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Abstract (Deutsch) 

Je nach Strukturform und Starke der seismischen Vertikalkraft kann ein seismisch isoliertes 
Bauwerk bei einem Erdbeben einer Ruttelbewegung ausgesetzt werden, die auf einer Bauwerkseite 
zum Anheben fuhrt und eine Zugkraft in den Isolator-lagern verursacht. Von den Elastomerlagern 
ist bekannt, dass sie in der Lage sind, eine geringe Zugkraft auszuhalten. Diese Zugfestigkeit ist in 
der Praxis wegen des Kavitationsphanomens, welches auftritt, wenn die Elstomerlager einem 
bestimmten Ma6 an Zugspannung ausgesetzt werden, bisher jedoch nicht ausgenutzt worden. 
Umfangreiche Forschungsarbeiten bezuglich dieses Phanomens an den Elastomerlagern sind selten 
zu finden. Das Ziel dieser Dissertation besteht folglich darin, einen Uberblick iiber die 
Mechanismen des Kavitationsphanomens sowie iiber die Auswirkungen der Kavitation auf die 
Eigenschaften der Elastomerlager zu geben. Zu diesem Zwecke werden unterschiedliche Arten von 
Elastomerlagern numerisch wie auch experimentell analysiert. 
Dariiber hinaus wird ein Versuch untemommen, mittels Zeitverlaufsanalyse und linearer 
Antwortspektrumanalyse inklusive Modeiiberlagerung ein besseres Verstandnis fiir die Anderungen 
in der globalen Reaktion des Bauwerkssystems infolge der uneinheitlichen Vertikalsteifigkeit der 
Elastomerlager zu entwickeln. Diese Simulationsergebnisse deuten darauf bin, dass ein Einsturz des 
Bauwerks auch dann noch abgewendet werden kann, wenn ein UbermaBiges Kippmoment des 
Bauwerks einen Kavitationsschaden an den Elastomerlagern verursacht, solange die Lager nicht 
vollig zerrissen sind. AuBerdem ist erkennbar, dass der Vorteil aus einer Hartung der Lagerungen 
unter Hochdruckbedingungen zu einer Reduzierung dieses Kippmoments fuhrt. Diese Tatsachen 
fiihren nun zu der Idee, dass einige zusatzliche Kompressionsfedern entlang der AuBenkante des 
Bauwerks die oft problematische Zugverankerungskonstruktion ersetzen konnten, um eine 
iibermaBige Ruttelbewegung zu verhindern. Diese zusatzlichen Kompressionsfedern sollten nur 
dann aktiviert werden, wenn ein hohes MaB der Ruttelbewegung auftritt und als Beispiel waren fiir 
solche Federn Elastomerlager geeignet, die auf ihrer Oberseite mit einer Gleitoberflache mit 
geringer Reibung versehen sein kbnnen. 



Abstract (English) 

Depending on the structural form and the strength of the vertical seismic force, a seismically 
isolated structure may experience a rocking motion during earthquake, which leads to the uplifting 
on one side and could cause the tensile force in the isolator bearing. The rubber isolator bearings are 
known to be capable of carrying a little tensile force but their tension capacity has net been utilized 
in practice because of the cavitation phenomenon which occurs when the rubber bearing is 
subjected to a certain degree of tension. Comprehensive research regarding this phenomenon on the 
rubber bearing is rarely found and therefore the aim of this dissertation is to provide an overview of 
the mechanism of cavitation phenomenon as well as the consequence of cavitation on the properties 
of the rubber bearing. For that purpose, different types of elastomeric bearings are analysed 
numerically and experimentally. 
Furthermore an attempt was made to comprehend the change in the global response of the structural 
system due to the varying vertical stiffness of the elastomeric bearing by means of the time history 
analysis and the linear response spectrum analysis with the mode superposition. These simulation 
results indicate that the collapse of the structure may be averted, even if the excessive overturning 
moment of the structure causes the cavitation damage in the elastomeric bearings, unless bearings 
are completely tom. Also the benefit from the hardening of the bearing under high compression is 
noticeable to reduce this overturning moment. This fact leads to the idea that some additional 
compression springs along the outer edge of the structure could replace the often troublesome 
tension anchoring construction in order to prevent the excessive rocking motion. These additional 
compression springs should be activated only when a higher degree of the rocking motion appears 
and as an example for this spring, the elastomeric bearing, perhaps with a low-friction gliding top 
surface, would be suitable. 
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1 Introduction 1 

1 INTRODUCTION 

1.1 History And Development Of Seismic Isolation 

Earthquakes are one of the most catastrophic natural disasters without any doubts. In the history of 
human civilization a number of earthquakes have destroyed cities, and they have taken countless 
lives. Therefore, protecting structures against earthquakes has been an important subject for the 
structural engineers of the countries that are often subjected to damaging earthquakes. Until recently, 
enhancing the earthquake resistance capacity of structures, by building them in a stiff and massive 
manner, was always the dominating countermeasure. In the cities where frequent earthquakes are 
expected, many bridges with gigantic piers and buildings with thick walls can be seen for this 
reason. With this method structures may be prevented from collapsing but not from partial 
destruction or damages, as in the design steel frames may yield or cracks in the concrete structures 
develop. This even expected to happen during a strong seismic action for the energy dissipation 
purpose [1], Furthermore the natural frequency of the structure is increased by stiffening them and 
results in introducing a rapid shaking motion to the structure during an earthquake due to the 
resonance. Those effects can put human lives in jeopardy and high building costs have to be 
accounted for in the increase of structural elements. 
A totally opposite concept, often referred as ‘base isolation’ or ‘seismic isolation’, appeared in the 
end of 19th century. This approach is characterised by decoupling the structure from its foundation 
in lateral movement. According to [2] a British professor of Mining Engineering John Milne built 
an example of an isolated building while he was at the University of Tokyo. He used balls between 
the superstructure and the foundation so that the lateral seismic force is not transferred to the 
structure. This building was seemingly experimented with the simulated seismic force. After some 
modifications decoupling of the building was reportedly successfully achieved. Almost certainly 
referring to this result, in August 1909 J.A. Calantarients, a medical doctor invented another seismic 
isolation concept where sand instead of balls was used in order to accomplish decoupling of the 
structure [2], Some historical buildings that are isolated from the ground by means of a layer of 
sand or steamed rice between the superstructure and the foundation can be found in China and 
Japan [3], although it is not sure if it was intentionally so designed. 
These historical developments had, however, been limited only in the theoretical field and the 
practical application of the seismic isolation building was still delayed for several decades. Tokyo 
Imperial Hotel completed in 1923, claims to be one of the first seismic isolation applications. This 
hotel was built on a soft alluvium ground and by using shallow footings the building was supposed 
to ‘float’ on the ground during earthquakes. Tellingly The Great Kanto earthquake happened in the 
same year that the building was erected and the hotel survived only with minor damages. Next the 
Heinrich Pestalozzi elementary school in Skopje Macedonia was built with elastomeric bearings as 
the first base-isolated building with isolator elastomeric bearings in 1969. For this application the 
elastomeric bearings had no reinforcing steel shims. Therefore the structure sank to a certain degree 
due to lateral bulging of the elastomer, although this structure still proved that elastomeric bearings 
can be an effective isolator. 
Since then elastomeric bearings were further developed and the multilayered, laminated elastomeric 
bearing was invented in 1970s. This bearing consists of rubber layers and steel reinforcement shims 
alternatively. Due to the constraint to the bulging deformation of elastomer by steel shims the 
stiffness of the bearing in the vertical direction is highly enhanced while still possessing the same 
degree of flexibility in the horizontal movements. 
Along with the development of the multilayered elastomeric bearings, the number of the 
applications of seismic isolation started increasing gradually. A major attention to this method was 
finally obtained after both the 1994 Northridge and 1995 Kobe damaging earthquakes which lead 
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Introduction 2 

many structures with the enhanced earthquake resistance capacity into collapse. Only limited 
number of the seismic isolation buildings existed at that time but those structures remained without 
serious damages or sometimes remained almost intact after those severe seismic motions. As a 
consequence the number of application of this technology in more important infrastructures such as 
hospitals, fire brigade buildings and bridges increased exponentially. This was particularly true in 
USA, New Zealand, Italy and Japan. Later the friction pendulum bearing was developed and this 
type of bearing is also gained popularity due to its high load-carrying capacity and high energy 
dissipating ability. 

1.2 Focused Problem 

The range of base-isolation applications covers ordinary houses, middle-height buildings and 
bridges. For the analysis of such structures, either the nonlinear time history method on the basis of 
numerical simulation or the response spectrum method is often employed in practice. The simplified 
single or multi-degree-of-freedom system, to which the structural stiffness and material 
characteristics are provided as inputs, is often sufficient for this purpose. In case of modelling a 
base-isolated building with elastomeric seismic isolator bearings, for instance, the shear stiffness of 
the bearings needs to be integrated to this global structural model at the isolation level as spring, 
(see Fig. 1.) 

Horizontal spring 

Horizontal damper 

Vertical spring 

Vertical damper 

Figure 1: Multi-degree of freedom model with both horizontal and vertical springs [4] 

In general those seismically isolated tall structures are specially designed with enhanced resistance 
against overturning so that tension does not appear in isolator bearings. Nevertheless depending 
upon the profile of the base-isolated structure, the strength of the seismic force anc the distance 
from the active fault, there exists the possibility that the first several structural deformation modes 
(swinging motion) resonate with seismic motion and isolators undergo the tensile force despite the 
application of the seismic isolation. The laminated elastomeric bearing which is mest commonly 
used as a seismic isolator can be designed to carry a little tensile loading unlike other isolator 
bearings such as sliding bearings, although that capacity is generally not utilized due to lack of 
knowledge on the behaviour of rubber bearing in tension. Internal damage, often referred to as 
“cavities” or “voids”, may develop if a rubber material experiences a certain amount of tensile force 
in a high constraint condition and that damage is linked to an immediate softening in the tensile 
stiffness or may deteriorate the expected performance of bearings. Resulting change in the vertical 
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Introduction 3 

stiffness and the vertical damping of elastomeric bearings contributes, in turn, to a change in the 
structural dynamic behaviour. Hence in order to analyse a base-isolated building realistically the 
vertical stiffness along with the horizontal characteristics of the base-isolators should be integrated 
to the global analysis model. Even more accurate representations of the whole system can be 
achieved by using the simplified rubber bearing model introduced in [5], [6], [7] and [8], with 
which the stability limit of the bearings is also considered. Accurate evaluation of all the vertical 
and rotational stiffness as well as the shear stiffness of the seismic isolator bearings are important 
for this purpose and therefore evaluation formulae for the compression and shear stiffness provided 
by design standards such as Eurocode [9] [10], AASHTO [11] and Japanese specifications for 
highway bridges [12] are examined for their applicability by comparing with the existing test results 
and numerical results at first in the following Chapters. Evaluating tensile stiffness of elastomeric 
bearing is only partially possible due to the cavitation-induced softening which is not well defined 
in any design standards. This aspect will be examined, using a survey of existing research regarding 
cavitation phenomenon. 

1.3 Research Goal 

This dissertation aims to provide an overview of the cavitation mechanism of laminated elastomeric 
bearings. Furthermore prediction of cavity nucleation and influence of cavities on the performance 
of laminated elastomeric bearings will be investigated by means of experiments and numerical 
analysis. Finally changes in the dynamic behaviour of structures due to the cavity-induced softening 
is studied and existing regulations from various design standards against tensile force applied to 
elastomeric bearings will be discussed taking those results into consideration. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
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2 Introduction To Seismic Isolation 4 

2 INTRODUCTION TO SEISMIC ISOLATION 

2.1 The Principle of Seismic Isolation 

As described briefly in the previous chapter, the mechanism of seismic isolation can be explained 
by the separation of the superstructure from the foundation or the substructure. The ideal, which is 
complete separation, cannot be achieved since the weight of the superstructure still has to be 
supported by the solid ground. What can be done is to lay a laterally soft or flexible structural layer 
between these super- and substructure so that the seismic force transferred to the superstructure is 
highly reduced. This flexible interlayer is namely comprised of isolator bearings. These bearings 
support :he structure vertically while deforming or displacing (depending upon the type of isolator) 
horizontally with the ground during the earthquake, allowing the superstructure to remain almost in 
place. In the physical point of view the effect of seismic isolation can be interpreted as a shift in the 
natural frequency of the structure. A strong shaking motion is induced by the resonance when the 
natural frequency of the structure lies within the excitation frequency of the seismic ground motion. 
By applying the seismic isolation, the dominant deformation mode of the structure is replaced by 
the deformation or displacement mode of the isolator bearings which is corresponding to a much 
lower natural frequency, hence a longer natural period. The concept is sketched in Fig. 2, where co 
and T are the natural circular frequency and the natural period, respectively and the subscripts ‘s’ 
and ‘b’ denote ’structure’ and ‘base isolation’, respectively. 

a) 1 st deformation mode-fixed base 

Natural circular 
frequency 

cos > cob 

Natural period 

Ts < Tb 

77777 
ase isolation 

Figure 2: Primary deformation mode of the base-fixed and base-isolated structure 

Structures with the natural frequency of 2 to 4 seconds are affected a lesser degree by earthquakes 
as the resonating seismic excitation frequency often ranges between 0.1 to 1.5 seconds unless the 
ground condition is soft as in the case of alluvium-type ground for instance. On such soft ground 
the seismic isolation is not the optimal counter-measure, as it can even induce the risk of resonance 
in a longer natural period. Design acceleration spectra in accordance with the different ground types 
are provided in the design standards, for instance [13], [14], and [15]. The period-shi'ting effect of 
the seismic isolation can be seen in the following acceleration and displacement resoonse spectra 
(see Fig. 3). 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
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2 Introduction To Seismic Isolation 5 

Natural vibration period T„, sec 

Figure 3: Acceleration and displacement spectra example with three different damping degrees [16] 

Figure 3 demonstrates that the elongation of the period due to the seismic isolation can radically 
decrease the acceleration response of the structure. However, at the same time this period shift also 
results in a lager displacement. This displacement increase does not stem from the structural 
deformation as in the building without seismic isolation (shear or bending deformation of each 
storey, for instances) but mostly from the relative displacement between foundation (or the 
substructure such as piers for cases of bridge construction) and the superstructure. Ideally, in the 
application of the seismic isolation system, the whole superstructure moves together without 
deforming. This relative displacement has to be limited considering the displacement capacity of the 
isolator bearings and the available clearance around the structure. 
A certain degree of damping is beneficial to the seismic isolation system to reduce both the peak 
acceleration as well as the displacement, although excessive damping brings a high nonlinearity to 
the structural response and hence the analytical method assuming the linear behaviour of the 
structures such as response spectrum analysis would become inappropriate. For the design purpose, 
the structural damping of 2 to 5 % is generally assumed for structural materials have their own 
energy dissipation mechanism or energy can be dissipated at the connection parts of structural 
members by large deformation due to friction. Often the structural damping is insufficient for the 
seismic isolation system to ensure the safety of the structure. In such situations additional damping 
can be obtained by extra dampers that will be briefly described in the next section. There are also 
some isolator bearings available which are equipped with a certain damping property, such as high 
damping rubber bearings (HDR), lead-plug rubber bearings (LRB) and sliding bearings. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



2 Introduction To Seismic Isolation 6 

2.2 Devices For Seismic Isolation 
2.2.1 Isolator bearings 

There are several types of the isolator bearings but the major specifications cover mainly rubber 
bearings, sliding bearings and sliding pendulum bearings. These three bearings types are in fact 
most commonly used as the seismic isolator. 

Laminated elastomeric bearings 
Laminated elastomeric bearings are most commonly applied seismic isolators due to iheir relatively 
reasonable cost and well-understood mechanical characteristics due their use in bridge bearings. 
Laminated elastomeric bearings can be further categorised into three groups according to its 
damping property, i.e. low damping rubber bearings (LDR), high damping rubber bearings (HDR) 
and lead-plug rubber bearings (LRB). 
The low damping bearings with natural rubber or synthetic rubber material are widely used for the 
seismic isolation all over the world. They consist of alternating layers of rubber pads and steel 
shims and also generally include two steel flanges on the top and bottom of the bearing, which have 
to be anchored to the super- and substructure, respectively. Manufacturing this type of bearing is 
relatively simple. All rubber pads, steel shims and steel flanges are vulcanised together in a mould 
with a certain heat and pressure. LDR bearing has the equivalent damping ratio in tne range of 2- 
10% (less than 6% defined in EN 15129, and 3-7% according to the test results given in the 
Japanese Bridge Bearing Specifications) to the critical value, and thus other additional damping 
devices are usually required. Against horizontal shear loading low damping bearings behave almost 
linear-elastically, possessing excellent position-restoring property. Furthermore the mechanical 
response is not much affected by aging or the loading-rate and history. Natural rubber is, however, 
vulnerable to the ozone, and thus it has to be covered with anti-ozone layer. For that purpose some 
of synthetic rubbers such as chloroprene are applicable alternatives since they are not affected by 
ozone. The low damping polychloroprene bearing produced by the company Maurer AG tested at 
the testing laboratory of the institute of construction engineering, the University of the German 
Armed Forces in Munich (Universitat der Bundeswehr Mtinchen) and its typical hysteresis loops 
are shown in the following Fig. 4. 

400 
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-400 
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Figure 4: Low damping elastomeric bearing with chloroprene material and the typical hysteresis 
loops 

In order to supplement damping without additional dampers the lead-plug elastomeric bearing was 
invented in 1975 in New Zealand [17]. To create lead-plug elastomeric bearings, one or more 
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cylindrical lead bars are inserted in the centre area of the laminated elastomeric bearing, which 
serve as a metal damper, -dissipating energy by a yielding mechanism in a relatively large 
displacement range. They also serve as a stiffener under the other service loading such as wind or 
traffic load in a small displacement range. Figure 5 shows an example of the lead-core elastomeric 
bearing manufactured again by Maurer AG. The hysteresis loops generated by this type o: bearings 
exhibit a mixture of both viscoelastic and bilinear characteristics. 

Figure 5: Lead-plug elastomeric bearing and the typical hysteresis loops [18] 

High damping elastomeric bearings are another method to bring higher damping to the structural 
system without additional dampers. High damping rubber was developed by the Malaysian Rubber 
Producers’ Research Association (MRPRA) of the United Kingdom in 1982 [2] and was applied to 
the seismically isolated building in California in 1984 for the first time [12], A higher damping in 
this type of elastomeric bearing is achieved through the additional reinforcement material and fillers 
such as oil, resins and most importantly carbon black. A wide range of characteristics can be 
arranged by varying the ratio of compounds. The production process is exactly same as that of the 
low damping elastomeric bearings. 
These laminated elastomeric bearings are described in further detail in the next chapter, as they are 
a main focus of this research and hereafter in this thesis they will be simply referred to as 
elastomeric bearings or rubber bearings. 

Sliding bearings 
The sliding isolation system is the classic concept of the seismic isolation as described in the first 
chapter. The currently common material combination for the sliding surface is stainless steel and 
unfilled or filled polytetrafluoroethylene (PTFE or known as the product name Teflon of the 
company DuPont). Seismic energy is dissipated through the friction between these contact surfaces. 
The concept sounds uncomplicated as long as the simple assumption of coulomb friction holds but 
determining the coefficient of friction is more elaborate task in reality. As the test results of MSM 
(Mauer Sliding Material) indicates [19], the sliding property of such polymer materials depends on 
the temperature, the roughness or cleanliness of the surface and, to a certain degree, the velocity of 
the sliding motion. Therefore these influence factors have to be carefully controlled. When the 
sliding bearing is referred to, conventionally its sliding surface is flat and therefore there is no 
restoring force available in the system. This inconvenience can be remedied by using them with 
other type of isolator bearings that provide the enough restoring force to the system. For instance 
the combination of low damping elastomeric bearings and flat sliding bearings is often found, so 
that they can complement what is missing in each system, by the restoring force and the energy 
dissipating property. 
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Vertical Force = 3001,28 kN 

Figure 6: Friction pendulum bearing and its typical hysteresis loops 

300- 

200- 

z 
100- 

o 
^ 0- TO 
C 
o s 
c 
X 

-100- 

-200- 

N] 

-300 

245.79 [k max. she?r force = 

-150 -100 -50 0 50 
Horizontal displacement [mm] 

Figure 7: Uniaxial friction pendulum bearing and its typical hysteresis looos 

In 1987 Zaya et al. [20] introduced the new sliding isolation bearing in which a concave sliding 
surface was employed instead of a flat one in order to supplement the position-restoring property. 
That bearing is called ‘friction pendulum bearing’ and quite a few seismically isolated structures 
with this type of bearing can be already found. The pictures of two types of friction pendulum 
bearings tested at the University of the German Armed Forces in Munich (Universitat der 
Bundeswehr Munchen) are shown in Figs. 6 and 7 with typical hysteresis loops obtained by these 
bearings These bearings are also designed and manufactured by the company Maurer AG. The 
second example of Fig. 7 is the specially designed friction pendulum bearing one of whose lateral 
displacement is restrained especially for the application to seismic isolation bridges where the 
excessive displacement in the transverse direction is often not desired. 
The restoring stiffness is calculated as 

Kh 
R 

(2.1) 

where ft^and R are the weight of the structure and the curvature radius of the si ding surface, 
respectively [2], 
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The natural period of the isolation system with the gravitational acceleration g is then obtained as 
T = 27Ty[R/~g . This indicates that the isolation period can be modified simply by varying the 
curvature of the sliding surface, independent of the structural weight above the isolation layer. 
Figure 8 depicts the principle of the friction pendulum bearing schematically. The force equilibrium 
in the horizontal direction is kept by three force components, namely the friction force, the restoring 
force and the input external forces (service live loading or seismic excitation) as shown in the same 
figure. The inertial force of the horizontal drifting motion of the superstructure has to be :aken into 
account in the equilibrium. The sliding system is not described further in this thesis since this type 
of bearing does not generally possess a tensile resistance, and thus is outside the bounds of the focus 
of this research purpose. 

Weight of thevstmcture 

IT'=mg\ 

Friction force 

Fh Lateral force 

FR=KhJ 

Restoring force 

Figure 8: Principle of the friction pendulum bearing 

2.2.2 Dampers 

As shown in Fig. 3 the increase in damping for the seismic isolation system is beneficial to control 
the drifting displacement of the structure as well as to reduce the duration of the drifting motion of 
the superstructure. For this purpose dampers are installed on the isolation level where the isolator 
bearings are mounted whereas there are cases wherein they are installed between storeys of the 
building in order to reduce the shear deformation because the structural deformation modes can still 
appear in response of the seismically isolated structure. A number of the latter applications can be 
found independent of the seismic isolation in order to mitigate the shaking motion of the building. 
Conventionally the principle of the seismic resistance design has always been to increase the 
stiffness and the ductility of a building. There is, however, a certain limit to increase those 
properties and for that reason some inelastic deformation such as plastic hinges in the frame 
structure is intentionally designed to develop during the strong seismic motion for energy 
dissipation purpose. This inelastic deformation is still a kind of damage and, has to be limited to 
prevent the structure from collapsing. By applying dampers between storeys of a building the 
inelastic energy dissipation demand on the structure can be reduced. This concept has been long 
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known as ‘passive energy dissipation system’ and its implementation started increasing rapidly in 
the mid-1990s along with the seismic isolation implementation [21] [22]. For both systems (seismic 
isolation and passive energy dissipation systems) the commonly employed damping devices include 
viscous fluid dampers, friction dampers, and metallic dampers. Those dampers are briefly described 
referring to [17] and from [21] to [35], 

Viscous fluid dampers 
The viscous fluid dampers were originally invented for military applications and their performance 
was proven in that field [24] [25]. One advantage of the viscous fluid dampers is that they can be 
activated in a small stroke range since they are velocity dependent. 
A viscous fluid damper typically consists of a hollow cylinder filled with fluid and a piston rod with 
one or more piston heads. As an example a viscous fluid damper explained in [25] is shown in 
Fig. 9. The stroke of piston rod moves the piston heads, inducing a flow of fluid through orifices 
either around or through piston heads. This flow causes the pressure difference across the piston 
heads and generates strong resistant force against the relative motion of the cylinder and the piston. 
Friction occurs between fluid particles and the piston head during this process. The seismic energy 
is converted into heat energy by this friction and in turn raises the temperature of the fluid. The 
fluid commonly used for this type of dampers is silicone-based oil but the choice of material 
depends on the required characteristics such as compressibility and viscosity [27]. 

Piston Rod Cylinder Compressible 
Silicone Fluid 

Seal Retainer 

High-strength 
Acetal Resin Seal 

Piston Head 
with Orifices 

Accumulator 
Housing 

Rod Make-up 
Accumulator 

Figure 9: Example of a viscous fluid damper [25] 

The damping force F(t) of viscous fluid dampers can be generally evaluated by the following 
expression [21] [22][26][35], 

F (t) = Cd |u(t)|a<i sgn[u(t)] (2.2) 

where Cd is the damping coefficient, u is the relative displacement across the viscous damper and ad 
is the exponent whose value is determined by the piston head orifice design. sgn[-] is the signum 
function and the overdot indicates the differentiation with respect to time t. 

Equation (2.2) indicates that the viscous fluid damper has velocity-dependence unlike other 
damping devices such as friction or metallic dampers which have displacement-dependence. This 
can be physically interpreted as a nonlinear viscous dashpot. This option is appealing from the 
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design point of view because the velocity is out of phase with the displacement, which means that at 
the maximum displacement the viscous dampers do not add the damping force to the total structural 
elastic forces. This is, however, the ideal condition and in reality there is always a coupling effect to 
a certain degree. The total force to the structural system is indeed increased by the damping force 
[22], Velocity (frequency) dependence of a viscous fluid damper is shown in Fig. 1C with the 
hysteresis loops. 
For the passive energy dissipation system against earthquake, the exponent ad has a value range 
generally from 0.3 to 1.0 [21] [22] [35], The shape of force-displacement curves of a viscous fluid 
damper are ellipsoidal loops and this form approaches to the rectangular shape as the exponent ad 
approaches zero as with the case of the friction dampers, see for instance [22], 
The estimation of the energy dissipation per cycle of steady-state harmonic motion ED, i.e. the area 
of the loop in each cycle, can be calculated by integrating Eq. (2.2) over the displacement as 

F = 4F ii ?Q'd 
peak u peak ^ 

r r\\ + aJ2)^ 
r{2 + aA) 

[21] [23] [26] (2.3) 

where Fpeak is the peak damping force, Upeak is the peak relative displacement across the damper and 
/"is the gamma function. 

In the case of ad=l (linear case) the Eq. (2.3) becomes the classical formula to calculate the area of 
an ellipse, i.e. 

-40 0 
DISPLACEMENT (mm) 

40 

(2.4) 

Figure 10: Typical hysteresis loops of a viscous fluid damper with different oscillation frequencies 
[26] 

Wen-Hsiung and Chopra [35] studied the influence of the nonlinearity of the fluid viscous dampers 
on the seismic response of the single-degree-of-freedom system. Within their analysis the factor ad 
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varied from 0.35 (highly nonlinear) to 1.0 (linear). The same damping ratio and the results showed 
that the nonlinear damper can reduce the seismic responses of the single-degree-of-freedom (SDOF) 
system with equivalent sufficiency as the linear damper. Furthermore the peak camping force 
introduced to the SDOF system becomes smaller as the nonlinearity of the damper increases [35] 
[26], These findings indicate that the use of nonlinear dampers is advantageous in terms of the 
damping force and that the seismic response of the SDOF system with nonlinear dampers can be 
accurately evaluated by the same calculation procedure as in the case of the SDOF system with 
linear dampers. However, it should be noted that a higher nonlinearity of the damper disturbs the 
aforementioned ideal out-of-phase condition and as a result a certain amount of the damping force 
would be transferred to the structure at its maximum response as well. The same effect is observed 
by increasing the number of dampers [22], 
Fluid viscous dampers can offer a relatively constant performance over the wide range of 
temperature but nevertheless temperature rise is still of concern for it can possibly damage the 
damper seals [21], Markis et al. studied the mathematical model of the temperature rise in dampers 
[28] [29], They concluded that the temperature rise is generally proportional to the pressure drop of 
the fluid in front of and behind the piston head. Based on this understanding they recommended that 
a larger piston diameter should be used to reduce the pressure difference when viscous heating is 
concerned. More interestingly temperature rise is also proportional to the velocity of the motion 
when small stroke-amplitude is concerned, whereas for large stroke-amplitude it is independent of 
the velocity. 

Friction dampers 
The friction damper typically consists of steel or other metal plates clipped together with a certain 
amount of force so that the desired friction force is obtained by the relative displacement between 
those plates during the seismic action. One example of the friction damper is shown in Fig. 11. 

Figure 11: Example of the friction damper (Pall friction device) [30] 

In mechanical sense the friction damper is equal to the sliding bearing with a flat surface whose 
friction force is calculated with the assumption of simple Coulomb friction as 

F = juN sgn[ii(t) | (2.5) 
where n is the coefficient of friction and N is the normal force applied to clip metal plates together. 

Hysteresis loops of a friction damper have a rectangular shape as shown in Fig. 12 and the energy 
dissipation per cycle is equal to the area of the hysteresis loops which is in design simply calculated 
as 
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4FpeakUpeak (2.6) 

where Fpeak is the peak damping force and Upeak is the peak relative displacement across the damper. 

The sliding bearings can also be regarded as a friction damper in this sense. Due to the higher 
coefficient of friction in the initial phase of motion (static friction), the friction damper can be 
designed so that the damper will not be activated by the service live loads such as wind or the minor 
seismic motion. Furthermore, high amounts of damping can be achieved by this type of dampers 
and their force-displacement response is seemingly independent of loading frequency, amplitude 
and temperature [33]. Disadvantages of the friction bearing are that 1) performance is sensitive to 
the sliding surface condition, 2) the strongly nonlinear nature of this type of damper may excite 
higher deformation modes and 3) some restoring mechanism has to be provided because otherwise 
there would be residual displacement in the structure. 

-0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 

Figure 12: Typical hysteresis loops of a friction damper [33] 

Metallic dampers 
There are various types of metallic dampers available but the mechanism behind them is the same, 
i.e. energy dissipation is achieved by the plastic deformation of metals. Typically the steel with low- 
yielding strength or lead are the choice of materials for this type of dampers. They are configured to 
yield in bending, shear or axial compression/tension. The lead damper is mostly configured to yield 
in shear because of its low-stiffness. 
The simplest configuration of the metallic damper in bending would be the steel bar damper. Both 
ends of the steel bars are fixed on the superstructure bottom and the foundation surface and as the 
relative motion across the isolation level occurs, those steel bars are bent and will yield when the 
seismic force exceeds a certain amount. Shear type dampers are configured analogously but 
yielding is not caused by bending but shear stress. After plasticization those steel bar dampers 
exhibit a nearly bi-linear hysteretic behaviour analogous to other metallic dampers. Other bending 
type of dampers such as Type-U and Type-T dampers [17] are available. They can be also installed 
between the top of the chevron bracing bars and the floor above. Metallic dampers that yield in 
bending or shear are often mentioned as ‘adding damping and stiffness (ADAS) dampers’. Two 
examples are shown in Fig. 13. 
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Figure 13: Example of the ADAS darrpers-left [31], right [32] 

Axially yielding dampers are configured as diagonal braces. To ensure yielding will occur under 
compressive load as well as tensile load, those dampers are specially designed not to buckle. This is 
achievec by covering the core-steel of the damper with concrete-filled tube. For this reason, they 
are also called buckling-restrained brace (BRB) dampers. They are mostly applied to reduce the 
structural shear deformation but not to reduce the relative displacement across the seismic isolation 
level. 

u(i) 

I-i 

Figure 14: Example of the BRB damper [34] 

In design the energy dissipation per cycle of the metallic damper is calculated by 

ED =4Fy(upeak-uy) (2.7) 

where F„ is the yield strength of the metal, Upeak is the peak displacement and uy is the displacement 
at the force Fy. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



2 Introduction To Seismic Isolation 15 

Steel dampers have a high initial elastic stiffness. Therefore they are not activated under tne service 
loading or the minor seismic action. The ratio of the stiffness of the damper and the stiffness of the 
structure is an important parameter to determine the amount of damping and a higher stiffness of the 
former to the latter promises the higher amount of damping. In practice this ratio of greater than 1 is 
difficult to achieve, hence the realistic target would be the damping of the order of 10 % to 15 %. 
The effect of this ratio to the amount of damping is summarised in [22], Further concern regarding 
the stiffness of damper has to be given for the design since this additional stiffness alters the 
structural response. As indicated above, the yielding dampers require a high stiffness and high yield 
strength in order to exert maximum effectiveness but that results in reducing the structural natural 
period. Another aspect of concern is the problem of fatigue. If the metallic dampers are constantly 
subjected to the dynamic service loads such as wind and traffic load then damages can be caused 
due to fatigue in a given long period of service. If that is the case damaged dampers may not 
achieve the desired function. Finally, a disadvantage regarding the metallic yield dampers (lead is 
exception since recrystallization process can take even at the room air temperature) is that they have 
to be replaced by new ones after they are activated by an earthquake because they may not resist 
stiffly against even relatively small dynamic service loads. 

Recorded Force-Displacement Loops 

2.3 Application Example And Response Data 

Many application examples of the seismic isolation system are summarised in references, for 
instance [2] [3] [17] [36] and [37]. Naturally earthquake-prone countries such as Japan, Republic of 
China, Russian Federation, the United States, Italy, France and New Zealand are leading in the 
number of seismic isolation applications. Japan has by far the most application. The modern seismic 
isolation system started in New Zealand when the Motu Bridge which was equipped w:th sliding 
bearings in the North Island was completed in 1974 [3]. Moreover the stepping isolation concept [2] 
[17] and some seismic isolation devices with lead material were also invented in New Zealand. 
Already in the earlyl970s, Dr. Robinson invented the lead extrusion damper and in 1974 this 
technology was applied in two overbridges in the city of Wellington. In 1975 Robinson also 
invented the lead-rubber bearing [38] [3], For this pioneering country of the modern seismic 
isolation, the number of application seems quite small but it is simply because her population is 
relatively small. As a matter of fact, if normalised by the population, the application number is just 
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next to Japan. The number of seismic isolation applications did not increase as expected in the 
United States despite the fact that quite a few well-informed engineers and researchers had 
cultivated this field in relatively early history of the seismic isolation-development. For instance the 
United States has the first seismic isolation application with high-damping rubber bearings or the 
first seismic isolation project for retrofitting purpose [2] [3] [39], The friction pendulum system 
(FPS) was also invented and applied first in the United States [2] [20], According to [2], the slow 
development in the application number is due to the elaborate design process. Italy is also a country 
whose number of seismic isolated buildings has not increased at the expected rate because of the 
absence of the design regulations and time-consuming, uncertain process to obtain the approval 
from the Ministry of Constructions. The situation in Italy was improved after the proper design 
regulations were introduced and the more seismically isolated buildings and bridges have been 
under construction currently according to [36], Also other countries subjected to the earthquake 
hazard including China, Russia, Turkey, Greece, Portugal, Romania, and Armenia. Many other 
countries in South America will be likely to increase the number of seismically isolated structures 
in the future. Further information on the situation of the seismic isolation in these countries can be 
found in references from [40] to [44], 
In the following tables, the seismic acceleration response of the seismically isolated buildings 
recorded during actual earthquakes are presented to clarify the effectiveness of the seismic isolation 
as well as to show the change in vertical motions. These are of interest in this research work for it 
can be considered as a criterion weather the isolator bearing is subject to tension or not. All data 
shown in the following chapter is exclusively from Japan because it has by far the most application 
examples and very frequent earthquakes. Hence there is more data available, naturally 
For a comparison purpose the seismic response data of non-seismic isolated builcings are also 
presented. In Table 1 an overview of the measured buildings is provided. There, the abbreviations 
of the building type ‘E.R.S.’, ‘D.S.’ and ‘S.I.S.’ represent ‘Enhanced Resistance System’, ‘Damping 
System’ and ‘Seismic Isolation System’, respectively. The first one is the conventional building 
designed to resist against seismic forces with thick walls and large piers. The second one is the 
building with damping devices, namely the passive energy dissipation system. Only the building 
No.4 is this type where the tuned mass dampers are employed to mitigate mainly the wind-induced 
rocking motion. More information of buildings No. 1 to 7 can be found in [45] and No. 8 to 12 in 
[3], Those buildings have been selected because the measurement data in the vertical direction is 
also provided. Further seismic response records on seismic isolated buildings can be found in [46] 
and [47], 

Table 1: Overview of the measured buildings 
Building No. Storeys Height [m] Plan Dimension [m] Aspect ratio Type 

1 3 11.3 15.9x92 0.73/0.12 E.R.S. 
2 4 16.2 19.5x20.3 0.83/0.8 E.R.S. 
3 9 34.4 33x72 1.04/0.48 E.R.S. 
4 4 15 18x94.5 0.83/0.16 E.R.S. 
5 33 145.5 25.6x51.2 5.7/2.8 D.S. 
6 18 84.9 40.4x46 2.10/1.85 S.I.S. 
7 13 38.2 13.6x27.6 2.81 / 1.38 S.I.S 
8 11 56 72x109 0.78/0.51 S.I.S 

9 5 22.2 34.5x34.9 0.64 / 0.64 S.I.S 
10 9 35 25x50 1.4/0.7 S.I.S 
11 3 10.9 40.6x41.4 0.27/0.26 S.I.S 
12 6 30 85.6x110 0.35/0.27 S.I.S 
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Measured seismic acceleration responses of the conventional structure (E.R.) are summarised from 
Table 2 to Table 5. The symbols uhi, uh2 and uv represent the maximum acceleration responses in 
the horizontal transversal direction (shorter side), the horizontal longitudinal direction (longer side) 
and the vertical direction, respectively. Note that in Japan ‘IF’ denotes the ground flcor. Those 
measurements were obtained during the earthquake near Miyagi prefecture in 2005. A magnitude of 
7.2 on the moment magnitude scale was measured at the epicentre. 

