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Abstract
Unsteady characteristics of shockwaves inmetals, for example elastic precursor decay, have often
eluded a completemodel description.Historic continuumelastic-plastic theories tend to require
excessive initial dislocation densities in order tomatch experimental observations. Studies
incorporating superposition of linear elastodynamic solutions for dislocations, either in analytical
solutions or in discrete numerical simulations, omit nonlinear elastic effects and only consider effects
of defects immediately at the elastic shock front. Prior analytical treatments of hydrodynamic
attenuation consider nonlinearitymanifesting as effects of stress gradients or particle velocity
gradients immediately behind the front. The present analysis seeks to augment the predictive
precursor decay equation from linear elastodynamics to account for elastic nonlinearity and
dislocation nucleation in thewake of the precursor shock. A complete solution for the precursor
magnitude at amaterial point is shown to require consideration of the prior history of dislocation
generation and the entire flow field behind the elastic shock up to thatmaterial point. However,
introduction of reasonable simplifying assumptions and basicmodels for dislocation generation and
glide resistance enable derivation of amathematically tractable relation for precursor decay. This
relation is a nonlinear first-order ordinary differential equation that, in non-dimensional form,
contains only one scalar parameter controlling the rate of dislocation generation behind the shock.
Model predictions that include nonlinear effects are shown to provide a bettermatch to experimental
data for threemetals. Effects of nonlinearity are shown to emerge early, but not immediately, in the
shock attenuation process, and these effects increase in prominencewith increasing impact stress.

1. Introduction

A standardmeans of quantifying themechanical response ofmetallic single and polycrystals subjected to large
compressive stress at high rates of deformation invokes planar shock loading, e.g., via explosively generated
waves orflyer-plate impact. Such studies have served as the ubiquitous shock physics experiments for
quantifying equations-of-state and dynamic strengths of solids for over six decades [1, 2]. Besidesmetals, the
focus of the present article, plate impactmethods are alsowidely used to study the high-pressure, high-rate
response of polymers, ceramics, and glass [3–5], each of which demonstrates particular behaviors with regard to
elastic nonlinearity, structural changes, and possible inelasticity.

Inmetals, with increasing impact stress, shocks can usually be labeled as elastic, elastic-plastic, or overdriven.
Elastic shocks in ductile solids occur only for small tomoderate impact stress, by definition stresses not
exceeding theHugoniot Elastic Limit (HEL). Elastic-plastic shocks occur formoderate stresses (above theHEL),
wherein local stress components (e.g., resolved shear stresses) are sufficient to enable dislocationmotion and
generation, but at stresses lower than those corresponding to overdriven shocks. A shock is said to be overdriven
if its velocity exceeds that of any elastic precursor, which in turn leads an overtaking of the precursor by the
plastic wave and formation of a single-wave structure. A shock that is overdriven is often labeled as a strong
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shock, while a plastic shockwhose velocity is lower than that of its precursor is labeled as aweak shock [6]. An
elastic shock in ametal is necessarily alsoweak since its stress is even lower than that of aweak plastic shock in the
samematerial. A shock is said to be steady if its profile or structure does not changewith time, whereas a shock is
unsteady if its structure evolves. Viewed together, the elastic and plastic waveforms comprising aweak shock are
unsteady since the distance between the precursor front and the plastic wave increases continuously with time,
tending to spread the overall structure.

In planar elastic-plastic shock loading ofmaterials of adequate symmetry (i.e., puremode directions), a pure
two-wave structure exists, with a longitudinal plastic shock trailing a fastermoving longitudinal elastic
precursor. A puremode direction [7, 8] enables propagation of one purely longitudinalmode, with its
polarization vector parallel to the propagation direction, and two transversemodes, with polarization normal to
the propagation direction. For planar impact loading along other directions different frompuremode
directions, quasi-longitudinal and quasi-transverse elastic and plastic waves appear.

In the elastic-plastic regime, contributions of shear strength andmean stressmay both be significant,
depending on thematerial. The traditional overdriven regime [9] is attainedwhen, as a result of stiffening of the
material behind the front due to nonlinear elastic and entropic effects, the plastic wave outpaces any elastic
precursor. Relative contributions of dislocation generation/multiplication tomovement of pre-existing
dislocations are thought to becomemore important as impact stresses increase, and homogeneous nucleation of
dislocations becomesmore important as shocks increase in strength fromweak to overdriven [10–12]. On the
other hand, the relativemagnitude of deviatoric stress responsible for dislocation activity tomean stress (i.e.,
hydrostatic pressure) decreases in the plastic regionwith increasing shock stress, leading to adequacy of the
hydrodynamic approximation (i.e., disregard of shear stress) for analysis ofmany features of sufficiently strong
shocks.

Precursor decay can be thought of as a decrease in a transientHEL of thematerial from the initial/impact
stress to an often steadyminimumvalue. TheHEL referred to in the context of shock regimes discussed above is
thisfinal steady value. In theweak shock regime (elastic-plastic shocks), a number of theoretical and numerical
studies [13–16] have sought to describe the transient decay of elastic precursors observed experimentally in
metals. If dislocation density is assumed constant, use ofOrowanʼs equation in continuum elastic-plastic
analysis requires dislocation densities several orders ofmagnitude larger than thosemeasured in the bulk crystal
[13]. Incorporation of larger transient dislocation density viamultiplication laws allows for closer agreement of
numerical results with experimental precursor wave profiles [14]. Importance of consideration of elastic
nonlinearity, especially effects of stress on effective shear stiffness, for correctly predicting precursor behavior
have been noted [14, 15]. The importance of nonlinear elastic effects onweak shockwave structure was first
quantified in experiments on rockmaterials [17], and further examined in the context of ductile nonmetallic
crystals (specifically, lithium fluoride [18–21]).

Analysis incorporating linear dislocation elastodynamics [16], using superposed isotropic solutions for
effects ofmotion of existing edge dislocations on the particle velocity field [22], demonstrated that the
aforementioned continuumanalysesmay be inaccurate by a factor of≈2 because they do not take into account
differences between dislocationsmoving towards versus away from thewave front. In that work [16], which
considered straight edge dislocations, it was speculated that large dislocation densities orfluxes at free surfaces
may be themain source of discrepancy between observations andmodel representations of precursor decay.
Linear elastodynamic analysis considering dislocation loops [23] produced similar conclusions. Linear
elastodynamics is defined in this context as the treatment of transient waves generated by and emanated from the
nucleation and acceleration of dislocations, respectively, in a linear elasticmedium.

Recent work [24–28] has extended the elastodynamic analyses ofMarkenscoff andClifton [16, 22] to
consider injection and subsequent non-uniformmotion of edge dislocations. This numerical work improves
existing (quasi-static)discrete dislocation plasticity simulationswherein spurious dislocations can appear ahead
of a shockwave front because stressfields are transmitted instantaneously, violating the causality principle.
Application of themethod to a study of precursor decay in aluminum [26] demonstrated reasonable agreement
of stress relaxation in shock fronts at various strain rates, considering only effects of nucleation of new
dislocations (i.e., no pre-existing defects) in a linear elasticmedium. It was noted how cumulative effects of
shielding dislocations exceed those of anti-shielding dislocations, and defectmorphologies reminiscent of
Smith-Hornbogen interfaces [29–32]were predicted by the simulations. Significant extrapolation of numerical
results to comparewith longer-termdecay ratesmeasured experimentally was required, however. Furthermore,
all of these aforementioned discrete dislocation simulations, as well as the prior analytical treatments upon
which they are based, only consider effects of defect nucleation and/ormotion immediately at the elastic shock
front since linear elasticity is invoked for dislocations’ stressfields and correspondingwave speeds. Any defect
activity occurring at afinite distance behind the front does not affect the front since the longitudinal linear elastic
wave speed is lower than the shock velocity, or atmost equal to it in a linear elastic approximation of the shock
itself.
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The present work seeks an improved understanding of precursor decay via consideration of elastic
coefficients and sound velocities for themediumbehind the elastic wave front that have been updated to account
for stiffening due to the elastic compressive wave [33, 34]. First, in section 2, key equations describing precursor
decay used in prior analyses are reviewed. Then in section 3, shockwave and release velocities are computed via
anisotropic Eulerian elasticity [11, 35–37] over stresses ranging from the (finalminimum)HEL to that of a
plastic wave at the overdriven limit wherein shock stress attains its imposedmaximum for a two-wave structure.
Single crystals of threemetals of vastly differing impedance and crystal structure–copper (Cu), magnesium (Mg),
and tungsten (W)–are compared for shocks in puremode directions. Next, in section 4, consideration of
transient effects of dislocation generation andmotion at points behind the precursor shock on itsmagnitude
leads to derivation of a new expression for precursor decay accounting for nonlinearity. Physically reasonable
simplifying assumptions and dimensional analysis are used to reduce the expression to a nonlinear first-order
ordinary differential equation (ODE). This equation contains a single scalar parameter controlling dislocation
generation effects that dominate the nonlinear contribution to decay of the elastic wave front. The treatment of
dislocationmechanics invoked in the derivation essentially superposes elasticfields from those dislocations
generated over relevant time- and space-intervals that would affect the front. Suchfields are interpreted in the
context of small elastic deformations from a potentiallyfinitely deformed state behind the shock. In section 5,
solutions to thisODE are analyzed and compared to experimental data. Conclusions follow in section 6.

No attempt ismade here to explicitly compute precursor decay in a fully nonlinear setting for dislocation
dynamics. Nonlinear elastic dislocation solutions are available only for special geometries and static problems
[38], and standard superposition required for consideration of effects ofmultiple dislocations cannot be used in
an exact nonlinear setting.

