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ABSTRACT 

This dissertation considers the two-dimensional problem of the scattering of a 

monochromatic cylindrical wave by an infinite cylinder embedded in a homogeneous 

fluid. The exact solution is expressed as an infinite series of cylindrical functions with 

complex amplitudes determined by the acoustic boundary conditions at the surface of the 

cylinder. New closed-form uniform asymptotic solutions for soft, hard, impedance, fluid, 

and solid cylinders are derived for the scattered field when the radius of the cylinder 

is small compared to wavelength; i.e., the Rayleigh scattering regime. The scattered 

wave approximation is valid for arbitrary source and observation point positions 

outside the scatterer. The approximate solution is expressed as the sum of fields due 

to three linear image sources, which allows physical insight into the scattering 

physics and suggests analytic solutions to various multiple-scattering problems. When 

a target is located close to the ocean surface or another reflecting boundary, 

reflections of the incident and single-scattered waves from the boundary lead to 

multiple scattering from the target, with the target being insonified by virtual sources. 

The virtual source concept and the derived asymptotics are employed to develop an 

analytic and numerically efficient model for wave scattering by a target near an 

interface. 

v 



THIS PAGE INTENTIONALLY LEFT BLANK 

vi 



 vii 

TABLE OF CONTENTS 

I. INTRODUCTION..................................................................................................1 

II. RAYLEIGH SCATTERING OF A CYLINDRICAL SOUND WAVE 
BY AN INFINITE CYLINDER ............................................................................5 
A. INTRODUCTION......................................................................................5 
B. THEORETICAL BACKGROUND .........................................................7 
C. DERIVATION OF THE ASYMPTOTIC SOLUTIONS OF THE 

SCATTERED WAVE ..............................................................................10 
1. Small Argument Approximation and Recursion 

Relationships for Bessel Functions .............................................10 
2. An Coefficients in the Rayleigh Regime .....................................11 
3. Inner Asymptotic: Sound Source and Receiver Are Close 

to the Scatterer .............................................................................12 
4. Outer Asymptotic: Sound Source or Receiver (or Both) Is 

Far from the Scatterer .................................................................15 
5. Uniform Asymptotic of the Scattered Wave ..............................17 

D. NUMERICAL SIMULATIONS .............................................................19 
E. BEARING ESTIMATION WITH MOUNTED RECEIVERS ...........22 

1. Plane Wave Beamforming Solution ...........................................24 
2. Matched Field Processing Solution ............................................26 
3. Analysis of Results .......................................................................27 

F. CONCLUSION ........................................................................................29 

III. SCATTERING OF LOW-FREQUENCY SOUND BY FLUID AND 
SOLID CYLINDERS...........................................................................................33 
A. INTRODUCTION....................................................................................33 
B. THEORETICAL BACKGROUND .......................................................35 

1. Fluid Cylinder ..............................................................................38 
2. Solid (Elastic) Cylinder................................................................39 

C. DERIVATION OF THE ASYMPTOTIC SOLUTIONS FOR 
THE SCATTERED WAVE ....................................................................41 
1. Small Argument Approximation and Recursion 

Relationships for Bessel Functions .............................................41 
2. Scattered Amplitudes in the Rayleigh Regime ..........................42 
3. Inner Asymptotic Solution ..........................................................45 
4. Outer Asymptotic Solution..........................................................48 
5. Uniform Asymptotic Solution .....................................................49 

D. NUMERICAL SIMULATIONS .............................................................52 



 viii 

E. RESONANCE SCATTERING OF SOUND BY AN INFINITE 
CYLINDER ..............................................................................................55 

F. ENERGY CHARACTERISTICS OF SCATTERING ........................59 
G. CONCLUSION ........................................................................................64 

IV. PASSIVE, BROADBAND SUPPRESSION OF RADIATION OF LOW-
FREQUENCY SOUND .......................................................................................67 
A. INTRODUCTION....................................................................................67 
B. POINT SOURCE IN AN UNBOUNDED FLUID .................................68 
C. POINT SOURCE NEAR A BOUNDARY .............................................74 
D. SOUND SOURCES IN A WAVEGUIDE ..............................................75 
E. DISCUSSION ...........................................................................................79 

V. AN ANALYTIC AND NUMERICALLY EFFICIENT MODEL FOR 
LOW-FREQUENCY SOUND SCATTERING BY AN INFINITE 
CYLINDER NEAR AN INTERFACE...............................................................81 
A. INTRODUCTION....................................................................................81 
B. THEORETICAL BACKGROUND .......................................................82 

1. Scattering by a Cylinder in Free Space......................................82 
2. Scattering by an Object Near a Boundary ................................87 
3. Single Scattering Approximation (SSA) ....................................88 
4. Multiple Scattering ......................................................................90 

C. IMAGE SCATTERING MODEL (ISM) ...............................................91 
1. Generalized Method.....................................................................91 
2. Dipole Correction .........................................................................92 
3. Metrics for Error Comparison ...................................................93 
4. Least Square Correction .............................................................95 

D. GEOMETRY OF MULTIPLE SCATTERING ...................................96 
E. CONVERGENCE OF THE ITERATIVE SOLUTION ......................99 
F. ENERGY STREAMLINES ..................................................................101 
G. CONCLUSIONS ....................................................................................105 

VI. CONCLUSION ..................................................................................................107 

APPENDIX A.  SCATTERING AMPLITUDES FOR AN ELASTIC 
CYLINDER ........................................................................................................111 

APPENDIX B.  RAYLEIGH REGIME DEGENERATE CASES ............................113 
A. FLUID CYLINDER ...............................................................................113 
B. SOLID CYLINDER ...............................................................................115 



 ix 

APPENDIX C.  IMPROVED UNIFORM ASYMPTOTICS FOR SOFT AND 
HARD CYLINDERS .........................................................................................117 

LIST OF REFERENCES ..............................................................................................121 

INITIAL DISTRIBUTION LIST .................................................................................129 

 

  



 x 

THIS PAGE INTENTIONALLY LEFT BLANK 

  



 xi 

LIST OF FIGURES  

Figure 1. Two-dimensional cross-section of the geometry of the cylindrical 
scattering problem. .......................................................................................8 

Figure 2. Accuracy of the uniform asymptotic of the scattered field. .......................20 

Figure 3. Accuracy of the amplitude and phase of the uniform asymptotic of 
the scattered field due to a soft cylinder. ...................................................21 

Figure 4. Accuracy of the amplitude and phase of the uniform asymptotic for 
the scattered field due to a hard cylinder. ..................................................22 

Figure 5. Plane wave beamforming bearing estimation for mounted receivers 
at various source ranges. ............................................................................25 

Figure 6. Matched field processing bearing estimation for mounted receivers 
at various source ranges. ............................................................................27 

Figure 7. Geometry for the cylindrical scattering problem. ......................................37 

Figure 8. Accuracy of the uniform asymptotic solution for the scattered field 
due to fluid and solid cylinders. .................................................................53 

Figure 9. Relative amplitude error (δA/A) and phase error (δφ) of the uniform 
asymptotic solutions for the scattered field due to a fluid cylinder. ..........54 

Figure 10. Relative amplitude error (δA/A) and phase error (δφ) of the uniform 
asymptotic solutions for the scattered field due to elastic solid 
cylinder. .....................................................................................................55 

Figure 11. Amplitude dependence of the scattered field on the material 
parameters of a fluid cylinder. ...................................................................59 

Figure 12. Energy characteristics of the total acoustic field at scattering from a 
solid cylinder. .............................................................................................62 

Figure 13. Energy characteristics of the total acoustic field at scattering from a 
fluid cylinder. .............................................................................................63 

Figure 14. Geometry of four scenarios of sound radiation suppression by 
diffraction on a compliant body. ................................................................70 

Figure 15. Noise mitigation by placing a small compliant sphere in the near 
field of a compact sound source. ................................................................72 



 xii 

Figure 16. Noise mitigation using a compliant cylindrical object of small radius. .....77 

Figure 17. Two-dimensional cross-section of the geometry of scattering of low-
frequency sound by a cylindrical target in free space. ...............................87 

Figure 18. Geometry of single scattering of low-frequency sound by a 
cylindrical target near a boundary. .............................................................90 

Figure 19. Geometry of multiple scattering due to cylinder near a boundary. ............98 

Figure 20. Accuracy of the total pressure field due to a cylinder near a 
boundary. .................................................................................................100 

Figure 21. Convergence rates for the total pressure field due to scattering by a 
soft cylinder near a pressure release boundary. .......................................101 

Figure 22. Power flux streamlines for soft cylinders near a boundary. .....................102 

Figure 23. Power flux streamlines for soft cylinders near a boundary. .....................103 

Figure 24. Power flux streamlines for hard and fluid cylinders near a boundary. ....104 

Figure 25. Power flux streamlines for hard and fluid cylinders near a boundary. ....104 

Figure 26. Improved accuracy of the uniform asymptotic solution for the 
scattered field due to soft cylinder. ..........................................................118 

Figure 27. Improved accuracy of the uniform asymptotic solution for the 
scattered field due to hard cylinder. .........................................................119 

 
  



 xiii 

LIST OF TABLES 

Table 1. Root mean square error (RMSE) in degrees for plane wave 
beamforming (PW) and matched field processing (MFP) bearing 
estimation at near and intermediate source ranges. ...................................29 

 

  



 xiv 

THIS PAGE INTENTIONALLY LEFT BLANK 



 xv 

ACKNOWLEDGMENTS 

This work was supported, in part, by the Office of Naval Research Ocean Acoustics 

Program [Award No. N00014-17WX00773].  

  

 

  



 xvi 

THIS PAGE INTENTIONALLY LEFT BLANK 

 



1 

I. INTRODUCTION

This dissertation is a collection of four peer-reviewed journal articles in published 

[1], [2], review [3], and in preparation to be submitted status. Additionally, these results 

were presented at the 173rd and 175th Acoustical Society of America Meetings [4]–[6]. The 

focus of the study pertains to the acoustic wave scattering by objects within the Rayleigh 

scattering regime, i.e., when the scattering object’s dimensions are small compared to 

wavelength.  

Rayleigh scattering is a classical and widely studied problem in wave theory 

[7]–[9]. It is generally studied assuming plane incident waves [10]–[14]. However, 

knowledge of the full Green’s functions becomes necessary for a multitude of scattering 

problems [15]–[18] for which the physical spacing between the scatters themselves or the 

scatterers’ separation from a boundary or source is comparable to their size [15], [19]–[22]. 

In underwater acoustics, such problems often arise in scattering by multi-scatterer 

configurations [23] and when calculating the radiation and scattering by objects near the 

ocean surface [19], [24] or seafloor [25]–[27]. In general, for problems when the full 

Green’s functions are necessary then numerical methods are used in the development of 

solutions. A lack of simple analytic and readily available solutions to such problems is the 

motivation for the current study. Compact analytic solutions can provide physical insights 

leading to new applications. 

The exact solutions to the problems of monochromatic wave scattering by cylinders 

[14], [28], [29] and spheres [10], [14], [30], [31] are well known. They are given by infinite 

series involving the products of Bessel functions, and Bessel functions and Legendre 

polynomials, respectively. A recent development in the problem of acoustic diffraction of 

a spherical wave by a sphere approximated the exact resultant scattered field as a field due 

to image sources within the object [32], [33]. The distinct physics of low-frequency 

scattering allowed for a considerable reduction in the complexity in the mathematical 

description of the exact solution. 
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An image source solution to this problem was envisioned through the structure of 

the classical static solution by Rayleigh for the electric potential due to a point charge in 

the presence of a grounded conducting sphere [34]. The equivalent solution to this static 

problem consists of only two charges: the original charge and an image charge located 

within the sphere at the Kelvin Inversion point. The physical insight into the static solution 

led to the construction of a compact uniformly asymptotic solution for spherical wave 

scattering by a sphere [32], [33]. The solution is valid in the Rayleigh scattering regime for 

arbitrary source and receiver locations outside of the sphere. 

In Chapter II, the method of matched asymptotic solutions that was developed for 

spherical targets is extended to wave scattering by an infinite cylinder with a radius that is 

small compared to the wavelength. Similarly, as for the sphere, the viability of an image 

source solution was anticipated due to known electrostatic [35] and magnetostatic [36] 

stationary limits involving cylinders. Rayleigh scattering of cylindrical waves by soft, hard, 

and impedance cylinders is considered and uniform asymptotic solutions are developed. 

The scattered field is expressed as the sum of fields due to image sources within the object. 

The derived uniform asymptotic solutions are valid for the Rayleigh scattering regime and 

describe the scattered field everywhere outside the cylinder for arbitrary positions of the 

sound source. 

The techniques previously applied to the sphere and to the soft, hard, and 

impedance cylinder are applied to the more complex and realistic fluid and solid scatterers 

in Chapter III. Uniform asymptotic solutions for the scattered field are developed for the 

fluid and solid cylinder, and solutions are revisited for soft, hard, and impedance cylinders. 

The scattered field is expressed as the sum of fields due to a finite number of image sources 

located within the object, albeit with a different image source structure than previously 

derived. The uniform asymptotic solutions derived represent a simple, accurate, and 

uniformly valid approximation of the exact solution for arbitrary positions of the source 

and receiver outside of the cylinder. 

In Chapter IV, the derived acoustic Green’s functions for cylindrical and spherical 

scatterers are employed in a theoretical analysis of an approach to underwater noise 

mitigation. The approach relies on a wave-diffraction based technique for passive 
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suppression of low-frequency noise rather than reflection or dissipation. The feasibility of 

underwater noise mitigation by placing a small compliant body near the source is 

evaluated. Analytic solutions for sound diffraction on cylinders and spheres streamlines 

the analysis. 

The 2-D scattering problem of cylindrical wave diffraction by an infinite cylinder 

near an interface is considered in Chapter V. This problem is of interest in its own right, 

but also because it can be viewed as a 2-D model for the scattering of a spherical wave by 

a sphere near a plane interface. In either case, no exact analytic solution is available. When 

an object is located close to an interface, reflections of the incident and single-scattered 

waves from the boundary lead to multiple scattering from the object. In general, this 

problem is solved either by neglecting the multiple scattering or through various numerical 

methods [19], [22], [37]. Here, an analytic and geometric approach is developed utilizing 

the previously derived acoustic Green’s functions coupled with the method of images in 

iteration. The approach provides a numerically efficient and physically intuitive solution 

into a multiple-scattering problem. The solution is valid in the Rayleigh scattering regime 

and for arbitrary positions of the source and receiver relative to the cylinder and the 

interface. 

Lastly, Chapter VI is a summary of the findings of the dissertation research.  
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II. RAYLEIGH SCATTERING OF A CYLINDRICAL SOUND
WAVE BY AN INFINITE CYLINDER

This chapter was previously published as [1]: Alexander B. Baynes and 
Oleg A. Godin, “Rayleigh scattering of a cylindrical sound wave by an 
infinite cylinder,” The Journal of Acoustical Society of America, vol. 142, 
no. 6, pp. 3613–3623, 2017.  

Re-print permission is granted by AIP Publishing. AIP Publishing permits 
authors to include their published articles in a thesis or dissertation. 

A. INTRODUCTION 

Scattering of waves due to objects that are small relative to wavelength, commonly 

referred to as Rayleigh scattering, is a classical and widely studied subject in wave theory. 

Commonly, within the Rayleigh regime, scattering is investigated for plane incident waves, 

and general asymptotic solutions have been obtained specifically for low frequency and far 

field regimes [10]–[14]. However, knowledge of the full Green’s functions is necessary for 

many problems of current interest for which the physical spacing between the scatterers 

themselves or the scatterers’ separation from a source or boundary is comparable to their 

size. In underwater acoustics, such problems can arise in dense multi-scatterer 

configurations [23], radiation by finite sources [38]–[41], target classification [42]–[44], 

source localization [45], scattering suppression [46], [47], and when calculating the 

radiation and scattering of sound due to objects located near the ocean surface [19], [24] or 

the seafloor [25]–[27]. No simple analytic solutions are readily available for such 

problems, and numerical methods have to be used. This is the motivation for the present 

study. Compact analytic solutions can provide physical insights leading to new 

applications. For instance, the feasibility of underwater noise mitigation by placing a small 

compliant body near the source was tested. The approach relies on wave diffraction rather 

than dissipation or reflection. The analysis was streamlined using analytic solutions for 

sound diffraction on simple shapes [2].        

The exact solution of scattering of a monochromatic cylindrical wave by a soft and 

hard cylinder is given by an infinite series that involves the products of Bessel functions 
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[14]. Recently, an analytical approach was developed to derive simple asymptotic solutions 

for a spherical sound wave scattered by a small sphere representing soft, impedance, hard, 

and homogenous fluid targets [32], [33]. The technique results in approximating the 

scattered wave as a sum of fields due to “image sources.” The viability of the image source 

method was anticipated from known stationary limits for simple geometries such as the 

classical electrostatic problem involving a grounded sphere and a point charge with the 

elementary solution obtained by Kelvin [34].  

In this chapter, we extend the analytical method of matched asymptotic expansions 

developed for spherical targets and apply it to cylindrical wave scattering by an infinitely 

long circular cylinder with a radius small compared to the wavelength. Rayleigh scattering 

by soft, hard, and impedance cylinders is considered with the goal of developing a simple, 

accurate, and uniformly valid approximation of the exact solution for arbitrary positions of 

the source and receiver outside of the cylinder. The developed 2-D Green’s functions hold 

everywhere outside of the cylinder, have a similar structure to the static limits in the 

electrostatic [35] and magnetostatic [36] solutions, and are represented by the sums of 

“image sources” within the scatterer. The asymptotic Green’s functions allow a clear 

physical interpretation and lead to a computationally efficient approach to solve more 

complicated problems for the scattering of sound in underwater waveguides. For instance, 

representation of the scattered wave as the field due to several linear sources immediately 

allows computation of the acoustic pressure in a waveguide as a superposition of local 

normal modes [48]. 

This chapter is organized in the following manner. In Section II.B, the theoretical 

background of cylindrical wave scattering is presented with the exact solution. In Section 

II.C, a uniform asymptotic solution for the scattered wave is developed in the Rayleigh 

regime by matching two local asymptotic solutions. Accuracy of the uniform asymptotic 

solution is quantified and analyzed in Section II.D. In Section II.E, the asymptotic image 

solution and the properties of the scattered wave that the solution reveals are utilized to 

study the performance of plane wave beamforming and matched field processing 

techniques in bearing estimation by mounted receivers. Lastly, Section II.F is a summary 

of our findings. 
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B. THEORETICAL BACKGROUND 

In this scattering problem, monochromatic incident cylindrical waves of frequency 

ω are considered, emanating from an infinite line source. The cylindrical waves are 

incident upon and diffracted by an infinite circular cylinder of constant radius a. The axis 

of the cylinder is parallel to the linear source. The cylinder and source are embedded in a 

homogenous fluid with density ρ and sound speed c. Scattering by acoustically soft, hard, 

and impedance cylinders is considered. The scattering problem described is effectively a 

two-dimensional problem due to the acoustic complex pressure field being independent of 

the z-coordinate along the cylinder axis. The scattering geometry is represented using the 

polar coordinate system consisting of the coordinates ( , )r θ . The origin of the coordinate 

system is located at the center of the cylindrical scattering body. Cartesian coordinates are 

defined by the usual relationships cosx r θ= and siny r θ= . 

Acoustic pressure in an incident cylindrical wave emanating from an infinite 

acoustic line source is classically and compactly expressed as [14] 

 ( )( ) ( ) ( )2(1) 2
0 0 0,  inp H kR b R x x x y= = − + .  (2.1) 

Time dependence exp(–iωt) is assumed and suppressed. Let p be the acoustic pressure, 

which is a sum of the incident and scattered waves: in scp p p= + ; /k cω= is the acoustic 

wave number, b > a is the distance from the source to the center of the scatterer, ( )0R x   is 

the distance between the field observation point ( ),x y  and any point 0x  along the line 

connecting the origin and the source (Figure 1). Additionally, ( ) ( )1
0H q  is the Hankel 

function of the first kind of 0th order. Hankel functions are the linear combination [49] 
( ) ( ) ( ) ( )1
n n nH q J q iY q= +  of the Bessel function ( )nJ q  and the Neumann function  

( )nY q . For large arguments, Hankel functions have the following asymptotic behavior 

[49]: 

 ( ) ( ) ( )1 ~ 2 exp 2 4 , >>1, arg 2 ,nH q q iq in i q qπ π π π π− − − < <   (2.2) 

and represent outgoing waves.  
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Figure 1. Two-dimensional cross-section of the geometry of the cylindrical 
scattering problem. Depicted is the acoustic pressure line source 

located at coordinates (b, 0) outside an infinite cylindrical scatterer of 
radius a and axis at (0, 0). The field observation point is located at 

(x, y). Additionally, shown are the coordinates of three image acoustic 
line sources located within the cylinder at coordinates (a2/b, 0), (0, 0), 

and (-a2/2b, 0). The distance R is formally defined in Eq. (2.1) and 
employed from Eq. (2.28) onward. 

The scattered field satisfies the two-dimensional homogeneous Helmholtz 

equation, 

 2 2 0,   sc scp k p r a∇ + = > .  (2.3) 

Boundary conditions on the surface of the cylinder depend on the type of the scatterer. For 

the soft cylinder, i.e., a cylinder with a pressure release surface, the boundary condition is 

the Dirichlet boundary condition for the total acoustic pressure [33]. In terms of the incident 

and scattered waves,   

 ,   sc inp p r a= − = .  (2.4) 
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At the acoustically hard surface, the particle velocity normal to the cylinder’s 

surface is zero. The hard cylinder is described by imposing a Neumann boundary condition 

[33], which can be expressed as 

 ,   sc inp p r a
r r

∂ ∂
= − =

∂ ∂
.  (2.5) 

The surface of the impedance cylinder is neither perfectly hard nor soft, but has 

intermediate acoustic properties. The boundary condition on the impedance surface is [33]  

 ,   sc in
sc in

p pp p r a
k r k r
ζ ζ∂ ∂

+ = − − =
∂ ∂

,  (2.6) 

where ζ  is a dimensionless impedance. In this context, the limiting cases of acoustically 

soft and hard surfaces are recovered at 0ζ →  and ζ →∞ , respectively. 

The exact solution of the problem of cylindrical wave scattering by an infinite 

cylinder is known, and the expressions for the incident and scattered fields valid outside of 

the cylinder can be written in terms of infinite sums of cylindrical harmonics as a function 

of only r and θ  [14] 

 ( ) ( ) ( ) ( ) ( )1

0
cos ,   max , ,   min ,in n n n

n
p H kr J kr n r r b r r bε θ

∞

> < > <
=

= = =∑ ,  (2.7) 

 ( ) ( ) ( ) ( )1 1

0
cos ,   sc n n n n

n
p A H kb H kr n r aε θ

∞

=

= − ≥∑ ,  (2.8) 

where nε  is the Neumann symbol ( 0 1ε = ; 2nε =  for 1n ≥ ). The value of representing the 

incident field by the summation in Eq. (2.7) vice the equivalent form of Eq. (2.1) is the 

consequent simplification of finding the coefficients An for the scattered field. The 

coefficients are determined through substitution of Eqs. (2.7) and (2.8) into the boundary 

conditions, Eqs. (2.4)–(2.6). After substitution, solving for the An coefficients is simply a 

matter of equating coefficients of like factors of order n  using the property of linear 

independence of the family of cos nθ  trigonometric functions. The resulting boundary 

specific An coefficients for the soft (S), hard (H), and impedance (I) surface cases are 

 ( ) ( ) ( ) ( )1S
n n nA J ka H ka= ,  (2.9) 

 ( ) ( ) ( ) ( )1H
n n nA J ka H ka′′= ,  (2.10) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1I
n n n n nA J ka J ka H ka H kaζ ζ ′′= + +    

,  (2.11) 
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where the coefficients have been labeled case specifically and the prime denotes the 

derivative of the original function with respect to its argument. Substitution of Eqs. (2.9)–

(2.11) into Eq. (2.8) gives the exact solution for scattering (diffraction) of a cylindrical 

wave by acoustically soft, hard, and impedance cylinders, respectively. 

C. DERIVATION OF THE ASYMPTOTIC SOLUTIONS OF THE 
SCATTERED WAVE 

In development of the asymptotic solution, we consider only the scattering within 

the Rayleigh regime, i.e., when 

 1ka << .  (2.12) 
 

1. Small Argument Approximation and Recursion Relationships for 
Bessel Functions 

Below, we will repeatedly use the small argument expressions [49]  

 ( ) ( )21 1 ,   1,  2,  3,...
! 2

n

n
qJ q O q n

n
   = + =    

,  (2.13) 

 ( ) ( ) ( ) ( )( )1 21 ! 2 1 ,   1,  2,  3,...
n

n

i n
H q O q n

q
κ

π
−    = − + =    

,  (2.14) 

for Bessel and Hankel functions. Here and below, the notation  ( ) ( )2 2 1 lnq q qκ = +  is 

used for brevity. Additionally, Bessel and Hankel approximations for the 0th order terms 

are 

 ( ) ( )2 4
0 1 4J q q O q= − + ,  (2.15) 

 ( ) ( ) ( )( ) ( )( )1 2
0 1 ln 2 2H q q i O qγ π κ= + + + ,  (2.16) 

where 0.5772157...γ =  is Euler’s constant. [49] Equations (2.10)–(2.11), which represent 

the coefficients for the hard and impedance cases, respectively, require small argument 

limits of derivatives of Bessel and Hankel functions. The following relationships [49]  

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0 1 1 1

1

,  2 ,

,
n n n

n n n

q q q q q

q q q n q

χ χ χ χ χ

χ χ χ
− +

+

′ ′= − = −

′ = − +
  (2.17) 

for derivatives of Bessel functions prove useful. Here, χ  denotes J , Y , ( )1H  or any linear 

combination of these functions of the same order n. 
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2. An Coefficients in the Rayleigh Regime 

Using Eqs. (2.13)–(2.17), the nA  coefficients for the soft and hard cylinders, 

Eqs. (2.9)–(2.10), simplify and become 

 ( ) ( )
1

2 2
0

21 ln 1
2

S i kaA O k aγ
π

−
     = + + +        

,  (2.18) 

 ( ) ( ) ( )( )2 2
0 2 1HA i ka O kaπ κ = +  ,  (2.19) 

 ( ) ( ) ( ) ( ) ( )( )1 2 2! 1 ! 2 1 ,  1,  2,....nS H
n nA A i n n ka O ka nπ κ

−  = − = − + =       (2.20) 

In order to derive the approximate coefficients for the impedance cylinder, we 

impose the following restriction on the solution: 

 ka ζ<< . (2.21) 

In view of Eq. (2.12), Eq. (2.21) is not a strong additional assumption. Using condition 

(2.21), the derivative relationships defined in (2.17), and substitution of Eqs. (2.13)–(2.16) 

into Eq. (2.11), after simplification yields the approximate coefficients for the impedance 

cylinder: 

 

( ) ( )
( )( )( ) ( )( )

( ) ( ) ( )

2
0

1

2 1
1 ,

2 1 ln 2 2

( ) ( ) 1 ,   1,  2,... .

