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Abstract

Unsteady characteristics of shock waves in metals, for example elastic precursor decay, have often
eluded a complete model description. Historic continuum elastic-plastic theories tend to require
excessive initial dislocation densities in order to match experimental observations. Studies
incorporating superposition of linear elastodynamic solutions for dislocations, either in analytical
solutions or in discrete numerical simulations, omit nonlinear elastic effects and only consider effects
of defects immediately at the elastic shock front. Prior analytical treatments of hydrodynamic
attenuation consider nonlinearity manifesting as effects of stress gradients or particle velocity
gradients immediately behind the front. The present analysis seeks to augment the predictive
precursor decay equation from linear elastodynamics to account for elastic nonlinearity and
dislocation nucleation in the wake of the precursor shock. A complete solution for the precursor
magnitude at a material point is shown to require consideration of the prior history of dislocation
generation and the entire flow field behind the elastic shock up to that material point. However,
introduction of reasonable simplifying assumptions and basic models for dislocation generation and
glide resistance enable derivation of a mathematically tractable relation for precursor decay. This
relation is a nonlinear first-order ordinary differential equation that, in non-dimensional form,
contains only one scalar parameter controlling the rate of dislocation generation behind the shock.
Model predictions that include nonlinear effects are shown to provide a better match to experimental
data for three metals. Effects of nonlinearity are shown to emerge early, but not immediately, in the
shock attenuation process, and these effects increase in prominence with increasing impact stress.

1. Introduction

A standard means of quantifying the mechanical response of metallic single and polycrystals subjected to large
compressive stress at high rates of deformation invokes planar shock loading, e.g., via explosively generated
waves or flyer-plate impact. Such studies have served as the ubiquitous shock physics experiments for
quantifying equations-of-state and dynamic strengths of solids for over six decades [ 1, 2]. Besides metals, the
focus of the present article, plate impact methods are also widely used to study the high-pressure, high-rate
response of polymers, ceramics, and glass [3—5], each of which demonstrates particular behaviors with regard to
elastic nonlinearity, structural changes, and possible inelasticity.

In metals, with increasing impact stress, shocks can usually be labeled as elastic, elastic-plastic, or overdriven.
Elastic shocks in ductile solids occur only for small to moderate impact stress, by definition stresses not
exceeding the Hugoniot Elastic Limit (HEL). Elastic-plastic shocks occur for moderate stresses (above the HEL),
wherein local stress components (e.g., resolved shear stresses) are sufficient to enable dislocation motion and
generation, but at stresses lower than those corresponding to overdriven shocks. A shock is said to be overdriven
ifits velocity exceeds that of any elastic precursor, which in turn leads an overtaking of the precursor by the
plastic wave and formation of a single-wave structure. A shock that is overdriven is often labeled as a strong

© 2018 The Author(s). Published by IOP Publishing Ltd
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shock, while a plastic shock whose velocity is lower than that of its precursor is labeled as a weak shock [6]. An
elastic shock in a metal is necessarily also weak since its stress is even lower than that of a weak plastic shock in the
same material. A shock is said to be steady if its profile or structure does not change with time, whereas a shock is
unsteady if its structure evolves. Viewed together, the elastic and plastic waveforms comprising a weak shock are
unsteady since the distance between the precursor front and the plastic wave increases continuously with time,
tending to spread the overall structure.

In planar elastic-plastic shock loading of materials of adequate symmetry (i.e., pure mode directions), a pure
two-wave structure exists, with alongitudinal plastic shock trailing a faster moving longitudinal elastic
precursor. A pure mode direction [7, 8] enables propagation of one purely longitudinal mode, with its
polarization vector parallel to the propagation direction, and two transverse modes, with polarization normal to
the propagation direction. For planar impact loading along other directions different from pure mode
directions, quasi-longitudinal and quasi-transverse elastic and plastic waves appear.

In the elastic-plastic regime, contributions of shear strength and mean stress may both be significant,
depending on the material. The traditional overdriven regime [9] is attained when, as a result of stiffening of the
material behind the front due to nonlinear elastic and entropic effects, the plastic wave outpaces any elastic
precursor. Relative contributions of dislocation generation/multiplication to movement of pre-existing
dislocations are thought to become more important as impact stresses increase, and homogeneous nucleation of
dislocations becomes more important as shocks increase in strength from weak to overdriven [10—12]. On the
other hand, the relative magnitude of deviatoric stress responsible for dislocation activity to mean stress (i.e.,
hydrostatic pressure) decreases in the plastic region with increasing shock stress, leading to adequacy of the
hydrodynamic approximation (i.e., disregard of shear stress) for analysis of many features of sufficiently strong
shocks.

Precursor decay can be thought of as a decrease in a transient HEL of the material from the initial /impact
stress to an often steady minimum value. The HEL referred to in the context of shock regimes discussed above is
this final steady value. In the weak shock regime (elastic-plastic shocks), a number of theoretical and numerical
studies [13—16] have sought to describe the transient decay of elastic precursors observed experimentally in
metals. If dislocation density is assumed constant, use of Orowan’s equation in continuum elastic-plastic
analysis requires dislocation densities several orders of magnitude larger than those measured in the bulk crystal
[13]. Incorporation of larger transient dislocation density via multiplication laws allows for closer agreement of
numerical results with experimental precursor wave profiles [14]. Importance of consideration of elastic
nonlinearity, especially effects of stress on effective shear stiffness, for correctly predicting precursor behavior
have been noted [14, 15]. The importance of nonlinear elastic effects on weak shock wave structure was first
quantified in experiments on rock materials [17], and further examined in the context of ductile nonmetallic
crystals (specifically, lithium fluoride [18-21]).

Analysis incorporating linear dislocation elastodynamics [16], using superposed isotropic solutions for
effects of motion of existing edge dislocations on the particle velocity field [22], demonstrated that the
aforementioned continuum analyses may be inaccurate by a factor of ~2 because they do not take into account
differences between dislocations moving towards versus away from the wave front. In that work [ 16], which
considered straight edge dislocations, it was speculated that large dislocation densities or fluxes at free surfaces
may be the main source of discrepancy between observations and model representations of precursor decay.
Linear elastodynamic analysis considering dislocation loops [23] produced similar conclusions. Linear
elastodynamics is defined in this context as the treatment of transient waves generated by and emanated from the
nucleation and acceleration of dislocations, respectively, in a linear elastic medium.

Recent work [24-28] has extended the elastodynamic analyses of Markenscoff and Clifton [16, 22] to
consider injection and subsequent non-uniform motion of edge dislocations. This numerical work improves
existing (quasi-static) discrete dislocation plasticity simulations wherein spurious dislocations can appear ahead
of a shock wave front because stress fields are transmitted instantaneously, violating the causality principle.
Application of the method to a study of precursor decay in aluminum [26] demonstrated reasonable agreement
of stress relaxation in shock fronts at various strain rates, considering only effects of nucleation of new
dislocations (i.e., no pre-existing defects) in a linear elastic medium. It was noted how cumulative effects of
shielding dislocations exceed those of anti-shielding dislocations, and defect morphologies reminiscent of
Smith-Hornbogen interfaces [29—32] were predicted by the simulations. Significant extrapolation of numerical
results to compare with longer-term decay rates measured experimentally was required, however. Furthermore,
all of these aforementioned discrete dislocation simulations, as well as the prior analytical treatments upon
which they are based, only consider effects of defect nucleation and/or motion immediately at the elastic shock
front since linear elasticity is invoked for dislocations’ stress fields and corresponding wave speeds. Any defect
activity occurring at a finite distance behind the front does not affect the front since the longitudinal linear elastic
wave speed is lower than the shock velocity, or at most equal to it in a linear elastic approximation of the shock
itself.
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The present work seeks an improved understanding of precursor decay via consideration of elastic
coefficients and sound velocities for the medium behind the elastic wave front that have been updated to account
for stiffening due to the elastic compressive wave [33, 34]. First, in section 2, key equations describing precursor
decay used in prior analyses are reviewed. Then in section 3, shock wave and release velocities are computed via
anisotropic Eulerian elasticity [ 11, 35-37] over stresses ranging from the (final minimum) HEL to that ofa
plastic wave at the overdriven limit wherein shock stress attains its imposed maximum for a two-wave structure.
Single crystals of three metals of vastly differing impedance and crystal structure—copper (Cu), magnesium (Mg),
and tungsten (W)—are compared for shocks in pure mode directions. Next, in section 4, consideration of
transient effects of dislocation generation and motion at points behind the precursor shock on its magnitude
leads to derivation of a new expression for precursor decay accounting for nonlinearity. Physically reasonable
simplifying assumptions and dimensional analysis are used to reduce the expression to a nonlinear first-order
ordinary differential equation (ODE). This equation contains a single scalar parameter controlling dislocation
generation effects that dominate the nonlinear contribution to decay of the elastic wave front. The treatment of
dislocation mechanics invoked in the derivation essentially superposes elastic fields from those dislocations
generated over relevant time- and space-intervals that would affect the front. Such fields are interpreted in the
context of small elastic deformations from a potentially finitely deformed state behind the shock. In section 5,
solutions to this ODE are analyzed and compared to experimental data. Conclusions follow in section 6.

No attempt is made here to explicitly compute precursor decay in a fully nonlinear setting for dislocation
dynamics. Nonlinear elastic dislocation solutions are available only for special geometries and static problems
[38], and standard superposition required for consideration of effects of multiple dislocations cannot be used in
an exact nonlinear setting.

2. Flastic precursor decay

2.1. Continuum plasticity analysis

Elastic precursor decay is first considered from the viewpoint of nonlinear elastic-plastic continuum theory
[17,39]. Let P denote the axial stress, positive in sign under compressive strain corresponding to planar shock
loading. The original analysis of Ahrens and Duvall [17] invokes the following constitutive equation for a stress-
relaxing solid in the region of material immediately behind a planar elastic shock front propagating in the x-
direction:

P dp

= —F. 2.1
dt dt 1)

Here d(-) /dt denotes the material time derivative (i.e., 0 (-)/ Ot at fixed Lagrangian coordinate X), a is the
Eulerian sound speed for isentropic longitudinal elastic compression waves, p denotes the mass density of the
material at time ¢, and

F = 2GDf}, (2.2)

with G an elastic shear modulus and D? the isochoric Eulerian plastic velocity gradient, i.e., a plastic strain rate
referred to spatial coordinates. The sign convention used here and in [17]is D, > 0 for compression in the x-
direction. The usual continuum balance laws for conservation of momentum and mass are applied to the
smoothly deforming region behind the shock, while the usual Rankine-Hugoniot jump conditions [2] are
applied across the surface of singularity at the elastic shock front. The rate of change of P corresponding to
precursor decay at the shock front is obtained by differentiation along the shock path:

DO _ 20, 90

> 2.3
Dt 0x ot |, 23

where U = Dx/Dt is the Eulerian elastic shock velocity, here equal to the Lagrangian shock velocity DX /D¢
since the material ahead of the shock is quiescent and undeformed [39].

Upon use of (2.1), (2.2), (2.3) and the aforementioned balance laws and jump conditions, the following
relationship is derived asin [17]:

DP  —pol(U — v)2 — a?|(dv/dt) — F(U — v)2/U

bP _ (2.4)
DX (U — 0)?[1 + a*/Qc)] + a2/2

with ¢g = /(DP/Dp)y the Eulerian Hugoniot sound speed. Particle velocity in the shocked state is v, and the
initial mass density of the solid, ahead of the precursor shock, is p,. If the release isentrope is close to the
Hugoniot, then a /= ¢y, and if the tangent and secant to the Hugoniot are similar (i.e., relatively weak shocks),
thena ~ U. Invoking these two approximations in [17], (2.4) reduces to

3
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Figure 1. Representative profiles of shock stress versus Lagrangian propagation distance demonstrating effects of stress gradients [39]:
(a)OP/0X > 0(b)0P/0X < 0.

