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LONG-TERM GOALS 

We plan to develop a comprehensive statistical performance analysis and design algorithms for various 
co-prime array signal processing problems. We will develop methods to analyze co-prime sensing 
systems and to optimally design them. More specifically, we will analyze the sensitivity of co-prime 
sensing and nested sensing to modeling errors, extend nested and co-prime arrays to active radar 
sensing systems, employ multiple co-prime arrays simultaneously, and combine co-prime sensing with 
sparse modeling. We will show that co-prime arrays are capable of identifying large amount of sources 
using only a small collection of sensors under all the aforementioned scenarios. 

OBJECTIVES 

In this five-year project: 

We will compute performance bounds on the number of sources that can be identified by co-prime 
arrays. We will also analyze the achievable estimation accuracy of co-prime arrays by computing 
bounds on estimation variance. We will analyze the sensitivity of estimation performed by co-prime 
arrays to modeling errors such as ambiguity in sensor locations, phase perturbations, noise covariance, 
etc. We will develop novel co-prime array processing methods that employ multiple spatially 
distributed co-prime arrays. We will compute the optimal deployment of multiple moving arrays by 
optimizing the posterior Cramer-Rao bound. We will formulate the problem of estimating parameters 
using co-prime arrays as a sparse signal reconstruction problem. We will extend our statistical data 
analysis of narrowband co-prime arrays to wideband signal models. We will formulate a new 
framework for performing statistical inference from the fusion of multi-modal and multi-sensor data 
obtained by employing co-prime arrays jointly with various other sensing modalities. 

ACCOMPLISHMENTS 

We developed a new method for improved source number detection and direction-of-arrival (DOA) 
estimation using nested arrays and uniform linear arrays (ULAs). We employed the strategy of 
jackknifing to detect the number of sources and estimate DOAs with both nested arrays and ULAs. We 
proved that by making full use of the data, jackknifing guarantees the performance improvement of 
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source number detection and direction of arrival estimation for both nested arrays and uniform linear 
arrays, when the detection or estimation accuracy is greater than or equal to 50%. Our jackknifing 
work will help achieve more accurate detection and estimation performance using limited available 
data [1], [2]. 

We developed a new nested array based DO A estimation technique for wideband sources. We applied 
a nested array based strategy to each frequency obtained by narrowband decomposition for wideband 
signals. We then fused all the individual frequency results to conduct source number detection and 
DOA estimation. Our approach can estimate more wideband sources than the number of sensors [3], 
[4]. 

We developed new DOA estimation and source number detection approaches for nested vector-sensor 
arrays. We employed multilinear algebra and tensors to construct a novel signal model. We extended 
the nested-array strategy with scalar sensors to the case of vector-sensors: (a) we proposed a nested 
vector-sensor array model; (b) we constructed the analytical foundation of the proposed model for 
signal processing; (c) we proposed a novel spatial smoothing algorithm to exploit the increased degrees 
of freedom; (d) we conducted source number detection and DOA estimation based on tensor 
decomposition; (e) we considered the case of both acoustic and electromagnetic vector sensors. Based 
on the constructed signal model for nested vector-sensor arrays, we showed that the number of 
elements in the coarray model was increased to 0(N2) with only N sensors. Our nested vector-sensor 
array model can be used in sonar, electromagnetic, and seismological applications [5], [6], 

We developed several novel sparsity-based methods that can tackle the grid mismatch problem, and 
analyzed their statistical performance. We first designed and implemented a new joint-sparse recovery 
method that accounts for grid mismatches. Our joint sparsity method can be extended to a general case 
where structured mismatches exist in the dictionary of compressed sensing [8]-[10]. We then further 
extended the algorithm to the continuous parameter domain. We proposed to use semidefinite 
programming to solve the resulting optimziation problem. We showed that our algorithm can also 
achieve O(MN) degrees of freedom with only M+N sensors. We demonstrated that our algorithm can 
achieve higher resolution than MUSIC algorithm with spatial smoothing. We derived an analytical 
bound on compressed sensing with dictionary mismatch, and anlayzed the robustness of our algorithm. 
Our methods for grid mismatch problems not only apply to co-prime and nested arrays, they also fit 
wide applications of linear arrays and MIMO radar [11], [12], 

We developed new approaches to calibrate gain and phase error for general non-uniform linear arrays. 
For non-uniform linear arrays with model errors, including nested arrays and co-prime arrays, we 
estimated the gain errors by exploiting a partial Toepliz structure of the covariance matrix. Then, rather 
than estimating the phase errors, we directly estimated the DOAs by solving a sparse total least-squares 
problem. Based on the estimated gain errors, the sparse total least-squares method achieved great 
calibrating performance for both nested arrays and co-prime arrays, improving the estimation 
accurarcy of DOAs efficiently. Our calibrating strategy is the first to consider non-uniform linear 
arrays with model errors. Our proposed sparse total least-squares strategy is a novel method for 
calibrating model errors [13], [14], 