I

I
n n n

i ka ka
A O ka

i ka ka i

A J ka H ka O ka n n

π ζ
κ

ζ π γ π

ζ

−  = + − + +

′′= + =  

  (2.22) 

Note that, under condition (2.21), only the ( )
0

IA  and ( )
0

HA  coefficients differ for the 

impedance and hard cylinders. The effect of the surface impedance on the scattered wave 

is solely contained in the ( )
0

IA  term. Identical results were found for the small sphere [33]. 

Consequently, the scattering problem for the impedance cylinder can be readily solved if 

the hard cylinder solution is known. All that is needed for a complete solution is 

computation and replacement of the 0th order coefficient into the hard cylinder solution. 

Substitution of the approximate coefficients defined in Eqs. (2.18)–(2.20), and 

(2.22) into (2.8) solves the cylindrical scattering problem approximately in the Rayleigh 

regime over the entire domain of ,r b a≥  in terms of an infinite sum for the soft, hard, and 

impedance cylinder. In analysis of the coefficients, the 0A  coefficients are unique with 

respect to proportionality of the order of ka . For the soft, impedance, and hard scatterers 
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the 0th order coefficients are proportional to 1 ln ka , ka , and 2 2k a , respectively. At n = 0, 

both the impedance and hard coefficients are small unlike the soft coefficient. For 1n ≥ , 

the coefficients are all similarly proportional to ( )2nka  and so, within the Rayleigh regime, 

the amplitude of the terms in the infinite sum rapidly decrease with increasing order n. In 

view of this, the relative importance of the first two terms for the three cases is drastically 

different. For the soft and impedance cylinders, the first term is dominant and the overall 

solution behaves more like a monopole source at the origin and is relatively angle 

independent. However, for the hard cylinder the first two terms are equally proportioned 

with respect to ka, and so the approximation will behave more like the summation of a 

monopole and dipole source at the origin resulting in more significant angle dependence. 

The coefficients for the soft and hard cylinders in the limit of small ka are related 

simply by ( ) ( )S H
n nA A= −  for 1n ≥  to a factor of ( )( )21 O kaκ+ . In view of this property it 

is more convenient to use the compact expression  

 ( ) ( ) ( )( )2 2 2 2
1 1 ! 2 1 ,   1,  2,...n

nA A n ka n O ka nκ
− −  = − + =     ,  (2.23) 

where the effect of the boundary condition is encapsulated within the respective 1A  case 

specific coefficient. 

3. Inner Asymptotic: Sound Source and Receiver Are Close to the 
Scatterer 

Consider the inner domain of the asymptotic as the region for which the sound 

source and the receiver are both located geometrically close to the scatterer. More 

quantitatively, the source and receiver are located within a fraction of a wavelength from 

the center of the cylinder, i.e., 

 1,   1kb kr<< << .  (2.24) 

Restrictions in this form allow use of the small argument approximations presented in 

Section II.C.1. Starting from Eq. (2.8) for the exact scattered field, using Eq. (2.23) for the 

An coefficients and the small argument approximation (2.14) for the respective Hankel 

functions as a result of condition (2.24), this yields  
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 ( ) ( ) ( ) ( ) ( ) ( )( )
2

1 1 2 21
0 0 0 2 2 2

8 , 1sc
A ap A H kb H kr S O kb kr

k a br
θ κ κ

π
   = − + + +    

,  (2.25) 

where 

 ( )
1

, cos
n

n
S n

n
αα β β

∞

=

=∑ .  (2.26) 

The scattered field in Eq. (2.8) is now simplified and reduced to two terms: the wave due 

to a line source at the origin and a field proportional to a geometric sum. The sum ( ),S α β  

is independent of sound frequency and only dependent on the geometric parameters a, b, 

r, and θ. Note that 0 1α< <  and 0 2β π≤ ≤  for the scattered wave. Because 
1

n
n
α∞

=∑  is a 

convergent series, and since ( )cos 1n nβ ≤ , the infinite series in (2.26) is absolutely 

convergent. The sum in Eq. (2.26) can be evaluated in a closed form by using the 

exponential form of the cosine function and separating the total sum into the sum of two 

independent series. Using the power series representation of ( ) 1
ln 1 n

n
x x n∞

=
− − =∑ , for 

1x < , the sum is written as 

 ( ) ( )2, 0.5ln 1 2 cos ,  0 1S α β α β α α= − − + < < .  (2.27) 

Recognizing that ( )2
01 2 cos R x rα β α− + =  when β θ=  and 2

0x a b= , ultimately the 

sum can be evaluated exactly as 

 ( ) ( )2 2, lnS a br R a b rθ  = −   .  (2.28) 

Substitution of Eq. (2.28) into the approximate scattered field in Eq. (2.25) yields a 

compact expression for the scattered field. However, the second term in the expression 

with coefficient A1 satisfies the two-dimensional Laplace equation, 2 0p∇ = , and not the 

Helmholtz equation  (2.3). The scattered acoustic pressure field, however, can be expressed 

in terms of cylindrical functions that explicitly satisfy the Helmholtz equation using the 

relationship in Eq. (2.16) between logarithms and Hankel functions for small arguments. 

Within the accuracy of Eq. (2.25), the exact expression for the sum in Eq. (2.28) can be 

represented approximately in terms of two acoustic image line sources. Ultimately, the 

scattered field is 
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( ) ( ) ( ) ( ) ( )

( ) ( )( )

2
1 1 11 1

0 0 0 02 2 2 2

2 2

4 4

1 .

sc
A Ai i ap A H kb H kr H kR

k a k a b

O kb kr

π π

κ κ

     = − − +     
      

 × + + 

  (2.29) 

For arbitrary a, b, and r values for which conditions (2.12) and (2.24) hold, Eq. (2.29) 

represents an inner local asymptotic solution of the scattered acoustic field. The asymptotic 

reproduces the scattered wave field up to the factor ( ) ( )( )2 21 O kb krκ κ+ +  and exactly 

satisfies the Helmholtz equation. The solution is dependent only on the A0 and A1 

coefficients specific to the soft, hard, and impedance boundary conditions. For all three 

cases, the scattered wave is composed of the simple sum of fields due to two image line 

sources located at the center of the scatterer and at the point ( )2 ,0a b . The latter point 

shares the same coordinates to the Kelvin inversion point, which arises in the well-known 

solution first obtained by Kelvin for the classical electrostatic problem involving a 

grounded sphere and a point charge [34]. 

Equation (2.29) is valid in the low frequency limit for which 0k →  while 

geometric parameters a, b, and r remain fixed. In the stationary limit for the soft and hard 

cylinders the resulting pressure fields reduce to 

 ( ) ( )( ) ( )( ) ( )1 2

0
lim 2 ln ln lnS

k
p i R b R a b b aπ −

→
 = − −  ,  (2.30) 

 ( ) ( )( )1 2

0
lim 2 ln lnH

sck
p i R a b rπ −

→
 = −  .  (2.31) 

In the stationary limit, both fields represented in Eqs. (2.30) and (2.31) are exact solutions 

to Laplace’s equation. The acoustically soft cylinder has a direct electrostatic analog for 

which there is an infinite electric line charge running parallel to a grounded infinite 

perfectly conducting cylinder. In the stationary limit the total acoustic pressure p(S) exactly 

corresponds to the electrostatic potential of such an analog problem. Through inspection, 

the stationary limit in Eq. (2.30) corresponds exactly to the known electrostatic solution 

[35]. Similarly, the hard cylinder stationary limit for pressure represented in Eq. (2.31) has 

both a magnetostatic analog and a fluid mechanics interpretation. The pressure in this case 

corresponds to the scalar magnetic field potential resulting from an infinite magnetic line 

charge that is running parallel to a grounded infinite perfectly conducting cylinder. The 
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stationary limit Eq. (2.31) is consistent with the known exact magnetostatic solution [36]. 

In the fluid mechanics context, the pressure corresponds to the fluid velocity potential of a 

mass injection source in the presence of an impenetrable circular cylinder. Like in the soft 

cylinder case, Eq. (2.31) is consistent with the known exact solution [50]. 

4. Outer Asymptotic: Sound Source or Receiver (or Both) Is Far from 
the Scatterer 

To develop the outer local asymptotic, we will assume that the distance to the center 

of the scatterer from the sound source or receiver (or both) is large compared to the cylinder 

radius a. This assumption is expressed compactly as follows:   

 2 1a brα ≡ << .  (2.32) 

The small scatterer condition (2.12) still holds, however, conditions (2.24) are no longer 

imposed.  

In view of Eq. (2.20), the coefficients An in the exact solution for the scattered field 

are proportional to ( )2nka  for 1n ≥ . For small ka, the An coefficients rapidly decrease with 

increasing order n and the scattered field as represented by the series Eq. (2.8) is expected 

to converge rapidly. However, the values of the Hankel functions in the products 
( ) ( ) ( ) ( )1 1

n n nA H kb H kr  in Eq. (2.8) may increase with n. Through inspection of limiting 

cases, using Eqs. (2.2) and (2.14), the value of each term in the series for 1n ≥  is 

proportional to a factor of ( )2 n na br α= . Under condition (2.32), α is necessarily small, 

and only a few first terms contribute appreciably to the series in Eq. (2.8). The n = 3 term 

in Eq. (2.8) is of second order in the parameter α relative to the term with n = 1. For the 

outer local asymptotic, the first three terms for the scattered field in Eq. (2.8) are sufficient, 

under condition (2.32), to provide requisite second-order accuracy in α. The scattered field 

then can be approximately expressed as,  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( ) } ( )

1 1 1 1
0 0 0 1 1 1

1 1 2 2 2
2 2 2

2 cos

2 cos 2 1 .

scp A H kb H kr A H kb H kr

A H kb H kr O k a

θ

θ α

= − −

 − × + + 

  (2.33) 

The outer local asymptotic, however, needs to be expressed in terms of fields due 

to line sources in order to match the inner and outer solutions. Replacement of both the 
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( ) ( )1
1 cosH kr θ  and ( ) ( )1

2 cos 2H kr θ  terms in Eq. (2.33) is then necessary. Consider an 

alternative representation of the scattered field that can be constructed to the same accuracy 

as in Eq. (2.33): 

 ( ) ( ) ( ) ( )( ) ( ) ( )( )1 1 12 2
0 0 1 0 2 0B H kr B H kR a b B H kR a bψ β= + + . (2.34) 

Equation (2.34) represents the scattered wave as the field due to three acoustic image line 

sources with unknown amplitudes. Equation (2.34) contains the image line sources located 

at ( )0,0  and ( )2 ,0a b  , which were previously encountered in the static limit and in the 

inner asymptotic solution, and allows for an additional image line source. The additional 

image source is required to develop a solution to the accuracy desired. To satisfy the 

physical requirement that the acoustic field has no singularities except at the actual sound 

source location, the additional image source needs to be located inside the scatterer. This 

is ensured by the condition 1 1β− < <  since 2 .a b a≤  

Through inspection it was found that the third image source location is not unique, 

with different choices of β resulting in different values of the source amplitudes B0, B1, and 

B2 in Eq. (2.34). Consideration is necessary in selecting a β value that does not complicate 

the problem. For example, when 1β = − , an artificial and nonphysical singularity arises in 

the domain of interest when b a= , specifically, at the point ( ) ( ), y ,0x a= − . The value 

1 2β = −  is chosen in the development below, resulting in a third image line source located 

at ( )2 2 ,0a b−  (Figure 1). This selection conveniently simplifies the algebra.  

Calculation of the unknown amplitudes B0, B1, and B2 in Eq. (2.34) is accomplished 

using Graf’s Addition Theorem for Bessel functions (see [49], p. 363) using the identity 

 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )

1 1 12 2 2
0 0 0 1 1

31 2 3 2
2 2

2 cos

2 cos 2 .

H kR a b H kr J ka b H kr J ka b

H kr J ka b O ka b kr

µ µ µ θ

µ θ α

= +

+ + +
  (2.35) 

Using the linear independence of the cylindrical harmonics, substitution of Eq. (2.35) into 

Eq. (2.34) with 1µ = and 1 2µ = − , and then equating ψ  and scp , yields three algebraic 

equations for three unknowns and importantly does not reduce the original accuracy of the 
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approximation in Eq. (2.33). Solving the system of equations for the Bn coefficients in 

terms of An coefficients yields 

 ( ) ( ) ( ) ( )1 2 2
0 0 0 1 0 2 0 2 ,B A H kb B J ka b B J ka b= − − −   (2.36) 

 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 12 2
1 1 2 2 2 1

1 2 2 2 2
1 2 2 1

2 2
,

2 2

A H kb J ka b A H kb J ka b
B

J ka b J ka b J ka b J ka b

+
= −

+
  (2.37) 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1 12 2

1 1 2 2 2 1
2 2 2 2 2

1 2 2 1

.
2 2

A H kb J ka b A H kb J ka b
B

J ka b J ka b J ka b J ka b

−
=

+
  (2.38) 

Substitution of the derived coefficients, Eqs. (2.36)–(2.38), and 1 2β = −  into Eq. (2.34) 

exactly reproduces the quantity in braces in Eq. (2.33), resulting in an expression for the 

outer local asymptotic solution for the scattered acoustic pressure and approximates the 

exact field to a factor of ( )2 2 21 O k aα+ + . The outer local asymptotic reduces the scattered 

pressure field to the sum of fields due to three line sources located within the cylinder at 

coordinates ( )0,0 , ( )2 ,0a b , and ( )2 2 ,0a b−  in terms of the Cartesian coordinates ( ),x y  

for a source located at ( ),0b . 

5. Uniform Asymptotic of the Scattered Wave 

In the Rayleigh scattering regime (2.12), the inequality Eq. (2.32) is met when 

either of the inequalities in Eq. (2.24) is violated. Moreover, the inequalities in Eqs. (2.24) 

and (2.32) can hold simultaneously. Thus, the inner and outer asymptotic solutions 

obtained above have an overlapping domain of validity and together allow one to calculate 

psc at every point outside the scatterer. The inner local asymptotic solution (2.29) 

approximates the exact field to a factor of ( ) ( )( )2 21 O kb krκ κ+ +  and the outer local 

asymptotic solution (2.34), with 1 2β = −  and using coefficients (2.36)–(2.38), 

approximates the exact field to a factor of ( )2 2 21 O k aα+ + . By bridging these separate 

solutions by way of a single expression that subsumes both the inner and outer local 

asymptotic solutions, a single closed-form solution can be developed that is valid over the 

entire domain outside of the cylinder for arbitrary locations of the source and receiver.  
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Let 

 ( ) ( ) ( ) ( )( ) ( ) ( )( )1 1 12 2
0 0 1 0 2 0 2P B H kr B H kR a b B H kR a b= + + − ,  (2.39) 

with Bn coefficients given by Eqs. (2.36)–(2.38). Equation (2.39) is an exact solution of the 

Helmholtz equation (2.3) everywhere outside the scatterer and coincides with the outer 

asymptotic solution. Using Eqs. (2.13)–(2.16) and (2.36)–(2.38) it can be shown that, under 

conditions (2.24), Eq. (2.39) for P subsumes the inner local asymptotic solution Eq. (2.29) 

to within the accuracy of the latter. Under condition (2.24), the amplitude 2B  of the image 

source with coordinates ( )2 2 ,0a b−  tends to zero, while B0 and B1 tend to the amplitudes 

of the respective image sources in Eq. (2.29), thus reducing Eq. (2.39) to the inner local 

solution. As a result, Eq. (2.39) represents the uniform asymptotic solution; it approximates 

the scattered acoustic pressure field due to an incident cylindrical wave and is valid over 

the entire domain outside the cylinder.  

The Bn coefficients (2.36)–(2.38) for the image line sources are relatively complex 

expressions composed of special functions and the first three An coefficients for the specific 

soft, hard, and impedance surfaces as defined exactly in Eqs. (2.9)–(2.11) and 

approximately in Eqs. (2.18)–(2.20), and (2.22). Equations (2.36)–(2.38) can be readily 

simplified by taking into account that 2 1ka b ka≤ << and using the approximate form of 

the An coefficients. However, without much extra computational burden, the exact 

expressions for An and Bn produce significantly more accurate results over a broader range 

of ka values. An additional motivation for using the exact coefficients An and Bn arises in 

the soft cylinder case. With the exact coefficients, the uniform asymptotic solution retains 

the property of the exact solution that, as the source approaches the surface of the cylinder 

(b a→ ), for arbitrary values of k and a that inP p= − . Physically, when a line source 

approaches a pressure-release boundary the total acoustic pressure field vanishes. 

Satisfying this physical condition exactly is not only a desired physical behavior for the 

uniform asymptotic solution, but it also constrains the error of the asymptotic solution. As 

for the hard and impedance cylinder, numerical simulations show that approximate 

coefficients An and Bn can be used. However, using the exact coefficients in 
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Eqs. (2.10) and  (2.11) yields superior numerical accuracy, and extends the domain of 

validity with respect to ka with little additional computation. 

The limiting behavior of the asymptotic solution was verified in the static limit in 

II.C.3. Another limit previously considered in the literature is the plane wave scattering 

limit. Plane wave scattering can be viewed as a limiting case of cylindrical wave scattering 

when the source is located far from the center of the cylinder. Using the large argument 

limit in Eq. (2.2), consider 4lim 2 eikx i ikb
b ine kb e pππ− −
→∞

 =    as a representation of an 

incident plane wave in terms of the incident cylindrical wave Eq. (2.1). Then, the scattered 

field due to an incident plane wave can be calculated as 4lim 2 ei ikb
pw bP kb e Pππ −

→∞
 =    

in terms of the scattered field P due to an incident cylindrical wave. When b →∞ , the 

three image sources in the uniform asymptotic solution Eq. (2.39) merge, and Eq. (2.39) 

reduces to the outer local asymptotic solution Eq. (2.33). Substitution of the uniform 

asymptotic solution Eq. (2.39) for P gives the plane wave scattering solution 

  ( ) ( ) ( ) ( ) ( ) ( )1 1 1
0 0 1 1 2 22 cos 2 cos 2pwP A H kr iA H kr A H krθ θ= − + + .  (2.40) 

Equation (2.40) coincides with the first three terms of the infinite series in [14] that gives 

an exact solution of the problem. Ppw provides a uniformly valid asymptotic solution for 

plane wave scattering by an infinite cylinder with ka << 1. An inspection shows that Eq. 

(2.40) is consistent with the classical results [12] due to Rayleigh which are valid under the 

additional assumption kr >> 1. 

D. NUMERICAL SIMULATIONS 

The accuracy of the uniform asymptotic solution (2.39) depends on the 

dimensionless parameters kb, kr, and θ for fixed values of ka. Asymptotic accuracy was 

numerically quantified through the use of MATLAB (MathWorks, Natick, MA) by 

comparing it to the exact solution (2.8) over various subsets of the overall domain. As 

shown in Figure 2 the uniform asymptotic solution is highly accurate for 1ka << , however, 

it also, surprisingly, remains applicable for all 1ka ≤  for both the hard and soft scatterers. 

The asymptotic solution is systematically more accurate for the soft cylinder than the hard 

one. Figure 2 illustrates the rapid decrease of the relative error with the dimensionless 
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radius ka of the cylinder. The uniform asymptotic error is proportional to k2a2 when 

( )1Oα =  for both hard and soft cylinders which is seen in the similarly sloped lines. The 

asymptotic error for 1α <<  is roughly proportional to k3a3 for the hard cylinder and k4a4 

for the soft cylinder. In agreement with theoretical estimates, the second order accuracy is 

achieved throughout with significant further improvements in accuracy when the source or 

receiver (or both) are located far from a small scatterer. 

 

Figure 2. Accuracy of the uniform asymptotic of the scattered field. Relative 
error |1-P/psc| between the uniform asymptotic and the exact field is 
plotted as a function of ka for acoustically hard (solid lines) and soft 

(dashed lines) cylinders. The relative error is shown for the angle 
θ = π/4 and the following sets of the other geometric parameters: 
b = r = 1.5a (1), b = 1.5a, r = 103a (2), b =10a, r = 1.5a (3), and 

b =10a, r = 103a (4). 

Figure 3 and Figure 4 further illustrate accuracy of the uniform asymptotic solution 

through the analysis of relative amplitude error (δA/A) and phase error (δφ). The uniform 

asymptotic solution is an accurate approximation of the scattered wave not only for 1ka <<  



 21 

but for all values of 1ka ≤ , over a broad range of θ and α values. Both figures illustrate 

nonlinear dependence of the errors on ka and also demonstrate overall greater accuracy for 

the soft cylinder in both amplitude and phase. There are two main reasons for the greater 

accuracy in the soft cylinder case. First, the A0 coefficient is much larger for the soft 

cylinder than for the impedance and hard cylinders. The n = 0 term in the series (2.8), 

which is reproduced exactly in the uniform asymptotic solution, plays a much bigger role 

in the soft scatterer case and dominates the scattered field when 1α << . Second, as Figure 

3 illustrates, the errors for all intermediate values 0 < a < b are suppressed by the fact that 

the asymptotic solution becomes exact in the limit a → b. 

 

Figure 3. Accuracy of the amplitude and phase of the uniform asymptotic of the 
scattered field due to a soft cylinder. Plots (a), (c), (e) show relative 

amplitude error (δA/A) and plots (b), (d), (f) show phase error (δφ), all 
as a function of the dimensionless radius ka of the cylinder. The 

following dimensionless parameters were used to characterize the 
source and receiver positions: kb =0.25, kr =1 (a), (b), kb = 1, kr = 20 
(c), (d), kb = 20, kr = 10 (e), (f) for the following values of the angles 

θ = 0 (1), π/3 (2), 2π/3 (3), and π (4). 
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Figure 4. Accuracy of the amplitude and phase of the uniform asymptotic for the 
scattered field due to a hard cylinder. Plots (a), (c), (e) show relative 

amplitude error (δA/A) and plots (b), (d), (f) show phase error (δφ), all 
as a function of the dimensionless radius ka of the cylinder. The 

following dimensionless parameters were used to characterize the 
source and receiver positions: kb = 0.25, kr =1 (a), (b), kb = 1, kr =20 
(c), (d), kb =20, kr =10 (e), (f) for the following values of the angles 

θ = 0 (1), π/3 (2), 2π/3 (3), and π (4). 

E. BEARING ESTIMATION WITH MOUNTED RECEIVERS 

The utility of the uniform asymptotic solution and physical insight into scattering 

that it provides are illustrated in this section. We consider a simple 2-D problem of bearing 

estimation of a compact underwater sound source using two hydrophones mounted on a 

cylindrical body. The body is modelled as an acoustically hard infinite cylinder of radius 

a. The two hydrophones are located at points ( ) ( ), ,r aθ π=  and ( ),0a , with total acoustic 

pressure measurements denoted as 1 ,1 ,1sc inP p p= +  and 2 ,2 ,2sc inP p p= + , respectively, and 

the phase difference between the measurements as 1 2φ φ φ∆ = − . 
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The radius of the hard cylinder is chosen to be that of the Remote Environmental 

Monitoring Units (REMUS) 100 Autonomous Underwater Vehicle (AUV). A REMUS 100 

is used in our model due to its non-tapered profile with a large length to diameter (L/D) 

ratio of 8.4 with a length of 160 cm and radius of 9.5 cm [51]. The AUV is in seawater 

with a constant sound speed c = 1500 m/s in the presence of a monochromatic acoustic 

source of cylindrical waves at a distance b from the center of the cylinder emitting at the 

frequency f = 250 Hz. Based on the parameters chosen, the wavelength λ = 6.0 m and ka 

= 0.0995. The source will be restricted to the upper half-plane, [ ]0,θ π= , for simplicity, 

due to the symmetry of the problem. 

In this section, the angle θ  characterizes the position of the sound source rather 

than the receiver and it has a different geometric meaning than in Sections II.B-D. 

However, for the receiver at ( ),0a  θ  still is the angle between azimuthal directions from 

the cylinder axis to the source and to the receiver. Hence, the previously derived solutions 

can be used unchanged when calculating P2. For the calculation of the acoustic pressure 

field P1 at the receiver at ( ),a π , π θ−  should be substituted for θ  in the previously 

derived equations. 

