and
Orme [113] conclude:

“...we are tempted to conclude by saying that our study indicates that behavior can

be reasonably well modelled as “EU plus noise”. Perhaps we should now spend

some time on thinking about the noise, rather than about even more alternatives to

EU?”

Furthermore, Crosetto and Filippin [114] conclude that *...when it comes to measuring
risk attitudes, the theoretical framework usually adopted to map the choices in the tasks is

EUT.”
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2.3.2 Utility functions

In DA, decisions are typically made in the context of some sort of monetary gain or loss.
However, a single monetary scale is sometimes misleading or does not provide enough
information to make a decision. Because of this, utility functions are often derived and
applied, especially when a decision involves uncertainty or risk. This section discusses
the exponential and power utility functions, as they are the most widely accepted in
practice. For a more comprehensive list of utility functions, please see [115], [116],

[117], [118].

2.3.2.1 The exponential utility function

The most commonly applied utility function is the exponential utility function, as it has
properties that make it easy to use and understand [119]. One such incentive to using the
exponential utility function is that it follows satisfies the delta property. The delta
property makes an individual’s initial wealth independent of their risk preference. As a
result, if the delta property is applicable over a monetary interval, then an individual’s
utility curve can be categorized using just one parameter (i.e., the risk aversion
coefficient) over the same interval [120]. Being able to generate a utility function that
approximates an individual’s risk preference over some bounded interval saves an
enormous amount of time and makes the risk elicitation process that much simpler.
Moreover, the delta property has simplifying implications on an individual’s buying and
selling prices, as well as on the value of clairvoyance [120].

There are many different forms of the exponential utility function, wherein the

most used form incorporates risk odds (i.e., risk attitude parameter, risk-aversion
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coefficient y, or the risk tolerance p. Table 1 below demonstrates the relationship
between risk odds, risk aversion, and risk tolerance and how they correspond to risk
preference categorization. Of note, a risk-neutral individual has risk odds » = 1, denoted

r(1). When using the exponential utility function, it is common to let r(1) = e?, where

y =In(r(1)) and p = % =— (:(1)) [120].

Table 1: Risk Categories for Different Parameters [120]

Risk Risk Risk

Preferring Neutral Averse
Risk Odds, r r<1 r=1 r>1
Risk Aversion, y v<0 vy=0 vy>0
Risk Tolerance, p p<0 p=ce p>0

When using the risk-aversion coefficient, the general model is denoted in
Equation (31), wherein x denotes payoff (or wealth) and a and b are constants [120]:

u(x) = a + be=® (31)

Another important feature the exponential utility function is that it incorporates a
measure of absolute risk aversion, first presented by Pratt [121] and Arrow [122]. Given
a twice differentiable Bernoulli utility function u(-) generally dealing with monetary total
gains/losses, the Arrow-Pratt measure of absolute risk aversion is defined, wherein c(x)
is some function with respect to wealth x [121], [122]:

_ull(x)
k) = u'(x) (32)
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Using this absolute risk aversion measure, an individual’s risk preference can be
determined given some wealth, or income value x. Yet when this measure of absolute
risk aversion inhibits a person whose risk preference is independent of initial wealth (i.e.,
a deltaperson), the exponential utility function is often implemented as it exhibits

constant absolute risk-aversion (CARA) [121], [122], [119].

2.3.2.2 Power utility function

Similar to the exponential utility function, the power utility function is also well received
among decision theorists due primarily to the fact it can be utilized with the requirement
to assess a single parameter. Furthermore, the power utility, otherwise known as the
isoelastic utility function [115], is also popular due to the Arrow-Pratt measure of
constant relative risk aversion, or CRRA. The Arrow-Pratt measure for CRRA is defined
in Equation (33) below, wherein c(x) is some function with respect to wealth x, and s is
some constant with respect to x [121], [122]:

—xu''(x)

g(x) = xc(x) = W (%) =S (33)

Common forms of the power utility function are u(x) = x", u(x) = x*™7", or
1-r

even u(x) = % as they meet the CRRA definition. These specific power utility

functions are often used in conjunction with many risk elicitation methods.