2. Elastic precursor decay

2.1. Continuumplasticity analysis
Elastic precursor decay isfirst considered from the viewpoint of nonlinear elastic-plastic continuum theory
[17, 39]. LetP denote the axial stress, positive in sign under compressive strain corresponding to planar shock
loading. The original analysis of Ahrens andDuvall [17] invokes the following constitutive equation for a stress-
relaxing solid in the region ofmaterial immediately behind a planar elastic shock front propagating in the x-
direction:

r
- = - ( )P

t
a

t
F

d

d

d

d
. 2.12

Here (·) td d denotes thematerial time derivative (i.e.,∂ (·)/∂t atfixed Lagrangian coordinateX), a is the
Eulerian sound speed for isentropic longitudinal elastic compressionwaves, ρ denotes themass density of the
material at time t, and

= ( )F GD2 , 2.2xx
P

withG an elastic shearmodulus and DP the isochoric Eulerian plastic velocity gradient, i.e., a plastic strain rate
referred to spatial coordinates. The sign convention used here and in [17] is >D 0xx

P for compression in the x-
direction. The usual continuumbalance laws for conservation ofmomentum andmass are applied to the
smoothly deforming region behind the shock, while the usual Rankine-Hugoniot jump conditions [2] are
applied across the surface of singularity at the elastic shock front. The rate of change ofP corresponding to
precursor decay at the shock front is obtained by differentiation along the shock path:

=
¶
¶

+
¶
¶

(·) (·) (·) ( )
t

U
x t

D

D
, 2.3

x

where =U x tD D is the Eulerian elastic shock velocity, here equal to the Lagrangian shock velocity X tD D
since thematerial ahead of the shock is quiescent and undeformed [39].

Upon use of (2.1), (2.2), (2.3) and the aforementioned balance laws and jump conditions, the following
relationship is derived as in [17]:

r u u u
u

=
- - - - -

- + +
[( ) ]( ) ( )

( ) [ ( )]
( )P

X

U a t F U U

U a c a

D

D

d d

1 2 2
, 2.4

H

0
2 2 2

2 2 2 2

with r= ( )c PD DH H the EulerianHugoniot sound speed. Particle velocity in the shocked state is υ, and the
initialmass density of the solid, ahead of the precursor shock, is ρ0. If the release isentrope is close to the
Hugoniot, then a≈cH, and if the tangent and secant to theHugoniot are similar (i.e., relatively weak shocks),
then a≈U. Invoking these two approximations in [17], (2.4) reduces to
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Thefirst term in the numerator on the right side of (2.5) accounts for changes in particle velocity behind the
wave front, i.e., the so-called ‘hydrodynamic attenuation’ from transient effects including rarefactions that
overtake the front from the rear. As shown infigure 1, if the stress gradient∂P/∂X immediately behind the front
is positive in sign, corresponding to particle deceleration ( u <td d 0) then this termhastens precursor decay.
Conversely, a negative stress gradient corresponding to particle acceleration immediately behind the precursor
frontwould inhibit its decay. The former situation (∂P/∂X>0) seemsmuchmore prevalent in data records
from experiments [17–20, 40] and nonlinear continuum simulations [14, 15]. Physically, the drop in stress
behind the precursor spike (figure 1(a)) has been attributed in ductile crystals to stress relaxation caused by
multiplication ofmobile dislocations [14, 19, 40, 41].

The second term in the numerator of (2.5) accounts for ‘intrinsic attenuation’ resulting from stress
relaxationmechanisms such as dislocation activity or fractures occurring immediately at the front.
Equation (2.4)with cH≈a=ρ0cl/ρ can be rearranged to [39]

= -
- ¶ ¶ +

-
=

( )( )
[ ( )( )]

( )P

t

c U P X UF

U c U
F GD

D

D

2

3 2 1 2
, 2 0, 2.6l

l
xx
P

2 2

2 2

with tangent shearmodulusG depending on the deformation or stress state immediately behind the elastic
shock front. Strain rate componentDP

xx is equal inmagnitude to the axial rate of plastic deformation gradient
since the deformation itself at this location is elastic and uniaxial [39]. Experimentalmeasurements of the decay
of peak stress of the elastic shockwith propagation time in conjunctionwithmeasurements of the rate of change
of stress at amaterial particle behind the shock can be usedwith amodified formof (2.5) or (2.6) to calculate
intrinsic attenuation function F directly from time-resolved plate impact data [18, 19].

In the linear approximation, which omits hydrodynamic attenuation (i.e., = =U c constantl and
=G constant), (2.6) reduces to

= = - ( )P

t
U

P

X

FD

D

D

D 2
. 2.7

Values of F calculated using either expression (2.6) or (2.7) can be comparedwith those resulting fromOrowanʼs
equation:

ar u= · ( )F G b2 . 2.8D D

Here ρD is the density of dislocations at the shock front glidingwith velocity υD, b is the relevant Burgerʼs vector
component, andα is a constant related to slip system geometry. This equation can be obtained directly by
substituting ar u=D bxx

P
D D into (2.2). The linear form in (2.7)was applied to interpret precursor decay data

from shocked polycrystals [42] and single crystals [13]; a nonlinear form analogous to (2.6)was applied to
evaluate precursor decay data from single crystals [19–21]. Alternative derivations of equations identical to or
very similar to (2.4)–(2.7) can be found in [14, 15, 18, 20, 21, 39].

2.2.Discrete dislocation analysis
In lieu of use of a continuumplasticity constitutive equation such as (2.1) orOrowanʼs equation (2.8), alternative
studies of precursor decay have considered explicit effects of stress relaxation due to transient stressfields of
individual dislocations, albeit often in highly idealized geometric configurations. Invoking isotropic linear
elastodynamics, the following precursor decay equationwas derived in [16] by superposing changes in particle

Figure 1.Representative profiles of shock stress versus Lagrangian propagation distance demonstrating effects of stress gradients [39]:
(a)∂P/∂X>0 (b)∂P/∂X<0.
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velocityfields induced by pre-existingmobile edge dislocations of constant density ρD=ρD0:

a q r u
u q

= -
-
( ) ·

( )
( )P

t
G

b

c

D

D 1 cos
, 2.9D D

D l

0

with θ the orientation of the slip plane relative to the shock direction x. Equation (2.9) accounts for the influence
of dislocations of opposite signs (via the algebraic signs of υD and θ), with thosemoving towards the front
accounting for a larger fraction of precursor decay than thosemoving away from the front. Themaximum
magnitude of the denominator of (2.9) is around 1

2
, leading to amaximumdifference between (2.9) and that of

(2.7) and (2.8) of about a factor of two.
Given a constitutivemodel for the stress dependence of dislocation velocity υD, values of initial dislocation

density, b, and θ, and linear elastic propertiesG=G0, cl=cl0, the differential equation (2.9) [or evenmore
simply (2.7)with (2.8)] can be integrated numerically to predict precursor decay, i.e., stressP at the front versus
time t or propagation distanceX. The recent numerical study of [26] invokes dynamic discrete dislocation
mechanics and analytical expressions from [16, 22, 24, 43] to compute effects of injected and subsequently
moving and interacting dislocations, with potentially complexmorphologies, on precursor decay.

Both [16] and [26] omit the possible contributions of hydrodynamic attenuation and effects of dislocation
nucleation,motion, and interactions occurring at afinite distance behind the precursor front since all stress
waves are assumed to propagate at the linear elastic sound speeds of the undeformedmedium. The longitudinal
speed cl0 is equal toU in the linear approximation invoked in such studies, so trailing rarefactionwaves never
reach the shock front and thus cannot contribute to its decay. Subsequent analysis in the present paper removes
such restrictions associatedwith equal longitudinal wave velocities, thus permitting consideration of effects of
rarefaction sources behind the shock front omitted in the linear setting.

3.Wave speed analysis

3.1. Nonlinear elastic precursor
Anisotropic, finite strain Eulerian thermoelastic theory advanced in [35] is invoked here for analysis of elastic
shocks in crystals. This theory has been demonstrated [36, 37] to bemore accurate, upon inclusion of elastic
constants of the same order, than Lagrangian theory [8, 34, 44, 45] formodeling the high pressure response of
ductilemetals under uniaxial shock loading, as well as under hydrostatic loading, whereby the Eulerian theory
reduces to the pressure-volume equation-of-state ofMurnaghan andBirch [46].

Consider an elastic shock of strength P (longitudinal Cauchy stress, positive in compression) traveling in the
X=X1 direction in a crystal at instantaneous Lagrangian velocityU. Particle velocity, internal energy density
per unit reference volume, and compression ratio in the shocked state immediately behind the surface of
singularity are denoted by υ, e, and J=V/V0=ρ0/ρ, respectively.Mass densities ahead of and immediately
behind the front are ρ0 and ρ.Material ahead of the shock is undeformed and stress-free. Denote the Eulerian
uniaxial strainmeasure, negative in compression, by

r r= - = -( ) ( ) ( )D J1 1 1 . 3.11

2
2 1

2
2

0
2

LetC11 andC111 be the usual second- and third-order Lagrangian elastic stiffness constants,Γ the axial Gr ü
neisen parameter, andT0 the ambient temperature ahead of the shock. The crystal internal energy potential
under uniaxial strain is, to order three in strain and order one in entropy density η,

h h= + + + - G( ) ( ) ( ) ( )e D C D C C D T D, 12 1 . 3.21

2 11
2 1

6 111 11
3

0

The analytical solution to the Rankine-Hugoniot equations derived in [35] for stress, particle velocity, and shock
velocity is

= - - + + - + G( ) [ ( ) ( ) ] ( )P D C D C C D C C D1 12 3 , 3.33 2
11

1

2 111 11
2 1

12 111 11
3

u r= - - -{ [ ( ) ] } ( )P D1 1 2 , 3.41 2
0

1 2

r= - - - -- -{ [ ( ) ] } [ ( ) ] ( )U P D D1 1 2 1 1 2 . 3.51 2
0

1 2 1 2

Properties for threemetals considered in the calculations are given in table 1. Elastic shock propagation is
prescribed along certain puremode directions: along a cube axis for Cu andWand an a-axis forMg.