Bearing estimation for this model is inherently difficult. Geometrically, for the 

frequency chosen, it is a small array in the sense that there are only two array elements and 

the element spacing is small compared to the wavelength. Both factors contribute to 

relatively small measured differences in amplitude and phase between the array elements, 

and realistically these small difference quantities are subject to distortion by noise. 

Additionally, the acoustic field is strongly distorted in the presence of the cylinder, 

especially in the proximity of the cylinder, and in this model the receivers are placed on 

the surface of the cylinder. Since the source strength is unknown, the information available 

for bearing estimation is contained in the relative change of the sum and difference of the 

complex fields at the receivers. From Eqs. (2.7), (2.8), and (2.20), it follows that the effect 

of bearing variation on the relative change in the sum is of order ( )( )21 O kaκ+  with and 

without the cylinder since ( ) ( ) ( )1 2 2
,1 ,2 02in inp p H kb O k a+ = +  and 
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( ) ( ) ( )( )1 2
1 2 02P P H kb O kaκ+ = + , provided b >> a. Hence, the sum of the measured 

pressures is essentially unaffected by bearing variations. When b >> a, the relative change 

in the difference is ( )2 22 O k a+  since, according to Eqs. (2.7), (2.8), and (2.20), 

( ) ( ) ( )1 3 3
,1 ,2 12 cosin inp p kaH kb O k aθ− = − +  and ( ) ( ) ( )1 3 3

1 2 14 cosP P kaH kb O k aθ− = − + , 

in the free space and in the presence of the cylinder, respectively. These physical 

considerations indicate that the cylinder itself helps to increase bearing resolution over the 

free space solution. 

Noise was added to the model to evaluate bearing estimation in a more realistic 

setting of noisy measurements. Additive and incoherent Gaussian noise with a magnitude 

of N percent of the incident field pressure pin at the center of the cylinder was introduced 

to each receiver signal in the form ( ) ( ) ( )1
0 /100i i i iP P H kb X iY N= + + . Here Xi and Yi are 

independent Gaussian random variables with zero mean and unit variance. N was chosen 

to be 3 for all simulated measurements. For the bearing inverse solutions that follow, 50 

samples per angle, over 91 equally spaced angles in the upper half-plane were averaged. 

An effective signal-to-noise ratio (SNR) was calculated since the bearing information is 

contained in the small difference of complex amplitudes (or phases) of two measured 

fields. The effective SNR was calculated as 

 
( ) ( )

( ) ( )

1
1

10 10 1
0

210020log 20log
2

EFF
dB

kaH kb
SNR

N H kb
 = +  

.  (2.41) 

All of the resulting models and numerical analysis were built and quantified through 

MATLAB. 

1. Plane Wave Beamforming Solution 

For a simple two element array in free space, the measured phase difference 

between elements 2 coskaφ θ∆ ≈  in the far field of the cylindrical wave source. Then, the 

inverse problem is easily solved and the estimated bearing is ( )1ˆ cos 2kaθ φ−= ∆ . When 

the receivers are mounted on the hard cylinder, the scattered wave greatly influences the 

complex field and, as shown above, the resulting measured phase difference doubles. For 
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all angles the measured phase difference is approximately 4 cos 2CYL FSkaφ θ φ∆ ≈ ≈ ∆ . 

Thus, the effect of the cylinder is similar to doubling the array element separation. With 

this understanding, the plane wave beamforming model can still be used for mounted 

receivers. Figure 5 shows the results of bearing estimation with plane wave beamforming 

for three source distances that represent near and intermediate source ranges of interest. 

 

Figure 5. Plane wave beamforming bearing estimation for mounted receivers at 
various source ranges. Bearing solutions are shown for the free space 

(curves labeled 1), in the presence of the hard cylinder without 
corrections due to scattering (2), and in the presence of the hard 

cylinder with scattered wave taken into account (3) for a cylindrical 
wave source at a range of b = 3a (a), b = 10a (b), and b = 100a (c). 
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2. Matched Field Processing Solution 

A simple matched field processing technique was employed using knowledge of 

the scattered field due to a hard cylinder, Eq. (2.39), in which the scattered field is 

approximately represented as the sum of three acoustic image line sources. Aside from 

noise, the measured field at each receiver is then due to four line sources. Figure 2 and 

Figure 4 indicate that, for ka =0.0995 considered, the relative asymptotic error is small, 

and use of the uniform asymptotic makes a negligible contribution to error in the bearing 

determination. Bearing was found by minimizing the following cost function 

( )
2

1 2 1 2,f b P P P Pθ = −   , 

with respect to b and θ. Here iP  is the total field modeled for a given source position as a 

sum of fields of 4 line sources, and  represents the measured complex field at each 

receiver. The measured field was calculated using the exact expression Eq. (2.8) for the 

scattered wave and includes additive noise. Figure 6 shows the matched field processing 

solution for three source distances that represent near and intermediate source ranges of 

interest. 



 27 

 

Figure 6. Matched field processing bearing estimation for mounted receivers at 
various source ranges. Bearing solutions are shown for the free space 

(curves labeled 1), in the presence of the hard cylinder without 
corrections due to scattering (2), and in the presence of the hard 

cylinder with scattered wave taken into account (3) for a cylindrical 
wave source at a range of b = 3a (a), b = 10a (b), and b = 100a (c). 

3. Analysis of Results 

Results of bearing estimation using plane-wave beamforming are shown in 

Figure 5. As to be expected, the bearing error gets smaller as the source gets further away 

from the scatterer. The figure also illustrates the significance of a physical understanding 

of the scattering process for an efficient use of mounted receivers. As Figure 5 clearly 

shows, scattering theory-based modification of the plane-wave allows for recovery of the 

bearing estimation using mounted receivers with the same accuracy as if the cylinder was 

not present.  
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Figure 6 illustrates results of bearing estimation using matched field processing. 

This method proves to be superior to the plane-wave beamforming method over a wide 

range of source distances. Much like in the case of plane-wave beamforming, account for 

and accurate description of the scattered wave are necessary to recover bearing estimates 

using mounted receivers. With the scattered field described by the uniform asymptotic 

Eq. (2.39), accuracy of bearing estimation using mounted receivers appears to be 

systematically better than in the absence of the cylinder.  

To further quantify the bearing errors depicted in Figure 5 and Figure 6, the Root 

Mean Square Error (RMSE) was computed over all angles using the following standard 

definition, ( )2

1
ˆn
i ii

RMSE nθ θ
=

= −∑ , where iθ  is the true source bearing, îθ  is the 

average estimated source bearing over the 50 samples, and n is the number of source angles. 

Results of this calculation over the complete data sets represented in Figure 5 and Figure 6 

are given in Table 1. Results in the absence of the cylinder are marked “Free Space.” For 

mounted receivers, processing results with and without accounting for the field distortion 

by the cylinder are marked “Cylinder-Uncorrected” and “Cylinder-Corrected,” 

respectively. 

Table 1 indicates that no adequate results can be obtained (assuming 1ka ) with 

mounted hydrophones unless the scattered wave field is properly taken into account. Both 

the plane-wave beamforming and matched field processing require a priori knowledge 

about the physics of the scattered wave due to a cylinder to make meaningful bearing 

estimates. The implementation of the matched field processing technique with the uniform 

asymptotic Eq. (2.39) gave superior results when compared with plane wave beamforming, 

even at relatively large source ranges. Furthermore, when the matched field processing 

method is employed, mounted hydrophones perform better than hydrophones in the free 

space. We attribute the gain in accuracy primarily to the effective SNR being roughly 6 dB 

higher as a result of the larger measured phase difference. A similar conclusion that 

scattering by an AUV’s body improves source localization with hydrophones mounted on 

the AUV, was previously made [45] in a high-frequency regime and in a geometry different 

from the one we consider. 
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Table 1.   Root mean square error (RMSE) in degrees for plane wave 
beamforming (PW) and matched field processing (MFP) bearing 

estimation at near and intermediate source ranges. 

 b = 3a  b = 10a  b = 100a 

 RMSE Eff. 

SNRdB 

 RMSE Eff. 

SNRdB 

 RMSE Eff. 

SNRdB  PW  MFP  PW MFP  PW MFP 

Free Space 14.5 5.7 15.6  5.9 5.5 11.7  5.3 5.5 10.4 

Cylinder-Uncorrected 35.1 30.5 21.6  31.4 29.5 17.8  30.3 29.9 16.5 

Cylinder-Corrected 18.1 3.9 21.6  6.7 3.3 17.8  3.6 3.3 16.5 

Data collected is averaged over 50 samples per angle for noise, over 91 equally spaced angles. 

 

F. CONCLUSION 

Scattering of cylindrical waves by acoustically soft and hard cylinders within a 

homogenous medium has well known solutions in terms of infinite sums. The Green’s 

function solutions take the form of the summation of both the incident cylindrical wave 

(2.1) and the resulting scattered (diffracted) wave (2.8). In this chapter, uniform asymptotic 

solutions (2.39) within the Rayleigh regime have been found for acoustically soft, hard, 

and impedance cylinders. The solutions are valid over the entire domain outside the 

cylinder to second order accuracy or greater with respect to ka, the dimensionless radius of 

the cylinder. The validity of the uniform asymptotic solutions and analytic estimates of 

their accuracy have been confirmed numerically by comparing the asymptotic and exact 

solutions. Being derived assuming ka << 1, the asymptotic solutions have proved to 

approximate the scattered wave field for ka values as large as 1.  

The uniform asymptotic solutions of the scattered wave satisfy the Helmholtz 

equation exactly and have a rather simple and intuitive form as the field due to three image 

line sources. The asymptotic solutions Eq. (2.39) for the soft, hard, and impedance 

cylinders differ only by amplitudes of the image sources. The image sources are located 

within the cylinder. In Eq. (2.39) positions of the image sources are independent of sound 

frequency and the boundary conditions on the surface of the cylinder. Positions of two 
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image sources, at the center of the cylinder ( )0,0  and at the point ( )2 ,0a b , are determined 

uniquely and coincide with locations of image charges in corresponding electrostatic [35] 

and magnetostatic [36] problems. A third image source is necessary to ensure second-order 

accuracy of the asymptotic solutions for hard and impedance cylinders, and the position 

( )2 2 ,0a b−  for the third line source was chosen in deriving Eq. (2.39).  

A similar uniform asymptotic solution was developed for spherical acoustic wave 

scattering by a small sphere in Refs. [32] and [33]. In comparison to those findings, the 

waves scattered by a soft cylinder and a soft sphere are both reduced to fields due to discrete 

line and point sources, respectively. However, for the hard and impedance sphere, 

asymptotic solutions of the scattered field were found to be the superposition of fields due 

to a monopole source at the center of the sphere and dipoles linearly distributed along a 

line connecting the center of the sphere and the Kelvin inversion point ( )2 ,0a b . In the 

case of the infinite cylinder, uniform asymptotic solutions for the hard and impedance 

boundary conditions prove to be much simpler than for the sphere and are given by the 

superposition of fields due to three line sources. These asymptotic solutions were found to 

be of acceptable error up to and including 1ka ≤  which was not the case for the sphere. 

The problem of bearing estimation using hydrophones mounted on a hard cylinder 

was considered as an example of application of the uniform asymptotic solutions. We 

illustrated how physical properties of the scattered wave, which are revealed by the 

asymptotic solutions, and the efficient representation of the acoustic field in terms of image 

sources, can be employed to improve the solution of inverse problems that involve low-

frequency scattering by a cylinder. The improvements include an extension of plane wave 

beamforming to mounted receivers. 

The physically intuitive form and mathematically simple representation of the 

scattered wave as a field due to a few image sources suggest a possible path forward in a 

number of low-frequency diffraction and scattering problems, where multiple scattering by 

simple shapes is encountered and analytical solutions are not readily available. Further 

research is required to establish whether efficient analytical or semi-analytical solutions of 
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such problems can be obtained in terms of image sources. Another avenue of further 

research is an extension of the theory developed in this chapter to Rayleigh scattering of 

cylindrical waves by homogeneous or radially inhomogeneous fluid or fluid-solid 

cylinders. 
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III. SCATTERING OF LOW-FREQUENCY SOUND BY FLUID
AND SOLID CYLINDERS

This chapter was previously submitted on January 16, 2018 and is currently 
under review as of May 23, 2018. The article is under review as [3]: 
Alexander B. Baynes and Oleg A. Godin, “Scattering of low frequency 
sound by fluid and solid cylinders,” Journal of Sound and Vibration.  

Re-print permission is granted by Elsevier publishing. Submission of an 
article implies that the work described has not been published previously 
except in the form of an abstract, a published lecture, or academic thesis. 
Authors can include their articles in full or in part in a thesis or dissertation 
for non-commercial purposes. 

A. INTRODUCTION 

Most typically sound scattering by circular cylinders has been studied for plane 

incident waves. The exact solution of the problem of a plane wave scattered by an infinite 

cylinder was obtained by Lowan et al. for fluid [28] and Faran for solid [29] targets. The 

solutions are given in terms of an infinite series of the products of Bessel functions. In a 

multitude of problems, the plane wave solution is not sufficient and the full Green’s 

function of the problem, rather than the plane-wave and far-field approximations, becomes 

necessary [23], [38], [41], [44], [27]. The acoustic field due to a linear source parallel to 

the axis of a cylinder may be viewed as a two-dimensional (2-D) Green’s function. The 

Green’s function describes scattering of an incident cylindrical wave by the cylinder. A 

recent example of application of 2-D Green’s functions is development of a diffraction-

based technique for passive suppression of radiation of low-frequency noise in underwater 

waveguides [2]. In addition to situations where a sound source is located in the near field 

of the scatterer, knowledge of the Green’s function is required when the separation distance 

from the scatterer to an interface or other obstacles is comparable to the linear dimensions 

of the scatterer itself [15], [19]–[22]. 

Wave scattering by objects that are small relative to the wavelength is commonly 

referred to as Rayleigh scattering. Rayleigh scattering is studied in various branches of 

wave physics [7]–[9] and is of particular practical interest in acoustics [52]–[54], especially 

in underwater acoustics [55]–[57]. The distinct physics of low-frequency scattering allows 
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for a considerable reduction in complexity in the mathematical description of the Green’s 

function. Derivation of simple and accurate closed-form approximations of the 2-D 

Green’s function at scattering from a circular cylinder within the Rayleigh regime is the 

goal of this work.  

In this chapter, we consider Rayleigh scattering of a cylindrical wave by a fluid or 

solid cylindrical obstacle. Recently an analytic approach was developed to approximate the 

acoustic Green’s function in the Rayleigh regime. The approach utilized the method of 

matched asymptotic expansions to establish uniform asymptotic solutions for the 

diffraction of a monochromatic spherical sound wave by small soft, hard, impedance, and 

homogeneous fluid spherical targets [32], [33]. The method was also applied to establish 

solutions for monochromatic cylindrical wave scattering by infinite soft, hard, and 

impedance cylindrical targets [1]. These solutions offer a mathematically simple and 

intuitive representation of the scattered field as the field due to “image sources” located 

within the object. 

Image source solutions were anticipated based on classical elementary solutions to 

problems in electrostatics and magnetostatics involving spheres and cylinders in the 

presence of point and line charges, respectively [35], [36], [58]–[60]. Of the static 

solutions, the best-known is Lord Kelvin’s solution [34] for the electric field of a point 

charge in the presence of a grounded perfectly electrically conducting sphere. Here, we 

extend the asymptotic solutions for scattering of cylindrical acoustic waves, which were 

previously established for the soft, impedance, and hard cylinders, to the more realistic 

cases of fluid and solid cylindrical obstacles. Soft and hard boundary conditions correspond 

to pressure release and acoustically rigid surfaces, respectively, and the impedance 

boundary condition represents a linear combination of both soft and hard boundary 

conditions for modeling of more complex material scatterers (see Eqs. (4)–(6) from [1]). 

Importantly, none of this accounts for wave propagation within the target and as a result 

only provide first-order approximations to the scattering physics that are described by real 

fluid and solid material targets. The new uniform asymptotic solutions for fluid and solid 

scatterers are valid in the Rayleigh regime and describe the scattered field everywhere 

outside of the cylinder for arbitrary positions of the sound source. 
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Image source solutions provide physical insights into scattering problems and are 

extremely easy to implement. They offer a promising way forward to simplify the complex 

mathematics that arises in inverse problems [2] as well as in multiple-scattering problems 

where the exact Green’s function is not readily available [15]–[18].  

This chapter is organized as follows. In Section III.B, the known exact solution to 

the problem of cylindrical wave scattering by an infinite cylinder is presented. We establish 

a uniform asymptotic solution for the scattered wave specific to the Rayleigh scattering 

regime in Section III.C. In Section III.D, the accuracy of the uniform asymptotic solution 

is numerically confirmed. Resonance scattering of sound by infinite cylinders is 

investigated in Section III.E. In Section III.F, the asymptotic solution is utilized to explore 

scalar and vector energy characteristics of the acoustic field in the vicinity of a target. 

Finally, Section III.G is a summary of our conclusions. 

B. THEORETICAL BACKGROUND 

In this scattering problem, an incident monochromatic cylindrical wave of 

frequency ω  emanating from an infinite line source is scattered by inviscid fluid and elastic 

solid cylinders of radius a. A cylindrical coordinate system ( ), ,r zθ  is determined where 

the center of the infinite cylinder coincides with the z-axis. The source runs parallel to the 

axis of the cylinder and both are embedded in a homogenous fluid with sound speed c, 

density ρ, and acoustic wavenumber k cω= , where c, ρ, and k correspond to ambient 

values for the surrounding fluid outside of the scatterer. Since the pressure is independent 

of the z-coordinate, the complete description of the scattering problem can be equivalently 

expressed as a two-dimensional problem using the polar coordinate system consisting of 

the coordinates ( ),r θ . Cartesian coordinates are defined by cosx r θ=  and siny r θ=  

with the origin of the coordinate system coinciding with the center of the cylinder. The 

linear sound source is located at r = b, θ = 0. 

The acoustic pressure in the incident cylindrical wave can be compactly expressed 

as 

 ( ) ( )( ) ( ) ( )21 2
0 0 0,  inp H kR b R x x x y= = − + , (3.1) 
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where the ( )exp i tω−  time dependence is assumed and suppressed. The total acoustic 

pressure p is the sum of the incident ( )inp  and scattered ( )scp  pressure fields, b a>  is the 

distance from the linear source to the center of the cylinder, ( )0R x is the distance between 

points ( )0 ,0x  and ( ),x y , and ( ) ( )1
0H q  is the Hankel function of the first kind of 0th order 

(see Figure 7). The Hankel functions of the first kind of order n,      
( ) ( ) ( ) ( )1 in n nH q J q Y q= + , are the linear combinations of the Bessel function ( )nJ q  and 

the Neumann function ( )nY q  [49]. The Hankel functions have the convenient large 

argument asymptotic form [49], 

 ( ) ( ) ( )1 ~ 2 exp i i 2 i 4 , >>1, arg 2nH q q q n q qπ π π π π− − − < < ,  (3.2) 

representing outgoing plane waves.  
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Figure 7. Geometry for the cylindrical scattering problem. Depicted is an 
infinite cylindrical scatterer of radius a with axis at (0, 0, z) running 
parallel to an acoustic line source (solid line) located at coordinates 

(b, 0, z), with field observation point located at (x, y, z). Additionally 
shown are two image acoustic line sources (dashed line) located within 

the cylinder at coordinates (0, 0, z) and (a2/b, 0, z). The distance R is 
formally defined in Eq. (3.1) and employed from Eq. (3.35) onward.  

Outside of the cylinder, the acoustic pressure psc in the scattered wave satisfies the 

two-dimensional homogeneous Helmholtz equation, 

 2 2 0,   sc scp k p r a∇ + = > .  (3.3) 

Both the incident and scattered fields can be expressed in terms of cylindrical functions 

[14], 

 ( ) ( ) ( ) ( ) ( )1

0
cos ,   max , ,   min ,in n n n

n
p H kr J kr n r r b r r bε θ

∞

> < > <
=

= = =∑ ,  (3.4) 

 ( ) ( ) ( ) ( )1 1

0
cos ,   sc n n n n

n
p A H kb H kr n r aε θ

∞

=

= − ≥∑ .  (3.5) 

Symmetry of the problem dictates that an incident cylindrical wave with cos nθ  azimuthal 

dependence generates a scattered cylindrical wave and a wave field inside the target with 

the same azimuthal dependence. We will refer to wave field components with cos nθ  
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azimuthal dependence as partial waves. In Eq. (3.5), nε  is the Neumann symbol ( 0 1ε = ; 

2nε =  for 1n ≥ ) and the An coefficients describe amplitudes of individual partial waves 

that are determined by the boundary conditions at the surface of the cylinder, r a= .  

1. Fluid Cylinder 

For the fluid scatterer, let Fp  be the total pressure within the cylinder r a< , 

composed of a homogenous inviscid fluid with mass density F FMρ ρ= , sound speed 

1c sc= , and acoustic wave number 1 1k cω= . MF and s are dimensionless material 

parameters. The subscript “F” denotes quantities for the fluid scatterer to differentiate from 

the elastic solid (subscript “ES”) results to come. 

The acoustic (compressional) wave within the scatterer satisfies the two-

dimensional homogeneous Helmholtz equation, 

 2 2
1 0,   F Fp k p r a∇ + = <  . (3.6) 

The compressional wave within the cylinder then can be expressed in terms of cylindrical 

harmonics,  

 ( ) ( ) ( ) ( )1
1

0
cos ,   F

F n n n n
n

p D H kb J k r n r aε θ
∞

=

= ≤∑ ,  (3.7) 

where the ( )F
nD  coefficients represent undetermined complex amplitudes of partial waves. 

Here the superscript “F” denotes quantities corresponding to the fluid scatterer. The 

boundary conditions for the fluid-fluid interface are [61], 

 ( )
( )

,   ,   
F

F in scF
F in sc F

p ppp p p M r a
r r r

 ∂ ∂∂
= + = + =  ∂ ∂ ∂ 

.  (3.8) 

Substitution of Eqs. (3.4), (3.5), and (3.7) into (3.8), with the Wronskian 

( ) ( ) ( ) ( ) ( ) ( )1 1 2in n n nH ka J ka H ka J ka kaπ′ ′− =  from [49] yields,  

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1

1 1
1 1

F F n n n n
n

F n n n n

M sJ ka J k a J ka J k a
A

M sH ka J k a H ka J k a

′ ′−
=

′ ′−
,  (3.9) 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )1 1

1 1

2iF F
n

F n n n n

M s ka
D

M sH ka J k a H ka J k a

π
=

′ ′−
.  (3.10) 
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Here and below the prime denotes the derivative of the function with respect to its 

argument. Equations (3.9) and (3.10) are independent of the incident wave type. To check 

the validity of the solution, let 1FM s= = , i.e., there is no contrast in acoustic parameters 

across the boundary r a= . Then the coefficients reduce to ( ) 0F
nA =  and ( ) 1F

nD =  in 

Eqs. (3.9) and (3.10), respectively. Hence, there is no scattered field ( ( ) 0F
scp = ) and the 

field within the scatterer is exactly the incident field ( F inp p= ), both of which are expected 

for a homogenous field. Additionally, in the limit 0FM → , the soft cylinder scattered 

amplitudes: ( ) ( ) ( ) ( )1S
n n nA J ka H ka=  [33] are recovered, and in the limit FM →∞ , the 

hard cylinder scattered amplitudes: ( ) ( ) ( ) ( )1H
n n nA J ka H ka′′=  [33] are also reproduced. 

The soft (S) boundary condition describes a cylinder with a pressure release surface at 

r a= , and the hard (H) boundary condition describes a cylinder where the particle velocity 

normal to the cylinder’s surface is zero at r a= . Substitution of Eq. (3.9) into (3.5) gives 

the exact solution for scattering (diffraction) of a cylindrical wave by a homogenous 

inviscid fluid cylinder. 

2. Solid (Elastic) Cylinder 

Let the scatterer at r a≤  be composed of an isotropic elastic solid with mass density 

ES ESMρ ρ=  and Lamé elastic constants λ and μ. Here, the subscript “ES” (and later 

superscript) pertain to quantities associated with the solid scatterer. The waves inside the 

elastic medium satisfy the following equation of motion for the displacement (u) [62], 

 ( ) ( ) ( ) 2 22 ES tλ µ µ ρ+ ∇ ∇⋅ − ∇× ∇× = ∂ ∂u u u ,  (3.11) 

where the Lamé parameters are related to the Young’s modulus E  and the Poisson ratio σ  

by the following equations,  

 
( ) ( )

,    
1 (1 2 ) 2 1

E Eσλ µ
σ σ σ

= =
+ − +

. (3.12) 

An approach to a solution to Eq. (3.11) and ultimately the developed scattered amplitudes 

for the scattered wave was shown in the classical paper by Faran [29] for plane wave 

scattering by elastic solid cylinders. Inside the solid, two waves propagate: longitudinal 
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compressional waves and transverse shear waves with sound speeds 1 1c s c=  and 2 2c s c= , 

and wave numbers 1 1k cω=  and 2 2k cω= , respectively. In our problem due to cylindrical 

wave incidence, to develop the scattered field coefficients ( ( )ES
nA ), the scattered, 

compressional, and shear waves are expressed in terms of cylindrical functions to most 

conveniently satisfy the boundary conditions [29] at the fluid-solid interface ( r a= ): (I) 

normal stress component of the solid is equal to pressure in the fluid; (II) radial (normal) 

component of particle displacement in the solid and fluid must be equal; (III) solid shearing 

stress (tangential) components vanish at the surface. The steps to develop the coefficients 

are shown in detail in Appendix A for completeness and because the form of the 

coefficients presented are different than that of Faran [29]. The resulting equations for the 
( )ES
nA  coefficients for the scattered wave in Eq. (3.5) are  

 ( ) ( ) ( )
( ) ( ) ( ) ( )1 1

,ES n n n
n

n n n

J ka J ka
A

H ka H ka

η

η

′−
=

′−
  (3.13) 

where 

( ) ( ) ( )
( )

( ) ( ) ( ) ( )( )
( ) ( )

1 1 1

1

2 2 2
1 1 1 2 2 2

1 1 2

2 2
                      0

1
2 2

0

,                         
 

,    

n n

n
n

n n n n n

n n n

J k a k aJ k a
n

J k a

c ka J k a J k a k a n k aJ k a J k a
n

k aJ k a nJ k a

µ µ λ

η
ρ λ µ µ

′ + +
= ′= × ′′ ′− Γ + −    > ′ Γ −

 

and 

( ) ( ) ( ) ( )
( ) ( )

22
2 2 2 2 2

1 1 12
n n n

n
n n

n J k a k aJ k a k a J k a
n k aJ k a J k a

′ ′′− +
Γ =

′ −  
. 

