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I. SUMMARY

We have investigated several machine learning mod-
els which can be used to study solids. First findings
were published in Ref.!. Within a second study, we
developed a new representation, and applied it to the
study of elpasolite crystals. Elpasolite is the predomi-
nant quaternary crystal structure (AlNaKsFg prototype)
reported in the Inorganic Crystal Structure Database.
We generated machine learning model to calculate den-
sity functional theory quality formation energies of all
the 2M pristine ABCyDg elpasolite crystals which can

be made up from main-group elements (up to bismuth).
Our model’s accuracy can be improved systematically,
reaching 0.1 eV /atom for a training set consisting of 10k
crystals. Important bonding trends are revealed, fluo-
ride is best suited to fit the coordination of the D site
which lowers the formation energy whereas the opposite
is found for carbon. The bonding contribution of ele-
ments A and B is very small on average. Low forma-
tion energies result from A and B being late elements
from group (II), C being a late (I) element, and D be-
ing fluoride. Out of 2M crystals, the three degenerate
pairs CaSrCsyFg/SrCaCsyFg, CaSrRboFg/SrCaRbsoFg
and CaBaCsyFg/BaCaCsyFg yield the lowest formation
energies: —3.44, —3.41, and —3.39 eV/atom, respec-
tively. In crystals with large negative formation energies
unusual atomic oxidation states have been discovered for
Sb and Te. This work was published in 20162. Subse-
quently, in 2016 and 2017, a more universal and improved
representation was developed and tested on various data
sets including molecules, solids, water clusters, and pep-
tide side chain interactions. Systematic improvement of
prediction error with training set size was demonstrated
for all data sets, often reaching unprecedented predictive
power. Impressive results were also obtained for various
molecular electronic ground-state properties, dipole mo-
ments, HOMO-LUMO gaps, and polarizabilities. Inter-
estingly, learning has even been observed when predicting
systems containing chemical elements which were absent
in training. The resulting study was published in 2018
in the special J Chem Phys issue on “Data-enabled the-
oretical chemistry” by Faber (the PhD student predomi-
nantly funded by this project), Christensen, Huang, and
von Lilienfeld (the PI)3. Correspondingly, the represen-
tation was dubbed as FCHL, i.e. the acronym resulting
from the last names of the authors. Most recent work
has dealt with the extension of FCHL to also account
for response properties, such as forces on atoms or the
electric dipole moment*. Consequently, throughout this
report we frequently and freely quote from all the three
Refs.? 4.

II. INTRODUCTION

We have worked on the development and application
of chemically accurate machine learning models for crys-
talline solids. This has become possible by hiring a PhD
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student, Felix Faber, to work under the PI’s direct guid-
ance. The PhD program at the University of Basel,
Switzerland, as well as the academic research environ-
ment in the group led by the PI at the Institute of Phys-
ical Chemistry, have provided the setting in which this
ambitious work has started. Over the course of the first
year, we have adapted the molecular representation in-
troduced in Ref.? to also encode unit cells within periodic
boundary conditions'. For consistent training and test-
ing systematic materials data sets of electronic structure
properties have been generated for many stoichiometrical
mixtures. So far, our work has focussed on formation en-
ergies of quaternary crystals involving all main-group ele-
ments (I-VIII) up to Bi?. Other crystals, liquids, and in-
terfaces as well as properties have been dealt with within
our most recent work®*. More specifics are given below.
The PhD student is currently finalizing the writing of
his thesis, and is expected to graduate in late 2018 or in
2019.

A. Proposed Milestones

In the narrative of the grant proposal the following
milestones were specified:

1. Generate a consistent (representative and dense in
materials space) database of well behaved main-
group element based solids that we can use for the
development of new representations (training and
testing).

(Year 1)

2. Explore various descriptor spaces to identify mod-
els which can be trained to predict properties of
doped III-V semi-conductors, other maingroup el-
ements, transition metal oxides, as well as alloys
and defects, and even molecular crystals or liquids.
More specifically, the model will be trained to es-
timate the deviation of an inexpensive base-line
method (such as tight-binding density functional
theory) from a desirable reference (such as hybrid
density functional theory, GW, or even quantum
Monte Carlo).

(Year 14-2)

3. Screen larger sets with millions of materials candi-
dates for interesting properties such as band-gap,
desirable DOS, and convex hull in stoichiometrical
mixtures.

(Year 2)

4. Augment machine learning models with models of
other properties of interest such as atomic forces, so
that even crystal structure relaxation or molecular
dynamics can be carried out.

(Year 2+3)

5. Assess the performance for the simultaneous model-
ing of large numbers of different molecular crystals,

liquids, and interfaces in parallel.
(Year 3)

We have accomplished the first milestone (year 1) by cal-
culating density functional theory (DFT) based forma-
tion energies for over 10,000 elpasolite crystals. For the
second milestone (year 142) we investigated several de-
scriptors for solids!. We tackled the third milestone (year
2) by using the elpasolite machine learning (ML) model
to screen formation energies for 2M crystals involving
all main-group elements (I-VIII) up to Bi%. Milestones
4 and 5 have, at least partially, been resolved within the
most recent work>*.