The following definitions of dimensionless shock stress are invoked to cover the domain of shocked states
wherein a two-wave structure exists:

=
-
-

Î =
-

Î - ¥ˆ ( ) [ ] ¯ ( ) [ ) ( )P P
P P

P P
P P

P P

P
0, 1 , 1, . 3.6H

OD H

H

H
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As introduced in thefirst of (3.6), P̂ is the dimensionless shock stress associatedwith true shock stressP in the
elastic precursor wave,POD is the imposed shock stress at the overdriven limit, and PH is thefinal (minimum)
HEL stress after any precursor decay. The function P̂ sets the precursor stress to a value between theHEL at
=P̂ 0 to amaximumof =P̂ 1 for an overdriven shockwherein the elastic and plastic shockwave speeds just

become equal. The second of (3.6) defines a dimensionless stress for the precursor, with a value of =P̄ 0 at the
finalHEL.Over the duration of a precursor decay event, the value of P̄ would decrease with time from
= = -¯ ¯P P P P 1H0 0 , withP0 the imposed/initial impact stress, to =P̄ 0. Note that PH andPOD are treated as

constants for a givenmaterial, with the latter determined via use of constitutive relations for the plastic wave to
be presented in section 3.2. Definitions (3.6) are clarified infigure 2(a) for a hypothetical elastic-plastic solid with
a rather largeHEL.

Given an input volume ratio J for the elastic shock state, equations (3.1), (3.3), and (3.5) are sequentially
invoked to obtain the strainD, shock stressP, and shock velocityU for this value of J. As shown infigure 2(b), the
shock velocity always exceeds the linear elastic wave speed r=c Cl0 11 0 , with themargin of increase becoming

larger with increasing stress (i.e., with increasing P̂). Even at theminimumvalue of precursor stress at =P̂ 0,
U>cl0 for all threematerials. The ratioU/cl0 attains amaximumon the order of 1.5 forMg andW for precursor
strengths at the overdriven limit. Themaximum forCu is significantly lower, on the order of 1.1 at =P̂ 1
(figure 2(b)).

3.2. Plastic shock andmaterial response along the principalHugoniot
The plastic wave velocityUP is used to obtain the overdriven threshold stressPOD that limits themaximum
imposed stress considered in calculations. The constitutivemodel used for the plastic shock at impact stresses
exceeding PH is the standard linear shock velocity versus particle velocity relation [2, 39]:

u= + ( )U c s . 3.7P 0

This equation is only used in the present work tomodel the plastic wave, specifically to set the domain of possible
precursor stresses to Î « Î[ ] ˆ [ ]P P P P, 0, 1H OD . It is not used to compute the behavior of the elastic
precursor, which insteadwill be addressed later using amore detailed dislocationmechanics-based approach.
Material constants are c0 and s; polycrystalline values are implemented (table 1) since these are readily available
and since the axial stress-strain response at high pressure is dominated by compressibility rather than anisotropy
or shear.

Hugoniot curves are constructed as follows. Thematerial response at stresses up toPH is computed
incrementally using the nonlinear elastic theory of section 3.1, with the threshold particle velocity υH, volume
ratio JH, and elastic shock velocityUH recordedwhen PH is reached. The particle velocity is increased above this
threshold incrementally, and (3.7) is invoked to obtain the corresponding Lagrangian plastic wave velocityUP.
The Rankine-Hugoniot equations for conservation ofmass andmomentum are solved for the volume J and
stressP in the plastic regime, where the state ahead of the plastic shock corresponds to theHEL:

Table 1.Properties or parameters for selected crystalline
metals [2, 11, 13, 36, 37, 47–52].

Material Cu W Mg

structure FCC BCC HCP

shock direction [100] [100] [ ¯ ]1120

ρ0 [g/cm
3] 8.93 19.35 1.74

C11 [GPa] 166 526 59.4

C12 [GPa] 119 203 25.6

C66 [GPa] 75.4 161 16.9

C111 [GPa] −1500 − 5460 −664

C112 [GPa] −850 −1641 −178

C166 [GPa] −650 −1641 −272

B0 [GPa] 137 310 35.4

G0 [GPa] 23.5 161 16.9

Γ 2.02 1.67 1.57

c0 [km/s] 3.94 4.03 4.52

s 1.49 1.24 1.24

PH [GPa] 0.2 2.8 0.11

θ [deg] 35.25 54.70 60.00

b [nm] 0.255 0.275 0.320

υD0/cs0 0.136 3.38 0.184

ρD0 [m
−2] 1011 1010 1011

M̄ 5·105 5·105 5·105
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u u r= - - = + -( ) ( ) ( )J J U P P U J J, . 3.8H H P H P H0
2

Incrementation continues untilUP=UH. Subsequently, in the overdriven regime, U UP , and (3.8) becomes
J=1−υ/U andP=ρ0Uυ. Hugoniot stresses normalized by initial isentropic bulkmodulusB0 are reported
infigure 2(c).

The ratio of elastic shock velocity at theHEL,UH to the plastic wave speedUP is shown infigure 2(d), where
here P̂ is computed via the first of (3.6)withP the stress in the plastic wave rather than the precursor. The ratio of
elastic to plastic shock velocities decreases with increasing stress. Unsteady states associatedwith precursor decay
(i.e., elastic shock stresses exceeding PH) do not fall on theHugoniot curves offigures 2(a) and (c) or enter ratios
infigure 2(d).

3.3. Elastic wave speeds behind the shock front
3.3.1. Effective elastic coefficients
Let ( )x X X, ,i I I

0 denote Cartesian coordinates ofmaterial particles in (current, pre-stressed, unstressed) states.
The current state corresponds to themotion of the body at time t. The unstressed state corresponds to a natural
minimumenergy configuration of the body, assumed homogeneous. The pre-stressed state corresponds to a
condition of static equilibrium and homogeneous deformation, andwill later serve as an idealization of the
region just behind the precursor front at afixed instant in time. The identical idealization, though unstated, was
invoked in prior work [18, 19, 21]wherein third-order Lagrangian elasticity was used to compute cl. It ismost
reasonable for steady shockswherein particle velocity behind the precursor is constant, since deformation
gradients and equations ofmotion are invariant upon superposition of a constant background velocityfield (i.e.,
rigid body translation) in the pre-stressed state. Deformations from the pre-stressed to current state are assumed
isentropic.

Functional forms of coordinate changes among states are

= =( ) ( ) ( )x x X t X X X, , . 3.9i i I I I I
0

Define displacement frompre-stressed state to current state and particle velocity frompre-stressed to current
state as

d u= - = =˙ ˙ ( )u x X u x, . 3.10i i iJ J i i i

Material time differentiation occurs equivalently atfixedXI or XI
0 since both sets of coordinates are static in

time.Mass densities in the three states are (r r r¯, , 0), related as usual by Jacobian determinants of deformation
gradients.

Figure 2. Shockwave analysis: (a) shock stress definitions (b) ratio of nonlinear elastic shock velocity to linear elastic longitudinal wave
speed (c) stress-volumeHugoniots (d) ratio of nonlinear elastic shock velocity at theHEL to plastic wave speed.
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Lettingσij denote symmetric Cauchy stress components, in the absence of body forces the local balance of
linearmomentumwith respect to the current state is

s ru¶ ¶ = ˙ ( )x . 3.11ij j i

Tofirst order in displacement gradients∂ui/∂XI, the linearmomentumbalance can bewrittenwith respect to
the intermediate state as [33]

d ru d
¶

¶ ¶
= ¯ ˙ ( )B

u

X X
, 3.12IJKM Kl

l

J M
i iI

2

where, with s̄IJ the symmetric pre-stress referred toXK and e(DIJ, η) the internal energy per unit initial volume,

s d s d s d= - - - = ¶ ¶- - - - -[ ( ¯ )] ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ( )B F F F F F c F X Xdet , ; 3.13IJKL RS MI NJ PK QL MNPQ IL JK IK JL JK IL IJ I J
1 1 1 1 1 0

d=
¶

¶ ¶
= -

¶
¶

¶

¶h

⎛
⎝⎜

⎞
⎠⎟ ( )c

e

D D
D

X

x

X

x
,

1

2
. 3.14IJKL

IJ KL X

IJ IJ
I

i

J

i

2

,

0 0

Transformation formulae derived in [35] have been applied to convert the Lagrangian elastic coefficients used in
[33, 34] to the Eulerian representation. CoefficientsBIJKL do not, in general, satisfy full Voigt symmetries, nor do
they possess the initialmaterial symmetries of isentropic second-order elastic constants =∣( )cIJKL D 0IJ

. For example,
for pre-stress corresponding to longitudinal uniaxial strain alongX1 in an initially isotropicmaterial, the
effective elastic stiffness will differ among longitudinal and transverse directions, i.e., ¹ =B B B1111 2222 3333.

3.3.2. Longitudinal waves
Nowconsider uniaxial elastic deformation corresponding to a region immediately behind the precursor front,
with respective volume ratio and strain J andD related via (3.1). In this case, noting that s= - ¯P 11 is the shock
stress from (3.3), the longitudinal wave propagation coefficient obtained from (3.13) and use of the third-order
internal energy function in (3.2) is

= = + + +- [ ( ) ] ( )B B J C C C D P12 3 . 3.1511 1111
5

11 111 11

HereB11 is the equivalent expression forB1111 in Voigt notation. The longitudinal wave velocity referred to the
initial, undeformed configuration is

r
r

r
= = = ( )c

a

J J

B

J

1
, . 3.16l

11 0

In the present context, terms in (3.13) become r r¯ and [ ( ¯ )]F Jdet RS . The factor of 1/J transforms thewave
velocity a relative to the compressed state at density ρ to cl relative to the natural state at density ρ0 [18, 21].