Inspection of Eq. (3.13) shows that when 2 0c = , 2k →∞ , and 0µ = , the scattering 

amplitudes reduce to that of Eq. (3.9), hence, the scattering amplitudes for an inviscid fluid 

are reproduced. 
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C. DERIVATION OF THE ASYMPTOTIC SOLUTIONS FOR THE 
SCATTERED WAVE 

In the derivation of the scattered wave asymptotic solution, we consider only the 

scattering problem within the Rayleigh regime throughout. For the fluid, this corresponds 

to  

 11,   1,ka k a<< <<   (3.14) 

and for the solid, when, 

 1 21,   1,   1ka k a k a<< << << .  (3.15) 

To derive a uniform asymptotic solution for the scattered field that is valid everywhere 

outside the cylinder ( ),r b a≥ , we first simplify the An coefficients in the Rayleigh regime, 

then develop an inner asymptotic solution (when the sound source and receiver are close 

to the scatterer) and an outer asymptotic solution (when the sound source and receiver, or 

both, are far from the scatterer), and lastly through the technique of matched asymptotic 

expansions bridge the two local asymptotic solutions to form a uniform solution. 

1. Small Argument Approximation and Recursion Relationships for 
Bessel Functions 

Small argument expressions for Bessel and Hankel functions of the first kind and 

their derivatives [49],  

 ( ) ( ) ( ) ( )2 4
0 0 11 4 ,    J q q O q J q J q′= − + = − ,  (3.16) 

 

( ) ( )

( ) ( ) ( ) ( )
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1 2
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1 11 ,    1,  2,  3,...,
! 2 1 2

1 1 21 ,    1,  2,  3,...,
2 1 ! 2 1 2

n
n

n

n
n

n

q qJ q O q n
n n

q n qJ q O q n
n n n

+

−
+

    = − + =     +    
 +   ′ = − + =     − +    

  (3.17) 

 ( ) ( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )1 1 12
0 0 11 ln 2 2 ,    H q q i O q H q H qγ π κ ′= + + + = − ,  (3.18) 

 

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1 2

1
1 2

1 ! 2 1 ,   1,  2,  3,...,

! 2 1 ,   1,  2,  3,...,
2

n

n

n

n

i n
H q O q n

q

inH q O q n
q

κ
π

κ
π

+

−    = − + =    

 ′  = + =    

  (3.19) 
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will be used in the asymptotic solution’s derivation. Here and below, for brevity, the 

notation ( ) ( )2 2 1 lnq q qκ = +  is adopted and 0.5772157...γ =  is Euler’s constant. Higher-

order terms in Eqs. (3.16)–(3.19) are required for analysis of certain special cases that are 

discussed in Section III.C.2 and Appendix B. 

2. Scattered Amplitudes in the Rayleigh Regime   

a. ( )F
nA  Coefficients for Fluid Scatterer 

Under condition (3.14), substitution of Eqs. (3.16) and (3.18) into (3.9) yields 

 
( )

( )( )

1
2 2 2

2 2
0 2 2

2
1

2 2

1 21 1 ln
4 4 2
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F F

F F

M si i k a i kak a
M s M s

A

O k a ka

π π γ
π

κ

−
   −   − + + ×            

 
 

=

+ +

  (3.20) 

when 2 1FM s ≠ . Under the additional constraint  

 2 2 2
FM s k a>> ,  (3.21) 

Eq. (3.20) simplifies to 

 

( ) ( ) ( )( )
( )

2
0 1

2 2
1

2
1

2 2 2 2

2

2

,

,

1
4

1

F F

F F

F

F

F

c c
c

iA k a O k a ka

M s
M s

ρ ρ
ρ

π χ κ

χ

 
 

−
≡ =

= + +

−
  (3.22) 

where ( )Fχ  is a measure of the relative difference in compressibility of the outer and inner 

fluids [33]. When 1n ≥ , substitution of Eqs. (3.17) and (3.19) into (3.9) yields 

 
( )

( )
( )( )2 2 2

1

2

1

11
! 1 ! 2 1

,  1,  2,...

F
n

n
F

F
i

O k a ka

MkaA
n n M

n

π

κ

  
  

   
 × + + 

−= −
− +

=

,  (3.23) 

when 1FM ≠ . Equations (3.22) and (3.23) agree with [52]. Note the degenerate cases that 

arise when 2 1FM s =  or 1FM = , which affect the ( )
0

FA  and ( )
1

F
nA ≥  coefficients, respectively. 

These specific cases and their implications for the scattered field are discussed in 

Appendix B.1. 
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b. ( )ES
nA  Coefficients for Solid Scatterer 

Under condition (3.15), substitution of Eqs. (3.16) and (3.18) into (3.13) yields 
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( ) ( )( )
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2 2
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2 2
1 2
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−

−

+ +
−

  (3.24) 

when ( )2 2
1 2 1ESM s s− ≠ . Under the additional constraint  

 ( )2 2 2 2
1 2ESM s s k a− >> ,  (3.25) 

Eq. (3.24) simplifies to 

 

( ) ( ) ( )( )
( ) ( )
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( )

( )
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2 2 2 2
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2 2 2 2 2
1 2 1 2
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π χ κ
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ρ

 
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− − − −
≡ =

− −

  (3.26) 

Inspection of Eqs. (3.24) and (3.26) show that the leading order term for the solid and fluid 

differ only in the quantities ( )2 2
1 2ESM s s−  and 2

FM s , respectively. 

When 1n ≥ , substitution of Eqs. (3.17) and (3.19) into (3.13), yields 

 ( )

( )
( ) ( )( )
( ) ( )( )

22
2

2
2

4 1 11 ,    1
! 1 ! 2 4 1 1

n
ES ES ES

n
ES ES

M n n M k akaA i n
n n M n n M k a

π
− − − = − ≥ −   − − +

,  (3.27) 

when 1ESM ≠ .  

Allowing 2 0c =  then 2 0s =  and 2k →∞ , while other parameters remain fixed, 

then Eqs. (3.24), (3.26), and (3.27) reduce exactly to the fluid coefficients represented in 

Eqs. (3.20), (3.22), and (3.23), respectively. Consider another special case, where 

 2 2
2 ESk a M<< .  (3.28) 

This is a rather weak assumption in light of (3.15) and various known material solid 

densities relative to, e.g., water or air. Then Eq. (3.27) reduces to the following two 

equations, 
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( ) ( )

( ) ( )( )

2 2
1 1

2 2 2 2
1 2

1
4 1

1 ,

ES F ES

ES

MiA A k a
M

O k k a ka

π

κ

 −
= = −  + 

 × + + + 

                  (3.29) 

 
( )

( ) ( )
( ) ( )

2
2 2
2

2 2
2

1 1
! 1 ! 2

1 ,   2.

n
ES

n ES

H
n ES

kaA i O k a M
n n

A O k a M n

π    = − +   −  

 = + ≥ 

  (3.30) 

Here, ( )H
nA  are the coefficients for the acoustically hard cylinder case, which was analyzed 

in [1]. In the Rayleigh regime, consequently, under condition (3.28) the scattering problem 

for an elastic cylinder can be readily solved by replacing only the first two terms of the 

hard cylinder solution if already computed, which was investigated in [1].  

Inspection of Eq. (3.29) shows that for 1n =  the leading order term for solid and 

fluid differ only in the density ratios ESM  and FM , respectively. And, additionally, 

through inspection of Eq. (3.30), for 2n ≥ , the respective leading order term for the fluid 

coefficients are reproduced if the factor ( ) ( )1 1F FM M− +  is multiplied through. 

Note the degenerate cases that arise when ( )2 2
1 2 1ESM s s− =  or 1ESM = , which 

affect the ( )
0

ESA  and ( )
1

ESA  coefficients, respectively. Again, these specific cases and their 

implications for the scattered field are discussed in Appendix B.2. For the remainder of the 

manuscript, non-degenerate cases are assumed. 

c. Rayleigh Coefficient Properties 

The problem of cylindrical wave scattering (diffraction) by a fluid and solid 

cylinder is approximately solved in terms of an infinite sum over the entire domain for 

which ,r b a≥  through direct substitution of the derived coefficients in the Rayleigh 

approximation into (3.5). Both the fluid and solid cylinder A0 and A1 coefficients are of the 

same order in ka, namely, ( )2 2
0 1A A O k a= = , when ( )2 1FM s O=  and 

( ) ( )2 2
1 2 1ESM s s O− = , assuming non-degenerate cases, and so make equally dominant 

contributions to the scattered partial field. This result was also found in [1] for the hard 
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cylinder, unlike for the soft cylinder where the A0 partial wave contribution to the scattered 

field was dominant. 

For terms 1n ≥ , the coefficients which represent scattered amplitudes of individual 

partial waves similarly share ( )2nka  proportionality. Under the condition 1ka << , in the 

Rayleigh regime, the corresponding contribution by individual partial waves to the 

scattered field rapidly decreases in magnitude with respect to n in the infinite series for the 

scattered field (3.5).  

However, unlike the soft and hard cylinders in [1], the fluid and solid A0 coefficients 

have a complicated frequency dependence that can be seen in (3.20) and (3.24) by 

inspection of the denominator. Allowing for 2 1FM s <<  and ( )2 2
1 2 1ESM s s− <<  for a highly 

compressible fluid and solid scatterer, respectively, the relative magnitude of the A0 

corresponding partial wave contribution to the scattered field becomes dominant. The 

complex frequency dependence of the ( )
0

FA  and ( )
0

ESA  terms is further explored later in 

Section III.E.  

3. Inner Asymptotic Solution  

The inner asymptotic solution is defined as a solution, which describes Rayleigh 

scattering when 

 1,   1kb kr<< << .  (3.31) 

Development of the inner asymptotic solution is slightly different for the fluid and solid 

targets due to Eqs. (3.23) and (3.30) for the An coefficients being applicable at 1n ≥  and 

2n ≥ , respectively. Starting from Eq. (3.5) for the exact scattered field and using the small 

argument approximations (3.19) of the Hankel functions and the An coefficients in (3.23) 

and (3.30) under conditions (3.14), (3.15), and (3.31), we obtain 

 
( ) ( ) ( ) ( ) ( ) ( )
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( ) ( )( )
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1 1 1

0 0 0 2 2 2
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8 1 cos

1 ,
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F F
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k a n
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A a
br

θ
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κ κ

∞

=

 
= − + × 

 
 + + 

∑
  (3.32) 



 46 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( )

1 1 1 1
0 0 0 1 1 1
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  (3.33) 

Similarly, using (3.17) and (3.19), and the incident fields from Eqs. (3.1) and (3.4), under 

the same conditions, an incident field due to a line source located on the x-axis can be 

approximated as 

 ( ) ( ) ( ) ( )( )1 2
0 0

1

2 1 cos 1
n

in
n

rip H kr J kr n O kr
n r

θ κ
π

∞
<

> < >
= >

   = − +    
∑ .  (3.34) 

Due to the structure of the incident and scattered fields, the infinite sums in Eqs. (3.32) and 

(3.33) are the same as in (3.34) if r r> =  and 2r a b< = . Equation (3.34), using these values, 

where now ( ) ( )( )1 2
0inp H kR a b= , then allows direct replacement of the infinite series in 

(3.32) and (3.33) in terms of two sources, within the same order of accuracy, 
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  (3.35) 
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 × + + + 

  (3.36) 

Equations (3.35) and (3.36) represent inner local asymptotic solutions for the scattered field 

which hold for arbitrary values of a, b, r, and θ  under conditions (3.14), (3.15), and 

(3.31). 

The inner asymptotic solutions satisfy the Helmholtz equation (3.3) exactly and 

approximates the exact scattered field in Eq. (3.5) within factors of 

( ) ( )( )2 21 O kb krκ κ+ +  and ( ) ( )( )2 2 2 2
21 ESO kb kr k a Mκ κ+ + + . Both solutions depend 

only on the A0 and A1 coefficients and are composed of simple image sources, however, 
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their structure is different. The scattered wave due to a fluid cylinder reduces to the sum of 

two image line sources located at the origin and at the point ( )2 ,0a b . The coordinates of 

the latter share the same location as the Kelvin inversion point originating from the 

classical problem in electrostatics pertaining to the electrostatic potential due to a point 

charge in the presence of a grounded sphere [34]. Geometrically, the Kelvin inversion point 

has the property that ( ) ( ) ( )2R b b a R a b=  for every point on the surface of the cylinder, 

r a= . The fluid inner asymptotic solution (3.35) shares the same physical structure as 

previously found for soft, hard, and impedance cylindrical scatterers. The difference 

between different types of scatterers is encapsulated only in the values of the respective A0 

and A1 scattering amplitudes. In the limits of 0FM =  and FM →∞ , which represent the 

acoustically soft and hard boundary conditions, respectively, Eq. (3.35) reduces to the 

results derived in [1]. 

For the solid cylinder, due to the recursion relationship starting at 2n =  (vice 

1n = ) the scattered field inner asymptotic solution (3.36) reduces to the sum of 3 simple 

image sources: two line sources, with different complex amplitudes but at the same points 

as for the fluid and with the introduction of an additional dipole source located at the origin. 

Equations (3.35) and (3.36) can further be evaluated in the limiting case of 

vanishing frequency, for which the wave number 0k →  while the geometric ( ),  ,  ,  a b r θ  

and material parameters ( )1 2,  ,  ,  ,  ,  ,  ,  ,  F ES F ESM M M s s sρ ρ ρ  remain fixed. The 

scattered field in the static limit reduces to 

 ( ) ( )
2

0

2lim ln lnF HF F
sc sck

F F

i ap R r p
b

ρ ρ ρ ρ
π ρ ρ ρ ρ→

     − − = − =     + +      
, (3.37) 
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= + − + 

  (3.38) 

for the fluid and solid, respectively. The resulting stationary limits are exact solutions to 

Laplace’s equation. In the static limit for a fluid, the solution is a scaled result of the 
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expression found for the hard cylinder [1]. And for the solid, the static solution has the 

same monopole terms as for the hard cylinder with added dipole directivity [1]. In both 

Eqs. (3.37) and (3.38), as Fρ  and ESρ  tend to infinity, the stationary limit for the hard 

cylinder ( )H
scp  is reproduced exactly. 

The scattering by a fluid cylinder in acoustics has a direct electrostatic analog in 

the problem of an infinite electric line charge, embedded within a dielectric, running 

parallel to an uncharged dielectric cylinder with a different dielectric constant. In the 

stationary limit, the acoustic scattered field ( )F
scp  exactly corresponds to the electrostatic 

potential of such an analog problem where the densities of the two fluids correspond to the 

respective dielectric constants. The stationary limit for fluid represented in (3.37), through 

inspection, reproduces the known electrostatic solution [58] exactly. In addition, taking the 

limit as F FM ρ ρ= →∞  yields the static limit for the problem of a magnetic line charge 

outside a parallel grounded perfect electric conductor as shown in [1], [36], where in this 

case the pressure corresponds to the scalar magnetic field potential. From a fluid mechanics 

perspective, the pressure in Eq. (3.38) corresponds to the fluid velocity potential of a mass 

injection source in the presence of an elastic circular cylinder. The solution is composed of 

the static impenetrable cylinder solution [1], [50], containing a source and sink of equal 

magnitudes, as well as an additional dipole (source-sink pair), which describes the effect 

of the cylinder deformation on the fluid flow.   

4. Outer Asymptotic Solution 

The outer local asymptotic solution is developed under the imposed geometric 

condition that 

 2 1a brα ≡ << ,  (3.39) 

which corresponds to the source or receiver (or both) located a distance from the center of 

the scatterer that is large relative to a, the radius of the cylindrical scatterer. Within the 

domain of the outer local asymptotic solution, conditions (3.14) and (3.15) still are assumed 

to hold, however, condition (3.31) is no longer assumed. The exact scattered field (3.5) is 

composed of an infinite sum of ( ) ( ) ( ) ( )1 1
n n nA H kb H kr  products, and within the Rayleigh 
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regime from Eqs. (3.23), (3.29), and (3.30), the nth term is proportional to 

( ) ( ) ( ) ( ) ( )2 1 1n
n nka H kb H kr  for 1n ≥ , where 1ka << . The Hankel functions with arguments 

kb and kr are not necessarily small, however, through inspection of their limiting forms as 

a result of Eqs. (3.2) and (3.19), the upper bound of the nth term is proportional to a factor 

( )2 n na br α= . Under condition (3.39), α is necessarily small, and so terms in the series 

(3.5) are proportional to αn and decrease rapidly with increasing n. Through inspection, 

only the first three terms in the infinite series in (3.5) need to be retained to ensure second-

order accuracy in α and ka since the 3n =  term differs from the 1n =  term by a factor 

( )2O α . Ultimately, within the Rayleigh regime under condition (3.39), the approximate 

scattered field is 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( ) } ( )

1 1 1 1
0 0 0 1 1 1

1 1 2 2 2
2 2 2

2 cos

2 cos 2 1 ,

scp A H kb H kr A H kb H kr

A H kb H kr O k a

θ

θ α

= − −

 − × + + 

  (3.40) 

and depends only on the first three An coefficients. The outer local asymptotic solution 

approximates the exact scattered field in Eq. (3.5) to a factor of ( )2 2 21 O k aα+ +  and is an 

exact solution to the Helmholtz equation (3.3). This same result was found for the soft, 

hard, and impedance cylinders in [1].   

5. Uniform Asymptotic Solution  

The local asymptotic solutions obtained above have distinct domains of validity as 

explicitly expressed in conditions (3.31) and (3.39). However, the two domains of validity 

overlap and condition (3.39) is met when either of the inequalities in (3.31) is violated. 

Together, the local asymptotic solutions allow the computation of the scattered field at 

every point outside the scatterer within the Rayleigh regime. The inner local asymptotic 

solutions represented by Eqs. (3.35) and (3.36) approximate the exact scattered field to a 

factor of ( ) ( )( )2 21 O kb krκ κ+ +  and ( ) ( )( )2 2 2 2
21 ESO kb kr k a Mκ κ+ + +  for the fluid 

and solid scatterers, respectively. The outer asymptotic solution in (3.40) approximates the 

exact scattered field to a factor of ( )2 2 21 O k aα+ + . 
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We wish to represent the scattered field everywhere outside the cylinder in one 

single and concise expression, subsuming the two local asymptotic solutions, while 

preserving overall second-order accuracy. As a result of the structure of the known inner 

solution in the solid target case (3.36) and the required number of terms from the outer 

solution in (3.40), assume an overall uniform asymptotic solution for the scattered wave as 

 ( ) ( ) ( ) ( )( ) ( ) ( )1 1 12
0 0 1 0 2 1 cosP B H kr B H kR a b B H kr θ= + + .  (3.41) 

The solution is the sum of a total of three terms: two image line sources and one dipole 

source. The Bi coefficients are constants and are unknown at this point. The proposed 

solution satisfies the Helmholtz equation exactly. 

Using Graf’s Addition Theorem [49], 

 ( ) ( )( ) ( ) ( ) ( )1 1
0 0 0 cosm m

m
H kR x J kx H kr mθ

∞

=−∞

= ∑ , (3.42) 

we may write any line source not located at the origin in terms of a series of linear 

independent partial waves with amplitudes ( )0mJ kx . Using Eq. (3.42) with 2
0x a b= , 

under condition 1ka << , yields  

 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )
1 1 12 2 2

0 0 0 1 1

312 3 2
2 2

2 cos

2 cos 2 ,

H kR a b J ka b H kr J ka b H kr

J ka b H kr O ka b kr

θ

θ α

= +

+ + +
  (3.43) 

which is an approximate expression for the image line source at the Kelvin point. Using 

Eq. (3.43), we can substitute the approximate partial wave representation of 
( ) ( )( )1 2
0H kR a b  into the uniform asymptotic (3.41) and set scP p=  from (3.40) without 

reducing the original accuracy of the approximation in (3.40). Linear independence of the 

partial waves leads to a system of 3 linear algebraic equations with 3 unknowns. The system 

of equations allows for the Bi coefficients to be exactly solved in terms of the known An 

coefficients without compromise of requisite second-order accuracy of the approximate 

solution. The coefficients are 



 51 

 

( ) ( )
( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )
( ) ( )
( ) ( )

1 1
1 2 22

0 0 0 2 0 1 22 2
2 2

1
1 2 2

2 1 1 2 12
2

,    ,

2 2 .

H kb H kb
B A H kb A J ka b B A

J ka b J ka b

H kb
B A H kb A J ka b

J ka b

= − + = −

= − +

  (3.44) 

Substitution of the Bi coefficients into (3.41) allows exact replication of the expression 

within braces, the outer local asymptotic, in Eq. (3.40). Through inspection, under 

condition (3.31) for the fluid target, the amplitude of the B2 coefficient tends to zero, while 

the terms B0 and B1 tend to the scattering amplitudes of the respective sources in 

Eq. (3.35). For the solid target, B0, B1, and B2 tend to the scattering amplitudes of the 

respective sources in Eq. (3.36). Consequently, for both the fluid and solid under condition 

(3.31), P (3.41) reduces to the inner local asymptotic. Thus, Eq. (3.41) represents a second-

order approximation of the scattered field (3.5) valid over the entire domain outside of the 

scatterer, ,r b a≥ , and is a uniform asymptotic solution. The Bi scattering amplitudes are 

readily simplified in the Rayleigh regime through substitution of the derived approximate 

An coefficients and through the fact that 2 1ka b ka≤ << . However, it was shown 

numerically that, for little extra computation, superior results over a wider range of ka 

values are acquired by using the exact An expressions for the Bi coefficients. The uniform 

asymptotic solution exactly reproduces the first three terms in the infinite series, and their 

respective angular independence, yielding a very accurate approximation of the scattered 

field.  

An analysis shows that P represents a superior uniform asymptotic solution than 

those previously derived in [1] for soft, hard, and impedance cylinders. Numerical accuracy 

of the new uniform asymptotic solutions for the scattered field due to soft and hard 

cylinders is discussed in Appendix C. 

Classically, sound scattering by cylinders has been usually studied for plane 

incident waves (see Lowan, et al. for fluids [28] and Faran for solids [29]). 

For comparison with those results, the asymptotic solution in (3.41) can be readily 

evaluated in the plane wave limit. Through use of Eq. (3.2) and allowing b →∞ , we may 

write the equation for a plane wave in terms of a cylindrical wave Eq. (3.1):    
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4lim 2 eikx i ikb
b ine kb e pππ− −
→∞

 =   . It follows that the approximate scattered wave due to 

an incident plane wave is then 4lim 2 ei ikb
pw bP kb e Pππ −

→∞
 =   , where substitution of 

(3.41) yields 

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1
0 0 1 1 2 22 cos 2 cos 2pwP A H kr iA H kr A H krθ θ= − + + .  (3.45) 

Equation (3.45) represents an approximate solution and is composed of only the first three 

terms of an infinite solution. It could have been also obtained from the outer asymptotic 

solution, Eq. (3.40). For plane wave incidence, the scattered field due to a small cylinder 

can be represented by only 3 terms and approximates the exact solution to a factor of 

( )2 21 O k a+ . It is valid over the entire domain, r a≥ , including on the surface of the target. 

D. NUMERICAL SIMULATIONS 

The accuracy of the uniform asymptotic solution (3.41) over representative subsets 

of the domain, ,r b a≥ , was numerically evaluated through the use of MATLAB 

(MathWorks, Natick, MA) by comparing it to the exact solution (3.5) for specific values 

of the dimensionless parameters kr, kb, and θ. We used the exact An expressions for the Bi 

coefficients. 

Relative error |1-P/psc| is presented in Figure 8. The uniform asymptotic solution 

for fluid and solid are extremely accurate for 1ka << , as predicted based on their 

derivation, however, the solution additionally remains relevant for all 1ka ≤ for both target 

types. This was also true for the soft and hard scatterers as shown in [1], and is illustrated 

in Appendix C. However, there are material specific limitations inherent in the derivation 

for fluid and solid, i.e., conditions (3.14) and (3.15) should not be violated and 

2 1,  ,  1k a k a ka ≤  due to the small argument approximations made in the derivation.   
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Figure 8. Accuracy of the uniform asymptotic solution for the scattered field due 
to fluid and solid cylinders. Relative error |1-P/psc| between the 

uniform asymptotic solution and the exact field is plotted as a function 
of ka for exact An coefficients for fluid (dashed lines) and for solid 
(solid lines) cylinders. Material parameters for the fluid are MF = 2, 

s = 1.5 and elastic solid cylinder (aluminum) are MES = 2.76, s1 = 4.23, 
and s2 = 2.03. The relative error is shown for the angle θ = π/4 and the 

following sets of the other geometric parameters: b = r = 1.5a (1), 
b = 1.5a, r = 103a (2), b =10a, r = 1.5a (3), and b =10a, r = 103a (4).     