B. Elpasolites

Elpasolite (AINaKoFg) is a glassy, transparent, lus-
ter, colorless, and soft quaternary crystal in the Fm3m
space group which can be found in the Rocky Moun-
tains, Virginia, or the Apennines. The elpasolite crystal
structure (See Fig. 1) is not uncommon, it is the most
abundant prototype in the Inorganic Crystal Structure
Database®”. Some elpasolites emit light when exposed
to ionic radiation, which makes them interesting mate-
rial candidates for scintillator devices®®. One could use
first-principle methods such as DFT!%:!! to computation-
ally predict the existence and basic properties of every
elpasolite. Unfortunately, even when considering crys-
tals composed of only main group elements (columns I
to VIII) the sheer number of all the 2M possible combi-
nations makes DFT based screening challenging—if not
prohibitive. Recently, computationally efficient ML mod-
els were introduced for predicting molecular properties
with the same accuracy as DFT?!'2. Requiring only mil-
liseconds per prediction, they represent an attractive al-
ternative when it comes to the combinatorial screening
of millions of crystals. While some ML model variants
have already been proposed for solids!'?'4, a generally
applicable ML-scheme with DFT accuracy of formation
energies is still amiss. We wrote a Letter where we in-
troduced a newly developed ML model which we use
to investigate the formation energies of all ~2M elpa-
solites made from all main-group elements up to Bi?.
Resulting estimates are used to identify a new elemen-
tal order of descending elpasolite formation energy, crys-
tals with peculiar atomic charges, as well as 250 elpa-
solites with lowest formation energies. The ML model
achieves DFT accuracy or better, and can be general-
ized to any crystalline material. During the review pro-
cess we were pressed to also investigate if we can identify
the thermodynamically stable elpsasolites. This resulted
in substantial additional work because all the compet-
ing phases for all elpasolites with negative formation en-
ergies had to be taken into account. We have accom-
plished this task by querying the Materials Project data
base [https://materialsproject.org| in order to ex-
tract all the recorded competing formulations of ternary
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and bindary compounds consistent for each of the qua-
ternary elpasolite crystals for which the ML model pre-
dicted negative formation energies (~200°000). To quote
from the published paper?: This resulted in many mil-
lion queries from which we extracted 2133 elpasolites with
energies indicating that they are on the convex hull of
thermodynamic stability. We subsequently validated these
structures using DFT, and 128 of them were confirmed to
be on the convex hull. 38 of these structures were poly-
morphs (ABCyDg vs. BACyDg), resulting in 90 over-
all stoichiometries. Such a reduction (274,213 — 90) in
number of crystal candidates is to be expected since sort-
ing crystals by ML energies being lower than the convex
hull systematically favors those with negative ML forma-
tion energy errors. We note that this does not amount
to proof that the 90 crystals are stable: The MP database
is not exhaustive. This implies that other new competing
phases and materials, with even stronger stabilization,
might still be discovered in the future. Also, the intrin-
sic error of the employed DFT method within the MP
might still alter the outcome with respect to experiment.
As such, the 90 new elpasolite DF'T energies represent
new upper bounds on the convex hull at the correspond-
ing compositions. They have been submitted to the MP
database, and most of them have been made available for
further studies

Among these elpasolites, metals, semiconductors and
insulators are roughly distributed equally. All struc-
tures with an earth alkaline metal in crystal position 4
have a low or zero band-gap. We have noted an in-
triguing yet stable structure of a conductor, NFAl Cag
(MP ID: mp-989399) with Ca at position 4, instead of
F or Cl. Bader charge analysisindicates an exotic neg-
ative oxidation state for Al (-II), previously only re-
ported for Al in substantially larger Zintl phase unit cells
(Sr14[Aly)o Ges).Since Bader charges sometimes yield
non intuitive results,calculated Hirshfeld and Voronoi de-
formation density charges confirm the negative oxida-
tion state, albeit reduced by one unit (-I). The calculated
phonon spectra of NFAl, Cag also indicate stability.

C. Representation

We have made significant progress regarding the de-
velopment of an improved representation which was re-
cently published in Ref.2. Inductive quantum machine
learning (QML) models can infer properties of new mate-
rials directly from training data, and can even predict the
electron density which in turn can be used to calculate
properties'®. As such, ML models can have an excep-
tional trade off between predictive accuracy and compu-
tational cost. For example, in 2017 we showed that QML
models can estimate hybrid DFT atomization energies, as
well as several other properties, of medium sized organic
molecules with prediction errors lower than chemical ac-
curacy (~0.04 eV)—multiple orders of magnitude faster
than hybrid DFT'7.

The system variables defining the ground-state proper-
ties of a given compound are its external potential, a sim-
ple function of interatomic distances and nuclear charges.
However, using this information directly to measure sim-
ilarity results in QML models with rather disappoint-
ing predictive power. This can be mitigated by transfor-
mation of system variables into “representations”. Such
transformations can either be designed by human intu-
ition, or be included in the learning problem, e.g. when
using neural networks (NN) which include representa-
tion learning in the supervised learning task. Letting
a NN find the representation has proven to yield mod-
els with low out-of-sample prediction errors'®29. This
approach, however, has the drawback that representa-
tion and model are intermingled within the NN, making
it less amenable to human understanding, interpretation,
adaptation, and further improvement. Furthermore, such
machine designed representations do not necessarily lead
to better QML performance than human design based
representations (vide infra).

D. Response properties

We have also made significant progress regarding the
development of ML models of response properties. For a
motivation of why this is an important problem, we quote
from the work posted recently*: Time-independent elec-
tronic ground-state quantum properties can be expressed
as expectation values of the electronic wavefunction and
an operator, typically defined via the correspondence
principle. The performance of supervised machine learn-
ing models of these quantum properties, a.k.a. quantum
machine learning (QML),%1221:22 can be conveniently as-
sessed using learning curves which monitor the decay of
the out-of-sample prediction error, i.e. the deviation of
predicted properties from reference for query instances
not included in training, as a function of training set
size N. Due to the leading prediction error decaying as
a/N®, log-log plots have become the recommended prac-
tice in the field with log(a) and b denoting the off-set and
learning rate (or efficiency), respectively* 2°. While in
principle, supervised ML models can be generated for any
cause and effect relationship, it is the very philosophy of
QML that representation (and kernel function when us-
ing kernel ridge regression) is property independent®5:27.
However, there is a select and highly relevant subset of
quantum properties which can be understood as response
properties, obtained through the use of response opera-
tors and perturbation theory. Common examples include
derivatives of the energy with respect to e.g. the nuclear
displacement, an external electric field, an external mag-
netic field, or nuclear magnetic moments, and can ef-
ficiently be accounted for within density functional the-
ory?®29. We note in passing that energy response prop-
erties also form the basis for conceptual density func-
tional theory’03t | as well as computational alchemy?33.
It has previously been observed that prediction errors of
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quantum machine learning models of response properties
can converge relatively slowly, even for machine mod-
els that are able to achieve remarkably high accuracy for
energies. 312172634 In this paper we investigate if the
use of response operators might be beneficial for deriving
improved QML models which afford learning curves with
lower off-sets and better learning rates.

Maybe the most relevant quantum response property
is the force exerted on each atom in the system, the
first order energy derivative with respect to nuclear dis-
placement>.  Quite recently, tremendous efforts have
been made to predict atomic forcces accurately within
QML models for the purpose of running ab initio qual-
ity molecular dynamics simulations at low computational
cost.3048  Treating the force as the first derivative of
the energy is tantamount to using the gradient operator,
as commonly implemented in quantum chemistry pack-
ages. Doing so leads directly to energy conservation, a
crucial property for most statistical mechanics applica-
tions, which has already also been obtained by others*>9.
Using the response operator, however, has not yet been
applied generally to generate QML models for other re-
sponse properties.