The ratio of longitudinal wave speed cl computed via (3.16) to shock velocityU computed via (3.5) is shown
infigure 3(a) for precursor shock strengths ranging from theHEL at =P̂ 0 to the overdriven threshold at
=P̂ 1, for Cu,Mg, andW single crystals. This ratio increasesmonotonically with increasing P or P̂ , and even at
=P̂ 0 always exceeds unity. Specifically, at = « =P̂ P P0 H , cl/U=1.002 for Cu, cl/U=1.004 forMg, and

cl/U=1.010 forW. The ratio at higher stresses is significantly smaller for Cu thanMg andW.
Shown infigure 3(b) is cl divided by the shock velocity at theHEL,UH, for back stresses less than or equal to

theHEL stressPH. This situation corresponds to a scenario such as depicted infigure 1(a), wherein the region
behind the precursor could conceivably be of lower stress than the precursor front featuring a spike. Recall from
(3.6) that = -P̄ P P 1H . Here, P̄ corresponds to the dimensionless back stress behind a precursor spike, where
a value of zerowouldmean no spike or dip. Results shown infigure 3(b) demonstrate that the longitudinal wave

Figure 3.Ratio of nonlinear isentropic wave speeds to nonlinear elastic shock velocity: (a) longitudinal (b) longitudinal for back
stresses less than thefinalHEL (c) shear.
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speed clwould still exceed the precursor shock speedUH for  -P̄ 0.5, i.e., for back stresses in excess of about
PH/2.

Collective results infigures 3(a) and (b) suggest that longitudinal waves emanated from sources behind the
precursor front should eventually reach the front so long as the stresses behind the front exceed about half the
HEL stress. The time required for such sources to reach and interact with the front would depend on the time
and position of their origin and any changes in the compressive state behind the front during their transit.
Summarizing, cl�U�cl0, with equalities holding in the linear elastic limit.

3.3.3. Shear waves
In anisotropicmedia, shear waves travel at different velocities depending on their directions of polarization and
propagation.However, shear wave velocities for directions of interest in the present work, in single crystals of
cubic and hexagonal symmetries, can be computed explicitly for pre-stress conditions corresponding tofinite
uniaxial elastic strain using second- and third-order isentropic elastic constants.

First consider propagation, in the longitudinalX1-direction, of a shear wave polarized in a direction
orthogonal toX1. For a cubic crystal, propagation is along [100], and the polarization direction is along any axis
perpendicular to [100], taken here as [010]. For a hexagonal crystal, propagation is along the a-axis [ ¯ ]1120 , and
polarization is along an orthogonal direction in the basal plane, [ ¯ ]1100 . The appropriate wave propagation
coefficients in (3.13) for this case are [8]

= = + + + + +- [ ( ) ] ( )B B J C C C C C D P4 , 3.1766 1212
3

66 166 11 12 66

withB66 the expression forB1212 inVoigt notation. For cubic crystals,C66=C44; for hexagonal,
= -( )C C C66

1

2 11 12 . The corresponding shearwave speed referred to the natural undeformed state with regard
to (3.12) is

r
= ( )c

J

B1
. 3.18s

66

An incremental or tangent elastic shearmodulusG, which can be parameterized versus shock stress
= ( ¯ )P P F11 for uniaxial elastic shock loading, is introduced alongwith its value at the ambient state as

= - = = -( ) [( ( ) ( )] ( ) ( ) ( )G P B P B P G G C C, 0 . 3.191

2 11 12 0
1

2 11 12

CoefficientB11 is obtained from (3.15). CoefficientB12 is computed from (3.13) as

= = + +- [ ( ) ] ( )B B J C C C D4 . 3.2012 1122
3

12 112 12

The same formofB12 applies for cubic and hexagonal crystals, and for the latterG0=C66. Lagrangian speed
r-J G1 is the propagation velocity for a shear wavemoving along [110] in a cubic crystal, polarized along

[ ¯ ]110 [8]. The corresponding linear elastic shear wave speed r=c Gs0 0 0 is obtained by setting J=1,G=G0 ,
and ρ=ρ0.

The ratio of shear wave velocity cs from (3.18) to the elastic shock velocityU of (3.5) is shown infigure 3(c).
Shear waves clearly lag the shock over longitudinal stresses ranging from theHEL at =P̂ 0 to the overdriven
threshold at =P̂ 1. Ratios of cs/U are largest forMg at high stresses but always remain less than unity. Similar
conclusions are obtained from computed ratios of the Lagrangian shearwave speed obtained fromG of (3.19) to
the elastic shock speed (not shown). These results suggest that shear waves emanated from sources behind the
precursor front, in contrast to longitudinal waves, should neither reach nor explicitly interact with the front.

4.Nonlinear precursor decay

Direct application of existing relations such as (2.5) or (2.6) that account for nonlinear effects to predict
precursor decay is challenging. Stress gradients ormaterial accelerations behind the precursor frontmust be
obtained from sophisticated numerical schemes [14, 15] that invoke a constitutive relation between Dxx

P and
stress or other state variables, to apply these equations.

The objective of the present section is derivation of a differential equation for precursor decay—accounting
for both the intrinsic attenuation frompre-existing dislocations at the front and for rarefaction signals due to
dislocations generated behind the front—that can be solved via basic numerical integration. The starting point
for the derivation is (2.6), reproduced from equation (10.55) in [39], that can be rearranged as

=
-

-
+

- - ¶ ¶
-     ( )

( )( )
[ ( )( )]

( )P

t

F

c U

c U P X

U c U

D

D 3

1

3 2 1 2
. 4.1

l

l

l
2 2

intrinsic attenuation

2 2

2 2 2

hydrodynamic attenuation
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Each group of terms on the right side of (4.1)will be represented in terms of quantities obtained from
fundamental dislocationmechanics. Specifically, the intrinsic termwill be represented via the solution for
mobile edge dislocations at the precursor front derived in [16], suitablymodified to account for the stress
dependence of the shearmodulus via (3.19) and the nonlinear elastic contribution in the denominator with cl/U
calculated via themethod described in section 3.3.1. The contribution from trailing rarefaction sources will be
attributed to dislocation generation, noting that the stress gradient is thought to result fromdislocation
multiplication behind the front [14, 19, 40, 41]. Recall that the linear decay equation (2.7)used in [13] is obtained
from (4.1) by setting cl=U, reiterating that the contribution from trailing rarefaction sources vanishes
identically in the linearmodel.

4.1. Problemgeometry
Dislocation generation andmotion for shock loading is analyzed for plane strain geometry in configurations
considered in [25, 26], which account for three possible slip systems oriented at (0°,±θ) from the direction of
shock propagation, as shown infigure 4(a). Coordinate frames (x, z) and (X,Z) are parallel and share the same
origin. Values of θ for FCC andBCC crystals derived by Rice [53] are 35.25° and 54.7°, respectively,
corresponding to á ñ{ ¯ }110 111 slip in FCC and á ñ{ ¯ }111 110 and á ñ{ ¯ }111 121 slip in BCC. Also considered here is
prismatic slip in hexagonal crystals, á ñ¯ { ¯ }1120 1100 , whereby θ=60°.

Planar shock loading is directed along θ=0°, so that, from symmetry considerations, only two systems at
±θ are subjected to nonzero resolved shear stress and can contribute to plastic deformation (figure 4(a)). The
plane strain geometry is representative of dislocation loops in the Smith-Hornbogen interface [29, 30, 32], with
only edge components of the loopsmoving inside the shock front and contributing to plastic flow [25].

Isotropic polycrystals could be addressed by selection of two effective slip planes oriented at θ=45°
corresponding to planes ofmaximum resolved shear stress [16, 39] and use of isotropic elastic constants.
Extension of themodel to textured polycrystals is not as straightforward but could be attempted if effective
anisotropic polycrystalline elastic constants and preferred directions for plastic shear can be estimated.

Shown infigure 4(b) is the elastic precursor front centered at pointX for time instant t. The impact face
corresponding to the initiation of wave propagation is located atX=x=0. Thewidth of the shock in the
transverse (Z) direction isW=constant.Mobile dislocations in thewave front of infinitesimal thickness

=X U td d , as well as some dislocations behind it, contribute to stress relaxation at thewave front. The variable
propagation speed of the shock isU[X(t)], while each rarefaction source located at coordinate ξ contributes a
longitudinal waveformmoving at time- and position-dependent velocity cl(ξ, t). A differential element of
material containing sources is labeled xd . Following results presented in section 3.3.3 andfigure 3(c), shear
waves emanated fromdislocations at the front and behind it propagate too slowly to reach or affect the front.
This assumption (i.e., null shear wave contributions) is also used elsewhere in the linear theory for dislocations
existing [16] or homogeneously generated [26] at the precursor front.

4.2. Intrinsic attenuation
Considered now is thefirst termon the right side of (4.1). Generalizing the linear anisotropic representation of
relaxation function F in [13] to account for elastic nonlinearity results in

= = + = - =( ) ( )F B D B D B D B B D GD2 . 4.2KL KL
P

xx
P

zz
P

xx
P

xx
P

11 11 12 11 12

The plane strain geometry offigure 4 is invoked, as is plastic incompressibility = -D Dzz
P

xx
P . Recall that by the

present sign convention, Dxx
P andP are taken as positive for compression. Voigt notation applies forBIJ. The

anisotropic stress-state dependent shearmodulusG(P) isfirst defined in (3.19).ModulusG in (4.2) replaces the
isotropic pressure-dependent version used in [39].

