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Final Performance Report
Dates: 1 Feb 2013 to 31 Jan 2018

Contract: FA9550-13-1-0063
Institution: University of Toronto

PI: J. H. Thywissen

This document reports the technical and scientific progress achieved during the contract FA9550-13-1-0063, “Single-
site imaging of fermions in a two-dimensional optical lattice,” funded by the Air Force Office of Sponsored Research
over the period 1 Feb 2013 to 31 Jan 2018.

The purpose of this research program is to investigate ultracold fermions in periodic potentials. In particular, we
have pioneered the development of a new tool that allows in-situ studies of conductivity in ultracold systems. The
steps towards this achievement are summarized in the Results section of this report.
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I. EXPERIMENTAL INFRASTRUCTURE

In the previous AFOSR funding cycle (2010–2013), we built a system compatible with high numerical-aperture
light collection from atoms in a three-dimensional optical lattice. This system is illustrated in Figure 1. A typical
experimental cycle proceeds as follows: (a) Atoms are collected from vapor in a magneto-optical trap (MOT). Two
isotopes are used: fermionic potassium 40 (40K) and bosonic rubidium 87 (87Rb). Trapped atoms are laser cooled, and
transferred to a 3D quadrupole trap in this cell. (b) Atoms are transported magnetically from the MOT chamber to
the lattice chamber. The motivation for this transfer is to improve the vacuum environment (by more than 104) and
increase optical access. (c) In the lattice chamber, atoms are evaporatively cooled. This occurs in three stages: first,
in a bare quadrupole trap in the middle of the chamber; second, when moved closer to the microscopy window, in a
plugged quadrupole trap; and third, after transfer to the crossed optical dipole trap (XDT). (d) Atoms are loaded into
the optical lattice, and an experiment is performed. The lattice beams are held at a low power for these experiments,
so that the tunnelling rate is sufficiently high. A typical lattice depth is less than 10ER, where ER is a recoil energy,
the maximum bandwidth of the lowest Bloch band. (e) Finally, atoms are imaged by in-situ fluorescence. For this
imaging phase, the lattice depth is increased to over 103ER.

II. RESULTS

A. Single-atom imaging of fermionic potassium in an optical lattice

The technical advance at the core of the proposed work was to realize in-situ imaging of fermions in an optical
lattice, with single-atom sensitivity. At the time of the proposal, this was an outstanding challenge for the field of
ultracold atoms, and had not been realized in any laboratory. We successfully realized this goal in 2015 [1], as did
four other groups [2–5]. Our approach is distinguished by a unique imaging configuration, and takes a further step by
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FIG. 1. Vacuum system enabling extreme optical access to cold atoms. Atomic sources produce a vapor in a glass MOT
(magneto-optical trap) chamber (labeled a), which is laser cooled and trapped. A magnetic transport system (labeled b) moves
the atoms a total path length of 0.5 m to the lattice chamber (labeled c). The latter has fourteen windows allowing optical
access along seven lines: these are used for microscopy, the optical lattice, the optical dipole traps, imaging light, laser cooling
light, and beams to sculpt the trapping environment.
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FIG. 2. Microscopy. (a) A sapphire window (SW) with a thickness of 200µm and a clear aperture of 5 mm separates UHV
from air. This allows for the placement of a microscope objective (MO) with NA = 0.8 and 3 mm working distance outside
the vacuum with its focal plane on the inside. (b) Single-shot image of a single atom. With image magnification of 78×, each
camera pixel has a virtual size of 192 nm. (c) Averaging the signal from 200 isolated atoms in the imaging plane yields the
effective PSF of the imaging system. The coordinates X and Y are aligned with the principal axes of the images. (d) The
radial average of the PSF has a FWHM of 0.60(1)µm. Note that this effective PSF includes not only optical effects but also the
finite size of lattice orbitals and drifts of the lattice during exposure. Right: High-resolution fluorescence image of fermionic
potassium atoms in a single sparsely filled plane of a 527-nm-period cubic optical lattice. The false-color scale indicates the
number of counts recorded by an electron-multiplying CCD camera, where one photoelectron corresponds to 16 counts. Atoms
outside of a 40× 40 site box have been removed using the addressing protocol described in the main text. In the inset, one can
clearly discern individual atoms. In this 2.6-s-long exposure, an average of ∼160 photons are detected per atom. Since 2015,
further improvements increased the brightness of such images five-fold.

implementing three-dimensional spatial addressing. Figure 2 illustrates these abilities with a high-resolution image of
40K atoms sparsely filling a selected 40-site × 40-site × 1-site volume.