Here, we extend the principle of using response opera-
tors to investigate (i) energy and its response to a change
in the nuclear coordinates, and (ii) the energy response to
a change in the external electric field, i.e. the dipole mo-
ments. Recently other QML models, capable of predicting
dipole moments have also been published.’®* The work
by Schiitt et al. presents a neural network that is able to
predict the dipole moment of the QM9 dataset®>" with
very high accuracy®®, by simply training on the observ-
able, the dipole moment vector itself. Other works use
a charge model predicted from a neural network to esti-
mate the intensities in an infrared spectrum when the vi-
brational frequencies are given from a molecular dynam-
ics simulation.”:>3 Similarly to Schiitt et al., we propose
to learn the dipole moment by training on the quantum
mechanical observable directly, but in contrast we train a
model to describe the energy for which the dipole moment
can be calculated as a response property simply by taking
the derivative.

III. METHODS, ASSUMPTIONS AND
PROCEDURES

A. ML model for Elpasolite work

The ML-model is based on kernel ridge regression®”

which maps the non-linear energy difference between the
actual DFT energy and an inexpensive approximate base-
line model into a linear feature space®®. More specifi-
cally, we construct a ML model of the energy difference
to the sum of static, atom-type dependent, atomic energy
contributions ej;, obtained through fitting of each atom
type t in all main group elements up to Bi. The energy-
predicting function is a sum of weighted exponentials in
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o—e (I1I-VI)
XX (1-VIIT)
-- - MPD

b O, D %

—103R . o (III-VI)
€ X, XX (1-v1)
S B MPD
08)102 ' : %
X
g | N \X_/\
<
= 000 1000
10° 10 10° 10°

(e) N

0.8 i 12 FosFufil?:Blf_\ff'\

0

e S 8
20.
o) R~ 777, v
~ CsMgK,F, —
go.sh 2

0.4 0

g

0Ooqm lmw 125 250 -3.0 -2.0 -1.0

E(eV/atom)

FIG. 1. (a) Hlustration of elpasolite crystal (AINaK2Fg
structure). The four-tuple z = (x1,...,24) representation

of atomic sites is specified. (b) Frequency of elements (de-
fined by nuclear charge Z) for the three data sets studied. (c)
Mean absolute out-of-sample prediction error as a function of
training set size for the three data sets studied. Inset: Error
distributions and DFT vs. ML scatter plots for three train-
ing set sizes for the (I-VIII) data set. (d) Estimated mean
energy contribution of each element to formation of any el-
pasolite crystal. The color code reflects the new elemental
elpasolite order. (e) Lowest 250 ML model predicted forma-
tion energies of elpasolites in ascending order from (III—VI)
(TOP) and (I-VIII) (MID and BOTTOM) data sets. Results
in TOP and MID panel correspond to ML models trained on
2000 examples, BOTTOM panel results correspond to a ML
model trained on 10k crystals. Validating DF'T energies are
shown aside. (f) Distributions of absolute lowest possible to-
tal oxidation states (LPTOS) in energies. Formulas indicate
the lowest lying crystals.

similarity d between query and training crystal,

N’ N
B(x) =Y en+ > e 4/, (1)
I 7

where N’ is the number of atoms/unit cell (10 in the case
of elpasolites), and the second sum runs over all N train-
ing instances. «; are the weights obtained through linear
regression, and o is the global exponential width, regu-
lating the length scale of the problem. The similarity d;
is the Manhattan distance, i.e., d; = ||x —x;||;. While
various crystal structure representations have previously
been proposed’ 131459 we have found the following rep-
resentation to yield superior performance: x is a n x 2 tu-
ple that encodes any stoichiometry within a given crystal
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prototype. For quaternary (n = 4) elpasolites, each x1_4
refers to the 4 representative sites, the atom type for each
site is represented by its row (principal quantum number
2 to0 6) and column (number of valence electrons) I to VIII
in the periodic table, and sites are ordered according to
the Wyckoff sequence of the crystal. As such, x implic-
itly represents the global energy minimum structure for
a system restricted to this prototype—without explicitly
encoding precise coordinates, lattice constants, or other
(approximate) solutions to Schrédinger’s equation. This
representation is not restricted to the elpasolite structure,
it can be used for any crystalline configuration: Below we
also briefly discuss test results for small size ML models
applied to ternary crystals.

B. DATA set for Elpasolite work

For training and evaluation, we have generated DFT
data for two data sets of elpasolites, one small, (III—-VT),
made up from only 12 elements, C, N, O, Al, Si, P, S, Ga,
Ge, As, Sn, and Sb; and one large, (I-VIII), containing
all main-group elements up to Bi. Since (III-VI) only
comprise ~12k possible permutations, we have used DF'T
to obtain a complete list of formation energies.(I—VIII)
consists of 10k structures, i.e. 0.5% of the total number
of 2M possible crystals. The (I-VIII) data set has been
generated through random selection of elpasolites while
ensuring an unbiased composition. To verify that the
ML model is general and not only restricted to elpaso-
lites, we have also included a materials project® dataset
(MPD) consisting of ~0.5k ternary crystals in ThCroSia
(I4/mmm) prototype and made up of 84 different atom
types. The distribution of the chemical elements in the
data sets are shown in Fig. 1(b).

C. Novel representation and response work
1. Representation, distances and scalar products

In this work, also kernel ridge regression models are
used. In contrast to the Elpasolite work, however, we
have not relied on a A-ML approach®®. Rather, we in-
vestigated the direct performance of the models. Also,
instead of Laplacian kernel functions, we have solely
worked with Gaussian kernels.

We use a set of interatomic M-body expansions
A (I) = {Ai(1), A2(D), A3(1), ..., Am(I)} which con-
tain up to M-body interactions to represent the struc-
tural and chemical environment of an atom I in com-
pound C. A,,(I) is a weighted sum that runs over all
m-body interactions. Each element in the sums consists
of Gaussian basis functions, placed on structural and el-
emental degrees of freedom, and multiplied by a scaling
function &,,. Structural values encode geometrical infor-
mation about the system, such as interatomic distances
or angles. As elemental parameters we use the period

P and group G from the periodic table. The scaling
functions &, are used to weigh the importance of each
Gaussian, based on internal system coordinates. We now
consider only the first three distributions in A (1) for an
atom I. We have also derived, implemented and tested
the 4-body A4(I) distributions. However, the predictive
accuracy improvements of resulting QML models were
found to be negligible in comparison to the 3-body expan-
sion. Also, the computational cost for generating large
kernel matrices increases substantially when going from
third to fourth order terms.