Table 2: Measured maximum acceleration response of the building No.l 
Floor iihl [cm/s2] uh2 [cm/s2] uv [cm/s2] 

3F 584.9 (2.6) 318.6 (2.0) 289.5 (1.2) 
1 IF 221 (1.0) 156.9(1.0) 250.5 (1.0) 

Table 3: Measured maximum acceleration response of the building No.2 
Floor 

2 
iihi [cm/s ] 

y = 
uh2 [cm/s ] 

— y 
iiv [cm/s ] 

4F 271.3 (1.5) 328 (1.4) 164(1.1) 
IF 183.3 (1.0) 228 (1.0) 147.8 (1.0) 

Table 4: Measured maximum acceleration response of the building No.3 
Floor -2- iihi [cm/s ] uh2 [cm/s2] iiv [cm/s2] 

9F 329 (3.8) 287 (3.5) 133(2.3) I 
IF 87 (1.0) 81 (1.0) 57(1.0) 

Table 5: Measured maximum acceleration response of the building No.4 
Floor -2- iihi [cm/s ] uh2 [cm/s2] iiv [cm/s2] 

4F 338 (1.8) 299 (2.3) 90(1.4) 
IF 192(1.0) 132(1.0) 65 (1.0) 

As can be observed from this data, the acceleration in all directions increased towards the top of the 
buildings. By enhancing the structural stiffness the natural frequency of the building often remains 
within a resonance range of the seismic excitation frequency. Therefore these results are Typical for 
this type of building. In parenthesis the normalised ratio of the response acceleration to the ground 
acceleration is provided in order to compare the magnitude of the increase. From these values it can 
be seen that the increase in the vertical acceleration is less than horizontal ones and the degrees of 
the increase in the horizontal accelerations is similar. The vertical stiffness in general is very high in 
order to support the self-weight of the structure and hence the structural natural frequency in the 
vertical direction lies mostly a little higher than the resonance range of the seismic excitation. Any 
kind of damage in the structural elements may result in a reduction of the vertical stiffness which in 
turn brings the vertical natural frequency of the structure closer to this range. However such a 
consideration is generally of no importance since serious damages are caused not by the vertical 
motion but mostly by the horizontal shear or bending deformation. 

Table 6: Measured maximum acceleration response of the building No.5 
Floor 

y 
iihi [cm/s ] iih2 [cm/s2] 

y 
iiv [cm/s ] 

32F 190.7 (1.8) 139.3 (2.3) 146.1 (2.6) 
19F 162.1 (1.5) 104.4(1.7) 109.1 (2.0) 
5F 150.6 (1.4) 101 (1.6) 91.1 (1.6) 

B3F 100.1 (1.0) 61.8 (1.0) 53.8(1.0) 
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The maximum acceleration responses of the buildings with tuned mass dampers are summarised in 
Table 6. This damping device consists of the tuned mass and the spring elements, which is designed 
to have a natural frequency very close to the one of the first structural deformation mode so that this 
tuned mass reacts against the external forces such as wind-or earthquake-induced forces instead of 
the structure. Two these TMDs are installed at the top of the building. It is difficult to evaluate the 
damping effect because no comparison can be made. However, it should be noted that for this 
building, the increase in the vertical maximum acceleration response is higher than the horizontal 
one. Only the horizontal displacement is mitigated by the TMDs and therefore the horizontal 
maximum responses were probably reduced and the vertical one remained almost unchanged. It 
could also be either that the vertical natural frequency of the structure is coincidentally nearer to the 
one of the seismic excitation or that the tuned mass has a negative effect in the vertical motion. 
Nevertheless it would still be harmless considering the fact that the seismic excitation is generally 
much lower in the vertical direction than in the horizontal ones, and that the vertical stiffness is 
quite high. 
The maximum acceleration responses of the seismically isolated buildings are summarised in table 
7 to 13. Those buildings are located in several cities and the measurements were carried out during 
different earthquakes. 

Table 7: Measured maximum acceleration response of the building No,6 
Floor iihi [cm/s2] 

2 
iihi [cm/s ] 

2 
uv [cm/s ] 

18F 121.9(0.9) 85.5 (0.9) 161 (2.7) 
10F 116.2(0.8) 87.5 (0.9) 111.5 (1.9) 
IF 121.4 (0.9) 59.2 (0.6) 58.3 (1.0) 

B1F 139.1 (1.0) 94.5 (1.0) 59.4(1.0) 

Table 8: Measured maximum acceleration response of the building No.7 
Floor iihi [cm/s2] uh2 [cm/s2] uv [cm/s2] 

13F 82 (0.4) 117 (0.4) -(-) 
IF 76 (0.3) 99 (0.4) 278.5 (1.4) 

B1F 220(1.0) 274(1.0) 197 (1.0) 

Table 9: Measured maximum acceleration response of the building No.8 
Floor iihi [cm/s2] iih2 [cm/s2] uv [cm/s2] 

1 IF 112.1 (0.6) 93.7 (0.5) 446.5 (3.5) 
5F 94.8 (0.5) 61.3 (0.3) 172.2(1.4) 
IF 81.8 (0.4) 47.7 (0.3) 132.3 (1.1) 

B1F 84.9 (0.4) 45.1 (0.3) 153.7 (1.2) 
Foundation 195.2(1.0) 175.4(1.0) 125.9 (1.0) 

Table 10: Measured maximum acceleration response of the milding No.9 
Floor iihi [cm/s2] uh2 [cm/s ] iiv [cm/s2] 

IF 198 (0.3) 205.2 (0.3) 749.4(1.5) 
Foundation 740.4(1.0) 807.7 (1.0) 487.2(1.0) 
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Table 11: Measured maximum acceleration response of the building No. 10 
Floor Uhi [cm/s2] iih2 [cm/s2] iiv [cm/s2] 

9F 120.6 (0.6) 93.8 (0.6) 183.6 (2.4) 
IF 80.6 (0.4) 70.3 (0.5) 85.1 (1.1) 

B1F 192.4(1.0) 154.1 (1.0) 76.4(1.0) 

Table 12: Measured maximum acceleration response of the building No.l 1 
Floor Uhi [cm/s2] uh2 [cm/s2] -2- iiv [cm/s ] 

IF 155 (0.7) 123 (0.9) 145 (1.5) 
Foundation 212(1.0) 142(1.0) 100(1.0) 

Table 13: Measured maximum acceleration response of the building No. 12 
Floor 

2 
iihi [cm/s ] 

2 
uh2 [cm/s ] -2- uv [cm/s ] 

6F 74.6 (0.3) 102.6 (0.3) 377.3 (1.8) 
IF 57.4 (0.2) 105.6 (0.4) 193.4 (0.9) 

Foundation 262.9 (1.0) 299.9(1.0) 213.2(1.0) 

The effectiveness of the seismic isolation in the horizontal responses is obvious but in the vertical 
direction the maximum response tends to increase because the seismic isolation is again concerned 
only with the horizontal directions. It is not clear if this increase was magnified due to the vertical 
stiffness of elastomeric isolation bearings. In some of those reports it is mentioned that no tension in 
bearings should have been caused because the measured maximum vertical acceleration values on 
the isolation layer (generally IF) are still less than the gravitational acceleration. This statement is 
not entirely true since uplift is caused not only by the simple up-and-down motion but also by 
rocking motion and excessive horizontal drifting motion. The measurement data here show that all 
response accelerations are very low and indeed there would have been no uplift to the degree that 
the isolator bearings had to carry the tensile force. This raises questions regarding which factors 
increase the danger of uplifting and how the seismically isolated building responds when the 
isolator rubber bearings undergoes tensile forces. This topic is studied for instances in [6] [7] and is 
also discussed briefly in Chapter 7. 
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3 ELASTOMERIC BEARING 

3.1 Rubber Material 

3.1.1 Natural rubber 

The rubber material which is most commonly used for the seismic isolator bearing is natural rubber 
vulcanisate. It is used because of its flexibility, high tensile strength and durability against cold 
environments. The usage of natural rubber has a long history, although the word “rubber” was 
coined only in late 1700s by an English chemist because in those days it was nothing useful except 
rubbing off pencil marks on paper [48] [49], The recorded history of the usage of the rubber 
material goes back to 6th century in the Aztec empire, where rubber was used mainly as a form of 
currency. Before the twelfth century the latex from the ule tree was already known to the Mayan 
civilization in Central and South America where people call it as “caoutchouc” -meaning ‘weeping 
wood’. The Maya utilized this material to coat fabric for water-proofing purposes. There was also 
ritual ball game called tlachtli [49], whose origin can be traced even back to between 1000 and 700 
B.C., among the Mayan or other Mesoamerican folks. Since a rubber ball has been used in this 
game for centuries, it is assumed that rubber material was known to them already at that time [50], 
Natural rubber is in chemical terms cis-1,4 polyisoprene (see Fig. 16), which can be collected from 
about 2000 different trees. However only a dozen tree types can generate enough polyisoprene to be 
beneficial, and today the Hevea brasiliensis produces by far the most amount of natural rubber. The 
sap of Hevea brasiliensis can be obtained by tapping its bark. Besides natural rubber the freshly 
tapped latex also contains water, sugar, resin and protein. Even after purification, natural rubber is 
not much of use as it is in the form of highly viscous liquid. In 1839 Charles Goodyear discovered 
that the material becomes a viscoelastic solid when natural rubber is mixed with sulphur and the 
two material are heated together. This process is known as ‘vulcanization’, and the solid material as 
natural rubber ‘vulcanisate’. Later in 1845 Thomas Hancock and Robert William Thomson 
separately developed the fully solid tire and the pneumatic tire of natural rubbe- vulcanisate, 
respectively [50], Demand for the rubber tire rose rapidly along with the automotive industry [50] 
and soon it was clear that natural rubber production which depended only on the wild :rees in South 
America would not meet the ever increasing demand. Plantations were, therefore, initiated in some 
of South Asian and African countries. This provides an explanation as to why countries such as 
Thailand, Indonesia and Malaysia are leading in the natural rubber production today. Further 
information regarding natural rubber can be found in [48] and [50], 

cis-1,4 polyisoprene 

Figure 16: Chemical structure of natural rubber [48] 
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3.1.2 Chloroprene (Neoprene) 

As rubber applications spread to a wider range and became essential to society, the necessity of 
developing synthetic rubber arose. This was in order to make sure that the rubber products could 
still be produced during international conflicts independent of natural material supplies coming only 
from countries in tropical climates such as Africa, South Asia or Central America. Various types of 
synthetic rubber are available today, but besides natural rubber only chloroprene seems :o be used 
exclusively for the elastomeric bearings. This is due to its advantageous properties, fcr instance 
superior resistance against ozone, oil and fire. Chloroprene was developed by A.M. Collins in 1930 
in the course of research work initiated by the company DuPont regarding the production of 
butadiene by dimerising acetylene. Therefore chloroprene is known as its trade product name 
“Neoprene”. Chloroprene has five different configurations in the molecular chain as shown in 
Fig. 17 and they co-exist with different proportions. The most dominant configuration is trans 1,4- 
unit (I). The ratio of them varies with the polymerisation temperature, see more detail in [50]. 
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Figure 17: Chemical structure of polychloroprene [50] 

3.1.3 Compound 

Rubber is polymer material which possesses long molecule chains (typically 10,000 to 50,000 
main-chain atoms) [49]. For practical use, these polymer chains have to be cross-linked into a three- 
dimensional network, by which the relative movement between chain molecules is limned and by 
that considerable stress can be supported by this material. In other words, it is a transformation 
process from highly viscous liquid into viscoelastic solid - the same process that Charles Goodyear 
discovered. This cross-linking process is often referred to as “vulcanization” or “curing” and the 
materials that facilitate cross-linking of the molecule chains are called curatives. For natural rubber 
the curative material is, as explained already, sulphur and for chloroprene metal oxides can also be 
used [51], The degree of cross-linking has to be limited, typically with one crosslink site of every 
100 to 1,000 main-chain atoms on average as overly frequent crosslinking prevents each chain 
molecule from stretching and as a result the material becomes rather inextensible and brittle. 
Limiting the degree of crosslink is, however, not simple as long rubber molecules tend to entangle 
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and create temporary physical cross-links additionally. This can be improved by diluting the 
material by adding so-called plasticizers such as petroleum-based oil so that the spacing between 
molecules is widened to reduce their entanglement. The plasticizers also have a function which 
reduces the viscosity of the uncured compound so that mixing or extruding processes can be 
accelerated. 
There are some other ingredients which are necessary to improve properties of rubber. Among 
others, reinforcing agents, most commonly carbon black and silica, are of great importance. They 
enhance several rubber properties including tensile and shear strength. Many of elastomeric 
materials are in fact of no practical use without reinforcing agents. They also improve processability 
and hence contribute to reducing manufacturing cost. 
Filler materials, typically clays, calcium carbonate and titanium dioxide are also often added in 
order to reduce cost and increase hardness. Improvement in properties is indeed possible but not as 
significant as the effect that reinforcing agents can achieve. 
Other essential ingredients, (although their proportion to the compound is very small), are anti- 
degradants against ageing, i.e. oxygen and ozone attack. Exemplary compounds of the natural 
rubber vulcanisate and polychloroprene vulcanisate for general-purpose engineering use are shown 
in Tables 14 and 16. The physical properties of a typical natural rubber vulcanisate and chloroprene 
rubber vulcanisate are summarised in Tables 15 and 17, respectively. 

Table 14: Carbon black-filled natural rubber formulation for general-purpose engineering use (table 
reproduced from [51])__ _ 

Ingredient 
- ~| 

Amount (phr*) 

Natural rubber 100 
Process oil 5 
Stearic acid 2 
Zinc oxide 5 
N-550 carbon black 25, 50, 75 
Phenylamine antioxidant 1.5 
Sulphur 2.5 
Cure accelerator: benzothiazyl disulfide 1 

| Cure accelerator: tetramethy thiuram disulfide 0.1 
* Parts by weight per 100 parts by weight of rubber 
Cure: 20 minutes at 150°C 

N550 carbon black (phr) 
25 50 75 

Shore A Hardness 51 62 72 
300% Modulus (MPa) 7 9 11 
Tensile Strength (MPa) 22 24 25 
Breaking Elongation (%) 700 600 550 
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Table 16: Polychloroprene formulation for general-purpose engineering use (table reproduced from 
[51]) 

| Ingredient Amount (phr) 
Polychloroprene 100 
Process aid 5 
N-550 carbon black 25, 50, 75 
Stearic acid 2 
Zinc oxide 5 
Magnesium oxide 4 
Antioxidant: octylated diphenylamine 2 

| Cure accelerator: activated thiadazine 1 
Cure: 20 minutes at 150°C 

N550 carbon black (phr) 
25 50 75 

Shore A Hardness 53 64 78 
300% Modulus (MPa) 9 11 14 
Tensile Strength (MPa) 20 21 24 
Breaking Elongation (%) 400 350 300 

3.1.4 Dynamic properties 

For rubber materials it is often difficult to define characteristic values such as shear modulus 
because of their viscosity and other time-dependent nature. As provided previously, the material 
properties can only be defined with some specific criteria and otherwise those values vary. This 
may depend, for instance, on the loading velocity, the loading history and the range of strain. In this 
section each of those specific properties is briefly explained. 

Dynamic shear modulus and Payne effect 
Due to its viscoelastic and entropic nature, rubber materials possess a varying shear modulus 
depending upon the loading speed as well as the strain level. Generally the dynamic shear modulus 
can be divided into two components, i.e. the storage (in-phase, elastic) and the loss (out-of-phase, 
viscous) shear moduli, G’ and G”. The dynamic shear modulus Gdyn consists of these two moduli 
and can be expressed as 

Gdyn =G'+iG"[52] (3.1) 
where i is the imaginary number defined as i2=-l. 

Payne [52] [53] experimented on the dynamic shear modulus of rubber vulcanisates and discovered 
that both the storage and the loss moduli of filled butyl vulcanisates change rapidly within a 
relatively small strain range as shown in Figures 18 and 19. In these figures the different lines 
correspond to the different amount of the high abrasion furnace (HAF) carbon black filler in rubber 
vulcanisates, which are 9.2, 16.8, 20.2, 23.2 and 28.8 % to the rubber volume [52]. First from 
Fig. 18 it can be observed that the initial value of the storage modulus G’ is the highest. The 
modulus decreases with increasing strain and appears to approach a limit value at sufficiently large 
strain. The initial and the limit values of the storage modulus and the degree of change between 
these two values clearly have some correlation with the concentration of the carbon black filler. 
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Figure 18: Change in the storage modulus along with strain amplitude [52] 

Figure 19: Change in the loss modulus along with strain amplitude [52] 
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As for the loss modulus G”, the maximum value is found where the highest inclination of the 
storage modulus appears. Analogous to the storage modulus, the maximum value and the degree of 
change in the loss modulus are related to the amount of the carbon black filler. Note in particular 
that the modulus approaches zero independent of the strain as the filler amount decreases. This is a 
clear indication that the viscosity of rubber vulcanisates is mainly attributed to the filler particle 
interaction. 
In his other papers, Payne showed [54] [55] that the difference between G0’ and Goo’ is reduced by 
increasing the mixing time or breaking the aggregation of carbon black before mixing, i.e., by 
increasing dispersion of the filler particles. From these results concluded that the radical change in 
the dynamic shear modulus within a small strain range is caused by the breakdown or reformation 
of the aggregated carbon black filler clusters. Filler particle interaction can be categorized further 
and it is now generally accepted that those interactions with the molecular chain networks 
contribute to the shear modulus of filled polymer material. The dependence of modulus on strain 
amplitude is schematically shown in Fig. 20. 

Figure 20: Change in the shear modulus with its strain-dependent and independent components [56] 

Note that the proportion of three components shown in this figure is merely an example and it 
varies depending upon the amount, type and the processing method of the filler. Moreover the 
hardening due to the finite extensibility of molecular chains and the crystallization also has to be 
considered at the high strain range. This strong strain dependence of the dynamic shear (or elastic) 
modulus is called either ‘Payne effect’ or ‘Fletcher-Gent effect’. In [54] and [55] it is also shown 
that there is a strong temperature influence on the initial storage modulus G0’ but almost no 
influence on the limit storage modulus Goo 
One aspect of the increase in the limit storage modulus with increasing amount of the carbon black 
filler is explained by the hydrodynamic interaction between the rubber vulcanisates and the filler 
particles. Einstein studied this phenomenon in his examination of the increase in viscosity of fluid 
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due to the dissolved spherical colloids [57] [58], Increased friction (suspension) in flow due to the 
colloid particles is the cause of this hydrostatic effect and this increase in viscosity is expressed as 

77f =77u(l + 2.5cfill)[57][58] (3.2) 

where and r}u are the viscosities of the filled and the unfilled system, respectively. cfin is the ratio 
of the filler volume to the fluid (solvent) volume. 

The validity of this Eq. (3.2) is, however, limited to a very small ratio of cfin. In fact Guth and Gold 
claimed that it is necessary to include the interaction between spherical particles when the ratio c is 
higher [59], They introduced an additional term, which takes this interaction between particles into 
account, to the Eq. (3.2) in order to take this interaction into consideration. 

T]f =/7u(l + 2.5cfill+14.1c2fill)[59] (3.3) 

Smallwood theoretically showed in his paper [60] the validity of the Eq. (3.2) for the calculation of 
the elasnc modulus of filled rubber vulcanisates. Again for a higher concentration of the filler 
particles the equation from Guth and Gold is more appropriate. Substituting the viscosity rj to the 
shear modulus G’f in the Eq. (3.3), 

Gf' = Gu '(1 + 2.5cfil) +14.1cgn) (3.4) 

is obtained. Furthermore Guth [61] later pointed out that this expression can be used to predict the 
increase in characteristic values such as elastic modulus up to the volume concentration ratio of 0.1 
since carbon particles more than this amount tend to form a chain-like cluster together and does not 
behave as a number of spherical particles. Therefore for a higher concentration ratio cah (from 0.1 to 
0.3) Guth derived the following expression. 

Gf ' = Gu '(1 + 0.67sc -Cgj, + 1.62sc2 -c^,) [61] (3.5) 

sc is the shape factor to capture the asymmetric proportion of the aggregated clusters defined as 
length/v/idth of the aggregated cluster. Eqs. (3.4) and (3.5) deal only with the increase in shear 
modulus due to the hydrodynamic interaction effect between rubber and filler particles and hence 
they cannot predict the behaviour of rubber in small strain range. 
The loss modulus is a function of both carbon black structure and carbon black specific area, while 
the storage modulus is independent of the latter. As for the loss modulus, Payne [52] pointed out 
that the maximum value of G” is linearly related to the difference between the aforementioned 
initial and the limit values of G’ such that 

Gmax’’ = cm+cout(G0'-GM')[52] (3.6) 

where Go’ and G®’ are the initial and the limit values of the storage modulus, respectively. In his 
paper [52] cin was called as the “out-of-phase” modulus of an ideally dispersed vulcanisates and cout 
is the mix-dependent constant which ranges from 0.1 to 0.2 [52], 

Later these expressions for both moduli were studied further by Kraus [62], who :hen suggested 
other phenomenological expressions which are now widely known as Kraus-model [56]. They are, 
under a periodic sinusoidal strain of the amplitude ea at fixed frequency and constant temperature, 
expressed as 
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G '(e,) = G„'+ (S^1 [62 ] (3^7) 

o "(e,)=(0a1';°;,/)<ee-)l!o)“' I56! I62l <3-8) 

where eo is the characteristic strain amplitude and cG is the constant that varies depending on the 
polymer matrix. 

Mullin ’v effect 
When a rubber vulcanisate is stretched repeatedly, the stress-strain curve of each subsequent cycle 
does not follow the same path but a less force is required to reach the same elongation than the 
previous cycle. Figure 21 of experimental data from Holt [63] shows the force-strain curves of the 
tension test of a rubber unfilled vulcanisate (pure gum). In this test, the ring form specimen was 
stretched repeatedly with the same elongation amplitude. The softening can be clearly observed in 
this figure and the degree of softening is the highest between the first and second cycle. Another 
thing to notice is that the loading and unloading paths are significantly different as well. 
Additionally, the results of the cyclic stretching test in which the elongation amplitude of each cycle 
exceeds the previous cycle (Fig. 22) reveal another typical behaviour of the rubber vulcanisates. 

Figure 21: Load-elongation curve from one Figure 22: Load-elongation curve from one sample 
sample of unfilled natural rubber of natural rubber vulcanisate filled with 
vulcanisate [63] MFC black [64] [65] 

As indicated with numbers, the loading and unloading paths (1 and 2 respectively) differ and the 
second loading path (3) follows the first unloading path up to the maximum elongation o: the first 
cycle. Then it goes on the path 4 which seems to be an extension of the first loading path. This 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



3 Elastomeric Bearing 28 

phenomenon is generally referred to as Mullins effect as Mullins was the first to investigate rubber 
vulcanisate extensively in 1948 [66], although as he mentioned, the softening behaviour had been 
already long known in industry. As for the causes of this phenomenon a general agreement has 
seemingly not met yet and several theories have been proposed [67]. For instance, Mullins has 
suspected that the cause of these phenomena involved some failure related to filler particles because 
the degree of observed softening seemed much higher for filled vulcanisates than pure gums. 
Bueche has also concluded that this softening behaviour is result of the detachment of the rubber 
molecular chains from filler particles upon stretching and developed the mathematical model based 
on this theory [68]. Other theories are based on concepts in which it is assumed that the slippage of 
molecular chains on the surface of filler particles during deformation causes the softening [69], 
rearrangements of linkages between the filler particles and polymer [70] or the rupture of the filler 
clusters. However as shown in Fig. 21, this softening behaviour is also observed for rubber unfilled 
vulcanisates and therefore these theories focusing only on rubber filled vulcanisates cannot fully 
explain the phenomenon. To answer this discrepancy Dannenberg and Brennan assumed that the 
softening of unfilled natural rubber vulcanisates involves the crystallization process (namely 
different mechanism from the case of filled rubber vulcanisates) since other unfilled synthetic 
rubbers exhibit no such softening behaviour within the tested strain range [70]. 
Harwood, Mullins and Payne carried out series of extension tests for various rubber vulcanisates 
and some of the results are shown in the following figures [71] [72], 

Figure 23: Stress-strain curves of rubber vulcanisates without or with different amount of carbon 
black filler [71] 

The first Fig. 23, shows the Mullins effect on three different rubber vulcanisates categorized by the 
amount of carbon black filler in two loading cycles. From this figure an apparent difference in 
degree of softening can be seen. The next Fig. 24 is derived from the same result, however, here the 
stress level of the initial loading path is plotted against the stress of subsequent unloading (2, 4) and 
reloading (3) paths measured at the same strain. This normalized diagram reveals another insight of 
the Mullins effect. At the lower stress level the path of the rubber vulcanisates wi:h 80phr HAF 
differs significantly from the other two. This difference must be caused by the aforementioned 
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breakage of the cluster of carbon black, since the larger amount of filler tends to increase the 
amount of clusters. However, the degree of softening of all rubber vulcanisates is mere or less 
similar at a higher stress level. Based on these results, therefore, Harwood et al. came to the 
conclusion that the Mullins effect takes place due to the change in rubber phase rather than change 
in the bond structure between rubber molecules and filler particles [71] [72]. 

w 

'E 
u 

Figure 24: Stress vs. initial stress at the same strain level of figure 23 [71] 

With their later publication [72], Harwood et al. explained that the existence of the filler carbon 
particles induces a local higher strain in the rubber vulcanisates. Due to this local high strain the 
degree of the change in the rubber vulcanisates is enhanced and thus the softening seems more 
pronounced for the filled rubber vulcanisates. They adopted the so-called strain amplification factor 
in order to estimate this locally increased strain so that the difference in “actual” softening degree 
between unfilled and filled rubber vulcanisates can be compared. The strain amplification factor is, 
in fact, the exactly same factor introduced earlier in Eqs. (3.3) and (3.4) for the calculation of the 
storage modulus considering the hydrodynamic effect. The generalized expression for the 
amplification factor is therefore 

Z = ^ = l + 2.5cfil]+14.1c2fill [59] [71] [72] (3.9) 

where X and Xo are characteristic values of filled and unfilled rubber vulcanisates, respectively. 

Mullins and Tobin [73] conducted a series of tension tests of rubber vulcanisates with different 
amount of carbon black filler and the stress-strain curves described by the Mooney-Rivlin relation 
were modified by this strain amplification factor. All curves except for those of the rubber 
vulcanisates with higher amount of carbon black (cfin >0.1) follow the similar paths and this 
tendency is in a good agreement with the theory of Guth. For a higher concentration ratio cfin (from 
0.1 to 0.3) the factor from the Eq. (3.5) would provide a better prediction. 
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Z= —= 1 + 0.67sc-cfill+1.62sc2-c^ [61] (3.10) 
Xo 

The next Fig. 25 shows the stress-strain curves of natural rubber vulcanisates with different carbon 
blacks from the second extension, where the strain is normalised by the maximum strain value 
measured in the first extension as well as amplified with the strain amplification factor according to 
the volume concentration of each filler type. All curves of filled rubber vulcanisates trace in the 
vicinity of the path from the unfilled natural rubber vulcanisate (dotted line). This diagram indicates 
that for the most part Mullins effect indeed takes place due to changes in the rubber phase such as 
molecular chain scission or slippage. The same series of tests were carried out for Styrene- 
Butadiene synthetic (SBR) rubber and the results delivered the similar tendency, although unfilled 
SBR could not be compared because it was too weak to reach the stress level studied there. Those 
results imply that the assumption of Dannenberg and Brennan (that the softening of unfilled natural 
rubber involves the crystalline nature) is probably not entirely correct as SBR does not crystallize 
yet Mullins effect was observed. The recovering behaviour of Mullins effect was studied in [70], 
[74] and [75]. For unfilled natural rubber vulcanisates an almost full recovery was observed after 
resting them at high temperature (over 80 °C) but at the lower temperature such as the room 
temperature the recovery is negligible. 

Figure 25: Stress-normalized strain curves of both natural rubber vulcanisates without and with 
various filler material from the second extension, using the strain amplification factor [71 ] 

3.1.5 Other general properties 

Environmental (weather) resistance 
Natural rubber is especially vulnerable to ozone which exists only very small amount in the 
atmosphere (a few parts per hundred million) but enough to chemically react with natural rubber. 
This reaction appears in the form of crack, which develops rapidly by applying a relatively small 
strain, on the surface perpendicular to the loading direction. For natural rubber the critical strain is 
about 3 % [50], Ozone reacts with carbon-carbon double bonds first together turning into an 
ozonide. Then this ozonide further changes into an instable zwitterion which provokes the chain 
scission. This process is schematically shown in figure 26. 
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Figure 26: Chemical reaction of rubber with ozone (recreated from [50]) 

Complete remedies against ozone attack do not exist but ozone cracking can be reduced by adding 
Para-phenylenediamines (PPDs) which also chemically reacts with ozone competing with the 
chemical reaction between ozone and elastomer. Otherwise the natural rubber has to be covered 
with another elastomeric material which has ozone resistance. 
The reaction of oxygen and elastomer has two opposite features. On the one hand the molecule 
chains of elastomer are cleaved by this reaction but on the other hand cross-linking is also 
facilitated. For the filled natural rubber the dominant reaction is the latter for the most technical 
elastomer [51] and therefore the elastomeric bearings are expected to become harder and brittle 
after years of their service. Oxidation process starts with the generation of peroxy radicals (ROO-) 
which in turn react with elastomer creating Hydroperoxides (ROOH) and polymer radicals (R-). The 
initiation can have different causes such as mechanical loading, heat and ultraviolet light. This 
process is an autocatalytic, free radical chain reaction and therefore propagates quickly. The 
decomposition of Hydroperoxides into radicals happens at a slower pace but can be accelerated by 
the catalytic heavy metals, notably copper, cobalt and manganese. As described above the chain 
reaction will be terminated by re-cross-linking, connecting the polymer radicals or deactivating the 
radicals by means of antioxidants. Antioxidants are applied to slow the oxidation chain reaction by 
letting them react with peroxy radicals and creating non-radical products [50]. The oxidation 
process is also somewhat slowed down by the already oxidized layer of elastomer and for this 
reason the speed of deterioration in the elastic characteristics is often not as acute as expected. 
Some test reports regarding the ageing of elastomeric bearings after a long period of service all of 
which indicate the oxidation took place only on the thin surface level and change in the material 
properties were negligibly small [51], Nevertheless adding the antioxidants to elastomer 
vaulcanizates is recommended to secure a longer service life of the elastomeric bearing. 

Temperature dependence 
There is a certain temperature, below which polymer material becomes hard and brittle, and 
transform into a glassy material due to the restriction in the relative movement between molecular 
chains. This temperature (approximate mid-point of the transition range) is referred to as the glass 
transition temperature Tg and the surrounding temperature of elastomeric bearings has to be well 
above this value, otherwise the bearings cannot exert their flexibility as designed. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



3 Elastomeric Bearing 32 

Temperature T 

Figure 27: Temperature dependence of the shear modulus G of elastomer in accordance with DIN 
7724 [50] 

Unvulcanised rubber has a slightly lower glass transition temperature than vulcanised rubber since 
the vulcanization decreases the flexibility of the molecular chains. For instances the unvulcanised 
natural rubber has a glass transition temperature of -72 °C whereas the vulcanised one has a value 
about -68°C and the unvulcanised and vulcanised polychloroprene has a glass transition 
temperature of -50°C and -45°C, respectively [51], Both of them still possess a sufficiently low 
glass transition temperature to keep them in the rubbery state for most of the cold regions. However 
even above the glass transition temperature a caution must be paid for the design, considering the 
changes in characteristics of the elastomer due to the crystallization, if these elastomer are expected 
to be used in a cold environment with extended period. Crystallization takes places slowly in 
contrast to the instantaneous glass transition process and causes hardening. The problem is that it 
can occur well above the glass transition temperature. Crystallization occurs when the condition 
T-AIP^AH is satisfied, where T, A!F and AH are the temperature, the change in en:ropy and the 
change in enthalpy, respectively [76] [77]. Change in the enthalpy is equivalent to the heat 
transferred to the system from the surroundings if the constant pressure is assumed. Then there 
exists the threshold temperature of crystallization (or melting point) defined as Tm=AH/A!F. If in the 
undeformed condition, it is known that the crystallization takes place with the maximum rates at 
-10 °C and -25 °C for polychloroprene (-12 °C for pure trans 1-4 Polychloroprene) and natural 
rubber, respectively [50] [51]. Therefore natural rubber has a greater resistance to low temperature 
crystallization. Crystallites begin to melt at temperatures 10°C above the crystallization point and 
this process is faster than crystallization. The crystallization can be induced at higher temperature in 
a largely deformed configuration. This phenomenon is often referred to as the strain-induced 
crystallization. Thermodynamically speaking the rise in the crystallization-initiating temperature is 
the consequence of the decrease in the conformational entropy due to the large deformation of 
rubber while change in entropy remains the same order. The excellent tear strength of natural rubber 
or polychloroprene is attributed to the strain induced crystallization since crystallites which develop 
at the crack tip reinforce those elastomers locally. The stress hardening is also rooted in the strain- 
induced crystallization, although the very high hardening observed in the maximum strain range 
occurs mostly due to the finite extensibility of the molecular chains. That is why the stress 
hardening can also be observed in noncrystallizable rubber such as Styrene-Butadiene-Rubber 
(SBR) near the maximum strain range. X-ray diffraction technology or dilatometry (measurement 
of change in volume) are frequently used for the monitoring the rate of crystallization [49], It is 
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certainly a complicated phenomenon to comprehend and thus the complete mechanism is yet to be 
revealed despite of many years of research. The pioneering work of Flory [76] resulted in several 
crucial theories regarding the strain-induced crystallization and are still agreed today. One of them 
is the co-existence of the crystalline and the amorphous regions, namely the semi-crystalline rubber. 
Another is that the crystallites formed parallel to the stretched direction have an effect to the 
polymer network as extra giant cross-linkages. The second assumption was important to explain the 
“paradox” he encountered that the required tensile force should reduce as the rubber undergoes 
crystallization in the thermodynamical point of view but the quite opposite phenomenon, i.e. 
hardening is observed in reality. Considering the nucleation of crystallites at a certain strain as 
additional random cross-linkages between molecular chains, change neither in the conformational 
entropy nor in the applied tension should occur. However more tension will be required as the 
elongation is increased because more molecular chains connected by those additional cross-linkages 
resist the deformation. Recent research, for instance [78], show the simultaneous measurement of 
the rate of crystallization using modern apparatus so that the correlation to the stress-strain curve 
can be observed, see figure 28. The X-Ray intensity can be regarded as the degree of crystallization. 
In the same figure the possible configurations of the molecular chains at the different strain phases 
is also indicated. As reported in cases, not single form but various forms of the crystallites are 
observed in case of the strain-induced crystallization and their forming dependencies on the strain 
level [78] [79] [80], 

cr^~ c 

C-D c/ftp. 

o-sr —^o 

Figure 28: Comparison of the stress-strain and the X-ray intensity-strain curves with the proposed 
molecular chain configurations at each different phase [78] 

Toki et al. [78] proposed two types of crystallization and their mixed configuration as denoted A’, 
B, C and C-D above. From these curves it can be observed that crystallization starts first at a very 
high strain of about 400 % and while stretching until the maximum strain point B the extended 
chain crystallites are dominant. Upon unloading, most of those crystallites transform rapidly into 
the folded chain lamellae type that do not contribute to the stress. Toki assumed that this kind of 
transformation also occurs during the relaxation process. The point D where the loading and 
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unloading curves meets is assumed to be the melting strain point of all crystallites for this test and 
the rubber consists only of amorphous segments. 
Another major concern for researchers is the influence of the filler materials. The onset of the 
crystallization-induced hardening is shifted to a lower strain range when the rubber material is filled 
with caroon black or other filler particles. In recent studies regarding the crystallization of filled 
rubbers, for instance [81], [82] and [83], it seems to be agreed that the cause of this shift is due to 
the increased local strain due to the existence of filler particles, although the strain amplification 
factor adopted in [82] and [83] is different from the ones introduced by Gold and Guth (Eq. (3.9) 
and (3.10)). Furthermore Rault et al. [82] support the theory of Flory that not only the crystallites 
but also the filler particles played a role as the giant cross-linkage between molecular chains, 
whereas Poompraub et al. [81] schematically described these stiffening and hardening effects of the 
crystallites and filler particles as the geometrical constraint which hinders the deformation of the 
molecular chain network, see Fig. 29. 

Figure 29: Mechanical model of the molecular chain network filled with crystallites (white square) 
and filler particles (grey circle) [81 ] 

Assuming those theories are correct, the strain amplification factor would have to be modified to 
consider the increase in the elastic modulus or the constraint due to crystallization. That is, however, 
not focus of this thesis and hence it is not discussed further. 

Time dependent effects 
Elastomeric materials are prone to time-dependent effects such as creep, stress relaxation and set. 
The phenomena of creep and stress relaxation are caused in the same mechanism and each of their 
process rates can be deduced by another in practice. Therefore they are often just referred to as 
“relaxation” phenomenon in literature. There is both physical relaxation and chemical relaxation 
depending upon the causes. The changes in the molecular network under strain including 
rearrangement, rupture, and entanglement or disentanglement of the molecular chains contribute to 
the former. If the filled elastomer is considered, the breaking of bonds between fillers and 
elastomers can top up the effect. Physical relaxation takes place in a relatively short period and 
generally decreases proportionally with respect to the logarithm of time. The viscoelastic property 
of elastomer can mathematically describe this phenomenon. For instance, Maxwell-fluid model 
describes the stress relaxation and Voigt-Kelvin-solid model describes the creep. Physical stress 
relaxation can be expressed as 
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Physical stress relaxation = ^—— = c log|0 
^_t^ 

Vto J 
[51] (3.11) 

where cre_p is the physical relaxation constant depending upon material in percent per decade of 
time (ppd), ao is the nominal stress at time to and crt is the nominal stress at time t, respectively 

On the other hand, chemical relaxation takes place over a long period and is mainly caused by 
aforementioned ozone and oxygen attacks. Change in material properties due to the scission of the 
molecular chains or chemical cross-links caused by oxidation results in stress reduction within the 
material. This process is referred to as chemical relaxation. Unlike physical relaxation, the rate of 
relaxation increases almost linearly with time and is sensitive to the environmental temperature. 
Chemical relaxation rate is expressed as 

Chemical stress relaxation = ^—^-= c (t-t0) [51] (3.12) 

where cre c is the chemical relaxation constant depending upon material at constant temperature in 
percent per decade of time (ppd). 