DP pov U — v)(dv/dt) — F(U — v)*/U ~ —vQU — v)(0P/dX) — F(U — v)*/U
DX 3(U — v)?/2 + U¥/2 B 3(U — v)?/2 + U%/2 '

The first term in the numerator on the right side of (2.5) accounts for changes in particle velocity behind the
wave front, i.e., the so-called ‘hydrodynamic attenuation’ from transient effects including rarefactions that
overtake the front from the rear. As shown in figure 1, if the stress gradient 9P/0X immediately behind the front
is positive in sign, corresponding to particle deceleration (dv/dt < 0) then this term hastens precursor decay.
Conversely, a negative stress gradient corresponding to particle acceleration immediately behind the precursor
front would inhibit its decay. The former situation (0P/0X > 0) seems much more prevalent in data records
from experiments [17-20, 40] and nonlinear continuum simulations [ 14, 15]. Physically, the drop in stress
behind the precursor spike (figure 1(a)) has been attributed in ductile crystals to stress relaxation caused by
multiplication of mobile dislocations [14, 19, 40, 41].

The second term in the numerator of (2.5) accounts for ‘intrinsic attenuation’ resulting from stress
relaxation mechanisms such as dislocation activity or fractures occurring immediately at the front.
Equation (2.4) with ¢y ~ a = pyc;/ p can be rearranged to [39]

DP (¢t — U»(OP/0X) + UF/2

— , F =2GD} > o,
Dt Ul3/2 — (1/2)(c}/U?)]

(2.5)

(2.6)

with tangent shear modulus G depending on the deformation or stress state immediately behind the elastic
shock front. Strain rate component Dy, is equal in magnitude to the axial rate of plastic deformation gradient
since the deformation itself at this location is elastic and uniaxial [39]. Experimental measurements of the decay
of peak stress of the elastic shock with propagation time in conjunction with measurements of the rate of change
of stress at a material particle behind the shock can be used with a modified form of (2.5) or (2.6) to calculate
intrinsic attenuation function F directly from time-resolved plate impact data [18, 19].

In the linear approximation, which omits hydrodynamic attenuation (i.e., U = ¢ = constant and
G = constant), (2.6) reduces to

P

L o
Dt DX 2
Values of F calculated using either expression (2.6) or (2.7) can be compared with those resulting from Orowan’s

equation:

F =2G - appbup. (2.8)

Here pp is the density of dislocations at the shock front gliding with velocity vp, b is the relevant Burger’s vector
component, and « is a constant related to slip system geometry. This equation can be obtained directly by
substituting D, = ap,bup into (2.2). The linear form in (2.7) was applied to interpret precursor decay data
from shocked polycrystals [42] and single crystals [13]; a nonlinear form analogous to (2.6) was applied to
evaluate precursor decay data from single crystals [19-21]. Alternative derivations of equations identical to or
very similar to (2.4)—(2.7) can be found in [ 14, 15, 18, 20, 21, 39].

2.2. Discrete dislocation analysis

In lieu of use of a continuum plasticity constitutive equation such as (2.1) or Orowan’s equation (2.8), alternative
studies of precursor decay have considered explicit effects of stress relaxation due to transient stress fields of
individual dislocations, albeit often in highly idealized geometric configurations. Invoking isotropic linear
elastodynamics, the following precursor decay equation was derived in [16] by superposing changes in particle

4
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velocity fields induced by pre-existing mobile edge dislocations of constant density pp = ppo:
DP G a(8) - ppobup
Dt 1 — (vp/c)cosf’

(2.9)

with 6 the orientation of the slip plane relative to the shock direction x. Equation (2.9) accounts for the influence
of dislocations of opposite signs (via the algebraic signs of v, and ), with those moving towards the front
accounting for a larger fraction of precursor decay than those moving away from the front. The maximum
magnitude of the denominator of (2.9) is around %, leading to a maximum difference between (2.9) and that of
(2.7)and (2.8) of about a factor of two.

Given a constitutive model for the stress dependence of dislocation velocity vp, values of initial dislocation
density, b, and 6, and linear elastic properties G = Gy, ¢; = ¢y, the differential equation (2.9) [or even more
simply (2.7) with (2.8)] can be integrated numerically to predict precursor decay, i.e., stress P at the front versus
time f or propagation distance X. The recent numerical study of [26] invokes dynamic discrete dislocation
mechanics and analytical expressions from [16, 22, 24, 43] to compute effects of injected and subsequently
moving and interacting dislocations, with potentially complex morphologies, on precursor decay.

Both [16] and [26] omit the possible contributions of hydrodynamic attenuation and effects of dislocation
nucleation, motion, and interactions occurring at a finite distance behind the precursor front since all stress
waves are assumed to propagate at the linear elastic sound speeds of the undeformed medium. The longitudinal
speed ¢j is equal to U'in the linear approximation invoked in such studies, so trailing rarefaction waves never
reach the shock front and thus cannot contribute to its decay. Subsequent analysis in the present paper removes
such restrictions associated with equal longitudinal wave velocities, thus permitting consideration of effects of
rarefaction sources behind the shock front omitted in the linear setting.

3. Wave speed analysis

3.1.Nonlinear elastic precursor
Anisotropic, finite strain Eulerian thermoelastic theory advanced in [35] is invoked here for analysis of elastic
shocks in crystals. This theory has been demonstrated [36, 37] to be more accurate, upon inclusion of elastic
constants of the same order, than Lagrangian theory [8, 34, 44, 45] for modeling the high pressure response of
ductile metals under uniaxial shock loading, as well as under hydrostatic loading, whereby the Eulerian theory
reduces to the pressure-volume equation-of-state of Murnaghan and Birch [46].

Consider an elastic shock of strength P (longitudinal Cauchy stress, positive in compression) traveling in the
X = X, direction in a crystal at instantaneous Lagrangian velocity U. Particle velocity, internal energy density
per unit reference volume, and compression ratio in the shocked state immediately behind the surface of
singularity are denoted by v, e,and ] = V/V,, = po/ p, respectively. Mass densities ahead of and immediately
behind the front are p, and p. Material ahead of the shock is undeformed and stress-free. Denote the Eulerian
uniaxial strain measure, negative in compression, by

D =301 —1/1 =30 - p*/pp). (3.1)

Let Cy; and Cy; be the usual second- and third-order Lagrangian elastic stiffness constants, I the axial Gr @
neisen parameter, and T, the ambient temperature ahead of the shock. The crystal internal energy potential
under uniaxial strain is, to order three in strain and order one in entropy density 7,

e(D, 1) = 3CuD? + (G + 12G)D* + Ty(1 — TD)1. (3.2)

The analytical solution to the Rankine-Hugoniot equations derived in [35] for stress, particle velocity, and shock
velocity is

P = —(1 = D)*?[CuD + (it + 12G)D? = (Gt + 3G)TDY, (3.3)
v={P[l = (1 —2D)""/2]/py}/2, (3.4)
U= (P[1 - (1 —2D)""/2]/pe}"/>/11 — (1 — 2D)7"/2]. (3.5)

Properties for three metals considered in the calculations are given in table 1. Elastic shock propagation is
prescribed along certain pure mode directions: along a cube axis for Cuand W and an a-axis for Mg.
The following definitions of dimensionless shock stress are invoked to cover the domain of shocked states

wherein a two-wave structure exists:
. P—P _ P—P
ppy=—-€[0,1], PP = -
Pop — Py H

€ [—1, c0). (3.6)
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Table 1. Properties or parameters for selected crystalline
metals [2, 11, 13,36,37,47-52].

Material Cu w Mg
structure FCC BCC HCP
shock direction [100] [100] [1120]
polg/cm’] 8.93 19.35 1.74
Cy; [GPa] 166 526 59.4
Cy, [GPa] 119 203 25.6
Ces [GPa] 75.4 161 16.9
Ci11 [GPa] —1500 — 5460 —664
C112[GPa] —850 —1641 —178
Cie6 [GPa] —650 —1641 —272
By [GPa] 137 310 35.4
Gy [GPa] 23.5 161 16.9
r 2.02 1.67 1.57
o [km/s] 3.94 4.03 4.52
s 1.49 1.24 1.24
P;;[GPa] 0.2 2.8 0.11
0 [deg] 35.25 54.70 60.00
b[nm] 0.255 0.275 0.320
Upo/Cso 0.136 3.38 0.184
P10 [m~2] 101 10'0 101
M 5.10° 5.10° 5.10°

Asintroduced in the first of (3.6), P is the dimensionless shock stress associated with true shock stress Pin the
elastic precursor wave, Pop is the imposed shock stress at the overdriven limit, and Py is the final (minimum)
HEL stress after any precursor decay. The function P sets the precursor stress to a value between the HEL at
P = 0toamaximum of P = 1foran overdriven shock wherein the elastic and plastic shock wave speeds just
become equal. The second of (3.6) defines a dimensionless stress for the precursor, with a value of P = 0 at the
final HEL. Over the duration of a precursor decay event, the value of P would decrease with time from
P = Py = P,/Py — 1, with Py theimposed/initial impact stress, to P = 0. Note that Py;and Py, are treated as
constants for a given material, with the latter determined via use of constitutive relations for the plastic wave to
be presented in section 3.2. Definitions (3.6) are clarified in figure 2(a) for a hypothetical elastic-plastic solid with
arather large HEL.

Given an input volume ratio J for the elastic shock state, equations (3.1), (3.3), and (3.5) are sequentially
invoked to obtain the strain D, shock stress P, and shock velocity U for this value of J. As shown in figure 2(b), the
shock velocity always exceeds the linear elastic wave speed ¢jp = /Ci1/p,, with the margin of increase becoming

larger with increasing stress (i.e., with increasing P). Even at the minimum value of precursor stress at P = 0,

U > ¢y for all three materials. The ratio U/ ¢ attains a maximum on the order of 1.5 for Mg and W for precursor
strengths at the overdriven limit. The maximum for Cu is significantly lower, on the order of 1.1 at P = 1

(figure 2(b)).

3.2. Plastic shock and material response along the principal Hugoniot

The plastic wave velocity Upis used to obtain the overdriven threshold stress Pop, that limits the maximum
imposed stress considered in calculations. The constitutive model used for the plastic shock at impact stresses
exceeding Py is the standard linear shock velocity versus particle velocity relation [2, 39]:

Up = ¢ + sv. (3.7)

This equation is only used in the present work to model the plastic wave, specifically to set the domain of possible
precursor stresses to P € [Py, Pop] < P € [0, 1]. Itis not used to compute the behavior of the elastic
precursor, which instead will be addressed later using a more detailed dislocation mechanics-based approach.
Material constants are ¢y and s; polycrystalline values are implemented (table 1) since these are readily available
and since the axial stress-strain response at high pressure is dominated by compressibility rather than anisotropy
or shear.

Hugoniot curves are constructed as follows. The material response at stresses up to Py is computed
incrementally using the nonlinear elastic theory of section 3.1, with the threshold particle velocity vy, volume
ratio Jy, and elastic shock velocity Uy recorded when Py is reached. The particle velocity is increased above this
threshold incrementally, and (3.7) is invoked to obtain the corresponding Lagrangian plastic wave velocity Up.
The Rankine-Hugoniot equations for conservation of mass and momentum are solved for the volume Jand
stress Pin the plastic regime, where the state ahead of the plastic shock corresponds to the HEL:
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Figure 2. Shock wave analysis: (a) shock stress definitions (b) ratio of nonlinear elastic shock velocity to linear elastic longitudinal wave
speed (¢) stress-volume Hugoniots (d) ratio of nonlinear elastic shock velocity at the HEL to plastic wave speed.

J=Ju— @ —vp) /Uy  P=Py+ p,Ui(Jy — ). (3.8)

Incrementation continues until Up = Uy. Subsequently, in the overdriven regime, Up — U, and (3.8) becomes
J=1— v/Uand P = pyUv. Hugoniot stresses normalized by initial isentropic bulk modulus B are reported
in figure 2(c).