The first-order expansion A;(I) accounts for chemical
composition (stoichiometry) and is modeled by a Gaus-
sian function placed on period P; and group G in the
periodic table of element I:

_(Pr—x1?  (Gr—x2)?

M) =N = e (@)

where xf,l) = {Pr,op; Gy, 0¢}, with respective widths o p

and 0. op and og can be seen as elemental smearing pa-
rameters, which control the near-sightedness of elements
in the periodic table. x; and ys2 represent dummy vari-
ables for period and group, to be integrated out when
evaluating the Euclidean distance (see Eq. (3)). For
A1(I), the scaling function is set to unity, since stoi-
chiometry is geometry independent. We are not aware
of other representations in the literature which employ
similar distribution functions in the periodic table.

As(I) is a product of A;(I) and a sum

that runs over all neighboring atoms i:
1 2 2

Ao = N X Neo (), <7 =

{dir,04; P;,0p;G;,0G}, where d;; and o4 correspond to
the interatomic distance at which a Gaussian is placed,
and its width, respectively. &5 corresponds to the 2-body,
interatomic distance dependent, scaling function which
takes the form of the power laws discussed below. Note
that letting op and og approach zero is equivalent to
using a radial distribution function (RDF) for each ele-
ment pair. This attribute of the representation holds for
any of A,,(I) ,i.e. op,06 — 0 is equivalent to creating a
separate distribution for each chemical element m—tuple
in A, (I). As(I) is the logical extension from As([), it
has a different scaling function with an additional sum-
mation, running over all neighboring atoms j: Az(I) =

NEOD) S N D) S N3 (dir, djr, 05),

xg} = {Hfj,oe;Pj7Jp;Gj,Ug}. P; and G, similarly to
P; and G, corresponds to the period and group of atom
j- Again, &(dir,d;r,0);) is the (three-body) scaling
function, and Q{j the principal angle between the two
distance vectors 77; and 77; which span from I to ¢ and I
to j, respectively. gy is the width of the Gaussian placed
at H{j. Letting o4 go to infinity in Asz is equivalent to
using a type of angular distribution function (ADF),
which in one form or another has already been used
in several representations>®1'%2, Aj; can therefore be
seen as a generalized ADF containing more structural

information. Fig. ?7? illustrates how Az(I) looks for a
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hydrogen, carbon, and the oxygen atom in ethanol.

The scaling functions £ we have chosen for this work
correspond to simple power laws. They have been mod-
ified from the leading order two- and three-body disper-
sion laws by London, 1/7%, and Axilrod-Teller-Muto%%%4,
1/7°. Such dispersion expressions were previously al-
ready used by some of us®'. Our scaling functions, how-
ever, use different exponents for the radial decay, and set
the Cg and Cyg coefficients to unity, as early tests indi-
cated better performance for this choice. For periodic
systems, however, a very large cutoff radius would be
needed in order to converge the distances between two
atomic environments, when using the optimized expo-
nents. We have therefore augmented the scaling func-
tions by a previously used soft cutoff function®®, which
goes to zero at 9 A.

In order to train and evaluate the KRR model, proper
distance measures must be specified. We have found
good performance when using as a distance between
two atomic environments A (1) and A (J) a weighted
sum of the distances between each m-body expansion:
AAM(D), An (D) = S B A(Am(D), A ().
Here, f3,, is another hyperparameter, which weighs the
importance of each expansion order.

The distances between each distribution term are eval-
uated as Euclidean (L) norms, as shown in Eq.3. ¢, are
normalization factors, which ensures that all individual
basis functions integrate to 1 in the Lo-norm. All inte-
grals can be solved analytically since they consist of a
sum of Gaussian products. The explicit form of the A,,
integrals for m = 1...3 is shown in Eq. 4. Details on
how to evaluate the A3z and A4 integrals in Fourier space
can be found in the SI.

1
A A = [ dam s (AnlD) = A () 3)
1 1 (Pr—Py)* (G1—-Gy)?
- AL(D) AL () == exp(— .
2 [t (A = e~ )
1 1 (Pr—Py)* (Gi—Gy)?
| dxa- - dys As(I)As(J) =—— exp(— -
2 Jus X1 X5 A2(1)Az(J) 2\/§eXP( 40?) 40%; )
nr ny 2 2 2
(djs—dir)”  (Pi—F;)° (Gi—Gj)
§2(dir) ) exp(— - - )§2(d;r)
#ZI J;] 402 402, 402, !
4)
L _1 (P = Py)* (G1—Gy) (
5 [ e As) =g e~y )

nr nj

ZZQXP(_(de;U;U) _(B=P)t (Gi-Gy) )

i£T j£JT

N s

Z &o(dir, dir, 0}y,) Z exp(— 152
0

k#i,I 1#£4,J

Note that third and fourth order terms become pro-
hibitively expensive to calculate directly. However, this
can to a large extent be circumvented by slightly modi-
fying the distributions, and solving the angular integrals
in Fourier space.

2.  Response properties

Within kernel-based regression®® %9, the total potential
energy U of a query molecule C in its electronic ground-
state, can be decomposed into a sum of local energies of
its I atoms contributions, which are calculated using a
basis of kernels:

40123 40%
(P, —R)* (Gy—G)?
- 402 - 402 )€3(deale79;']k)
P G

U= Ubear (a5) =D k(as.qi) s (5)

IeC Iei J

where J is an atomic environment in the basis, o is its
regression weight, and ¢; is the representation of the I'th
atom in the molecule.

Writing Eq. 5 in matrix form, we have:

U =Ka (6)

Note that in contrast to conventional KRR and Gaus-
sian Process Regression (GPR) based QML models®’,
this kernel matrix is no longer symmetric since it relies
on atomic kernel functions as a basis set.
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In this work, we approximate a response property w,
i.e. an observable which can be computed by applying a
differential operator O acting on the energy U*, defined
in Eq. 5,

w = 0[U] = OK|«x (7)

The set of regression coefficients, a, can obtained e.g.
by minimizing the Lagrangian

(@) =) 5,110, [U™] - O, [Kal,q (®)

=35, / [0,[U™] - 0, K] [0,[U™] - 0, [Ka]]

with respect to «¢ over some training set of known val-
ues of O[U™]. Q. is the domain over which the cor-
responding operator should be minimized, e.g. all rota-
tional degrees of freedom if the operator acts on a SO(3)
group. For simplicity we pick 2 such that fQ =1 for
the remainder of this study. « can be obtained e.g. by
solving the associated normal equations or using an or-
thogonal factorization such as a QR or a singular-value
decomposition (SVD). The corresponding normal equa-
tion (see supplementary materials for derivation) to this
problem is given by

a=[Sn [ omronm] [La [ o
)

However, solving the normal equations can be numeri-
cally unstable since it effectively squares the condition
number, i.e. K(KTK) = (k(K))>.