Total stress relaxation is then given by the sum of both Eqs. (3.11) and (3.12). 
Some strain remains after releasing the load which depends on the material type, surrounding 
temperature, the degree of deformation and the loading duration. This permanent strain is called ‘set’ 
and under-cured elastomers exhibit especially excessive amounts of set due to the formation of 
extra cross-links in the compressed configuration [51], Therefore, it is required that elastomeric 
bearings are examined for the degree of compression set (DIN 15129) in compliance with ISO 815, 
which serves as the quality control check for the cure condition. 

3.2 Characteristics Of Elastomeric Bearings 
3.2.1 Behaviour under shear loading 

The flexibility of rubber materials enables a structure on elastomeric bearings to drift horizontally 
with little restriction. This property is crucial not only as a seismic isolator but also as a bridge 
bearing because the deformations induced by temperature change have to be more or less 
constraint-free at the supports in order to avoid possible accumulation damages, i.e. fatigue. 
Principally the elastomeric bridge bearing and the elastomeric seismic isolator bearing have the 
same structure, i.e. alternative layers of rubber pads and steel shims, apart from the fact that the first 
shape factor for bridge bearings are generally smaller than one for seismic isolators. Therefore the 
equation to calculate the shear stiffness of the bearing is the same for both cases, which is 

K h 
G • A 

^total 

(3.13) 

where G is the shear modulus of the rubber material, A is the plane area of the rubber pad and htotai 
is the total thickness of the rubber pads. 

To be precise this Eq. (3.13) is merely the simplified version of the following Eq. (3.14) derived 
from the Haringx theory (for details, see [84] [85]) that takes the influence of the vertical load on 
the horizontal (shear) stiffness into consideration. 
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Kh = 
2E I 

ht0 
q • tan qHb 

V 2 y 
-FzHb 

And q is the function expressed as 

(3.14) 

q = 
FzA otal 

^0b IH, 

FZK :otal 1 + 
V GAHby 

(3.15) 

where Fz is the vertical force, Hb is the total height of the elastomeric bearing, I is the second 
moment of inertia and is the bending stiffness that is explained later in this Chapter. 

Equation (3.13) is obtained by considering only the shear stiffness of rubber layers, which is 
equivalent to letting the compression force approach to zero in Eq. (3.14). The degree of change in 
the horizontal stiffness due to the vertical pressure is small for the bearing with a high shape factor 
Si (first) and S2 (second) so that this effect is nearly negligible. Si and S? are defined as 

Loaded surface area e _ Diameter (or edge length) 
9 O2 • 

Free surface area Total thickness of rubber 
(3.16) 

In case of the round type elastomeric bearing, those shape factors are expressed with tne diameter D 
as Si=D/4hi and S2=D/htotai. The elastomeric isolator used for buildings have often very thin layers 
of rubber and a large planar dimension to support the heavy weight of the structure, which means Si 
and S2 are generally high. The elastomeric isolator bearings for bridge construction have smaller S] 
and S2 but they are normally subject to a lighter dead load. This fact leads to the conclusion that the 
influence of the vertical pressure variation is smaller. Therefore the simplified evaluation formula 
(3.13) is adequate for both cases. The obtained stiffness value from this simple linear equation 
sufficiently represents the realistic behaviour of rubber bearings and the same equation is adopted 
for most design standards, see for instances [10] [12]. The flexibility against shear deformation 
depends on the total thickness of all rubber layers and the steel shims have little influence on it. One 
of the tests (shear deformation ±119mm which is equivalent to 83 % shear strain) of the isolator 
elastomeric bearing that was performed in the testing laboratory of the Institute of Structural 
Engineering at the University of the German Armed Forces in Munich (Universitat der Bundeswehr 
Miinchen) is shown in Fig. 30 with the linear stress-strain line obtained from the evaluation formula 
given in (3.13). The tested elastomeric isolator bearing was to be installed for Highway, Utility and 
Trestle bridge structures at Khalifa Port, Abu Dhabi. The bearing was designed and manufactured 
by Maurer AG in accordance with the bridge construction specifications AASHTO LRFD. The 
shear stiffness is well evaluated by the formula except the maximum strain range where the 
hardening characteristics of elastomeric material appear. 
The maximum shear strain during earthquake £s>ea defined in [10] [12] and [15] is 250 %. According 
to [12], numerous test results indicated that the stress-strain behaviour of elastomeric bearings was 
stable up to 270 or 300 % and hence the maximum design value was set we‘l below that. 
Assumingly other design codes reached a similar conclusion after a number of shear loading tests. 
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Figure 30: Tested laminated elastomeric bearing and their hysteresis curve [4] 

The damping property in the horizontal direction is also another important parameter. Natural 
rubber-based bearings hardly possess this property (often less than 5 % of damping to the critical). 
Thus additional dampers are required if natural rubber bearings are applied for the seismic isolation 
system. High damping rubber bearings and lead rubber bearings dissipate much more energy than 
natural rubber bearings so that additional dampers may not be required. 
The characteristics described here are subject to change by the cyclic loading, especially :n the first 
several cycles. This phenomenon is probably caused by the same mechanism of the Payne effect 
and the Mullin’s effect, namely the scission or reorganization of the molecular chains and the 
dispersion of carbon black particles. Considering this special property of rubber it is so stipulated in 
the design codes [9], [12] and [15] that those characteristic values are to be determined after several 
cyclic loading. In particular, the background of this consideration is described with some test results 
in the annex of [12]. According to that the effective horizontal stiffness can be considered as a 
stable after 3rd cycle and the equivalent damping after 10th cycle. 

3.2.2 Behaviour under compression loading 

The structure of elastomeric bearings, consisting of alternating layers of rubber pads and steel shims, 
enables the bearing to carry a heavier weight without undergoing an excessive amount of the 
vertical deformation. The deformation of each thin layer of a rubber pad is constrained by the 
bondage with steel shims in the both radial and tangential directions. Because of these constraints a 
high hydrostatic pressure is developed at the centre of the bearing when the bearing is vertically 
compressed. Rubber is a nearly incompressible material and exhibits a surprisingly strong resistance 
against volume change. This mechanism allows the laminated elastomeric bearing to have a smaller 
vertical deformation in comparison with the elastomeric bearing without steel shims even if the total 
thickness of rubber is same. For the calculation of the vertical stiffness, this constraint is taken into 
consideration with the first shape factor Si. The compression stiffness of the elastomeric bearing is 
calculated by the following expression 

K. Ecb-A 

h,, oral 

(3.17) 

where Ecb is the compression modulus of the elastomeric bearing taking the compressibility of the 
rubber into account. 
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This compression modulus Ecb consists of two parts; the apparent compression modulus of the 
elastomeric bearing Ec and the bulk modulus Eb. When the applied vertical pressure is high or the 
first shape factor Si is high, which is often the case for isolator bearings, the assumption of rubber 
being completely incompressible leads to an overestimation. Therefore Ecb can be calculated by the 
following expression considering two springs (Ec and Eb) in line. 

Ecb = - + - (3.18) 

The apparent compression modulus Ec is specified somewhat differently among international design 
codes. Evaluation formulae defined in various codes are presented in the followings. 

EN 15129: Ec =3G-(1 + S12)[9] (3.19) 

MCEER, Architectural Institute of Japan: Ec = E0 -(l + Z-k -S,2) [15] [86] (3.20) 

JP Specifications for highway bridges: Ec = Ecb = aE -/?E • S, -G [12] (3.21) 

Equation (3.20) is based on the theory of Bindley [87], where k is the correction factor suggested by 
Bindley that modifies the apparent compression modulus depending upon the hardness (the shear 
modulus) of the rubber material affected by various compounds. Equation (3.19) seems to have a 
principally similar structure to (3.20) but rather simplified without the correction factor. Another 
difference among them is the definition of the relation between the elastic modulus E0 and the shear 
modulus G of rubber material. With the Poisson’s ratio v, this relation is generally described as 

E0 = 2(1 + o)G (3.22) 

Then assuming the total incompressibility of the rubber material, i.e. v=0.5, E0=3G is obtained. 
However this is only an ideal case and as described before this assumption is not entirely correct for 
rubber materials. For instances, the reference value of Bindley is not E0=3G, either [87] and it is 
mentioned in [15] that E0=(3.8 to 4.4)G depending upon the hardness of the rubber. As for the bulk 
modulus, a range of values between 1000 to 3000 MPa is generally accepted [9] [15] [85] [87] [88] 
although the value might spread over even wider range since other compounds such as filler 
particles are not as incompressible as rubber material itself and thus the mixing with them would 
increase its compressibility. 
Equation (3.21) is obtained by the regression curves of numerous experimental results [12]. Older 
version of Japanese specifications for highway bridges adopted another theoretically derived 
evaluation formula whose validity was limited for the low value of S). In earlier time the 
theoretically derived evaluation formula served its purpose adequately since there were hardly any 
bearings with a larger shape factor but demands for the larger dimension of bearings had been 
increased and accordingly the provided evaluation formula became less reliable. Experiments 
decided to conduct a number of tests in order to determine the evaluation formula for the 
compressive modulus based on those test results because no existing theoretically derived formulae 
provided an entirely satisfying corresponding value, especially if the high damping-rabber bearings 
and the lead-rubber bearings are concerned. Factors «e and /?e in Eq. (3.21) are determined by the 
type and the shape of the bearing, respectively. This distinction is only partially possible in other 
two equations. Those evaluation formulae are compared later in Chapter 5 with the experimental 
results. Note that these formulae provide a constant compression modulus, although the 
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compression test of the bearing exhibits often nonlinearity in force-deformation curve. The 
hardening phenomenon is due to the characteristics of rubber material as explained in the previous 
Chapter and it should be also one of the causes for the hardening of the bearing under compression. 
It is doubtful, however, that this material-based hardening should play the main role here because 
the strain range in which the hardening starts appearing is normally not that high except the high 
local stretching strain along the outmost boundary edges between steel shims and rubber pads (read 
3.3). Then the hardening of the rubber bearing under compression may be a result of domination 
swap in the components of the compression modulus. As expression (3.18) indicates, the 
compression modulus is always controlled by the constant value of the bulk modulus to different 
degrees. The apparent compression modulus Ec can be regarded as the geometry-based modulus 
because a change in the first shape factor. Hence the geometry of the bearing, radically alters the 
modulus Ec, whereas Eb is purely based on the material properties. When the first shape factor of 
the bearing is high, the deviatoric deformation of rubber is constraint to a great degree. As a result 
the volumetric deformation is less energy-requiring in relative sense and therefore the value of Eb is 
dominant. On the other hand, when the first shape factor is low, the dominant component (softer 
component) is Ec. In this case, however, there is a chance that the dominant modulus is swapped as 
deformation increased because rubber pads lose its deviatoric deformability. This means that the 
apparent compression modulus should increase along with the vertical strain, perhaps associated 
with the varying first shape factor Si considering that increase in the compression strain and the 
plane area due to bulging deformation is nearly equivalent to increasing the first shape factor. 
Building on this concept, Ecb should be a function also depending on the vertical strain with its 
asymptotic value of Eb. If the component Ec is greater than the bulk modulus Eb, then the Ecb is 
already dominated by the latter and therefore the bearing exhibits less nonlinearity. The necessity of 
the pressure/strain-dependent apparent compression modulus is also mentioned, for instance in [89] 
but no design standards offer such formulae. Furthermore the compression test results of the rubber 
bearing in Chapter 5 cast a doubt concerning the value of Eb since if Eb=2000 MPa is assumed, no 
evaluation formula among those named above can provide a good approximation. It can be that the 
bulk modulus of rubber compound depends strongly on its ingredients because other materials are 
not as incompressible as rubber itself. For better evaluation, those themes should be clarified. 
The maximum capacity of the elastomeric bearing against vertical pressure can exceed even 150 
MPa [85] depending upon its geometry and material. With the applied high pressure, steel shims at 
the centre area are first to fail due to a high tensile stress transferred from the hydrostatic pressure in 
rubber pads. This capacity depends, therefore, on the strength and thickness of steel shims and can 
be enhanced by increasing them. For designing steel shims the following expression is used. It is 
one of the criteria that determine the maximum capacity of the bearing. 

^=c^n-r [12][85][90] (3.23) 
h 

S 

as and crn are the tensile stress in the steel shim and the nominal compression stress of the bearing, 
respectively. cCT is the factor with which different pressure distribution in the rubber pad is taken into 
account, hj and hs are thickness of the single rubber pad and the single steel shim, respectively. The 
thickness ts can be determined by setting the inequality ffs<o-s,y, where (7Sjy is the yielding stress of the 
steel shim [9] [12], This expression is derived from the equilibrium of the tensile stress in the steel 
shim and the hydrostatic pressure p in the rubber pad at the centre assuming p=cCT-<Tn. The 
hydrostatic pressure distribution within a rubber pad is nonlinear and varies with the first shape 
factor Si. One example of the pressure distribution within an infinite rubber strip (plane strain case) 
is shown in Fig. 31. 
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Infinite Strip - Pure Compression 

Figure 31: Hydrostatic pressure distribution within an infinite rubber strip [91] 

In [9] and [12] the factor Ca=2.0 for ring type bearings and c^l.O for other type is used. 
Furthermore [12] specifies another factor cff=3.0 for lead-rubber bearings. 
The vertical pressure under the service condition should be limited to much lower than its 
maximum capacity because the bearing cannot deform flexibly in the horizontal d.rection under 
such high pressure. There is another concern regarding the stability of the bearing that is explained 
later in section 3.5. As for the vertical pressure, the stress range from 5 to 12 MPa under the service 
condition is commonly accepted [12] [85]. Tada mentioned in [85] up to 20 MPa pressure can 
possibly be applied if the bearing is designed well since there are test reports which have proved the 
high deformability of the elastomeric bearing (up to 400 % shear deformation) under 30 MPa 
pressure. 

3.2.3 Behaviour against tilting motion 

The rotational stiffness of the elastomeric bearing was derived by Gent and Meinecke [92] that is 
expressed as 

(3.24) 
“total 

where E,? is the rotational modulus and I is the moment of inertia. 

Eg is calculated by integrating the function of the pressure distribution with the whole plane area of 
a rubber pad as 

Ee =(l + |kS12)E0[92] (3.25) 

where k is the same factor used for the compression modulus. 

Same as the calculation of the compression modulus, it is suggested that this rotat.onal modulus 
should be modified to E<% by considering the compressibility of the rubber [85] when the high 
compression is applied or the first shape factor Si is high. 
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EN 15129 provides the calculation method of the rotational stiffness based on the theory described 
here. Japanese Bridge specifications do not provide a similar calculation method. In MCEER 
recommended guidelines no definition of the rotational stiffness is found, although in the bridge 
design specifications [11] a similar expression to the Eq. (3.25) is provided. 
This rotational stiffness is, however, likely to underestimate the actual behaviour of the elastomeric 
bearing since it does not take into consideration the influence of the vertical load. Block [89] 
studied the rotational stiffness experimentally and compared with the ones obtained by the 
evaluation formula in EN 1337-3 which is exactly the same as in EN 15129. His test results clearly 
show the dependence of the rotational stiffness on the vertical pressure and a nonlinear relationship 
between the tilting angle and the rotational stiffness. He derived expressions for the restoring 
moment from his experimental results taking those two facts into consideration. 

00.76 

MEc = Ec(cr2)-I--—(-0.037S,+0.956) if 5.5<S, <9.5 [89] 
3.67-^Th 

i=l 

00.76 

ME =Ec(<7,)-I-;—(-0.01S,+0.695) if 9.5<S,<14.5[89] 

3.67. 
i=l 

As for the compression modulus, one specific value of Ec obtained at oz from his other experiment 
results was applied here. He mentioned that further research is required to determine the pressure 
dependent expression for the apparent compression modulus Ec(o-z) in order to grasp the nonlinear 
restoring moment behaviour of the elastomeric bearing. These formulae are obviously limited for 
the bearings with the first shape factor within his test range which generally corresponds to the 
bridge elastomeric bearings. 

3.3 Stability Of The Bearing And The Limitation Of The Local Shear Strain 

Safety against buckling 
The aforementioned maximum capacity of the elastomeric bearings cannot be exerted for two 
reasons. The first is that the horizontal flexibility is not available under the high pressure and 
another reason is the stability concern. During the seismic action, the elastomeric bearing has to 
support the structure with a lesser plane area due to the shear deformation. In its deformed 
configuration the bearing is, therefore, subject to a higher risk of the buckling. Equation (3.14) 
derived from the Haringx theory is applicable here again to define this limitation by setting the 
horizontal stiffness Kh equal to zero and approximating it as 

Fz,crit = fG • A- S, • S2 [84] [85] (3.28) 

where c = n ---. 
^ 8(1 + 2kSj2G / Eb) 

(3.26) 

(3.27) 

This determines the theoretical critical compressive force taking no shear deformation of the 
bearing into consideration. During the seismic action both the effective area resisting the vertical 
load and the critical force are reduced. Therefore the critical force has to be defined with the 
effective plane area A', which is equal to the overlapping area of the top and bottom flanges under 
the design seismic shear deformation, instead of the total plane area A in Eq. (3.28). For the 
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simplification of the design process C, is given as a constant factor depending on the types of the 
bearing in both in EN 15129 and Japanese specifications for highway bridges. 

Prevention of a local rupture 
The local shear strain at the boundaries of steel flanges and elastomer pads can cause rupture in 
elastomer, either statically or dynamically due to fatigue. This local shear strain is contributed both 
the shear deformation resulting from the lateral loading such as traffic, temperature and seismic 
force and the compressive and tilting deformation. In order to prevent this damage, die sum of all 
these strain components should be lower than the experimentally determined maximum tensile 
strain at break }'cnt of the elastomer material [91] such that 

rt,s=rc,s+Ts,s+^.s</crit (3.29) 

where yt s, yCjS, yS!S and are the total shear strain, the shear strain due to compression, the shear 
strain due to the shear deformation and the shear deformation due to the tilting deformation, 
respectively. Evaluation formulae defined in the major design standards are expressed as 

^=^[12][10] (3.30) 
A bcb 

^,s=c,S^[12][10]. (3.31) 

Apparently ys,s can be calculated by the use of the shear stiffness defined by Eq. (3.13). Both 
expressions (3.30) and (3.31) are based on the design principles for elastomeric bridge bearings 
summarized by Rejcha [90], The factors cc and eg are determined by the shape and the ratio of the 
planar dimension by applying Fourier’s series calculation to the pressure distribution. 
A rubber pad glued between two steel plates under compression is illustrated in Fig. 32 to show 
schematically the relation between the local shear strain and the tensile strain. 

rubber along the steel shim 

Detail A: 

Figure 32: A high local tension due to the shear deformation caused by compression [94] 

The tensile strain at break varies among the rubber materials. The harder the material is, the smaller 
this strain becomes. That difference stems presumably from the rubber-carbon black particles 
interaction described in the Section 3.1.4. Japanese bearing specifications for highway bridges 
specifies ycrit according to rubber material where this strain value is divided by the safety factor of 
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1.5 for the design purpose. This safety factor is determined based on numerous cyclic tests of 
elastomeric bearings, see annex of [12], On the other hand, MCEER recommended LRFD 
guidelines for the seismic design of highway bridges and EN 15129 set the only one constant value 
‘5’ and ‘7 for any rubber material as ycrjt, respectively. This definition seems rather radical since 
the extension strain at break for chloroprene-basis rubber is smaller than that of natural rubber. 
Observing the test results provided in the annex of [12], the allowable strain value defined in both 
standards can be still sufficiently safe under static loading. However, in the long run under dynamic 
effect, a fatigue crack might develop. Neither EN 15129 nor Japanese bearing specifications 
distinguish the strain along the inner circle and the outer circle of the ring type of rubber bearings. 
Large elastomeric bearings have often a hole at the centre (that type of bearings is generally referred 
to as the ring type bearing) in order to improve the heat distribution during the vulcanisation process 
by applying heat not only from periphery but also from the centre. A proper heat distribution has to 
be applied to ensure the bond strength between rubber pads and steel shims. This hole reduces the 
stiffness in both vertical and horizontal directions. What is often characterized as a disadvantage of 
this hole is the deterioration of the compression capacity of the bearing because the tensile stress in 
the tangential direction of the steel shims along the hole (inner edge) is increased. In fact rubber 
along inner edge undergoes a change in its stress state as well. A ring type bearing under 
compression is shown in Fig. 33. 

Plan view: A-A D Section: B-B 

Steel shims Elastomer pad 

▼B ////S/;/////7 
ATI 

Detail D: Outer edge 

Normal strain 

.Tangential strain 
Figure 33: Difference in deformation at the inner and outer edges [94] 

With detail C and D in this figure the difference in the strain conditions between the inner circle and 
the outer circle is described. In the vertical direction a constant strain distribution can be assumed 
all over the plane area but in other two directions this is not the case. Normally when rubber is 
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compressed in one direction, it then has to elongate in other two directions in order to keep its 
volume unchanged due to the nearly incompressibility. Along the outer edge of the ring type 
bearing in both the tangential and the radial (normal) directions the rubber can stretch almost 
constraint-free, whereas along the inner edge it cannot stretch or rather it is compressed in the 
tangential direction due to the geometrical constraint. As a result the stretch in the radial direction 
has to be increased to maintain the volume. Constantinou et al. [93] theoretically derived the strain 
along the inner circle. They compared the maximum strains of both circular rubber pads with and 
without a central hole whose outer diameter and thickness are the same and such compression is 
applied that the vertical compressive strain of the both pads is identical. The strain a ong the inner 
edge of the pad with a central hole is always higher to the magnification factor f than the shear 
strain along the outer edge of the pad without a hole. This factor varies depending on :he first shape 
factor, tie proportion of the outer and inner diameters or the proportion of the bulk to shear 
modulus. It can reach even 2.2 among their test range. 
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4 CAVITATION-INDUCED SOFTENING AND ITS INFLUENCE 

4.1 Cavitation Process 

A flat rubber disc which is constrained on the both plane surfaces (for instance glued between two 
steel plates) exhibits quite a different behaviour in tension than the dumbbell-shaped rubber sample 
which is commonly used to identify the stress-strain curve of rubber material, see Fig. 34. 

Figure 34: Typical stress-strain curves of a dumbbell-shaped rubber and flat disc-like rubber 

This disc-like rubber represents the tensile behaviour of elastomeric bearings. As is indicated in this 
figure, relatively high tensile force is required to stretch such a rubber disc due to the constraint on 
the deformation of both surfaces but after reaching a certain stress the tensile stiffness gets 
significantly reduced. This softening occurs as a result of the internal damage which is often 
referred to as “cavities” or “voids” which develop through the expansion of the initially existing 
macroscopic holes such as air bubbles or dust trapped during manufacturing under a certain three 
axial tensile stress condition. For clarity in this thesis the term ‘cavities’ refers to this internal 
damage and the term ‘voids’ refers to the initially existing microscopic holes. This phenomenon has 
been well known and a number of theoretical and experimental studies can be found. For instance 
Pond [95] conducted a series of cyclic tensile loading tests using bonded rubber discs and observed 
the softening behaviour or rubber discs. Three kinds of compound are prepared for his test, which 
are all natural rubber base and either with or without carbon black filler. If filled with carbon black, 
the amount of filler is 20 or 80 p.p.h.r.. One of the stress-strain curves from the test of the unfilled 
natural rubber and the filled natural rubber with 20 p.p.h.r. carbon black are shown in Fig. 35. 
Noises in the curve start approximately at 0.9 MPa on the left and at 1.5 MPa on the right in Fig. 35 
indicate at which loading level cavitation took place. Those discs are of the same dimension with 
the first shape factor Si =2.5 and it infers that the resistance against cavity nucleation is enhanced by 
the carbon black. Furthermore another test disc made out of the rubber vulcanisate with 20 p.p.h.r. 
carbon black whose first shape factor Si =5 (the same diameter and thinner disc) was also tested and 
again a higher force was required to initiate cavities. The reason of this difference should have 
something to do with the negative pressure distribution within the rubber disc. With a higher first 
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shape factor the pressure tends to distribute more uniformly over the plane so that the peak pressure 
value at :he centre area is lowered and hence the cavity nucleation was delayed. 

Figure 35: Unfilled rubber vulcanisate (left) and filled rubber vulcanisate (right) repeatedly pulled 
in tension to 1.25 MPa and test setup [95] 

With the same compounds (filled with 20 p.p.h.r carbon black) Pond conducted another experiment, 
in which the maximum load was increased 0.025 MPa at each cycle and the 28 cycles starting from 
1.4 MPa (just below the initial cavitation stress for the same compounds). In this case surprisingly 
no noise in the stress-strain curve was observed. Pond concluded that cyclic tension to less than the 
critical force may allow molecular chain entanglements to move or slip and crosslink to break and 
recombine. This rearrangement of molecular chains results in reducing the local stress concentration 
in a progressive manner within the heterogeneous rubber network tending to from a more 
homogeneously stressed structure thus reducing the risk of cavitations [95], see Fig. 36. 

Figure 36: Reinforced rubber disk pulled in tension with increase in maximum stress per cycle [95] 

Gent and Lindley [96] initiated the theoretical and experimental study of the cavitation process in 
rubber. In their experiment, several rubber cylinders whose diameter of 20 mm with various 
thickness were subjected to the same amount of tensile force. Different patterns of cavity formation 
were observed which seemed to be related to the thickness (therefore the first shape factor Si) of the 
rubber cylinder. The cut surfaces of their test specimens are presented in Fig. 37. It is apparent that 
the thinner rubber cylinder has more cavities spreading all over the surface and their size is smaller, 
whereas the thicker cylinder has smaller amount of larger cavities concentrated near the centre. 
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Figure 37: Cutting surfaces of rubber discs after the tension tests from [96] 

From this observation Gent and Lindley assumed that the cavitation is induced by the negative 
hydrostatic pressure since the pressure distribution varies along with the ratio between :he radius 
and the thickness of the rubber cylinder. For the relatively thick rubber cylinder, or lower first shape 
factor Si, the pressure distribution is highly nonlinear and the peak value appears at the centre of the 
cylinder because rubber is constrained in all directions there. This is schematically depicted in 
figure 38. 

Compression Tension 

Figure 38: Deformed shapes of single rubber layer [97] 

Gent and Findley’s test results indicated that there is a linear relation between the minimum 
nominal tensile stress applied to the rubber vulcanisate cylinder required to induce cavitation and 
the elastic modulus E. Based on the mathematical model described in [88] and [96], the maximum 
pressure value pm at the middle of rubber cylinder can be expressed as a function of the nominal 
stress <7n 
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°-„=^P„a + 2h2/R>i) (4.1) 

where h and Rr are the thickness and the radius of the rubber cylinder, respectively. 

This equation indicates that the pressure value at the centre has its maximum value 2an with the 
moderate thickness h. However as thickness decreases proportionally to the radius Rr, i.e. cylinder 
with a high first shape factor, the deformation becomes increasingly bulk dilatation dominant. In 
that case the pressure distribution is almost uniform throughout the cylinder and the pressure value 
is nearly equivalent to the nominal stress. 
Gent and Lindley derived the pressure value at the circumference of an arbitrary cavity in a 
spherical Neo-Hookean body. In this case the strain energy density function W is expressed as 

W =0,(1,-3) (4.2) 

where Ci is the material constant that is equal to 1/2 G or 1/6 E assuming the total incompressibility 
of rubber and T is the first strain invariant. 

If the considered spherical shell is infinitely thick and the void surface is force-free, the relation 
between the extension ration 2 of the circumference of the void and the negative pressure at infinity 
is expressed as 

Pm =C1 
4-_1_A 

[96], (4.3) 

As 2 increases, the pressure value gets closer to the asymptotic value of 5Ci which is equivalent to 
5E/6 or 5G/2 assuming the total incompressibility of rubber. These both experimentally and 
theoretically derived critical pressures were found to be in fair agreement. This pressure value is, 
therefore, often assumed as the critical pressure to expand existing microscopic voids to visible 
cavities [85] [97], However this is not always the case because the initial size of voids is not 
considered in this study. Gent and Tompkins [98] applied internal gas to the existed sabmicroscopic 
voids within rubber rather than a tensile stress to the rubber at infinity. These conditions are 
assumed to be equivalent due to the incompressibility of the rubber material. The minimum 
pressure values to expand the relatively large existing microscopic voids indeed correspond to the 
amount of 5E/6 but other smaller voids which were not expanded by even a higher pressure. Their 
conclusion was that the critical pressure 5E/6 is only a good approximation if the radius of the 
initially existing voids is larger than 5xlO"4 mm. Other research such as [99] and [ICO] reached the 
same conclusion. In practice, however, the elastomer has always microscopic voids with a wide 
range of sizes and thus the aforementioned negative hydrostatic pressure value 5E/6 or 5G/2 can be 
assumed as the critical value of cavitation. 
In the series of experiments of Notomi and others [101] the size influence is concerned, where he 
prepared rubber disks with a constant diameter D=40.56 mm and five different thickness values, 1, 
3, 5, 7 and 10 mm, corresponding to the first shape factor of 10.14, 3.38, 2.21, 1.45 and 1.01, 
respectively. The same tendency as the experiment of Pond was observed. The higher the first shape 
factor is, the higher the tension force required to induce cavitation is, see Fig. 39. 
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a) h=l mm (Si=10.14) b) h=5 mm (S,=2.21) 
Figure 39: Stress-strain curves of the rubber discs with different first shape factors [ iOl] 

Notomi et al. also carried out numerical analysis with the Mooney-Rivlin material model and 
compared both the test and FE results. They first obtained the necessary characteristic constants for 
the material model by curve-fitting and then confirmed that their numerical result and the test result 
were in good agreement. Then they built all FE models corresponding to all test specimens and 
compared those experimental and numerical results. Since their numerical simulation did not take 
into account the softening caused by cavities, load-displacement curves started to bifurcate at the 
point where cavities begin to develop. They took the pressure value pm at this loading step as the 
critical negative pressure. As for the location the centre of the disc was selected because all cavities 
were observed only in a certain range from the centre. They concluded the critical negative pressure 
values are almost constantly independent of the thickness, see table 18. 

Table 18: Thickness of rubber disk, displacement and critical negative pressure at onset of 
cavitation (recreated from [101])_ 

Thickness h [mm] Displacement u [mm] Negative Pressure pm [MPa] 
1 0.04 1.33 
3 0.14 1.36 
5 0.48 1.68 
7 1.04 1.59 
10 - No cavities up to 50 % strain 

Note that cavities were not found in the test specimen of thickness 10 mm after the tension test, 
although the pressure at the centre could have been sufficient for cavitation to take place. They only 
provided the material constants for the Mooney-Rivlin body for their FE-model, which are obtained 
by the curve-fitting. From those values the shear modulus of the considered rubber here is estimated 
as 0.74 MPa and then the critical negative pressure becomes approximately 1.8 MPa. This is a little 
higher than those pressure values obtained by the FE calculation, but the first question is to 
conclude whether, it is possible to pick up the ambiguous threshold point of cavitation with this 
method accurately. 
Their additional findings were that the thinner the thickness of the rubber disk is, the smaller the 
size of the cavities become and the more the number of cavities increases, which is consistent with 
the results of Gent and Findley [96] 
The number of studies regarding the elastomeric bearings in tension is limited yet nevertheless they 
can be found, in particular, among Japanese academic institutes and industries. For instance the 
series of experiments of the natural rubber bearing were performed by Shoji and the others [102], 
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One of the experiments was a simple tension test and the result is shown in Fig. 40. The bearing 
consists of three layers of rubber pads (hj=8 mm) and two steel shims in between, and its planar 
dimension is 240x240 mm, with which the first shape factor amounts to 7.5. The shear modulus of 
the natural rubber is G=1.2 MPa. 

Figure 40: Stress-strain curves of the natural rubber bearing [102] 

At tension force approximately of 200 kN a clear reduction in the stiffness is observed, which is 
nearly 3 .5 MPa nominal stress. It can be assumed that this value is almost equivalent io the pressure 
value for the first shape factor of the tested bearing is sufficiently high. Theoretical critical pressure 
value is 5G/2=3 MPa. It seems that the estimation through this expression is acceptable. 
For the simple tension tests the articles [103] and [104] can be referred to. Uryu and others 
investigated the influence of the number of rubber pad layers in their research [104] in which the 
simple tension test was performed for both one rubber pad and a bearing consisting of 26 layers of 
the same rubber pad. From the stress-strain curves of the bearings a more apparent softening is 
observed since the total stiffness of the bearing is lower than that of the single pad. The out-of-plane 
bending deformation of the flange plates were taken into consideration in the research work of 
Nishio and others [103], They concluded that this bending deformation of flanges can reduce the 
pressure of rubber pads at centre depending on the size of the bearing and the flange. Considering 
their result, the flange plates should be modelled as well for the FE analysis of the tested bearing, if 
the flange plates are relatively thin and expected to be bent. 
As described in Chapter 2, there are several possibilities that can cause the tensile force in 
elastomeric bearings during earthquakes. Among them the concern is often the case of 
proportionally tall and slim base-isolated structures where the unavoidable structural rocking mode 
causes the tension force in addition to the shear deformation, see Fig. 41. 
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Figure 41: One possible scenario of the occurrence of tension in elastomeric bearings 

Therefore if the more realistic situation during earthquakes is sought for, the shear deformation 
should be integrated with the axial tension. Kelly [105] and Takhirov [106] studied the possibility 
of the tension buckling of the elastomeric bearing theoretically and numerically. While they were 
deriving the critical buckling tension, they discovered that the simultaneous occurrence of tension 
and shear can even reduce the danger of cavitation in rubber. According to their theory the 
elastomeric bearing rotates with respect to the horizontal axis when the shear and tensile forces are 
applied at the same time and this rotation converts the uniaxial elongation into the shear 
deformation. As a result the hydrostatic stress condition is disturbed, which in turn reduces the risk 
of cavitation. Experiments concerning such a situation can be found, for instance, in [107] ~ [110] 
and [111], and Kelly’s concept can be visually confirmed by the picture shown in Fig. 43. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



4 Cavitation Induced Softening And Its Influence 52 

However as for the statement “reducing the risk of cavitation due to the simultaneous shear 
deformation” [106], one cannot be certain. The stress-strain curves of the same elastomeric bearing 
under various shear strains from [109] are shown in Fig. 43. This result reveals the fact that 
cavitation starts earlier stage of tensile loading as the applied shear strain increases, although the 
degree of softening decreases as the shear strain increases. The similar tendency can be observed in 
other test results [107] [110]. 

to 
C/3 

8 
S— 

C/3 

<D 

' C/3 
r— 

5 
h- 

-200 -100 0 100 200 300 400 

Tensile strain 8 (%) 
Figure 43: Stress-strain curves of the natural rubber bearing under various shear strain [109] 

Bayraktar et al. [112] conducted a series of interesting experiments regarding the cavitation 
phenomenon in natural rubber and synthetic rubber. In these experiments, rubber cylinders were 
subject to torsion as well as unilateral tension. Smooth and notched specimens were prepared so that 
the influence of different first shape factor on cavitation could be observed. The radius Rr and 
thickness h of the all tested rubber discs were 50 and 5 mm, respectively with various notches, see 
Fig. 44. This combination of torsional and tensile deformations may not be common for the 
application of the seismic isolator bearings, but the theory of Kelly can be observed from a different 
point of view with those tests. The results of these tests are given in Figs. 45 (simple tension test) 
and 46 (tension with torsion of 20° tests). The notch reduces the effective area of the rubber disc at 
the notch level and the stress in the loading direction increases as the notch expands. Furthermore, 
expanding the notch is almost equivalent to increasing the height of the rubber disc (or decreasing 
the first shape factor) because the area constrained by the upper and lower flange plates is also 
reduced. The proportion between the maximum negative pressure at the centre of the disc and the 
nominal stress increases as the first shape factor decreases. These two facts can be understood as the 
reasons why the cavities develop earlier for the rubber disc with a larger notch. The ways of cavity 
development are comparable to those observed in the research work of Gent and Bindley [96], i.e. 
many small cavities are present when the first shape factor is large and a few large cavities at the 
centre v/hen the factor is small. Decrease in the first shape factor influences on the tensile stiffness 
because over the surface the deviatoric part of deformation increases whereas the volumetric part 
decreases. Rubber is flexible against the former therefore the rubber disc can deform more when it 
has a lower shape factor. More importantly, the tensile stress to initiate cavitation is slightly higher 
for both rubber discs without notch and the degree of softening is lower when the torsional 
deformation is present, see Fig. 47. 
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Figure 44: Cutting section of a test sample with the notch length of 3 mm [112] 

Figure 45: Tension test results of the cylinder specimens of NR and SBR [112] 

Elongation (mm) 

Figure 46: Tension-Torsion (20°) test results of the cylinder specimens of NR and SBR [112] 
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Figure 47: Comparison between results of the simple tension tests and the tension-torsion tests 
[112] 

From Figs. 43 and 47 it can be assumed that the existence of shear stress lessens the cavitation 
effect. The reason for this is explained by the theory of Hou and Abeyrantne [IK] [115]. They 
mathematically derived the so-called “cavitation instability surface” by representing the 
deformation field of the incompressible spherical Neo-Hookean body through the radius of the body 
and the three parameters that represent the size and the aspect ratio of a spherical cavity within the 
body. Then the principle of virtual work is applied for that body so that the relationship between the 
critical stresses and the form of cavity is obtained. This cavitation instability surface is an equality 
defined by the balance of three principal stresses, which is expressed as 

(4.4) 

where G\ are the principal stresses 

This equation defines the surface in the space based on the three axes that are g\-oi, Gi-a3 and 
crm=((7i+(72+o'3)/3, i.e. the difference between principal stress components and the volumetric stress 
component, respectively. Cavitation takes place if the left side of the equation is greater than zero. 
The critical pressure value converges into the minimum value of 5G/2 as all principal stresses 
become equal. In other words, in the hydrostatic condition the required pressure to induce cavitation 
is minimum and if the shear stresses disturbs this condition, cavitation can still take place but with 
higher pressure values. The cavitation instability surface normalized by the shear modulus G from 
Eq. (4.4) is shown in Fig. 48. 
This theory can be optically explained using the model of the molecular chain network such as 
Fig. 29. In the centre region of a rubber disc, almost hydrostatic tensile pressure is built during by 
the uniaxial tension, which is equivalent to the attempt to expand the molecular network lattice in 
the all directions with the same force. In this way the molecular chain lattice cannot deform flexibly 
and will break when the force reaches the limited amount. Towards the edge the constraints of the 
molecuiar chain movement in the perpendicular direction to the loading become looser and thus the 
lattice can deform easier with lesser risk of breaking the molecular chains. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



4 Cavitation Induced Softening And Its Influence 55 

ai-03 01"°2 

Figure 48: Cavitation instability surface 

The cavitation instability curve was studied further by Chang et al. [116] and Ganghoffer and 
Schultz [117], The former made an attempt to verify the validity of the cavitation instabilky surface 
by FE analysis with Neo-Hookean model. To simplify the model, an axisymmetric condition is 
assumed. The result aligns well when compressive stresses in two directions are applied, yet differs 
from the one theoretically obtained by Hou and Abeyrantne when all three principal stresses are 
tension under anisotropic condition. The cause of this discrepancy was not explained in the same 
paper. 
Ganghoffer and Schultz investigated the behaviour of spherical shells subject to a combined far- 
field pressure and uniaxial tension. They derived the additional bifurcation instability curve and 
they concluded that the discrepancy shown by Chang can be explained by this extra curve. Fond 
[118] compared in his article those different cavitation instability surfaces under an axisymmetric 
condition. This comparison is shown in Fig. 49 for convenience, where Oh is equivalent to am. The 
cavitation instability surface of Hou and Abeyaratne is implemented in the finite element analysis in 
Chapter 6. There are a few concerns regarding the validity of this cavitation criterion since it is 
derived from the totally incompressible Neo-Hookean body. The assumption of total 
incompressibility can lead to an overestimation in analysis of rubber in some cases, and hence 
rubber is commonly treated as slightly compressible material. If this is the case the criterion is not 
known but the fact that minimum critical (hydrostatic) pressure corresponds to the experimentally 
obtained value is quite convincing. Besides such a high accuracy would not be necessary unless the 
body to be simulated is a part of the exquisite device. Another concern is if material models other 
than Neo-Hookena material model are applicable. In Chapter 6 several well-known hyper-elastic 
material models are introduced. They can be all reduced to the Neo-Hookean material model by 
neglecting higher order terms in the energy strain function defined in each model or rather the other 
material models were developed for the better representation of the hyper-elastic behaviour in a 
higher strain range. Cavitation takes place in a relatively low strain range where all material model 
including the Neo-Hookean model possess an almost identical load-carrying behaviour. Thus it can 
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be assumed that the cavitation instability surface is valid for the other material models. In reference 
[119], the slightly compressible Arruda-Boyce material model is compared with the incompressible 
Neo-Hookean material model for the critical hydrostatic pressure of the spherical body with a cavity 
by means of the FE analysis. Thus it can be concluded that both material models behave similarly if 
the locking stretch (see Chapter 6) is large enough. 