The ratio of elastic shock velocity at the HEL, U to the plastic wave speed Upis shown in figure 2(d), where
here P is computed via the first of (3.6) with P the stress in the plastic wave rather than the precursor. The ratio of
elastic to plastic shock velocities decreases with increasing stress. Unsteady states associated with precursor decay
(i.e., elastic shock stresses exceeding Pg) do not fall on the Hugoniot curves of figures 2(a) and (c) or enter ratios
in figure 2(d).

3.3. Elastic wave speeds behind the shock front
3.3.1. Effective elastic coefficients
Let (x;, X;, X}) denote Cartesian coordinates of material particles in (current, pre-stressed, unstressed) states.
The current state corresponds to the motion of the body at time #. The unstressed state corresponds to a natural
minimum energy configuration of the body, assumed homogeneous. The pre-stressed state corresponds to a
condition of static equilibrium and homogeneous deformation, and will later serve as an idealization of the
region just behind the precursor front at a fixed instant in time. The identical idealization, though unstated, was
invoked in prior work [18, 19, 21] wherein third-order Lagrangian elasticity was used to compute ¢;. It is most
reasonable for steady shocks wherein particle velocity behind the precursor is constant, since deformation
gradients and equations of motion are invariant upon superposition of a constant background velocity field (i.e.,
rigid body translation) in the pre-stressed state. Deformations from the pre-stressed to current state are assumed
isentropic.

Functional forms of coordinate changes among states are

xi=xiXpt), X =XXD. (3.9)

Define displacement from pre-stressed state to current state and particle velocity from pre-stressed to current
state as

u,=XxX; — 6,']X], vV = 1:!,' = Xi. (3.10)

Material time differentiation occurs equivalently at fixed X; or X} since both sets of coordinates are static in
time. Mass densities in the three states are (p, p, p,), related as usual by Jacobian determinants of deformation
gradients.
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Figure 3. Ratio of nonlinear isentropic wave speeds to nonlinear elastic shock velocity: (a) longitudinal (b) longitudinal for back
stresses less than the final HEL (c) shear.

Letting 0;;denote symmetric Cauchy stress components, in the absence of body forces the local balance of
linear momentum with respect to the current state is

aO'ij/ax]‘ = pf),’. (3.11)

To first order in displacement gradients Ju;/ 90X}, the linear momentum balance can be written with respect to
the intermediate state as [33]

2,

0
- = 161 s 3.12
X, 0% pU;Oif (3.12)

Bryxwm 6

where, with j; the symmetric pre-stress referred to Xi and e(Dyj, 1)) the internal energy per unit initial volume,

Byxr = [det(Frs)]™! Fog Fxy Foxd Fof cvnpq — 0185 — Bk — O3k Ot Fy = 90X, /0X}; (3.13)

02 1 X0 0X7
cyrL = ¢ ) Dy = —[51] — —I—]) (3.14)

6D1] 8DKL 2 Oxi 8x,~

X,n

Transformation formulae derived in [35] have been applied to convert the Lagrangian elastic coefficients used in
[33, 34] to the Eulerian representation. Coefficients Bk, do not, in general, satisfy full Voigt symmetries, nor do
they possess the initial material symmetries of isentropic second-order elastic constants ¢kzp,—o). For example,
for pre-stress corresponding to longitudinal uniaxial strain along X in an initially isotropic material, the
effective elastic stiffness will differ among longitudinal and transverse directions, i.e., Bj111 = Bz = Bssss.

3.3.2. Longitudinal waves

Now consider uniaxial elastic deformation corresponding to a region immediately behind the precursor front,

with respective volume ratio and strain J and D related via (3.1). In this case, noting that P = —&; is the shock

stress from (3.3), the longitudinal wave propagation coefficient obtained from (3.13) and use of the third-order
internal energy function in (3.2) is

By = B = J°[Gy + (G + 12G ) D] + 3P. (3.15)

Here By, is the equivalent expression for B; ;1 in Voigt notation. The longitudinal wave velocity referred to the
initial, undeformed configuration is

a 1 |By Po
== — - = —. (3.16)
T T "7

In the present context, termsin (3.13) become p — p and [det(Frs)] — J. The factor of 1 /] transforms the wave
velocity a relative to the compressed state at density p to ¢;relative to the natural state at density p, [18, 21].

The ratio of longitudinal wave speed ¢; computed via (3.16) to shock velocity U computed via (3.5) is shown
in figure 3(a) for precursor shock strengths ranging from the HEL at P = 0 to the overdriven threshold at
P = 1, for Cu, Mg, and W single crystals. This ratio increases monotonically with increasing Por P, and even at
P = 0 always exceeds unity. Specifically,at P = 0 < P = Py, /U = 1.002 for Cu, ¢;/U = 1.004 for Mg, and
¢/U = 1.010 for W. The ratio at higher stresses is significantly smaller for Cu than Mg and W.

Shown in figure 3(b) is ¢;divided by the shock velocity at the HEL, Ug;, for back stresses less than or equal to
the HEL stress Py. This situation corresponds to a scenario such as depicted in figure 1(a), wherein the region
behind the precursor could conceivably be of lower stress than the precursor front featuring a spike. Recall from
(3.6)that P = P/Py — 1.Here, P corresponds to the dimensionless back stress behind a precursor spike, where
avalue of zero would mean no spike or dip. Results shown in figure 3(b) demonstrate that the longitudinal wave
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speed ¢;would still exceed the precursor shock speed Ug; for P 2> —0.5, i.e., for back stresses in excess of about
Py/2.

Collective results in figures 3(a) and (b) suggest that longitudinal waves emanated from sources behind the
precursor front should eventually reach the front so long as the stresses behind the front exceed about half the
HEL stress. The time required for such sources to reach and interact with the front would depend on the time
and position of their origin and any changes in the compressive state behind the front during their transit.
Summarizing, ¢; > U > ¢y, with equalities holding in the linear elastic limit.

3.3.3. Shear waves

In anisotropic media, shear waves travel at different velocities depending on their directions of polarization and
propagation. However, shear wave velocities for directions of interest in the present work, in single crystals of
cubic and hexagonal symmetries, can be computed explicitly for pre-stress conditions corresponding to finite
uniaxial elastic strain using second- and third-order isentropic elastic constants.

First consider propagation, in the longitudinal X; -direction, of a shear wave polarized in a direction
orthogonal to X;. For a cubic crystal, propagation is along [100], and the polarization direction is along any axis
perpendicular to [100], taken here as [010]. For a hexagonal crystal, propagation is along the a-axis [1120], and
polarization is along an orthogonal direction in the basal plane, [1100]. The appropriate wave propagation
coefficients in (3.13) for this case are [8]

Bgs = Biaiz = J *[Ces + (Cies + Ci1 + Ciz + 4Ce6) D] + P, (3.17)

with Bgg the expression for By, in Voigt notation. For cubic crystals, Cg = Cyy; for hexagonal,
Ces = %(CH — (). The corresponding shear wave speed referred to the natural undeformed state with regard

to(3.12)is
= — |28 (3.18)
“TIN

An incremental or tangent elastic shear modulus G, which can be parameterized versus shock stress
P = P(Fy)) for uniaxial elastic shock loading, is introduced along with its value at the ambient state as

G(P) = S[(Bu(P) — B(P)], Gy = G(0) = 3(Ci — Guo). (3.19)

Coefficient By is obtained from (3.15). Coefficient B}, is computed from (3.13) as
By = Biipn = J [y + (Giiz + 4Cp) D). (3.20)

The same form of B}, applies for cubic and hexagonal crystals, and for the latter Gy = Cge. Lagrangian speed
J~1\/G/p is the propagation velocity for a shear wave moving along [110] in a cubic crystal, polarized along
[110][8]. The corresponding linear elastic shear wave speed ¢;o = /Go/p, is obtained by setting] = 1, G = Gy,
and p = p,.

The ratio of shear wave velocity ¢, from (3.18) to the elastic shock velocity U of (3.5) is shown in figure 3(c).
Shear waves clearly lag the shock over longitudinal stresses ranging from the HEL at P = 0 to the overdriven
threshold at P = 1. Ratios of ¢,/ U are largest for Mg at high stresses but always remain less than unity. Similar
conclusions are obtained from computed ratios of the Lagrangian shear wave speed obtained from G of (3.19) to
the elastic shock speed (not shown). These results suggest that shear waves emanated from sources behind the
precursor front, in contrast to longitudinal waves, should neither reach nor explicitly interact with the front.

4. Nonlinear precursor decay

Direct application of existing relations such as (2.5) or (2.6) that account for nonlinear effects to predict
precursor decay is challenging. Stress gradients or material accelerations behind the precursor front must be
obtained from sophisticated numerical schemes [14, 15] that invoke a constitutive relation between Dxljc and
stress or other state variables, to apply these equations.

The objective of the present section is derivation of a differential equation for precursor decay —accounting
for both the intrinsic attenuation from pre-existing dislocations at the front and for rarefaction signals due to
dislocations generated behind the front—that can be solved via basic numerical integration. The starting point
for the derivation is (2.6), reproduced from equation (10.55) in [39], that can be rearranged as

DP _ ~F —(cf/U? — 1)(8P/9X) @)
Dt 3- (/U U3/2 - (/2 /UM '
intrinsic attenuation hydrodynamic attenuation
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Figure 4. Geometry and nomenclature for dislocation structure behind elastic precursor front.

Each group of terms on the right side of (4.1) will be represented in terms of quantities obtained from
fundamental dislocation mechanics. Specifically, the intrinsic term will be represented via the solution for
mobile edge dislocations at the precursor front derived in [16], suitably modified to account for the stress
dependence of the shear modulus via (3.19) and the nonlinear elastic contribution in the denominator with ¢;,/ U
calculated via the method described in section 3.3.1. The contribution from trailing rarefaction sources will be
attributed to dislocation generation, noting that the stress gradient is thought to result from dislocation
multiplication behind the front [14, 19, 40, 41]. Recall that the linear decay equation (2.7) used in [13] is obtained
from (4.1) by setting ¢; = U, reiterating that the contribution from trailing rarefaction sources vanishes
identically in the linear model.

4.1. Problem geometry

Dislocation generation and motion for shock loading is analyzed for plane strain geometry in configurations
considered in [25, 26], which account for three possible slip systems oriented at (0°, £ 6) from the direction of
shock propagation, as shown in figure 4(a). Coordinate frames (x, z) and (X, Z) are parallel and share the same
origin. Values of § for FCC and BCC crystals derived by Rice [53] are 35.25° and 54.7°, respectively,
corresponding to (110) {111} slipin FCCand (111) {110} and (111) {121} slip in BCC. Also considered here is
prismatic slip in hexagonal crystals, (1120) {1100}, whereby § = 60°.

Planar shock loading is directed along § = 0°, so that, from symmetry considerations, only two systems at
=£0 are subjected to nonzero resolved shear stress and can contribute to plastic deformation (figure 4(a)). The
plane strain geometry is representative of dislocation loops in the Smith-Hornbogen interface [29, 30, 32], with
only edge components of the loops moving inside the shock front and contributing to plastic flow [25].

Isotropic polycrystals could be addressed by selection of two effective slip planes oriented at § = 45°
corresponding to planes of maximum resolved shear stress [16, 39] and use of isotropic elastic constants.
Extension of the model to textured polycrystals is not as straightforward but could be attempted if effective
anisotropic polycrystalline elastic constants and preferred directions for plastic shear can be estimated.

Shown in figure 4(b) is the elastic precursor front centered at point X for time instant ¢. The impact face
corresponding to the initiation of wave propagation is located at X = x = 0. The width of the shock in the
transverse (2) direction is W = constant. Mobile dislocations in the wave front of infinitesimal thickness
dX = Udt, as well as some dislocations behind it, contribute to stress relaxation at the wave front. The variable
propagation speed of the shock is U[X(#)], while each rarefaction source located at coordinate £ contributes a
longitudinal waveform moving at time- and position-dependent velocity ¢/(&, t). A differential element of
material containing sources is labeled d¢. Following results presented in section 3.3.3 and figure 3(¢), shear
waves emanated from dislocations at the front and behind it propagate too slowly to reach or affect the front.
This assumption (i.e., null shear wave contributions) is also used elsewhere in the linear theory for dislocations
existing [16] or homogeneously generated [26] at the precursor front.