2.3.3 Risk elicitation methods

Risk and uncertainty are inevitable in decision making. Moreover, accurately assessing a

DM’s risk preference is important to develop individually-tailored DM recommendations.
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Risk elicitation methods generally either incorporate a questionnaire or survey, a lottery,
or both. The lottery method is the most prominent in the literature when estimating risk
preferences wherein many variations are presented. The recent survey articles [123],
[124] offer a well-rounded summary of the different elicitation methods as seen in the
literature and in practice, as well as describing the various lottery formats. Although
Harrison and Rutstrom [125] segregate risk elicitation methods into five different design
types in, the following section aims to consolidate risk elicitation methods into two
general categories: simple and complex. Furthermore, while there are many risk
elicitation procedures, the procedures mentioned below are prevalent in the literature and
the most commonly used in practice, as well as fast and generally easy to implement

[124].

2.3.3.1 Simple designs

Simple elicitation designs are those that are “substantially easier for participants to
understand” [123]. The simple designs of interest in this dissertation research are
outlined below, but the interested reader is referred to [123], [124], [125] as well as the
following list pertaining to: questionnaires [126], [127], [128], [129], the Gneezy and
Potters method [130], [131], and the balloon analogue risk task [132], [133], [134], [135],

[136], [137].

2.3.3.1.1 The bomb risk elicitation task

The bomb risk elicitation task (BRET) is an interactive, choice-based game with a goal of
eliciting risk preferences in a simple fashion. The BRET, first examined by Crosetto and

Filippin [6], presents its subjects with a 10x10 square, wherein each cell represents a box.
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Of the 100 boxes, one box contains an imaginary bomb programmed to explode after the
participant has selected the number of boxes they wish to collect. The BRET is
conducted on a computer (although a static version is also available) and once the
participant selects “Start”, a box is collected for every second up until the participant hits
the “Stop” button. The participant is credited with some constant monetary value after
each box is collected. On the screen, the participant is notified of the amount of boxes
opened, as well as the amount remaining along with a running total of the amount of

money accumulated. The BRET interface can be seen in Figure 3.

Euro: 4.5

Parcels collected 5o far
45

Remaining parcels
55

@ Stop

Figure 3: The BRET Interface After 45 Seconds [6]

At any time during the procedure, the participant can hit “Stop” and in doing so,
the number of boxes collected, g € [0,100] is determined. Likewise, the position of the
bomb, b € [1,100] is confirmed after k is known by drawing a number from 1 — 100
from a hat. Defining q; as the number of boxes collected for participant i, if g; < b then

participant i is allowed to keep the accumulated earnings. But, if g;; > b then participant
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i collected a box containing the bomb and loses all earnings. Knowing the amount of
boxes collected for each participant is the primary factor in predicting risk preference

Crosetto and Filippin [6] assume CRRA while using the utility function u(x) =
x", where r is the coefficient of relative risk aversion and x corresponds to wealth.
Consequently, the risk-neutral individual should choose to collect k* = 50 boxes.
Collecting less than 50 boxes summarizes someone who is risk-averse, whereas
collecting more than 50 boxes signifies risk-seeking behavior. The corresponding BRET
r-values can be viewed in Appendix A.

For a list of reasons to utilize the BRET method, as well as some of its
disadvantages, an interested reader is deferred to [6], [124].

2.3.3.1.2 The Eckel and Grossman method

The Eckel and Grossman method [138] is considered an ordered lottery selection
technique whose primary focus is to easily elicit an assortment of risk preferences in an
attempt to estimate parameters for a utility function [123]. The ordered lottery forces the
individual to make exactly one choice, wherein the probability for each lottery is 50/50.
There has been variation in the actual number of lottery presented, but in general there is
between 5-7 different gambles for the participants to choose from. However, because the
original gamble structure presented in [138] does not differentiate risk-neutral and risk-
seeking behavior, Figure 4 demonstrates an alternative gamble structure of the Eckel and

Grossman method as presented in Dave et al. [139]:
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Choice (50/50 Low High Expected Standard Implied CRRA® Fraction of Subjects
Gamble) Payoff Payoff Return Deviation Range (%)

(Gamble 1 28 28 28 0 346<r 10.7

Gamble 2 24 36 30 6 1.16<r<3.46 11.2

(Gamble 3 20 44 32 12 0.71<r<1.16 39.2

Gamble 4 16 52 34 18 0.50<r<0.71 16.8

Gamble 5 12 60 36 24 0<r<0.50 11.5

(Gamble 6 2 70 36 34 r=0 10.7

*Coefficient of relative risk aversion

Figure 4: Eckel and Grossman Alternate Lottery Structure [139]