Figure 49: Comparison of various cavitation instability surfaces [118] 

The last concern is that the cavitation instability surface is proportional to the shear modulus of the 
material but if the filled rubber is considered, this relationship seems illogical in the first sight. As 
already explained in Chapter 3 the increase in the shear modulus of rubber due to carbon black or 
any other filler particles can be explained by the locally augmented strains/stresses. Then due to 
locally high strains/stresses the cavitation should be induced at earlier loading stage than unfilled 
rubber. However, this is not the case, and a number of test results can confirm that higher pressure 
is indeed required to initiate cavitation as the shear modulus of rubber is increased by adding filler 
particles. The reason for this discrepancy could be: 1) filler particles are more compressible than 
rubber and therefore the pressure of rubber is somewhat absorbed by their deformation, or 2) 
hydrostatic pressure condition is not built due to the existence of other filler particles. Then higher 
stresses are required to develop cavities. 

4.2 Influence Of Cavities On Rubber Properties 

As described in the previous section, the tensile stiffness is reduced by the appearance of cavities. 
Then the important question is if those cavities have a great impact on the other main properties of 
the elastomeric bearings such as compression and shear stiffness or damping. 
Iwabe and others [120] examined the tensile resistant characteristic of the natural rubber bearing 
(NRB), high damping rubber bearing (HDR), and natural rubber bearing with lead core (LRB). In 
their tests at first the shear strain was applied to the bearing to 200% and then cyclic stretching in 
the vertical direction up to 100% strain was performed. Softening was observed in all specimens 
and that indicates the cavities developed within rubber. The performance tests repeated after the 
offset tension tests showed no major sign of deterioration in their basic characteristics except the 
reduction in the compressive stiffness of HDR at the smaller range of compression However this 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



4 Cavitation Induced Softening And Its Influence 57 

change should root in not only the cavitation but also the Mullins effect which can be observed in 
the force-displacement curves presented in their article [120], It is generally difficult to filter out the 
Mullin’s effect for tension tests because such high strain range would be reached only if the 
cavitation-induced softening is triggered. 
Uno and others [121] also investigated the change in characteristics of NRB, HDR, and LRB after 
the tension shear test. The results are given in Table 19 and 20 where G8, G10, and G12 denote the 
shear moduli G=0.8, 1.0 and 1.2 MPa, respectively. Here LRB is not listed because two of the 
specimens were torn during tests. They failed at 2 MPa tension with 175% shear deformation. The 
numbers in parenthesis denote the proportion to the same characteristic values before test. 

Natural Rubber NR-G8 NR-G10 NR-G12 

Before 
test 

Compression 
stiffness Kv [kN/mm] 542.7 663.9 751.9 

Effective stiffness Kh 
[kN/mm] 2.0 2.5 3.3 

Equivalent damping 
ratio L, [%] 6.0 7.3 6.2 

After 
test 

Compression 
stiffness Kv [kN/mm] 486.4 (0.90) 592.9 (0.89) 668.6 (0.89) 

Effective stiffness Kh 
[kN/mm] 1.8 (0.93) 2.3 (0.92) 3.0 (0.89) 

Equivalent damping 
ratio ^ [%] 6.1 (1.00) 7.3 (1.01) 6.1 (0.98) 

Table 20: Characteristics of high damping natural rubber bearings before and after test (recreated 
from [121])_ 

High Damping Rubber HDR-G8 HDR-G10 HDR-G12 

Before 
test 

Compression 
stiffness Kv [kN/mm] 

629.5 761.3 896.2 

Effective stiffness Kh 
[kN/mm] 2.1 2.6 2.9 

Equivalent damping 
ratio ^ [%] 

14.6 14.1 13.9 

After 
test 

Compression 
stiffness Kv [kN/mm] 376.3 (0.60) 441.4 (0.58) 538.8 (0.60) 

Effective stiffness Kh 
[kN/mm] 1.9 (0.89) 2.1 (0.82) 2.4 (0.81) 

Equivalent damping 
ratio ^ [%] 14.1 (0.97) 14.3 (1.01) 13.7 (0.98) 

Applied tensile stress was 2 MPa that is equivalent to the allowable tensile stress for elastomeric 
bearings during the seismic activity provided in the Japanese Specifications for Highway Bridges, 
except for G8 rubber whose allowable tensile stress is 1.6 MPa. The allowable tensile stress was 
determined by a number of the offset-tension tests and it is well below the ultimate strength of any 
types of the elastomeric bearings. No stress-strain curve was presented from the tension test and 
hence it is not clear whether cavities developed or not. Assuming a hydrostatic condition at the 
centre region of the bearing and considering that the pressure there is definitely higher than the 
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nominal stress, this applied tension force is therefore sufficient to induce cavitation for those tested 
bearings, especially for G8 rubber materials because 5G/2=2.0 MPa. Results of this experiment 
showed no significant change in the effective stiffness or the equivalent damping ratio of both NRB 
and LRB. As for the HDR, significant reduction of the compressive stiffness (up to 40%) was 
observed after tension shear test but again it is probably results both of cavitation and the Mullins 
effect. The equivalent horizontal stiffness of HDR was also more reduced than those of NRB and 
LRB. 
Otsuka and others [ 122] examined the behaviour of the lead natural rubber bearings under tension. 
In their experiments rubber with the shear modulus G=0.98 MPa was used. Simple tension tests 
showed that mostly some reduction in the vertical stiffness was observed at around 2.45 MPa 
nominal tensile stress and this should be the indication of the threshold of cavitation within rubber. 
However, with the shear deformation, this behaviour varied. Typically, the smaller the shear 
deformation is, the higher the reduction in the vertical stiffness and the lower .he cavitation 
initiating stress becomes. This is shown in Fig. 50. The symbol ‘x’ in the same figure denotes the 
strain/stress at break. This tendency corresponds to the theory of Kelly [106] as well, i.e. the simple 
unilateral tension is the worst situation for cavitation. 
Fig. 51 shows the hysteresis loops of the same type of LRB under various vertical load conditions. 
Clearly the lead rubber bearing can dissipate lower energy in tension than in compression. They 
described this is probably due to the absence of the constraint effect of the rubber to the lead plugs 
without high vertical compression. 
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Figure 50: Vertical load-displacement curves of the lead rubber bearing [122] 
(y: Initial offset-shear strain, x: breaking points of rubber specimens) 
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a) With mean surface compression 7.84MPa 
Horizontal displacement (mm) 

b) With mean surface compression 3.92MPa 

-80 -40 0 40 80 
Horizontal displacement (mm) 

c) Witout vertical load d) With mean su rface tension 1.95MPa 
Figure 51: Comparison of hysteresis loops under compression and tension [ 122] 

Matsushima and others [123] studied the cavities influence on the fatigue aspect of the natural 
rubber with up to 300 cyclic loading. Here the cavities were generated intentionally by pre¬ 
stretching uniaxially beforehand. Generally these tests did not exhibit any major influence of 
cavities on the fatigue characteristics of the rubber. However rubber disks with thickness 7 mm and 
10 mm exhibited a notable reduction in the shear stiffness because the damage at the boundary of 
the rubber disk and the steel plate occurred during cyclic loading (ymax = 4) and it expanded along 
with the number of cycles. It was more remarkable to the test piece with cavities as in shown in 
Fig. 52. This amount of shear deformation should not happen in real application frequently. 
Nevertheless this test result indicates that cavities could affect the fatigue resistance of rubber. 

-t=l w/o void 
-t=l with void 
-1=3 w/o void 
-1=3 with void 
-1=7 w/o void 
-1=7 with void 
-1=10 w/o void 
-1=10 with void 

Figure 52: Rate of reduction of maximum load of each cycle [123] 
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5 EXPERIMENT 

A series of elastomeric bearing tests were carried out at the laboratory of the Institute of 
Constructive Engineering, University of the Armed Forces Munich (Universitat der Bundeswehr 
Miinchen). Twelve bearings with the first shape factor equal to 18.8 (Si=18.8) and another twelve 
bearings of S]=9.4 are prepared. For the convenience the former is named as the Type 1 bearing and 
the latter as the Type 2 bearing respectively. Those bearings were made out of low damping natural 
rubber and manufactured by Maurer Sohne GmbH. The sequence of the tests is as follows: 

1) Compression and shear test in order to examine the initial properties of the bearings. 
2) Either simple tension test, or shear and tension test aiming to cause the damage within 

rubber. 
3) Compression and shear test to examine if any deterioration in their properties due to 

cavity-damage can be found. 

Fig. 53 shows the dimension of both tested bearings. Both types have the same planar dimension 
and although the first shape factor differs, the total thickness of rubber pads is same. Bearings with 
a higher first shape factor (Si>15) are likely used for the seismically isolated buildings and bearings 
with a shape factor up to 10 are for bridges. Type 1 bearing is for the application of the seismic 
isolation to building and Type 2 to bridges. Furthermore the same planar dimension and the same 
total thickness of rubber layers enable us to observe the difference in cavitation process due purely 
to different first shape factor. 

O 

o' 
co. 

in 
CD 

o' 
co, 
o 

Figure 53: Dimension of the tested elastomeric bearings (left: Type 1, right: 'Type 2) 

As described in the previous chapters, several similar tests were carried out in the past, mostly in 
Japan. The purpose of those tests is often to observe the cavitation-induced softening and its degree 
as well as to find out the influence on the cavitation due to various geometrical parameters but they 
seldom compared the test results with numerical analyses. Therefore the stress-strain curves of 
rubber materials or material constants, without which no proper numerical analysis can be 
performed, are rarely present in those researches. In this dissertation, however, both the 
implementing the numerical rubber-material model and understanding the cavitation phenomenon 
itself are of interest. For this reason dumbbell-shaped rubber samples have also been tested and their 
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stress-strain curves were used for the numerical simulation. Those results are presented with the FE 
analysis in the next Chapter. 
In the following sections details of each test and the results are presented. 

5.1 Test Setup And Devices 

The setup of the test is shown in Fig. 54. This configuration is used for practically all series of tests. 
For the initial property test the vertical servohydraulic universal testing machine of “MFL und 
Zwick”, type UPS 1000V is used to apply the vertical compression force to the tested bearings on 
top of the two horizontal actuators. The vertical actuator is controlled by a servohydraulic valve 
Moog 508K03DOJNO D101. The vertical load is calculated on the basis of the oil pressure in the 
actuator measured by a pressure transducer HBM P3MB-350 bar and the surface of the piston. The 
load measuring system is tested and recorded according to DIN EN ISO 7500-1 with Appendix 1 
(Inv.No.: 43 1259 09-6 from November 11.2009), corresponding to accuracy class 1. For the 
horizontal load transfer, two actuators Schenck 630 kN with a stroke capacity of ±125 mm is used. 
The actuator is equipped with a displacement transducer and controlled by a servobydraulic valve 
SM250. The horizontal force of the actuator is measured by a calibrated load cell Schenck 
PM2,5Tn; No. 39904. Two actuators are mounted for general use in order to increase the shear 
displacement capacity. Each actuator is connected to the load-transferring plate that is Rubricated 
with grease in order to reduce the undesired energy loss due to friction. However the hysteresis 
loops have still shown this extra energy loss. For the series of tests described here only the left 
actuator is activated and the right actuator is held at the original position. By this setting, the 
hysteresis loops due solely to the elastomer viscoelastic property can be obtained by depicting them 
with the displacement measured by the left actuator and the force measured by the right actuator. 

Figure 54: Test setup for the property test 

The left horizontal actuator is kept parallel to the ground by the bracing construction and is at the 
same time moveable in the vertical direction by means of the block and tackle mechanism so that 
pure shear deformation is assured independent of the vertical deformation of the elastomeric 
bearings, see Fig. 55. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



5 Experiment 62 

Figure 55: Support construction for the left (upper) horizontal actuator 

For the uniaxial tension test four additional actuators LUKAS LHC 60-35/25 were installed 
between two load-transferring plates as shown in Fig. 56. These actuators apply the compression 
force so that these plates are pulled away from each other. The forces were measured by the 
mounted load cells AST Gruppe KAF 250/500 kN. Displacement was measured at the two positions 
(see the same figure) by the displacement transducer that was calibrated by the Mitutoyo 
micrometer gauge. 

Figure 56: Test setup for the uniaxial tension test 
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This test configuration was slightly modified for the offset tension test. In order to prevent the 
bearing from rotating due to the initial shear deformation, a support construction was mounted 
which is indicated in the Fig. 57. A tension rod is installed on the other side for the same purpose. 

Figure 57: Test setup for the offset tension test 

Furthermore two actuators on the left side was replaced by only one actuator with ENERPAC P84 
ULTIMA Hydraulic Steel Hand Pump since the required tensile force on this side is smaller due to 
the aforementioned rotation caused by the shear deformation. The two load-transferring plates were 
also kept parallel during the test by manually adjusting the loading on ;he left side by hand¬ 
pumping. 

5.2 Initial Properties 

The decisive properties of the elastomeric bearing are vertical and horizontal stiffness. As a seismic 
isolator, its damping property is also important although the tested bearing is the low damping 
natural rubber and therefore little energy dissipation is expected. Nevertheless those three properties 
are measured during this initial test and they are compared with the ones measured after all bearings 
are damaged by tension tests. As previously stated, the goal is to examine if there is any 
deterioration observable due to cavity damage. If damage is detectable in terms of such properties, 
bearings can be checked for their damage after seismic event without cutting it. 
As for the procedure, the bearing is loaded vertically first and then the shear deformation is applied. 
The vertical force is calculated from the compression stress 6 MPa which is specified in [10] as the 
test procedure. This is also above the required minimum value and below the allowable maximum 
value defined in [9] [12]. Following the procedure of EN 15129 the maximum vertical load is 
applied to the bearing before measurement and kept for 5 to 10 minutes. Then the vertical force is 
unloaded and again loaded up to the maximum but this time in 5 steps. At each step the vertical 
force is held for at least 2 minutes. The vertical stiffness Kv of the elastomeric bearing is evaluated 
from this last force-displacement curve by the following expression: 

where 
Fzl and Fz2: a third of the maximum load and the maximum load, respectively [kN] 

(5.1). 
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vzl andvz,: the corresponding vertical deflections of the bearing at the two load levels provided 

above [mm] 

The force-displacement curves from each bearing type are shown in Figs. 58 and 59. 

Figure 58: One of the vertical force-displacement curves of the bearing Type 1 
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Figure 59: One of the vertical force-displacement curves of the bearing Type 2 

With the vertical force kept at the maximum, the shear deformation of 100 %, which is the capacity 
of the horizontal actuator, is applied. The characteristic values of rubber stabilize when cyclic 
loading is applied because of rearrangement, re-crosslinking of the molecular chains or breakage of 
black carbon clusters occurring during the repeated loading. According to the annex of [12] ten 
cyclic loading is enough to obtain the stabilized shear stiffness. Hence these cyclic loading is 
applied to exclude this change in the characteristic values so that only the influence of cavity 
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damage can be examined at the comparison. However the characteristic values from the ninth cycle 
instead of the tenth cycle had to be compared because the hysteresis loop of the last cycle is not 
always fully closed. Hence the result could not be estimated properly. One of the hysteresis loops 
from each bearing type is exemplified in Figs. 60 and 61. 

• Amplitude 
dx = 0.115 [m] 

• Vertical Force 
Ns = -959000 [N] 

• Max. Velocity 
vmax = 24.6 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 6.5442 [kJ] 
• Damping Coefficient 

c = 755000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1350000[N/m] 

-150 -100 -50 0 50 100 150 
Horizontal displacement-9 [mm] 

Figure 60: One of the hysteresis loops of the bearing Type 1 

• Amplitude 
dx = 0.1151 [m] 

• Vertical Force 
Ns = -955000 [N] 

• Max. Velocity 
vmax = 24.2 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 9.1557 [kJ] 
• Damping Coefficient 

c = 88000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1250000[N/m] 

-150 -100 -50 0 50 100 150 
Horizontal displacement-9 [mm] 

Figure 61: One of the hysteresis loops of the bearing Type 2 

The horizontal displacement was applied with a sinus function with two different frequencies, 
0.0332 Hz and 0.0664 Hz so that the dependence of the properties on the excitation frequency can 
be examined, if any exists. 
The properties of tested bearings to be measured are the horizontal stiffness and the damping. The 
horizontal stiffness (effective stiffness) Kh is defined as: 

Kh = 
u -u 

(5.2) 
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where 

u+ andu~ : maximum and minimum values of displacement in the cycle 

F + and F “ : corresponding forces at u+ and u", respectively 

The damping ratio is provided in the results as the measurement of damping that is expressed as: 

2A, 
Kh;r(u+-u-)2 

where 
Ah: the area within a hysteresis loop 

2Kh7rd+2 
v abs(u+) - abs(u ) (5.3) 

The characteristic values of the Type 1 bearings are summarized in the following Tables 21 to 23. 
Originally six bearings of each type were to be tested. However, due to the failure of some bearings 
during the uniaxial tension test, three more samples of Type 1 bearings were tested. 

Table 21: Measured horizontal properties of the Type 1 bearing from the ninth eye 

Bearing No. 
Damping ratio q 

[%] 

Measured Kh 
[N/m]xl06 

Shear modulus G 
[MPa] 

1-01 5.8 1.35 1.02 

1-02 7.8 1.33 1.00 

1-03 7.8 1.34 1.01 

1-04 7.1 1.26 0.95 

1-05 7.0 1.33 1.00 

1-05 6.7 1.37 1.03 

1-07 7.9 1.29 0.97 

1-08 7.0 1.29 0.97 

1-09 7.6 1.18 0.89 

Mean 7.2 1.30 0.98 

e (5=0.0332 Hz) 

Table 22: Measured horizontal properties of the Type 1 bearing from the ninth eye 

Bearing No. 
Damping ratio £ 

[%] 

Measured Kh 
[N/m]xl06 

Shear modulus G 
[MPa] 

1-01 5.7 1.32 1.00 

1-02 8.3 1.30 0.98 

1-03 7.0 1.31 0.99 

1-04 7.5 1.23 0.93 

1-05 8.0 1.29 0.97 

1-06 5.9 1.34 1.01 

1-07 8.0 1.26 0.95 

1-08 7.3 1.26 0.95 

1-09 8.5 1.16 0.88 

Mean 7.4 1.27 0.96 

e (f=0.0664 Hz) 

The shear modulus given in the tables above are derived from Eq. (3.13) with the measured Kj,. 
Evidently the damping ratio and the horizontal stiffness are virtually independent of the excitation 
frequency. 
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In the following Table 23 the measured vertical stiffness are compared with the design values based 
on three different design standards. For the calculation of design values, the mean values of two 
measured shear moduli are used and k factors are determined in accordance with [87] and [85], The 
design compression stiffness calculated by Eqs. (3.19) and (3.20) amounts to almost twice as high 
as measured ones. They are practically no use for the evaluation of this bearing. The deviation 
between design stiffness values calculated by the Eq. (3.21) and measured ones are all within 30 % 
as should be according to the annex of [12], although it is still overestimation. 

Table 23: Measured vertical stiffness of the Type 1 bearing and comparison with the design 

Bearing No. Measured Kv 
[N/m]xl08 

Design Kv from 
Eq. (3.19) 
[N/m]xl08 

Design Kv from 
Eq. (3.20) 
[N/m]xl08 

Design Kv from 
Eq. (3.21) 
[N/m]xl08 

1-01 4.22 8.81 9.77 6.28 
1-02 4.81 8.72 9.71 6.19 
1-03 4.93 8.76 9.74 6.23 
1-04 4.54 8.41 9.52 5.86 
1-05 4.65 8.70 9.70 6.16 
1-06 4.80 8.89 9.82 6.38 
1-07 4.74 8.54 9.61 6.00 
1-08 4.76 8.54 9.61 6.00 
1-09 4.72 8.07 9.32 5.51 

Mean 4.69 8.60 9.64 6.07 

values 

As explained in Chapter 3, this large gap between stiffness results might stem from the wrong bulk 
modulus. As an attempt, the evaluation formula (3.20) is recalculated with Eb=500 MPa and with 
that the results fit evidently better, see Fig. 62. 

-Test-EN 15129, EbSOO -• -EN 15129, Eb2000 

Strain M 

Figure 62: Comparison of the test and the evaluation formula (3.20) for the Type 1 bearing 

The same sets of tables for the Type 2 bearing are given in the following Tables 24 to 26. 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



5 Experiment 68 

Table 24: Measured horizontal properties of the Type 2 bearing from the ninth eye 

Bearing No. 
Damping ratio £ 

[%] 
Measured Kh 

[N/m]xl06 
Shear modulus G 

[MPa] 
2-01 8.8 1.25 0.94 
2-02 9.4 1.17 0.88 
2-03 9.4 1.10 0.83 
2-04 8.7 1.19 0.90 
2-05 9.9 1.18 0.89 
2-06 10.6 1.13 0.85 

Mean 9.5 1.17 0.88 

e (f=0.0332 Hz) 

Table 25: Measured horizontal properties of the Type 2 bearing from the ninth eye 

Bearing No. 
Damping ratio £ 

[%] 
Measured Kh 

[N/m]xl06 
Shear modulus G 

[MPa] 
2-01 9.4 1.22 0.92 
2-02 9.2 1.15 0.87 
2-03 11.1 1.08 0.82 
2-04 9.9 1.16 0.89 
2-05 10.8 1.15 0.88 
2-06 10.2 1.12 0.85 

Mean 10.1 1.15 0.87 

e (f=0.0664 Hz) 

The measured mean horizontal stiffness of the bearing Type 2 is approximately 10 % lower than the 
Type 1 bearing, although theoretically they must be equal. The shear modului of the rubber derived 
from these measured Kh are, therefore, inevitably lower than those of Type 1 bearings as well. As 
explained in [124], a bending deformation increases as lowering the first shape factor, which in turn 
reduces the apparent shear modulus. The relationship between the actual and apparent shear moduli 
is also provided in [124] that is derived from the unit virtual load method, see Fig. 63. 

Figure 63: Work done by the unit virtual load involving only shear deformation (left) or both shear 
and bending deformation (right) 
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Assuming the total incompressibility of rubber, the elastic modulus is replaced by 3=3G. By 
substituting G for Ga (apparent shear modulus) of the equation in the right figure and equating both 
Kh, the following relationship is obtained for cylindrical rubber. 

G a 

G 
(5.4) 

By applying the same principle to the complete bearing and substituting El in the equation in the 
Fig. 63 for E^I from, for instance, Eq. (3.25), the shear modulus of rubber is calculated as 

G = 
1 

(9 + 6kS,2) 
(5.5) 

where Kh, A and Hb are the horizontal stiffness, the plane area and the height including two flange 
plates of the rubber bearing, respectively, h; is the thickness of each rubber pad, Rr is the radius of 
rubber pad and k is the same factor of Eq. (3.25). 

Rubber pads of both bearing types are, however, flat enough so that the bending contribution is 
negligibly small and in fact the expressions above hardly help distinguish one from another. Then 
there is no other option than accepting the fact that the material characteristics are slightly different 
from each other, although the same rubber material should have been used for both bearing types. 
The difference in damping may also be explained by this hypothesis. A possible cause of these 
differences is, for instance, different degree of oxidization. Perhaps Type 1 bearings were 
manufactured before and they were exposed to the air a longer period than Type 2 bearings. Then 
the Type 1 bearings are more oxidized and oxidized natural rubber tends to possess higher shear 
stiffness, although oxidisation is normally a slow process and often only remains on surface level. A 
more plausible explanation would be the property change during the manufacturing process. 
Amount of heating and pressure during vulcanizing process as well as different curing conditions 
are responsible for the density of molecular chains cross-linking. Both explanation offer no 
evidence and are, therefore, mere hypotheses. The fact that the properties of the tested rubber 
bearing has altered is “confirmed” by the FE analysis in Chapter 6 in which it is demonstrated that 
the FE analysis cannot deliver the corresponding results to the test data if the same shear modulus is 
used for both bearing types. 

Table 26: Measured vertical stiffness of the Type 2 bearing and comparison with the design 

Bearing No. Measured Kv 
[N/m]xl08 

Design Kv from 
Eq. (3.19) 
[N/m]xl08 

Design Kv from 
Eq. (3.20) 
[N/m]xl08 

Design Kv from 
Eq. (3.21) 
[N/m]xl08 

2-01 3.14 2.80 3.32 2.91 
2-02 3.56 2.65 3.22 2.73 
2-03 3.36 2.50 3.12 2.56 
2-04 3.53 2.68 3.24 2.76 
2-05 3.22 2.66 3.23 2.74 
2-06 3.34 2.58 3.18 2.65 

Mean 3.36 2.65 3.22 2.73 

values 
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Comparison of the measured and design compression stiffness is summarized in Table 26. All 
evaluation formulae provide a relatively good estimation for this bearing type in comparison with 
the bearing Type 1 and deviation between all design values and measured ones is within 30%. The 
closest estimation is generated by Eq. (3.20). For this bearing type, the bulk modulus of 2000 MPa 
provides a better fit as shown in Fig. 64, although the difference in two curves derived from the 
evaluation formula (3.20) based on two different bulk modulus is much smaller than that of the 
Type 1 bearing. This is because the apparent compression modulus Ec is highly dominant in the 
total compression modulus Ecb if the first shape factor Si is low and therefore the bulk modulus has 
less influence. Vice versa, the influence of the bulk modulus on Ecb becomes high as Si increases 
and hence more accurate Eb is required. Considering that, the value of 500 MPa for the bulk 
modulus seems more appropriate than 2000 MPa. For the FE simulation in the next Chapter, 
therefore, Eb is also set to 500 MPa. 

-Test-EN 15129, EbSOO - EN15129, Eb2000 

Strain [-] 

Figure 64: Comparison of the test and the evaluation formula (3.20) for the Type 2 bearing 

5.3 Uniaxial Tension Test 

The force-displacement curves from each bearing type are shown in Figs. 65 and 66 and all results 
of other bearings are provided in appendices. For both cases expected softening is observed, 
although its degree and onset point are different. The softening of the bearings Type 2 appears at a 
lower loading level than that of the bearings Type 1. As explained in Chapter 3 and visually shown 
by means of FE Analysis in the next Chapter, the distribution of the negative pressure in the radial 
direction is not constant and a higher pressure occurs in the centre region. This distribution is 
flattened towards constant distribution as the first shape factor increases, which means the Type 2 
bearings experience a higher negative pressure there than the bearings Type 1 at the same loading 
level. Therefore cavities should develop in the bearings Type 2 earlier with a lower loading level 
than the bearings Type 1 and the test results support the theory. 
The initial tensile vertical stiffness denoted in these figures are calculated between 100 kN and 300 
kN since all tested bearing possess almost a linear behaviour in this range and there :s no definition 
of the tensile stiffness provided by the design standards such as Eurocode or Japanese 
Specifications for Highway Bridges. The measured stiffness values are summarized and compared 
with their compressive stiffness in Tables 27 and 28. 
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Figure 65: Force-displacement curves of the bearing 1-06 
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Figure 66: Force-displacement curves of the bearing 2-02 

Six test pieces of Type 1 bearings and three of Type 2 bearings were tested for the uniaxial tension. 
After all initial property tests, more of Type 1 bearings were tested because among them the 
bearings 1-03 and 1-05 failed and the measurement of the bearing 1-04 was unsuccessful due to the 
hydraulic trouble during the test. Theoretically the compressive and tensile stiffness within a small 
strain range should be equivalent as described in [105] but the tensile stiffness of all tested bearings 
was more than 10 % lower than the compressive stiffness. 

• Initial T ensile V ertical S tiffness 
K vt = 282 845374 [N/m] 

• Initial T ensile V ertical S tiffness 
K 
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II > 217633 [N/m] 
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Table 27: Comparison of the compressive- and tensile stiffness of the Type 1 bearing 

Bearing No. 
Measured Kv * 

[N/m]xl08 
Measured Kvt 

[N/m]xl08 
1-01 2.60 2.93 
1-02 4.13 2.90 
1-03 4.01 3.51 
1-04 3.79 3.85 
1-05 4.19 3.10 
1-06 - 3.37 

Mean 3.74 3.28 
*Compressive stiffness Kv measured between -100 kN and -300 kN for comparing 

Table 28: Comparison of the compressive- and tensile stiffness of the Type 2 bearing 

Bearing No. Measured Kv * 
[N/m]xl08 

Measured Kvt 
[N/m]xl08 

2-01 3.11 2.31 
2-02 3.16 2.84 
2-03 2.79 2.32 

Mean 3.02 2.49 
*Compressive stiffness Kv measured between -100 kN and -300 kN for comparing 
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Figure 67: Force-displacement curves of the bearing Type 1-03 

The force-displacement curve of the bearing 1-03 is shown in Fig. 67. At approximately 460 kN 
tensile force, the loading was briefly stopped since the deformation increased progressively. After 
that, at about 540 kN, the same phenomenon occurred. This time the deformation progressed more 
rapidly and the bearing lost its stiffness completely as the maximum tensile force reached 550 kN. 
The failure was caused most probably by delamination between a rubber pad and a steel shim. This 
assumption is deduced from the visible excessive concave deformation on the bearing surface, see 
Fig. 68. 
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Figure 68: Visible damage of the bearing 1-03 during the uniaxial tension test 

The same deformation was observed not only on the failed test pieces but also on some of the other 
Type 1 test pieces. This indicates that the delamination took place also in the other test pieces 
parallel to the cavitation. The one whose delamination was complete or almost complete was visible 
from the surface deformation. There was plateau in the force-displacement curves of the bearings 1- 
01 to 1-05 (see annex) as in Fig. 67. It has to be verified by cutting off the bearings if this excessive 
softening is caused by cavitation alone or that combined with the delamination. 
As for the bearing Type 2, the same kind of deformation was difficult to detect since the surface of 
these bearings becomes a highly wave-like form (see Fig. 69) as a result of its higher deformability 
than Type 1. Moreover a clear plateau is not found in the force-displacement curves of these 
bearings, although the tensile vertical stiffness becomes also very low at higher displacement. 
These cavitation- and delamination damages will be discussed in 5.6. 

Figure 69: The bearing 2-02 during the uniaxial tension test 
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5.4 Offset Tension Test 

The force-displacement curves from each bearing type are shown in Figs 70 and 71 and the force- 
displacement curves of all other bearings are provided in the appendices. 

700-1------- 

600 

500 

z 
f 400 

o 

8 300 
'■e 
a; 
> 

200 

100 

0 
0 5 10 15 20 25 30 35 

Vertical displacement [mm] 

Figure 70: Force-displacement curves of the bearing Type 1-09 

• Initial T ensile V ertical S tiffness 
K vt = 422 788604 [N/m] 
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Figure 71: Force-displacement curves of the bearing Type 2-05 

The load-carrying behaviours are similar to those of the uniaxial tension tests. Here however, the 
softening begins at lower loading levels and also the initial stiffness seems to be generally lower. 
The compressive stiffness is also lower when the shear deformation is present for the effective 
planar area resisting compression is reduced. This explanation is probably not valid for the tensile 
stiffness but the rotation within the bearing explained in [106] contributes to the lower stiffness. It is 
observed in all force-displacement curves of uniaxial tension- and offset tension tests that the 
required force to reach the same level of previously reached displacement is lower. This difference 
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in the required forces is most distinguished between the first and the second cycles. Furthermore 
cyclic force-displacement curves under small loading range in which they are nearly linear exhibit 
no such difference between consecutive loading cycles. From these observations, it can be deduced 
that the difference in the required force between consecutive loading cycles is caused mostly by the 
cavitation or perhaps delamination but not Mullin’s effect. 
During the offset tension tests the same local excessive deformation on the surface of the Type 1 
bearings was also observed as shown in Fig. 72. Here as well, it is difficult to identify this kind of 
deformation on the Type 2 bearings but at the uppermost layer of rubber pad somewhat larger 
deformation was observed for all three tested bearings. As shown with the FE simulation :n the next 
Chapter, the cavitation criterion was violated first in this area resulting in the damage, either 
cavities or delamination, might have developed there. 

Figure 72: Visible damage of the bearing 1-09 (left) and 2-05 (right) during the offset tension test 

5.5 Repetition Of The Property Test 

Exactly the same series of property tests were carried out after either uniaxial tension tests or offset 
tension tests. Here only the changes in all properties are of interest and hence comparison of the 
properties before and after uniaxial- or offset tension tests is shown in the following tables. 

'vth 

Bearing No. 
K* 

before tension test 
[N/m]xl06 

Kh 
after tension test 

[N/m]xl06 

Deviation 
[%] 

1-01 1.35 1.24 -8.1 
1-02 1.33 1.23 -7.5 
1-03 1.34 - - 

1-04 1.26 1.19 -5.6 
1-05 1.33 1.26 -5.3 
1-06 1.37 1.31 -4.4 
1-07 1.29 1.24 -3.9 
1-08 1.29 1.16 -10.1 
1-09 1.18 1.11 -5.9 

Mean 1.30 1.22 -6.4 
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Table 30: Change in the horizontal stiffness (9th cycle) of the Type 1 bearing (f=0.066^ Hz) 

Bearing No. 
Kh 

before tension test 
[N/m]xl06 

Kh 
after tension test 

[N/m]xl06 

Deviation 

[%] 

1-01 1.32 1.28 -3.0 
1-02 1.30 1.25 -3.8 
1-03 1.31 - - 

1-04 1.23 1.18 -4.1 
1-05 1.29 1.24 -3.9 
1-06 1.34 1.30 -3.0 
1-07 1.26 1.23 -2.4 
1-08 1.26 1.16 -7.9 
1-09 1.16 1.11 -4.3 

Mean 1.27 1.22 -4.1 

Table 31: Change in the damping ratio (9th cycle) of the Type 1 bearing (f=0.0332 Hz) 

Bearing No. 
£ 

before tension test 

[%] 

£ 
after tension test 

[%] 

Deviation 

[%] 

1-01 5.8 7.1 -20.4 
1-02 7.8 8.7 -11.5 
1-03 7.8 - - 

1-04 7.1 7.8 10.0 
1-05 7.0 7.5 7.1 
1-06 6.7 7.1 6.0 
1-07 7.9 7.7 -2.5 
1-08 7.0 10.5 50.0 
1-09 7.6 8.6 13.2 

Mean 7.2 8.1 6.5 

Table 32: Change in the damping ratio (9th cycle) of the Type 1 bearing (f=0.0664 iz 

Bearing No. before tension test 

[%] 

£ 
after tension test 

r%i 

Deviation 

[%] 

1-01 5.7 5.8 1.2 
1-02 8.3 6.4 -22.9 
1-03 7.0 - 

1-04 7.5 7.7 2.7 
1-05 8.0 7.4 -7.5 
1-06 5.9 7.3 23.7 
1-07 8.0 8.1 1.3 
1-08 7.3 9.4 28.8 
1-09 8.5 8.2 -3.5 

Mean 7.4 7.5 3.0 
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Table 33: Change in the vertical stiffness of the Type 1 bearing 

Bearing No. 
Kv 

before tension test 
[N/m]xl08 

Kv 
after tension test 

[N/m]xl08 

Deviation 
[%] 

1-01 4.22 3.91 -7.3 
1-02 4.81 4.49 -6.7 
1-03 4.93 - - 

1-04 4.54 4.56 0.4 
1-05 4.65 4.48 -3.7 
1-06 4.80 4.79 -0.2 
1-07 4.74 5.14 8.4 
1-08 4.76 4.72 -0.8 
1-09 4.72 4.54 -3.8 

Mean 4.69 4.58 -1.7 

The change in the horizontal and vertical stiffness is quite small despite the fact that the local 
excessive bulging deformation was observed on the surface of bearings where the delamination 
might have taken place during tension tests, see Fig. 73. The change in damping is diverse, and no 
logical pattern can be deduced weather there is some influence of cavities or not. The measurement 
and evaluation of such small damping is not quite accurate since admittedly the sampling frequency 
at measurement or rounding the number during the evaluation process can affect the results and 
might lead to an error. For this reason it is decided that the influence of cavities on the damping 
property are not evaluated. 