We developed a new method to estimate the DOAs of distributed sources inspired by our research on 
gain error estimation. We constructed a nested array signal model containing the distributed 
parameters, similar to the model error case with only gain errors. To increase the degrees of freedom, 
we proposed a new spatial smoothing strategy by exploiting a priori knowledge of the distributed 
parameters, and analytically proved its effectivenss. Our work about distributed sources can inspire 
further research about using nested arrays for real-world cases [15], [16]. 
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We statistically analyzed the performance of coarray-based DOA estimators. More speeificially, we 
considered two commonly used coarray-based Multiple Signal Classification (MUSIC) estimators, 
namely the Direct Augmentation based MUSIC (DA-MUSIC), and the Spatial Smoothing based 
MUSIC (SS-MUSIC). We first derived the asymptotic (i.e., large number of snapshots) first-order 
statistics of the DOA estimation error for both MUSIC estimators. Based on their first-order statistics, 
we analytically derived a simplified asymptotic Mean-Square Error (MSE) expressions for both 
estimators by exploiting the coarray properties. We showed that both estimators have the same 
asymptotic MSE. This observation implies that given sufficient snapshots, we can replace SS-MUSIC 
with DA-MUSIC to reduce the computational complexity without sacrificing accuracy. In addition, we 
analyzed the asymptotic behavior of the derived MSE in high SNR regions. We concluded that when 
the number of sources is greater than or equal to the number of sensors, the MSE converges to a 
strictly positive value even if SNR goes to infinity. This conclusion analytically explained the 
“saturation” behavior observed in the numerical simulations in prior studies on co-prime arrays. We 
demonstrated that, given sufficient number of snapshots and SNR, our analytical MSE agreed very 
well with the empirical MSE obtained from Monte Carlo simulations. This is the first time such an 
MSE expression has been derived for DA-MUSIC and SS-MUSIC [17], [18], 

We analyzed the Cramer-Rao Bound (CRB) for general non-uniform linear arrays, including co-prime 
and nested arrays. We first observed that the coarray manifold surprisingly appears in the final 
expression of the CRB. We then were able to show that the derived CRB is applicable when the 
number of sources is greater than the number of sensors, and less than or equal to the maximum 
number of identifiable sources. We also analytically showed that, when the number of sources is 
greater than or equal to the number of sensors, the CRB exhibits a different behavior in high SNR 
regions by converging to a strictly positive definite matrix as SNR goes to infinity. This observation 
implies that the similar behavior of the MSE is inherent in the problem, and not due to the algorithms. 
Our results on MSE and CRB have wide applications in resolution analysis and optimal array 
geometry design [17], [18]. 

We developed new DOA estimation algorithms using co-prime and nested arrays in the case of 
missing data. We introduced a signal model where sensor failures occur after taking certain number of 
snapshots. We proposed to first estimate a covariance matrix with enhanced degrees of freedom using 
the Toeplitz parameterization, and then apply the MUSIC algorithm to recover the DOAs. We 
introduced two structured covariance estimators. The first estimator is based on the idea of redundancy 
averaging, whereas the second is an iterative algorithm derived from the corresponding negative log- 
likelihood function. We also derived the CRB for our signal model. We used numerical examples show 
that our method can utilize the information in both complete and incomplete measurements, and 
achieve better estimation accuracy than the traditional method using only complete measurements [19]. 

We statistically analyzed the performance of SS-MUSIC in the presences of sensor location errors. We 
derived a closed-form expression of the asymptotic MSE of SS-MUSIC in the presence of small and 
deterministic sensor location errors. We gave an extension of our results to the stochastic error model, 
and analyzed the Gaussian case. We derived the CRB for joint estimation of DOAs and sensor location 
errors. Our results will benefit future research on the development of robust DOA estimators using 
sparse linear arrays and the optimal design of sparse linear arrays [20]. 

We further analyzed the CRB for general non-uniform linear arrays. We established the connection 
between our CRB and the classical stochastic CRB. By using the fact that co-prime and nested arrays 
consist of two ULAs, we analytically proved that the CRB of such arrays can decrease at a rate of 
0(AT5) as the number of sensors, M, goes to infinity. For comparison, the CRB of an M-sensor ULA 
decreases at a rate of 0(M'3) as M goes to infinity. Our results for the first time analytically 

3 



demonostrate that for a fixed number of sensors, co-prime and nested array can achieve better 
asymptotic DO A estimation performance with enhanced degrees of freedom than ULAs [21]. 
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