Once the ordered lottery is completed and an individual has chosen one specific
lottery, the Eckel and Grossman method estimates a risk parameter using the common
CRRA assumption and the utility function u(x) = x*~", wherein 7 is the coefficient of
relative risk aversion and x corresponds to wealth. Individuals with an » > 0 are
considered risk-averse, whereas those individuals withanr < 0 oran r = 0 are
classified as risk-seeking and risk-neutral, respectively. Once an individual chooses the
lottery (or is indifferent between two lotteries), an interval (or specific) r-value is
determined. The r-value intervals are outlined in Figure 4 above. As a result, the risk-
averse individual should pick lotteries 1-4, whereas the risk-neutral and risk-seeking

individuals should select lotteries 5 and 6, respectively.

An interested reader is directed to [140], [141], [139] for examples of when the

Eckel and Grossman method is applied to practical problems sets.

2.3.3.2 Complex designs

Complex designs can be difficult to understand, hard to implement, and might require

substantial time to administer. Complex designs often ask individuals to answer a series
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of questions to help in eliciting an accurate risk assessment. Such complex designs, often

synonymous with multiple price list methods (MPL), are described in this section.

2.3.3.2.1 Holt and Laury method

The most influential and widely-used MPL method is known as the Holt and Laury
method [142]. The Holt and Laury method ask a participant to choose between two

separate lotteries, ten different times, as presented in Table 2 below:

Table 2: Holt and Laury Method [123]

Option A Option B Option A Option B
1/10 0f $2, 9/10 of $1.60 1/10 of $3.85,9/10 of $0.10
2[10 0f $2, 8/10 of $1.60 2/10 of $3.85, 8/10 of $0.10
310 0f52, 710 of $1.60 310 0f$3.85 7/100f 5010
4/10 of $2, 6/10 of $1.60 4/10 of $3.85, 6/10 of $0.10
510 0f32, 5/10 of $1.60 5/100f$3.85 5/100f 50.10
6/10 0f $2, 4/10 of $1.60 6/10 of $3.85, 4/10 of $0.10
7/10 0f $2, 3/10 of $1.60 7/10 of $3.85, 3/10 of $0.10
8/100f$2,2/10 of $1.60 8/10 0f $3.85, 2[10 0f $0.10
9/10 of $2, 1/10 of $1.60 9/10 of $3.85, 1/10 of $0.10
10/10 of $2, 0/10 of $1.60 10/10 of $3.85, 0/10 of $0.10

Once a decision has been rendered for all ten lotteries, one lottery is chosen at
random and the individual is paid according to the chosen lottery. Since the participants
are told beforehand that a random lottery will be chosen at the end of the procedure, their
risk preferences are represented truthfully [123]. In fact, Azrieli et al. [143] demonstrates
that selecting one lottery at random is the only way to theoretically use the Holt and

Laury method properly.

The payoffs for lotteries A and B remain constant throughout the risk elicitation
process, while the probabilities of the payoffs monotonically increase (decrease) for the
higher payoff (lower payoff), when moving down each lotteries’ respective row. The
payoffs and probabilities for each lottery are constructed in such a way that a reasonable

individual should have exactly one crossover point — the point at which the participant
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changes from lottery A to lottery B. This crossover point is then used as the basis for

measuring the individuals risk preference.

Once a crossover point has been determined, the Holt and Laury method estimates

xl—T

a-ry

risk coefficients using the CRRA assumption and the utility function u(x) =

wherein r is the coefficient of relative risk aversion and x represents wealth. For
example, if an individual chooses to switch over from lottery A to lottery B on the
seventh lottery (ie. they choose lottery A for the first 6 lotteries), then their relative risk
coefficient, r will fall in the interval 0.41 < r < 0.68. The corresponding r values and
risk preference classification can be seen in Table 3 where the “Number of Safe Choices”
column corresponds to the number of times an individual selects lottery A [142].

Individuals with an » > 0 are considered risk-averse, and individuals with an r < 0 or an

r = 0 are classified as risk-seeking and risk-neutral, respectively.
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Table 3: Holt and Laury Relative Risk Aversion Interval Values and Risk Preference Classification [142]

Number Range of
of Relative Risk Aversion Risk Preference
Safe Choices for Ulx) = x""/(1-r) Classification
0-1 r=-0.95 highly risk loving
2 095 < r<-049 very risk loving
3 049 <pr<-0.15 risk loving
4 015 <r=<0.15 risk neutral
5 015 <r=<041 slightly risk averse
6 0.41 =r<=0.68 risk averse
7 0.68 <r=0.97 very risk averse
8 097 <r<1.37 highly risk averse
9-10 137 <r stav in bed

For advantages and disadvantages of using the Holt and Laury method, please
refer to Charness et al. [123] and Crosetto and Filippin [124]. Moreover, for variations of
the Holt and Laury method, an interested reader is directed to [144], [145], [123], [124],

[125].