For the practical implementation and the results dis-
cussed in the following, an SVD factorization has been
used to solve Eq. 8, as it is has several practical and
efficient implementations. In contrast to the QR factor-
ization, the SVD factorization is also numerically stable,
even if K is rank-deficient, e.g. if K contains rows or
columns that corresponding to atoms or molecules that
are identical or only differ by symmetry operations to
which the representation is invariant.

In the case of under-determined equations, the
SVD factorization is performed ignoring singular values
smaller than a threshold, which can be treated as a hy-
perparameter similarly to regularization and length-scale
within ordinary KRR.

This section is dedicated to discussing some important
response operators in quantum mechanics, defining the
domain 2 over which the Lagrangian is to be minimized
and to provide corresponding solutions to the integrals
in Eq. 9.

We define the response operator for some external
parameter 77 = {ny,ny,n.} which can be written as

0
0577 = 8—77

Applying such an operator would map a

Uref]TO K ]}

the scalar field to a three dimensional vector field. All
rotational degrees of freedom can then be integrated out
with the following solutions. The solutions to the two
integrals in Eq. 9, respectively, are thus

o OorlK" OslK] = ;’; (a?yk ) (aiy K)
ref|T' 1 ) T, 9 (jf)
/Qéﬁ 057U )" Os57K] = 3 ue;,,z (a—mK) (8771,U )

(11)

Similarly this procedure can be used to solve the equa-
tions for the second order response operator, with respect
to two different perturbations 77 and »’:

T
057757? (K] 067757? K] =
Qéﬁérf/

5 ¥ (o) (o) 02

v €Ty, 2 877ua771,/ 67’]1,37]y/

Oanaﬁ [Uref]T05n5n K] =
Qaﬁan"
1 0? T 8?
- 7Uref - K 1
9 , U;y Z (87]1,8771’/ ) (877,,877;, ) (13)

A step-by-step derivation of these equations is given in
the supplementary materials.

Now we can explicitly write the matrix elements for the
operators investigated within this study. In the following,
the indices uppercase I, J, K correspond to atomic cen-
ters, and lower-case i, j and k correspond to molecules.

The unperturbed kernel corresponds to the energy or
identity operator acting on the kernel. The elements of
the unperturbed kernel K are given as:

K),, =Y k(aq) (14)

Ici

The kernel elements that correspond the force, i.e. minus
the nuclear gradient operator acting on the kernel are
given by:

0 K)py =Y 9k (¢, 4%)

Iei
* *
ox; Pt oz

where
(15)

The kernel elements that correspond to the response to
the external electric field E are given by:

where ve{ry z}

9 K fzw

Kei

(16)
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Similarly, the nuclear Hessian kernel is given by:

0? Z 8& QJaQK

, where
8:1:?/333 K= Oz7,0x7

(17)

Lastly, the kernel that yields the dipole derivatives nec-
essary for the infrared intensities is written as the mixed
second order derivative,

82 o ak. (an q;{)

———  (K)., ,, =
8E,f8x’;( Jits £~ 0E;0r;

where I €4 and v € {z,y,z} (18)

We are not aware of any other QML model which can
account for these effects.

D. Data sets for novel representation and response
work

The data sets newly developed and used for the stud-
ies published in Refs.?* are so modest in scope that we
refer to these papers for the description. Both studies
predominantly relied on data sets which were previously
published in the literature.

IV. RESULTS AND DISCUSSION
A. Results Elpasolites

Numerical results on display in Fig. 1(c) indicate sys-
tematic improvement of the predictive accuracy of the
ML model with increasing training set size, for all three
datasets. The inset details normally distributed er-
rors and scatter plots which systematically improve with
training set size for (III—-VI) and (I—-VIII) machine. The
accuracy of our ML model can be compared to that of
semi-local DFT as used in our data sets. Lany ° re-
ported prediction errors for heats of formation for gen-
eral chemistries with filled d-shells which (assuming nor-
mal distributions) translates to a MAE of at least 0.19
eV /atom 7!, For transition metal oxides, results of Hau-
tier et al. correspond to MAEs of at least 0.055 eV /atom
(0.019 for DFT+U), but such errors are expected to in-
crease when going beyond oxides, as in our datasets. For
a training set of 10k, our ML model reaches a MAE of
0.1 eV/atom, which is roughly at the level of accuracy of
semi-local DFT formation energies.

The converged performance for using all crystals of the
(ITI-VT) data set as training set confirms that our repre-
sentation captures all the information of a crystal neces-
sary to determine its energy. While errors decay mono-
tonically, the learning rate levels off for the (III-VT) data
set when NN approaches 10k. This is due to the em-
ployed relaxation threshold in the DFT calculations of
+10 meV/atom. Any inductive model will obviously fail

I''ITci

to go below this level, and only numerically more precise
reference numbers would mitigate this issue. In all vali-
dation tests dealing with energy predictions for random
out-of-sample crystals, the ML model performance meets
the expectations set in Fig. 1(c). For example, drawing
100 crystals at random from (III-VI) and (I-VIII), ML
models perform as expected when compared to the result
from validating DFT calculations.

Having established the performance of the ML model,
we have subsequently used the 10 k training set model
(I-VIII) for investigation of the elpasolite universe. Es-
timated formation energies for all 2 M elpasolites are fea-
tured in Fig. 2. The formation energies are clearly domi-
nated by the chemical identity of position 4, followed by
position 3 but according to a different pattern. Chemical
identity at position 1 and 2 has the smallest influence
and very similar impact. Due to the effective degener-
acy of positions 1 and 2, all inner matrices in Fig. 2 ap-
pear largely symmetric. Figure 1(d) shows the average
contribution of each element to the formation energies
estimated by the 10k ML model. These average contri-
butions per element are used to order the elements in
Fig. 2 to yield the smoothest elpasolite map. Arrang-
ing elements by their nuclear charge, or by their Pettifor
order”?, results in a much more oscillatory map or stripe-
like pattern due to underlying periodicities.