Figure 4.Geometry and nomenclature for dislocation structure behind elastic precursor front.
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The plastic velocity gradient (i.e., Eulerian plastic strain rate) at the shock front contributing to F is assumed
to consist solely of contributions ofmobile edge dislocations located at the front [14–16]; generation of new
dislocations is assumed to require afinite time such that their subsequentmotion only affects the second
(trailing rarefaction) term in (4.1). For the plane strain geometry and two slip systems shown infigure 4(a),
following [16],

r u q q
u q

r u q q
q

r u q q
q q

=


»



+

+
-

⎛
⎝⎜

⎞
⎠⎟( )

( )D
b

c

b
b

sin cos

1 cos

sin cos

1 cos 2
sin cos

1

2 cos

1

2 cos
. 4.3xx

P D D

D l

D D
D D

0 0
0

Recall that ρD0 is the total, unpartitioned initialmobile dislocation density encountered by the precursor front,
and υD is the dislocation velocity taken here and henceforth as positive in sign. In the final expression, equal
numbers of forward and backwardmoving dislocations are assumed, where the former correspond to the
multiplier q-( )1 2 cos and contributemore strongly to precursor decay. An explicit partitioning of the plastic
strain rate into contributions from lattice displacement incurred by dislocation generation and inelastic slip
fromdislocation glide has been invoked elsewhere [10, 54, 55]. Such a partitioning is not invoked here; rather,
for simplicity, the standardOrowan-type prescription inherent in (4.3) is used.

A simple constitutivemodel is used to relate dislocation velocity to shock stressP. As proposed in [39], a
linear viscous dragmodel of the following form is implemented:

u u u u
t t
t

= =
-

»
-¯ ( )P

P P

P
. 4.4D D D

H

H
D

H

H
0 0 0

Here, υD0 is a nominal velocity thatwill be related to a drag coefficient below, τ is the resolved shear stress for the
relevant slip plane and direction, and τH is the resolved shear stress at the (final, fully decayed)HEL. The ratio of
shear stresses τ/τH is exactly equal to the ratio of shock stresses P/PH only for linear elasticity, which is
reasonably accurate for the small elastic strains encountered at the finalminimumHEL.

Denoting the dislocation drag coefficient by B̂,

u t t u t= -  = »ˆ ( ) ˆ ˆ ( )B b
b

B
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B
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The viscous drag coefficient is computed using the following relation fromKocks et al [56] that requires no
tunable parameters:
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=
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Temperature rise contributing to phonon drag is ignored in the constant temperature (T=T0) approximation,
a reasonable assumption for the elastic precursor but perhaps less so for the plastic wave. Boltzmannʼs constant
is kB and the atomic volume in the undeformed state isΩ0. Since (4.4) omits relativistic effects that would
prohibit supersonic dislocation glide, in calculations the velocity υD is set to theminimumof that computed
from (4.4) and 0.9cs0, i.e., dislocation velocities are restricted to amaximumof 90%of the linear elastic shear
wave speed. Computed values of υD0 are listed in table 1 for Cu,W, andMg.

Combining (4.2), (4.3), and (4.4), the intrinsic contribution F becomes the following function of normalized
shock stress at the precursor front P̄ and slip plane orientation θ:

q a q r u a q q q
q q

= =
+

+
-

⎛
⎝⎜

⎞
⎠⎟( ¯ ) ˆ ( ) · ( ¯) · ¯ ˆ ( ) ( )F P G P b P, 2 ; sin cos

1

2 cos

1

2 cos
. 4.7D D0 0

Since θ is constant for a given crystal structure, it will be dropped from the list of arguments hereafter.

4.3.Hydrodynamic attenuation
The second termon the right side of (4.1) requiresmore in-depth consideration. The stress gradient
immediately behind the front,∂P/∂X, evidently cannot be readily computedwithout enacting a full-field
simulation of the elastic-plastic wave structure in time and space, e.g., via finite differencemethods (e.g., with
artificial viscosity) orminimally via a semi-linearmethod of characteristics [14, 15]. The approach taken in the
present work involves substitution of this hydrodynamic attenuation termwith an alternative expression related
explicitly to the dislocation generation rate behind the precursor front. A direct computation of the stress
gradient is avoided in the present approach, but the end result of an increased rate of precursor decay due to
rarefaction sources behind the front is physically relevant and qualitatively, if not quantitatively, similar.

4.3.1.Wave interactions
Relaxationwaves generated by dislocations located at the front considered in section 4.2 and in [16] are assumed
to be immediately swept into the precursor and subsequently travel at the instantaneous elastic shock velocityU.
These longitudinal waves simply decrement the precursormagnitude in a additivemanner, without reflection or
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transmission. In contrast, trailing rarefactionwaves emanated some distance behind that ultimately reach the
shock front at a higher velocity (cl>U ) should interact differently. The following interaction scheme is
proposed for those longitudinal wave signals arising fromgeneratedmobile dislocations that reach the precursor
front:

• The shock acts as amoving boundary separating regions of impedance ρ cl (behind) and ρ0cl0 (ahead), leading
to a fraction ft of the arrivingwaveform to be transmitted and a fraction fr to be reflected [57, 58].

• The transmitted fraction ft of awaveformpasses through the shock and immediately decelerates since it enters
the region of lower impedance. This fraction is then swept into the precursor front in the sameway as signals
generated by dislocations at the front of density ρD0 that cause intrinsic attenuation.

• In accordance with the point above, an effective density change ofmobile dislocations δρD (t) is defined that
would lead to the same decay rate at the precursor front at time t if these dislocationswere to have existed at
the front at time t. In otherwords, the product ft δρD contributes to precursor decay completely analogously to
ρD0. However, those dislocations entering δρD are not physically located at the front at time t, but rather are
distributed over the region behind it, at points ξ<X infigure 4(b).

The fractions of transmitted and reflected signals are estimated here using the linear elastic relations [59]
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Since ζ0<ζ, fr<0 and the reflected signal experiences a sign change relative to the incident wave: here the
reflected part of the incident pulse is compressive. Though such reflected pulsesmay influence thematerial state
some distance behind the shock, they do not affect the precursor at time t andwill not be considered further. In
later calculations,most of the signal is transmitted rather than reflected due to the relatively small impedance
mismatch across the elastic shock front, e.g., ft 0.9 and ∣ ∣f 0.1r . Though of relatively lowmagnitude in such
cases, reflected pulses could alter the stress state responsible for dislocation generation behind the precursor
front and in the plastic waveform, andwould also interact with oncoming release waves fromother dislocations.
Such alterations and interactions are beyond the scope of the present analytical treatment. Interactions among
simple nonlinear waveforms can be addressed graphically using themethod of characteristics [39, 58], but the
complexwaveforms of present interest associatedwith dislocation dynamics appear to requiremore
sophisticated numericalmethods of analysis.

Combining the results of (4.7) derived in section 4.2with the above-stated assumptions for the formof the
hydrodynamic term, (4.1) can be rewritten as

a
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In the denominator of the prefactor, the ratio c Ul
2 2–where here cl is the limiting value of isentropic sound

speed just behind the precursor front–can be obtained as a function of shock stress P̄ using (3.5) and (3.16), with
characteristic results given already infigure 3(a). Notice that both intrinsic and hydrodynamic contributions
fromdislocations (terms in parentheses on the far right) are affected by elastic nonlinearity via the stress
dependent shearmodulusG and the effect of cl>U, both of which tend to increase the decay rate. The factor ft
can likewise be obtained as a function of P̄ via (3.16) and (4.8). The only remaining unknown termon the right
side of (4.9) is δρD, the cumulative contribution of generated trailing dislocations to the effective plastic strain
rate at the precursor wave front.

The crux of the presentmodel is that the effects of stress signals produced by the virtual density of
dislocations generated in thewake of the shock, δρD, are essentially equivalent in (4.9) to those intrinsically
arising from sources located at the front. Their transmitted fraction ft δρD interacts with the precursor shock in
the samemanner as those pre-existing dislocations set inmotion immediately at the front. It will be defined
precisely later how δρD accounts only for those signals that reach the front in a given time increment. Linear
elastic concepts are necessarily invoked in (4.8), and likewise implicitly for superposition of wavelets from
individual dislocations comprising the defect density field. Analysis of interactions among finite amplitude,
nonlinear elastic waves from transient discrete dislocations or theirmobile densities would require an extensive
numerical treatment beyond the scope of this work. Physical validation of the current treatment would perhaps
benefitmost from comparisonwith results frommolecular dynamics (MD) simulations that should be able to
realistically address transient, fully nonlinear dislocation stressfields and their interactions with stress or shock
waves.However,MD simulations that focus on the desired physical interactions do not seem to exist in the
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current literature, and length and time scales achievable are far smaller than those commensurate with standard
precursor decay experiments.

4.3.2. Dislocation generation
Referring tofigure 4(b), let the dislocation generation rate per unit area atmaterial point ξ<X be denoted by
r x˙ ( ˆ)t,D . Argument Îˆ [ ]t t0, covers the time history of precursor decay up to current time t corresponding to
the Lagrangian location of the precursor frontX(t). A constitutive equation for ṙD will be introduced later.
Consider a differential element ofmaterial xd centered at ξwith this generation rate. The absolute number of
dislocations generated per unit time in this differential area is

r x=˙ ˙ ( )N Wd d , 4.10D D

withW the transverse width of the shocked domain as defined infigure 4(b).
The earliest start time ts at which generation is possible is the time at which the shock front crosses point ξ.

Rarefaction signals emanated frompoint ξ could reach the shock front by the time the shock is located at pointX
only for those dislocations generated over awindow of time [ts, tf], where tf is the latest possible time that signal
emanated from (ξ, tf) could reach (X, t) by time t>tf. For example, waveforms fromdislocations generated
farther behind the precursor front will requiremore time for their signals to reach point (X, t) than those from
dislocations generated closer to it, assuming for themoment that the propagation speed cl>U is uniform
among signals. Signals emanated from ξ at >t̂ tf do not have time to reach the front at or before the frontʼs
arrival at pointX at time t.

Since the precursor stress decreases with increasing time and the separation distance between the precursor
and plastic wave increases with increasing time, the effective wave speed c̄l over the path from ξ toX also
generally decreases with increasing time. This suggests that a signal emanated from ξ at a time >ˆ ˆt t2 1would
never catch a signal emanated from the same point ξ at an earlier time t̂1.