Figure 73: Bulging deformation of the bearing 1-05 during the compression and shear test 

The same sets of tables for the Type 2 bearing are given in the followings 
For the bearings Type 2, change in characteristic values is in the same order as bearings Type 1. It 
can be then concluded that the influence of cavities or delamination on the properties of both types 
of rubber bearings is minor within the tested loading or displacement range. 
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Table 34: Change in the horizontal stiffness (9th cycle) of the Type 2 bearing (f=0.0332 Hz) 

Bearing No. 
Kh 

before tension test 
[N/m]xl06 

Kh 
after tension test 

[N/m]xl06 

Deviation 
[%] 

2-01 1.25 1.18 -5.6 
2-02 1.17 1.12 -4.3 
2-03 1.10 1.04 -5.5 
2-04 1.19 1.12 -5.9 
2-05 1.18 1.10 -6.8 
2-06 1.13 1.07 -5.3 

Mean 1.17 1.11 -5.6 

Table 35: Change in the horizontal stiffness (9th cycle) of the Type 2 bearing (f=0.0664 Hz) 

Bearing No. 
Kh 

before tension test 
[N/m]xl06 

Kh 
after tension test 

[N/m]xl06 

Deviation 
[%] 

2-01 1.22 1.18 -3.3 
2-02 1.15 1.11 -3.5 
2-03 1.08 1.04 -3.7 
2-04 1.16 1.11 -4.3 
2-05 1.15 1.10 -4.3 
2-06 1.12 1.06 -5.4 

Mean 1.15 1.10 -4.1 

Table 36: Change in the damping ratio (9th cycle) of the Type 2 bearing (f-0.0332 Hz) 

Bearing No. before tension test 
[%] 

£ 
after tension test 

[%] 

Deviation 
[%] 

2-01 8.8 9.9 12.5 
2-02 9.4 10.0 6.4 
2-03 9.4 10.8 14.9 
2-04 8.7 9.7 11.5 
2-05 9.9 10.2 3.0 
2-06 10.6 10.4 -1.9 

Mean 9.5 10.2 7.7 

Table 37: Change in the damping ratio (9th cycle) of the Type 2 bearing (f=0.0664 Hz) 

Bearing No. 
£ 

before tension test 
[%] 

after tension test 
[%] 

Deviation 
[%] 

2-01 9.4 8.8 -6.4 
2-02 9.2 9.5 3.3 
2-03 11.1 10.3 -7.2 
2-04 9.9 10.3 4.0 
2-05 10.8 11.2 3.7 
2-06 10.2 11.3 10.8 

Mean 10.1 10.2 1.4 
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Table 38: Change in the vertical stiffness of the Type 2 bearing 

Bearing No. 
Kv 

before tension test 
[N/m]xl08 

Kv 
after tension test 

[N/m]xl08 

Deviation 
[%] 

2-01 3.14 3.03 -3.5 
2-02 3.56 3.40 -4.5 
2-03 3.36 3.11 -7.4 
2-04 3.53 3.30 -6.5 
2-05 3.22 3.05 -5.3 
2-06 3.34 3.15 -5.7 

Mean 3.36 3.17 -5.5 | 

5.6 Cavity Inspection 

Two of the bearings were cut so that cavities and other damages could be observed. Cutting the 
rubber layer in the plane direction is not a simple task without proper tools because of high 
deformability and friction. The cutting saw frequently was stuck and stopped while cutting and the 
fact that each rubber layer is thin made the process even slower. Eventually the cutting machine 
broke after the second bearings and hence only two bearings, 1 -02 and 1 -05 were cut. The cutting 
surface of the bearing 1-05 is shown in Fig. 74. 

Figure 74: Cutting surface of the bearing Type 1-05 

This bearing was selected to investigate the cause of failure since it lost most of its vertical stiffness 
during the uniaxial tension test at the lowest tensile loading level, see Appendices. Not many 
cavities were expected to appear in rubber pads due to this low applied tensile force and tne radical 
change in the force-displacement curve which is not corresponding to the softening behaviour of 
other bearings. In fact the both planar and vertical cutting surfaces are smooth and there are only a 
few visible cavities in the centre region on this surface. 
Another cutting surface near the boundary of a steel shim and a rubber pad is shown in Fig. 75 
which revealed that delamination of approximately 20 mm in width took place along the whole 
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outer edge between steel shims and rubber pads. The excessive bulging deformation observed 
during the repeated property test (see Fig. 73) was caused by this delamination. The maximum 
shear stress should appear along the outer edge as in the case of compression where ;hat would be 
the cause of delamination. The centre region is also delaminated approximately 150 mm in length 
and 20 mm in width. The steel shim in those areas was intentionally bent to show the delaminated 
part and as it was bent, it was observed that the glue between the steel shim and the rubber pad was 
not completely detached, but rather intermittently and the surface was rough whereas the 
delamination along the outer edge was complete and the surface was smooth. Centre region is 
where the highest hydrostatic stress condition is expected and therefore cavitation takes place first. 
Perhaps delamination occurred because of the same principal of cavitation there and this 
intermittent delaminated area spread until the size of the glued area became insufficient to sustain 
the applied force. 

Figure 75: Delamination of the bearing Type 1-05 

Fig. 76 shows the planar and vertical cutting surfaces of the bearing Type 1-02. There are more 
visible cavities on the planar surface, although their size is so small that they are barely 
recognizable with naked eye. On the vertical cutting surface they are easier to see and the difference 
between two bearings (1-02 and 1-05) is in this sense unambiguous. This bearing was subjected to 
the maximum tensile load among tested bearings and it did not fail during the tension test or at least 
it did net entirely lose the stiffness after experiencing the maximum force. From this cutting surface 
no sign of delamination was found. It is hard to believe that these small cavities reduce the stiffness 
of the bearing so radically, but as other studies such as [107] [108] [109] and [110] have shown, it is 
agreed upon that even the almost zero tensile stiffness (plateau in the force-displacement curves) 
can be caused solely by cavities. A plausible explanation of this radical degree of softening is due to 
the release of constraint on the deformability of rubber as cavities increase. Then those cavities 
would expand as the bearing is stretched further, which reduces the effective area and amplifies 
softening. The cavitation damage model described in the next Chapter is implemented based on this 
concept 
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Figure 76: Cutting surface of the bearing Type 1-02 
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6 NUMERICAL ANALYSIS OF ELASTOMERIC BEARINGS 

6.1 Preliminary 

As explained in Chapter 3, it is quite a challenging task to comprehend the behaviour of rubber 
material. Unlike other solid material the rubber consists of flexible networks of long molecular 
chains. While these molecular chains are not fully stretched and the crystallization does not take 
place, its high elasticity is achieved by this molecular chain network structure. The undeformed 
chaotic network configuration possesses higher entropy and whenever it is deformed by external 
force, the network will return to the original chaotic configuration once this external force is gone. 
In other words, rubber returns to higher conformational entropy configuration (chaotic) from lower 
configuration (more organized). As molecular chains are stretched to their maximum length the 
conformational entropy is reduced almost to zero and the elasticity based on the force between 
atoms and molecules starts to be dominant. Under low temperature, rubber also behaves as a hard 
solid material because the entropy is reduced and as a result more inflexible organized network 
(crystallites) structure is formed. Both conditions coexist and the ratio of them changes depending 
upon the strain and the surrounding temperature. Therefore, the stress-strain curve of rubber 
material exhibits a highly non-linear behaviour. Moreover it is categorized as a viscoelastic material, 
which means the material behaviour also depends on the loading velocity. The energy loss, or the 
energy transition from the kinetic energy to the heat energy, has to be also taken into consideration. 
In the entropic elasticity-dominating condition, rubber is highly deformable and furthermore it is 
often referred to as an almost incompressible material. The problem for the simulation of rubber 
rises especially from this nearly incompressible characteristics because as it is explained in the next 
section the conventional displacement-based FE formulation, which is derived from the principle of 
virtual work, is not applicable. A high ratio of the bulk modulus to the shear modulus (or the 
Poission’s ratio close to 0.5) results in generating unrealistically high stresses due to the so-called 
volumetric locking phenomenon. However this problem has been well known for long time and 
several alternative FE formulations have been suggested, which are proven as the effective remedies. 
In the next section the u/p formulation, one of the remedies for this problem introduced in [125] 
[126], is explained briefly, for this method is applied for analysis of (nearly) incompressible 
materials in the FE software ADINA, which is used for all simulation in this Chapter. Then some of 
the well-known hyperelastic material models that play a key role for the analysis of the highly 
nonlinear behaviour of rubber-like materials are described. Viscoelasticity and temperature- 
dependence of rubber, although they are also its important properties, are beyond the focus of this 
thesis. Mathematical formulation of such properties can be found in [113] for instance. 

6.2 1//R Formulation 

The name of u/p formulation stands for the fact that displacement u and pressure p are separately 
interpolated within this formulation as a remedy to avoid the volumetric locking. In :his section the 
conventional displacement-based finite element formulation is first explained shortly for a 
comparison so that the advantages of u/p formulation can be better understood. The process of 
derivation of the finite element governing equation based on Hellinger-Reissner principle will 
follow. 

Incompressible and nearly incompressible linear elastic solid 

Here the variational finite element formulations are explained for the linear elastic body. The 
conventional displacement-based FE formulation is derived from the principle of virtual work as 
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described above. For the derivation of this principle, the external and the internal virtual works are 
equated and then its first variation with respect to displacements is obtained as 

an(u) = JAut-L7 C-L udQ-JjuT-fdQ- J AuT FddQ = 0 (6.1) 
n n an„ 

where 
u and 8u: displacement vector and its variation 
L: differential operator matrix with respect to displacements 
L*: differential operator matrix with respect to stresses 
C: stress-strain material matrix 
f : vector of the body forces 
F : vector of the surface tractions 
Q: considered domain 
dQ0: portion of the boundary of f2 with prescribed stresses 

There can be more contributions of externally applied loading such as nodal concentrated loads and 
also the element initial stresses in this equation. 
Discretisation of the displacement and the foces is performed by multiplying the same interpolation 
(trial) function matrix N such that 

u = uh =NT -U (6.2) 

uh is the discretised displacement vector and U is the nodal displacement vector. Hereafter subscript 
h denotes the discretised quantities. The discretised governing equation becomes 

Su1 jBT-C-BdQ U-jN^ -fdQ- J NT-Fd5Q 
VLQ n dn„ 

= 0 YB = NT-LT 

K • U = R v K = JBt -C-BdQ, R = Jn7^ • f dQ - J NT-FddQ 
n n gn„ 

(6.3) 

is the surface displacement interpolation (trial) function matrix which can be obtained from 

the displacement shape function matrix N. 
This displacement-based finite element formulation is simple and straightforward, and is frequently 
adopted. The fact that the displacements are the only solution variables is, on the one hand, quite an 
attractive feature because other variables such as stresses and strains can be obtained once the 
displacements are calculated. On the other hand, this formulation lacks in flexibilities. The 
aforementioned locking problem stems from so-called “parasitic stresses” [127] which do not 
belong to the exact solution of the certain situation but nevertheless appear in a finite element based 
on the principle of virtual work as a result of a failure of interpolation of certain physical quantities. 
Interpolation of displacements is not necessarily wrong but parasitic stresses show up in some 
specific conditions due to the difference in integration order of displacements and strains, hence 
stresses. This phenomenon, which is mainly based on kinematic or geometric effects, can be 
categorized into transverse shear locking, shear locking and membrane locking according to their 
causes. The volumetric locking appears depending upon the material constant, i.e. Poisson's ratio v. 
The critical parameter is the volume change ratio, bulk modulus Eb=E/(3-6v). In linear elastic 
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theory it is assumed that the pressure is proportional to the bulk modulus and it goes to infinite as 
v—►0.5, :n case of total incompressibility. Thus the volumetric strain cannot be predicted as 
accurately as displacements if it is obtained by derivatives of displacements. That means that even if 
displacements are interpolated discreetly, errors might appear in the volumetric strain and that, in 
turn, becomes the root of enormous error in stresses. This mathematical ill-condition leads to a very 
high stresses and the total system would behave much stiffer than it should. 
The first step of remedies to this problem is to “relax” the governing equation. In other words, other 
solution variables such as strains or/and stresses are introduced to the energy potential so that 
interpolation at different integration levels are achieved separately. One of the well-known “relaxed” 
formulations of finite elements is the Hu-Washizu functional. 

nHW (u,£,a) = J 
Q 

- | FT ud5Q- J a' n • (u -u)d5Q = stat. 
8na dQu 

Where u is the prescribed displacements, a is the Cauchy stresses and £ is the infinitesimal strains. 
<9fiu is the portion of the boundary of £1 with prescribed displacements 

Invoking the stationary of nHw with respect to u, £ and c, its first variation is obtained as, 

5nHW(u,£,o) = J[(c)uT Lt )-o —cm1 - f — <5ar -(e-L-u) —<5£t -(a-C-t^dQ 

n , _ , , (6.5) 
— J <5u‘ Fd3Q- j <50T n (u-u)d5Q = 0 

dnu 

Unlike the principle of virtual work, here all equations, kinematic equation, material low, force and 
displacement boundary conditions and equilibrium, are satisfied in a weak (apprordmate) sense. 
This functional provides possibility to interpolate displacements, strains and stresses independently 
and hence is most flexible. Hu-Washizu functional is the basis of the enhanced assumed strain 
method for instance. 
The basis of the mixed or hybrid methods is the Hellinger-Reissner principle, which is obtained by 
imposing the material law, namely 0=C-£, to the Hu-Washizu functional. That means that the 
material law is satisfied in a strong (exact) sense and therefore it provides a little less flexibility in 
selecting the interpolation possibilities than Hu-Washizu principle. Assuming also that the 
displacement boundary conditions are satisfied exactly, the Hellinger-Reissner functional is 
expressed as 

C £ + 0T (L u—£) —UT f dQ 

nHR(u,£) = J —— £T • C • £ + £T -C-(LT • ll) — l|T -f 
QL 

dQ+ j" uT • Fd<9Q = stat. (6.6) 

It would be straightforward to derive the first variation with respect to u and £ at this stage but 
instead the strains are divided into the deviatoric part £d and the volumetric part &v first for the 
mixed u/p formulation as 

£ £ D + £y (6.7) 
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£v has only identical diagonal components with the value of l/3£ii=£V and its trace is equivalent to 
the ratio of volume change tr(£V)=0 F/V. Then £D can be also defined as 

£ D (6.8) 

8 is the vector of Kronecker delta symbol. In linear elastic theory, the pressure p is calculated with 
the bulk modulus Eb as 

P = -Eb^v 
tr(q) 

3 
(6.9) 

Specializing the Hellinger-Reissner functional by separating strains into deviatoric and volumetric 
parts 

n, ;(U, p) = J 1 T ^ 1 P 
0 £D ‘ • £d P^V 
2 2 

dQ + J uT • f dQ + | uT • FdSQ (6.10) 
Q 

where CD is the stress-strain material matrix for the deviatoric stress and strain components. 

The first variation of the functional with respect to the displacements and pressure is 

sri HR (u, P) = J • CD • ed + p&rv + <5 p 
Eb 

■ + £\, dQ + <^ = 0 (6.11) 

where ^,is the virtual work of externally applied loads. 

Now solution variables are displacements and pressure. Because of the condition (6.9), two sets of 
equations are obtained 

|(A£o -Co -£d + p<fev)dQ=<^ 
n 

jAp 
\ 
dQ = 0 

y 

(6.12) 

Imposing the kinematic condition further on this set of equations, the discretisation takes the forms 
as follows 

u - uh = NT • U (6.13) 

EDh —'£D=-®D'E1> £Vh=-^ ■£v=®v'E1 (6.14) 

Ph=Np-P (6.15) 

Np is the shape (trial) function matrix for pressure and P is the pressure variables vector. Then the 
discretised governing equation finally becomes 
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jBTD-CD-BDdQ U- JB^ • NpdQ 
n J Lo 

fNT- —-NdQ P- fN -BvdQ J P F P J P v 
.n b 

' Ku Kup 

Kpu Kp 

n 

P = R 

U = 0 

(6.16) 
U 

P 

R 

0 

'Ku=jlill1-CIJ.B„dQ. Ku[=KTp„=-jBj.Ntdn, K[=-j 
Q 

N;.-)-.Npdn 
n 

Total incompressibility, i.e. v=0.5 is treated as the special case of this formulation by setting Kp=0. 
In his book [126] Bathe studied the efficiency and accuracy of this modified formulation for all 
possible combination of elements with various pressure interpolation functions numerically and 
theoretically. Bathe concluded that the element with 27 displacement nodes and 4 pressure nodes 
for a three dimensional element in which the linear interpolation function for pressure is adopted is 
optimal choice. In ADINA manual it is written that either that element or another element with 8 
displacement nodes and 1 pressure node are recommended for the analysis of hyperelastic material. 
The latter element seems to predict reasonably good displacements but the constant pressure 
assumption may result in inaccurate stresses [125] [126], The problem of 27/4-element is that the 
calculation becomes highly expensive and therefore the usage of the 8/1-elements with relatively 
fine mesh would be more reasonable in practise. For both element types, the pressure variables only 
pertain to the considered element because pressure nodes are located within the element not on the 
boundary nodes. Thus the pressure variables can be statically condensed out within each element 
level before assembling the elements. 

Incompressible and nearly incompressible hyperelastic (nonlinear elastic) body 

For the analysis of the nonlinear elastic body, the internal energy term is expressed with an 
incremental potential energy (strain energy function) in terms of the second Piola-Kirchhoff stresses 
and Green-Lagrange strains. This is expressed as 

d 'W = ‘S d ‘e O O 1J O 1J (6.17) 

where jsil are the components of the second Piola-Kirchhoff stress tensor, are the components 

of the Green-Lagrange strain tensor, and 'w represents the strain energy per unit original volume. 
The left subscript ‘o’ denotes ‘referred to the original configuration’, the left superscript denotes the 
configuration at time t, and over bar denotes that the quantities are computed from the displacement 
field. Now incremental material tensor is 

d 'S . 
C =■-— 

d ls 
o lj 

5 qW ^ 

0 rsij 
(6.18) 

Due to the symmetric property of the second Piola-Kirchhoff stresses, the potential-based u/p 
formulation generates symmetric element tangent stiffness matrices. The governing equation in 
terms of the potential is described as 
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<5(J,no,w“dQ)=,«., (6.19) 

Analogous to the linear elastic material case, the pressure obtained by the displacements and by 
separate interpolation must be related. A penalty function 0‘Q , which is equivalent of Eq. (6.9) for 

the linear elastic solid, is introduced for that purpose. Then the governing equation becomes: 

<5(J.n(.'W + :Q)"dn)='«.. (6.20) 

The determination of the additional function is based on the requirements that are imposed as the 
modification of the strain energy function is carried out so as to ensure that the possibly inaccurate 
pressure computed from displacements are removed, the separately interpolated pressure have the 
correct physical meaning. Thus the solution from the u/p formulation includes the displacement- 
based formulation as its special case if the pressure computed from the displacement field and the 
separately interpolated pressure are equal. Details of derivation can be found in [125] and [126], 
The simplest function in case of an isotropic material suggested in [125] and [126] is 

o,Q = -^-(,P-tp)2 (6.21) 

For the application to the finite element analysis the governing incremental equations of motion in 
matrix form are 

t 

t 

K 

K pu 

U 

P 
(6.22) 

where t+AtR are the nodal point forces corresponding to the external loading at time t+At, U and P 
are vectors which keep the increments in the nodal point displacements 'u; = 'u, = Nj ‘u, and the 

pressure variables ‘ p = Np j' pj. Other terms contain the entries such as 

‘F = u,i (J^-^Cp-'pfW =lJ|f]d"n=L.'s»|rd“n'(6-23) 

‘F . = —- 
p,l ^ t ^ d p, El^Cp-'p^d-n =^L('p-'p)| 

txAd'P 

5'p, 
d °Q. (6.24) 

5‘Fu,i r 3X, <9>„ , r d2's, 
A4“ = J“n°CUU klrs —\ t ^ ^ t ^ on- on 

^d°Q + [ d°Q 
I'lT J0n° 

(6.25) 
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(6.26) 

(6.27) 

where functions oCUUkirs, and are defined as follows: 

(6.28) 

(6.29) 

The following two conditions for all degree of freedom i assure that equilibrium is satisfied. 

0 = (6.30) 
dp, 'b 

Eq. (6.30) is the detailed version of the governing equation (6.20) for u/p formuladon. Left one 
represents the principle of virtual work with the modified stress tensor expressed by Eq. (6.29) 
which is basically computed from displacements but pressure computed from the displacements is 
subtracted. With this modification, the pressure calculated from this stress tensor is equal to the 
value obtained by separately interpolated pressure. The right hand side of Eq. (6.3C) imposes the 
constraint condition on the governing equation relating the separately interpolated pressure to the 
pressure computed from displacements. This constraint condition ensures that the stress-strain 
relationship is satisfied on average within each element but not each point. In a sense this “weakens” 
the governing equation by increasing the flexibility in the stress-strain relationship. 

6.3 Hyper Elastic Material Models 

As the engineering rate of usage of rubber material increases the demand of capturing its actual 
behaviour becomes more and more important. However the material model that represents highly 
nonlinear characteristics of rubber remains a challenging task for researchers. 
One of the first attempts was made based on the thermodynamic material concept of Guth and Mark 
[128], Kuhn [129], As described shortly in Chapter 4, rubber materials are regarded as dominantly 
entropic in wide strain range before the strain-induced crystallization starts or ;he maximum 
extensibility of the molecular chains are reached. The deformation can be associated with the 
change in the conformational or configuration entropy of molecular chains, which varies 
proportionally to the change in the Helmholz free energy AH for an isothermal process as 

AH = —T • A (6.31) 
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In the aforementioned articles [128] [129] the conformational entropy is first calculated for a single 
molecular chain detached from the network system at the two cross-linked tie points. By the use of 
the Bolzmann’s equation and the probability P(r) that the end-tie-point PE lies within the 
infinitesimal volume element of size dv at PE if the other tie point P0 is assumed to be a fixed 
original point, this entropy is expressed as 

= +^lnP(r) (6.32) 

where Wq denotes an initial constant entropy in the reference configuration and k is the Bolzmann’s 
constant. 

Figure 77: A representative single molecular chain detached out of the network at the two cross- 
linked point P0 and PE 

The probability is calculated by the Gaussian distribution function assuming that this end-to-end 
distance r is considerably less than the contour length L as 

b3 , , 
P(r)dxdydz = —^-exp(-b~r 2)dxdydz (6.33) 

7T ' 

with which the change in the conformational entropy is obtained as 

AT7 = 'f'0+k\n P(r) -{P0+k\n P(r0)} =k\nP(Ar) (6.34) 

where b is the representative length of the considered Gaussian chain detached from the network 
defined as b‘ = 3/(2ro2t) and ro is the end-to-end distance of the molecular chain in undeformed 

configuration, r^ is the mean-square value of the end-to-end distance of the un-cross-linked free 
molecular chain. 
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For the estimation of P(Ar) in Eq. (6.34), only the term related to the change in r is necessary so 
that lnP(Ar)=-b2 Ar2. The original end-to-end distance r0 in a three dimensional Cartesian 
coordinates field, for instance, can be expressed as ro2=xo2+yo2+zo2. In the deformed configuration, 
the position of one end of the chain is defined by multiplying the original position to principal 
stretches so that 

Ar2 = -IK2 +(;i22 -l)y2 +032 -1)4 (6.35) 

Next this procedure is applied back to the body consisting of the whole cross-linked molecular 
networks where the deformation of the body is associated with the change in the length of the whole 
network or in other words, the change in the conformational entropy. With this method the entropic 
change for each segment of a molecular chain is obtained as mean value for all segments and all 
chains assuming affine motion and total incompressibility of the body. Then the total entropic 
change in a unit volume is obtained by multiplying the mean entropic change to the length of a 
molecular chain and the number of molecular chains consisting of this unit volume. If nv molecular 
chains exist in that body, it can be assumed that the sum of end-to-end distance of each chain 

fly 

^r02n is equal to nvr^2n and also 

Exo2=Syo=Ezo=nv-l/3rofn (6-36) 
1 ] 1 

since in the undeformed configuration the molecular chains are arranged randomly without 

preference in directions (assumption of isotropy). Here r^n is the mean-square value of the end-to- 

end distance roin for the whole assembly of chains in the body and it has to be distinguished from 

i;2t. Inserting these relationships into Eq. (6.34), the change in the conformational entropy in the 

whole assembly of cross-linked molecular networks in the unit body is expressed as 

1 F2 

A!F =-nvk^(A,2+^+A;-3) (6.37) 
2 rout 

The term f^2n / i;2t can be considered as a conversion factor from the single chain system to the 

whole system since some constraint must be applied to account for the difference in the end-to-end 
distances of a molecular segment (between two cross-linked points) out of the free single chain 
system and the whole networks of cross-linked chains. 
Inserting (6.37) into the relationship (6.31), the following expression of energy based on the 
thermodynamic theory and the Gaussian statistical theory is finally obtained. 

1 F2 
H =-nvkT^f (T12+T22 + ^32 -3) (6.38) 

3 rout 

This expression is the strain energy function of the classical Neo-Hookean material model by 
setting 
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G = nvkT% (6.39) 
rou"t 

When a single parameter, such as the shear modulus, controls the material behaviour, it is very 
practical material model. However the Gaussian distribution function includes increasing error as 
the end-to-end distance r of the molecular chain segment approaches its full contour length and 
hence it delivers reliable results only within a small strain range. For instance in a typical S-shaped 
stress-strain curve of rubber material, this strain range refers to the region below the second curve 
starts where an acute increase in stress is observed. Physically this is the turning point from 
“entropic region” to “elastic region”. In his book [130], Treloar mentioned that this acute increase 
in stress occurs because the network structure of molecular chains reaches its maximum 
extensibility and therefore the behaviour of rubber is dominantly elastic from this point on. The 
crystallization contributes to the hardening but it occurs first at much higher strain and therefore the 
effect can be taken as secondary one. In the same book [130] he referred to the former region 
“Gaussian region” and the latter “Non-Gaussian region” indicating the validity of the Gaussian 
statistical theory. The derivation of (6.38) described here is based on the reference [113] and thus 
please refer to the book for further details. 
Various constitutive equations for hyperelastic materials have been proposed to obtain better fitting 
including this non-Gaussian region. Unlike the theory explained above the majority of them are 
based purely on mathematical reasoning. One of the earliest phenomenological models which had 
been further developed by different researchers is the Mooney model. Again assuming the total 
incompressibility of the body, the strain energy density function is defined by two constants and 
first two strain invariants as 

W = C,(0tI1 —3) + C2(0tI2 —3) (6.40) 

where Q are material constants which have to be determined experimentally and. I; are invariants 
defined as. 

Ij = T,2 + A22 + (6.41) 

I2 = A^A,2 + + A^X" (6.42) 

I3 =/Ij2/!2/^2 (=1 in case of incompressibility). (6.43) 

Rivlin, pursuing the basic assumption of Mooney that the material is incompressible and that it is 
isotropic in the unstrained state, added the higher order terms which can be generalised as 

w= E qoi.-srcij-s)' (6.44) 
i=0,j=0 

with Coo=0 

This is therefore often named the Mooney-Rivlin material model. There are a number of other 
suggested material models on the basis of the concept of Mooney with these strain invariants 
[130][113] but they are not explained further here. For this material model within a small strain 
range the material constants and the shear modulus or Young’s modulus assuming the total 
incompressibility of the material has the relation 
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G = 2(0, +C2) (6.45) 

E = 6(C]+C2). (6.46) 

Another well-known phenomenological material model was introduced by Ogden [131], Instead of 
restricting the strain energy density function in terms of strain invariants, that of Odgen’s material 
model is based on the principal stretches themselves. 

f 
A0,„ (^•" +A3a°-° (6.47) 

where a0,n and p0jn are material constants which have to be determined by fitting the experimental 
results. 

Apart from these purely phenomenological material models, there exist some models such as three- 
chain model and four chain model whose formulation was motivated by the theoret.cal insight of 
the molecular structure of rubber. These models have been studied, compared anc discussed in 
[130], [132], [133] and [134], In the three-chain model concept three molecular chains are arranged 
in a cubic element along with three perpendicular axes, whereas in the four-chain model concept 
four of them are arranged in a tetrahedral element from each corner to the junction point within the 
element. The configurational entropy is again calculated based on the statistical theory depending 
upon the deformation of these three- or four chains, respectively. Here a more suitable 
representation of the probability density function than Gaussian statistical theory is used. If fitted to 
a single deformation state (either uniaxial tension, equi-biaxial tension or shear) both of them can 
represent the non-Gaussian behaviour of the same deformation state [130] but in [133] and [134] it 
is argued that neither of them can actually captures the real relation of the three principal strains of 
the element from these chain configurations. They suggested an improved material model with a 
new configuration whose cubic element has eight chains connected from the centre :o each corner 
of the element. Following the Langevin statistics by Kuhn and Grim [135], the change in entropy is 
expressed as 

r2 
AS = -nvk^f —/?L+ln ^ 

^n,l sinh/?, l y 
A L-'(r/n,!). (6.48) 

where r is the current length of a stretched chain, ni is the number of statistical segment of length 1 
in a chain between chemical crosslinks, /?L is the inverse Langevin function. Langevin function is 
defined as 

L(r / n,l) = coth(r /n,!)-1/(r / n,l) (6.49) 

The work of deformation is proportional to the change in configurational entropy and the 
temperature. Hence 

r2 
W = nvkT^f 

vn,l 
A +ln 

A 
sinh /?, 

l y 
(6.50) 

Using the series of expansion form for the inverse Langevin function and the relationship (6.39), the 
final form of their proposed strain energy function in the first five terms is 
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W =G ~(Ii -3) + —7—(I2 -9) + 
11 

+ - 

19 
7000n 

20n 

(I4 -81) + 

1050n 
(I3-27) 

1 

673750n 
(I5 -243)h— 

(6.51) 

This material model is also available in ADINA as Arruda-Boyce material model. Its input 
parameters are only two, i.e. the initial shear modulus G and the locking stretch 2=n°5. If only the 
first term is considered, the classical Neo-Hookean material based on Gaussian chain statistic is 
obtained. 
All of material models described above are based on the assumption of the total incompressibility of 
rubber, i.e. I3=l is assumed. However this strict assumption does not always align with the real 
behaviour of rubber and thus it is important to take slight volumetric change into account for the 
analysis of filled rubber materials that are often used in engineering purposes since they exhibit 
often more compressibility than unfilled rubber materials. This strict incompressible condition can 
be released by substituting the strain invariants f to the reduced strain invariants J; where Ji=Iil31/3, 
J2 = EH and 13=13 =det(l)X , and by adding the volumetric potential ^Wv. X is the deformation 

gradient tensor in Cartesian coordinates, Xj j = =dxi/dxr 

W=WD(J1,J2)+WV(J3). (6.52) 

The pressure must be calculated by the derivative of the total potential with respect to the volume 
change ratio detX=J3 and only the volumetric part of the strain energy function should contribute 
to the pressure. Hence the use of the reduced invariants T is necessary in order to eliminate the 
contribution of the deviatoric part of the strain energy function to the pressure. 
A number of the deviatoric strain energy functions are available and some of them are explained 
above. Assuming the linear relationship between the pressure and the volume change ratio, the 
pressure function adopted in ADINA is expressed as 

p = -Eb(J3-l) (6.53) 

Integrating this pressure with respect to J3 the volumetric strain energy function is obtained. 

(6.54) 

According to [134] a nonlinear pressure function instead of the linear one above (6.53) is more 
appropriate and another function Wv is obtained by integrating the nonlinear pressure function 
accordingly. However when the User-Supplied Material is used, ADINA seems to calculate the 
pressure with the linear expression above. If the nonlinear function is adopted, an inconsistency 
appears between the subroutine and the source code. To avoid inconsistency in the calculation, 
users have to compromise and use linear expressions (6.53) and (6.54) as in [97]. 

6.3.1 Cavitation-damage model 

To include the aforementioned softening phenomenon caused by cavities, the material model 
provided by ADINA has to be modified. Its so-called User-Supplied material model enables users 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



6 Numerical Analysis Of Elastomeric Bearings 94 

to develop their own subroutine. Some of the material models such as Mooney-Rivhn and Ogden 
materials are provided as examples and hence users have to implement only the damage criterion 
and all changes in stiffness matrix after cavitation is activated within the subroutine. As for the 
Arruda-Boyce material, users have to modify the strain energy density function additionally. For the 
definition of the post-cavitation-behaviour of the hyperelastic body, the work of Dorfmann and 
Burtscher [97] is cited, due to its rather simple formulation where the cavity-induced softening is 
associated with a significant reduction of the bulk modulus to 1/200 of its original value. This factor 
of 1/200 seems merely an empirical value determined during their private discussion with Muhr 
[97] and most probably has to be varied according to rubber material, the degree of molecular cross- 
linking, and the amount or the type of reinforcement filler material. This must be the case since the 
degree of softening are affected by those factors as, for instance, seen in the experiment of Pond 
[95], A more general form of the modified bulk modulus Eb,cav=Eb/?Ccav is used with an arbitrary 
reduction factor «rcav in this dissertation. This reduction in the bulk modulus affects the volumetric 
part of the strain energy density and its derivative with respect to the ratio of the volumetric change 
J3, namely pressure p. They modified the volumetric part of the strain energy density function as 

i 2 1 2 
W =-Ehfj, .,-1) + —E. (j, ) (6.55) v 2 b V 3,cnt / ^ b,cav \ 3,cav / v / 

Where : J 3,crit = J 3 > J 3,cav = 0 when P < Peri, 

J 3,crit =^r+l’ J 3,cav = J 3 “ J 3,crh when P ^ Peri, 

Eb 

Eb,cav — Eb ^ ^cav 

Analogously the pressure function is modified to: 

P— ( Eb ( ^ 3,crit. l) Eb,cav Js.cav. ) 

Finally the second derivative of Wv with respect to J3 becomes 

d2W 

dJ = Eb When P < Peri, 

= Eb.cav when p > pc 

(6.56) 

(6.57) 

In Dorfmann and Burtscher’s work the critical pressure pcrjt was set to a constant value of 5G/2 [97], 
Their model worked well for simulating the simple tension test of a rubber pad from Pond and the 
elastomeric bearing. With this damage criterion, however, it is feared that the onset of cavitation 
would not be predicted correctly where elements are subject to non-hydrostatic negahve pressure. In 
this dissertation the cavitation instability surface that is implemented in the User-Supplied material 
subroutine for the damage criterion. The principal stresses are calculated in the main code and sent 
to the subroutine and with these stress values, the following expression determines weather damage 
function is triggered or not. Unless this condition is violated, softening does not occur. 