Figures 1(d) visualize the bonding emergent from the
geometry and bond coordination of the elpasolite crys-
tal structure.Fluorine and carbon are at the respective
ends of the global scale of low and high formation en-
ergies. But also alkaline metals, alkaline earth metals,
and oxygen contribute to lowering the formation energy.
On average, the formation energies of elpasolites involv-
ing halogens, alkaline metals, noble gases increase as the
periodic table is descended. The opposite holds for all
other elements, except oxygen, boron, carbon and nitro-
gen, which all have a noticeably higher average forma-
tion energy than any other element. A saddle point can
also be observed in the midst of the periodic table ta-
ble as well as two valleys along the halogen and alkaline
earth rows. Site-specific resolution indicates that fluorine
fits best with the bond coordination of sites 1, 2, and
4, whereas the same does not apply to later halogens.
In contrast, as the element on site 3 goes down column
IT in the periodic table, the formation energy is succes-
sively lowered, with Ca, Sr, and Ba contributing more
than any halogen atom. On sites 1 and 2, the forma-
tion energy generally increases the most for heavy noble
gases. On sites 3 and 4, it is carbon, followed by neigh-
boring B and N that increase the formation energy the
most. The accuracy of linear single atom energy mod-
els based on these scales, however, is not on par with
the ML-model, and—maybe more importantly—cannot
be improved systematically through increasing training
set sizes but rather converges to a finite residual error.

In order to achieve satisfying accuracy of =£0.1
eV/atom for elpasolites, a relatively large training set
of 10k is needed. This is likely due to the sparsity
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FIG. 2. Formation energies for all 2 M elpasolites made up of all main-group elements up to Bi predicted by the 10 k ML-model.
The outer vertical and horizontal axis correspond to x4 and x3 symmetry position, respectively. Inner vertical and horizontal
axis correspond to w2 and x1 symmetry position, respectively. Elemental sequence follows the elpasolite order of Fig. 1(d).
White pixels correspond to subspaces of ternary, binary, or elementary non-elpasolite crystals.

of crystals at the opposite ends of the high and low
formation energy spectrum; this results in a decreased
predictive ML model accuracy for crystals in these re-
gions. Nevertheless, the 10k ML model readily iden-
tifies a larger set of lowest lying elpasolites for which
the actual DFT minima can be obtained through sub-
sequent DFT based screening. This is shown in Fig. 1(e)
where the 250 crystals with the lowest ML predicted

formation energies are shown in ascending order. Sub-
sequent screening with DFT indicates the 26" crystal
CaSrCsoFg (out of 2M) to be the global formation en-
ergy minimum at —3.44 eV /atom, closely followed a near-
degenerate isomer SrCaCsyFg. The DFT energies of the
next two degenerate pairs CaSrRbyFg/SrCaRbyFg and
CaBaCsyFg/BaCaCsyFg correspond to —3.41, and —3.39
eV /atom, respectively. Overall, the elpasolites with the
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most favorable formation energies, ABC;Dg, correspond
to A and B being late elements from group (II), and C
and D being a late element from group (I) and fluoride,
respectively. Populating the four sites with elements from
groups (IT),(IT),(I), and (VIII), respectively, differs from
the experimentally established stoichiometry AINaKsFg.
In fact, the lowest DFT energy crystal with a group-
(I11) element is CsAIRbyFg (in 69" position) with —3.09
eV/atom (ML energy: —2.96 eV /atom.

We have also used our predictions to analyse atomic ox-
idation states in elpasolites. In particular, we have found
that roughly 6 % of the crystals with formation ener-
gies below —1 eV /atom exhibit unusual atomic charges:
They are low in energy despite the fact that no combi-
nation of conventional atomic charges would result in a
neutral system. In order to identify these crystals, we
have used the absolute value of the lowest possible total
oxidation state (LPTOS) that could possibly be realized
using a list of typical atomic oxidation states on display
in Table I. The lowest lying crystals have a LPTOS of 0
(—3 to —3.44 eV /atom formation energies). However, al-
ready at —3 eV /atom crystals with LPTOS of 2 or 1 start
to occur. At formation energies of ~ —1.25 eV /atom
and higher, the number of crystals with non-zero LP-
TOS increases rapidly, with LPTOS as high as 12. Cor-
responding crystal frequency distributions are shown in
Fig. 1(e), along with formulas for the mutually lowest
lying crystals. Interestingly, the number of crystals with
zero LPTOS increases monotonically with formation en-
ergy, while for nonzero LPTOS crystals the distribution
is oscillatory. In order to identify elements with unusual
oxidation states we report atomic charges obtained ac-
cording to Bader’s scheme™ 75 in Table I for the 10 low-
est lying crystals with non-zero LPTOS. We found the
Bader analysis to indicate atomic charges consistent (af-
ter rounding to the next integer) with the conventional
oxidation states in Table I for 95% of the 250 lowest ly-
ing crystals with zero LPTOS. Not surprisingly, due to its
strong electronegativity, F always conserves its negative
oxidation state of ~-1 in x4 position. For CsMgRbsFg,
CsMgKsFg, or BaNaCs,Fg, no unusual atomic charge is
found, the non-zero LPTOS being rather due to the ac-
cumulation of relatively low charges on the six fluoride
atoms. For the remaining seven crystals, however, un-
usual charges are found for atoms late in the periodic
table and populating the energetically weakly contribut-
ing x1 or o sites. In particular, Bader’s charge analysis
indicate unusual oxidation states for elements Sb (0;1)
and Te (0), suggesting that new chemistries could be ex-
plored for compounds involving these elements.

B. Results representation

Fig. 3 displays the performance overview for energy
predictions on six different data sets (QM9, QM7b, SSI,
water, elapsolites, OQMD). Mean absolute out-of-sample
energy prediction errors are shown as a function of train-

10

ing set size. The results indicate remarkable performance
for all data sets, indicating a well-working QML model
yielding systematic improvement with increasing train-
ing set size. The learning curves also indicate out-of-
sample MAEs which are consistently lower, or similar,
than previously published models in the literature. For
QM9, the MAE reaches the highly coveted chemical ac-
curacy threshold (1 kcal/mol or ~ 0.043 eV for enthalpy
of formation) with only 2k training points on the QM9
dataset. Previously published QML models had to in-
clude an order of magnitude more training molecules to
reach such accuracy. This is similar to the amount of
training molecules necessary when using the Coulomb
matrix representation in conjunction with semi-empirical
or DFT based baselines in order to estimate electron cor-
related energies, as demonstrated in 2015 with the A-ML
model®8.