Now consider a small timewindow  +t t td . During this window, the location of the precursor frontwill
advance as  + = +X X X X U td d . A rarefaction signal trailing closely behind the front will advance as

 + = +ˆ ˆ ˆ ˆX X X X c td dl . For the latter signal to just reach the precursor front at the end of the timewindow,
the starting point of the rarefaction signalmust be = - -ˆ ( )X X c U tdl . The time increment dt̂ required for
the rarefactionwaveletmoving at velocity cl to cover the difference - ˆX X is

d = -ˆ ( ) [ ( ) ( )] ( )t t U t c t t1 d , 4.11l

where cl andU are the longitudinal wave speed just behind the front and precursor shock velocity at time t.
Combining this result with (4.10), the increment in effective dislocation content acting at the precursor front at
(X, t) due to the generation of dislocations in the element xd located at ξ is

x x x d r x x x= = -( ) ˙ [ ˆ ( )] ˆ ( ) ˙ [ ˆ ( )] · · [ ( ) ( )] ( )N t N t t t t t t W U t c t td , d , , , , 1 d d . 4.12D D D l

Taking a larger value of dt̂ than that prescribed by (4.11)would incorrectly lead to contributions of signals from
dislocations that trail too far behind the front to be able to reach it during thewindow +[ ]t t t, d . These signals
instead can only affect the precursor front at later times. Time increment dt̂ must be ‘infinitesimal’ since afinite
time interval would lead to ‘piling up’ of relaxation contributions that already affected precursor decay at earlier
times. As c Ul , no catching upwith the precursor front is possible and Nd 0D .

The temporal argument of the dislocation density rate r x˙ ( ˆ)t,D is defined as follows:

x x
x

x
= = -

-ˆ ( ) ( )
¯ ( )

( )t t t t t
X

c t
, ,

,
. 4.13f

l

Here, c̄l is the effective velocity of the rarefaction signal over its transit from ξ to the shock front atX. Recall that tf
is the latest time instant at which a signal generated at ξwould just reach the front at (X, t). Since signals emanated
earlier in time from the location ξ are presumed to not be overtaken by those emanated from the same location
later, wavelets from generation at ξ at times earlier than tfwill have already interactedwith the precursor front.

The total contribution of relaxation sources produced by allmaterial elements behind the front is obtained
by integrating (4.12) over the shock path:

ò òd r x= = -
x

x

=

=
· ( ) · ˙ ( )N N W t U cd d 1 d . 4.14D

X

D l

X

D
0 0

Here,W is a constant andU and cl are values at the front, independent of ξ, that can be extracted from the
integral as shown.On the other hand, ṙD generally depends on ξ. The effective density change of dislocations in
the shock front is obtained by dividing (4.14) by the differential area element swept by the front =W X WU td d :
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òdr
d

r x x x x= = - <
⎛
⎝⎜

⎞
⎠⎟ · ˙ ( ˆ) [ ˆ ( ) ] ( )N

W X U c
t X t t t

d

1 1
, d , , . 4.15D

D

l

X

D
0

This result can be substituted into (4.9) to compute precursor decay.However, at any time t, the integrand
depends on the generation rate of dislocations at allmaterial points ξ�X traversed by the shock up to time t,
sampled at various times <t̂ t . According to (4.13), t̂ tends to decrease with decreasing ξ, meaning that release
waves generated fromdislocations farther away from the shock front were emanated at earlier times in order to
reach pointX at time t. As a result of the arguments of the integrand, an exact calculationwould require
knowledge of the full-field solution for the dislocation generation rate over space and time.

Themodel outlined above, in conjunctionwith (4.9), presumes that stress signals from the virtual density of
dislocations δρD are of the same functional form as those intrinsically arising from ρD0 at the precursor front. A
slightlymore sophisticatedmodel explored in appendix considers trailing release wavelets that themselves decay
or attenuatewith distance traveled from their points of emanation.

4.3.3. An approximatemodel
Several approximations enable reduction of (4.15) to amore tractable form. First, assume that the propagation
distance of the precursor front can be approximated as

ò= »( ) (ˆ) ˆ ( ) · ( )X t U t t U t td . 4.16
t

0

In otherwords, the Lagrangian shock velocity is assumed constant in the calculation of positionX(t) of the
precursor front. Referring tofigure 2(b), this approximationwould tend to under-predict the distance traveled
by the shock since its velocity decreases in conjunctionwith decreasing stress in the precursor. For shocks just
below the overdriven limit, the error of such an approximation is estimated from figure 2(b) on the order of 5%
—25%depending on thematerial. For weaker shocks, the errorwould decrease. A second assumption is
x »¯ ( ) ( )c t c t,l l , meaning that the average speed of a rarefaction signal during its transit from source to shock

front is approximately equal to its velocity as it reaches the front. This assumption is thought to underestimate c̄l

for sources located in the plastic wave since the stress is higher there relative to the precursor front.However, it
would bemore reasonable ifmost of the transit path is along the elastic region between plastic wave and the
front. Referring to figure 3(a), the error incurred by this approximation is estimated to be of the same order as
that for the assumption of constant shock velocity.

Applying these two assumptions to (4.13) results in the following successive estimations for the signal
emanation time:

x
x x

» -
-

» - -⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥ˆ ( )

( ) ( )
( )
( )

( )t t
X

U t

X

c t
t

U t

c t X
, 1 1 . 4.17

l l

The assumption that »c̄ cl l is not needed beyond (4.17). Now consider the approximation

r x x r»˙ [ ˆ ( )] ˙ ( ) ( )t t X t, , , . 4.18D D

This estimates the rate of dislocation generation at a point ξ behind the front at a prior time t̂ as the same as that
due to conditions at the front at pointX and current time t. The error associatedwith this approximation is
unknown, but the difference between t and t̂ can be addressed via (4.17). Regardless, (4.18) is useful as a lower
bound at (x ˆ)t, since the dislocation generation rate should increase with the relative distanceX−ξ andwith
the relative time - ˆt t . In other words, points behind the shock at earlier times, which aremore severely stressed
and closer to the impact face, should experience dislocation generation rates equal to or exceeding those at the
front at time t. Inserting (4.18) in (4.15) and then invoking (4.16) gives

dr r r= - » -
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥( )

( ) ( )
˙ ( ) · ( ) ( )

( )
· ˙ ( ) ( )t

U t c t
t X t

U t

c t
t t

1 1
1 , 4.19D

l
D

l
D

where now all quantities are evaluated at time t and pointX as the elastic shock front is approached from the rear.
A constitutivemodel is needed for the source generation rate. Sophisticated expressions accounting for

effects ofmobile versus immobile dislocations, dislocation interactions, saturation, and recovery have been
proposed and implemented elsewhere [10–12, 60]. Accompanying the linear dragmodel used for dislocation
velocity, a basic breedingmodel [60] is invoked for defect generation:

r r u r u= = =˙ ( ) · ( ) · ( ) · ( ) · ( ) ( )X t m X t X t Mb X t X t M m b, , , , , ; . 4.20D D D D D

The breeding coefficientm is amaterial parameter with dimensions of length, andMhas the same dimensions as
dislocation density. At themoving elastic precursor front, ρD=ρD0 (afixed density of sources), and the
dislocation velocity is given by (4.4). Thus, at the precursor front,
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r
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r r u
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t
Mb P t

M

t
P t t

b
,

1
, 4.21D

D
D

D D D0
0

0 0
0

0 0

where t0 is a constantwith dimensions of time. According to (4.21), the dislocation density rate simply increases
linearly with increasing stress above theHEL.

Inserting (4.21) into (4.19), and then subsequently using the result in (4.9) gives the followingfinal
expression for precursor decay:

a
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=
-

-
+ -

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

ˆ
[ ( )( )]

¯ · · · ¯ ( )P

t

G

t c U
P f

U

c

M t

t
P

D

D 3 2 1 2
1 1 . 4.22

l
t

l D0
2 2

0 0

This is a nonlinearfirst-orderODEwith all terms on the right side depending potentially only onP and/or t.
Subsequent derivations and results invoke (4.22) in non-dimensional form.

4.3.4. Dimensionless form
The following dimensionless quantities are defined, noting that P̄ is repeated from (3.6):

a
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It follows from chain rule differentiation that

=
¯
¯

( )P
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D
. 4.24

H

0

Substituting (4.22) and (4.23) into (4.24) then gives

a b= - +
¯
¯ ¯ ( ¯) · ¯ · [ ¯ · ¯ ( ¯) · ¯¯] ( )P

t
P P M P Pt

D

D
1 . 4.25

This differential equationwill be solved subseqently in section 5 for precursor decay inCu,Mg, andW single
crystals. The initial condition is

= = =
-¯ (¯ ) ¯ ( )P t P

P P

P
0 , 4.26H

H
0

0

where P0=P(t=0) is the impact stress, i.e., the axialHugoniot stress in the plastic wave, andPH is recalled as
thefinal equilibriumHEL after precursor decay is complete.

All parameters and functions entering the right side of (4.25) have been defined or calculated from the crystal
structure, (non)linear elasticity, and basic dislocationmechanics, with the exception of M̄ . The latter parameter,
whichwill be prescribed later, controls the dislocation generation rate and the resulting contribution of
hydrodynamic attenuation to precursor decay. Solutions to (4.25) are obtained by direct numerical integration.
Furthermore, once P̄ is known at time t̄ , a cumulative dislocation density ρD at any dimensionless time t̄1 is
obtained by integration of (4.21):

* *ò
r
r

u= + =
(¯ ) ¯ ¯ (¯) ¯ ¯ ( ¯ ) ( )

¯t
M P t t P P c1 d , min , 0.9 . 4.27D

D

t

s D
1

0 0
0 0

1

The definition of *P̄ ensures that themaximumdislocation velocity contributing to the generation rate is capped
at 90%of the linear elastic shear wave speed.