(Ter, -<r2 -o-jXTcr, -0-3 -cr,)(4<t3 -<x, -cr2)-125G3 <0 (6.58) 
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The mean stress value erm is calculated with the principal stresses at the moment when this condition 
is violated and is set as the critical pressure value of the considered element. The element in which 
cavitation is activated remains soft, once this criterion is violated unless the pressure of the element 
goes back to a positive (compressive) value. Implementing this condition is necessary especially 
when analysing the offset tension test of rubber bearings. It is observed in FE results that with high 
shear deformation the negative pressure of some elements after violating the criterion is reduced 
again to below the critical level due to the interaction between neighbouring elements. When that 
happens, the stress distribution becomes inconsistent between those elements. 
Another important finding from the observation of the test result in Chapter 5 or test results of [136] 
is that cavitation-induced softening can be categorized into two phases. At the onset of cavitation, 
the degree of softening is mild and after some further increment of loading, a more radical softening 
follows. The first stage is probably attributed to the development phase of cavities and in this phase 
the softening is mild because not majority of rubber is cavitated. Volume change is low and 
therefore developed cavities cannot be expanded. The second phase begins when the most part of 
rubber is cavitated and a larger volume change occurs. With enough cavities the constraint to the 
rubber deformability is released and then cavities have possibility to expand further. In this phase 
the size of cavities increases rather than the number of them. As a result, radical softening occurs 
due to the much reduced effective planar area. The concept of the two-phased cavitation is based 
purely on the observation of the test and FE results and thus it is mere a hypothesis. However the 
stress-strain curves obtained by this implemented model correspond to the measured ones by 
experiments convincingly well. For simplicity the same principle is applied for the second phase 
and then the modified functions of the volumetric strain energy and pressure in the second phase are 
calculated as 

Wv ^ Eb (J3jCrit l) + Eb cav (j3iCav) + Eb exp (j3 exp) 

where: J, = 3,crit ^3,cav ^3.01112 ^3.crit’ J -2 J •] E3,cav 3,crit2 3,crit ’ ** 3,exp ^ 3 J 3,cav 

b 

Eb,cav = Eb 1 K'cav - Eb.exp = Eb,cav 1 ^exp 

Analogously the pressure function is modified to: 

P (Eb (^ 3,crit l) + Eb,cavJ3,cav + Eb,expJ3,exp) 

(6.59) 

(6.60) 

The second derivative of Wv with respect to J3 in the second phase is therefore 

d2W 
-- = E 
dJ2 b.exp- (6.61) 

This concept is schematically shown in figure 78. Note that J3,Crit2 and Kexp are additional input 
parameters and have to be adjusted according to the material. Especially the second critical volume 
change ratio J3,Crit2 is here the criterion for the second softening phase and can be determined by 
checking the volume change ratio in the FE model when the cavitation development phase is 
completed. Alternatively if the result of the uniaxial test of a rubber disc or a rubber bearing is 
available, the axial strain at the onset of the second softening phase can be directly used as input 
value because the axial strain is very close to the volume change ratio at the centre. It is elaborate 
procedure and it would be useful when the range of the critical volume change ratio is 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



6 Numerical Analysis Of Elastomeric Bearings 96 

approximately known. From the simulation carried out in next sections J3,Cnt2=l-05 (5 % volume 
change) could be a good start. 
Hereafter the implemented cavitation model is referred to as “two-phase softening model” or simply 
“two-phase model”. 

Overview: Section: 

Phase 0 
No cavities 

(4 O’] - cr; - cr3)(4cr; -cr3 - cr^cr. -<Tj -(7:)-125G3 < 0 

Phase 1 
Development of cavities 

(40, - ov - a-^a, — Oj - o1X4o3 -o;-o-j)-125G3 >0 and 

Phase 2 
Expansion cf cavities 

(4o-, - o', - o-3)(4o; -03 - o-i)(4o3-az) -125G3 > 0 and 

Figure 78: Three phases of the cavitation criterion 

6.4 Performance Check 

The performance of the implemented Cavitation Damage model is examined in this section. As for 
the base material models, Mooney-Rivilin material and Arruda-Boyce material have been adopted. 
The classical Neo-Hookean material can be recovered from both material modeN by limiting 
material constants. For the first step, the Neo-Hookean based model is verified with experimental 
data from Pond since the important material constants were not available for the tested rubber 
material. For the analysis, 8-noded cubic 3D solid element with 1 pressure variable or 27-noded 
cubic element with 4 pressure variables are recommended in the reference [125] as already 
explained in 6.2. Here, the former was chosen because the latter requires an extensive calculation 
time and enormous size of the output data. Only a quarter of the rubber disc is model .ed to save the 
calculation time. Sensitivity analysis was carried out beforehand and the fineness of meshing was 
determined. The given shear modulus G=0.533 and 0.866 MPa for natural rubber wi:h and without 
carbon black filler, respectively and bulk modulus Eb=2500 MPa are selected for the material inputs 
referring to Pond and Dorfmann [95], [97], 
In Fig. 79 the stress-strain curve of the natural rubber with carbon filler from Pond is compared with 
the results obtained by FE analysis with and without cavitation damage model. As can be observed, 
within small strain range all curves show almost linear behaviour and they correspond to each other. 
However, at a certain strain the curves of the experiment begin to show a less neat path due to 
cavities nucleation and the stiffness drops dramatically at that point. The Neo-Hoookean based 
cavitation damage model can represent this behaviour fairly and this result is almost identical to the 
one from Dorfmann and Burtscher [97], Note that for this analysis the second softening phase is 
deactivated since the tested strain range was limited and it seems that the second phase is not 
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reached for this test. Figure 80 shows the pressure distribution within the rubber pad. High negative 
pressure appears near the centre of the pad as predicted. 

Strain [%] 
Figure 79: Comparison of experimental and numerical stress-strain curves (NR with CB) [95] 
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Figure 80: Pressure distribution within a rubber pad 

Figure 81 is the plot of the critical pressure values under the nominal tensile stress of 4 MPa. The 
purple colour represents zero which means there is no cavities in elements with this colour. 
Cavitation takes place first at the centre of the rubber pad as predicted and proceeds further in the 
radial direction. This expansion of the damaged area stops at the certain stress level and the outer 
intact area remains even with further loading. In this area the hydrostatic condition cannot be 
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achieved since elements there are a less deformable (or less constrained) in the radial direction. As 
the cavitation instability surface shows, a much higher stress is required to cause cavities when 
three principal stresses are not equivalent to each other. 
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Figure 81: Plot of the critical pressure values 

The critical value fluctuates very little around 2.2 MPa, very close to the value of 5G/2, which 
indicates that all damaged elements are all in nearly hydrostatic condition. 

Strain [%] 
Figure 32: Comparison of experimental and numerical stress-strain curves (unfilled NR) [95] [137] 
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In Fig. 82, experimental and numerical stress-strain curves of the natural rubber without carbon 
black are compared. Here the softening begins at a radical degree. As an attempt, a parametric study 
with respect to the reduction factor /ccav to the bulk modulus is carried out. Even with a reduction 
factor of as high as 4000 this high degree of softening was not realized. It is not realistic to think 
that this degree of softening is caused solely by cavities because the tensile stiffness drops to 
virtually zero value. The explanation of this significant reduction in the stiffness could be either 
delamination between rubber pad and steel plates or development of relative large rips It can be 
assumed that either or both of phenomena were triggered briefly after the development of cavities 
because they are an imperfection in a sense. Perhaps that is the reason why the onset of softening 
corresponds to the simulation but a degree of softening is not well captured. 
Next the experiment results from [136] are referred to. That is one of the rare articles in which the 
stress-strain curve of rubber material used for their series of tests is provided, although only as a 
diagram. This stress-strain curve is recreated in the following Fig. 83 with black solid line together 
with stress-strain curves of Mooney-Rivlin model as well as Arruda-Boyce model obtained by the 
curve fitting function in ADINA. 

Figure 83: Comparison of experimental and numerical material properties [136] 

The stress-strain curve of the Mooney-Rivlin material is almost identical to the test curve. For the 
curve-fitting, the approximation order of two, i.e. five terms with material constants from Ci to C5 

in Eq. (6.44), is used. This is because higher order approximation causes instability in calculation 
sometimes and for this specific case the fitting with higher approximation order generates a worse 
result. The dotted red line (Arruda-Boyce_automatic) is obtained by the automatic curve-fitting for 
Arruda-Boyce material by ADINA. Due to a rather simple formulation of this material model, its 
curve-fitting can capture only approximately the real behaviour of the material, although difference 
seems insignificant. The double-dotted green line (Arruda-Boyce_manual) is obtained by manually 
setting the material constants to obtain a better fit of the initial material behaviour (see Fig. 84) 
because cavitation takes place within a very low tensile strain range and the material model should 
grasp the real behaviour there to adopt the instability criterion correctly. The overall behaviour is, 
however, not captured well by this model. 
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Strain [-] 

Figure 84: Comparison of experimental and numerical material properties in small strain range 
[136] 

The shear modulus of 0.4 MPa is provided for this material in [136] whereas 0.74 MPa, 0.49 MPa 
and 0.7 i MPa for Mooney-Rivlin model, Arruda-Boyce_automatic and Arruda-Boyce_manual, 
respectively are obtained. The bulk modulus is an unknov/n parameter. Generally the value is 
assumed to be between 1000 and 2000 as already described in Chapter 3 yet it is not necessarily 
true for all rubber material. For instance, the rubber used for bridge- or seismic isolator bearings 
contains other compounds which are more compressible and thus the rubber as a compound 
becomes slightly more compressible. The bulk modulus is determined in the numerical analysis by 
the following expression. 

where v is the Poisson’s ratio. 

2G(l + v) 

3(1-2v) 
(6.62) 

Incompressibility is determined by the Poisson’s ratio where v=0.5 means totally incompressible. In 
their analysis the Poisson’s ratio of 0.495 was assumed and with this value the bulk modulus 
becomes nearly 100G by applying the following relationship, whereas ADINA [138] assumes 
v=0.499 as default for the hyperelastic materials. It is not clear which value is suitable for the 
analysis and thus the parametric study was carried out with Eb=200, 500, 1000 and 2000 MPa. For 
the following simulation, Eb=500 MPa was selected as the best fit. 
The tested bearing is the ring type with an outer diameter is 800 mm and an inner diameter of 
40 mm. The bearing consists of 36 layers of 4.45 mm rubber pads and 35 layers of 4.3 mm steel 
shims. For the steel component, the plastic multilinear material model is employed, see Fig. 85. 
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curv*« 

Figure 85: Stress-strain curve of the steel material for FE simulation 

Only the half bearing is modelled in order to reduce the calculation time. The lower flange is not 
included for the same purpose. The number of division is, after sensitivity analysis, determined as in 
the following Table 39. Again 8-noded cubic 3D solid element with 1 pressure variable :s selected 
for the analysis. 

Table 39: Number of division of the FE model 
Model component Number of division 

Rubber pads 16x16x3 
S Steel shims 16x16x2 

z 

Figure 86: Simulation model 
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The simulation model is shown in Fig. 86. The bearing was subjected to shear deformation up to 
250 % and then pulled in the vertical direction. The reduction factor of the bulk modulus /ccav=200, 
the second critical volume change ratio J3,Crit2=108 and the second reduction factor of the bulk 
modulus KexP=5 are selected for the two-phase softening model. 
The test results and numerical results are compared in Fig. 87. The Mooney-Rivlin material model 
did not work for 250 % offset. The material constants are determined only by the tensile stress- 
strain curve and that is seemingly not sufficient for the Mooney-Rivlin material since the shear 
stiffness of this material is unrealistically high and most cavities are initiated already only by a 
small shear deformation and the model collapsed shortly after that, even before applying the tensile 
load. On the other hand, the Arruda-Boyce material possesses the shear stiffness in the same order 
of its tensile stiffness and cavitation is also initiated by shear deformation but only in very high 
strain range. Arruda-Boyce whose material constants are obtained through the automatic curve¬ 
fitting by ADINA is not able to predict the onset point of cavitation, whereas the Arruda- 
Boyce_manual material captures the real behaviour well in this sense, although without activating 
the second softening phase the overall behaviour of the simulation is far too stiff (red line). From 
this observation, the aforementioned assumption that capturing the material behaviour within the 
smaller strain range is important is confirmed because that part determines the shear modulus of the 
material model, which in turn is the crucial parameter of the cavitation instability criterion. 
Furthermore more reliable simulation results of the bearing under compression or shear loading can 
be obtained by the manually determining the material constants as shown later in Section 6.4.1. The 
two-phase softening model (green line) captures the real bearing behaviour in the whole range well, 
even though elements are distorted in the very high strain range. The threshold of the second 
softening phase is not recognized from the simulation result because the criterion for the cavity 
expanding phase is already violated for some elements only by the high shear deformation and 
within the bearing both phases are mixed from the beginning of cavitation. 
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Figure 87: Experimental and numerical results of offset (250%) tension test [136] 
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The deformed configuration of the simulation bearing “Arruda-Boyce_manual fitting” wi:h the two- 
phase softening model is shown in Fig. 88 (250 % offset). As indicated in [106] [136], the bearing 
rotates internally with respect to the x-axis of the figure. From this deformed configuration it can be 
also observed that the steel shims are bent. At approximately 3.5 MPa of tensile stress, the steel 
shims began yielding, although this softening due to the plasticised steel can be hardly recognized 
in the stress-strain curve. The second change in the stiffness was explained by this steel yielding in 
[136] but it contradicts the simulation result here. 

Figure 88: Deformed configuration of the simulation model at the vertical strain of 1.3 (Arruda- 
Boyce_manual two-phase softening model) 

The following Fig. 89 shows the development of cavities. Purple colour denotes the intact elements 
and other colours denote the critical pressure values of the corresponding elements. 

Figure 89: Development of cavities and the distribution of the critical pressure 

The light green colour represents the minimum critical pressure (=5G/2) and other colours represent 
higher critical pressure values. As can be seen, cavities already develop by mere shear deformation 
(y=250 %) but due to the non-hydrostatic condition, the critical value is higher there. These 
cavitated areas expand instantaneously by the first vertical loading step, approximately 0.1 MPa and 
remain unchanged up to 1.5 MPa tension. However, the second cavity-expanding phase starts 
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already there almost simultaneously because the volume change ratio exceeds the input critical 
value of 1.08 already by the shear deformation. By increasing the vertical tensile force, cavities 
propagate further, and the majority of elements seem to undergo the hydrostatic stress condition 
despite high shear deformation and the internal rotation of the bearing. At about nom inal 2.3 MPa 
stress the number of cavitated elements stop increasing and from that point on the oearing starts 
deforming rapidly. 

6.5 Simulation Of The Tested Bearing 

The series of experiments described in the Chapter 5 are simulated with the implemented two-phase 
softening model. 

6.5.1 Rubber material test 

In order to obtain the material constants of rubber for the numerical analysis, the tension test of 
rubber was carried out in January 2012 with the generous help of Prof. Lion and his colleagues from 
the faculty of Aerospace Engineering, Institute of Mechanics at the University of German armed 
forces Munich (Fakultat fur Luft- und Raumfahrttechnik, Institut firr Mechanik an der Universitat 
der Bundeswehr Munchen). Their universal testing machine Zwick Roell TC-FR020 TH.A50 with 
the temperature chamber and the Videoextensometer was appropriate for the rubber material testing 
in compliance with ISO 37 [139] or DIN 53504 [140], The videoextensometer is necessary to 
measure the extension between two lines in the central region (see Fig. 91) where the actual stress- 
strain behaviour of rubber is obtained as shown in Fig. 92. The initial gauge distance is specified as 
25 mn in the aforementioned standards but 5 mm distance was selected instead in order to increase 
the strain-measurement-range within the limited measurement capacity. The temperature was kept 
constant at 25°C which is within the specified temperature range, namely 23±2°C in those standards 
during the test. The dumbbell-shaped sample ISO 37 Type 1 (Dumbbell type SI) was selected, for it 
is most commonly used [124]. 

Figure 90: Test rig for rubber material test 
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Before measurement, the test specimen was stretched once to the planned maximal strain so that a 
majority of the Mullins effect would be excluded. The loading was carried out stepwise with 
deformation control and at each elongation step the deformation was kept for some time until the 
relaxation in stress stopped proceeding. The loading velocity was set to a very slow speed. These 
procedures were not required neither in [139] or [140] but are necessary because the purpose of the 
material test is to determine the material constants for the numerical simulation in which no 
viscoelastic behaviour of rubber is taken into consideration. 

Figure 91: Dumbbell-shaped rubber specimens 

Three test pieces were tested as required in [139] and [140]. One of the stress-strain curves is shown 
in Fig. 92. 

Figure 92: Stress-strain curve of the dumbbell-shaped rubber specimen 

The red line is the stress-strain curve measured by the testing machine and the pink line is the 
stress-strain curve at the centre area of the specimen. As can be observed, local strain is lower than 
overall strain. The blue trend line that is used for the curve-fitting in ADINA for the FE analysis is 
generated by the DIAdem. The Arruda-Boyce material is applied and the manual curve-fitting is 
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carried out as described in 6.3. As for the material constants such as shear modulus and locking 
stretch, the mean values of three test pieces are used. 

6.5.2 Determination of parameters 

For the FE analysis the material constants are to be determined on the basis of the stress-strain 
curve described in Section 6.5.1. For its simplicity and stability, Arruda-Boyce material was 
selected. A special attention must be paid for the curve-fitting since it became clear in Section 6.4 
that the automatic curve-fitting carried out by ADINA may generate inaccurate material constants, 
although it seems well-fit if the whole strain range is considered. Here again both automatic and 
manual curve-fitting were performed and the simulation results based on material constants 
obtained by these two different fitting methods are compared. As for the steel material, the plastic- 
multilinear model analogous to Fig. 85 based on the steel properties of S235 is used. 
First, sensitivity analysis in terms of the mesh size was performed and stable results were obtained 
by the mesh size summarised in Table 40 and the simulation models for the Type 1 and Type 2 
bearings are shown in Fig. 93. With this meshing size the aspect ratio of each element of rubber 
pads was not optimal. In fact the sensitivity analysis of the bearing Type 1 exhibited a little 
fluctuation as the number of division in rubber thickness increases but at least three divisions in this 
direction is necessary for elements to represent the real deformation. Therefore the minimum 
number of division was used. For the whole analysis in the followings, the same simulation models 
are used. 

Table 40: Number of division of the FE model 
Bearing type Model component Number of division 

Type 1 
Rubber pads 12x12x3 
Steel shims 12x12x2 

Type 2 
Rubber pads 12x12x3 
Steel shims 12x12x2 

Figure 93: Simulation models, Type 1: left, Type 2: right 

In order to verify the validity of the material constants of Arruda-Boyce model, in particular the 
shear modulus and the locking stretch, both experimental and numerical results of the compression 
and shear test are compared, see Fig. 94. The aforementioned two curve-fitting methods are 
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compared with the results from the Type 2 bearing. As it is clearly observed in this figure, the shear 
stiffness of the simulation model is too low when the material parameters are determined by the 
automatic curve-fitting. With the manual curve-fitting, the shear modulus of 0.96 MPa and the 
locking stretch of 2.8 were obtained and the simulation model captures the real behaviour of the 
Type 2 bearing. As for the bearing Type 1, the model with these material constants exhibits a lower 
shear stiffness (see left one in Fig. 94). 
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Figure 94: Comparison of test- and numerical results of the compression and shear test, Type 1: left, 
Type 2: right 

In Chapter 5 the difference between the shear stiffness roots in the geometry of the bearing and the 
material shear stiffness itself has already been discussed. From these FE results, it is obvious that 
the different geometry of the bearings does not contribute to the shear stiffness and therefore an 
attempt is made to adjust the input shear modulus in FE. With the shear modulus G=1.05 MPa, a 
better fit is obtained as shown in Fig. 95. 

Horizontal displacement [mm] 

Figure 95: Adjustment of the input shear modulus in FE analysis to the test results of the 
compression and shear test, Type 1-06 
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Apart from the test bearing Type 1-09, the adjustment result in a better fit and therefore the shear 
modulus of 1.05 MPa is set for the analysis of the bearing Type 1. For the bearing Type 2, only for 
the Type 2-03 the shear modulus should be reduced a little but the shear modulus of 0.96 MPa is 
used for ;he analysis since most of the test results are in good agreement with FE results with this 
value. Interestingly the Arruda-Boyce material with these material constants generates a quite 
similar stress-strain curve to the measured one by the testing machine (red line cn the left in 
Fig. 92). The dimension of each rubber element in this FE models is larger than the dimension of 
the measured part of dumbbell specimens. This fact might indicate that more appropriate stress- 
strain curves for this series of analysis could have been achieved if the measurement distance of the 
material rest had been wider as specified in [139], although it was not possible due to the testing 
machine capacity. 

Diiplac*nnefit |nnm| DrvphfCfpnent |mnnj 

Figure 96: Comparison of test and simulation results of the compression test, Type 1: left. Type 2: 
right 

The numerical and test results of the compression test are compared in Fig. 96. Here the purpose is 
solely to adjust the bulk modulus. This sequence of the validity examination is necessary since the 
horizontal properties of the bearings are almost exclusively determined by the shear modulus and 
the locking stretch, while the vertical property of the bearing is determined not only by those two 
parameters but also the bulk modulus. The shear modulus and the locking stretch values obtained by 
the manual fitting remain and parametric study with various bulk moduli was performed to seek the 
best fit to the initial compressive stiffness analogous to the previous Section 6.4. As a result the 
bulk modulus of 500 MPa was selected. This value also corresponds to the one w:th which the 
evaluation formula provides a better fit to the test results in Chapter 5. 
With these material parameters the simulation is further performed for tension tests in the following 
Sections. 

6.5.3 Simulation of the uniaxial tension tests 

The performance of the implemented cavitation model with two softening phases is studied by 
comparing the tension test results. Before presenting the results, it should be noted that all force- 
displacement curves from the experiment have been shifted by the amount of -4C kN because 
several steel plates and half weight of the horizontal actuator, which are estima:ed to weigh 
approximately 4000 kg all together, were loaded on the bearings during tests. In FE analysis those 
weights are not taken into account and thus this modification in the test data is done for more 
accurate simulation. 
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The comparison of test- and FE results of the bearing Type 1-06 is shown in Fig. 97. The reduction 
factor Kcav=25 is used and here the second softening phase is deactivated. The influence of the 
difference in the shear modulus on the simulation result can be seen. As in Fig. 95, a better fit is 
obtained with the heightened shear modulus. For all the Type 2 and Type 1-09 bearings, the shear 
modulus obtained by the manual curve-fitting (G=0.96 MPa) is used. In order to distinguish them, 
in this and the next section, the red line always represents the result with the shear modulus 
G=0.96 MPa and the green one represents the result with G=1.05 MPa. 

Figure 97: Comparison of test and simulation results of the bearing Type 1-06 

Figure 98: Comparison of test and simulation results of the bearing Type 1-02 
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The force-displacement curves of the bearing Type 1-02 from the test and FE results are compared 
in Fig. 98. The second softening phase is activated at the critical volume change ratio J3,crit2=l-03 
and the second reduction factor of the bulk modulus Kexp=10 is selected. The former parameter is 
determined first roughly by the deformation where the second softening phase seems to begin. 
Observing all the results of uniaxial tension tests, that defonnation point is approximately 5 mm 
(see annex) when the vertical stretch ratio 1.04 is obtained. As explained in Section 6.3 this strain 
should be nearly equal to the volume change ratio due to the highly constrained rubber 
configuration in all three principal directions. The FE result shows that J3 value is about 1.03 at the 
time step when the most part of rubber is cavitated. These two values are very close to each other as 
expected and the best fit to these curves is obtained with J3,crit2=l-03. These all parameters hold for 
all simulation here. 
The same comparison for the bearing Types 2-02 and 2-03 are shown in Figs. 99 and 100. Both 
results are in good agreement as well. Note that the force-displacement curves calculated by FE 
analysis almost coincide with the path generated by connecting the peaks of second cycles of each 
loading level and this tendency is also true for the offset tension case in the next section. As already 
discussed in Section 5.4, the difference in forces between the first and the second cycle of each 
loading level roots in cavitation-induced softening. It is assumed that the “delay” of cavitation is 
due to the viscoelastic property of rubber. In the FE analysis this viscoelastic property is not taken 
into consideration and thus this delay does not occur. If the tests had been conducted very slowly or 
if the viscoelastic property of rubber was considered in FE analysis, the curves would be closer to 
each other. 
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Figure 99: Comparison of test and simulation results of the bearing Type 2-02 
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Figure 100: Comparison of test and simulation results of the bearing Type 2-03 

Figure 101 plots of the critical pressure for both bearing types under the maximum tensile load of 
636 kN. The yellow colour denotes the critical pressure range from 2.7 to 3.0 MPa and the light 
green colour denotes the critical pressure range from 2.4 to 2.7 MPa. Pressure 2.7 and 2.4 MPa are 
nearly equivalent to the pressure obtained by 5G/2 for the bearing Type 1 and Type 2, respectively. 
From these plots it is clear that almost all cavitated elements are subjected to the hydrostatic 
pressure. The bearing Type 2 has more intact areas along the outer edge because of a higher 
deformability there than the bearing Type 1. 

Figure 101: Plots of the critical pressure pCrit, left: Type 1, right: Type 2 

6.5.4 Simulation of the offset tension tests 

The force-displacement curves of the bearing Type 1-07, 1-09 and 2-05 from the tests and FE 
results are compared in Figs 102, 103 and 104. 
Note that shear modulus of 0.96 MPa is used for the FE analysis of the bearing Type 1-09 since the 
shear modulus obtained by the compression and shear test is exceptionally lower than those of the 
other Type 1 bearings and almost equivalent to those of the Type 2 bearings. By comparing with FE 
analysis it can be assumed that this bearing failed at the loading level of approximately 450 kN. 
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: Comparison of test and simulation results of the bearing Type 1-07 
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Figure 103: Comparison of test and simulation results of the bearing Type 1-09 
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Figure 104: Comparison of test and simulation results of the bearing Type 2-05 

Figure 105 plots of the critical pressure for both bearing types under the maximum shear 
deformation of 100 mm and the maximum tensile load of 636 kN. The same band plot as in 
Fig. 101 is applied. Here again the critical pressure values of the bearing Type 1 are generally 
higher than those of the bearing Type 2 because of the difference in the shear modulus. The critical 
pressure distribution is not uniform and the critical values are also higher than ones in Fig. 101. The 
hydrostatic condition is disturbed with the existing shear deformation and therefore it requires a 
higher pressure to initiate cavitation. That is also why the intact areas are slightly larger than the 
uniaxial tension case. However if the overall behaviour is compared the vertical stiffness in these 
cases are lower than the cases of uniaxial tension. That is probably because of the reduced effective 
area resisting the tensile force due to the shear deformation. 

Figure 105: Plots of the critical pressure pcrit, left: Type 1, right: Type 2 

The same parameters are used for the both bearing types and the results are all in good agreement. 
This means that the critical parameters are all material dependent. Then only one uniaxial tension 
test of a small bonded rubber disc is needed to determine those required parameters and with them 
very accurate simulation results for any other geometrical configuration can be expected. 
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Before closing this section, the FE results are compared in the next Fig. 106 that helps recognize the 
influences of the first shape factor and the simultaneous shear deformation on cavitation process. 

Figure 106: Comparison of all force-displacement curves 

Indeed, the shear deformation of 100 mm has an influence on the cavitation process but it is not as 
significant as the influence of the first shape factor. In the same figure the “allowable” tensile stress 
specified in [10] and [12] that is equivalent to doubled shear modulus is indicated. For the bearing 
Type 1 this limit line seems below the onset of softening and then perhaps all bearings with even a 
higher first shape factor would be safe enough, although this may be a conservative statement. Thus 
it can be concluded that seismic isolator rubber bearings are on the safe side with this criterion 
because bearings with such high first shape factors are frequently used for the seismic isolation- 
purpose. For the Type 2 bearings, cavities develop before reaching this allowable stress level so that 
criteria for seismic isolator rubber bearings with lower first shape factors that are often used for 
seismically isolated bridges or simply as bridge bearings may need to be reconsidered. 

6.6 Further Concerns 

Apart from the combination with shear deformation, there are some other additional deformation 
modes that could accelerate the cavitation process. Examples of such modes are the torsional 
rotation with respect to the vertical axis or tilting. To realize these configurations by experiments is 
not an easy task and experiments are always time-consuming as well as expensive. In this last 
section of Chapter 6, an attempt is made to study those aspects with the help of FE analysis since 
the simulation results presented in the previous sections are convincing and so the other 
deformation modes can be predicted by the same model with certain credibility. However, it should 
be noted that the two-phase softening model works well only if all material constants and the 
parameters required for the cavitation criterion are available. For instance, FE analysis failed to 
provide a reasonable result when the shear strain is increased to 200 % for the models in Section 6.5 
because the material behaviour was determined by the stress-strain curve within the strain range of 
175 % and even at 150 % strain the stress value obtained by this model with those material 
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parameters is extremely high. The cavitation is induced but due to this high stress condition, 
expected softening is not obtained. 
To begin with a parametric study with various first shape factors was carried out for a rubber pad 
model whose diameter is 440 mm since this factor seems most influential on the development of 
cavities. The result is shown in Fig. 107. 
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Figure 107: Force-displacement curves of the rubber discs with various first shape factors 

The difference in force-displacement curve becomes insignificant as the first shape factor increases. 
When Si is higher than 20, all curves are almost identical, indicating that the critical volume change 
ration Js.crita can be more accurately estimated merely with the vertical strain value in such cases. 
Seismic isolator rubber bearings often possess such a high value of S] in order to support a heavier 
superstructure. It is clear that only the second phase of softening is significant and the limit value 
should be determined by that phase. In this sense the currently adopted criterion £r1irait=2G ensures 
the safety of the bearing sufficiently and could even be increased a little for the seismic isolator 
rubber bearings. 
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Figure 108: Comparison of force-displacement curves with/without torsional rotation 
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Figure 109: Pressure distribution of the bearing Type 2 under tension and tcrsion 

Next the comparison of force-displacement curves of the Type 2 bearings under the uniaxial tension 
with/without torsinal rotation with respect to the vertical axis is shown in Fig. 108. Difference in the 
force-displacement curve due to the torsion is hardly recognized. The influence cf the torsional 
deformation on cavitation process seems negligibly minor. The pressure distribution of the rubber in 
the deformed configuration is shown in Fig. 109. 
Finally, the tilt deformation on top of the vertical compression was studied. The simulation model is 
first compressed with the amount of 6 MPa with which the vertical deformation of -3.0 mm reaches 
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and then inclination on the surface is increased. This simulates a situation where tne bearing 
supports the dead load of the super structure and then is forcefully tilted by overturning the 
superstructure. Generally such a combination of deformation is not primary interest because each 
individual bearing should not experience excessive tilting if enough bearings are arranged on the 
same horizontal level. For bridge bearings, however, such situation may occur during earthquakes 
or due to the deformation of the superstructure caused by the temperature change. The pressure 
distribution of the bearing Type 2 is shown in Fig. 110. 

Figure 110: Pressure distribution of the bearing Type 2 under compression and inclination 

This plot is made at the calculated maximum rotation angle ^ma^O.OTl? radian with which the 
maximum displacement at the corner on the tension side umax=17.0 mm. Those u and d are also 
indicated in the same figure. In the annex of the Japanese specifications of bridge bearings [12], it is 
experimentally shown that no negative pressure appears unless the deformation u exceeds 0, and 
therefore the following condition under live loads is imposed for bridge rubber bearings in [12], 

ur<uc/cv (6.63) 

where ur and uc are deformation caused by inclination and compression, respectively and cv is the 
safety factor concerning the deviation of the bearing properties. 

The FE result corresponds to the experimental result of [12] that no negative pressure appears in 
rubber as long as the deformation u<0. The question is raised, however, of whether the precaution 
of (6.63) can be more relaxed. Propagation of cavitation is shown in Fig. 111 where it is observed 
that the cavities start developing first with very high inclination. This tendency is also true for the 
Type 1 bearing, although the minimum inclination required to trigger cavitation is half as much 
</>=0.0169 radian (u=2.5 mm). Hence it is assumed that doubling the limit value of (6.63) would still 
be safe enough and the capacity of the bearing can be fully utilized. 
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Figure 111: Development of cavities in the bearing Type 2 under compression and inclination 
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7 SOFTENING INFLUENCE ON THE GLOBAL STRUCTURAL SYSTEM 

7.1 Preliminary 

In this chapter the possibility of uplifting on the seismically isolated buildings at the isolation layer 
is studied. Uplifting is caused not only by the vertical seismic force but excessive isolation drifting 
deformation mode as well as structural rocking motion. In fact the latter two causes are main 
concerns and the influence of the vertical seismic force is often negligible unless the building stands 
relatively near an active fault. For the design of the seismically isolated buildings, it is generally 
suggested that no tension should occur in the seismic isolation layer, i.e. the isolator bearings 
should carry no tension during earthquakes, although international design standards of isolator 
bearings such as [10] and [12] specify the allowable tensile stress, which is frequently defined as 
2G. In order to ascertain this “zero tension” condition at the design stage, there is a simplified 
criterion based on the response spectrum analysis available [85], The horizontal force Fq calculated 
by the structure weight iY'and the response acceleration Sa is applied to the structure at the centre of 
mass assuming that only the isolation deformation (drifting) mode of the ideal solid structure is 
present. Then creating the moment equilibrium at the base level considering that the bearing at the 
end of one side carries no force, the following expression is derived. 

1 n. +1 B 
«b,tota. -77- nb - 2 [85] (7.1) 

3 nb-l Hs 

Where Bs and Hs are the width and the height of the building and nb is the number of equally spaced 
bearings along the width direction, ab,total is the base shear coefficient defined as Fq/W 

This equation helps structural designers to determine the aspect ratio limit. It indicates that a 
relatively high and slim structure can be seismically isolated without causing the isolator bearing 
undesired tension as long as the horizontal seismic force is sufficiently reduced by seismic isolation. 
It is also clear from this expression that increasing the number of bearing reduces the limit of the 
aspect ratio. From these reasons it is recommended that the least amount of large bearings should be 
used so that the chance of uplifting is minimized. A large horizontal deformation capacity as well as 
a high vertical load carrying capacity are achieved. Tada mentioned in [85] that the optimal natural 
period of the seismically isolated building would be four seconds or longer with which a very low 
base shear coefficient is easily achieved. In turn the seismic isolation can be employed for taller 
buildings of the aspect ratio as high as six. In reality however, the rocking motion of the structure 
cannot be completely eliminated and the component of the overturning moment from this motion 
becomes more pronounced when the structural is tall and slim since the natural period of the 
rocking mode approaches the natural period of the isolation mode. Moreover the vertical 
deformation of the isolator bearings contributes to the rocking motion as well, see Fig. 112. Ks and 
Kr are the structural stiffness and the rotation stiffness due to the vertical springs, respechvely. The 
structural stiffness Ks is determined by the elastic modulus and the moment of inertia of the wall 
and the height of the structure. The stiffness of the rocking motion due to the vertical stiffness Kv of 
isolator bearings is expressed as 

K.U.i±|.K.. 
6 nb -1 

r B. ^ 

vHsy 
nb >2 (7.2) 
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The stiffness Kr is much larger than Ks so that this component is virtually negligible for the most 
cases. However from this equation it is again clear that increasing the number of bearings elongates 
the natural period of the rocking motion, deteriorates the performance of the seismic isolation and 
therefore results in the danger of uplifting. 
In the next section the criterion (7.1) is examined for arbitrary multi-degree-of-freedom systems by 
a comparison with the numerical analysis. Then Section 7.3 will focus on the influence of the 
cavitated isolator rubber bearings on the global dynamic behaviour of the seismically isolated 
structure. 

Figure 112: Components of the rocking motion 

7.2 Examination Of The Uplift 

The criterion of the uplifting limit for the seismically isolated structure is examined by means of the 
FE analysis and the modal superposition analysis combining with the response spectrum analysis. 
ADINA is employed for the FE analysis and a simple program is implemented for the modal 
superposition analysis with Visual Basic in Microsoft Excel. Two analysis methods are adopted in 
order to verify the performance of each method. The seismic data of the Christ Church earthquake 
(New Zealand in 2011) in the north-south component at the site code PRPC available on the 
GeoNet homepage is applied for the both analyses. This earthquake is selected sines the seismic 
wave possessed relatively high acceleration response in longer period range (3 see.-), which means 
that the uplift risk of seismically isolated buildings was higher. The time-acceleration plot of this 
seismic v/ave is shown in Fig. 113. 

Figure 113: Time-acceleration plot of the NS component from 2011 Christchurch earthquake 

7.2.1 Finite element analysis 

The several MDOF system models (seven, thirteen and nineteen masses) were prepared and 
computed with the commercially available software ADINA. The simulation models consist of 
multiple concentrated masses, beam elements, and horizontal spring elements with dash pots and 
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vertical spring elements. These models represent a part of an arbitrary base-isolated building as 
shown in Fig. 114. Viscous damping (dash pot) is selected for the horizontal spring because other 
types of damping add their damping force to the maximum structural response and as a result the 
base shear coefficient in the criterion (7.1) cannot be evaluated exactly. As for the dimension of the 
buildings, the width is set to either 10 m or 20 m and the height is varied from 20 m to 60 m. The 
number of bearings nb is varied from two to four but the sum of all vertical stiffness is kept at a 
constant value independent of nb for each MDOF system. As for the vertical stiffness, the value is 
determined so that the vertical deformation of the springs due to the structural weight amounts 
approximately to 2 mm. The stiffness of the building itself is determined from its first natural period 
based on the evaluation formula TS=0.02HS for RC frame structure provided in the notification 
No. 1793 of the Japanese Construction Ministry (issued in 1980 and final revision in 1987 as the 
notification No. 1918). In [13] another expression for an approximate evaluation is given as 
Ts=0.075Hs3M for the same type of structure but this evaluation formula is limited to the structure 
height of 40 m and also generates longer structural natural periods, which is unfavourable for the 
effectiveness of the seismic isolation. Hence the evaluation formula of Japanese Construction 
Ministry is adopted. Assuming the linear increase in the structural stiffness towards ground to carry 
the equally increasing shear force, the stiffness of each storey is computed approximately from the 
Dunkerley’s formula. For a further simplification the stiffness of floors is set to a very high value so 
that no influence of the bending deformation of floors has to be considered. All masses are assumed 
to be equal including the base floor. 