At the heart of our apparatus is a microscope objective with a numerical aperture (NA) of 0.8, placed outside of an
ultra-high vacuum (UHV) chamber, 2.0 mm above a 200-µm-thick sapphire window [see Fig. 2(a)]. The focal plane of
the imaging system is located inside the vacuum, 0.8 mm beyond the thin window. Sapphire is sufficiently hard that
this thin substrate can sustain atmospheric pressure with a clear aperture of 5 mm. At the same time, it contributes
less spherical aberration than a standard millimeter-thick viewport, since spherical aberration scales as the cube of
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thickness. The effective point spread function (PSF) of the full imaging system is shown in Figs. 2(c,d) as the average
over images of 200 isolated single atoms, centered to sub-pixel precision. Its full width at half maximum (FWHM) of
0.60(1)µm is larger than the diffraction limit of 0.5µm, yet small enough to reconstruct the lattice occupation.

Site-resolved reconstruction of single atoms requires that each atom remains pinned in the lattice while scattering
photons. Although direct fluorescence imaging with short light pulses has been demonstrated for Yb [6], it is not
viable for sub-micron single-atom microscopy of alkali atoms. Instead, light scattering must be accompanied with
laser cooling. Since red-detuned D2 molasses [7–9] is compromised in 40K due to the inverted hyperfine structure of
the 4P3/2 excited state, we explored in-situ cooling on the 4S1/2 → 4P1/2 (D1) transition at 770.1 nm in 40K. Unlike
for D1 cooling in free space [10–12] or in weak traps [13, 14] where a Sisyphus mechanism creates a gray molasses [15],
we observe that a polarization gradient is not essential for cooling in a deep lattice. Instead, dark-state coherence
establishes an EIT window that suppresses carrier scattering, while creating an absorption resonance at the red trap
sideband, thereby cooling the tightly bound atoms [2, 16]. Multicolor Raman sideband cooling realizes a similar
mechanism [17–19], and has also been used for the site-resolved imaging of fermionic atoms [3–5].

In our 2015 work, we used EIT cooling. Two “coupling” beams (Cxy and Cz) are near the 4S1/2(F = 9/2) →
4P1/2(F ′ = 7/2) transition, while a weaker “probe” beam (Pxy) is near the 4S1/2(F = 7/2) → 4P1/2(F ′ = 7/2)
transition with differential detuning of δ from the Raman resonance across ground states. The common-mode detuning
∆ from the F ′ = 7/2 state of all beams depends on the depth of the optical lattice due to the Stark shift, with larger
lattice depth corresponding to smaller ∆. For atoms in the center of the lattice at the depth used for imaging, the Stark
shift of the D1 transition is measured to be 2π × 68 MHz, and our cooling beams are detuned by ∆ = 2π × 36 MHz.
The vertical cooling beam (“Cz”) beam has a power of 2µW, Pxy has 2µW and is retroreflected; the horzontal cooling
beams (Cxy) has 40µW, providing Rabi frequencies of 2π × 2.3 MHz, 2π × 1.3 MHz, and 2π × 4.2 MHz respectively.
Applying these beams scatters photons from the trapped atoms, while the EIT cooling mechanism prevents the atoms
from heating out of the lattice sites. Time-of-flight expansion from a 3D lattice after band mapping shows that the
majority of atoms remain in the ground vibrational band during imaging.

Images such as Fig. ?? reveal the binary filling of all lattice sites in the selected region, with the help of additional
information about the lattice periodicity and the PSF. From a number of similar images, we determine the orientation
and apparent period of the optical lattice through evaluation of the relative positions of more than 2000 isolated atoms.
Comparing to the known lattice spacing of λL/2 yields the magnification of our imaging system (78×). With the
lattice angles and magnification determined, we can reconstruct the lattice occupation ∈ {0, 1} from each fluorescence
image. We expect the apparent lattice occupation to be parity sensitive due to light-assisted collisions [8, 9], however,
our average filling is � 1 atom per site so that occupancies larger than one are rare. Figures 3(a-d) illustrates the
steps taken by our reconstruction algorithm to digitize a raw fluorescence image via sharpening and site-binning.
Histograms of single-site signals are shown in Figs. 3(e,f).

The fidelity of imaging and reconstruction is assessed by comparing digitized images from two sequential exposures
of the same arrangement of atoms. Exposures are separated by the 0.4 s required for camera read-out, during which
atoms are still laser-cooled. By counting the number of atoms in the second digitization that either appear at an
empty site or disappear from an occupied one, we calculate the fraction of atoms which are pinned, hop to a different
site, or are lost completely in the second exposure. Figure 4 shows these measures versus several critical imaging
parameters.