2.4 Rate Setting

Rate setting is an extremely complex process that takes much time, discussion, and

analysis to conduct. This is also evident in the literature.

Hummels [146] discusses how trade dating all the way back to the Industrial
Revolution has been influenced by more than just declining costs. He shows how air
shipping grew significantly as a direct result of technological advances from 1955 to
2004. Ocean shipping also experienced a technological revolution, but the corresponding

price declines do not coincide with the technological advances. Hummels suggests that
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ocean shipping costs are somewhat driven by fuel and port costs, as well as port
congestion. Hummels concludes by hypothesizing current and future eras of

globalization that affect trade and overall shipping prices.

Shneerson [147] provides an extensive discussion on linear (sea) rates. He
concludes in his work that liner freight rates can be explained via pricing and demand.
Shneerson finds that the most important factors influencing liner rates are the ratio of
volume to weight (stowage factor) and the unit value of the commodities being shipped.
At the time, it was common practice to label cost as the most influential factor when
setting liner rates, but Shneerson shows that the stowage factor instead was the most
influential element. However, Brooks and Button [148] demonstrate in a later study that
stowage factors can sometimes be a misleading variable when determining liner rates.
The authors go on to discuss that the type of customer (such as freight forwarder,
consignee, or shipper) can play a significant role in requirement variation on liner rate
setting. Moreover, Brooks and Button [148] provide a good discussion on how
aggregation of rates can be extremely faulty as the direction of a shipping route directly

influences the shipping rate set.

Forkenbrock [149] discusses the notion of external costs for freight trains. He
compares the external and private, or direct, costs of freight truckload trucking to that of
freight trains. Forkenbrock finds that on a per-ton-mile basis trucking generates up to
three times as much external cost than freight trains, where the external cost relative to

direct cost is much large for freight trains. He concludes that external costs, such as

33



accidents, emissions, and noise, should be considered in the construction of transportation
policy.

Joo et al. [150] discover that the direct costs for shipping are dependent upon the
shipper’s individual contract, whereas the variable costs are remain unchanged,
regardless of the contract. The authors discuss that shippers should be aware of
unpredictable transportation pricing and prepared to negotiate freight rates early on. To
that end, Joo et al. [150] conclude that success in the shipping industry is a direct
consequence of understanding transportation cost structures, while scaling freight rates at

a reasonable price.

Lastly, Skinner et al. [151] provide econometric modeling results which
demonstrates the amount of variability in rate setting can be explained as follows: 75-

80% to distance (e.g., OD pair), 8-10% to geography, and 1-3% to volume.
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1. Robust Goal Programming using Different Robustness Echelons via Norm-

based and Ellipsoidal Uncertainty Sets

3.1 Introduction

Kutcha [3] presents the conceptual framework for robust goal programming (RGP). In this
work, the concept of cardinality-constrained robustness using interval-based uncertainty
sets is considered in the realm of goal programming (GP). The formulation presented
builds upon prior robust optimization (RO) models in the literature. However, this
formulation only considers one type of uncertainty set: interval-based. This paper presents
a variant of Kuchta’s RGP formulation using norm-based uncertainty in an attempt to make
the RGP technique more adaptable to different decision maker (DM) preferences.
Moreover, strict robustness using ellipsoidal uncertainty sets under RGP ideals and

corresponding results are discussed.