4.2, Intrinsic attenuation
Considered now is the first term on the right side of (4.1). Generalizing the linear anisotropic representation of
relaxation function Fin [13] to account for elastic nonlinearity results in

F = By Df; = B, D + B,,DY = (B, — B,)DF. = 2GD?. (4.2)

The plane strain geometry of figure 4 is invoked, as is plastic incompressibility DY = —DY.. Recall that by the
present sign convention, D., and P are taken as positive for compression. Voigt notation applies for B ;. The
anisotropic stress-state dependent shear modulus G(P) is first defined in (3.19). Modulus G in (4.2) replaces the
isotropic pressure-dependent version used in [39].
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The plastic velocity gradient (i.e., Eulerian plastic strain rate) at the shock front contributing to Fis assumed
to consist solely of contributions of mobile edge dislocations located at the front [ 14—16]; generation of new
dislocations is assumed to require a finite time such that their subsequent motion only affects the second
(trailing rarefaction) term in (4.1). For the plane strain geometry and two slip systems shown in figure 4(a),
following [16],

1
2 + cosf 2 — cosf

p _ Ppobupsinfcos®  ppobupsinf cosd
1+ (up/e)cosh T+ cosf/2

— Ppobup sin @ cos 9( ) (4.3)
Recall that pp is the total, unpartitioned initial mobile dislocation density encountered by the precursor front,
and vp is the dislocation velocity taken here and henceforth as positive in sign. In the final expression, equal
numbers of forward and backward moving dislocations are assumed, where the former correspond to the
multiplier 1/(2 — cos #) and contribute more strongly to precursor decay. An explicit partitioning of the plastic
strain rate into contributions from lattice displacement incurred by dislocation generation and inelastic slip
from dislocation glide has been invoked elsewhere [10, 54, 55]. Such a partitioning is not invoked here; rather,
for simplicity, the standard Orowan-type prescription inherent in (4.3) is used.

A simple constitutive model is used to relate dislocation velocity to shock stress P. As proposed in [39], a
linear viscous drag model of the following form is implemented:

P_PHN T — TH

vp = vpoP = vpy A Upg
H TH

(4.4)

Here, vpy is a nominal velocity that will be related to a drag coefficient below, 7is the resolved shear stress for the
relevant slip plane and direction, and 7 is the resolved shear stress at the (final, fully decayed) HEL. The ratio of
shear stresses 7/7p is exactly equal to the ratio of shock stresses P/ Py only for linear elasticity, which is
reasonably accurate for the small elastic strains encountered at the final minimum HEL.

Denoting the dislocation drag coefficient by B,

BUD = b(T — TH) = Upg = THEA =~ &PHBA (4.5)
Ci B

The viscous drag coefficient is computed using the following relation from Kocks et al [56] that requires no
tunable parameters:

é kBT kB T() UDo G() Q()
— = ~ = ~ —PH—.
b ol o8 €s0 Ci kT

(4.6)

Temperature rise contributing to phonon drag is ignored in the constant temperature (T = T;) approximation,
areasonable assumption for the elastic precursor but perhaps less so for the plastic wave. Boltzmann’s constant
is kg and the atomic volume in the undeformed state is 2. Since (4.4) omits relativistic effects that would
prohibit supersonic dislocation glide, in calculations the velocity vy is set to the minimum of that computed
from (4.4) and 0.9¢,, i.e., dislocation velocities are restricted to a maximum of 90% of the linear elastic shear
wave speed. Computed values of v are listed in table 1 for Cu, W, and Mg.

Combining (4.2), (4.3), and (4.4), the intrinsic contribution F becomes the following function of normalized
shock stress at the precursor front P and slip plane orientation 6:

_ . _ 1 1
F(P, 0) = 2&(0) - G(P) - ppobupeP; &(0) = sinf cos + : 4.7
(P, 0) = 2&(0) - G(P) - ppobupo a(0) = sinf cos (2+C059 2—c059) (4.7)

Since is constant for a given crystal structure, it will be dropped from the list of arguments hereafter.

4.3. Hydrodynamic attenuation

The second term on the right side of (4.1) requires more in-depth consideration. The stress gradient
immediately behind the front, 0P/0X, evidently cannot be readily computed without enacting a full-field
simulation of the elastic-plastic wave structure in time and space, e.g., via finite difference methods (e.g., with
artificial viscosity) or minimally via a semi-linear method of characteristics [14, 15]. The approach taken in the
present work involves substitution of this hydrodynamic attenuation term with an alternative expression related
explicitly to the dislocation generation rate behind the precursor front. A direct computation of the stress
gradientis avoided in the present approach, but the end result of an increased rate of precursor decay due to
rarefaction sources behind the front is physically relevant and qualitatively, if not quantitatively, similar.

4.3.1. Wave interactions

Relaxation waves generated by dislocations located at the front considered in section 4.2 and in [ 16] are assumed
to be immediately swept into the precursor and subsequently travel at the instantaneous elastic shock velocity U.
These longitudinal waves simply decrement the precursor magnitude in a additive manner, without reflection or
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transmission. In contrast, trailing rarefaction waves emanated some distance behind that ultimately reach the
shock front at a higher velocity (¢, > U) should interact differently. The following interaction scheme is
proposed for those longitudinal wave signals arising from generated mobile dislocations that reach the precursor
front:

+ Theshock acts as a moving boundary separating regions of impedance p ¢; (behind) and pocjp (ahead), leading
to a fraction f; of the arriving waveform to be transmitted and a fraction f, to be reflected [57, 58].

+ The transmitted fraction f; of a waveform passes through the shock and immediately decelerates since it enters
the region of lower impedance. This fraction is then swept into the precursor front in the same way as signals
generated by dislocations at the front of density pp that cause intrinsic attenuation.

+ Inaccordance with the point above, an effective density change of mobile dislocations dpp, (¢) is defined that
would lead to the same decay rate at the precursor front at time ¢ if these dislocations were to have existed at
the front at time ¢. In other words, the product f; 6pp, contributes to precursor decay completely analogously to
ppo- However, those dislocations entering 6 pp are not physically located at the front at time #, but rather are
distributed over the region behind it, at points ¢ < Xin figure 4(b).

The fractions of transmitted and reflected signals are estimated here using the linear elastic relations [59]

;- 2(,/¢ G/C— 1
Ll H G/ T 1+ G/C

Since (y < ¢, f, < 0and the reflected signal experiences a sign change relative to the incident wave: here the
reflected part of the incident pulse is compressive. Though such reflected pulses may influence the material state
some distance behind the shock, they do not affect the precursor at time t and will not be considered further. In
later calculations, most of the signal is transmitted rather than reflected due to the relatively small impedance
mismatch across the elastic shock front, e.g., f, 2 0.9 and | f,| < 0.1. Though of relatively low magnitude in such
cases, reflected pulses could alter the stress state responsible for dislocation generation behind the precursor
front and in the plastic waveform, and would also interact with oncoming release waves from other dislocations.
Such alterations and interactions are beyond the scope of the present analytical treatment. Interactions among
simple nonlinear waveforms can be addressed graphically using the method of characteristics [39, 58], but the
complex waveforms of present interest associated with dislocation dynamics appear to require more
sophisticated numerical methods of analysis.

Combining the results of (4.7) derived in section 4.2 with the above-stated assumptions for the form of the
hydrodynamic term, (4.1) can be rewritten as

¢=pc, Gy = pPocio- (4.8)

DP —aG . opp

pDobUDOP . 1 + ft (49)

Dt 3/2—(1/2(f/U?) intrinsc Poo
hydrodynamic

In the denominator of the prefactor, the ratio ¢/ / U?~where here ¢;is the limiting value of isentropic sound
speed just behind the precursor front—can be obtained as a function of shock stress P using (3.5) and (3.16), with
characteristic results given already in figure 3(a). Notice that both intrinsic and hydrodynamic contributions
from dislocations (terms in parentheses on the far right) are affected by elastic nonlinearity via the stress
dependent shear modulus G and the effect of ¢; > U, both of which tend to increase the decay rate. The factor f;
can likewise be obtained as a function of P via (3.16) and (4.8). The only remaining unknown term on the right
side of (4.9) is 6 pp, the cumulative contribution of generated trailing dislocations to the effective plastic strain
rate at the precursor wave front.

The crux of the present model is that the effects of stress signals produced by the virtual density of
dislocations generated in the wake of the shock, pp, are essentially equivalent in (4.9) to those intrinsically
arising from sources located at the front. Their transmitted fraction f; §pp interacts with the precursor shock in
the same manner as those pre-existing dislocations set in motion immediately at the front. It will be defined
precisely later how 6pp accounts only for those signals that reach the front in a given time increment. Linear
elastic concepts are necessarily invoked in (4.8), and likewise implicitly for superposition of wavelets from
individual dislocations comprising the defect density field. Analysis of interactions among finite amplitude,
nonlinear elastic waves from transient discrete dislocations or their mobile densities would require an extensive
numerical treatment beyond the scope of this work. Physical validation of the current treatment would perhaps
benefit most from comparison with results from molecular dynamics (MD) simulations that should be able to
realistically address transient, fully nonlinear dislocation stress fields and their interactions with stress or shock
waves. However, MD simulations that focus on the desired physical interactions do not seem to exist in the
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current literature, and length and time scales achievable are far smaller than those commensurate with standard
precursor decay experiments.

4.3.2. Dislocation generation

Referring to figure 4(b), let the dislocation generation rate per unit area at material point { < X be denoted by
pp (&, f). Argument ¢ € [0, ] covers the time history of precursor decay up to current time ¢ corresponding to
the Lagrangian location of the precursor front X(f). A constitutive equation for p, will be introduced later.
Consider a differential element of material d¢ centered at £ with this generation rate. The absolute number of
dislocations generated per unit time in this differential area is

d—J\TD = Pp Wdf, (4.10)

with W the transverse width of the shocked domain as defined in figure 4(b).

The earliest start time #, at which generation is possible is the time at which the shock front crosses point £.
Rarefaction signals emanated from point £ could reach the shock front by the time the shock is located at point X
only for those dislocations generated over a window of time [£, /], where tis the latest possible time that signal
emanated from (&, ;) could reach (X, t) by time t > ¢ For example, waveforms from dislocations generated
farther behind the precursor front will require more time for their signals to reach point (X, #) than those from
dislocations generated closer to it, assuming for the moment that the propagation speed ¢; > Uis uniform
among signals. Signals emanated from £at 7 > t do not have time to reach the front at or before the front’s
arrival at point X at time ¢.

Since the precursor stress decreases with increasing time and the separation distance between the precursor
and plastic wave increases with increasing time, the effective wave speed ¢; over the path from £ to X also
generally decreases with increasing time. This suggests that a signal emanated from ata time £, > # would
never catch a signal emanated from the same point € at an earlier time #.

Now consider a small time window t — t + dt. During this window, the location of the precursor front will
advanceas X — X + dX = X 4 Udt. A rarefaction signal trailing closely behind the front will advance as
X — X + dX = X + qdt. For the latter signal to just reach the precursor front at the end of the time window,
the starting point of the rarefaction signal mustbe X = X — (¢ — U)dt. The time increment 67 required for
the rarefaction wavelet moving at velocity ¢;to cover the difference X — X is

St(t) = [1 — U(t) /c(t)]dt, (4.11)

where ¢;and U are the longitudinal wave speed just behind the front and precursor shock velocity at time ¢.
Combining this result with (4.10), the increment in effective dislocation content acting at the precursor front at
(X, t) due to the generation of dislocations in the element d¢ located at £ is

dNp (&, 1) = dNp[§, 1§, D168 (1) = ppl& 16 DT - W+ [1 = U®) /a(t)]drdE. (4.12)

Taking a larger value of 6f than that prescribed by (4.11) would incorrectly lead to contributions of signals from
dislocations that trail too far behind the front to be able to reach it during the window [¢, ¢ + d¢]. These signals
instead can only affect the precursor front at later times. Time increment §f must be ‘infinitesimal’ since a finite
time interval would lead to ‘piling up’ of relaxation contributions that already affected precursor decay at earlier
times. As ¢ — U, no catching up with the precursor front is possible and dNp — 0.