A linear elasticmodel for precursor decay is recoveredwhen cl=U andG=G0. In this case, a =¯ constant
and b =¯ 0. Dislocation generation behind the front is still possible (e.g., >M̄ 0), but it does not contribute to
precursor decay. The linear elastic governing equation and its analytical solution are

a a= - = -
¯
¯ ¯ ¯ ¯ (¯) ¯ ( ¯ ¯) ( )P

t
P P t P t

D

D
; exp . 4.280

Accordingly, the precursor stress in dimensional formdecreases exponentially from P0 toPHwith increasing
time t.

5. Results and discussion

5.1.Model predictions
Solutions computed from (4.25) and (4.28) are now examined for Cu,Mg, andW,where properties are listed in
table 1. Initial dislocation densities are given in [13] for Cu andW; the value of ρD0 is not provided forMg in [40],
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so a value the same as that for Cu is used here formodel calculations. Parameter r=¯ ( )M m b D0 is initially
viewed as adjustable, recalling thatm is the breeding coefficient forfirst-order dislocation kinetics [60].

Results are presented infigure 5 for four values of M̄ , noting that =M̄ 0 suppresses hydrodynamic
attenuation fromdislocation generation in the present nonlinearmodel of (4.25). The linear result excludes
hydrodynamic attenuation fromdislocation generation, the stress-state dependence of the shearmodulus, and
the possibility of cl>U. The difference between the linear result and the nonlinear result with =M̄ 0 is very
small in Cu andWbut visiblymeasurable inMg. Incorporation of dislocation generation via >M̄ 0 is
demonstrated to strongly affect precursor decay according to the present theory.

Model predictions are comparedwith experimental data infigure 6, where stress and propagation distance
are of their true physical dimensions. The position of the shock front is obtained from the decay time t via use of
thefirst of (4.16); the constant shock velocity approximation is not needed.Only the nonlinear result with

=¯ ·M 5 105 is shown in each case, as it provides the closestmatch to experiment. Thisfinding is reassuring, if
not somewhat remarkable, that the same value of this parameter can be used tofit all three data sets. As is evident
infigure 6, the linearmodel grossly under-predicts themagnitude of precursor decaywhen themeasured values
of initial dislocation density ρD0 are used (table 1). This finding is in agreement with early results of [13, 18]
where similar, but not identical,models of dislocation velocity accounting for drag also producedmuch too low
rates of decay for the same initial defect densities.

Consider the chosen value of =¯ ·M 5 105 inmore detail. For the initial dislocation densities used here, this
choice corresponds to = » - -· ·M m b 5 10 5 10 m15 16 2. Values ofM tabulated byGilman [60] for various
metals areM≈1013−1016 m−2. Thus the value of M̄ used here, though near the upper end of the range
reported in [60], appears physically admissible. Furthermore, even ifMwere reduced by two orders of
magnitude, the effects of dislocation generation and corresponding hydrodynamic attenuation on precursor
decaywould remain substantial, as is evident from results for =¯ ·M 5 103 infigure 5, though lower values of
breeding coefficient would not enable as close agreement with experiment.

Results corresponding to these experimental conditions address relatively large shock stresses, over 20 or 30
times thefinal equilibriumHEL forCu andMg in particular. Lower impact stresses, corresponding to only 20%
in excess of theHEL, are considered inmodel predictions shown infigure 7.Differences between the nonlinear
and linear results, though smaller than those observed at higher stresses infigure 5, are still substantial.

Figure 5.Dimensionless precursor stress versus dimensionless timewith variable generation rate parameter M̄ . Note that =M̄ 0
corresponds to null explicit generation of new rarefaction sources but allows for variable sound speeds.

Figure 6.Precursor stress versus propagation distance comparedwith experimental data for Cu [13],Mg [40], andW [13]. For the
nonlinear results, =¯ ·M 5 105.
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Differences are smallest for Cu as a result of its relatively low ratio of cl/U compared to that forMg andW
(figure 3(a)), which in turn leads to a relatively low value of b̄ entering (4.25). The exponential decay of the linear
solutions ismore evident now than in figure 5 due to the longer domain of time t̄ chosen here.

Remarks on experimental uncertainty and sparsity of test data are in order. Uncertainty inHEL data onMg
from [40] is reported as±0.015GPa, on the order of±5%of the values ofP corresponding to data points in
figure 6(b). Corresponding error bars are not shown since these would be smaller than the data points
themselves in the figure andwould not be visible. Uncertainties in data for Cu andWare not reported in [13],
but contemporary experimental data for LiF [19, 21] suggest uncertainties in themeasuredHEL ranging from
1% to 10%and uncertainty in the impact stress on the order of 2%. Because the experimental data are sparse,
little constraint onmodel predictions is enabled, and the apparent agreement of the nonlinearmodel with the
data confirms only that the calculations are physically reasonable but does not provide strong validation of the
theory.However, sparse data for these and other crystal orientations andmaterials were also used in [13] to
invalidate linear precursor decaymodels that assume constant dislocation densities. Similar conclusions were
drawn fromanalysis ofmore extensive data on LiF in [18]; mechanisms responsible for precursor decay in LiF
were deemed notwell understood [20].

Contributions of nonlinearity to precursor decay are now closely examined. Calculated effects of P̄ on
functions ft of (4.8) and ā and b̄ of (4.23) are listed in table 2 for eachmaterial.With increasing precursor stress,
ft decreases but both ā and b = -¯ · ( )f U c1t l increase. The latter increases contribute to the relatively greater
effects of nonlinearity on precursor decay at large stresses evident upon comparison offigure 5withfigure 7.
Recall from (4.25) that the hydrodynamic contribution fromdislocations is represented via the product
b̄ · ¯ · ¯P t . The factor b̄ accounts for the approach and interaction of trailing rarefaction signals with the
precursor front. The factor P̄ arises from the dependence of the generation rate of dislocations, the sources of
such signals, on stress. Finally, the factor t̄ accounts for the integrated contributions of all such sources over the
domain ξä [0,X), whereX is the Lagrangian distance traversed by the shock at time t̄ . During the attenuation
process, P̄ decreases rapidly and t̄ increases linearly. Thus, themaximal net contribution of hydrodynamic
attenuation in the presentmodel is not initial since afinite time is needed for rarefaction signals to generate and
propagate to thewave front. Nor is it towards the end of the attenuation process since then P̄ is very small and
the generation rate of new dislocations behind the front is low.

Figure 7.Dimensionless precursor stress versus dimensionless timewith low initial stress ( =P̄ 0.20 , orP0=1.2PH). For the
nonlinear results, =¯ ·M 5 105.

Table 2.Computed values of nonlinear functions affecting
precursor decay versus shock stress at the front P̄
for =¯ ·M 5 105.

Function P̄ Cu Mg W

ft 0.2 0.997 0.994 0.985

2.0 0.993 0.986 0.964

20 0.953 0.915 0.814

ā 0.2 66.8 74.2 30.7

2.0 67.2 76.6 32.7

20 72.0 101.5 55.9

b̄ 0.2 0.002 0.004 0.011

2.0 0.006 0.011 0.026

20 0.032 0.058 0.101
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Prior experimental studies [17, 18], where hydrodynamic attenuationwas computed from stress gradients
via relations such as (2.5) or (2.6), found nonlinear effects to be important but not dominant, for example
responsible for the order of 10%–40%of the total decay rate, with intrinsic attenuation accounting for the
remainder. However, as noted in [16, 21], themeasurement of stress gradients in such studies suffers from
extreme imprecision: the partitioning of hydrodynamic and intrinsic attenuation is so uncertain that even the
sign of Fmay be in error forX>0.5mm. In experiments on LiF [18], the relative contribution of hydrodynamic
to intrinsic decaywas found to increase with propagation distanceX. In contrast, the relative contribution of
nonlinear elastic effects was found to dominate the precursor decay rate at early times in numerical simulations
of Cu [14]: a decay rate of 50 times higher in nonlinear simulations than in simulationswith a constant sound
speedwas reported. Significant effects of stress dependence of both compressibility and shear stiffness on
precursor decaywere also stated in [15]. Numerical results [14, 15] suffer from sources of imprecision inherent
in usual continuumplasticity simulations, for example those associatedwith viscoplastic constitutivemodels
and numerical integrationmethods.

Cumulative dislocation densities computed via (4.27) are reported infigure 8 for impact stresses P̄0

corresponding to the experimental conditions examined infigure 5 and the lower stress regime examined in
figure 7. For the former higher stress conditions, the cumulative dislocation content over the distance traversed
by the precursor saturates at values on the order of 103∼104 times the initial dislocation density ρD0,
corresponding to dislocation densities on the order of 1013∼1015 m−2. These values are comparable in
magnitude to defect densities observed in recovered experimental samples of single crystals of Cu [61] and in
dislocation dynamics simulations of single crystals of aluminum [26].

5.2.Discussion
With regard to precursor decay, themain findings from the present analysis are summarized as follows:

• Effects of elastic nonlinearity aremildly important when dislocation generation behind thewave front is
omitted;

• Hydrodynamic attenuation associatedwith the combination of elastic nonlinearity and generation of
rarefaction sources (dislocations) behind thewave front appears to be very important;

• A single value of the breeding coefficient, within the upper limit of experimental validity, can be used to enable
close agreement betweenmodel and experiment for all threemetals (Cu,Mg, andW);

• Hydrodynamic attenuation can dominate intrinsic attenuation as the initial impact stress increases, and it
remains significant even at impact stresses not greatly exceeding the finalHEL.