In reference to Figure 8, and other materials over domains that do not explicitly 

violate 2 1,  ,  1k a k a ka ≤ , the uniform asymptotic error, for both fluid and solid cylinders, is 

proportional to k2a2 when ( )1Oα =  and k4a4 when 1α << , which can be seen by the 

similarly sloped lines for both limiting domains of interest. Thus, overall second-order 

accuracy agrees with theoretical estimates, and additional significant gains in accuracy are 

achieved for the solution when the source or receiver (or both) are located at a distance 

from the scatterer that is large relative to its radial size, a. 
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To further analyze and quantify the accuracy of the uniform asymptotic solution, 

the relative amplitude error (δA/A) and phase error (δφ) are presented in Figure 9 and Figure 

10. The figures further illustrate that the uniform asymptotic solution is an accurate 

approximation for fluid and solid for all values of 1ka ≤  for a wide range of θ and α values. 

Note that neither the relative amplitude error or phase error exceed 0.01 and 0.05 for fluid 

and solid, respectively, for the entire range of the parameters considered, including ka 

values as large as 1. Figure 9 and Figure 10, additionally, show nonlinear dependence of 

the represented errors on the parameter ka.  

 

Figure 9.  Relative amplitude error (δA/A) and phase error (δφ) of the uniform 
asymptotic solutions for the scattered field due to a fluid cylinder. 
Plots (a), (c), (e) show δA/A and plots (b), (d), (f) show δφ, all as a 
function of the dimensionless radius of the cylinder ka. Material 

parameters of the fluid scatterer are MF = 2, s = 1.5. To characterize 
various source and receiver positions the following dimensionless 

parameters were used: kb =0.25, kr =1 (a), (b), kb = 1, kr = 20 (c), (d), 
kb = 20, kr = 10 (e), (f) for the following values of the angles θ = 0 (1), 

π/3 (2), 2π/3 (3), and π (4). 
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Figure 10.    Relative amplitude error (δA/A) and phase error (δφ) of the uniform 
asymptotic solutions for the scattered field due to elastic solid 

cylinder. Plots (a), (c), (e) show δA/A and plots (b), (d), (f) show δφ, 
all as a function of the dimensionless radius of the cylinder ka. 

Material parameters of the aluminum scatterer are MES = 2.76, s1 = 
4.23, s2 = 2.03. To characterize various source and receiver positions 
the following dimensionless parameters were used: kb =0.25, kr =1 

(a), (b), kb = 1, kr = 20 (c), (d), kb = 20, kr = 10 (e), (f) for the 
following values of the angles θ = 0 (1), π/3 (2), 2π/3 (3), and π (4). 

E. RESONANCE SCATTERING OF SOUND BY AN INFINITE CYLINDER 

From Section III.C.5, it follows that Rayleigh scattering by an infinite cylinder is 

controlled by only the first three coefficients: A0, A1, and A2. For the soft and hard cylinder 

these coefficients depend only on the dimensionless parameter ka [1]. For the fluid and 

solid cylinder, the coefficients additionally depend on the dimensionless parameters FM  

and s, and ESM , 1s , and 2s , respectively. Recall that ( )2 2
0 1,A A O k a=  and ( )4 4

2A O k a=  

under conditions (3.21) and (3.25) for the fluid and solid targets, respectively. Under these 
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conditions, the scattering amplitudes of the partial waves are small and steadily decrease 

with frequency as is the case for the soft and hard targets.  

However, in contrast to the soft and hard targets, resonant enhancement of sound 

scattering from fluid and solid cylinders can occur at certain frequencies within the 

Rayleigh regime when the inequalities (3.21) and (3.25) do not hold. Here we consider a 

special case within the Rayleigh regime for fluid and solid cylinders. At resonance, the 

scattering amplitude A0 becomes large relative to the other scattering amplitudes, including 

A1 and A2, and the respective partial wave with the A0 scattering amplitude dominates the 

total scattered field.  

According to Eq. (3.20), the resonance exists for the fluid cylinder when the 

inequality (3.21) is violated, the quantity 2
FM s  is much smaller than unity, and has a certain 

value of the order ( )( )2O kaκ . These conditions describe a fluid target with a much larger 

compressibility than that of the surrounding fluid. For instance, this situation can arise for 

a sufficiently soft fluid target such as an air-filled cylinder in water, where the 

compressibility is ( )2 510 1FM s O −≈ << . Similarly, according to Eq. (3.24), the resonance 

exists for the solid cylinder when the inequality (3.25) is violated, the quantity

( )2 2
1 2ESM s s−  is much smaller than unity, and has a certain value of the order      

( )( )2O kaκ . 

As a function of sound frequency or ka, the absolute value of the A0 scattering 

amplitude has strong peaks when ( )( )2 2 2ln 2 2 Fk a ka M sγ+ = −  and 

( )( ) ( )2 2 2 2
1 2ln 2 2 ESk a ka M s sγ+ = − −  for the fluid and solid targets, respectively. These 

equations determine the resonance frequencies for the fluid and solid infinite cylinders. At 

resonance, the scattering amplitude is ( )( )2
0 1A O kaκ= +  and is much larger than 

( )2 2
1A O k a=  and the values for the respective soft and hard target scattering amplitudes 

( ) ( )( )2
0 ln 2SA O ka

−
=  and ( ) ( ) ( ) ( )2 2

0 1 1, ,H S HA A A O k a=  from [1]. In the vicinity of 

resonance, the scattered field is dominated by the first term in Eq. (3.41). At resonance, the 
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total scattered field is then primarily due to a line source located at the origin. Since the 

scattering amplitudes An are independent of the incident wave field, the resonance 

conditions are, of course, exactly the same as in the case of incident plane waves. For plane 

incident waves, resonant scattering is dominated by the first term in Eq. (3.45) at the same 

frequency as for cylindrical incident waves. 

In the Rayleigh regime, the resonant scattering is very similar for the fluid and solid 

targets, and we will focus on the fluid scatterer in the remainder of Section III.E. 

Dependence of the scattered field amplitude on M  and s  for a fluid cylindrical scatterer 

is illustrated in Figure 11 for two regions of interest: ( ),kb kr O ka=  [Figure 11(a,b)] and 

1kb >>  [Figure 11(c,d)], where the latter represents the plane wave scattering limit. In all 

cases, resonant peaks occur when ( )( )2 2 2ln 2 2 Fk a ka M sγ+ ≈ − , as predicted from the 

scattering amplitude ( )
0

FA . When ( )1s O= , the scattered field due to the fluid cylinder 

reduces to that due to the soft cylinder when ( )( )2 2 2ln 2 2FM k a ka sγ<< − + , and that 

due to the hard cylinder when 1FM >> . From [1], since ( ) ( )2
0 ln 2SA O ka −=  and 

( ) ( )2 2
0

HA O k a=  the scattered field magnitude is much larger in the soft target limit 

compared to that of the hard target limit, as seen in Figure 11. Additionally, we see that the 

scattered field amplitude around resonance is larger than in the soft target limit which was 

predicted above.  

Figure 11(a,b) when the scatterer and receiver are in the near field of the source, 

exhibit deep minima for all curves when 1FM ≈ , as a result of the ( )
1

FA  minimum for that 

respective value as seen in Eq. (3.23). Figure 11(c,d), when the scatterer and the receiver 

are in the far field of the source, exhibit s- and θ-dependent minima (“anti-resonances”) 

which occur when the partial waves with ( )
0

FA  and ( )
1

FA  scattering amplitudes are of similar 

magnitude, and interfere destructively due to a phase difference of π . Analogous results 

were seen for the fluid sphere [33]. 
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Resonant scattering in the Rayleigh regime is known to exist for the fluid [33] and 

solid [63] sphere. The equations that govern the resonant frequencies are 2 2 23 Fk a M s=  

and ( )2 2 2 2
1 23 4 3ESk a M s s= −  for the fluid and solid spheres, respectively. Hence, a 

cylinder and a sphere with the same radius resonate at different frequencies. Additionally, 

the correspondence between the material parameters of fluid and solid scatterers proves to 

depend on the problem geometry. The correspondences between the fluid and solid 

parameters are ( )2 2 2
1 2F ESM s M s s→ −  and ( )2 2 2

1 24 3F ESM s M s s→ −  for the cylinder and 

sphere, respectively. 

Perhaps the most striking difference between the resonances in the spherical and 

cylindrical problems is that the frequency dependence of the scattering amplitude by a fluid 

sphere exhibits a narrower and much higher peak at resonance than for a cylinder of the 

same radius and material parameters. This can be seen by comparing Figure 11 to that of 

Figure 6 from [33]. We can explain and quantify this by comparing the ratios of the 

amplitude of the scattered field at resonance to that in the soft and hard target limits. For 

the sphere, ( ) ( )( )1
0, 0

S
resA A O ka −=  and ( ) ( )( )3

0, 0
H

resA A O ka −=  [33], and for the 

cylinder, ( ) ( )( )2
0, 0 ln 2S

resA A O ka=  and ( ) ( )( )2
0, 0

H
resA A O ka −= . Since ka << 1 in the 

Rayleigh regime, the ratios are significantly larger for the sphere than for the cylinder. 

Scattering of a cylindrical wave by an infinite cylinder can be viewed as a 2-D 

model for the scattering of a spherical wave by a sphere. In light of the findings listed 

above, modeling resonant scattering by 3-D targets using 2-D numerical models will not 

accurately describe the scattering physics since the resonant scattering properties do not 

translate correctly.  
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Figure 11. Amplitude dependence of the scattered field on the material 
parameters of a fluid cylinder. The scattered field amplitude is shown 

as a function of the density ratio M for various values of the sound 
speed ratio s, where s = 0.4 (1), 0.2 (2), and 0.1 (3) in (a) and (c); s = 4 

(1), 2 (2), and 1 (3) in (b) and (d). In all plots, ka = 0.01; kb = kr = 
0.02 in (a) and (b); kb = 20 and kr = 5 in (c) and (d). The angle θ takes 

the values of 0 (dashed lines) or π (solid lines). 

F. ENERGY CHARACTERISTICS OF SCATTERING 

In this section, we illustrate the utility of the uniform asymptotic solution and the 

physical insight into scattering that it provides. Using the uniform asymptotic we compute 

and present energy quantities for the total acoustic field in proximity of the scatterer where 

we expect the total field to be greatly distorted. We consider the scattering due to fluid, 

solid, soft, and hard targets for comparison. 

The approximate total field as a result of scattering due to an infinite cylinder is 

compactly expressed as a simple sum of the fields due to four linear sources (real and 

image) through the superposition of the exact incident (3.1) and approximate scattered 

(3.41) fields,  



 60 

 
( )( ) ( ) ( ) ( ) ( )( )

( ) ( )

1 1(1) 2
0 0 0 1 0

1
2 1 cos ,    .

p H kR b B H kr B H kR a b

B H kr r aθ

= + +

+ ≥
  (3.46) 

Equation (3.46) for the total field allows convenient analytic development of expressions 

for the time-averaged energy density (U) [61], 

 24 4
ppU

c
ρ

ρ

∗ ∗⋅
= +

v v ,  (3.47) 

and the time-averaged power-flux density (J) [61], 

 1 Re
2

p∗ =  J v ,  (3.48) 

valid over the entire domain, ,r b a≥ . The asterisk represents complex conjugation, and 

the particle velocity (v) can be computed through the use of the linearized Euler equation, 

 ( )i pωρ= − ∇v .  (3.49) 

Together, U and J allow a clear visual realization of the magnitude and direction 

for the acoustic energy transport from the source to infinity in the presence of various types 

of scatterers. The direction of energy transport from the source is depicted through the 

energy streamline. Energy streamlines represent the paths along which cycle-averaged 

wave energy is transmitted from a source to infinity. In the fluid that surrounds the 

scatterer, an energy streamline is a line tangent to which at every point is parallel to J at 

that point [64].  

The model parameters used will describe Rayleigh scattering by an underwater 

cylindrical target of radius a = 9.5 cm with axis at x = y = 0. The target is submerged in 

seawater with constant sound speed c = 1500 ms-1 and density ρ = 1025 kgm-3. A line 

source is parallel to the target’s axis and emits monochromatic cylindrical waves at 

frequency f = 250 Hz. The cylindrical wave source is located at 10x b a≡ = , 0y = . For 

these parameters, ka = 0.0995, which is well within the Rayleigh regime (see Figure 8, 

Figure 9, Figure 10, Figure 26, and Figure 27). Hence, the asymptotic error is small and 

use of the uniform asymptotic solution leads to a negligible contribution to error when 

calculating the energy characteristics in Eqs. (3.47) and (3.48). Energy density plots are 
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normalized using the calculated energy density of the incident wave, inp , at the center of 

cylinder. Neither U nor J are shown within the target. 

Figure 12 presents the energy characteristics of scattering due to an aluminum solid 

cylinder (Figure 12(c,f)) alongside the limiting cases of no target (Figure 12(a,d)) and of 

the acoustically hard cylinder (Figure 12(b,e)) for comparison. Figure 12(a,d) depicts 

clearly that for this scattering problem the wave front is a cylinder and not approximately 

a plane. Thereby, plane-wave approximations would be insufficient. Both the hard and 

solid targets greatly distort the field in the vicinity of the cylinder. From the energy density 

plots, both share very similar azimuthal locations for the total acoustic field maxima and 

minima. The magnitude of the distortion is larger for the hard cylinder compared to that 

due to the solid one, according to the energy density figures. The power-flux streamlines 

show that energy is able to propagate through the solid material unlike that for the hard 

cylinder. As a result, the solid cylinder has a lesser effect on the energy characteristics of 

the total acoustic field in the vicinity of the cylinder. 
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Figure 12.   Energy characteristics of the total acoustic field at scattering from a 
solid cylinder. Energy density (a), (b), (c) and power-flux streamlines 

(d), (e), (f) are shown for no target (a), (d), hard target (b), (e), and 
aluminum solid (c), (f). The cylindrical wave source is located at 

10x a= , 0y = . 

In proximity of the target, the total acoustic field is significantly distorted due to 

the scatterer itself. Additionally, from this qualitative analysis for the energy 

characteristics, knowledge of the target type proves to be equally important in making 

predictions. For example, acoustic sensors, whether pressure or vector, are typically located 

in the proximity of a body. Hence, an aluminum solid cylindrical body with mounted 

sensors would measure distorted field values unless corrected to compensate for the 

specific body’s effect. Bearing determination through the matched field processing 

technique was previously explored assuming that sensors are mounted on a hard cylinder, 

and the scattering compensation was found absolutely necessary for the bearing estimation 

to be achievable at low frequencies [1].   

Figure 13 illustrates the energy characteristics of scattering for a fluid cylinder. 

Fluids with relative compressibilities of either 2 0.125FM s =  (Figure 13(b,e)) or 
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2 4.5FM s =  (Figure 13(c,f)) are shown in comparison to the limiting case of the 

acoustically soft cylinder (Figure 13(a,d)). All three types of scatterers shown in the figures 

greatly distort the field in the vicinity of the cylinder when compared to the limiting case 

of no target (Figure 12(a,d)). However, in comparison of the plots for U, the maxima for 

the soft target are an order of magnitude larger than for all other targets considered in Figure 

12 and Figure 13. This could have been expected given the discussion of the effect on the 

scattered field magnitude in the soft target limit in Section III.E. The fluid with a relative 

compressibility of 2 0.125FM s =  (Figure 13(b,e)) has energy characteristics that are very 

different from the soft limiting case. However, when the dimensionless parameters take the 

values of air the plots for the soft case are closely reproduced (not shown). 

    

Figure 13.   Energy characteristics of the total acoustic field at scattering from a 
fluid cylinder. Energy density (a), (b), (c) and power-flux streamlines 

(d), (e), (f) are shown for the soft target (a), (d) and two fluid 
cylinders: MF = 0.5, s = 0.5 (b), (e) and MF = 2, s = 1.5 (c), (f). 

The cylindrical wave source is located at 10x a= , 0y = . 
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Both fluids like the solid allow energy to propagate through the target. This is seen 

from the energy streamlines not being tangent to the curve defining the surface of the 

scatterer. The streamlines intersect the surface unlike for the soft and hard targets. 

Interestingly, the relative compressibility of the fluid has a significant effect on the 

azimuthal locations of the maximum and minimum in the energy density plots. This 

relative compressibility azimuthal dependence is not very apparent in the energy streamline 

plots. The fluid with relative compressibility of 2 4.5FM s =  has energy characteristic plots 

that are qualitatively very similar to that of the solid. For the case of similar densities and 

compressional wave speeds (not shown), the energy characteristics plots for fluid and solid 

are hardly distinguishable. Also not shown in Figure 12 and Figure 13 is that, although all 

of the targets significantly distort the total field in vicinity of the scatterer, in the Rayleigh 

regime only the soft scatterer visibly affects the energy characteristics of the total 

monochromatic sound field in the far field of the scatterer. 

G. CONCLUSION 

The classic problem of cylindrical wave scattering by fluid and solid cylinders has 

well known solutions [28], [29]. The solutions are described in terms of an infinite sum of 

partial waves. The partial wave scattering amplitudes are determined by the boundary 

conditions at the surface of the cylinder. The total complex pressure field is represented by 

the sum of the incident cylindrical wave (3.1) and the scattered (diffracted) wave (3.5).  

However, much simpler, closed-form solutions can be obtained in the important 

special case of Rayleigh scattering where the radius is small compared to the acoustic 

wavelength. In this chapter, uniform asymptotic solutions (3.41) for the scattered field have 

been derived through the method of matched asymptotic expansions for fluid and solid 

cylinders. Additionally, the new asymptotic solutions represent an improvement over 

recently developed solutions (see Appendix C) for acoustically soft, hard, and impedance 

cylinders. 

The established solutions have second order accuracy or greater with respect to the 

dimensionless radius of the cylinder, ka, and are valid over the entire domain outside the 

cylinder, ,r b a≥ . Accuracy of the uniform asymptotic solutions has been confirmed 
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numerically through comparison with the exact solution. Although the asymptotic 

solutions were derived assuming 2 1, , 1k a k a ka << , they have proved to be sufficiently 

accurate for ka values as large as 1, contingent upon that the condition that 2 1, 1k a k a ≤  

is met.  

The uniform asymptotic solutions are represented by the sum of acoustic fields due 

to three image sources located within the cylinder. The asymptotic solution in Eq. (3.41) 

represents solutions for fluid, solid, soft, hard, and impedance boundary conditions in one 

compact expression that exactly satisfies the Helmholtz equation. The locations of the 

sources are the same for all scattering targets and are independent of sound frequency. All 

target-specific information for the boundaries is solely contained in the complex scattering 

amplitudes of the three image sources. The uniform asymptotic solution is the field due to 

three linear sources, a monopole and a dipole source both located at the axis x = y = 0 of 

the cylinder and a monopole source located at x = a2/b, y = 0. The locations of the acoustic 

image sources are the same as in the corresponding electrostatic and magnetostatic 

problems [36], [58].  

For spherical acoustic wave scattering by a small fluid sphere, a similar uniform 

asymptotic solution was developed in [33]. For the fluid sphere, the asymptotic solution 

was composed of a monopole source at the center of the sphere x = y = z = 0 and dipoles 

linearly distributed along a line connecting the center of the sphere and the Kelvin inversion 

point x = a2/b, y = z = 0. In comparison to these findings, the image source solution for the 

case of the fluid cylinder proves to be much simpler than for the fluid sphere. In addition, 

the error remains small for ka as large as 1. This was not the case for the sphere [33]. 

In the Rayleigh regime, resonance scattering exists for the fluid and solid infinite 

cylinder as it does for the small sphere [33], [63]. The resonance frequencies at scattering 

by a cylinder can be estimated accurately through inspection of the A0 scattering amplitude 

of the asymptotic solutions. Resonance frequencies were numerically confirmed for 

various material and geometric parameters. A sphere and cylinder of the same radius and 

material parameters will resonate at different frequencies and the correspondence between 

material parameters of the fluid and solid target is similar but not the same in the 2-D and 
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3-D problems. Modeling spherical resonance scattering using 2-D cylindrical models will 

lead to inaccurate results. Resonance amplification of scattering is much larger for the 

sphere than for the cylinder. Away from resonance, in the far field, the scattered field 

amplitude is stronger for the cylinder than for the sphere. The opposite is true in the near 

field.  

Evaluation of scalar and vector energy characteristics of the total field due to a low-

frequency line source in the presence of fluid and solid cylinders was considered as an 

example of the utility of the uniform asymptotic solutions. Here, the pressure field and 

related quantities are necessarily calculated at many grid points, so the simple and general 

form of the uniform asymptotic solution leads to particularly important computational 

savings. The energy characteristics were evaluated for scattering by fluid and solid targets 

and compared to the free field as well as soft and hard target cases to provide insights into 

the total field distortion due to scattering by various objects. 

The established uniform asymptotic solution as composed of only a few image 

sources suggest a mathematically convenient path forward in a number of scattering 

problems where analytic solutions are not readily available. One problem of particular 

practical interest is sound scattering by a target located close to the ocean surface or another 

reflecting boundary. For this type of problem, reflections of the incident and single-

scattered waves from the boundary lead to multiple scattering from the target. Further 

research is required to establish whether a numerically efficient model for problems where 

multiple scattering by simple shapes is encountered can be obtained in terms of image 

sources. 
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IV. PASSIVE, BROADBAND SUPPRESSION OF RADIATION OF
LOW-FREQUENCY SOUND

This chapter was previously published as [2]: Oleg A. Godin and Alexander 
B. Baynes, “Passive, broadband suppression of radiation of low-frequency 
sound,” The Journal of Acoustical Society of America, vol. 143, no. 2, pp. 
EL67-73, 2018.  

Re-print permission is granted by AIP publishing. AIP Publishing permits 
authors to include their published articles in a thesis or dissertation. 

A. INTRODUCTION 

Anthropogenic noise exceeds natural noise levels in several frequency bands 

important for marine life [65]–[67] and continues to increase with the global economic 

activity [68]. High levels of low-frequency underwater noise are associated, e.g., with 

commercial shipping [65], [67], harvesting renewable hydrokinetic energy [69], and off-

shore construction activities, including pile driving [65], [70], [71]. Significant noise 

suppression is achieved by separating sound sources and receivers with air bubble curtains 

[70], [72] or surrounding the source with an array of encapsulated air bubbles [73], [74]. 

These approaches to noise abatement are based on resonance absorption of sound by 

bubbles and, with sufficiently large volume content of air in the bubble curtain, on sound 

reflection from the curtain due to impedance mismatch with water. Here we explore a 

complementary approach to underwater noise mitigation, which relies on wave diffraction 

rather than dissipation or reflection.  

When an omnidirectional sound source in liquid approaches a boundary with a gas 

half-space within a fraction of wavelength, almost all acoustic energy is radiated into the 

gas, while sound radiation into the far field in the liquid is strongly suppressed [75]–[77]. 

This chapter investigates the feasibility of achieving a similar effect of radiation 

suppression by employing a small compliant object instead of the gas half-space. Using 

results of recent theoretical analyses of acoustic Green’s functions in fluids with spherical 

and cylindrical scatterers [1], [33], we will show that broadband suppression of acoustic 

radiation can be achieved by placing a spherical or cylindrical object in the near field of 

the source, and will assess the requirements to material properties of the object. Unlike 
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absorption- and reflection-based noise suppression, the diffraction mechanism does not 

require surrounding the source with an acoustic barrier, which is important for potential 

applications such as abatement of noise due to ship propellers [67] or tidal energy-

harvesting turbines [69]. 

B. POINT SOURCE IN AN UNBOUNDED FLUID 

Consider the effect of a spherical obstacle on the acoustic field of a point source. A 

sphere of radius a is imbedded in a homogeneous fluid with sound speed c and mass density 

ρ. Introduce a spherical coordinate system with an origin at the center of the sphere. 

Cartesian coordinates (x, y, z) are related to the spherical coordinates r, θ, φ by 

sin cos , sin sin ,x r y rθ ϕ θ ϕ= =  and cos .z r θ=  A monochromatic point source is 

located at r0 = (0, 0, b); b > a (Figure 14a). It is convenient to represent the acoustic pressure 

in the spherical wave radiated by the source and in the wave scattered (diffracted) by the 

sphere in terms of spherical harmonics [14]: 

( ) ( ) ( ) ( ) ( )1 1
0 0

0
exp cosin n n n n

n
p D ik ikD P h kr j krε θ

∞
−

> <
=

= − − = ∑r r r r , (4.1) 

( ) ( ) ( ) ( ) ( )1 1

0

cos , ,sc n n n n n
n

p ikD A P h kb h kr r aε θ
∞

=

= − ≥∑  (4.2) 

where k = ω/c is the acoustic wave number, ( ) ( )max , , min , ,r r b r r b> <= =  εn = 2n +1, Pn 

are Legendre polynomials, jn are spherical Bessel functions, and hn(1) are spherical Hankel 

functions of the first kind [49]. The constant D characterizes the strength of the sound 

source. Time dependence ( )exp i tω− of the acoustic field is assumed and suppressed. The 

coefficients An in Eq. (4.2) describe amplitudes of spherical harmonics in the scattered 

wave and depend on the properties of the obstacle. For a “perfectly soft” sphere with 

pressure release boundary conditions at r = a and a homogeneous fluid sphere, the 

amplitudes are [14], [33] 
( ) ( ) ( ) ( )1 ,S
n n nA j ka h ka=  (4.3) 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )1 1

,F n n n n
n

n n n n

Msj ka j ka s j ka j ka s
A

Msh ka j ka s h ka j ka s

′ ′−
=

′ ′−
(4.4) 
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respectively. For brevity, we will refer to objects with pressure-release boundary as soft. 