Figure 114: FE model of the MDOF system 

According to [8] such simple models can sufficiently represent the dynamic structural behaviour 
unless the compression buckling failure of the isolator bearings is of concern. The characteristic 
values for each MDOF system are summarized in the following Table 41. 
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Table 41: MDOF system model parameters 
Simulation model 7 masses 13 masses 19 masses 

Height Hs [m] 20 40 60 
Width Bs [m] 20 10 or 20 1D or 20 
Aspect ratio 1 4 or 2 6 or 3 

First natural period without 
seismic isolation Ts [s] 

0.4 0.8 1.2 

Natural period of seismic 
isolation Tb [s] 

3.0 3.5 4 

Structure damping ratio £s [%] 5 5 5 
Isolation damping ratio cj, [ % ] 10 or 20 10 or 20 10 or 20 

These parameters are valid for the modal superposition analysis with the response spectrum analysis 
as well. 
For the dynamic analysis the equations of equilibrium at each time step have to be solved by means 
of time integration. Two major types to solve such a system are offered by ADINA, namely the 
direct integration methods and the mode superposition. Both types should reach the same solution 
within the calculation error. For the direct integration methods the selection of the time step size is 
the main cause of error and for the mode superposition method the accuracy of the solution is 
determined by how many deformation modes are considered. The mode superposition method can 
be quite effective considering the main structural deformation modes that have major .impact on the 
response are only first several modes but the spring damping elements, that represent the elstomeric 
isolator rubber bearings, are not feasible for this method. Therefore the direct integrat.on method is 
selected and the concept of the modal superposition is used with the linear response spectrum 
analysis for comparison/verification instead. 
The direct integration methods can be carried out with either explicit or implicit integration scheme. 
For the former the central difference integration scheme and for the latter the Wilson 9 scheme and 
the Newmark scheme are available in AIDNA. Bathe [126] and ADINA manual [138] recommend 
the implicit integration schemes as an optimal choice in case of slow-speed structural dynamic 
problems such as earthquake response since they are ‘unconditionally stable’ and hence more 
efficient. Concerning this ‘stability’ of the integration method, the term ‘conditional stability’ or 
‘unconditional stability’ can be understood by the following quote from [126]: 

“An integration method is unconditionally stable if the solution for any init.al conditions 
does not grow without bound for any time step At, in particular when At/T is large. The 
method is only conditionally stable if the above only holds provided that At/T is smaller than 
or equal to a certain value, usually called the stability limit.” 

In this sense the explicit scheme is conditionally stable and if this scheme of the earthquake 
response problems is selected, the required time step size to obtain the stability would be, first of all, 
very small and furthermore to obtain the accurate responses even a much smaller time step size 
would be required. Therefore the implicit scheme is selected for the following analyses. This 
scheme is called implicit because some manipulation in the governing equation is necessary in order 
to obtain a solution at the next time step from the current time step. Both Wilson d and Newmark 
schemes a function of the acceleration between the current time step and the next one is assumed as 
the first procedure. For the Newmark scheme, that is (1-<?)'U + 5,+a'U. With this assumption the 
velocity and the displacement at the next time step can be written as 

t+A,U = tU + [(l-^)tU + J,+A,u]At [126] (7.3) 
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t+AtU = ‘U+ ‘UAt + 
n 
— a 

v2 y 
‘U + «rt+AtU At2 [126] (7.4) 

where a and 3 are factors to be selected, which determine the acceleration function within the time 
step /It. 

Equation (7.4) is first converted into the form such that the equation is solved for \]t+At. Then by 
inserting it to Eq. (7.3), both equations can be expressed with all known terms from the previous 
time step and U' At. Those for acceleration and velocity are inserted into the equilibrium equation at 
time step t+At and Ur At. Then again using Eqs. (7.3) and (7.4) with the obtained displacement, the 
acceleration and the velocity are calculated. For the Wilson 6 scheme, the assumed relationship of 
the acceleration between two sequent time steps is different from the Newmark scheme but the 
procedure is analogous. In fact both of them generate an equivalent result by setting certain values 
for factors a, <5 and 9. The Newmark scheme is applied for the analysis with the factors a=0.25 and 
c>'=0.5 since it is proven to be more stable and accurate than the Wilson 9 scheme with an arbitrarily 
given time step size. The comparison of these two schemes can be found in [126]. With the factors 
above the average constant acceleration is assumed [126] [141], 
Even if the Newmark method is unconditionally stable, it does not mean the result is always 
accurate with a randomly chosen time step size. For an accurate result, the time step size must be 
smaller than a specific value and the recommendation from [ 126] states that 

At <-^[126] (7.5) 

where Tp is the period of the highest response mode considered. 

Ordinarily very high frequencies do not have to be taken into consideration since those 
corresponding deformation modes contribute little in the structural responses. In this dissertation, 
however, the vertical motion during earthquakes is also of interest, which can correspond to higher 
frequencies since the vertical stiffness of the structures is very high in comparison with the shear 
stiffness or bending stiffness. If such shaking motions had to be simulated accurately, quite a small 
time step size would be required and as a result the calculation becomes expensive. To minimize 
this time-consuming computation, some reasonable limit in the frequency should be set. 
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The possible vertical motions of the seismically isolated building are sketched in Fig. 115. The case 
a) is the vertical displacement as a result of the rocking motion whose natural frequency should be 
equal to that of the rocking motion or twice as high depending on where the measurement takes 
place. The case b) is the simple vertical motion due to the elasticity of the elastomeric bearings. 
Finally the case c) represents the vertical motion due to the elasticity of the structural members of 
the building itself. 
The natural frequencies of the modes b) and c) are apparently much higher than the mode a) since 
the vertical stiffness of the elastomeric bearings and the structure itself are high since the weight of 
the structure has to be supported by those vertical structural elements. A distinction must be made, 
however, between the modes b) and c). The structural vertical stiffness should be even much higher 
than that of b), since the design of the building itself should not be so different from conventional 
buildings where the walls and piers should be capable of enduring the shear and bending 
deformation. In order to achieve that, those structural elements possess a certain dimension, and 
therefore strength, which contributes to quite a high vertical stiffness. It is not possible to generalize 
the structural stiffness but considering the ratio of the structural elements and the mass supported by 
them, the natural frequency of the mode c) would be well beyond other two modes. Deformation 
would not reach even a millimetre between two sequent floors. Then even if the resonance is 
induced, the impact on the interior objects and human residing within the building are negligible. 
For these reasons, the mode c) is not considered here. The mode b), although it has still a higher 
natural frequency, is to be taken into account since the elevated vertical acceleration measured on 
the seismically isolated buildings (see Chapter 2) is most certainly caused by the isolator units. It is 
again difficult to specify the natural frequency range of the mode b) but there are design 
recommendations and some limitations in the compression loading on the elastomeric bearing. With 
these presumptions and by controlling the height and the plane area of the bearing considering the 
balance of the horizontal and the vertical stiffness, the range of the natural frequency can be roughly 
estimated. Generally speaking the range between 5 to 15 MPa of compressive stress is applied to 
each bearing and bearings with a higher Si tend to carry a heavier load. This estimation leads to the 
frequency range approximately from 8 to 15 Hz, which is close to the one mentioned in [91], from 8 
to 12 Hz. Therefore if the motion of its natural frequency 15 Hz can be accurately simulated, the 
mode b) and hence a) as well are assumed to be adequately simulated. The recommended time step 
size by Eq. (7.5) is then 0.005 s. This time step size is also sufficiently small in order to avoid the 
aliasing problem for the discrete Fourier transformation of the same frequency range. In fact, this 
time step size, which is equivalent to the sampling time step and therefore determines the sample 
frequency, even the motions of frequency from 50 to 100 Hz can be evaluated. This indicates that 
the frequency analysis can be possibly carried out to pick up the frequency of the mode c) as well, 
although it is not of main interest as explained already. Hence in the following analysis At =0.005 s 
is used unless otherwise mentioned. 
As for damping, there is specific information available on the equivalent damping coefficient for 
each construction material and construction component in the design standards [23] [14] or more 
detailed in [142], for instance. In the following sections, however, damping 5 % and 10 % for the 
superstructure and the horizontal springs, i.e. isolator bearings, respectively are assumed for 
convenience. The vertical motion of the spring is undamped. The damping of the isolator bearings 
is simply integrated in the spring element, whereas in order to mitigate the differen: deformation 
modes of the superstructure simply and effectively, the Rayleigh damping is applied. For the direct 
integration method, that is of the form 

C = adM + /?dK 

where «d and /?d are factors that determine the damping amount. 

(7.6) 
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With eigenvector (j); and the damping matrix C the damping coefficient £ can be expressed in the 
relation 

=2^ (7.7) 

Equating these two equations and considering the M-orthonormal property of the eigenvector, the £ 
can be expressed only by the factors ad and /?d, and the angular natural frequencies co\ as 

«d +/W =2^i (7.8) 

The system of equations has two unknowns to be determined and hence only two different 
eigenmodes are necessary to obtain these two factors. For the analysis here the two factors are 
determined based on the first eigenmodes and the eigenmode corresponding to the vertical motion 
due to the isolator bearings. As for the damping coefficient, the amounts of 0.05 and O.O^7 are given 
for the former mode and the latter, respectively so as to minimize the fluctuation of damping for the 
other modes between these two. 

7.2.2 Response spectrum analysis 

If the structure ought to be investigated for the criterion (7.1), only its maximum response has to be 
known. For approximation the conventional linear response analysis should be sufficient to examine 
if the bearing would be subject to tensile force since the vertical springs behave almost linear- 
elastically within relatively a low compression stress range. Aforementioned time history analysis is 
the most commonly adopted method to observe the dynamic structural behaviour but the effort for 
building up the simulation models and evaluation of the results is time-consuming. Therefore the 
simple program is implemented for MDOF systems by the use of Visual Basic with Microsoft Excel 
by which the natural frequencies of the MDOF systems and the linear elastic responses of each 
mode are computed. In general, the natural period of the base-isolation deformation mode (drifting 
displacement of the superstructure on the isolator bearings) is highly dominant and other structural 
deformation modes hardly contribute to its response. As already explained, however, the 
contribution of those other deformation modes can become a little more pronounced if the structure 
is slim and tall, i.e. if the stiffness of the structure is low. Hence it is necessary to include a few 
more deformation modes for a higher accuracy. The same attempt is made by Hino et al. [6] in 
which MDOF system is converted to the equivalent SDOF system or two-degree-of-freedom 
system to evaluate the overturning moment at the isolation level and the linear elastic response 
spectrum analysis is performed for those equivalent systems. Only the first and the second 
deformation modes were taken into account. However, they seem to deliver adequately accurate 
results. In this dissertation, the first three deformation modes are taken into account for the 
possibility of resonance in the frequency range of those deformation modes is non-zero and also 
there is no difference in effort whether more deformation modes are included or not once 
programming is completed. 
For the computation of the natural frequencies and deformation modes, the vector inverse iteration 
method is employed. The starting point of this method is the relationship of the stiffness matrix, the 
mass matrix, and the assumed mode shape vector. 

K<|) = /?M<J> (7.9) 
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Multiplying K"1 on both terms from the left, the following expression for iteration is obtained. 

<|>1+I = pK-'Mcfc (7.10) 

where i is the number of iteration. 

As the first iteration step, an arbitrary vector <|)i has to be defined and Eq. (7.10) is solved with that 
vector for the first iteration solution <|>2. Mathematically it is proven that the <j)i+i converges to the 
first mode shape of the system. The eigenvalue p also converges to the square of the first natural 
circular frequency. More effective algorithm is described in [126] for this method and referring to it 
the following iteration procedures are carried out for i= 1, 2,—, 

yj = Mx, 

xi+1 = 

yi+i = Mx1+i 

\+\ - _T 

—T 
x1+iy, 

xi+iyi+1 

yi+i 

(xi+iyi+i) 
1/2 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

As i —kxj, p converges to the eigenvalue of the system and once an arbitrary tolerance criterion is 
fulfilled, the first natural mode shape is obtained as 

1 +i 

<xT v v/2 VAn1„,+lJ n]ast +11 

where niast is the number of the last iteration. 

(7.16) 

For the first iteration vector Xi, all values are set to one since any arbitrary vector can be used. With 
these values the first iteration vector is equivalent to the ideal first mode shape of the seismically 
isolated building and thus the convergence would be achieved faster. For these procedures, more 
detailed description is found in [126] for instance. 
Further natural deformation modes and natural frequencies are computed using the orthogonal 
property of the eigenmodes. Orthogonality between two eigenmodes is expressed as 

(,’<|)TM(,+1)<|) = 0 (7.17) 

where the superscript (i) on the left denotes i-th modes. 

After the iteration procedures described from Eqs. (7.11) to (7.16) the first eigenmode vector U)<}> is 
available and now using the relationship (7.17), the next eigenmode vector (2)<|) can be computed. 
Provided that (1)<|) is known and the degree of freedom is n, then the relationship (7.17) in matrix 
form is 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



7 Softening Influence On The Global Structural System 127 

(i) 

[^1 ^2 

m, 0 

0 rn2 

0 0 

0 

0 

0 

m„ 

(2) 

^1 

fa 

= 0 

From Eq. (7.18) the following relationship is obtained 

(7.18) 

m, ^+ m,(1 V2 (2)fa + • • •+n Vn (2Vn = 0 (1U (2) 

By setting (2)^i=l, (2)<)) can be rewritten as 

(2) 

fa 

(2) 

0 ir^ 

0 1 

0 0 

(1) 

(t) m, yh ) 

0 

(2) r 

r\ 

fa 

fa 

_ (2)C(2) Su,(|) 

(7.19) 

(7.20) 

Again setting all as the first trial vector for iteration, the whole right hand side of Eq. (7.20) 
is inserted into the vector X] of Eq. (7.11) and the iteration procedures are repeated from Eqs. (7.12) 
to (7.16) until the second eigenvalue i2)p converges. The so-called ‘sweep matrix’ (l)S is modified 
with the general term of Eq. (7.19) to compute the further sequence of eigenmode vectors. For 
instance, Eq. (7.19) and the following equation are solved in terms of 0)(j)\, <3)^2 and then added to 
the second row in the sweeping matrix above in order to compute the third eigenmode vector. 

(2V,(3V, + m,(2 V2 (3v2 + • • • + nV2 Vn (3 Vn = 0 (7.21) 

The obtained natural frequencies and the natural mode shapes are employed for the response 
spectrum analysis. 
The linear elastic acceleration response spectrum of the NS component of Christchurch earthquake 
on February 21st 2011 in New Zealand, computed by the commercially available software 
SeismoSignal is shown in Fig. 116. With the corresponding acceleration values from this diagram, 
the floor displacement of each mode is computed as 

(i,uj = (iV(,VJ(i)u/(iV 
where the modal participation factor x\i is defined as 

(i) 
(i) 

'JS = 
V 

(■) M 
(iV = Emj<1Vj 

j=l 
0>M=Em,“Vf 

j=i 

(7.22) 

(7.23) 
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Figure 116: Linear acceleration spectrum of the NS component from 2011 Christchurch earthquake 

The corresponding static forces related to the nth-mode peak response are 

(i)F. = 'Vruj ^ (i)U (7.24) 

The total responses of the first three eigenmodes are computed by the square-root-of-sum-of- 
squares (SRSS). 

u total, j 

( 3 \ 1/2 

total,] 

V i=l 

The sum of all these equivalent static forces is the base shear, namely 

v = £f, 
j=i 

total,] 

and the overturning moment at the isolation level is computed as 

M 
j=l 

total, j^j 

(7.25) 

(7.26) 

(7.27) 

Additionally the gravity-induced overturning moment is taken into consideration, which is 
computed as 

AM = Z(Utotal,j -“total,l)mjg (7‘28) 

j=2 
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where g is the gravitational acceleration g=9.81 m/s2. 

[16], [126] and [143] are referred to for the implementation described in this section. Read them for 
more details. 

7.2.3 Comparison of two analysis methods 

The two analysis methods described in the previous sections are compared here. First the first three 
natural frequencies of all simulation models are summarised in Tables 42 to 46. 

Analysis method FE Modal superposition 
No. of bearings nb 2 3 4 2 3 4 

First natural frequency fi [Hz] 0.330 0.329 0.329 0.330 
Second natural frequency f2 [Hz] 2.820 2.803 2.793 2.858 
Third natural frequency fs [Hz] 5.242 5.234 5.229 5.267 

Table 43: Comparison of natural frequencies-13 mass model, aspect ratio 2 
Analysis method FE Modal superposition 

No. of bearings nb 2 3 4 2 3 4 
First natural frequency fi [Hz] 0.267 0.267 0.267 0.268 

Second natural frequency f2 [Hz] 1.145 1.141 1.139 1.153 
Third natural frequency fs [Hz] 2.157 2.156 2.155 2.159 

Analysis method FE Modal superposition 
No. of bearings nb 2 3 4 2 3 4 

First natural frequency fi [Hz] 0.222 0.221 0.221 0.222 
I Second natural frequency f2 [Hz] 0.717 0.715 0.715 0.721 

Third natural frequency f3 [Hz] 1.277 1.276 1.276 1.279 

Analysis method FE Modal superposition 
No. of bearings nb 2 3 4 2 3 4 

First natural frequency fj [Hz] 0.266 0.266 - 0.268 
Second natural frequency f2 [Hz] 1.121 1.109 - 1.153 
Third natural frequency f3 [Hz] 2.150 2.147 - 2.159 

Table 46: Comparison of natural frequencies-19 mass model, aspect ratio 6 
Analysis method FE Modal superposition 

No. of bearings nb 2 3 4 2 3 4 
First natural frequency fi [Hz] 0.220 0.219 - 0.222 | 

Second natural frequency f2 [Hz] 0.705 0.701 - 0.721 
Third natural frequency f3 [Hz] 1.271 1.268 - 1.279 

The first and the third natural frequencies computed by both analysis methods are almost identical 
with little deviation from each other. There is, however, slight difference in the second natural 
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frequencies, although it is still minimal and influence on the responses would be minor. This can be 
attributed to the fact that the response spectrum analysis includes no rocking stiffness contributed 
by the vertical springs explained in Section 7.1 with Fig. 112 and Eq. (7.2). From the same equation 
it can be understood that the aspect ratio of the building has more influence on the dynamic 
behaviour than the number of bearings and indeed the difference in the second natural frequencies 
between two methods is more accentuated for the higher aspect ratio (Hs/Bs=4 and 6). Still, the 
maximum deviation is approximately 4 % from each other and hence it can be considered that both 
analysis methods are verified for their performance in computing natural frequencies. 
Next the maximum horizontal displacements ui and un and uplift z obtained by both analysis 
methods are summarised in the following tables. 

Table 47: Comparison of maximum displacement and uplift-7 mass model, aspect ratio 1 
Analysis 
method 

No. of 
bearing nb 

Damping 
ratio [%] 

Base shear 
coefficient 

Max. uj 
[m] 

Max. uy 
[m] 

Max. uplift 
z[m] 

FE 

2 
10 0.216 0.483 0.506 0.461xl0"3 
20 0.181 0.404 0.424 0.411x10 ^ 

3 
10 0.216 0.483 0.506 0.692x10J 
20 0.181 0.404 0.424 0.616x10j 

4 
10 0.216 0.483 0.507 0.830xl0"J 
20 0.181 0.404 0.425 0.739xl0"J 

Response 
spectrum 

2 
10 0.221 0.494 0.516 0.505xl0'3 
20 0.201 0.450 0.470 0.460x10"J 

3 
10 0.757x1 O'3 
20 0.690xl0'3 

4 
10 0.93 lxl0‘3 
20 0.848x10-3 

Table 48: Comparison of maximum displacement and uplift-13 mass model, aspect ratio 2 
Analysis 
method 

No. of 
bearing nb 

Damping 
ratio [%] 

Base shear 
coefficient 

Max. ui 
[m] 

Max. U13 
[m] 

Max. uplift 
z [m] 

FE 

2 
10 0.198 0.603 0.769 0.858x1 O'3 
20 0.149 0.452 0.581 0.722x1 O'3 

3 
10 0.198 0.603 0.771 1.290x1 O'3 
20 0.149 0.452 0.582 1.085x1 O'3 

4 
10 0.198 0.603 0.772 1.550x1 O'3 
20 0.149 0.452 0.583 1.304x10‘3 

Response 
spectrum 

2 
10 0.186 0.567 0.713 0.894x1 O'3 
20 0.153 0.466 0.587 0.737xl0"3 

3 
10 1.342x103 
20 1.105xl0"3 

4 
10 1.651xl0"3 
20 1.360xl0"3 
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Table 49: Comparison of maximum displacement and uplift-19 mass model, aspect ratio 3 
Analysis 
method 

No. of 
bearing nb 

Damping 
ratio [%] 

Base shear 
coefficient 

Max. uj 
[m] 

Max. U19 
[ml 

Max. uplift 
z [m] 

FE 

2 
10 0.163 0.649 0.947 1.173xl0" 
20 0.124 0.491 0.755 1.097x10"' 

3 
10 0.163 0.648 0.950 1.766xl0‘3 
20 0.123 0.490 0.759 1.649xl0"3 

4 
10 0.163 0.648 0.953 2.124x10"' 
20 0.123 0.490 0.761 1.981x10"' 

Response 
spectrum 

2 
10 0.140 0.556 0.858 1.088x10"3 
20 0.107 0.427 0.661 0.858x10"-' 

3 
10 1.632x1 O’3 
20 1.286x10"-' 

4 
10 2.008x10"-' 
20 1.583x10"-' 

Table 50: Comparison of maximum displacement and uplift 
Analysis 
method 

No. of 
bearing nb 

Damping 
ratio [%] 

Base shear 
coefficient 

Max. ui 
[m| 

Max. U13 
[m] 

Max. uplift 
z [m] 

FE 
2 

10 0.198 0.603 0.782 1.669xl0"3 
20 0.148 0.451 0.590 1.451x10' 

3 
10 0.198 0.603 0.790 2.592x10"-' 
20 0.147 0.450 0.595 2.182x10"' 

Response 
spectrum 

2 
10 0.186 0.567 0.713 1.789x10"-' 
20 0.153 0.466 0.587 1.474xl0"3 

3 
10 2.683x10"-' 
20 2.211 x 10"3 

Analysis 
method 

No. of 
bearing nb 

Damping 
ratio [%] 

Base shear 
coefficient 

Max. m 
[m] 

Max. U19 
[m] 

Max. uplift 
z [m] 

FE 
2 

10 0.162 0.642 0.980 2.400x10'' 
20 0.123 0.488 0.786 2.053x10"-' 

3 
10 0.160 0.637 0.995 3.621x10"-' 
20 0.123 0.488 0.799 2.310x10"-' 

Response 
spectrum 

2 
10 0.140 0.556 0.858 2.176x10"-' 
20 0.107 0.427 0.661 1.715x10"' 

3 
10 3.263x10"3 
20 2.573xl0-3 

Considering the required size of the rubber bearings and clearance around the buildings, all models 
with 10 % damping are not practical. Design standards such as [10] specified the limit in the shear 
strain and the compression stress of the isolator rubber bearing concerning the safety against 
buckling. Tada explains [85] those limitation in details and suggested that the maximum shear 
displacement of the base-isolation building should be below the radius of the smallest bearings to 
secure the safety against buckling as a rule of thumb. Also the performance of the seismic isolation 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



7 Softening Influence On The Global Structural System 132 

of the taller models with 13 and 19 masses is not ideal judging from relatively large shear 
deformation within the superstructures. 
Except the tallest model with 19 masses, the response spectrum analysis delivers fair results in spite 
of rather simplified analysis assumptions. The horizontal response obtained by the response 
spectrum analysis for the 19-mass model is really poor with more than 10 cm difference in 
displacement in comparison with FE results. For the calculation of the uplift, however, difference is 
largely insignificant. Those values marked with yellow and green are ones that exceed the original 
deformation of the bearings amounting to 2 mm due to the dead load of superstructure. In other 
words those bearings carry tensile force, which means that the tensile force is carried by the spring. 
The simple response spectrum analysis failed to predict only one case of the critical uplifting by 0.3 
mm. If the criterion (7.1) is applied for those yellow-marked FE cases, the following limit aspect 
ratios are obtained. 

Table 52: Comparison of maximum displacement and uplift-19 mass model, aspect ratio 6 

Model 
Aspect 
ratio 
Hs/Bs 

Damping 
ratio 
[%] 

Base shear 
coefficient 

Limit aspect 
ratio by 
criterion 

(7.1) 

Verification 

19-mass, Bs=20 m, nb=4 3 10 0.163 6.1 fulfilled ! 
13-mass, Bs=10 m, nb=3 4 10 0.198 3.4 violated 
13-mass, Bs=10 m, nb=3 4 20 0.147 4.5 fulfilled ! 
19-mass, Bs=10 m, nb=2 6 10 0.162 6.2 fulfilled ! 
19-mass, Bs=10 m, nb=2 6 20 0.123 8.1 fulfilled ! 
19-mass, Bs=10 m, nb=3 6 10 0.160 4.2 violated 
19-mass, Bs=10 m, nb=3 6 20 0.123 5.4 violated 

In the same table under “verification”, the models with aspect ratios lower than the limit value 
calculated by the criterion (7.1) are indicated with the exclamation mark. Admittedly the simulation 
models prepared here may not be quite realistic. Nevertheless this result shows that the criterion 
(7.1) is only a rough estimation and if the middle to tall base-isolation building ought to be planned, 
the verification of uplifting should be performed by more accurate analytical methods. The 
simplified response spectrum analysis with the mode superposition analysis can provide fine 
estimation, even if not always as accurate as the time-history analysis. It should be also mentioned 
that for the all analyses in this Section, the ideal viscous damping is assumed which does not add its 
own stiffness to the structure. Other damping devices such as sliding friction dampers or metallic 
hysteresis dampers add their own stiffness to the structural one, which in general increases the 
chance of uplifting because the base shear coefficient is increased. For analysis of the structure with 
such dampers, the linear response spectrum method would not be adequate, even though its 
behaviour may be realized approximately by introducing the stiffness of the dampers to the stiffness 
of the bearing. 

7.2.4 Influence of the vertical seismic force 

In addition to the horizontal seismic forces, the vertical seismic component is always oresent, even 
though its influence is often regarded as negligible. As mentioned already, however the vertical 
seismic component can actually be significant near the active fault. The Christchurch earthquake of 
2011 was caused by the slip of active faults and it occurred at the very shallow depth. Therefore the 
recorded vertical acceleration was far greater than the horizontal ones, see Fig. 117. The peak 
acceleration value of the vertical component was nearly 2g, two times of the gravitational 
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acceleration, which means that only this seismic component itself suffices to lift the building. Also 
note that the resonance natural period is very low and at the same time its range does not spread as 
wide as the horizontal component. EN 1998-1 defines, for instance, the natural period range of 
resonance from 0.05 to 0.15 s, which correspond to the natural frequency range from 6.7 to 20 Hz 
and the peak response of the Christchurch earthquake is also found within this range, approximately 
at 8.3 Hz. As discussed in Section 7.2.1, this frequency range overlaps the natural frequency of the 
vertical motion due to the bearing vertical stiffness. Therefore, it is suspected that this motion 
causes the high vertical acceleration measured on the seismically isolated building. 

Period [sec] 

Figure 117: Linear acceleration spectrum of the UD component from 2011 Christchurch earthquake 

The vertical seismic force can affect the amount of uplifting by another mechanism, namely P-A 
effect. This effect is already considered by the structure weight with the gravitational acceleration 
and the relative displacement between each floor and ground. Principally the same effect from the 
vertical ground acceleration should be taken into account. However the influence of this effect 
should be minimal since the rocking frequency (1st mode) of the superstructure lies generally out of 
this resonance frequency range. The lower and stiffer structures’ possess a higher natural rocking 
frequency which increases the possibility of resonance somewhat but in such cases the effectiveness 
of the seismic isolation is high, which results in little structural deformation. Hence the P-A effect is 
again negligible. 
FE analysis for the 13-mass-model of the aspect ratio 4 with three bearings is performed with the 
vertical seismic force in order to verify its influence on the uplifting of the bearings. 5 % and 20 % 
damping to their critical value are assumed in the vertical and horizontal displacement of bearings, 
respectively. The vertical seismic component of the same Christchurch earthquake is used, although 
its amplitude is reduced to 30 % of original value because in EN 1998-1 [13] it is recommended 
considering the 30 % of the vertical seismic effect when computed with the full horizontal seismic 
component in case of analysing the seismically isolated structure to which the peak vertical ground 
acceleration over 0.25g (2.5 m/s2) is expected. Additionally the vertical stiffness of wall elements is 
varied while the vertical stiffness of bearings are kept constant so that a few variations of the natural 
frequencies due to the total vertical motion can be compared for its influence. They are summarized 
in Table 53 with each maximum uplift at the isolation layer and the maximum horizontal 

— Damp. 5.0% 
— Damp. 10.0% 
— Damp. 20.0% 
— Damp. 30.0% 
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displacement of the mass on top. The last variable is provided to see if the structural deformation is 
amplified by the P-A effect. Obviously the influence of this effect is negligible. The uplifting values 
are all increased by the vertical seismic forces and that increase is pronounced particularly for the 
model with lower vertical natural frequency as the frequency value approaches the peak resonance 
frequency of 8.3 Hz. 

Table 53: Summary of the FE analysis wit i the vertical seismic force 
Model 1 2 3 

Vertical natural frequency of the 
superstructure [Hz] 

33.72 40.56 50.85 

Total vertical natural frequency [Hz] 9.321 9.886 10.350 
Max. uplift [m] 3.695xl0'J 3.167x1 O'3 3.148xl0"3 

Max. horizontal displacement of the 
mass on top [m] 

0.598 0.596 0.595 

The time-vertical displacement curves of the left bearing are shown in Fig. 118. At approximately 
3 seconds, this bearing carries tensile force for the first time. This tension force is not caused by the 
rocking motion but almost entirely by the vertical motion corresponding to Fig. 115 (b) alone 
because the middle bearing that should be subject to little rocking-induced tension appears to carry 
tensile force as well. Here only the structural stiffness is varied for comparison purpose but it is 
obvious that increasing the vertical stiffness of the bearing, hence enhancing the natural frequency 
of the vertical motion, can reduce the vertical displacement response more radically. 

fs=33.7 Hz -fs=40.6 Hz fs=50.9 Hz 

Figure 118: Comparison of vertical motions of the left bearing 

Figure 119 shows two time-vertical acceleration plots of the model 1 from 1 to 10 s at the bottom 
and top mass. Overall the acceleration is increased at the top mass in comparison to the bottom floor, 
which is the same tendency observed in existing base-isolation structures, see Section 2.3. The peak 
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acceleration does not appear, however, at the top floor but at the bottom floor at approximately 6.2 s, 
although the vertical displacement is lower at this moment than the first peak value in spite of 
additional contribution of the rocking motion. By filtering this plot it becomes clear that the peak 
values of the bottom mass are related to the higher frequency mode, namely the solely structural 
vertical mode corresponding to Fig. 115 (c). 

Bottom mass -Top mass 

20,0 

-15,0 
Time [s] 

Figure 119: Time-acceleration plot of the model 1 at the bottom and top mass 

Bottom mass raw Bottom mass-filtered 

20,0 

-15,0 
Time [s] 

Figure 120: Raw and filtered time-acceleration plots of the model 1 at the bottom mass 
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Figure 120 shows the comparison of the raw and filtered time-acceleration plot. The Bessel low- 
pass filter function with the cut-off frequency of 30 Hz is adopted. All high peaks are successfully 
filtered out. Frequency as high as 30 Hz would not appear in displacement response and therefore 
its influence on the uplifting behaviour is negligible. At the actual measurement on the base- 
isolation building, this high-frequency-based acceleration would also appear on the higher floor. In 
this FE analysis the Rayleigh damping inevitably applies very high damping to the higher frequency 
modes and therefore this component is mostly eliminated in response. 
Conclusions should not be drawn only by this analysis but assuming that the seismieally isolated 
building is well-designed and that the structural deformation should be limited minimum, only the 
vertical deformation mode (a) and (b) in Fig. 115 should be taken into consideration. Then the 
uplifting can be possibly predicted again by the simple response spectrum analysis. 

7.3 Consideration Of The Limitation In Tension And The Ultimate Dynamic 
Behaviour 

In the final section of this Chapter, the theme ‘reasonable tension limit’ for the seismic isolator 
rubber bearing is briefly discussed taking all findings from Chapters 5 to 7 into consideration and 
also referring to the research of others. The limit tensile stress 2G for the seismic isolator rubber 
bearing seems to be widely accepted and provided that the first shape factor is sufficiently high, 
both experimental and numerical results support the suggested value because as a number of studies 
indicated, this value do correspond to the onset point of the cavitation phenomenon. Yet, as 
observed in test and numerical results, the tensile stiffness of rubber bearings reduces increasingly 
along with the strain only after rubber is fully cavitated. In other words, the rubber bearing still 
possesses an adequately high tensile stiffness up to the point that is named as the second softening 
phase in Chapter 6 for convenience. As the parametric study shows in Fig. 107, the onset of both 
first and second softening phases are delayed as the first shape factor increases and the tensile stress 
value at the onset of the second softening phase reaches almost as high as 3G for the tested bearing 
with its first shape factor higher than 20, which is common for the seismic isolator rubber bearing. 
Furthermore some research from Japan such as [120] [121] and the test results from Chapter 5 
indicate that the shear and the compression stiffness of the bearing hardly deteriorate after cavities 
develop within rubber. All these facts point to the conclusion that the rubber bearing can be loaded 
up to the second softening phase without risking the stability of the whole structure during 
earthquake. 
If the active fault lies in vicinity, the building planner needs to be well-aware of the danger of the 
vertical resonance due to the rubber bearings since in such a case the vertical acceleration can reach 
high enough that the superstructure is lifted only by the vertical seismic force. Provided that the 
geological characteristics and hence the response spectra in that region are known, it should be 
possible to adjust the vertical stiffness both of the structure itself and the bearing during the 
construction planning so that the worst scenario is avoided. Merely small adjustment of the stiffness 
may be adequately effective since the resonance frequency range is often rather narrow for the 
vertical seismic component. 
In order to comprehend the influence of the damaged bearing on the dynamic structural behaviour, 
an attempt is made with the same numerical model used in Section 7.2.4. Here however, the vertical 
stiffness of the springs is defined with bilinear curve whose second inclination starts at the tensile 
stress of 1.2 MPa which corresponds to the value of 3G when the soft rubber material (G=0.4 MPa) 
is used. For the high-rise building, softer rubber material is commonly used because otherwise the 
long natural period of the seismic isolation cannot be achieved without increasing the bearing height 
which put the bearing in higher risk of the buckling. The time-vertical displacement curve on one of 
the end springs is shown in Fig. 121. For comparison the result of the original model with the linear 
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vertical springs is also presented in the same figure. Due to the softening, the peak vertical 
displacement of this bearing in tension is multiplied by the factor almost of six. 