It is conceded that a number of simplifying assumptions have been invoked to arrive at anODE for nonlinear
precursor decay. As also assumed in [18, 19, 21], the state behind the shock has been idealized as homogeneous
and non-inertial at each increment in time during the decay process in order to compute instantaneouswave
velocity cl for rarefaction signals via third-order isentropic elasticity. Basic constitutive equations, essentially
linear in stress, have been implemented for dislocation velocity and dislocation generation. The non-reflected
fraction of rarefaction signals that catch the precursor front has been assumed to affect the front in a simpleway
similar to intrinsic attenuation frompre-existing dislocations. Furthermore, transient conditions at or
immediately behind the precursor front have been used to estimate rates of generation at locations further
behind the front, presumably tending to under-predict generation for regions in the plastic rise. Nevertheless,

Figure 8.Cumulative dislocation density behind the elastic wave front versus dimensionless time for two values of initial stress P̄0

corresponding to figure 5 andfigure 7.
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cumulative dislocation densities computed according to the presentmodel appear physically reasonable
(figure 8). Dislocation interactions, including immobilization and annihilation, for example, have not been
addressed. As shown in appendix, a reduction in hydrodynamic attenuationwould be expected to occur if
rarefactionwaveswere themselves subject to decay inmagnitudewhile transiting from their source points to the
shock front.

It is recommended that future numerical continuum studies re-examine effects of hydrodynamic
attenuation,modernizing the prior numerical work reported in [14, 15], for example, with state-of-the-art
models for viscoplastic crystal response and associated dislocation kinetics [10–12, 62]. In particular, thefinite
differencemodel reported in [11], which invokes third-order Eulerian elastic constants, has been used to predict
precursor decay in textured [111]Al crystals [63]within a factor of≈2 accuracy. A one-to-one comparisonwith
the present analytical treatment is not possible since differentmaterials, slip geometries, viscoplastic flow rules,
and dislocation evolution laws are invoked in [11], alongwith artificial viscosity thatwould be expected to
smooth any precursor spike. Exploratory calculations [unpublished]with various choices of nonlinear elasticity
parameters (Lagrangian and Eulerianmodels, with andwithout higher order elastic constants of orders three
and four) have demonstrated different wave profiles than third-order Eulerian results reported in [11]; however,
such differences do not enable isolation of hydrodynamic effects since themodel in [11] is geometrically
nonlinear, with a variable sound speed that would induce hydrodynamic attenuation even if all higher-order
elastic constants are zeroed. Amore thorough study of effects of features of this and relatedly sophisticated
models [10–12, 62], outside the scope of the present paper, on precursor decay appears needed.

The primaryweakness of the present approach is the unknown accuracy of itsmajor assumptions, in
particular its treatment of how rarefactionwaves from trailing dislocations are generated, combined,
propagated, and interact with the precursor front. The validity of these assumptions can only be verified by
comparisonwith othermethods, experimental or theoretical-computational, that directly interrogate the
physics involved. Experimentalmethodswith the requisite fidelity at such small (nano) length and time scales
appear to be presently unavailable, as do discrete dislocation dynamics computations that account for nonlinear
elasticity essential to capture hydrodynamic attenuation. Discrete lattice dynamics [64] ormodernmolecular
dynamics [65, 66] can be used to consider elastic nonlinearity and/or complex dislocation kinetics at the
nanoscale. For example,metastable elastic zones offinite length, essentially resulting fromnonlinear elastic
behavior and pulses emitted from trailing dislocations, were observed in simulated overdriven shocks in
aluminum [65]. However, classicalMD simulations cannot be conducted on sample sizes large enough for direct
comparison to experiments at themm scale. To address all of these issues with ‘first-principles’methods,
implementation of atomistic scale-bridging techniques and tools for interrogating discrete nonlinear stress-
wave interactions in the context of shockwave propagationwould seem essential.

6. Conclusions

A theoretical investigation of effects of elastic nonlinearity on precursor decay has been reported. Decay rates
depend on intrinsic attenuation, due to pre-existing dislocations at thewave front, and on hydrodynamic
attenuation, due to rarefaction signals from sources behind the front that travel at a higher velocity. Nonlinear
anisotropic elasticity with elastic constants up to order three has been invoked in Eulerian form to estimate
velocities of rarefaction signals, which here always exceed the shock velocity, for threemetals of interest: Cu,Mg,
andW.An equation for precursor decay accounting for intrinsic attenuation and hydrodynamic attenuation
from elastic nonlinearity with dislocation generation has been newly derived. Introduction of basic constitutive
models for dislocation velocity and generation permits reduction of this relation to a nonlinear ordinary
differential equation. The hydrodynamic term fromdislocations is controlled by a single scalar parameter, the
breeding coefficient for dislocation generation. Solutions for Cu,Mg, andWhave demonstrated how
nonlinearity can dominate the overall precursor decay rate for physically bounded dislocation generation rates
behind the shock; such solutions also show reasonable agreementwith experimental data. Future numerical
studies should invokemodels of higherfidelity to further investigate nonlinear effects and confirmor refute their
significance.

Appendix. Decaying rarefaction signals

Themodel proposed in section 4.3 of this paper treats those rarefaction signals that catch the precursor front,
and do not reflect off of it, as similar in form andmagnitude to those produced by dislocations at the front. In
this context, referring tofigure 4(b), generated dislocations along a line { ξ=constant, 0�Z�W }
collectively produce a 1-D rarefactionwavelet traveling in theX-direction at velocity cl. The strength and formof
this wavelet are assumed unchanged as it propagates from ξ to the front atX. However, if individual dislocations
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comprising the defect density at ξ are viewed as line sources in 3-D or point sources in 2-D, then some decay of
the strength of their individual signals would be expected in transit. This decaywould be offset, perhaps not
entirely, by superposition of individual signals as they expand and overlap in theZ-direction. Decay could also
be induced by nonlinear and dissipative effects.

Such decay is empiricallymodeled inwhat follows next by assumption of an exponential decrease in signal
strengthwith propagation distance frompoint ξ of origin. LettingRc denote a parameter related to the distance
over which local signals decay, the effect ismanifested in the generated density of virtual dislocations via the
transformation

r r
x


-⎛

⎝⎜
⎞
⎠⎟˙ ˙ · ( )X

R
exp . A.1D D

c

Accordingly, when traveled distance from the source to the precursor frontX−ξ equalsRc for example, the
resulting relaxation is reduced to - =( )exp 1 0.368 of its original strength. The virtual density of dislocations
acting at thewave front in (4.15) is correspondinglymodified as

òdr r x
x

x x x= -
-

<
⎛
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X t t t
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l

X

D
c0

Next the same assumptions used in the approximate treatment of section 4.3.3 are invoked, including the
simple linear stress-basedmodel for dislocation generation. The analog of (4.19) is

dr r r» - -
-

= - -
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where tc (t)=Rc/U(t). Now introduce the dimensionless decay parameter

r u r u r u= = = »¯ ( )t
t

t
t b

R
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b
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c
b , A.4c

c
c D D
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D D

c
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D D

0
0 0 0 0

0
0 0

which is invoked here as an adjustable constant controlling the rate of trailing signal decay.
The dimensionless formof the precursor decay equation (4.25) becomes, with the abovemodifications, the

notation introduced in section 4.3.4, and the same initial conditions,

a b= - + - - = =
¯
¯ ¯ ( ¯) · ¯ · [ ¯ · ¯ ( ¯) · ¯ · ¯ ( ( ¯ ¯ ))] ¯ (¯ ) ¯ ( )P

t
P P M P P t t t P t P

D

D
1 1 exp ; 0 . A.5c c 0

Consideration of a series expansion of the exponential term is instructive:
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Clearly, for ¯ ¯t tc , (A.5) degenerates to the original dimensionless decay equation (4.25). This limited equality
corresponds to a long decay time tc or large decay distance » ¯R t t cc c l0 0 for rarefaction signals.

Solutions to (A.5) are reported infigure 9 for Cu,Mg, andW.The value of normalized breeding coefficient
=¯ ·M 5 105 is heldfixed, corresponding to the nonlinear solutionsmost closelyfitting experimental data in

figure 6, while t̄c is varied among calculations. Results labeled ‘linear’ are obtained from (4.28). For  -t̄ 10c
2,

relatively slow exponential decay of the trailing rarefaction signals does not affect the solutions, which are nearly

Figure 9.Dimensionless precursor stress versus dimensionless timewith variable source decay parameter t̄c andfixed generation rate
parameter =¯ ·M 5 105.
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identical to those reported infigure 5 and likewise adequatelymatch experimental data infigure 10. Such cases
correspond to the limiting result of long tc or largeRcnoted above.

As t̄c decreases, the decay of trailing rarefaction signals becomesmore rapid, and hydrodynamic attenuation
is impeded. Trends aremost similar for Cu andMg; the same values of t̄c more strongly impede hydrodynamic
attenuation inW. The difference between curves for = -t̄ 10c

2 and = -t̄ 10c
3 becomes apparent for solution

times  -t̄ 10 3, whereby the distance between early sources and the precursor front becomes large enough that
source attenuation becomes important.Mathematically, such importance corresponds to non-negligible
higher-order terms in the series expansion of (A.6).

Prescription of = -t̄ 10c
2 corresponds to decay distancesRc of approximately 13 mm, 3.1 mm, and 1.9 mm

respectively inCu,Mg, andW.Referring tofigure 10, these distances are on the order of the propagation
distanceX traveled by the precursor shock over its period of prominent attenuation. Thus, the present findings
show that any decay of rarefaction signals thatmight occur during their transit to the precursor front would
reduce their contribution to precursor attenuation.On the other hand, especially for Cu andMg, hydrodynamic
attenuation is still significant relative to intrinsic attenuation (e.g., comparewith the linear results) even under a
reduction in the decay time by three orders ofmagnitude to = -t̄ 10c

5, whichwould correspond to decay
distancesRc of only 13 μm inCu and 3.1 μminMg. A quantitative estimate of the true extent of any decay of
rarefaction signals fromdislocations nucleated in single crystals with dimensions ofmmcould perhaps be
estimated using dislocation elasto-dynamics simulations, presumably omitting nonlinear elastic effects.
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