The temporal argument of the dislocation density rate p, (&, f) is defined as follows:

X-¢

FE D =t(6 1) =1 — .
&=t 2G 1)

(4.13)

Here, ¢; is the effective velocity of the rarefaction signal over its transit from ¢ to the shock front at X. Recall that ¢
is the latest time instant at which a signal generated at £ would just reach the front at (X, #). Since signals emanated
earlier in time from the location & are presumed to not be overtaken by those emanated from the same location
later, wavelets from generation at § at times earlier than ¢;will have already interacted with the precursor front.

The total contribution of relaxation sources produced by all material elements behind the front is obtained
by integrating (4.12) over the shock path:

=X X
SNp = ffio AN = Wdt - (1 — U/a) J; ppde. (4.14)

Here, Wis a constant and U and ¢ are values at the front, independent of &, that can be extracted from the
integral as shown. On the other hand, p, generally depends on £. The effective density change of dislocations in
the shock front is obtained by dividing (4.14) by the differential area element swept by the front WdX = WU d¢:
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X
dpp = o (% - Cil) 7 e bde <X i < (415)
This result can be substituted into (4.9) to compute precursor decay. However, at any time f, the integrand
depends on the generation rate of dislocations at all material points £ < X traversed by the shock up to time #,
sampled at various times f < t. According to (4.13), f tends to decrease with decreasing £, meaning that release
waves generated from dislocations farther away from the shock front were emanated at earlier times in order to
reach point X at time 7. As a result of the arguments of the integrand, an exact calculation would require
knowledge of the full-field solution for the dislocation generation rate over space and time.

The model outlined above, in conjunction with (4.9), presumes that stress signals from the virtual density of
dislocations 6pp are of the same functional form as those intrinsically arising from pp, at the precursor front. A
slightly more sophisticated model explored in appendix considers trailing release wavelets that themselves decay
or attenuate with distance traveled from their points of emanation.

4.3.3. An approximate model
Several approximations enable reduction of (4.15) to a more tractable form. First, assume that the propagation
distance of the precursor front can be approximated as

X(t) = fot UG~ U@ - . (4.16)

In other words, the Lagrangian shock velocity is assumed constant in the calculation of position X(¢) of the
precursor front. Referring to figure 2(b), this approximation would tend to under-predict the distance traveled
by the shock since its velocity decreases in conjunction with decreasing stress in the precursor. For shocks just
below the overdriven limit, the error of such an approximation is estimated from figure 2(b) on the order of 5%
—25% depending on the material. For weaker shocks, the error would decrease. A second assumption is
G (&, t) ~ ¢(t), meaning that the average speed of a rarefaction signal during its transit from source to shock
frontis approximately equal to its velocity as it reaches the front. This assumption is thought to underestimate ¢
for sources located in the plastic wave since the stress is higher there relative to the precursor front. However, it
would be more reasonable if most of the transit path is along the elastic region between plastic wave and the
front. Referringto figure 3(a), the error incurred by this approximation is estimated to be of the same order as
that for the assumption of constant shock velocity.

Applying these two assumptions to (4.13) results in the following successive estimations for the signal
emanation time:

. X X-—¢ U(t)( g)]
t& )~ — — ~tl1l— 1—=11 4.17
©n U@ alt) [ alt) X @17

The assumption that & ~ ¢ is not needed beyond (4.17). Now consider the approximation

Pplé 1 D1 = pp(X, 1) (4.18)

This estimates the rate of dislocation generation at a point £ behind the front at a prior time £ as the same as that
due to conditions at the front at point X and current time ¢. The error associated with this approximation is
unknown, but the difference between tand f can be addressed via (4.17). Regardless, (4.18) is useful as a lower
bound at (&, £) since the dislocation generation rate should increase with the relative distance X — £ and with
the relative time ¢ — £.In other words, points behind the shock at earlier times, which are more severely stressed
and closer to the impact face, should experience dislocation generation rates equal to or exceeding those at the
frontat time ¢. Inserting (4.18) in (4.15) and then invoking (4.16) gives

Ut
a(t)

opp(t) = [ ]pD(t) - X(t) ~ [1 — ]t- pp(t), (4.19)

1 1
u@m  a@
where now all quantities are evaluated at time tand point X as the elastic shock front is approached from the rear.

A constitutive model is needed for the source generation rate. Sophisticated expressions accounting for
effects of mobile versus immobile dislocations, dislocation interactions, saturation, and recovery have been
proposed and implemented elsewhere [10-12, 60]. Accompanying the linear drag model used for dislocation
velocity, a basic breeding model [60] is invoked for defect generation:

ppX, 1) =m- pp(X, 1) - vp(X, t) = Mb - pp(X, t) - vp(X, 1); M = m/b. (4.20)

The breeding coefficient m is a material parameter with dimensions of length, and M has the same dimensions as
dislocation density. At the moving elastic precursor front, pp = ppo (a fixed density of sources), and the
dislocation velocity is given by (4.4). Thus, at the precursor front,
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O NpopoPty = Mpry,  t= —

Ppo Ppoto Ppobupo

(4.21)

where t; is a constant with dimensions of time. According to (4.21), the dislocation density rate simply increases
linearly with increasing stress above the HEL.

Inserting (4.21) into (4.19), and then subsequently using the result in (4.9) gives the following final
expression for precursor decay:

DP —aG _ U\ Mt -
— = P-l1+f-[1-=] —=pP| 4.22
Dt 1[3/2 — (1/2)(¢7/U?)] [ f ( Cl) Ppo to ] 422

This is a nonlinear first-order ODE with all terms on the right side depending potentially only on Pand/or t.
Subsequent derivations and results invoke (4.22) in non-dimensional form.

4.3.4. Dimensionless form
The following dimensionless quantities are defined, noting that P is repeated from (3.6):

_ P— Py _ ot oo aG(DP)
P:—) t:_a O‘(P): = NV
Py to Py[3/2 — (1/2)(a(P) /U (P))*]
o _ U(P _ M
B(P)= f,(P) - (1 — L_)), M=—. (4.23)
a(P) Ppo
It follows from chain rule differentiation that
DP _ & DP (4.24)
Dt Py Dt
Substituting (4.22) and (4.23) into (4.24) then gives
% — _aP)-P-[1 + M- BP) - Pi. (4.25)

This differential equation will be solved subsegently in section 5 for precursor decay in Cu, Mg, and W single
crystals. The initial condition is

p(f:()):pozm)
Py

(4.26)
where Py = P(t = 0) is the impact stress, i.e., the axial Hugoniot stress in the plastic wave, and Py is recalled as
the final equilibrium HEL after precursor decay is complete.

All parameters and functions entering the right side of (4.25) have been defined or calculated from the crystal
structure, (non)linear elasticity, and basic dislocation mechanics, with the exception of M. The latter parameter,
which will be prescribed later, controls the dislocation generation rate and the resulting contribution of
hydrodynamic attenuation to precursor decay. Solutions to (4.25) are obtained by direct numerical integration.
Furthermore, once P is known at time f, a cumulative dislocation density pp at any dimensionless time  is
obtained by integration of (4.21):

f _rh _ .=
Po(®) =1+M f 1 P¥)ds, P* = min(P, 0.9¢c,/vpo). (4.27)
Ppo 0
The definition of P* ensures that the maximum dislocation velocity contributing to the generation rate is capped
at 90% of the linear elastic shear wave speed.

Alinear elastic model for precursor decay is recovered when ¢; = Uand G = Gy. In this case, @ = constant
and 3 = 0. Dislocation generation behind the front is still possible (e.g., M > 0), butit does not contribute to
precursor decay. The linear elastic governing equation and its analytical solution are

DP - _ _ _
— = —ak; P(f) = Pyexp(—af). (4.28)
Dt
Accordingly, the precursor stress in dimensional form decreases exponentially from Py to Py with increasing
time .

5. Results and discussion

5.1. Model predictions
Solutions computed from (4.25) and (4.28) are now examined for Cu, Mg, and W, where properties are listed in
table 1. Initial dislocation densities are given in [13] for Cu and W; the value of pp is not provided for Mg in [40],
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Figure 5. Dimensionless precursor stress versus dimensionless time with variable generation rate parameter M. Note that M = 0
corresponds to null explicit generation of new rarefaction sources but allows for variable sound speeds.
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Figure 6. Precursor stress versus propagation distance compared with experimental data for Cu[13], Mg [40],and W [13]. For the
nonlinear results, M = 5 - 10°.

so avalue the same as that for Cu is used here for model calculations. Parameter M = m/(bpyy,) is initially
viewed as adjustable, recalling that m is the breeding coefficient for first-order dislocation kinetics [60].

Results are presented in figure 5 for four values of M, noting that M = 0 suppresses hydrodynamic
attenuation from dislocation generation in the present nonlinear model of (4.25). The linear result excludes
hydrodynamic attenuation from dislocation generation, the stress-state dependence of the shear modulus, and
the possibility of ¢; > U. The difference between the linear result and the nonlinear result with M = 0 is very
small in Cuand W but visibly measurable in Mg. Incorporation of dislocation generation via M > 0 is
demonstrated to strongly affect precursor decay according to the present theory.

Model predictions are compared with experimental data in figure 6, where stress and propagation distance
are of their true physical dimensions. The position of the shock front is obtained from the decay time ¢ via use of
the first of (4.16); the constant shock velocity approximation is not needed. Only the nonlinear result with
M = 5 - 10°is shown in each case, as it provides the closest match to experiment. This finding is reassuring, if
not somewhat remarkable, that the same value of this parameter can be used to fit all three data sets. As is evident
in figure 6, the linear model grossly under-predicts the magnitude of precursor decay when the measured values
of initial dislocation density ppg are used (table 1). This finding is in agreement with early results of 13, 18]
where similar, but not identical, models of dislocation velocity accounting for drag also produced much too low
rates of decay for the same initial defect densities.

Consider the chosen value of M = 5 - 10° in more detail. For the initial dislocation densities used here, this
choice correspondsto M = m/b ~ 5 - 10'> — 5 - 10'® m~2. Values of M tabulated by Gilman [60] for various
metalsare M ~ 10" — 10'® m 2. Thus the value of M used here, though near the upper end of the range
reported in [60], appears physically admissible. Furthermore, even if M were reduced by two orders of
magnitude, the effects of dislocation generation and corresponding hydrodynamic attenuation on precursor
decay would remain substantial, as is evident from results for M = 5 - 10% in figure 5, though lower values of
breeding coefficient would not enable as close agreement with experiment.

Results corresponding to these experimental conditions address relatively large shock stresses, over 20 or 30
times the final equilibrium HEL for Cuand Mg in particular. Lower impact stresses, corresponding to only 20%
in excess of the HEL, are considered in model predictions shown in figure 7. Differences between the nonlinear
and linear results, though smaller than those observed at higher stresses in figure 5, are still substantial.
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Table 2. Computed values of nonlinear functions affecting
precursor decay versus shock stress at the front P

for M =5 - 10°.
Function P Cu Mg w
fe 0.2 0.997 0.994 0.985
2.0 0.993 0.986 0.964
20 0.953 0.915 0.814
o 0.2 66.8 74.2 30.7
2.0 67.2 76.6 32.7
20 72.0 101.5 55.9
,B 0.2 0.002 0.004 0.011
2.0 0.006 0.011 0.026
20 0.032 0.058 0.101

Differences are smallest for Cu as a result of its relatively low ratio of ¢;/ U compared to that for Mg and W
(figure 3(a)), which in turn leads to a relatively low value of 3 entering (4.25). The exponential decay of the linear
solutions is more evident now than in figure 5 due to the longer domain of time 7 chosen here.