- • - Linear -Bilinear 

Figure 121: Time-vertical displacement curves of the model with linear and bilinear vertical springs 

This result needs correction because no hardening in the compression stress range is taken into 
consideration in all simulations presented here. As another attempt, the stiffness of the vertical 
spring is defined as trilinear where the second stiffness in tension remains the same as the first 
model. Additionally the second stiffness in the compression whose onset is at approximately 15 
MPa (equivalent to 3 mm vertical compression displacement). The comparison of time-vertical 
displacement curves of the models with bilinear and trilinear vertical springs are shown in Fig. 122. 
The compression stiffness of the vertical springs is multiplied by the factor of 1.5 beyond 15 MPa 
compression. This factor and the onset compression stress are selected randomly as it is not possible 
to generalize the properties of the isolator rubber bearings and the purpose of this analysis is merely 
to see how the compression hardening affects the overall dynamic behaviour. Logically the moment 
equilibrium at the isolation layer level has to be held by those three vertical springs and when the 
linear springs are considered the rotation centre coincides with the middle bearing. The rotation 
centre is shifted toward an end spring that carries the tensile force when the bilinear spring model is 
considered and in this case the middle spring contributes to the moment equilibrium by carrying 
compression force. From Fig. 121 it is observed that the maximal compression displacement 
remains unchanged regardless which spring type is adopted. This means that the contribution from 
the middle bearing fully compensates the loss of moment due to the low tensile stiffness. The 
softening is previously induced by only the rocking motion and after softening the displacement 
amplitude caused by the vertical seismic force is enlarged enormously. It is important that the 
structure does not lose its stability unless the tension-loaded bearing fails. Reference as v/ell as test 
results shown in Chapters 4 to 5 provide us an optimistic impression that rubber bearings do carry 
tension without breaking up to relatively a high strain range. Then the cause of instability is not 
necessarily the tension failure but the compression buckling of the bearing on the other side due to 
doubly high loading on the less effective surface area reduced by large shear deformation. 
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Bilinear -.Trilinear 

Figure 122: Time-vertical displacement curves of the model with bilinear and trilinear vertical 
springs 

In case of the model with trilinear springs, the rotation centre is again shifted but this time in the 
other direction so that the contribution of the middle bearing is reduced and the softening in tension 
is compromised by the hardening in compression. Fig. 122 shows that the maximum compression 
displacement is reduced somewhat. The decrease in the maximum tension displacement is actually 
quite remarkable here. The change in the vertical stiffness in a higher stress range should have no 
influence on the purely vertical motion caused by the vertical seismic force and thus only the 
rocking motion is affected. This effect can be seen more clearly in the force-deformation curves of 
the vertical spring shown in Fig. 123. This raises the question if this hardening effect can be 
expected at all. The worst scenario in this example occurs when the both peaks of the rocking 
motion and the vertical motion superpose. At this moment the bearing also undergoes maximum 
shear strain, which means that the effective supporting area of the bearing is highly reduced. 
According to the evaluation formulae of international design standards, the vertical stiffness is 
proportional to the supporting area as explained in Chapter 3 and therefore it should be even softer 
rather than harder at the peak amplitude on the first sight and indeed the further sinking 
displacement is observed during test as the horizontal displacement approaches its peak. However 
as the compression test with shear deformation shown in [85], it is observed that the lower stiffness 
due to the reduction of the supporting area was observed with a small stress range and in a quite 
high stress range, the stiffness seems to converge to a certain value independent of the presence of 
shear deformation. In other words, the force-displacement curve is more nonlinear when shear 
deformation is accompanied. Explanation of this phenomenon can also be found from the FE 
analysis shown in [85], Pressure starts concentrating along the compression strut as shear 
deformation increases. This region of high pressure concentration may be small but rubber there 
resists significantly harder than the other region due to its material nonlinearity. This compensates 
more or less for the influence of reduction in the supporting area. In this sense the depiction of 
trilinear force-displacement curve seems more appropriate for the dynamic analysis of the 
seismically isolated buildings. If this was always the case, comprehending the hardening behaviour 
of the rubber bearing under compression is also an interesting topic in the view point of its 
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contribution to a reduction in undesired tension of bearings within a seismically isolated structural 
system. These benefits of hardening are not of much use in the example considered here because the 
vertical seismic force alone is enough to lift the whole structure and a large part of the tensile 
deformation is contributed by that simple up and down motion. For such cases, carefully tuning the 
stiffness of the vertical springs would be an effective remedy in order to reduce the vertical 
displacement response since it ensures that the natural frequency of the vertical motion is shifted 
further away from the peak resonance frequency the earthquake. The three-dimensional seismic 
isolation is hence possible to achieve but not for every case since the softer vertical springs may 
induce the resonance of some of rocking modes. For this reason, the three-dimensional seismic 
isolation often seems to be separately realized in the horizontal and the vertical directions. 
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Figure 123: Comparison of the force-displacement curves of the different vertical springs 

As already described repeatedly, more accurate representation of rubber bearings, for instances 
suggested by Koh et al. [5] or the modified model by Takaoka [8], is necessary for the analysis of 
the ultimate dynamic state of the seismically isolated buildings. In particular, the latter performed 
the whole series of numerical analysis with his detailed macro model and comparing with the 
shaking table test results, it was proven that his models could predict the dynamic structural 
behaviour at its ultimate state quite well. According to Takaoka's research, there is no significant 
difference in results between his model and the conventional model with the horizontal and vertical 
springs for predicting the instability due to the tension induced softening in bearings. Then by 
defining the skeleton curves of the vertical spring analogous to the horizontal one as well as its 
stiffness dependence on the horizontal displacement, the ultimate dynamic structural behaviour can 
be predicted even more precisely. Such a macro model is not commercially available FE software 
and therefore programming own Finite Element code is required in order to realize it. The aim in 
this Chapter is, however, roughly to comprehend the influence of the nonlinearity of the rubber 
bearings on the global structural system and hence this chapter will conclude without going into 
details of the modified macro model. 
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8 SUMMARY 

Among the increasing applications of the seismic isolation, high-rise buildings are nor currently an 
exception. Due to their aspect ratio, overturning moment has been an obstacle for the realization of 
the seismically isolated high-rise building, since the conventional seismic isolator bearings are not 
able to bear tensile force. The rubber isolator bearings that have been most commonly employed for 
seismic isolation are known to be capable of carrying a little tensile force but their tension capacity 
has not been utilized in practice because of the cavitation phenomenon which occurs when the 
rubber bearing is subjected to a certain degree of tension. The development of cavities is linked to 
the immediate softening of the bearing and this phenomenon has been known quite a while but 
research associated with rubber bearing is rarely found. In this dissertation, therefore, the rubber 
isolator bearings are investigated for their capacity against tensile force and the mechanism of 
cavitation phenomenon as well as the consequence of cavitation was sought for theoretically, 
analytically and experimentally. 
As for the mechanism of cavitation, a number of researchers in the material science field have 
worked on it already and generally it is agreed that cavities are developed if the rubber contains 
microscopic voids of certain size such as air holes and is subjected to the hydrostatic pressure of 
5G/2, where G is the shear modulus of the rubber material. The former condition can largely be 
taken for granted for rubber bearings. The latter condition as well has been experimentally proven 
for instance by [98], However as pointed out by Hou and Abeyarante [114], the required pressure 
for cavitation would be higher if the balance in purely hydrostatic pressure condition is not held. 
Comparing with the results of uniaxial tension cases, slight differences in the cavity-induced 
softening behaviour of the bearing are frequently observed in the majority of the offset tension tests, 
i.e. a shift of the cavitation onset or the degree of softening. A part of reason for this change is the 
internal rotation of the bearing as explained by Kelly [106] but it can be explained mainly by the 
theory of Hou. He derived a new cavitation criterion, so-called cavitation instability surface, by 
applying the principle of the virtual work to the solid spherical body with a spherical void in it. 
Referring to other research and observing the result of the experiment carried out for this 
dissertation, such a fine cavitation criterion may not be needed since the differences in the softening 
behaviour are often minor. However, an implementation in FE analysis is necessary since the FE 
analysis of the rubber subjected to tension and shear will over- or underestimate the cavity-induced 
pressure if a single constant pressure value is set as the damage criterion. Once cavitation is 
triggered, the degree of softening is controlled by reducing the bulk modulus, which :s the method 
introduced in [97], due to its simplicity. It can be so interpreted that rubber becomes highly 
compressible or “expandable” porous media. Based on the observation of FE and test results, the 
second softening phase is suggested and introduced to the implemented cavitation damage model 
additionally. Right after the onset of cavitation until fully cavitated state, the degree cf softening is 
relatively mild but when enough cavities spread over the rubber body, they may expand its size 
elastically instead of developing further cavities. In this second phase, the degree of softening is 
high and the stiffness may reduce nearly to zero, although in many cases it can be stretched further 
without break. If a uniaxial tension test is conducted for a single small rubber disc glued between 
two steel plates as in laminate rubber bearings, necessary parameters for this two phase softening 
model such as the second critical volume change ratio or the degrees of two softening can be 
obtained. Then with those parameters, it should be possible to simulate the tensile load-carrying 
behaviour of a much larger rubber body as well. In Chapter 6 those parameters of the implemented 
cavitation model were obtained by adjusting the FE results to the uniaxial tension tests of the 
isolator rubber bearings. With the same parameters, the force-deformation relationship obtained by 
the offset tension tests was successfully predicted. This damage model can be integrated to the most 
of the hyperelastic material models, although strictly speaking only Neo-Hookean and Arruda- 
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Boyce models are appropriate because the cavitation instability surface is derived from the Neo- 
Hookean body and the Arruda-Boyce model is the expansion of the Neo-Hookean model. Judging 
from the simulation results obtained in Chapter 6, it is recommended integrating the cavitation 
criterion with these two material models. A reasonable representation of three axial stress condition 
plays a key role in this damage criterion and as explained in [144], Mooney-Rivlin model would 
generate a poor combination of principal stresses if only the simple tension or shear test for the is 
used for curve-fitting to obtain material parameters as in the case of the present research. Involving 
the higher terms of Mooney-Rivlin formulation would also cause the instability. In fact, all those 
material models provided almost identical simulation results of the simple tension test of a rubber 
pad, and the Mooney-Rivlin material failed to predict the behaviour of the rubber bearing under 
shear and tensile force. Arruda-Boyce material is recommended due to its simplicity and stability. It 
requires less material parameters than the other well-known hyperelastic material models and yet 
quite reasonable simulation results were obtained for all deformation modes corresponding to the 
bearing tests in Chapter 5 if curve-fitting were performed properly. It is recommended doing curve¬ 
fitting in the very low strain range first in order to obtain the accurate initial shear modulus that is 
the crucial parameter for both Arruda-Boyce formulation and the implemented cavitation criterion. 
In Chapter 7 an attempt was made to comprehend the response of the bearings in the global 
structural system by means of the FE dynamic analysis and the linear response spectrum analysis 
with the mode superposition. A simple criterion (7.1) has been used as a rule of thumb to ensure 
that bearings carry no tension. However by comparing the results of two different analysis methods 
mentioned above it is found out that it underestimates the limit aspect ratio when the examined 
structure is tall and slim due to the increasing response contribution from the other deformation 
modes. Both analysis methods were presented for the verification to each other and they served 
their purposes. Especially it is noteworthy that the latter method is simple to implement and the 
computation is inexpensive. Nevertheless nearly equivalent approximation to the FE dynamic 
analysis is obtained by that. Therefore this useful analysis method can be recommended to compute 
the amount of uplift or the overturning moment. 
FE dynamic analysis was then further performed with one of the same global model but this time 
with the vertical seismic motion. It was often observed in the seismic response records of the 
seismically isolated structures that the vertical acceleration response increased toward the top of the 
building. The purpose of the FE analysis here is, first of all, to investigate the cause of this problem 
and then also to see if the vertical seismic force affects the rocking motion. For the first concern, the 
FE result exhibits the same tendency except that the peak acceleration value appeared at the ground 
mass rather than at the top mass. This phenomenon occurred because the vertical seismic force is 
applied not through the bearings but directly on the ground floor due to the technical difficulty. In 
reality the response of the higher deformation mode would nearly vanish if the difference in natural 
frequencies between the first and other modes is wide. That is also the case for the vertical motion 
of the seismically isolated structures since the vertical stiffness of the rubber bearings, although it is 
still sufficiently high to support the superstructure, is lower than the structural vertical stiffness. In 
other words the rubber bearings also take over the first vertical natural mode. Therefore the 
appearance of the peak acceleration at the ground mass is a consequence of the erroneous 
application point of loading only in the FE analysis but such high frequency hardly affects the 
building and is of no interest. In fact the measured responses with higher frequencies are often 
filtered out. By filtering the FE result and applying FFT, it becomes clear that the increase in the 
vertical acceleration response towards the top mass is a result of the resonance near the natural 
frequency obtained by the total stiffness of both rubber bearings and the structure. Ironically the 
isolator rubber bearings may bring the structure into resonance in the vertical motion, although it is 
still high-frequency response and it should not cause damage in structure for a short time loading. In 
that example the influence of the vertical seismic force on the rocking motion was not observed. It 

Numerical and experimental analysis of the load-carrying behaviour of laminated elastomeric 
bearings as seismic isolators 



8 Summary 142 

is assumed that the frequency of the rocking motion is in general much lower than :he dominant 
frequency of the vertical seismic motion and therefore the risk of the resonance is negligibly low. 
Then only the pure up-and-down motion would be the contribution of the vertical seismic force. If 
that is the case, again the linear response spectrum analysis would be adequate for the estimation of 
uplifting. 
Finally, nonlinearity was introduced in the vertical springs and the same analysis was repeated in 
order to comprehend the impact of not only tension softening but also compression haidening of the 
rubber bearing. This was admittedly not a qualitative vertical stiffness of the rubber bearing, yet 
there were some important findings: 1) the structure did not lose its stability, although radical 
softening was induced and thereafter tension force was repeatedly carried by the bearing. 2) the 
tensile amplitude was radically reduced if the hardening in compression was considered. A number 
of the experiment results show that the rubber bearings do not fail until relatively high tensile strain 
after the cavity-induced softening occurs. The bearings may even show some hardening before its 
failure due to reaching the extensibility of its molecular chains and also to the crystallization. These 
facts indicate that seismically isolated buildings may survive even if tension over the design limit 
value, under which cavitation should not occur, had to be carried by the rubber bearings during 
earthquake. As for the second point, it is beneficial to consider the hardening property of the rubber 
bearings since it definitely reduces the deformation induced by the overturning moment. In reality, 
however, it is difficult to estimate how much of hardening can be expected because no qualitative 
evaluation formula regarding the compression modulus including hardening is available. In [85] 
some results of the offset compression tests of the isolator rubber bearings are shown and they 
indicate indeed that the compression stiffness is lower in the low strain range when shear 
deformation is present since the effective supporting area is reduced but it exhibits higher degree of 
hardening so that the compression stiffness seems to converge eventually to a certain value no 
matter whether the shear deformation is present or not. If the rubber bearings with the high first 
shape factor are used, hardening may not be expected much because then the compression modulus 
is highly dominated by the material constant Eb, namely the bulk modulus. Nevertheless, the 
stiffness is generally higher in such cases and it in turn may reduce the rocking response. Or even 
more simply the benefit of the higher stiffness on the compression side can be realized by additional 
compression springs along the edge of the structure, which are activated only by the excessive 
rocking motion. These compression springs could be again some elastomeric bearings with the low- 
friction sliding top surface, for instance. These elements can replace the often elaborate tension 
anchoring construction and reduce the rocking motion of the structure effectively. 
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Property Test - Type 1-04 Bearing 
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Property Test - Type 1-05 Bearing 
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Property Test - Type 1-09 Bearing 
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Property Test - Type 2-03 Bearing 
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Property Test - Type 2-04 Bearing 
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Appendix B - Force-displacement plots of the tension / offset tension test 
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Appendix C - Results of the repeated property tests 
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c = 453000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1300000[N/m] 

150 
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Property Test - Type 1-07 Bearing 

Compression Test 
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Property Test - Type 1-07 Bearing 

Compression Shear Test - Cycle 9 
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-4— 

100 

• Amplitude 
dx = 0.1153 [m] 

• Vertical Force 
Ns = -955000 [N] 

• Max. Velocity 
vmax = 48.1 [mm/s] 

. • Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 8.287 [kJ] 
• Damping Coefficient 

c = 476000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1230000[N/m] 

150 
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Property Test - Type 1-08 Bearing 

Compression Test 

Property Test - Type 1-08 Bearing 

Compression Shear Test - Cycle 9 

-150 -100 -50 0 50 100 
Horizontal displacement-9 [mm] 

• Amplitude 
dX = 0.1153 [m] 

• Vertical Force 
Ns = -95500C [N] 

• Max. Velocity 
vmax = 48.9 [mm/s] 

. • Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 9.0572 jkJ] 

• Damping Coefficient 
c = 520000 [Ns/m] 

• Horizontal Stiffness 
Kh = 1160000[N/m] 

150 
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Property Test - Type 1-09 Bearing 

Compression Test 

Property Test - Type 1-09 Bearing 

Compression Shear Test - Cycle 9 
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• Amplitude 
dx = 0.1153 [m] 

• Vertical Force 
Ns = -955000 [N] 

• Max. Velocity 
vmax = 48.4 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 7.539 [kJ] 
• Damping Coefficient 

c = 433000 [Ns/m] 
. • Horizontal Stiffness 

Kh = 1110000[N/m] 

150 
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Property Test - Type 2-01 Bearing 

Compression Test 

Property Test - Type 2-01 Bearing 

Compression Shear Test - Cycle 9 

200 

150 

— 100— ■ 
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0) o 
6 0 —- M— 
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1-100-- 
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-200 — 

-150 

n-T-r 

-100 -50 0 50 
Horizontal displacement-9 [mm] 

100 

• Amplitude 
dx = 0.1153 [m] 

• Vertical Force 
Ns = -955000[N] 

• Max. Velocity 
vmax = 48.1 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis _oop) 

Ah = 8.6521 [kJ] 
• Damping Coefficient 

c = 88000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1180000[N/m] 
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Property Test - Type 2-02 Bearing 

Compression Test 

Property Test - Type 2-02 Bearing 

Compression Shear Test - Cycle 9 
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• Vertical Force 
Ns = -955000[N] 

• Max. Velocity 
vmax = 48.3 [mm/s] 

_. • Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 8.7409 [kJ] 
• Damping Coefficient 

c = 94000 [Ns/m] 
_ • Horizontal Stiffness 

Kh = 1110000[N/m] 

150 
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Property Test - Type 2-03 Bearing 

Compression Test 

Property Test - Type 2-03 Bearing 

Compression Shear Test - Cycle 9 
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100- 
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dX = 0.1153 [m] 

• Vertical Force 
Ns = -955000 [N] 

• Max. Velocity 
vmax = 48.8 [mm/s] 

. • Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 8.9272 [kJ] 

• Damping Coefficient 
c = 103000 [Ns/m] 

• Horizontal Stiffness 
Kh = 1040000[N/m] 

150 
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Property Test - Type 2-04 Bearing 

Compression Test 
-1000 

-800 
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S-600 
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|-400 
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Property Test - Type 2-04 Bearing 
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—I— 

100 

• Amplitude 
dx = 0.1153 [m] 

• Vertical Force 
Ns = -955000 [N] 

• Max. Velocity 
vmax = 48.8 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 9.5246 [kJ] 

• Damping Coefficient 
c = 103000 [Ns/m] 

• Horizontal Stiffness 
Kh = 1110000[N/m] 

150 
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Property Test - Type 2-05 Bearing 

Compression Test 

Property Test - Type 2-05 Bearing 

Compression Shear Test - Cycle 9 

200 
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— 100 
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• Amplitude 
dX = 0.1153 [m] 
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Ns = -955000 [N] 

• Max. Velocity 
vmax = 48.4 [mm/s] 

• Dissipated Energy 
(=Area of the Hysteresis -Oop) 

Ah = 10.2655 [kJ] 
• Damping Coefficient 

c = 112000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1100000[N/m] 

150 
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Property Test - Type 2-06 Bearing 

Compression Test 

Property Test - Type 2-06 Bearing 

Compression Shear Test - Cycle 9 
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Horizontal displacement-9 [mm] 

• Amplitude 
dx = 0.1153 [m] 

• Vertical Force 
Ns = -955000[N] 

• Max. Velocity 
vmax = 49 [mm/s] 

_ • Dissipated Energy 
(=Area of the Hysteresis Loop) 

Ah = 9.9792 [kJ] 
• Damping Coefficient 

c = 113000 [Ns/m] 
• Horizontal Stiffness 

Kh = 1060000[N/m] 

150 
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Appendix D - Code of the modal superposition analysis in Chapter 7 

Private Sub CommandButtonl_Click() 
t 

Dim DOF, M, Ite As Integer 
DOF = Range("B 1").Value 
Dim Mass(), StiffQ, StifflnvQ, Temp(), IdMatQ, Phi(), Ro() As Double 
Dim MassSQ, StiffInvS(), s(), x(), PhiMQ, PhiMPhi() As Double 
Dim xl(), x2(), yl(), y2() As Double 
Dim OmegaN As Double 
Dim Pi, Tempi, Temp2, Temp3, Comp, FacC, LastRo, Check As Double 
Dim r(), LL(), Gamma() As Double 
ReDim Mass(DOF, DOF), StiffInv(DOF, DOF), StiffInvS(DOF, DOF), x(DOF, DO?) 
ReDim s(DOF, DOF), Phi(DOF, DOF), Ro(DOF), xl(DOF), x2(DOF), yl(DOF), y2(DOF) 
ReDim Stiff(DOF, DOF), MassS(DOF, DOF), PhiM(DOF, DOF), PhiMPhi(DOF, DOF) 
ReDim r(DOF), LL(DOF), Gamma(DOF), Temp(DOF, 2 * DOF), IdMat(DOF, DOF) 
» 

'Format 
Range("F7:X46").ClearContents 
Range("Z7:AR46").ClearContents 
Range("H51 :H70").ClearContents 
Range("J51 :J70").ClearContents 
Range("L51 :L70").ClearContents 
Range("N51 :N70").ClearContents 
Range("P51 :P70").ClearContents 
Range) "R51 :R70").ClearContents 
Range) "B27:B46").ClearContents 
i 

'Calculate Isolation Stiffness 
Pi = 3.14159265358979 
Tempi = 0 
For i = 1 To DOF 

Tempi = Tempi + Cells(i + 6, 2) 
Next i 
Cells(27, 2) = Tempi * 4 * (Pi / Cells(6, 2)) A 2 
'Tempi is the sum of all masses 

'Vertical Stiffness 
Cells(4, 2) = Tempi * 9.8 / 0.002 / Cells(2, 4) 

'Coarse estimation of the bearing's radius 
Cells(4, 4) = Sqr(Templ * 9.8 / Cells(2, 4) / Cells(3, 4) / Pi) / 1000 

Determining the stiffness of the top floor, based on the period 0.5 sec 
'If Cells) 1, 2) > 7 Then 
' OmegaN = 10.472 
'Else 
' OmegaN = 31.416 
'End If 
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If DOF = 2 Then 
OmegaN = 2 * Pi / Cells(5, 2) 

Else 
OmegaN =-1.221728 * DOF+ 33.6851 

End If 
Cells(26 + DOF, 2) = OmegaN A 2 * Cells(6 + DOF, 2) 
i 

'Determining the stiffness of all other floors 
FacC = Cells(26 + DOF, 2) /100 
Temp2 = ((Cells(5, 2) / (2 * Pi)) A 2) / Cells(8, 2) 
Do 
Temp3 = 0 

For i = 1 To DOF - 1 
Temp3 = Temp3 + 1 / (FacC * Cells(2, 2) / (DOF - 1) * (i - 1) 
+ Cells(26 + DOF, 2)) 

Next i 
'MsgBox (Temp3) 
Comp = Abs(Temp2 / Temp3) 
FacC = FacC + Cells(26 + DOF, 2) / 100 

Loop While Comp < 1 
» 

FacC = FacC - Cells(26 + DOF, 2) / 100 
For i = DOF - 1 To 2 Step -1 

Cells(i + 26, 2) = Cells(26 + DOF, 2) + FacC * Cells(2, 2) _ 
/(DOF - 1) * (DOF - i) 

Next i 
i 

Dunkerley's Estimation 
Cells(48, 3) = Tempi / Cells(27, 2) 
Tempi = 0 
For i = 1 To DOF - 1 

Tempi = Tempi + Cells(i + 1,2) I Cells(i + 27, 2) 
Next i 
Cells(48, 5) = Tempi 
l 

'Initializing in matrises 
For i = 1 To DOF 

For) = 1 To DOF 
Cells(i + 7, j + 5) = 0 
Cells(i + 26, j + 5) = 0 
s(i, j) = 0 
PhiM(i, j) = 0 
PhiMPhi(i, j) = 0 

Next) 
Next i 
'Mass Matrix 
For i = 1 To DOF 

Cells(i + 7, i + 5) = Cells(i + 6, 2) 
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Next i 
i 

For i = 1 To DOF 
For j = 1 To DOF 

Mass(i, j) = Cells(i + 7, j + 5) 
Next j 

Next i 
i 

'Stiffness Matrix 
For i = 1 To DOF - 1 

Cells(i + 26, i + 6) = -Cells(i + 27, 2) 
Cells(i + 26, i + 5) = Cells(i + 26, 2) + Cells(i + 27, 2) 

Next i 
Cells(DOF + 26, DOF + 5) = Cells(DOF + 26, 2) 
Cells(DOF + 25, DOF + 5) = -Cells(DOF + 26, 2) 
t 

For i = 1 To DOF 
For j = 1 To DOF 

Cells(j + 26, i + 5) = Cells(i + 26, j + 5) 
Next j 

Next i 

For i = 1 To DOF 
For j = 1 To DOF 

Stiff(i, j) = Cells(i + 26, j + 5) 
Temp(i, j) = Cells(i + 26, j + 5) 
If i = j Then 

IdMat(i, j) = 1 
Else 

IdMat(i, j) = 0 
End If 

Next j 
Next i 
i 

For i = 1 To DOF 
For j = DOF + 1 To 2 * DOF 

Temp(i, j) = IdMat(i, j - DOF) 
Next j 

Next i 
t 

M = 0 
Do 

1= 1 
For i = 2 + M To DOF 

For j = 2 * DOF To 1 Step -1 
Temp(i, j) = _ 
Temp(i, j) - Temp(i -1, j) * Temp(i, i -1) / Temp(i -1, i -1) 

Next j 
1 = 1 + 1 
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Next i 
M = M + 1 

Loop Until M = DOF - 1 

M = 1 
Do 

1=1 
For i = DOF - M To 1 Step -1 

For j = 2 * DOF To 1 Step -1 
Temp(i, j) = _ 
Temp(i, j) - Temp(i + l j) * Tempo, i +1) / Temp(i + 1, i + 1) 

Next j 
1 = 1+1 

Next i 
M = M + 1 

Loop Until M = DOF 
i 

For i = 1 To DOF 
For j = 2 * DOF To 1 Step-1 

TempO, j) = TempO, j) / Temp(i, i) 
Next j 

Next i 
i 

For i = 1 To DOF 
For j = 1 To DOF 

StifflnvO, j) = TempO, j + DOF) 
Next] 

Next i 

' Range("F8:L 14").Select 
' With Selection.Interior 
' .Pattern = xlSolid 

.PatternColorlndex = xlAutomatic 
' .Color = 5296274 

.TintAndShade = 0 
' .PatternTintAndShade = 0 
' End With 

'Initializing arrays befor iteration 
For i = 1 To DOF 

xlO) = 1 
yi(i) = o 
x20) = o 
y2(i) = 0 

Next i 

'Calculation of the last mode 
LastRo = 0.1 
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For i = 1 To DOF 
For j = 1 To DOF 

yl(i) = yl(i) + Mass(i, j) * xl(j) 
Next j 

Next i 
t 

Do 
For i = 1 To DOF 

Tempi = x2(i) 
For j = 1 To DOF 

x2(i) = x2(i) + yl(j) * Stifflnv(i, j) 
Next j 
x2(i) = x2(i) - Tempi 

Next i 
i 

For i = 1 To DOF 
Tempi = y2(i) 
For j = 1 To DOF 

y2(i) = y2(i) + Mass(i, j) * x2(j) 
Next j 
y2(i) = y2(i) - Tempi 

Next i 
i 

Ro(l) = 0 
Tempi = 0 
For i = 1 To DOF 

Ro(l) = Ro(l) + x2(i) * yl(i) 
Tempi = Tempi + x2(i) * y2(i) 

Next i 
i 

For i = 1 To DOF 
y2(i) = y2(i)/(Tempi) A 0.5 

Next i 
i 

For i = 1 To DOF 

yi(i) = y2(i) 
Next i 
i 

Ro(l) = Ro(l)/Tempi 
Check = Abs(Ro(l) - LastRo) / Ro(l) 
LastRo = Ro( 1) 
1 

Loop While Check > 10 A -22 
'MsgBox (Check) 
i 

Tempi = 0 
For i = 1 To DOF 

Phi(i, 1) = x2(i) 
Tempi = Tempi + x2(i) * y2(i) 
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Next i 
For i = 1 To DOF 

Phi(i, 1) = Phi(i, 1) / (Tempi) A 0.5 
Next i 
t 

'Building up the sweep matrix for the next modes 
» 

N = 1 
'n=number of equations for the sweeping matrix 
Do 

For i = 1 To DOF 
s(i, i) = 1 

Next i 
i 

1=1 
For i = 1 To N 

For j = 1 To DOF 
x(i, j) = Mass(j, j) * Phi(j, 1) 

Next) 
1 = 1+1 

Next i 
i 

'For i = 1 To DOF 
' For j = 1 To DOF 
' Cells(i + 26, j + 15) = X(i, j) 
' Next] 
'Next i 
i 

If N = 1 Then 
For i = 2 To DOF 

s(l, i) = -Mass(i, i) / Mass(l, 1) * Phi(i, 1) / Phi(l, 1) 
Next i 
s(l, 1) = 0 

Else 
'Triangulizing X matrix 
M = 0 
Do 

1=1 
For i = 2 + M To N 

For j = DOF To 1 Step -1 
x(i> j) = _ 
x(i, j) - x(i -1, j) * x(i, i -1) / x(i -1, i -1) 

Next j 
1 = 1+1 

Next i 
M = M + 1 

Loop Until M = N - 1 
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'Diagonalizing X matrix 
M = 1 
Do 

1=1 
For i = N - M To 1 Step -1 

For j = DOF To 1 Step -1 
x(i, j) = x(i, j) - x(i +1, j) * x(i, i +1) / x(i +1, i +1) 

Next j 
1 = 1+1 

Next i 
M = M + 1 

Loop Until M = N 

For i = 1 To N 
For j = DOF To 1 Step -1 

x(i, j) = x(i, j) / x(i, i) 
Next j 

Next i 

For i = 1 To N 
For j = N To DOF 

s(i,j) = -x(i,j) 
Next j 

Next i 
t 

For i = 1 To DOF 
For j = 1 To N 

s(i,j) = 0 
Next j 

Next i 
» 

End If 

For i = 1 To DOF 
For j = 1 To DOF 

MassS(i, j) = 0 
StiffInvS(i, j) = 0 

Next j 
Next i 

For i = 1 To DOF 
For j = 1 To DOF 

For 1 = 1 To DOF 
MassS(i, j) = MassS(i, j) + Mass(i, 1) * s(l, j) 
StifflnvSfi, j) = StiffInvS(i, j) + Stifflnv(i, 1) * s(l, j) 

Next 1 
Nsxtj 

Nex; i 
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'Initializing arrays before iteration 
For i = 1 To DOF 

xl(i) = l 
yi(i) = o 
x2(i) = 0 
y2(i) = 0 

Next i 
i 

'Start iteration for all previous modes 
t 

LastRo = 0.1 

For i = 1 To DOF 
For j = 1 To DOF 

yl(i) = yl(i) + MassS(i, j) * xl(j) 
Next j 

Next i 

Ite = 1 
Do 

For i = 1 To DOF 
Tempi = x2(i) 
For j = 1 To DOF 

x2(i) = x2(i) + yl(j) * StiffInvS(i, j) 
Next j 
x2(i) = x2(i) - Tempi 

Next i 
i 

For i = 1 To DOF 
Tempi - y2(i) 
For j = 1 To DOF 

y2(i) = y2(i) + MassS(i, j) * x2(j) 
Next j 
y2(i) = y2(i) - Tempi 
'MsgBox (y2(i)) 

Next i 

Ro(N + 1) = 0 
Tempi = 0 
For i = 1 To DOF 

Ro(N + 1) = Ro(N + 1) + x2(i) * yl(i) 
Tempi = Tempi + x2(i) * y2(i) 

Next i 
i 

If Tempi < 0 Then 
Exit Do 

End If 
t 

For i = 1 To DOF 
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y2(i) = y2(i)/(Tempi) A 0.5 
Next i 

For i = 1 To DOF 
yl(i) = y2(i) 

Next i 
Ro(N + l) = Ro(N+ 1)/Tempi 
Check = Abs(Ro(N + 1) - LastRo) / Ro(N + 1) 
LastRo = Ro(N + 1) 
'MsgBox (Check) 
Ite = Ite + 1 
If Ite > 5000 Then 

Exit Do 
End If 

Loop While Check > 10 A -20 
' MsgBox (Check) 
t 

If Tempi < 0 Then 
Exit Do 

End If 
i 

Tempi = 0 
For i = 1 To DOF 

Phi(i, N + 1) = x2(i) 
Tempi = Tempi + x2(i) * y2(i) 

Next i 
'MsgBox (Tempi) 
For i = 1 To DOF 

Phi(i, N + 1) = Phi(i, N + 1) / (Tempi) A 0.5 
Next i 

i 

N = N + 1 
Loop Until N = DOF 

'For i = 1 To DOF 
' For j = DOF To 1 Step-1 

Phi(j, i) = Phi(j, i) / Phi(l, i) 
' Next) 
'Next i 

'Output shape modes and Omega values 
1 = 7 
For i = 1 To 3 

For j = 1 To DOF 
Cellsfj + 50, i + 1) = Phi(j, i) 

Next) 
Cells(48, i + 1) = Ro(i) 
1 = 1 + 1 

Next i 
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'Building up the effective mass matrix 
For i = 1 To DOF 

For j = 1 To DOF 
PhiM(i, j) = Phi(j, i) * Mass(j, j) 
Cells(i + 7, j + 25) = PhiM(i, j) 

Next j 
Next i 

For i = 1 To DOF 
For j = 1 To DOF 

PhiMPhi(i, j) = 0 
Next j 
LL(i) = 0 

Next i 
i 

For i = 1 To DOF 
For j = 1 To DOF 

For 1 = 1 To DOF 
PhiMPhi(i, j) = PhiMPhi(i, j) + PhiMG, 1) * Phi(l, i) 

Next 1 
Cells(i + 26, j + 25) = PhiMPhi(i, j) 

Next j 
Next i 
! 

'Influence vector, all values are set to 1 
For i = 1 To DOF 

r(i) = 1 
Cells(i + 50, 14) = r(i) 

Next i 
» 

For i = 1 To DOF 
For j = 1 To DOF 

LL(i) = LL(i) + r(j) * PhiM(i, j) 
Next] 
Cells(i + 50, 16) = LL(i) 

Next i 

For i = 1 To DOF 
If PhiMPhi(i, i) = 0 Then 

Exit For 
End If 
Gamma(i) = LL(i) / PhiMPhi(i, i) 
Cells(i + 50, 18) = Gamma(i) 

Next i 
i 

End Sub 

Private Sub CommandButton2_Click() 
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Dim DOF, k As Integer 
DOF = RangefB 1 ").Value 
Dim T(), u(), s(), f(), SRSS(), SumS(), SumF() As Double 
Dim V, M, DeltaM, Alpha As Double 
ReDim T(3), u(DOF, DOF), s(DOF, DOF), f(DOF, DOF) 
ReDim SRSS(DOF), SumS(DOF), SumF(DOF) 
t 

'Format 
Range("H75:H140").ClearContents 
Range("J75:J140").ClearContents 
Range("L7 5 :L 140").ClearContents 
Range("N75:N140").ClearContents 
t 

T(l) = 2 * 3.14159265 / Range("H49").Value 
T(2) = 2 * 3.14159265 / Range("J49").Value 
T(3) = 2 * 3.14159265 /Range("L49").Value 
i 

Fori = 71 To 670 
Comp = T(3) - Cells(i, 1) 
If Comp < 0.01 Then 

'Always 5% damping is assumed 
Range("L74").Value = Cells(i, 2) / 100 
Exit For 

End If 
Next i 

For j = i To 670 
Comp = T(2) - Cells(j, 1) 
If Comp < 0.01 Then 

'Always 5% damping is assumed 
Range("J74").Value = Cells(j, 2) / 100 
Exit For 

End If 
Next) 
i 

For k = j To 670 
Comp = T(l) - Cells(k, 1) 
If Comp < 0.01 Then 

If Range("H73").Value = 5 Then 
Range("H74").Value = Cells(k, 2) / 100 

Elself Range("H73").Value = 10 Then 
Range("H74").Value = Cells(k, 3) / 100 

Elself Range("H73").Value = 20 Then 
Range("H74").Value = Cells(k, 4) / 100 

Elself Range("H73").Value = 30 Then 
Range("H74").Value = Cells(k, 5) / 100 

Else 
MsgBox "Not defined!" 
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End If 
Exit For 

End If 
Next k 
i 

'Output deformation 
1 = 8 
For i = 1 To 3 

For j = 1 To DOF 
u(j, i) = Cells(j + 50,1) * Cells(74,1) _ 

*Cells(i + 50, 18) / Cells(48,1) 
Cells(j + 74,1) = u(j, i) 

Next i 
1 = 1 + 2 

Next i 
f 

For i = 1 To DOF 
For j = 1 To 3 

SRSS(i) = SRSS(i) + u(i, j) A 2 
Next) 
SRSS(i) = Sqr(SRSS(i)) 
Cells(i + 74, 14) = SRSS(i) 

Next i 
t 

'Diagram 
ActiveSheet.ChartObjects("Diagramm 1''). Activate 
ActiveChart.PlotArea.Select 
ActiveChart.SeriesCollection(l).XValues = "='MDOF-inv2'!N75:N" & 74 + DOF 
ActiveChart.SeriesCollection(l).Values = "=’MDOF-inv2'!F75:F" & 74 + DOF 
» 

'Output modal masses 
1 = 8 
For i = 1 To 3 

For j = 1 To DOF 
s(j> i) = _ 
Cellsfj + 50,1) * Cells(j + 7, j + 5) _ 
* Cells(i + 50, 18) 
Cells(j + 95,1) = s(j, i) 

Next i 
1 = 1 + 2 

Next i 
i 

For i = 1 To DOF 
For j = 1 To 3 

SumS(i) = SumS(i) + s(i, j) 
Next) 
Cells(i + 95, 14) = SumS(i) 

Next i 
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'Output modal forces 
1 = 8 
For i = 1 To 3 

For j = 1 To DOF 
fG, i) = sG, i) * Cells(74,1) 
CellsG + 116,1) = fG, i) 

Next i 
1 = 1 + 2 

Next i 
t 

For i = 1 To DOF 
For j = 1 To 3 

SumF(i) = SumF(i) + f(i, j) 
Next j 
CellsG + 116, 14) = SumF(i) 

Next i 
» 

'Output base shear Vbl, Vb2, Vb3 
1 = 0 
For i = 1 To 3 

For j = 1 To DOF 
V = V + fG, i) 

Next] 
Cells(l 17, 17 + 1) = V 
1 = 1 + 2 
V = 0 

Next i 
t 

'Output total base shear SRSS 
V = (Cells(l 17, 17)) A 2 + (Cells(l 17, 19)) A 2 + (Cells(l 17, 21)) A 2 
V = Sqr(V) 
Cells(l 18, 17) = V 
» 

'Base shear coefficient 
For i = 1 To DOF 

Alpha = Alpha + CellsG + 6, 2) 
Next i 
» 

Alpha = V / Alpha / 9.8 
Cells(l 19, 17) = Alpha 
i 

'Output moment 
h = Cells(7, 4) 
1 = 0 
For i = 1 To 3 

For j = 1 To DOF 
If j = 1 Then 

M = M + fG, i) * h 
Else 
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M = M + f(j, i) * (j - 1) * ((Cells(2, 2)) / (DOF - 1) + h) 
End If 

Next j 
Cells(120, 17 + 1) = M 
1 = 1 + 2 
M = 0 

Next i 
i 

M = (Cells(120, 17)) A 2 + (Cells(120, 19)) A 2 + (Cells(120, 21)) A 2 
Cells(121, 17) = Sqr(M) 
» 

'Output Delta moment 
DeltaM = 0 
For i = 2 To DOF 

DeltaM = DeltaM + (SRSS(i) - SRSS(l)) * Cells(i + 7, 2) * 9.8 
Next i 
t 

Cells(121, 23) = DeltaM 
i 

'Uplift 
If Cells(2, 4) = 2 Or Cells(2, 4) = 3 Then 

Cells(122, 17) = Cells(121, 17) / Cells(3, 2) 
Elself Cells(2, 4) = 4 Then 

Cells(122, 17) = 12 / 13 * Cells(121, 17) / Cells(3, 2) 
Elself Cells(2, 4) = 5 Then 

Cells(122, 17) = 4 / 5 * Cells(121, 17) / Cells(3, 2) 
Else 

MsgBox ("No. of spring should be L.E. 5") 
End If 

'Uplift with delta effect 
If Cells(2, 4) = 2 Or Cells(2, 4) = 3 Then 

Cells(122, 25) = Cells(121, 25) / Cells(3, 2) 
Elself Cells(2, 4) = 4 Then 

Cells(122, 25) = 12 / 13 * Cells(121, 25) / Cells(3, 2) 
Elself Cells(2, 4) = 5 Then 

Cells(122, 25) = 4 / 5 * Cells(121, 25) / Cells(3, 2) 
Else 

MsgBox ("No. of spring should be L.E. 5") 
End If 

End Sub 
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