In Eq. (4.4), M and s are the ratios of densities and sound speeds inside and outside the 

sphere. Here and below we assume that the membrane encapsulating the fluid inside the 

obstacle is sufficiently thin to have a negligible effect on its oscillations and sound 

diffraction. 
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(a) Cross-section through the center of the sphere and sound source is shown in the problem of sound 
radiation by a point source in the presence of a spherical obstacle in unbounded homogeneous fluid. 
The origin of Cartesian coordinates (x, y, z) is at the center of the sphere. The sound source is located 
at the point (0, 0, b) outside the sphere. Radius of the sphere equals a. (b) Cross-section through the 
center of a hemispheric body and a point source by the plane y = 0, which is perpendicular to the rigid 
boundary z = 0, is shown in the problem of suppression of sound radiation by sources near a boundary. 
The sound source is located at the point r1. Image source at the point r2, which is symmetric to r1 with 
respect to the rigid boundary, is helpful in reducing the problem to that of sound scattering by a sphere. 
(c) Cross-section by a plane z = const. is shown in the problem of sound radiation by a linear sound 
source in the presence of an infinite circular cylinder of radius a. Axis of the cylinder is located at x = 
y = 0 and is parallel to the linear source located at x = b, y = 0. (d) Cross-section by a vertical plane 
through the axis of the cylinder and a vertical array of sound sources is shown in the problem of sound 
radiation suppression in a shallow-water waveguide using a cylindrical obstacle. Sea surface and 
seafloor are the planes z = 0 and z = H, respectively. Axis of the cylinder is located at x = y = 0, and its 
radius is a. Horizontal separation between the sound sources and the axis of the cylinder is b. 

Figure 14.  Geometry of four scenarios of sound radiation suppression by 
diffraction on a compliant body.  
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According to Eqs. (4.1) and (4.2), at r > b the full field p = pin + psc is given by the 

series in Eq. (4.1) with jn(kr<) replaced by 

 ( ) ( ) ( )1
n n n nB j kb A h kb= − . (4.5) 

With amplitudes of the spherical harmonics known, the acoustic power I radiated by the 

source can be calculated by integrating the radial component ( )*Im 2p p r ωρ∂ ∂  of the 

power flux density vector over a sphere r = const > b, which gives 

 22

0

2 .n n
n

I D B
c
π ε
ρ

∞

=

= ∑   (4.6) 

Contributions to the power flux of the spherical harmonics of different orders n are 

additive, which reflects their orthogonality. Note that the ratio I/I0, where I0 is the radiated 

power in the absence of the obstacle, i.e., at a = 0, remains the same when any number of 

coherent or incoherent point sources are located at the same distance from the sphere. 

The goal of noise mitigation is to minimize I. Diffraction on an obstacle suppresses 

sound radiation when the diffracted wave psc interferes destructively with the incident wave 

pin. For the destructive interference to occur everywhere, the effective sources of the 

diffracted wave [33], which are located within the obstacle, need to be in the near field of 

the sound source. When ka ≤ kb ≪ 1, Eqs. (4.3)–(4.5) can be simplified using small-

argument expansions of the spherical Bessel functions [33]. For the soft sphere, we find 

( ) ( )2 2
0 1 1 ,ikaB a b e O k b−  = − +   ( )0

n n
nB B O k b= , 1, 2,n =  , and 

( ) ( )2 2 2
0 1 1 .I I a b O k b = − +   When a/b is close to 1, strong suppression of sound 

radiation is predicted in a wide frequency band, where kb is small. This is expected since 

p is known to vanish everywhere, i.e., full cancellation of pin is achieved [33] in the limit 

b → a > 0 in the case of a soft obstacle. Predictions of the asymptotic theory are confirmed 

by calculations based on exact Eqs.(4.1)–(4.3), (4.5), and (4.6) (Figure 15a). The solution 

scales with sound frequency. Dependence on the frequency, radius of the sphere, and 

distance to the source is shown in Figure 15a in terms of dimensionless parameters ka and 

b/a. As b/a increases from its minimal value of 1, the radiated power increases and exceeds 
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I0, when kb ~ π, due to constructive interference of psc and pin. At large kb and b/a > 1, 

diffraction has little effect on the radiated power. 

 

Figure 15.  Noise mitigation by placing a small compliant sphere in the near field 
of a compact sound source. (a) Ratio I/I0 of the acoustic power 

radiated by a point source with and without a perfectly soft sphere is 
shown as a function of the sphere radius a and the distance b from the 
source to the center of the sphere; k is acoustic wavenumber. (b) Ratio 
I/I0 of the acoustic power radiated with and without a fluid sphere is 

shown as a function of dimensionless radius, ka, of the sphere for three 
distances b from the source to the center of the sphere: b/a = 1.2 

(line 1), 1.5 (2), and 2.0 (3). The ratio M of fluid densities inside and 
outside the sphere is either 0.0013 (solid lines) or 0.013 (dashed lines). 
(c) Dependence of the radiated power on density of the fluid sphere is 

shown for two positions of the sphere: b/a = 1.5 (solid lines) or 3.0 
(dashed lines) and three values of the dimensionless radius: ka = 0.05 

(line 1), 0.1 (2), and 0.2 (3). The ratio of sound speeds inside and 
outside the fluid sphere s = 2/9 in all cases. 
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A soft obstacle is an idealization. For a fluid sphere, from Eqs. (4.4) and (4.5) we 

find that ( ) , 1, 2,n n
nB O k b n= = and 

 
( )

( )

2 2 3

0 2 2 2

1
1 ,

1 3
Ms k a b

B
k a ika Ms

−
≈ −

+ −
  (4.7) 

when kb ≪ 1 and ka/s ≪ 1. These conditions ensure that the radius of the sphere is small 

compared to the acoustic wavelength in fluids inside and outside the sphere. As in the soft 

obstacle case, spherical harmonics with n ≥ 1 give a small contribution of O(k2b2)  to the 

radiated power in Eq. (4.6). It follows from Eq. (4.7) that B0 is close to unity and there is 

no radiation suppression unless Ms2 ≪ 1. The quantity Ms2 has a meaning of the ratio of 

compressibilities of fluids outside and inside the sphere, and is small, e.g., for gas 

inclusions in a liquid. When 3Ms2 ≪ k2a2 ≪ 1, B0 in Eq. (4.7) reduces to the previous result 

for a soft sphere. Wide-band noise suppression occurs in this regime as long as b/a is close 

to 1 (Figure 15b).  

Beyond this frequency interval, frequency dependence of sound radiation in the 

presence of a fluid sphere is more complicated than for a soft one. A strong enhancement 

of radiation occurs at the resonant frequency of sound scattering by the sphere [14], [33] 

where 3Ms2 = k2a2 ≪ 1 and |B0| ≈ [1 + (kb)–2]1/2. By minimizing |B0| with respect to Ms2, 

from Eq. (4.7) we find that an ‘anti-resonance” (a sharp drop in sound radiation) occurs at 

such frequency that  

 ( )2 2 23 1 .Ms a b k a= −  (4.8) 

This effect can be utilized when suppression of noise around a particular frequency, e. g., 

the blade passing frequency of a ship’s propeller, is desired. The “anti-resonance” 

frequency is of the order of, but higher than, the resonance frequency. These findings are 

consistent with the back-of-the-envelope calculations and experimental results of Lee et al. 

[78], who studied a related problem of suppression of a ship’s hull vibrations induced by 

propeller cavitation.  

Figure 15, which presents calculations based on exact Eqs. (4.1)–(4.6), supports the 

above predictions of the asymptotic theory and illustrates sensitivity of the results to 

material parameters of the sphere. Position of the sphere relative to the source affects the 
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“anti-resonance” frequency and efficiency as well as radiation enhancement at resonance 

(Figure 15b). When 3Ms2 ≪ k2a2 ≪ 1 and ka/s ≪ 1, efficiency of radiation suppression is 

a function of b/a and is insensitive to sound frequency and the small ratio of the 

compressibilities, Ms2. Additional narrow peaks in Figure 15b occur around ka = 0.46, 

where the condition ka/s ≪ 1 is violated and ( )/
1 0j ka s = in Eq. (4.4). These peaks 

correspond to a resonance of non-spherically symmetric oscillations of the sphere. The 

width of the peak is proportional to M, and the peak, although undesirable, will have an 

insignificant effect on suppression of broadband noise if M is sufficiently small. When the 

“anti-resonance” is employed to suppress a given frequency, compressibility of the sphere 

can be chosen to optimize the noise mitigation (Figure 15c). As predicted by Eq. (4.8), the 

required compressibility depends on the radius of the sphere and the distance to the source. 

As much as 40 dB noise suppression, albeit in a narrow frequency band, can be achieved 

that way at low frequencies, where ka ≪ 1 (Figure 15c). The numerical values M = 0.0013 

and s = 2/9 of the density and sound speed ratios that are used in Figure 15b and Figure 

15c correspond to an air bubble in water at normal conditions.   

Efficient noise suppression requires that the quantity 1 – a/b is small. For a 

distributed noise source within a sphere of radius R, this requires b a R− ≥  and 

( )1 .a b R a R− ≥ +  Larger values of a broaden the frequency band of noise suppression 

and simultaneously improve performance in the case of finite sources. Figure 15b suggests 

using air-filled spheres with a radius as large as 0.075 of the acoustic wavelength in water. 

C. POINT SOURCE NEAR A BOUNDARY 

Noise sources are often located in the vicinity of boundaries, e.g., the ship’s hull 

surface in the case of propeller noise. Use of diffraction for radiation suppression can be 

extended to such geometries. As a simple example, consider an omnidirectional source at 

point r1 = b(sinβ, 0, cosβ), 0 ≤ β ≤ π/2 in a fluid half-space z > 0 with a rigid boundary 

z = 0  (Figure 14b). Let a hemispherical obstacle 0 ≤ r ≤ a, z > 0 be used for radiation 

suppression; a ≤ b. Then the acoustic field at z ≥ 0 will be the same as due to two identical 

point sources at r1 and r2 = b(sinβ, 0, –cosβ) in an unbounded fluid with a spherical 

obstacle. For a small sphere (ka ≪ 1), the terms with n = 0 and 1 are known to be dominant 
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in the series (4.2) in the far field [14], [33]. Using Eq. (45) in [33] for the field scattered by 

a sphere, for the far field in the problem with a hemisphere on a rigid plane we find   
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Integration of the far-field power flux density |p|2/2ρc over the hemisphere r = const, 0 ≤ 

θ ≤ π/2, 0 ≤ φ ≤ 2π and taking into account that kb ≪ 1, gives   
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A similar but simpler analysis in the case of a spherical obstacle in unbounded fluid gives 

the result that differs from Eq. (4.10) only by replacing sinβ with 1. Thus, a hemispheric 

obstacle on a rigid surface provides at least as much radiation suppression as a sphere of 

the same material in unbounded fluid. For soft and, as long as ka/s ≪ 1, fluid obstacles, the 

term with A1 is a small correction to the first term in the right-hand side of Eq. (4.10). Then, 

all our findings regarding radiation suppression by a sphere in homogeneous fluid, 

including Eqs. (4.7) and (4.8), apply to the case of a hemisphere on a rigid plane. 

D. SOUND SOURCES IN A WAVEGUIDE 

Another problem, which admits a simple analysis, is sound radiation by a linear 

source in the presence of a circular cylinder with its axis parallel to the source. Let the 

source be located at x  = b, y = 0, –∞ < z < ∞. Introduce cylindrical coordinates r, θ, z such 

that cosx r θ=  and sin .y r θ=  The source radiates a cylindrical wave with acoustic 

pressure ( ) ( )1
0 ,inp H kr=  which is scattered (diffracted) by a homogeneous cylinder at 0 ≤ 

r ≤ a, –∞ < z < ∞ (Figure 14c). Mathematically, this is a 2-D counterpart of the problem 

of a spherical wave diffraction on a sphere. In cylindrical coordinates, solution of the 2-D 

problem [1] will be given by the same Eqs. (4.1)–(4.6) as in the 3-D case, if spherical 

Bessel functions jn and hn(1) are replaced with Bessel functions Jn and Hn(1), Pn(cosθ) is 

replaced with –ik–1cosnθ, and εn = 1, when n = 0, and εn = 2, when n = 1, 2, … . Then I in 

Eq. (4.6) has the meaning of radiated power per length 1/πk of the linear source. Asymptotic 
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analysis of the effect of a soft or fluid cylinder on low-frequency sound radiation by a linear 

source is similar to the analysis we outlined in the 3-D case and will not be reproduced 

here. Figure 3a shows the ratio of the power radiated by the linear source with and without 

a soft cylinder present. The calculations are based on the exact Eqs. (4.1)–(4.6). As in the 

3-D case (Figure 15a), strong suppression of sound radiation is predicted in a wide 

frequency band when radius a of the cylinder is close to b. This is due to destructive 

interference of the incident and diffracted waves. Full cancellation occurs in the limit 

b → a > 0. As kb increases and reaches values of about π, destructive interference gradually 

transforms into constructive, leading to enhancement of sound radiation. The enhancement 

and subsequent oscillations of I/I0 with increasing kb are more pronounced for the cylinder 

than for the sphere. On the other hand, the cylinder gives stronger suppression of radiation 

at ka ≪ 1 (cf. Figure 15a and Figure 16a). 
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Figure 16.   Noise mitigation using a compliant cylindrical object of small radius. 
(a) Ratio I/I0 of the acoustic power radiated by a linear sound source 

with and without an infinite, perfectly soft circular cylinder of radius a 
in the near field. Axis of the cylinder is parallel to the linear source; 

b is the distance from the source to the axis of the cylinder; k is 
acoustic wavenumber. (b) The ratio I/I0 of the acoustic power radiated 

with and without a fluid cylinder with a vertical axis in a shallow-
water waveguide is shown as a function of sound frequency for the 

first three normal modes. Mode orders are indicated in the plot. 
(c) The ratio I/I0 of the acoustic power radiated by a point source in the 
shallow-water waveguide with and without the fluid cylinder is shown 
as a function of sound frequency. The source depth is 0.25 (1), 0.5 (2), 

or 0.75 (3) of the water depth. The three curves differ only at 
frequencies above the cutoff frequency of the second mode. Water 
depth H = 25 m in the waveguide, the ratios of density and sound 
speed in the fluid cylinder to those in water are M = 0.0013 and 

s = 2/9, cylinder radius a = 1 m, horizontal separation of the cylinder 
axis from the source b = 1.3a; cutoff frequencies of the first four 

normal modes are 15, 45, 75 Hz, and 105 Hz, respectively. 
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Consider now sound radiation suppression in a waveguide. We model a shallow-

water waveguide as a homogeneous fluid layer 0 < z < H between a pressure-release surface 

at z = 0 and rigid bottom at z = H. A homogeneous fluid cylinder occupies the entire vertical 

extent of the waveguide at 0 ≤ r ≤ a. A sound source is located at distance b from the 

cylinder axis (Figure 14d). The source has negligible radial dimensions and an arbitrary 

vertical structure. For example, sound may be radiated by a vertical array of point sources 

or vibrations of a driven pile [70], [71].  

It is convenient to represent acoustic pressure in the waveguide as a superposition 

of local normal modes [48]:  

 ( ) ( )
1/2

1

2 1, , sin .
2m m m

m

zp r P z P m
H H
ρ πψ θ

∞

=

    = = −        
∑   (4.11)  

Since shape functions Pm(z) of the modes are the same inside and outside the cylinder, there 

is no coupling between modes of different orders m in our horizontally inhomogeneous 

waveguide [48], and the 2-D wave equations and boundary conditions for the complex 

amplitudes ψm(r, θ) of the modes are the same as in the previously considered problem of 

cylindrical wave diffraction on a cylinder. In the boundary value problem for ψm, the 

densities of fluid outside and inside the cylinder are the actual densities ρ and Mρ, while 

the sound speeds are the phase speeds ( ) 1/22 21 mc f f
−

−  and ( ) 1/22 2 2
mc s f f

−− − of the m-th 

mode [48]. Here f and ( )2 1 4mf m H= − are sound frequency and cutoff frequency of the 

mode outside the cylinder. An acoustic normal mode is evanescent and does not carry 

energy to the far field at frequencies below its cutoff.  

Because of mode orthogonality, the power radiated by the source is the sum of 

power fluxes carried by individual normal modes. Above the cutoff, the effect of the 

cylinder on acoustic power flux in an individual normal mode is given by equations derived 

for the infinite cylinder. Figure 16b illustrates radiation suppression of modal power fluxes 

at low frequencies. (Details of the frequency dependence of I/I0 at f→fm are not shown in 

the figure because the limiting behavior of the phase speed, cm→∞, in the waveguide with 

a rigid bottom is not representative of waveguides with a fluid or solid bottom.) The results 

for radiation suppression by a cylinder in the waveguide are qualitatively similar to 
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radiation suppression by a sphere in an unbounded fluid (Figure 15b), including “anti-

resonance” and broadband suppression. However, stronger frequency dependence is 

encountered in the waveguide due to modal dispersion. At a given frequency, broadband 

radiation suppression is better for higher-order modes. Narrow resonance peaks of 

frequency dependence of the radiated power, which are seen in Figure 16b around 100 Hz 

for mode 1 and 110 Hz for mode 2, have exactly the same origin but are not as strong as 

previously discussed peaks in the case of a sphere (Figure 15b). With their width being a 

fraction of Hertz, the peaks have a negligible effect on suppression of broadband noise.  

To calculate the power radiated by a given source, one needs to know excitation 

coefficients of all propagating normal modes. For a point source at depth z0, mode 

amplitudes ψm in Eq. (4.11) are proportional to Pm(z0). The frequency-dependent ratio I/I0 

of the power radiated by the source with and without the cylinder present becomes a 

function of the source depth at frequencies f > f2, when there are at least two propagating 

normal modes in the waveguide. Depending on sound frequency, radiation suppression 

may increase or decrease with source depth (Figure 16c), but remains bounded at each 

frequency by the minimum and maximum modal values of I/I0 for the excited modes.  

Figure 16c indicates that, in the example considered, passive suppression of low-frequency 

noise by at least 12 dB is achieved in a 3 octave-wide frequency band by using a simple 

fluid obstacle with realistic parameters. The suppression takes advantage of sound 

diffraction rather than dissipation. 

E. DISCUSSION 

We have studied four basic sound propagation scenarios to illustrate and quantify 

the possibility of using diffraction (scattering) to passively suppress unwanted sound 

radiation. Broadband noise suppression in free space is achieved by placing a highly 

compliant object in the near field of a compact sound source provided that the size of the 

object is comparable to its distance from the source and small compared to the acoustic 

wavelength. Multiple nearby sources can be suppressed simultaneously by the same object. 

It has been shown that the proposed approach allows strong suppression of acoustic 

radiation by compact sources near boundaries and in waveguides. The approach is most 
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efficient at low frequencies where alternative, absorption- and reflection-based 

mechanisms of noise mitigation become impractical. Diffractive suppression of sound 

radiation requires materials with high dynamic compliance. The ratio of compliances of 

the object and surrounding fluid controls the width of the frequency band, within which 

the radiation suppression takes place. To avoid resonance scattering, it is preferable to 

achieve high compliance by having small density of the object rather than small sound 

speed. In shallow water, encapsulated gas bubbles offer suitable physical properties. Deep-

water applications would benefit from acoustic metamaterials with high dynamic 

compliance, such as metal foams [79].  

Acoustic energy radiated by a transient source can be calculated as an integral over 

frequency of the power radiated by monochromatic components of the signal. Therefore, 

transient noise sources will be suppressed by diffraction on compliant objects, as discussed 

above for monochromatic sources, as long as the source spectrum is within the frequency 

range of the broadband noise suppression.  

This chapter considered radiation suppression only by obstacles of a few of the 

simplest shapes. Apparently, superior results can be achieved by optimizing the shape. 

Shape optimization may in fact be necessary when dealing with real-world noise sources 

rather than omnidirectional point sources. Other important issues to be addressed in future 

research include the effects of encapsulating membranes or shells on noise suppression by 

diffraction on gas-filled objects and the role of multiple scattering when dealing with finite-

size noise sources. 
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V. AN ANALYTIC AND NUMERICALLY EFFICIENT MODEL 
FOR LOW-FREQUENCY SOUND SCATTERING BY AN INFINITE 

CYLINDER NEAR AN INTERFACE

This chapter is in preparation to be submitted as: Alexander B. Baynes and 
Oleg A. Godin, “An analytic and numerically efficient model for low-
frequency sound scattering by an infinite cylinder,” Journal of Theoretical 
and Computational Acoustics.  

Preprint of an article submitted for consideration in the Journal of 
Theoretical and Computational Acoustics © (2018) World Scientific 
Publishing Company [https://www.worldscientific.com/worldscinet/jtca]. 

A. INTRODUCTION 

Rayleigh scattering of sound by a target can be described as a wave radiated by 

virtual point sources inside the target [1], [3], [32], [33]. When a target is located close to 

the ocean surface or another reflecting boundary, reflections of the incident and single-

scattered waves from the boundary lead to multiple scattering from the target, with the 

target being insonified by nearby virtual sources. At low frequencies and for shallow 

targets, the distance from a virtual source to the target is not necessarily large compared to 

the acoustic wavelength or the target’s dimensions. Solutions to this problem are generally 

solved using numerical methods [19], [22], [37]. This chapter takes advantage of the virtual 

source concept and recently derived explicit analytic representations of 2-D acoustic 

Green’s functions in unbounded fluids with inclusions of a circular cross-section [1], [3] 

to develop a simple and numerically efficient model of multiple scattering. Scattering from 

soft, hard, and fluid objects is considered. The model is used to study the acoustic field in 

the vicinity of targets near a pressure release surface or a hard bottom, examine conditions 

of applicability of the single-scattering approximation, and take advantage of the analytic 

form of the approximate solution to investigate relevant acoustic quantities. 

This chapter is organized as follows. In Section V.B, a background on cylindrical 

wave scattering by an infinite cylinder in free space and in the presence of a boundary is 

discussed. We establish, specific to the Rayleigh scattering regime, a semi-analytic method 

to approach the latter problem in Section V.C. In Section V.D, the geometry of multiple 
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scattering of infinite cylinders near interfaces is investigated. Accuracy of the developed 

solution is numerically compared to the single scattering approximation and a near-exact 

least square solution in Section V.E. In Section V.F, the analytic approximate solution is 

employed to explore important scalar and vector scattering characteristics for the acoustic 

field in the vicinity of a target near a boundary. Lastly, Section V.G provides a summary 

of our conclusions. 

B. THEORETICAL BACKGROUND 

Here, we review the necessary theoretical building blocks to form an approach to 

solving the problem of cylindrical wave diffraction by an infinite cylinder in a homogenous 

medium in the presence of an interface. Our approach is based on the solution to the 

problem of scattering by a cylinder in free space. We first discuss the exact solution to this 

problem and then the recently derived approximate solutions that are valid specifically in 

the Rayleigh scattering regime [1], [3]. Lastly, we discuss the complexities that arise with 

introduction of the interface due to the physical process of multiple scattering. 

1. Scattering by a Cylinder in Free Space 

a. Exact Solution 

In this scattering problem and throughout, we consider monochromatic incident 

cylindrical waves of frequency ω originating from an infinite line source. The cylindrical 

waves are incident upon and diffracted by an infinite circular cylinder. The cylinder has 

constant radius a, and its axis runs parallel to the linear source. Wave scattering by 

acoustically soft, hard, and fluid targets is considered. The cylinder and source are 

embedded in a homogenous fluid with sound speed c, acoustic wave number k cω= , and 

density ρ. 

For the problem described, the acoustic pressure field is independent of the z-

coordinate along the axis of the cylinder. As a result, we can reduce the complexity of this 

problem by equivalently representing it as a two-dimensional problem. For simplicity, the 

polar coordinate system consisting of the coordinates ( , )r θ  will be used. Cartesian 
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coordinates are defined by the relationships cosx r θ=  and siny r θ= . The origin of the 

coordinate system is located at the center of the cylindrical body. 

The complex acoustic pressure field due to an incident cylindrical wave can be 

expressed as [14] 

 ( ) ( )( ) ( ) ( ) ( )2 21 2 2
0 0 0 0 0 0 0 0 0, ,  , ,  inp H kR x y R x y x x y y b x y= = − + − = + .  (5.1) 

Here, and throughout, ( )exp i tω−  time dependence is assumed and suppressed. The sum 

of the incident ( )inp  and resultant scattered ( )scp  pressure fields form the total acoustic 

( )p  pressure field. The geometry of the problem is shown in Figure 17, where the source 

is located at the coordinates ( )0 0,x y  a distance b a>  from the center of the cylinder, and 

( )0 0,R x y  is the distance from the source to any point ( ),x y . Additionally, ( ) ( )1
0H q  is the 

Hankel function of the first kind of 0th order, that are expressed for any order n as 
( ) ( ) ( ) ( )1 in n nH q J q Y q= + . ( )nJ q  is the Bessel function and ( )nY q  is the Neumann 

function [49]. 