Remarks on experimental uncertainty and sparsity of test data are in order. Uncertainty in HEL data on Mg
from [40] is reported as £0.015 GPa, on the order of £5% of the values of P corresponding to data points in
figure 6(b). Corresponding error bars are not shown since these would be smaller than the data points
themselves in the figure and would not be visible. Uncertainties in data for Cuand W are not reported in [13],
but contemporary experimental data for LiF [19, 21] suggest uncertainties in the measured HEL ranging from
1% to 10% and uncertainty in the impact stress on the order of 2%. Because the experimental data are sparse,
little constraint on model predictions is enabled, and the apparent agreement of the nonlinear model with the
data confirms only that the calculations are physically reasonable but does not provide strong validation of the
theory. However, sparse data for these and other crystal orientations and materials were also used in [13] to
invalidate linear precursor decay models that assume constant dislocation densities. Similar conclusions were
drawn from analysis of more extensive data on LiF in [18]; mechanisms responsible for precursor decay in LiF
were deemed not well understood [20].

Contributions of nonlinearity to precursor decay are now closely examined. Calculated effects of P on
functions f;of (4.8) and & and 3 of (4.23) are listed in table 2 for each material. With increasing precursor stress,
f,decreases butboth & and 3 = -a-U / ¢) increase. The latter increases contribute to the relatively greater
effects of nonlinearity on precursor decay at large stresses evident upon comparison of figure 5 with figure 7.
Recall from (4.25) that the hydrodynamic contribution from dislocations is represented via the product
3 - P - f.Thefactor 3 accounts for the approach and interaction of trailing rarefaction signals with the
precursor front. The factor P arises from the dependence of the generation rate of dislocations, the sources of
such signals, on stress. Finally, the factor 7 accounts for the integrated contributions of all such sources over the
domain & € [0, X), where X is the Lagrangian distance traversed by the shock at time 7. During the attenuation
process, P decreases rapidly and  increases linearly. Thus, the maximal net contribution of hydrodynamic
attenuation in the present model is not initial since a finite time is needed for rarefaction signals to generate and
propagate to the wave front. Nor is it towards the end of the attenuation process since then P is very small and
the generation rate of new dislocations behind the front is low.
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Figure 8. Cumulative dislocation density behind the elastic wave front versus dimensionless time for two values of initial stress P,
corresponding to figure 5 and figure 7.

Prior experimental studies [17, 18], where hydrodynamic attenuation was computed from stress gradients
viarelations such as (2.5) or (2.6), found nonlinear effects to be important but not dominant, for example
responsible for the order of 10%—40% of the total decay rate, with intrinsic attenuation accounting for the
remainder. However, as noted in [ 16, 21], the measurement of stress gradients in such studies suffers from
extreme imprecision: the partitioning of hydrodynamic and intrinsic attenuation is so uncertain that even the
sign of Fmay be in error for X > 0.5mm. In experiments on LiF [ 18], the relative contribution of hydrodynamic
to intrinsic decay was found to increase with propagation distance X. In contrast, the relative contribution of
nonlinear elastic effects was found to dominate the precursor decay rate at early times in numerical simulations
of Cu [14]: a decay rate of 50 times higher in nonlinear simulations than in simulations with a constant sound
speed was reported. Significant effects of stress dependence of both compressibility and shear stiffness on
precursor decay were also stated in [15]. Numerical results [ 14, 15] suffer from sources of imprecision inherent
in usual continuum plasticity simulations, for example those associated with viscoplastic constitutive models
and numerical integration methods.

Cumulative dislocation densities computed via (4.27) are reported in figure 8 for impact stresses P,
corresponding to the experimental conditions examined in figure 5 and the lower stress regime examined in
figure 7. For the former higher stress conditions, the cumulative dislocation content over the distance traversed
by the precursor saturates at values on the order of 10°> ~ 10* times the initial dislocation density ppo,
corresponding to dislocation densities on the order of 10" ~ 10" m™2. These values are comparable in
magnitude to defect densities observed in recovered experimental samples of single crystals of Cu [61] and in
dislocation dynamics simulations of single crystals of aluminum [26].

5.2. Discussion
With regard to precursor decay, the main findings from the present analysis are summarized as follows:

+ Effects of elastic nonlinearity are mildly important when dislocation generation behind the wave front is
omitted;

+ Hydrodynamic attenuation associated with the combination of elastic nonlinearity and generation of
rarefaction sources (dislocations) behind the wave front appears to be very important;

+ Asingle value of the breeding coefficient, within the upper limit of experimental validity, can be used to enable
close agreement between model and experiment for all three metals (Cu, Mg, and W);

+ Hydrodynamic attenuation can dominate intrinsic attenuation as the initial impact stress increases, and it
remains significant even at impact stresses not greatly exceeding the final HEL.

Itis conceded that a number of simplifying assumptions have been invoked to arrive at an ODE for nonlinear
precursor decay. As also assumed in [18, 19, 21], the state behind the shock has been idealized as homogeneous
and non-inertial at each increment in time during the decay process in order to compute instantaneous wave
velocity ¢; for rarefaction signals via third-order isentropic elasticity. Basic constitutive equations, essentially
linear in stress, have been implemented for dislocation velocity and dislocation generation. The non-reflected
fraction of rarefaction signals that catch the precursor front has been assumed to affect the front in a simple way
similar to intrinsic attenuation from pre-existing dislocations. Furthermore, transient conditions at or
immediately behind the precursor front have been used to estimate rates of generation at locations further
behind the front, presumably tending to under-predict generation for regions in the plastic rise. Nevertheless,
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cumulative dislocation densities computed according to the present model appear physically reasonable

(figure 8). Dislocation interactions, including immobilization and annihilation, for example, have not been
addressed. As shown in appendix, a reduction in hydrodynamic attenuation would be expected to occur if
rarefaction waves were themselves subject to decay in magnitude while transiting from their source points to the
shock front.

Itis recommended that future numerical continuum studies re-examine effects of hydrodynamic
attenuation, modernizing the prior numerical work reported in [14, 15], for example, with state-of-the-art
models for viscoplastic crystal response and associated dislocation kinetics [10—12, 62]. In particular, the finite
difference model reported in [11], which invokes third-order Eulerian elastic constants, has been used to predict
precursor decay in textured [111] Al crystals [63] within a factor of &2 accuracy. A one-to-one comparison with
the present analytical treatment is not possible since different materials, slip geometries, viscoplastic flow rules,
and dislocation evolution laws are invoked in [11], along with artificial viscosity that would be expected to
smooth any precursor spike. Exploratory calculations [unpublished] with various choices of nonlinear elasticity
parameters (Lagrangian and Eulerian models, with and without higher order elastic constants of orders three
and four) have demonstrated different wave profiles than third-order Eulerian results reported in [11]; however,
such differences do not enable isolation of hydrodynamic effects since the model in [11] is geometrically
nonlinear, with a variable sound speed that would induce hydrodynamic attenuation even if all higher-order
elastic constants are zeroed. A more thorough study of effects of features of this and relatedly sophisticated
models [10-12, 62], outside the scope of the present paper, on precursor decay appears needed.

The primary weakness of the present approach is the unknown accuracy of its major assumptions, in
particular its treatment of how rarefaction waves from trailing dislocations are generated, combined,
propagated, and interact with the precursor front. The validity of these assumptions can only be verified by
comparison with other methods, experimental or theoretical-computational, that directly interrogate the
physics involved. Experimental methods with the requisite fidelity at such small (nano) length and time scales
appear to be presently unavailable, as do discrete dislocation dynamics computations that account for nonlinear
elasticity essential to capture hydrodynamic attenuation. Discrete lattice dynamics [64] or modern molecular
dynamics [65, 66] can be used to consider elastic nonlinearity and/or complex dislocation kinetics at the
nanoscale. For example, metastable elastic zones of finite length, essentially resulting from nonlinear elastic
behavior and pulses emitted from trailing dislocations, were observed in simulated overdriven shocks in
aluminum [65]. However, classical MD simulations cannot be conducted on sample sizes large enough for direct
comparison to experiments at the mm scale. To address all of these issues with ‘first-principles’ methods,
implementation of atomistic scale-bridging techniques and tools for interrogating discrete nonlinear stress-
wave interactions in the context of shock wave propagation would seem essential.

6. Conclusions

A theoretical investigation of effects of elastic nonlinearity on precursor decay has been reported. Decay rates
depend on intrinsic attenuation, due to pre-existing dislocations at the wave front, and on hydrodynamic
attenuation, due to rarefaction signals from sources behind the front that travel at a higher velocity. Nonlinear
anisotropic elasticity with elastic constants up to order three has been invoked in Eulerian form to estimate
velocities of rarefaction signals, which here always exceed the shock velocity, for three metals of interest: Cu, Mg,
and W. An equation for precursor decay accounting for intrinsic attenuation and hydrodynamic attenuation
from elastic nonlinearity with dislocation generation has been newly derived. Introduction of basic constitutive
models for dislocation velocity and generation permits reduction of this relation to a nonlinear ordinary
differential equation. The hydrodynamic term from dislocations is controlled by a single scalar parameter, the
breeding coefficient for dislocation generation. Solutions for Cu, Mg, and W have demonstrated how
nonlinearity can dominate the overall precursor decay rate for physically bounded dislocation generation rates
behind the shock; such solutions also show reasonable agreement with experimental data. Future numerical
studies should invoke models of higher fidelity to further investigate nonlinear effects and confirm or refute their
significance.

Appendix. Decaying rarefaction signals

The model proposed in section 4.3 of this paper treats those rarefaction signals that catch the precursor front,
and do not reflect off of it, as similar in form and magnitude to those produced by dislocations at the front. In
this context, referring to figure 4(b), generated dislocations along aline { £ = constant,0 < Z < W}
collectively produce a 1-D rarefaction wavelet traveling in the X-direction at velocity ¢;. The strength and form of
this wavelet are assumed unchanged as it propagates from ¢ to the front at X. However, if individual dislocations
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Figure 9. Dimensionless precursor stress versus dimensionless time with variable source decay parameter 7, and fixed generation rate
parameter M = 5 - 10°.

comprising the defect density at £ are viewed as line sources in 3-D or point sources in 2-D, then some decay of
the strength of their individual signals would be expected in transit. This decay would be offset, perhaps not
entirely, by superposition of individual signals as they expand and overlap in the Z-direction. Decay could also
be induced by nonlinear and dissipative effects.

Such decay is empirically modeled in what follows next by assumption of an exponential decrease in signal
strength with propagation distance from point & of origin. Letting R. denote a parameter related to the distance
over which local signals decay, the effect is manifested in the generated density of virtual dislocations via the
transformation

. , - X
Pp = Pp- exp(gR ) (A.1)
Accordingly, when traveled distance from the source to the precursor front X — £ equals R, for example, the
resulting relaxation is reduced to exp(—1) = 0.368 ofits original strength. The virtual density of dislocations
acting at the wave front in (4.15) is correspondingly modified as

(1 1) px . (e-X A
bpp = (U - C_z) fo Pp (& t)exp( R )df [£ <X, 16 1) < tl. (A.2)

Next the same assumptions used in the approximate treatment of section 4.3.3 are invoked, including the
simple linear stress-based model for dislocation generation. The analog of (4.19) is

0 vol, R [ (~vo-]_[, vel . .o (=t
%(t)“'[l cl(t)]pD(t)U(t)[l eXp( R )] [1 cz(t)]t‘(t) pD(t)[l eXp(tc(t))]’

(A.3)
where t.(f) = R./U(¥). Now introduce the dimensionless decay parameter
_ t, R, R,
fe = — = t:ppobupo = —=PpebUpo & —ppebupo, (A.4)
to U Clo

which is invoked here as an adjustable constant controlling the rate of trailing signal decay.
The dimensionless form of the precursor decay equation (4.25) becomes, with the above modifications, the
notation introduced in section 4.3.4, and the same initial conditions,

DD_IS — _a(B)-P-[1+ M -B)-P-L( — exp(—i/L)]; P =0) = By (A3)

Consideration of a series expansion of the exponential term is instructive:

_ - i 17 1(fV
h|:1 — CXP(?)] = tll — ;Z + ;(E) - ] (A.6)

Clearly, for 7, > f, (A.5) degenerates to the original dimensionless decay equation (4.25). This limited equality
corresponds to along decay time t, or large decay distance R, =~ 7.ty for rarefaction signals.