3.1.1 Robust and stochastic optimization

In real world application problems, data uncertainty is a guarantee that, if ignored, can lead
to inaccurate results, inefficiencies, or even lives lost. Because of this, garnering robust
solutions to problems having inherent uncertainty in parametric data has been notably
explored over the last two decades. Sensitivity analysis takes into account uncertain data,
but it does so after the fact, or a posteriori. Although worthwhile, sensitivity analysis fails
in comparison to a priori methods that account for uncertain data before developing a

solution, i.e., methods such as stochastic optimization (SO) and RO.
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SO assumes that the uncertainty in data can be accessed via probability
distributions. The concepts of SO can be traced to work by Dantzig [62]. The interested
reader is referred to the survey article by Birge [65] for a thorough review of early SO
developments. One of the largest applications for which SO is utilized is the field of
financial planning and control, wherein financial decision making problems are modeled
as stochastic programs [64]. SO has also recently been used regarding capacity expansion
where the optimal level of investment and timing are determined to meet future demand
[64]. SO has also been applied in the nonlinear programming realm concerning design for
manufacturing quality [64]. Even though SO is widely used, it is often difficult to
implement for two reasons: (1) finding a true probability distribution for uncertain data is
extremely challenging and can be misleading, and (2) as the number of potential scenarios
increase, the SO model becomes combinatorically and computationally intractable [4].
Because of this, RO is a preferred technique and has been at the forefront of the research

effort.

In contrast to SO, RO does not utilize probability distributions. RO instead explains
uncertain data via set theory or uncertainty sets. RO techniques were first introduced by
Soyster [2] when he presented the concept of minimax robustness, otherwise known as
strict robustness, via inexact linear programming (LP) and set theory. It was not until the
late 1990’s, nearly 25 years after Soyster’s seminal article, that an RO theoretical
framework was established with the well-known articles published by Ben-Tal,
Nemirovski, EI Ghaoui, and various authors. More specifically, EI Ghaoui et al. [74]
consider least-square problems whose constraint matrix and right-hand side vector

coefficients are subject to a bounded uncertainty, and they demonstrate how to minimize
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upper bounds on the optimal worst-case scenario. Similarly, EI Ghaoui et al. [94] also
consider data that is bounded above and below by some deterministic perturbation. They
use semidefinite programs, or SDPs, to find robust solutions that minimize the worst-case
objective function value while satisfying all constraints, and they justify the necessary and
sufficient conditions for a unique, robust solution. Soon thereafter, Ben-Tal and
Nemirovski [72] studied convex optimization problems for which the data is subject to an
uncertainty set but constraints must still be met — an optimization problem they call ‘robust
optimization’.  Using ellipsoidal uncertainty sets, Ben-Tal and Nemirovski [72]
demonstrated that the robust convex optimization problem is either exactly or
approximately tractable.  Furthermore, Ben-Tal and Nemirovski [75] provided a
relationship for interval-based and ellipsoidal uncertainty sets and showed that the robust
counterpart to a convex, linear program with ellipsoidal uncertainty yields a conic quadratic
program. Ben-Tal and Nemirovski [76] demonstrated various RO methodologies for 90
different LP instances and reveal robust solutions do not always sacrifice optimality for
feasibility. Bertsimas et al. [88] examined a robust counterpart involving norm-based
uncertainty sets. An extensive summary of these various RO techniques can be seen in the
book by Ben-Tal et al. [66]. The aforementioned RO research expanded the foundation
for strict robustness and introduced opportunities for less conservative robustness

techniques [87], [152].

RO is widely used in practice. It has been utilized in conjunction with combinatorial
optimization to address popular problems such as the minimum spanning tree, the
travelling salesman, and the minimum assignment, to name a few [4]. Moreover, Bertsimas

and Sim [4] described how RO is used in the shortest path problem and application
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problems for logistic planning or telecommunications. Giilpinar et al. [77] demonstrated
how RO can be applied to facility location problems having uncertain demand. Remlil and
Rekik [153] showed how RO can be implemented in the winner determination problem to
govern winning bids in transportation services. A variation of RO, RGP is seen in
Ghahtarani et al. [93] for portfolio selection and financial decision making. The RO
literature is rich and diverse, and we refer the reader to Mulvey et al. [73] for an extensive

survey of RO applications.

3.1.2 Echelons of robustness

There are many echelons of robustness that account for the risk preference of a DM. This
paper focuses on both strict and cardinality-constrained robustness. However, other robust
degrees of conservatism include, light, recoverable, and regret. The interested reader is
directed to Goerigk and Schobel [87] and Bertsimas et al. [152] for a comprehensive

summary of each echelon of robustness.

3.1.2.1 Strict robustness

The highest level of robustness is strict robustness, wherein a DM believes the worst-case
for every scenario will occur — hence the alternative title minimax robustness. The general
concept is to identify an optimal solution that is feasible to a convex set, regardless of the
deviation that might occur due to a bounded amount of uncertainty in the parameters.