In the surrounding fluid, outside of the cylinder, the scattered acoustic pressure 

( )scp  satisfies the 2-D Helmholtz equation, 

 2 2 0,   sc scp k p r a∇ + = > .  (5.2) 

The incident and scattered acoustic pressure fields can be expressed as an infinite series of 

cylindrical functions as [14] 

 ( ) ( ) ( ) ( ) ( ) ( )1

0
cos ,   max , ,   min ,in n n n b

n
p H kr J kr n r r b r r bε θ θ

∞

> < > <
=

= − = =∑   (5.3) 

 ( ) ( ) ( ) ( ) ( )1 1

0
cos ,   sc n n n n b

n
p A H kb H kr n r aε θ θ

∞

=

= − − ≥∑   (5.4) 

where nε  is the Neumann symbol ( 0 1ε = ; 2nε =  for 1n ≥ ), r is distance from origin to 

observation field point (x, y), and the angles θ  and bθ  are depicted in Figure 17. The An 

coefficients are currently undetermined. The coefficients represent the scattering 

amplitudes for individual partial waves. They are determined by the boundary conditions 

at the surface of the cylinder, where r a=  . 
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For the fluid scatterer, let Fp  be the total pressure within the cylinder r a< . The 

scatterer is composed of a homogenous inviscid fluid with mass density F FMρ ρ= , sound 

speed 1c sc= , and acoustic wave number 1 1k cω= . The acoustic (compressional) wave 

within the scatterer satisfies the 2-D homogeneous Helmholtz equation, 

 2 2
1 0,   F Fp k p r a∇ + = <  . (5.5) 

The acoustic pressure field within the scatterer can be expressed as an infinite series of 

cylindrical functions as [14],  

 ( ) ( ) ( ) ( ) ( )1
1

0
cos ,   F

F n n n n b
n

p D H kb J k r n r aε θ θ
∞

=

= − ≤∑ ,  (5.6) 

where the ( )F
nD  coefficients represent undetermined complex amplitudes of partial waves. 

The acoustic boundary conditions for acoustically soft (S), hard (H), and fluid (F) 

cylinders, respectively, are [61] 

 ( ) 0,   S
in scp p r a+ = = ,  (5.7) 

 
( )

0,   
H

in scp p r a
r r

∂ ∂
+ = =

∂ ∂
,  (5.8) 

 ( )
( )

,   ,   
F

F in scF
F in sc F

p ppp p p M r a
r r r

 ∂ ∂∂
= + = + =  ∂ ∂ ∂ 

.  (5.9) 

The individual scattering amplitudes are easily solved through direct substitution of the 

exact expressions for the fields in Eqs. (5.3), (5.4), and (5.6) and their respective radial 

derivatives into the boundary conditions in Eqs. (5.7)-(5.9). The individual partial wave 

scattering amplitudes due to soft (S), hard (H), and fluid (F) cylinders are 

 ( ) ( ) ( ) ( )1S
n n nA J ka H ka= ,  (5.10) 

 ( ) ( ) ( ) ( )1H
n n nA J ka H ka′′= , (5.11) 

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1

1 1
1 1

F F n n n n
n

F n n n n

M sJ ka J k a J ka J k a
A

M sH ka J k a H ka J k a

′ ′−
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′ ′−
, (5.12) 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )1 1

1 1

2iF F
n

F n n n n

M s ka
D

M sH ka J k a H ka J k a

π
=

′ ′−
. (5.13) 
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Substitution of Eqs. (5.10)–(5.12) into Eq. (5.4) yields the exact solution to the free-space 

problem of cylindrical wave diffraction by an infinite cylinder. Substitution of Eq. (5.13) 

into Eq. (5.6) yields the exact solution for the acoustic field within the fluid cylinder. 

b. Low-Frequency Uniform Asymptotic Solution 

We limit this chapter only to a scattering problem where the wavelength is large 

compared to the physical dimensions of the scatterer, i.e., the Rayleigh scattering regime. 

We do this by imposing the following constraint for the soft and hard targets, 

 1ka << ,  (5.14) 

and for the fluid target, 

 11,   1ka k a<< << .  (5.15) 

Under condition (5.14), for the Rayleigh scattering regime, it was shown in [1] that the 

scattered acoustic field due to soft and hard cylinders can be compactly and accurately 

approximated. The approximate field can be represented as the sum of fields pertaining to 

simple monopole sources located within the cylinder, i.e.,   
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  
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

  (5.16) 

Equation (5.16) reduces the exact scattered pressure field in Eq. (5.4) represented by an 

infinite sum to the compact sum of fields due to three line sources located within the 

cylinder at the polar coordinates ( )0, bθ , ( )2 , ba b θ , and ( )2 2 , ba b θ− for a source located 

at ( ), bb θ  (see Figure 17). 

Later, it was shown again under conditions (5.14) and (5.15) in [3] that the scattered 

field due to soft, hard, and fluid targets can be expressed somewhat more accurately in 

terms of monopole and dipole sources, i.e., 



 86 

 

( ) ( ) ( ) ( )( ) ( ) ( )
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= − = − +

  (5.17) 

Equation (5.17) reduces the exact scattered field in Eq. (5.4) to the sum of fields due to 

simple linear sources located inside the cylinder with a monopole and dipole source co-

located at the center of the cylinder (0, 0) and a monopole source located at ( )2 , ba b θ . 

In both Eqs. (5.16) and (5.17), the iB  and Bi coefficients are in terms of the An 

coefficients defined in Eqs. (5.10)–(5.12) for the soft, hard, and fluid targets, respectively.  

The accuracy of the uniform asymptotic solutions was explored in Refs. [1] and [3]. They 

have second order accuracy or greater with respect to the dimensionless radius of the 

cylinder, ka, and are valid over the entire domain outside the cylinder,  ,r b a≥ . Explicit 

comparison of the two uniform asymptotic solutions for soft and hard targets is shown in 

Fig. C.1 and C.2, respectively, of [3]. 
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Figure 17. Two-dimensional cross-section of the geometry of scattering of low-
frequency sound by a cylindrical target in free space. Depicted is the 

acoustic pressure line source located at the coordinates (x0, y0) outside 
of an infinite cylindrical scatterer of radius a and axis at (0, 0). 

The field observation point is located at (x, y). Additionally shown are 
the coordinates of three image acoustic line sources located within the 

cylinder at the polar coordinates ( )0, bθ , ( )2 , ba b θ , and 

( )2 2 , ba b θ− . The distance R is formally defined in Eq. (5.1) and 
employed from Eq. (5.16) onward. 

2. Scattering by an Object Near a Boundary 

Consider the cylindrical wave source and cylinder previously described (see 

Figure 17). Now, introduce to the free space scattering problem an acoustic reflective 

boundary located a vertical distance D above the center of the scatterer (0, 0). The interface 

is described by the plane ( ) ( ), , , ,x y z x D z=  (see Figure 18). We will consider only 

acoustically soft and hard interfaces subject to the following boundary conditions at the 

interface-for the soft interface [61], 

 0,   in scp p y D+ = = ,  (5.18) 

and for the hard interface [61], 
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 0,   in scp p y D
y y

∂ ∂
+ = =

∂ ∂
.  (5.19) 

These equations are analogous physically to that for the boundary conditions at the surface 

of the cylinder in Eqs. (5.7) and (5.8), respectively. The exact and approximate free space 

Green’s functions that describe the total acoustic field no longer satisfy either of the 

boundary conditions at the interface. 

3. Single Scattering Approximation (SSA) 

The SSA is a first-order approximation to solving problems that involve multiple-

scattering. Multiple scattering arises from the introduction of the boundary and the SSA 

model has appeared in the literature [19], [22]. The method allows for only single scattering 

from the target while strictly enforcing the boundary condition at the interface. Single 

scattering implies that sound is only incident upon the cylinder by a direct and single 

indirect path. The direct path is the same as for in free space. The indirect path allows for 

sound to first reflect off of the interface and then to be incident upon and diffracted by the 

cylinder. The resultant scattered field is the single-scatter field. 

In the context of image sources, the formulation of this approximation is 

geometrically and intuitively constructed in terms of simple linear sources within the 

Rayleigh regime using either of the uniform asymptotic solutions expressed in Eqs. (5.16) 

and (5.17) coupled with the method of images. The construction is simple; the original 

source will generate a respective image source satisfying the boundary condition at the 

interface. Next, both monopole sources generate cylindrical waves that are incident upon 

and diffracted by the cylinder. Then, the total scattered acoustic field can be represented 

approximately as the field due to the sum of fields due to simple sources located within the 

scatterer. Lastly, to meet the boundary condition at the interface, these newly generated 

sources have respective image sources. 

The total field is then the sum of fields due to the original incident field source, its 

respective image source, the image sources as a result of single-scattering by the cylinder, 

and their respective image sources in order to satisfy the boundary condition at the surface. 

Figure 18 depicts the SSA solution using the free space Green’s function composed of three 



 89 

monopole sources as expressed in Eq. (5.16). The image source coordinates and amplitudes 

are determined by the boundary condition at the interface. For perfect (hard or pressure 

release) plane boundaries, the images sources will be mirrored about the line y D= . The 

respective amplitudes of the image sources will be the same as the original sources, but 

may change sign. Specifically, for the soft interface an image monopole and image dipole’s 

x-component of amplitude changes sign, and for the hard interface an image dipole’s y-

component of amplitude changes sign. 

Interestingly, the same source geometry exists for all scatterers and boundaries 

considered, and only differ in their amplitudes. The Green’s function describing the total 

field is the sum of fields due to the same sources at the same coordinates only with differing 

complex amplitudes. The approximate solution exactly satisfies the 2-D Helmholtz 

equation (5.2) and is valid everywhere on and outside the surface of the scatterer within 

the lower half-plane described by the interface, ,  r a y D≥ ≤ . The approximation satisfies 

the boundary condition exactly at the interface y D= , but through its construction is not 

forced to and so only approximately satisfies the boundary at the surface of the cylinder, 

r a= . 
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Figure 18.  Geometry of single scattering of low-frequency sound by a cylindrical 
target near a boundary. Plot (a) depicts the entire single scattering 

geometry including incident wave source, its respective image, and the 
resulting image sources. Plot (b) depicts the angles used in developing 

single scattering and iterative solutions. 

4. Multiple Scattering 

Single scattering of sound is only the first approximation to the scattering problem 

described in V.B.2. In reality, the resultant single scattered sound field propagates towards 

and reflects off of the interface and is reincident upon and diffracted by the scatterer a 

second time. The resulting scattered field solution after satisfying the boundary condition 

at the interface can be described as the double-scattering approximation. Moreover, this 

physical process continues indefinitely and describes the physical process of multiple 

scattering. The total field is then due to an infinite sum of infinitely many scatterings and 

reflections. The accuracy of the SSA solution is a measure of how relatively significant the 

contribution of these later multiple scatterings are individually or in summation when 

compared to the single-scattered field. 
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C. IMAGE SCATTERING MODEL (ISM) 

Generally, multiple-scattering problems are solved numerically without much 

physical insight into the complex scatterer-interface interactions that occur [37]. Other 

approaches involve solving an infinite set of equations for the amplitudes of individual 

partial waves. However, here, through the use of the known free-space scattered field 

expression (5.16), one can geometrically visualize the resulting successive multiple-

scattering interactions occurring for this problem. The depiction of the resulting SSA model 

in Figure 18 and its description of construction can be iteratively repeated to construct 

higher-order multiple-scattering approximations simply by continuously using Eq. (5.16) 

coupled with the method of images. 

It is important to realize that the uniform asymptotic solution in the form of 

Eq. (5.17) was appropriate for the SSA method outlined in V.B.3, however, it does not 

apply here in the same way because multiple scattering would require dipole source-target 

scattering interactions which we have not defined previously. 

1. Generalized Method 

In the Rayleigh scattering regime, the scattered acoustic field due to sound from a 

monopole source incident upon a soft, hard, or fluid cylinder can be described 

approximately as the field due to three monopole sources [1], [3]. In this respect, physically 

every source-target scattering interaction “creates” three new monopole sources within the 

target approximately satisfying the boundary condition at the surface of the cylinder,   

r a= . Subsequently, each new monopole source created from scattering, in turn, creates 

an image source to exactly satisfy the boundary condition at the interface, y D= . It follows 

that a solution to the problem for low-frequency cylindrical wave diffraction by a cylinder 

near an interface can be constructed entirely geometrically through iteration. We will refer 

to this geometrically constructed solution as the Image Scattering Model (ISM). 

The ISM’s resulting Green’s function as the sum of fields due to a collection of 

simple sources describes an analytic multiple-scattering solution to the problem of low-

frequency scattering of sound by a soft, hard, and fluid cylinder near a soft or hard interface. 

The solution is the sum of fields due only to monopole cylindrical sources of the form in 
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(5.1). The solution exactly satisfies the 2-D Helmholtz equation (5.2) and is valid 

everywhere on and outside the surface of the scatterer within the lower half-plane described 

by the interface, ,  r a y D≥ ≤ . It satisfies the acoustic boundary condition exactly at the 

interface y D= , and unlike for the SSA model, through iteration, it additionally satisfies 

the boundary condition at the surface of the cylinder, r a= . 

Some geometries and scattering scenarios (type of scatterer, interface, ka values, 

etc.) required significantly more iterations to acceptably satisfy the boundary condition at 

the surface of the cylinder, r a= . A specific example would be the scattering problem of 

a soft target near a hard interface when ( )D O a= . A linear increase in the number of 

iterations requires an exponential increase in the number of sources required due to 

multiple scattering. Additionally, and computationally expensively, multiple-scattering 

yields to the continual generation of sources not collocated at the axes of the real and image 

cylinder. 

2. Dipole Correction 

In seeking to develop a more numerically efficient algorithm, we modified the 

previous approach to take advantage of the more accurate uniform asymptotic solution 

from Eq. (5.17). Equation (5.17), beyond being shown to be more accurate than Eq. (5.16) 

[3], additionally and more importantly contains two sources at the origin as a result of every 

monopole source-target scattering interaction. However, this solution requires dipole 

scattering by cylinders. 

To use the known solution (5.17), the previous algorithm may still be employed by 

making two modification within the previously described approach. First, every new dipole 

resulting from monopole source-target interaction can be written in terms of its amplitude 

components in the x and y directions, thereby allowing summation and collapse of all the 

generated dipoles into only two dipoles at the center of the scatterer ( )0,0  and also at the 

center of the image cylinder ( )0,2D . And second, the dipole source-target scattering 

interactions that arise every iteration from the two new image dipoles at the center of the 
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image scatterer can be approximated using Graf’s addition theorem [49] by rewriting the 

dipoles in terms of monopoles. Using Graf’s addition theorem [49] 

 ( ) ( )( ) ( ) ( ) ( )1 1
0 cosm m

m
H kR d J kd H kr mθ

∞

=−∞

= ∑ ,  (5.20) 

and under the condition that we select d specifically so that 1kd ka<< << , then writing out 

the first few terms yields, 
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The error in the approximation can be reduced with appropriate selection of d. 

Manipulation of (5.21) for plus and minus d, and in terms of the angles shown in Figure 

18b, results in 
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These equations represent a general expression for writing the two new image dipoles at 

the center of the image cylinder at the beginning of each iteration in terms of two image 

monopoles each, respectively. Thus, approximate dipole scattering by cylinders is achieved 

and, ultimately, an algorithm for which there is a significant numerical savings due to the 

consolidation of sources is allowed. Both algorithms were shown to converge to the 

boundary conditions at the surface of the cylinder, r a= , at roughly the same rate per loop, 

however, the latter had the practical significant computational efficiency due to the 

reduction of sources in the iterative solution. 

3. Metrics for Error Comparison 

An exact, general, and known analytic solution to this problem does not exist for 

all geometries and parameters compare to as was done for the free-space scattering solution 

error analysis [1], [3]. This problem is readily solved in various ways using numerical 

methods. However, this was not the approach used to quantify error since we desired to 

develop a way to quantify the accuracy of the solution within the algorithm per iteration. 
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This task could have been very difficult to generalize without solving an entirely different 

numerical problem which was not the desire nor, most likely, numerically efficient. 

Due to the iterative nature of the solution, at the completion of every iteration is an 

approximate solution that models the nth multiple scattering. The solution exactly satisfies 

the boundary condition at the boundary through construction. At every iteration 

completion, the approximate solution is the field due to the set of sources that have been 

geometrically generated thus far. Since the scattered field exactly satisfies the 2-D 

Helmhotlz equation (5.2) and the interface boundary condition, and is valid everywhere 

within the domain ,  r a y D≥ ≤ , all that is required for a solution is to satisfy the boundary 

condition at the surface of the cylinder. As a result, the error discrepancy in satisfying the 

latter is a metric for the convergence of the method after every iteration. 

Based on the total field as represented by the sum of simple (however, many) 

sources, both the pressure and radial derivative of the acoustic pressure field can be easily 

calculated at a set number of points uniformly distributed along the surface of the cylinder 

at each iteration. As per comparison, the SSA is the solution after the first iteration, and 

this computation can be done prior to the algorithm for the separate cases of the free-space 

solution (in the absence of the scatterer and the interface) and for the free-space scattering 

solution (in the absence of the interface). The metrics then take the form of the geometric 

norms 
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where (S) and (H) represent metrics for the soft and hard cylinders, respectively, and the 

quantities within the absolute values are the boundary conditions in Eqs. (5.7) and (5.8). 

Thereby, these sums should decrease per iteration in order to show convergence of the 

algorithm. 

For the fluid cylinder (F) the boundary conditions represented in Eq. (5.9) require 

knowledge of the field inside the cylinder, pF. The ISM described thus far only describes 
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an approximate solution for the total field outside of the cylinder and is valid only over the 

domain ,  r a y D≥ ≤ . Therefore, we cannot simply implement a direct-boundary condition 

computation as a metric, as was done for the soft and hard scatterers. Here, we instead 

exploit the periodic nature of both the acoustic pressure field and its radial derivative inside 

and outside the scatterer with respect to the angle θ. The metric for fluid then can be 

developed through the evaluation and matching term by term the respective theoretical and 

calculated Fourier coefficients for each individual partial wave. 

As before, the total pressure and its radial derivative are analytically calculated 

uniformly over the surface of the cylinder. Then, due to the periodicity of these data sets 

over [0, 2π], we may take the discrete Fourier transform of both computed data sets 

denoting them as nF  and nF , respectively. Following from Eq. (5.6), we can rewrite the 

following general forms of the acoustic pressure field and its radial derivative within the 

fluid, evaluated at the surface of the cylinder as 

 ( ) ( )1 1 1,    in inF
F n n n nr a

n nr a

pp Q J k a e k Q J k a e
r

θ θ
=

=

∂ ′= =
∂∑ ∑ ,  (5.26) 

where Qn here serves as an undetermined (and unimportant) coefficient. Then the metric 

for the fluid can be formed by analyzing the calculated Fourier coefficients ( nF  and nF ) 

and the theoretically predicted ones that simply arise from Eq. (5.26). Additionally, we 

have chosen to weight lower order coefficients more importantly. The final metric for fluid 

becomes 

 ( ) ( )
( )

2 2
11

1 0

F nn n

n n F n

J k aF FkL
F M J k a F

′
= −∑



.  (5.27) 

 

4. Least Square Correction 

Now that we have developed metrics to quantify error in the iterative solution, we 

can additionally use these metrics to improve our solution and ultimately ascertain a near-

exact solution. The latter helps to quantify the accuracy of the strictly geometric 

approximations formed in the previous sections. At the completion of each iteration and 

after computation of the metric for the current state, the current solution, in scp p p= + , is 
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the field due to the set of sources generated thus far geometrically. However, we can 

assume that there exists a more accurate solution of the form, ˆLSp p p= + , where p̂  

represents a correction, and is the field due to additional sources and harmonics with 

unknown amplitudes located at the center of the scatterer and their respective images 

located at the center of the image cylinder. 

By representing the field p̂  in this way allows the interface boundary condition to 

be satisfied exactly. We then can form a system of linear independent equations using the 

quantities within the absolute values of Eqs. (5.24), (5.25), and (5.27), however replacing 

p in these expressions with LSp . One can then form analytically a least square problem to 

solve for the respective complex amplitudes of these new simple sources and thereby 

develop a more accurate LSp  solution to the problem. Based on the formation of the least 

square solution, the resulting field LSp  is still an analytic solution in terms of simple 

sources that exactly satisfies the 2-D Helmholtz equation and is valid over the same 

domain, ,  r a y D≥ ≤ . 

D. GEOMETRY OF MULTIPLE SCATTERING 

The resulting Green’s function for all scatterer and interface types is the sum of 

fields due to a set of monopole and dipole sources of cylindrical waves. The locations of 

the specific sources are the same for all scatterer and interface types and only differ by their 

complex amplitudes. Here, we explore the geometry of multiple scattering by a cylinder 

near a boundary. 

Figure 19 shows the set of real and image cylindrical wave sources (marker ‘o’) for 

the iterative solution of a scattering problem in various levels of magnification. Also shown 

are two prominent source clustering points at x = 0, y = a2/2D (marker ‘+’) and x = 0, y = 

D-(D2-a2)0.5 (marker ‘×’), both of which can be geometrically determined (not derived 

here). Figure 19a shows the entire scattering geometry, which includes the physical source 

(x = 1.5a, y = -1.5a), source image (x = 1.5a, y = 4.5a), the acoustic boundary (x, y = 1.5a), 

scattering cylinder with axis at x = 0, y = 0, and image cylinder with axis at x = 0, y = 3a. 
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Inherent to the iterative nature of the solution, there will be an exponential increase 

in the number of image sources with respect to iterations (n). The image sources cluster 

around points. This is not very apparent from inspection of Figure 19a due to the scale of 

the figure. Figure 19b represents an expanded view of the highlighted square (red) in 

Figure 19a. This allows more image sources located within the scatterer to become visible. 

The structure of the sources relative to the two previously mentioned cluster points is 

further revealed through comparison of the expanded view of Figure 19b (seen in Figure 

19c) to that of Figure 19d. In comparison of these two figures, we see a repeating structure 

inherent in the set of points that make up the solution. Interestingly (not shown) is that one 

could continually expand Figure 19d in the same manner and reveal the same pattern of 

nested image sources. This pattern of points surrounding the ‘×’ marker is determined by 

the initial scattering geometry. And the number of nested points is determined by the 

number of iterations that make up the solution. Significant consolidation of the sources in 

the highlighted square into single clustering points was determined to reduce the accuracy 

of the solution. 
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Figure 19.   Geometry of multiple scattering due to cylinder near a boundary. 
Plots show the set of real and image cylindrical wave sources (marker 

‘o’) for a convergent solution of the image scattering model. Also 
shown are two prominent source collection points at x = 0, y = a2/2D 
(marker ‘+’) and x = 0, y = D-(D2-a2)0.5 (marker ‘×’). Plot (a) shows 
the entire scattering geometry, which includes the physical source 

(x = 1.5a, y = -1.5a), source image (x = 1.5a, y = 4.5a), the acoustic 
boundary (x, y = 1.5a), scattering cylinder with axis at x = 0, y = 0, and 
image cylinder with axis at x = 0, y = 3a. Plot (b) is an expanded view 
of the highlighted square in plot (a). Similarly, (c) is an expanded view 

of the highlighted square in (b), and (d) is an expanded view of the 
highlighted square in (c). 
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E. CONVERGENCE OF THE ITERATIVE SOLUTION 

The accuracy of the ISM model was numerically evaluated through the use of 

MATLAB (MathWorks, Natick, MA) by comparing it to a near-exact numerical solution 

of the problem that was obtained by adding cylindrical harmonics up to the third order with 

unknown amplitudes to the iterative solution. The amplitudes of the harmonics 

were determined from a least square correction to the total field as discussed in 

Section V.C.4. 

Figure 20 shows the accuracy of the total pressure field due to a cylinder near a 

boundary. Plots show the convergence metric relative to free space scattering by a cylinder 

as a function of iterations (n). Convergence metrics are shown for solutions of the problem 

of scattering by soft, hard, and fluid (M = 0.375, s = 1.5) cylinders near pressure release 

(soft) and rigid (hard) boundaries a distance D = 1.5a above the cylinder for a cylindrical 

wave source located at x = 2a, y = 0. All plots in this figure show exponential increase in 

accuracy with iterations until reaching a converged solution. Interestingly, in some cases 

the least square correction allows for improvement relative to the free space scattering of 

a cylinder. We see that the soft scatterer requires more iterations to reach a converged 

solution relative to the hard and fluid scatterers. This is because the scattered field due to a 

soft scatterer is relatively much stronger. 
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Figure 20. Accuracy of the total pressure field due to a cylinder near a boundary. 
Plots show the convergence metric relative to free space scattering by 
a cylinder as a function of iterations (n). Solutions are shown for the 

image scattering model (solid curves) and the solution with least-
square correction (dashed curves) for soft (a), (d), hard (b), (e), and 

fluid (M = 0.375, s = 1.5) (c), (f) cylinders with dimensionless radius 
ka = 0.01 near pressure release (soft) (a), (b), and (c) and rigid (hard) 

(d), (e), and (f) boundaries a distance D = 1.5a above the cylinder for a 
cylindrical wave source located at x = 2a, y = 0. 

Figure 21 presents convergence rates for the total pressure field due to scattering 

by a soft cylinder near a pressure release boundary much like Figure 20a. Here, we compare 

geometric parameters that characterize the scattering problem. As the distance from the 

boundary to the scatterer increased overall, the model requires less iterations (cf. Figure 

20a and Figure 21a). This result is expected since ultimately the free-space scattering 

solution should be approximated as D gets large relative to a and the wavelength. In this 

limit we expect multiple scattering to become less significant. Additionally, as frequency 

decreases while a remains fixed, we see that more iterations are required for a solution (cf. 