Solutions to (A.5) are reported in figure 9 for Cu, Mg, and W. The value of normalized breeding coefficient
M = 5 - 10°is held fixed, corresponding to the nonlinear solutions most closely fitting experimental data in
figure 6, while £, is varied among calculations. Results labeled ‘linear’ are obtained from (4.28). For £, => 1072,

~

relatively slow exponential decay of the trailing rarefaction signals does not affect the solutions, which are nearly
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Figure 10. Precursor stress versus propagation distance compared with experimental data for Cu[13], Mg [40], and W [13]. For the
nonlinear results, M = 5 - 10°and . = 1072,

identical to those reported in figure 5 and likewise adequately match experimental data in figure 10. Such cases
correspond to the limiting result of long ¢, or large R, noted above.

As 7, decreases, the decay of trailing rarefaction signals becomes more rapid, and hydrodynamic attenuation
isimpeded. Trends are most similar for Cu and Mg; the same values of 7. more strongly impede hydrodynamic
attenuation in W. The difference between curves for £, = 1072 and £, = 10~ becomes apparent for solution
times 2> 1073, whereby the distance between early sources and the precursor front becomes large enough that
source attenuation becomes important. Mathematically, such importance corresponds to non-negligible
higher-order terms in the series expansion of (A.6).

Prescription of f, = 1072 corresponds to decay distances R, of approximately 13 mm, 3.1 mm, and 1.9 mm
respectively in Cu, Mg, and W. Referring to figure 10, these distances are on the order of the propagation
distance X traveled by the precursor shock over its period of prominent attenuation. Thus, the present findings
show that any decay of rarefaction signals that might occur during their transit to the precursor front would
reduce their contribution to precursor attenuation. On the other hand, especially for Cu and Mg, hydrodynamic
attenuation is still significant relative to intrinsic attenuation (e.g., compare with the linear results) even under a
reduction in the decay time by three orders of magnitude to #, = 10~°, which would correspond to decay
distances R of only 13 ymin Cuand 3.1 gm in Mg. A quantitative estimate of the true extent of any decay of
rarefaction signals from dislocations nucleated in single crystals with dimensions of mm could perhaps be
estimated using dislocation elasto-dynamics simulations, presumably omitting nonlinear elastic effects.

ORCID iDs

J D Clayton @ https://orcid.org/0000-0003-4107-6282

References

[1] WalshJ M and Christian R H 1955 equation of state of metals from shock wave measurements Phys. Rev. 97 1544-56
[2] McQueen R G, Marsh S P, Taylor J W, Fritz ] N and Carter W ] 1970 The equation of state of solids from shock wave studies High-
Velocity Impact Phenomena, pages ed R Kinslow (New York: Academic Press) pp 294-417
[3] Millett] CFand Bourne N K 2004 The shock induced equation of state of three simple polymers J. Phys. D: Appl. Phys. 37 29017
[4] Millett] CF, Bourne N Kand Pickup I M 2005 The behaviour of a SiO,-Li, O glass ceramic during one-dimensional shock loading
J. Phys. D: Appl. Phys. 38 3530-6
[5] Millett] CF, Bourne N Kand Deas D 2007 The response of two ferroelectric ceramics to one-dimensional shock loading J. Phys. D:
Appl. Phys. 40 294853
[6] Wallace D C 1980 Flow process of weak shocks in solids Phys. Rev. B 22 1487-94
[7] Brugger K 1965 Pure modes for elastic waves in crystals J. Appl. Phys. 36 759-68
[8] Thurston RN 1974 Waves in solids Handbuch der Physik VIA/4 ed C Truesdell (Berlin: Springer) pp 109308
[9] Wallace D C 1981 Irreversible thermodynamics of overdriven shocks in solids Phys. Rev. B 24 5597-606
[10] Austin R A and McDowell D L2011 A dislocation-based constitutive model for viscoplastic deformation of fcc metals at very high strain
rates Int. J. Plasticity 27 1-24
[11] Lloyd]J T, Clayton J D, Becker R and McDowell D L 2014 Simulation of shock wave propagation in single crystal and polycrystalline
aluminum Int. J. Plasticity 60 118-44
[12] Lloyd]J T, Clayton] D, Austin R A and McDowell D L2014 Plane wave simulation of elastic-viscoplastic single crystals J. Mech. Phys.
Solids 69 14-32
[13] Johnson] N, Jones O E and Michaels T E 1970 Dislocation dynamics and single-crystal constitutive relations: shock-wave propagation
and precursor decay J. Appl. Phys. 41 23309
[14] Herrmann W, Hicks D L and Young E G 1971 Attenuation of elastic-plastic stress waves Shock Waves and the Mechanical Properties of
Solids ed ] Burke and V Weiss (New York: Syracuse University Press) pp 23—63

21


https://orcid.org/0000-0003-4107-6282
https://orcid.org/0000-0003-4107-6282
https://orcid.org/0000-0003-4107-6282
https://orcid.org/0000-0003-4107-6282
https://doi.org/10.1103/PhysRev.97.1544
https://doi.org/10.1103/PhysRev.97.1544
https://doi.org/10.1103/PhysRev.97.1544
https://doi.org/10.1088/0022-3727/37/20/018
https://doi.org/10.1088/0022-3727/37/20/018
https://doi.org/10.1088/0022-3727/37/20/018
https://doi.org/10.1088/0022-3727/38/18/031
https://doi.org/10.1088/0022-3727/38/18/031
https://doi.org/10.1088/0022-3727/38/18/031
https://doi.org/10.1088/0022-3727/40/9/042
https://doi.org/10.1088/0022-3727/40/9/042
https://doi.org/10.1088/0022-3727/40/9/042
https://doi.org/10.1103/PhysRevB.22.1487
https://doi.org/10.1103/PhysRevB.22.1487
https://doi.org/10.1103/PhysRevB.22.1487
https://doi.org/10.1063/1.1714215
https://doi.org/10.1063/1.1714215
https://doi.org/10.1063/1.1714215
https://doi.org/10.1103/PhysRevB.24.5597
https://doi.org/10.1103/PhysRevB.24.5597
https://doi.org/10.1103/PhysRevB.24.5597
https://doi.org/10.1016/j.ijplas.2010.03.002
https://doi.org/10.1016/j.ijplas.2010.03.002
https://doi.org/10.1016/j.ijplas.2010.03.002
https://doi.org/10.1016/j.ijplas.2014.04.012
https://doi.org/10.1016/j.ijplas.2014.04.012
https://doi.org/10.1016/j.ijplas.2014.04.012
https://doi.org/10.1016/j.jmps.2014.04.009
https://doi.org/10.1016/j.jmps.2014.04.009
https://doi.org/10.1016/j.jmps.2014.04.009
https://doi.org/10.1063/1.1659227
https://doi.org/10.1063/1.1659227
https://doi.org/10.1063/1.1659227

10P Publishing

J. Phys. Commun. 2 (2018) 045032 JD ClaytonandJ T Lloyd

[15] Clifton RJ 1971 On the analysis of elastic visco-plastic waves of finite uniaxial strain Shock Waves and the Mechanical Properties of Solids
ed ] Burke and V Weiss (New York: Syracuse University Press) pp 73—-116

[16] Clifton RJand Markenscoff X 1981 Elastic precursor decay and radiation from nonuniformly moving dislocations J. Mech. Phys. Solids
29227-51

[17] Ahrens T Jand Duvall G E 1966 Stress relaxation behind elastic shock waves in rocks J. Geophys. Res. 71 4349-60

[18] Asay] R, Fowles G Rand Gupta Y 1972 Determination of material relaxation properties from measurements on decaying elastic shock
fronts J. Appl. Phys. 43 744—6

[19] Asay] R, Fowles G R, Duvall GE, Miles M H and Tinder R F 1972 Effect of point defects on elastic precursor decay in LiF J. Appl. Phys.
43213245

[20] GuptaY M, Duvall G E and Fowles G R 1975 Dislocation mechanisms for stress relaxation in shocked LiF J. Appl. Phys. 46 532—46

[21] Rosenberg G and Duvall D E 1980 Precursor amplitudes in LiF from shocks propagating in (111) directions J. Appl. Phys. 51 319-30

[22] Markenscoft X and Clifton R J 1981 The nonuniformly moving edge dislocation J. Mech. Phys. Solids 29 253—62

[23] Markenscoff X and Clifton R J 1982 Radiation from expanding circular dislocation loops and elastic precursor decay J. Appl. Mech. 49
792-6

[24] Gurrutxaga-Lerma B, Balint D S, Dini D, Eakins D E and Sutton A P 2014 A dynamic discrete dislocation plasticity method for the
simulation of plastic relaxation under shock loading Proc. R. Soc. Lond. A 469 20130141

[25] Gurrutxaga-Lerma B, Balint D S, Dini D, Eakins D E and Sutton A P 2014 Dynamic discrete dislocation plasticity Adv. Appl. Mech. 47
93-224

[26] Gurrutxaga-Lerma B, Balint D S, Dini D, Eakins D E and Sutton A P 2015 Attenuation of the dynamic yield point of shocked aluminum
using elastodynamic simulations of dislocation dynamics Phys. Rev. Lett. 114 174301

[27] Gurrutxaga-Lerma B, Balint D S, Dini D, Eakins D E and Sutton A P 2015 The role of homogeneous nucleation in planar dynamic
discrete dislocation plasticity J. Appl. Mech. 82 071008

[28] Gurrutxaga-Lerma B, Balint D S, Dini D and Sutton A P 2015 The mechanisms governing the activation of dislocation sources in
aluminum at different strain rates J. Mech. Phys. Solids 84 273-92

[29] Smith CS 1958 Metallographic studies of metals after explosive shock Trans. Met. Soc. AIME 212 574-89

[30] Hornbogen E 1962 Shock-induced dislocations Acta Metall. 10 978-80

[31] Weertman J 1973 Dislocation mechanics at high strain rates Metallurgical Effects at High Strain Ratesed RW Rhode et al (New York:
Plenum Press) pp 319-32

[32] Meyers M A 1978 A mechanism for dislocation generation in shock-wave deformation Scr. Metall. 1221-6

[33] Thurston RN 1965 Effective elastic coefficients for wave propagation under stress J. Acoust. Soc. Amer. 37 348-56

[34] Wallace D C 1972 Thermodynamics of Crystals (New York: Academic Press)

[35] Clayton]JD and Nonlinear E 2013 ulerian thermoelasticity for anisotropic crystals J. Mech. Phys. Solids 61 1983-2014

[36] Clayton J D 2014 Shock compression of metal crystals: a comparison of Eulerian and Lagrangian elastic-plastic theories Int. J. Applied
Mech. 6 1450048

[37] Clayton]D 2015 Crystal thermoelasticity at extreme loading rates and pressures: analysis of higher-order energy potentials Extreme
Mech. Lett. 3 113-22

[38] Clayton J D 2015 Defects in nonlinear elastic crystals: differential geometry, finite kinematics, and second-order analytical solutions
Zeit. Ang. Math. Mech. (ZAMM) 95 476510

[39] Davison L2008 Fundamentals of Shock Wave Propagation in Solids (Berlin: Springer)

[40] Kanel GI, Garkushin GV, Savinykh A S, Razorenov SV, de Resseguier T, Proud W G and Tyutin M R 2014 Shock response of
magnesium single crystals at normal and elevated temperatures J. Appl. Phys. 116 143504

[41] Kanel GI, Razorenov S V and Fortov V E 2004 Shock-wave Phenomena and the Properties of Condensed Matter (New York: Springer)

[42] Taylor ] W 1965 Dislocation dynamics and dynamic yielding J. Appl. Phys. 36 314650

[43] Markenscoff X 1980 The transient motion of a nonuniformly moving dislocation J. Elasticity 10 193-201

[44] Clayton]D 2009 A continuum description of nonlinear elasticity, slip and twinning, with application to sapphire Proc. R. Soc. Lond. A
465 307-34