For QM9, atomic Spectral London Axilrod-Teller-
Muto (aSLATM)%! and SOAP multi kernel model”s:""
reach a performance nearly as good as our QML model.
aSLATM, however, performs worse for the SSI and the
Water cluster. The SOAP multi kernel QML model,
however, performs an expansion in kernel function space
acting on the distance for which all degrees of freedom
have already been integrated out. As such it is, strictly
speaking, not the same as as an improved representa-
tion, but rather an improved regressor. Note that single
kernel based SOAP QML models perform significantly
worse. The reader should take notice however that in
the SOAP learning curve results presented in Fig 3, the
~3k structures which had failed the SMILES consistency
test, were included. As such, theses QML models are not
exactly comparable, and the SOAP results are still likely
to slightly improve if these faulty structures were to be
removed. One should also note that the SOAP results
shown for QMT7b correspond to the multi-kernel SOAP
kernel*H77.

Other models presented correspond to Coulomb ma-
trix (CM)2!, bags of bonds (BOB)™®, Bonds and An-
gles based Machine Learning (BAML)™, Histogram of
Distances, Angles, and Dihedrals (HDAD)!7, Spectral
London Axilrod-Teller-Muto (SLATM), aSLATMS!, the
crystal representation by Faber, Lindmaa, Lilienfeld,
Armiento (FLLA)?, the Sinematrix!, and the many-body
tensor representation (MBTR)%2. We also compared to
QML models which are not based on KRR, such as
the message passing neural network model (enn-s2s)'?,
and a Voronoi-tessellation based random forest model
(Voronoi)®.

The MAE of our new QML model is consistently the
lowest for all data sets and large training sets. For the
set of 4,000 non-equilibrium water clusters, there is a
noticeable difference between the global (CM, BOB and
SLATM) and the atomic representations (i.e., aSLATM
and the new model we introduce in this work): The global
models exhibit very little learning at first, only for larger
N the learning curves begin to turn downward. The
atomic models, however, our new representation based
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TABLE I. Calculated atomic charges for the 10 lowest formation energy crystals with non-zero LPTOS. ML and DFT energies
in eV/atom. Values for elements of unusual oxidation states are printed in bold.

Eprr

q q2  q3 q4

Formula |[LPTOS|EmL
MngBa2 F6 1 -2.88
CaTeBazFsg 1 -2.90
TeCaBasFg 1 -2.83
LiSbBasFg 2 -3.06
CSMgRb2F6 1 -2.93
BeSbBag Fa 2 -2.88
CsMgK,Fg 1 -2.97
SerBag FG 2 -2.90
SrTeBasFg 2 -2.89
BaNaCs2Fg 1 -2.84

QML model as well as aSLATM, improve rapidly with
increasing training data set size. We believe that sort-
ing and crowding in the global representations makes it
difficult to accurately account for the purely geometri-
cal changes in structures that contribute to total energy
variations.

Impressive predictive power is also observed for the
OQMD dataset, a structurally and compositionally very
diverse set of solids. Our new model has a lower out-of-
sample MAE for all N when compared to the sine matrix
representation on the OQMD dataset. The offset of the
learning curve of our new model is larger compared to
that of the Voronoi-based random-forest model®®. How-
ever, the learning rate of our QML model is significantly
steeper, surpassing the Voronoi model already at just
~ 250 training samples. Results for a solid state vari-
ant of the CM, designed for use in periodic systems, has
also been included (SineMatrix)!. It has a similar slope
as the Voronoi model, but a substantially larger off-set.

For the elpasolite data set,?, with large composition di-
versity but identical crystal structures, the learning-curve
of the FLLA representation has a slightly higher off-set
than our new QML model, yet exhibits a steeper learning
curve. Our model converges towards the same slope for
larger training set sizes. We can only speculate on the
reasons for such behavior. The FLLA representation dif-
fers qualitatively from the other representations in this
study: It does not include any explicit information about
coordinates and only encodes periodic row and column of
the elements which populate each crystal structure site.
The QML model then learns to infer ground state ener-
gies without knowing the exact configuration. This leads
to a very low dimensional model that is still unique for
the system, which might be the cause of the lower slope.
This however needs to be investigated more carefully be-
fore any conclusions can be drawn.

Further promising results are presented and discussed
in Ref.?, including predictions of multiple electronic
ground state properties as well of energies for molecules
containing elements which were absent in training.

-2.70
-2.68
-2.68
-2.62
-2.61
-2.60
-2.58
-2.56
-2.55
-2.52

1.66
1.58
0.31
0.89
0.98
1.68
1.01
1.48
1.70
1.69

0.42
0.31
1.59
1.06
1.67
0.35
1.68
0.60
0.40
0.86

1.63
1.67
1.67
1.62
0.92
1.62
0.92
1.59
1.66
0.92

-0.89
-0.87
-0.87
-0.86
-0.75
-0.88
-0.75
-0.88
-0.90
-0.73.

C. Results response properties

Here, a selection of results published in Ref.* is dis-
cussed. In particular, we rely on evidence obtained for a
molecular dynamics data set (MD17) consisting of eight
organic molecules, as well as of 4000 data points for a set
of isomers (ISO17).

Here we use the FCHL* representation within the
presented machine learning algorithm to study two ex-
isting benchmark sets for learning forces and energies.
The MD17 consists of molecular dynamics (MD) snap-
shots from MD trajectories of 8 different molecules, for
which reference forces and energies are given®®. Simi-
larly, the ISO17 consists of MD snapshots of isomers with
the chemical formula C;OsH1g. The ISO17 additionally
comes with two different test sets*”-®L. One that consists
only of isomers with a connectivity that is present in the
training set ("known”), and one that only contains iso-
mers with connectivity that is not present in the training
set ("unknown”). Briefly the two datasets benchmark the
conformational freedoms and constitutional freedoms of
molecules, respectively. Since there is no electric field
applied to the molecules in these data sets, note that
the FCHL* representation reduces to the original FCHL
representation?.

Learning curves for the two datasets are displayed in
Figures 4 and 5. For the MDI17 dataset, the out-of-
sample MAE errors of predicted energies are similar be-
tween FCHL*, GDML and SchNet, with SchNet being
slightly less accurate in most cases (See Fig. 4). FCHL*
and SchNet perform best for ethanol and malonhalde-
hyde, while GDML is the best for Salicyclic acid and
naphtalene. The case of benzen and uracil is interesting.
For benzene, all models show little to no progress for en-
ergies at rather low error values, and the force learning
is very weak. Uracil is best modeled by GDML, with rel-
atively poor SchNet forces, and FCHL being in between.
At this point, we remind the reader that the GDML ap-
proach is only applicable to a given system, while FCHL*
and SchNet are capable of learning across chemical space.