Figure 20a and Figure 21b). This result is attributed to the free space scattering uniform 

asymptotic increase in accuracy since its error is proportional to O(k2a2). 
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Figure 21. Convergence rates for the total pressure field due to scattering by a 
soft cylinder near a pressure release boundary. Plots show the 

convergence metric relative to free space scattering by a cylinder as a 
function of iterations (n). Solutions are shown for the image scattering 

model (solid curves) and the solution with least-square correction 
(dashed curves) for the following geometric parameters (boundary 

distance D and dimensionless radius of the cylinder ka) to characterize 
the scattering problem: D = 5a, ka = 0.01 (a), D = 1.5a, ka = 0.1 (b), 

D = 5a, ka = 0.1 (c). The source of cylindrical waves is located at 
x = 2a, y = 0. 

F. ENERGY STREAMLINES 

In this section, we illustrate the utility of the virtual source technique we developed 

for investigating multiple scattering problems and the physical insight into scattering that 

it provides. Using the ISM solution, we compute and present energy streamlines for the 

total acoustic field in proximity of the scatterer and the boundary where we expect the 

greatest distortion of the field. We consider the scattering by soft, hard, and fluid targets 

near pressure release (soft) and rigid boundaries (hard) for comparison. Because the 

solution for the total pressure field is expressed simply as the sum of monopole and dipole 

sources allows for convenient analytic development and calculation of expressions for the 

total pressure and the time-averaged power-flux density (J) (3.48) valid over the entire 

domain, ,r b a≥  and y D≤ . A physical description and discussion of J is presented in 

Chapter III.F and is not reproduced here. 

The model parameters used will describe sound scattering by an underwater 

cylindrical target of radius a = 1 m with axis at x = y = 0. The target is submerged in 

seawater with constant sound speed c = 1500 ms-1 and density ρ = 1025 kgm-3. A line 

source is parallel to the target’s axis and emits monochromatic cylindrical waves at 
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frequency f = 23.87 Hz. The cylindrical wave source is located at 10x b a≡ = , 0y = . For 

these parameters, ka = 0.1, which is within the Rayleigh scattering regime. Hence, the 

asymptotic error is small when using the free space scattering approximation and we expect 

a negligible error overall in calculating the energy streamlines. 

Figure 22 presents the power flux streamlines using the solutions from the SSA and 

ISM models for scattering by soft cylinders near pressure release (soft) and rigid (hard) 

boundaries a distance D = 1.5a above the cylinder. The figures show clearly that the SSA 

and ISM model have very clear distinctions when the soft scatterer is relatively close to the 

boundary. Figure 22a shows the SSA model predicts non-zero power flux into the soft 

cylinder which is unphysical. 

 

Figure 22. Power flux streamlines for soft cylinders near a boundary. Solutions 
are shown for the single scattering approximation (a), (c) and the 

image scattering model (b), (d) for soft cylinders with dimensionless 
radius ka = 0.1 near pressure release (soft) (a), (b) and rigid (hard) (c), 
(d) boundaries a distance D = 1.5a above the cylinder for a cylindrical 

wave source located at x = 0, y = 0. 
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Figure 23 presents a similar plot as shown in Figure 22. Here, all parameters are 

the same except D = 5a. The figures show that the SSA and ISM model again have very 

clear distinctions, as was previously seen in Figure 22. As before, the SSA model 

erroneously predicts non-zero power flux into the soft cylinder. Somewhat surprisingly, 

the differences between the SSA and ISM models persist for a larger distance D for the soft 

scatterer. 

 

Figure 23. Power flux streamlines for soft cylinders near a boundary. All 
parameters are the same as in Figure 22 except D = 5a. 

Figure 24 and Figure 25 present power flux streamlines using the ISM solution for 

scattering by hard and fluid (M = 0.375, s = 1.5) cylinders near pressure release (soft) and 

rigid boundaries a distance D = 1.5a and D = 5a, respectively, above the target. The figures 

show that the pressure release boundary dominates the scattering problem and that the field 

is only strongly distorted in the immediate proximity of the scatterer. The SSA and ISM 

model solutions yielded similar results with respect to energy streamlines for the 

parameters chosen, therefore only ISM results are presented. 
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Figure 24. Power flux streamlines for hard and fluid cylinders near a boundary. 
Solutions are shown for the image scattering model for hard (a), (c) 
and fluid (M = 0.375, s = 1.5) (b), (d) cylinders with dimensionless 

radius ka = 0.1 near pressure release (soft) (a), (b) and rigid (hard) (c), 
(d) boundaries a distance D = 1.5a above the cylinder for a cylindrical 

wave source located at x = 0, y = 0. 

 

Figure 25. Power flux streamlines for hard and fluid cylinders near a boundary. 
All parameters are the same as in Figure 24 except D = 5a. 
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G. CONCLUSIONS 

In this chapter, we have developed an efficient, semi-analytical approach to model 

multiple scattering of low-frequency sound by an object near a boundary. The approach 

builds on 2-D asymptotic solutions for scattering in an unbounded fluid [1], [3] in terms of 

image sources and has been implemented numerically for cylindrical scatterers. 

Convergence accuracy of the model has been confirmed through comparison with a near-

exact numerical solution of the problem. 

The model iteratively calculates single, double, and various subsequent orders of 

multiple scattering allowing physical insight into multiple scattering for this problem. The 

solution is valid within the Rayleigh scattering regime for soft, hard, and fluid cylinders in 

proximity of pressure release and rigid boundaries. The resulting Green’s function for all 

scatterer and interface types is the sum of fields due to a set of monopole and dipole sources 

of cylindrical waves. The locations of the specific sources are the same for all scatterer and 

interface types and only differ by their complex amplitudes. Image source geometry was 

explored and shown to contain a pattern to its structure. The solution exactly satisfies the 

2-D Helmholtz equation and is valid for arbitrary positions of the source and receiver 

relative to the cylinder and the interface. It satisfies the acoustic boundary condition at the 

interface and at the surface of the cylinder. 

Because the solution is a set of simple linear sources, it allows for analytic 

computation of various acoustic quantities. Time-averaged power-flux density was 

calculated and presented as energy streamlines for soft, hard, and fluid targets near pressure 

release and rigid interfaces to provide insights into the total field distortion due to scattering 

by various objects. 

The established semi-analytic solution as composed of only image sources suggest 

a mathematically convenient path forward in a number of multiple scattering problems 

where analytic solutions are not readily available. The methods in this chapter can be 

extended and applied to a number of multiple scattering problems. These results can be 

extended to model normal mode representation, scattering of two targets, and to 3-D 

problems including low-frequency scattering of sound by a sphere near a plane interface. 
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Another application would be the extension to electromagnetic waves for Rayleigh 

scattering applications. 
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VI. CONCLUSION 

This dissertation is a collection of four peer-reviewed journal articles in various 

stages of publication [1]–[4]. The focus of the study pertains to the acoustic wave scattering 

by objects when the scattering object’s dimensions are small compared to the wavelength, 

i.e., the Rayleigh scattering regime. Rayleigh scattering is generally studied assuming plane 

incident waves [10]–[14]. However, in a multitude of problems, the plane wave solution is 

not sufficient. In general, when knowledge of the full Green’s functions, rather than the 

plane-wave and far-field approximations, becomes necessary, then numerical methods are 

used in the development of solutions [15]–[22]. In this dissertation we develop compact 

analytic and semi-analytic solutions for sound scattering by a cylinder and illustrate the 

solution to several problems in underwater acoustics.  

In Chapter II, the method of matched asymptotic solutions that was developed for 

spherical targets [32], [33] is extended to wave scattering by an infinite cylinder with a 

radius that is small compared to the wavelength. Scattering of cylindrical waves by 

acoustically soft and hard cylinders within a homogenous medium has well known 

solutions [14] in terms of infinite sums. In this chapter, uniform asymptotic solutions within 

the Rayleigh regime have been found for acoustically soft, hard, and impedance cylinders.  

The solutions are valid over the entire domain outside the cylinder to second order accuracy 

or greater with respect to ka, the dimensionless radius of the cylinder. The uniform 

asymptotic solutions of the scattered wave satisfy the Helmholtz equation exactly and have 

a rather simple and intuitive form as the field due to three image line sources located at the 

center of the cylinder ( )0,0 , and at the points ( )2 ,0a b  and ( )2 2 ,0a b−  [1]. 

In Chapter III, the techniques previously applied to the sphere [32], [33] and to the 

soft, hard, and impedance cylinder [1] are applied to the more complex and realistic fluid 

and solid scatterers. The classic problem of cylindrical wave scattering by fluid and solid 

cylinders has well known solutions [28], [29]. The solutions are described in terms of an 

infinite sum of partial waves. The partial wave scattering amplitudes are determined by the 

boundary conditions at the surface of the cylinder. In this chapter, uniform asymptotic 
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solutions for the scattered field have been derived through the method of matched 

asymptotic expansions for fluid and solid cylinders. Additionally, these asymptotic 

solutions provide a further improvement of the solution derived in Chapter II for 

acoustically soft, hard, and impedance cylinders. The established solutions have second 

order accuracy or greater with respect to the dimensionless radius of the cylinder, ka, and 

are valid over the entire domain outside the cylinder. The uniform asymptotic solution 

represents solutions for fluid, solid, soft, hard, and impedance boundary conditions in one 

compact expression that exactly satisfies the Helmholtz equation. The locations of the 

sources are the same for all scattering targets and are independent of sound frequency. The 

uniform asymptotic solution is the field due to three linear sources-a monopole and a dipole 

source both located at the axis ( )0,0  of the cylinder and a monopole source located at 

( )2 ,0a b  [3]. 

The developed uniform asymptotic solutions of Chapters II and III offer a 

physically intuitive form and mathematically simple representation of the scattered wave 

as a field due to a few image sources that suggest a possible path forward in a number of 

low-frequency diffraction and scattering problems. Compact analytic solutions can also 

provide physical insights leading to new applications. Two applications of these solutions 

are discussed in Chapters IV and V. 

In Chapter IV, the acoustic Green’s functions for cylindrical scatterers [1], [3], 

which are derived in Chapters II and III, and spherical scatterers [32], [33] are used to 

develop an approach to underwater noise mitigation. Analytic solutions for sound 

diffraction on cylinders and spheres streamline the necessary analysis. In this chapter, we 

have studied four basic sound propagation scenarios to illustrate and quantify the 

possibility of using diffraction (scattering) to passively suppress unwanted sound radiation. 

Broadband noise suppression in free space is achieved by placing a highly compliant object 

in the near field of a compact sound source provided that the size of the object is 

comparable to its distance from the source and small compared to the acoustic wavelength. 

Multiple nearby sources can be suppressed simultaneously by the same object. It has been 

shown that the proposed approach allows strong suppression of acoustic radiation by 



 109 

compact sources near boundaries and in waveguides. The approach is most efficient at low 

frequencies where alternative absorption- and reflection-based mechanisms of noise 

mitigation become impractical [2].  

Lastly, in Chapter V, we developed an efficient, semi-analytical approach to model 

multiple scattering of low-frequency sound by an object near a boundary. The approach 

builds on asymptotic solutions in terms of image sources and has been implemented 

numerically for cylindrical scatterers. The model iteratively calculates single, double, and 

various subsequent orders of multiple scattering. The solution is valid within the Rayleigh 

scattering regime for soft, hard, and fluid cylinders for soft and hard interfaces. The 

resulting Green’s function for all scatterer and interface types is the sum of fields due to a 

set of monopole and dipole sources of cylindrical waves. The locations of the specific 

sources are the same for all scatterer and interface types and only differ by their complex 

amplitudes. The solution exactly satisfies the 2-D Helmholtz equation and is valid for 

arbitrary positions of the source and receiver relative to the cylinder and the interface. It 

satisfies the acoustic boundary condition at the interface and at the surface of the cylinder. 

The methods in this dissertation can be extended and applied to a number of 

multiple scattering problems of current interest. These results can be extended to model 

normal mode representation of the scattered field, scattering of two nearby objects, and to 

3-D problems including scattering of sound by a sphere near an interface. Another direction 

would be the extension to electromagnetic waves for Rayleigh scattering applications. And, 

additionally, comparison with the experimental work by Barton, Smith et al. [80]–[86] on 

acoustic intensity scattering by a hard finite cylinder and other simple shapes. 
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APPENDIX A.  SCATTERING AMPLITUDES FOR AN ELASTIC 
CYLINDER

Waves inside the elastic medium satisfy the equation of motion for the 

displacement u given in Eq. (3.11). Taking the divergence and curl of both sides of Eq. 

(3.11), it can be reduced to two vector differential equations for the compressional and 

shear waves, respectively, 

( ) ( ) ( ) ( )2 2 2 2,    
2

ES ESρ ρω ω
λ µ µ

∇ ∇⋅ = − ∇ ⋅ ∇ ∇× = − ∇×
+

u u u u ,  (A.1) 

such that they define the wave numbers and wave speeds. For the longitudinal 

(compressional) waves, 

( ) ( )1 12 ,   2ES ESk cω ρ λ µ λ µ ρ= + = + ,  (A.2) 

and for the transverse (shear) waves, 

2 2,  ES ESk cω ρ µ µ ρ= = . (A.3) 

Following the same analysis as [29], except using cylindrical basis functions, the 

displacement within the cylinder, can be determined by expressing it as the sum of a scalar 

and vector potential,  

= −∇Ψ +∇×u A , (A.4) 

with 

( ) ( ) ( )1
1

0
cosn n n n

n
a H kb J k r nε θ

∞

=

Ψ =∑ ,  (A.5) 

( ) ( ) ( )1
2

0
0,    0,    sinr z n n n n

n
A A A b H kb J k r nθ ε θ

∞

=

= = =∑ ,  (A.6) 

where na  and nb  are undetermined coefficients. Substitution of Eqs. (A.5) and (A.6) into 

(A.4) ultimately yields equations for the polar components of the displacement within the 

cylinder, 

( ) ( ) ( ) ( )1
2 1

0
cosn

r n n n n n
n

nbu H kb J k r a J k r n
r r

ε θ
∞

=

∂ = − ∂ 
∑ ,  (A.7) 

( ) ( ) ( ) ( )1
1 2

0
sinn

n n n n n
n

nau H kb J k r b J k r n
r rθ ε θ

∞

=

∂ = − ∂ 
∑ .  (A.8) 
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Also, 0zu = , i.e., there is no displacement in the z-direction. The boundary conditions for 

the fluid-solid interface at r a= , as formalized previously in Section III.B.2 are 

 ( ) ,   ES
in sc rrp p r aσ+ = − = ,  (A.9) 

 ( )
, , ,   ES

in r sc r ru u u r a+ = = ,  (A.10) 
 0,   r rz r aθσ σ= = = .  (A.11) 

Where the displacement in the surrounding fluid can be computed through the use of Eq. 

(3.49), i.e., ( )21 pω ρ= ∇u , rrσ is the normal component of stress, rθσ  and rzσ  are the 

tangential components of the shearing stress, which in cylindrical coordinates are defined 

by [29],  

 ( ) ( )
[ ]

2 ,

1 ,

.

rr r

r r

rz r z

u r

r u r r u r

u z u r
θ θ

σ λ µ

σ µ θ

σ µ

= ∇⋅ + ∂ ∂

= ∂ ∂ + ∂ ∂  
= ∂ ∂ + ∂ ∂

u

  (A.12) 

We immediately recognize that 0rzσ =  since 0zu =  and ( ),r ru u r θ= . The remaining 

stresses ( rrσ  and rθσ ) in Eq. (A.12) can be calculated analytically given the series 

expressions for ru  (A.7) and uθ  (A.8). Given the exact incident inp  and scattered ( )ES
scp  

fields, their radial displacements are readily calculable using Eq. (3.49). Substitution of all 

of the resulting expressions into the boundary conditions Eqs. (A.9)-(A.11), yields a system 

of 3 linear algebraic equations with 3 unknowns: ( )ES
nA , na , and nb . Only the resulting 

equations for the ( )ES
nA  coefficients is needed for the scattered wave in Eq. (3.5); ( )ES

nA  is 

given by Eq. (3.13) in Section III.B.2. 
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APPENDIX B.  RAYLEIGH REGIME 
DEGENERATE CASES

In the main body of the text, for the An scattering amplitudes, we derived generic 

expressions valid in the Rayleigh regime. The scattering amplitudes are represented by the 

leading order term with respect to the dimensionless radius ka. Specific degenerate cases 

for the coefficients in Eqs. (3.20)–(3.23) and (3.24)–(3.29) for the fluid and solid targets, 

respectively, were not explored previously. From Section III.C.2, it follows that the leading 

order terms for the fluid and solid targets are proportional to the following dimensionless 

quantities: ( ) 2
0 1F

FA M s∝ − , ( ) 1F
n FMA ∝ − , ( ) ( )2 2

0 1 2 1ES
ESA M s s∝ − − , and 

( )
1 1ES

ESMA ∝ − . The degenerate cases considered here allow for the leading order term in 

the scattering amplitudes previously defined to vanish. For these specific degenerate cases 

the second-lowest order (first non-degenerate) term will then represent the dominant 

scattering amplitude and leading order term. In this appendix, we present the substitutive 

scattering amplitude expressions for these degenerate cases and comment on the resulting 

scattered field wave physics. 

A. FLUID CYLINDER 

In the degenerate case of matched compressibility when 2 1FM s =  and 1FM ≠ , 

since ( ) 2
0 1F

FA M s∝ − , only the leading order term for the 0n =  coefficients shown in Eqs. 

(3.20) and (3.22) are affected. Under condition (3.14), substitution of Eqs. (3.16) and (3.18) 

into (3.9), the expression for the leading order term for the scattering amplitude becomes 

( ) ( )

( )( )

14 2 2

0

2
1

2 2

21 1 1 ln
2 2 4 2

.1

F
F F

i ka k a i kaA M M i

O k a ka

π π γ
π

κ

−
       = − − − + + + ×                

 
 + +

(B.1) 

For this degenerate case, Eq. (B.1) must be substituted for Eqs. (3.20) and (3.22) for an 

accurate solution. Now, the respective orders of magnitude of the first three coefficients 

with respect to ka are ( ) ( ) ( )4 4
0 2,F FA A O k a=  and ( ) ( )2 2

1
FA O k a= . Hence, this degenerate 
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case does not change the overall order of magnitude with respect to ka for the amplitude of 

the scattered field. However, now the ( )
1

FA  term will be the sole dominant term for the 

scattered field. In the Rayleigh regime, matched compressibility between two fluids causes 

a fluid target to have the directivity of that due to a dipole source. Similar results are seen 

for the small fluid sphere through inspection of Eqs. 27, 29, and 30 in [33]. However, the 

leading order term for the scattering amplitude for the fluid sphere is proportional to 3 3k a  

vs. 2 2k a  for the fluid cylinder. 

In the degenerate case of matched densities when 1FM =  and 2 1FM s ≠ , since 

( ) 1F
n FMA ∝ − , only the leading order term for the 1n ≥  coefficients in Eq. (3.23) are 

affected. Substitution of Eqs. (3.17) and (3.19) into (3.9) yields the expression for the 

dominant term for the scattering amplitudes 

( )

( ) ( )( )2
1

2 22
2 21 1 ,    1

! 1 ! 2
F

n

ns kaA i O k a ka n
n n

π κ
+−        

−= + + ≥
+

.  (B.2) 

For this degenerate case, Eq. (B.2) must be substituted for Eq. (3.23) for an accurate 

solution. Now, the respective orders of magnitude of the first three coefficients with respect 

to ka are ( ) ( )2 2
0

FA O k a= , ( ) ( )4 4
1

FA O k a= , and ( ) ( )6 6
2

FA O k a= . Thus, like the previous 

case, this degenerate case also does not change the overall order of magnitude with respect 

to ka for the amplitude of the scattered field. Unlike before, now the ( )
0

FA  term will be the 

sole dominant term for the scattered field. In the Rayleigh regime, matched densities 

between two fluids causes a fluid target to have the directivity of that due to a monopole 

source. The small fluid sphere exhibited similar results through inspection of Eqs. 27, 29, 

and 30 in [33]. And, as in the previous degenerate case, the magnitude of the scattering 

amplitude for the fluid sphere and cylinder is proportional to 3 3k a  and 2 2k a , respectively. 

As previously noted, Eq. (B.2) differs by a constant factor of ½ from the equation for Zn 

on p. 573 in [52].  
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B. SOLID CYLINDER 

In the degenerate case when ( )2 2
1 2 1ESM s s− =  and 1ESM ≠ , since 

( ) ( )0
2 2
1 2 1ES

ESA M s s∝ − − , only the leading order term for the 0n =  coefficients shown in 

Eqs. (3.24) and (3.26) are affected. The expression for the leading order term for the 

scattering amplitude, under condition (3.15), with substitution of Eqs. (3.16) and (3.18) 

into (3.13), becomes  

 
( ) ( )

( )( )

14 2 2

0

22 2
1

21 1 1 ln
2 2 4 2

.1

ES
ES

i ka k a i kaA M i

aO k ka

π π γ
π

κ

−
      = − − − + + ×            

 
 + +

  (B.3) 

For this degenerate case, Eq. (B.3) must be replaced with for Eqs. (3.24) and (3.26) for an 

accurate solution. Now, the respective orders of magnitude of the first three coefficients 

with respect to ka are ( ) ( ) ( )4 4
0 2,ES ESA A O k a=  and ( ) ( )2 2

1
ESA O k a= . As a result, the findings 

are completely analogous to the fluid cylinder in the degenerate case when 2 1FM s =  and 

1FM ≠ , and so are not reproduced here.  

In the degenerate case when 1ESM =  and ( )2 2
1 2 1ESM s s− ≠ , since  

( )
1 1ES

ESA M∝ − , only the leading order term for the 1n =  coefficient in Eqs. (3.27) and 

(3.29) are affected, unlike for the fluid. Substitution of Eqs. (3.17) and (3.19) into (3.13) 

yields the expression for the dominant term for the scattering amplitude  

 ( ) ( ) ( ) ( )( )
12 2

1 2 2 2 2
1 1 2

4
21

2
1

2
ES s s

A i k k aka O kaπ κ
−

− −    = +    
+ + .  (B.4) 

For this degenerate case, Eq. (B.4) must be replaced for Eqs. (3.27) and (3.29) for an 

accurate solution. Now, the respective orders of magnitude of the first three coefficients 

with respect to ka are ( ) ( )2 2
0

ESA O k a=  and ( ) ( ) ( )4 4
1 2,ES ESA A O k a= . As a result, the findings 

are completely analogous to the fluid cylinder in the degenerate case when 1FM = , and 

2 1FM s ≠ , and so are not reproduced here. 
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APPENDIX C.  IMPROVED UNIFORM ASYMPTOTICS FOR SOFT 
AND HARD CYLINDERS 

In [1], we derived a uniform asymptotic solution P  for the scattered field for soft, 

hard, and impedance targets,  

 

( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 12 2
0 0 1 0 2 0

1 2 2
0 0 0 1 0 2 0

1 12 2
1 1 2 2 2 1

1 2 2 2 2
1 2 2 1

1 12 2
1 1 2 2 2 1

2 2 2 2 2
1 2 2 1

2 ,

2 ,

2 2
,

2 2

.
2 2

P B H kr B H kR a b B H kR a b

B A H kb B J ka b B J ka b

A H kb J ka b A H kb J ka b
B

J ka b J ka b J ka b J ka b

A H kb J ka b A H kb J ka b
B

J ka b J ka b J ka b J ka b

= + + −

= − − −

+
= −

+

−
=

+

   

  





 (B.5) 

The scattered wave is expressed as the field generated by the sum of fields due to three 

image line sources located at ( )0,0 , ( )2 ,0a b , and ( )2 2 ,0a b− . The latter source was 

understood not to be unique but was necessary in the solution to provide second-order 

accuracy over the entire domain with respect to the dimensionless radius ka. 

In Chapter III, we developed a uniform asymptotic solution P (3.41) for fluid and 

solid targets. The scattered wave is expressed as the field generated by the sum of three 

image sources, a line and a dipole source collocated at the point ( )0,0  and a line source 

located at ( )2 ,0a b . The solution P (3.41) contains similar structure to the previous results 

P , and, under condition (3.31), it also contains the soft, hard, and impedance structure for 

the image sources in the inner solutions. 

The new asymptotic solutions are of the same order of accuracy as the previous 

result with respect to ka. However, P offers the advantage of a single general expression 

for all target types considered. And, importantly, it proved to be more accurate than those 

previously derived in [1] for soft, hard, and impedance targets. Numerical accuracy of the 

new uniform asymptotic solution of the scattered field due to soft and hard targets for exact 

An scattering amplitudes compared to the previous results from [1] is presented in Figure 26 

and Figure 27, respectively. For the soft target significant increase in accuracy is achieved 
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especially for ( )1Oα = , as seen by the shifting downward of the respective curves in 

Figure 26. For the hard target case, significant increase in accuracy is achieved for a broad 

range of α values, as seen by the shifting downward of all the curves in Figure 27. 

 

Figure 26. Improved accuracy of the uniform asymptotic solution for the 
scattered field due to soft cylinder. Relative error between the uniform 

asymptotic solutions and the exact scattered field is plotted as a 
function of ka for P  (dashed lines) and P  (solid lines). The relative 

error is shown for the angle θ = π/4 and the following sets of 
geometric parameters: b = r = 1.5a (1), b = 1.5a, r = 103a (2), b =10a, 

r = 1.5a (3), and b =10a, r = 103a (4). 
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Figure 27.   Improved accuracy of the uniform asymptotic solution for the 
scattered field due to hard cylinder. Relative error between the 

uniform asymptotic solutions and the exact scattered field is plotted as 
a function of ka for P  (dashed lines) and P  (solid lines). The relative 

error is shown for the angle θ = π/4 and the following sets of 
geometric parameters: b = r = 1.5a (1), b = 1.5a, r = 103a (2), b =10a, 

r = 1.5a (3), and b =10a, r = 103a (4). 
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