[45] Clayton ] D 2011 Nonlinear Mechanics of Crystals (Dordrecht: Springer)

[46] Birch F 1947 Finite elastic strain of cubic crystals Phys. Rev. 71 809-24

[47] SalamaK and Alers G A 1967 Third-order elastic constants of copper at low temperature Phys. Rev. 161 673-80

[48] Mathur S Sand SharmaY P 1970 Second and third order elastic constants of Cr, Mo, and W Phys. Stat. Solidi 41 K51-5

[49] Naimon E R 1971 Third-order elastic constants of magnesium. i. experimental Phys. Rev. B4 4291-6

[50] Guinan M W and Steinberg D ] 1974 Pressure and temperature derivatives of the isotropic polycrystalline shear modulus for 65
elements J. Phys. Chem. Solids 35 1501-12

[51] Clayton] D 2005 Dynamic plasticity and fracture in high density polycrystals: constitutive modeling and numerical simulation J. Mech.
Phys. Solids 53 261-301

[52] Clayton ] D and Knap J 2011 A phase field model of deformation twinning: nonlinear theory and numerical simulations Physica D 240
841-58

[53] Rice] R 1987 Tensile crack tip fields in elastic-ideally plastic crystals Mech. Mater. 6 317-35

[54] Armstrong R W and Zerilli F ] 2010 High rate straining of tantalum and copper J. Phys. D: Appl. Phys. 43 492002

[55] Clayton J D 2014 An alternative three-term decomposition for single crystal deformation motivated by non-linear elastic dislocation
solutions Quart. J. Mech. Appl. Math. 67 127-58

[56] Kocks UF, Argon A S and Ashby M F 1975 Thermodynamics and kinetics of slip Prog. Mater. Sci. 19 1-288

[57] Morland LW 1959 The propagation of plane irrotational waves through an elastoplastic medium Phil. Trans. R. Soc. Lond. A 251
341-83

[58] Curran D R 1963 Nonhydrodynamic attenuation of shock waves in aluminum J. Appl. Phys. 34 2677-85

[59] GraftKF 1975 Wave Motion in Elastic Solids (London: Oxford University Press)

[60] Gilman]] 1969 Micromechanics of Flow in Solids (New York: McGraw-Hill)

[61] Meyers M A, Gregori F, Kad BK, Schneider M S, Kalantar D H, Remington B A, Ravichandran G, Boehly T and Wark ] $ 2003 Laser-
induced shock compression of monocrystalline copper: characterization and analysis Acta Mater. 51 1211-28

[62] Winey] M, Johnson J N and GuptaY M 2012 Unloading and reloading response of shocked aluminum single crystals: Time-dependent
anisotropic material description J. Appl. Phys. 112093509

[63] GuptaY M, Winey] M, Trivedi P B, LaLone B M, Smith RF, Eggert ] H and Collins G W 2009 Large elastic wave amplitude and
attenuation in shocked pure aluminum J. Appl. Phys. 105036107

22


https://doi.org/10.1016/0022-5096(81)90028-4
https://doi.org/10.1016/0022-5096(81)90028-4
https://doi.org/10.1016/0022-5096(81)90028-4
https://doi.org/10.1029/JZ071i018p04349
https://doi.org/10.1029/JZ071i018p04349
https://doi.org/10.1029/JZ071i018p04349
https://doi.org/10.1063/1.1661195
https://doi.org/10.1063/1.1661195
https://doi.org/10.1063/1.1661195
https://doi.org/10.1063/1.1661464
https://doi.org/10.1063/1.1661464
https://doi.org/10.1063/1.1661464
https://doi.org/10.1063/1.321678
https://doi.org/10.1063/1.321678
https://doi.org/10.1063/1.321678
https://doi.org/10.1063/1.327375
https://doi.org/10.1063/1.327375
https://doi.org/10.1063/1.327375
https://doi.org/10.1016/0022-5096(81)90029-6
https://doi.org/10.1016/0022-5096(81)90029-6
https://doi.org/10.1016/0022-5096(81)90029-6
https://doi.org/10.1115/1.3162619
https://doi.org/10.1115/1.3162619
https://doi.org/10.1115/1.3162619
https://doi.org/10.1115/1.3162619
https://doi.org/10.1098/rspa.2013.0141
https://doi.org/10.1016/B978-0-12-800130-1.00002-3
https://doi.org/10.1016/B978-0-12-800130-1.00002-3
https://doi.org/10.1016/B978-0-12-800130-1.00002-3
https://doi.org/10.1016/B978-0-12-800130-1.00002-3
https://doi.org/10.1103/PhysRevLett.114.174301
https://doi.org/10.1115/1.4030320
https://doi.org/10.1016/j.jmps.2015.08.008
https://doi.org/10.1016/j.jmps.2015.08.008
https://doi.org/10.1016/j.jmps.2015.08.008
https://doi.org/10.1016/0001-6160(62)90153-0
https://doi.org/10.1016/0001-6160(62)90153-0
https://doi.org/10.1016/0001-6160(62)90153-0
https://doi.org/10.1016/0036-9748(78)90219-3
https://doi.org/10.1016/0036-9748(78)90219-3
https://doi.org/10.1016/0036-9748(78)90219-3
https://doi.org/10.1121/1.1909333
https://doi.org/10.1121/1.1909333
https://doi.org/10.1121/1.1909333
https://doi.org/10.1016/j.jmps.2013.05.009
https://doi.org/10.1016/j.jmps.2013.05.009
https://doi.org/10.1016/j.jmps.2013.05.009
https://doi.org/10.1142/S1758825114500483
https://doi.org/10.1016/j.eml.2015.03.005
https://doi.org/10.1016/j.eml.2015.03.005
https://doi.org/10.1016/j.eml.2015.03.005
https://doi.org/10.1002/zamm.201300142
https://doi.org/10.1002/zamm.201300142
https://doi.org/10.1002/zamm.201300142
https://doi.org/10.1063/1.4897555
https://doi.org/10.1063/1.1702940
https://doi.org/10.1063/1.1702940
https://doi.org/10.1063/1.1702940
https://doi.org/10.1007/BF00044503
https://doi.org/10.1007/BF00044503
https://doi.org/10.1007/BF00044503
https://doi.org/10.1098/rspa.2008.0281
https://doi.org/10.1098/rspa.2008.0281
https://doi.org/10.1098/rspa.2008.0281
https://doi.org/10.1103/PhysRev.71.809
https://doi.org/10.1103/PhysRev.71.809
https://doi.org/10.1103/PhysRev.71.809
https://doi.org/10.1103/PhysRev.161.673
https://doi.org/10.1103/PhysRev.161.673
https://doi.org/10.1103/PhysRev.161.673
https://doi.org/10.1002/pssb.19700410162
https://doi.org/10.1002/pssb.19700410162
https://doi.org/10.1002/pssb.19700410162
https://doi.org/10.1103/PhysRevB.4.4291
https://doi.org/10.1103/PhysRevB.4.4291
https://doi.org/10.1103/PhysRevB.4.4291
https://doi.org/10.1016/S0022-3697(74)80278-7
https://doi.org/10.1016/S0022-3697(74)80278-7
https://doi.org/10.1016/S0022-3697(74)80278-7
https://doi.org/10.1016/j.jmps.2004.06.009
https://doi.org/10.1016/j.jmps.2004.06.009
https://doi.org/10.1016/j.jmps.2004.06.009
https://doi.org/10.1016/j.physd.2010.12.012
https://doi.org/10.1016/j.physd.2010.12.012
https://doi.org/10.1016/j.physd.2010.12.012
https://doi.org/10.1016/j.physd.2010.12.012
https://doi.org/10.1016/0167-6636(87)90030-5
https://doi.org/10.1016/0167-6636(87)90030-5
https://doi.org/10.1016/0167-6636(87)90030-5
https://doi.org/10.1088/0022-3727/43/49/492002
https://doi.org/10.1093/qjmam/hbt026
https://doi.org/10.1093/qjmam/hbt026
https://doi.org/10.1093/qjmam/hbt026
https://doi.org/10.1098/rsta.1959.0006
https://doi.org/10.1098/rsta.1959.0006
https://doi.org/10.1098/rsta.1959.0006
https://doi.org/10.1098/rsta.1959.0006
https://doi.org/10.1063/1.1729790
https://doi.org/10.1063/1.1729790
https://doi.org/10.1063/1.1729790
https://doi.org/10.1016/S1359-6454(02)00420-2
https://doi.org/10.1016/S1359-6454(02)00420-2
https://doi.org/10.1016/S1359-6454(02)00420-2
https://doi.org/10.1063/1.4765012
https://doi.org/10.1063/1.3075839

I0OP Publishing J. Phys. Commun. 2 (2018) 045032 JD ClaytonandJ T Lloyd

[64] ManviR and Duvall G E 1969 Shock waves in a one-dimensional non-dissipating lattice J. Phys. D: Appl. Phys. 2 1389-96
[65] Zhakhovsky V'V, Budzevich M M, Inogamov N A, Oleynik I Tand White CT 2011 Two-zone elastic-plastic single shock waves in solids
Phys. Rev. Lett. 107 135502

[66] Agarwal G and Dongare A M 2016 Shock wave propagation and spall failure in single crystal Mg at atomic scales J. Appl. Phys. 119
145901

23


https://doi.org/10.1088/0022-3727/2/10/305
https://doi.org/10.1088/0022-3727/2/10/305
https://doi.org/10.1088/0022-3727/2/10/305
https://doi.org/10.1103/PhysRevLett.107.135502
https://doi.org/10.1063/1.4944942
https://doi.org/10.1063/1.4944942

(PDF)

(PDF)

(PDF)

48
(PDF)

DEFENSE TECHNICAL
INFORMATION CTR
DTIC OCA

DIR ARL
IMAL HRA
RECORDS MGMT
RDRL DCL
TECH LIB

GOVT PRINTG OFC
A MALHOTRA

ARL
RDRL CIH C

JKNAP
RDRL D

M TSCHOPP
RDRL DP

T BJERKE
RDRL WM

B FORCH

S KARNA

A RAWLETT

S SCHOENFELD

J ZABINSKI
RDRL WMC

JMCCAULEY
RDRL WML B

I BATYREV

R PESCE-RODRIGUEZ

B RICE

D TAYLOR

N WEINGARTEN
RDRL WML H

B AYDELOTTE

D MALLICK

CMEYER

B SCHUSTER
RDRL WMM

JBEATTY
RDRL WMM B

G GAZONAS

D HOPKINS

B LOVE

B POWERS

T SANO

R WILDMAN
RDRL WMM E

JLASALVIA

JSWAB
RDRL WMM G

J ANDZELM
RDRL WMP A

S BILYK
RDRL WMP B

24

C HOPPEL

JMCDONALD

M SCHEIDLER

T WEERISOORIYA
RDRL WMP C

R BECKER

D CASEM

JCLAYTON

M FERMEN-COKER

M GREENFIELD

R LEAVY

JLLOYD

C MEREDITH

S SATAPATHY

S SEGLETES

A SOKOLOW

A TONGE

C WILLIAMS
RDRL WMP D

R DONEY

C RANDOW



	Clayton-Lloyd_JPC18.pdf
	1. Introduction
	2. Elastic precursor decay
	2.1. Continuum plasticity analysis
	2.2. Discrete dislocation analysis

	3. Wave speed analysis
	3.1. Nonlinear elastic precursor
	3.2. Plastic shock and material response along the principal Hugoniot
	3.3. Elastic wave speeds behind the shock front
	3.3.1. Effective elastic coefficients
	3.3.2. Longitudinal waves
	3.3.3. Shear waves


	4. Nonlinear precursor decay
	4.1. Problem geometry
	4.2. Intrinsic attenuation
	4.3. Hydrodynamic attenuation
	4.3.1. Wave interactions
	4.3.2. Dislocation generation
	4.3.3. An approximate model
	4.3.4. Dimensionless form


	5. Results and discussion
	5.1. Model predictions
	5.2. Discussion

	6. Conclusions
	Appendix. Decaying rarefaction signals
	References