Performance across constitutional space is tested on
the constitutional isomers in the ISO17 dataset (Fig. 5).
For the two test sets of ”"known” and ”unknown”
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FIG. 3. Learning curves for atomization/formation energy predictions corresponding to various QML models. Out-of-sample
MAE is shown as a function of training set size for molecules (QM9 and QMT7b), protein side-chain dimers (SSI), liquid water
((H20)40 snapshots (Water cluster) and crystalline (OQMD and Elpasolites) data-sets.

molecules in the ISO17, the FCHL* model displays a
good learning rate, that is qualitatively comparable to
the SchNet model. Note that here, the name ”known”
only implies that the isomers of the same constitution are
known to the machine, but not the conformations in the
test set. Unfortunately the learning curves between the
FCHL* models and SchNet do not overlap, so the two
models cannot be compared quantitatively here, but the
out-of-sample accuracy seems comparable.

Overall, we find that our operator approach leads to
forces with state-of-the-art accuracy, on par with two of
the most accurate models already published in literature.

Prediction errors of machine learning models of dipole
moments converge slowly for conventional QML mod-
els®17:26 Here we demonstrate how including the under-
lying physics for the dipole moment into the represen-
tation improves the learning rate, compared to learning
the dipole norm with conventional kernel-ridge regres-
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FIG. 5.  The two figures show the learning curves of our

model for the ISO17 dataset, in addition the accuracy for
SchNet when using 4,000 training samples is shown. Left
shows the out-of-sample MAE energy prediction for a set of
isomers known to the trained machine ("known”) and for a
set of unknown to the machine ("unknown”). Right shows
the out-of-sample MAE force prediction for the same two sets.
Note that "known” in this context only concerns whether the
isomers are included in the training set or not. In both cases
only isomers with a conformation unknown to the machine
are used to as test data.

sion. We compare two approaches to learn the dipole
moment norm of the molecules in QM9; (1) using the
FCHL* representation with the aforementioned machine
learning approach to fit the dipole moments as derivatives
of the energy, and (2) simply learning the dipole moment
norm as a scalar using kernel-ridge regression with the
FCHL representation as done in our earlier paper. The
learning curves of the two models are displayed in Fig. 6.
The MAE out-of-sample predicted dipole moment norm
is decreased substantially with our new approach. For
instance, training on 5000 random molecules, the out-of-
sample MAE error is reduced by 54% (From 0.67 Debye

QM@ dipole-norm prediction

1.5 1
2 404
3 0.9
O, 0.8~
£ 0.7 4 !
2 0.6 E
o 0.51 i
° i Improvement
2 041 |,
w
< 0379 —— Learning norm only
—— Learning response
0.2-
100 1000 2500 5000 10000
# Training
FIG. 6. The figure displays the out-of-sample prediction

error of the dipole norm as a function of QM9 training data
set size. The red curve corresponds to a conventional KRR
model learning the scalar with the original FCHL represen-
tation (taken from Faber et al.?). The blue curve shows the
predictions from a machine trained on the energy and dipole
moments of QM9 molecules, which in turn predict the dipole
vector, from which the norm is calculated.

to 0.31 Debye). We also note that not only is the new
learning curve offset lower than the conventional learn-
ing curve, but it is also substantially steeper, showing
the strength of the approach due to using the correct re-
sponse operators in the kernel to learn the corresponding
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response properties.

Further promising results, for example for the predic-
tion of normal modes and IR spectra, are discussed in
Ref.%.

V. CONCLUSIONS

In conclusion, in the beginning of this grant, we have
developed and used ML-models of formation energies to
investigate all possible elpasolites made up of main-group
elements. We have presented numerical results for ~2 M
formation energies. The ML-model is only implicitly de-
pendent on spatial coordinates, through reference data
used for training. No spatial coordinates are needed for
new queries, yet for a training set of 10k crystals the
model reaches £0.1 eV/atom—comparable to DFT ac-
curacy for solids. The results have been used to identify
the most strongly bound elpasolites as well as to investi-
gate energy and bonding trends at crystal structure sites,
leading to a new “elpasolite order” of elements, consis-
tent with the bonding physics in the elpasolite crystal
structure. Crystals with lowest lying formation energies
have been identified, and using Bader’s charge analysis,
Te and Sb have been found to exhibit unconventional oxi-
dation states. During the second year we have performed
and extensive thermodynamic analysis of our ML results.
Making use of the materials project database we could
use our ML predictions to identify 90 new and thermody-
namically stable elpasolite crystals. While our analysis
does not offer a 100% guarantee that all possible elpa-
solites made up of main group elements have been dis-
covered in an exhaustive manner, it does seem extremely
likely: Out of 200’000 crystals considered, 90 met the
DFT criterion which is currently state of the art. Among
these 90 crystals we identified one crystal with a very un-
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usual negative oxidation state for Al. We believe that our
results hold great promise for the computational screen-
ing of polymorphs, other crystal structure symmetries,
solid mixtures, phase transitions, or defects at unprece-
dented rate and extent. Other crystal properties than
energies could also be considered.

Subsequently, in year 3 and 4 we have developed a
more universal representation which results in machine
learning models with unprecedented performance, as as-
sessed by learning curves, throughout materials com-
pound space. It is applicable to any material, i.e. to
molecules as well as clusters as well as periodic con-
densed matter®. Due to the quantum philosophy of the
approach, other extensive properties are also accounted
for with remarkable predictive power.

Most recent work from year 4, not yet published but
already available at the arxiv.org, has dealt with the
development of a ML methodology which can be used
to train and predict forces and other response properties
throughout chemical space?. State-of-the art predictive
power for forces is obtained, as well as unprecedented
accuracy for predicting other response properties, such
as dipole moments.
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VII. LIST OF SYMBOLS, ABBREVIATIONS to AINaKyFg.

AND ACRONYMS
DFT Density Functional Theory

MAE Mean Absolute Error

ABC;Dg General stoichiometry formula for elpasolite crys-
tals. Atoms A, B, C, and D occupy the respective

Wyckoff sites 1, 2, 3, and 4, as shown in Fig. 1. LPTOS Lowest Possible Total Oxidation State
For example, the elpasolite prototype corresponds

ML Machine Learning
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