Figure 4(a) shows that optimal cooling is observed for δ = 0 kHz, as was found in prior work [2, 16]. Here, the
dressed ground state is maximally dark to elastic scattering, and inelastic scattering is biased towards red (cooling)
transitions. Figure 4(b) shows that long exposures are possible with high fidelity. At short (< 2 s) exposure times,
the apparent hopping fraction is high, due to errors in reconstruction with insufficient signal. However at longer
exposure times, reconstruction errors are negligible, and loss and hopping approach constant rates of 0.4(3)%s−1 and
1.1(2)%s−1, respectively. This loss rate is consistent with a 1/e trap lifetime of >200 s, and a pinned fraction lifetime
of 67(9) s.

Figures 4(c,d) evaluate the conditions under which a modulated Cz provides sufficient cooling to the vertical degree
of freedom to maintain fidelity. Reducing the chopping frequency below 100 Hz results in a decrease in the fraction of
atoms that are pinned to their sites. Fig. 4(d) shows that the rate of loss and hopping increases if the duty cycle of
Cz is lower than 30%, at a chopping rate of 100 Hz. Thus, a high pinned atom fraction is observed with &3 ms cooling
pulses. Combined with the inferred scattering rate, this suggests that approximately six photons can be scattered
between vertical cooling cycles.

In optimal conditions, we find that 94(2)% of atoms stay pinned to the same lattice site in a sequence of two images.
This is comparable to performance reported in Refs. 2–5, where pinning fidelity between successive images ranged
from 92% to 95%. The fraction of atoms lost in the second image can be as low as 2(1)%. The rest of the 6(2)% of
atoms that do not stay pinned either hop or are incorrectly reconstructed in the first or second frame. The optimal
exposure time must compromise between signal and hopping during imaging, as shown in Fig. 4(b). This optimum
will also depend on lattice filling fraction, since true hopping will become more problematic at high density, where
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FIG. 3. (Color online) Reconstruction of the lattice occupation. (a) Magnified subimage of Fig. ??. (b) Deconvolution of the
image with the PSF [see Fig. 2(c)] gives a sharpened image which we use to pin the lattice grid. (c) A lattice-site binned image
is then used to select potentially occupied sites via a threshold. (d) The final best-fit digitization is determined by comparing
all possible occupation patterns for the selected sites and their immediate neighbors with the sharpened image. In this step we
allow for discrete variation of brightness of ±20%, and we assume a Gaussian spatial distribution for each atom with a width
determined by the typical feature size in the sharpened image. (e) Histogram of signal per lattice site obtained from twelve
sharpened and binned images similar to (c). Gray bars correspond to the signal from all lattice sites, while the red and blue
bars, respectively, display the signal from sites determined to be occupied or unoccupied. (f) Histogram of signal obtained from
fits of Gaussian functions to the same images used for (e). Here, the signal for each site is obtained from a simultaneous fit to
the sharpened subimage of the target site and its immediate neighbors. The width of the Gaussian functions is the same as for
the digitization step.

such events will more likely eject a pair of atoms due to light-assisted collisions [7–9].

B. Measuring conductivity of ultracold atoms in an optical lattice

Measuring conductivity has proven to be a powerful discovery tool for new physics in materials. However, a first-
principles connection between macroscopic functional properties and their microscopic quantum origins is challenging
due to the non-equilibrium nature of transport, and the complex structure of many strongly correlated materials.
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FIG. 4. Fidelity. Plots show the fraction of atoms in the first digitized image that are pinned (filled circles), hop to a different
site (open circles), or are lost completely (crosses) in the successive image. Unless otherwise indicated, δ = 0, the Cz chopping
rate is 100 Hz, the Cz duty cycle is 35%, and the exposure time is 2.6 s with 0.4 s between exposures. Maximal pinning occurs
for (a) Raman detuning δ ≈ 0; (b) exposure time between 2 s and 5 s; (c) a chopping frequency that is > 100 Hz; and (d) a
duty cycle of Cz that is at least 30%. Lines shown in (b) are 0.002(28) + 0.004(3) t for loss fraction and 0.07(2) + 0.011(2) t for
hopping fraction, and fit only to points at t > 4 s.
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FIG. 5. Measuring optical conductivity. (a) A periodic force is applied by displacement in the xy plane of one or both
of the crossed trapping beams. Atoms are imaged in situ with a high-resolution imaging system. (b) The displacement of the
center of mass is measured after various drive times. The drive amplitude is increased linearly for the first 150 ms, and then
held constant for 50 ms, before making a measurement. (c) The amplitude A and phase φ of the response (data points; with
single-frequency fit shown as a blue line) relative to the applied force (black, dashed) are fit from c.m. oscillation across two
periods. (d) Repeated measurements determine the frequency dependence of A and φ. (e) Real and imaginary conductivity
are determined from (d) as described in the text.

Quantum simulations with ultracold atoms offer the prospect to bridge this gap, by comparing emergent phenomena
in a simpler system to ab-initio calculations. The power of this approach lies in the ability to control initial conditions,
observe dynamics, and tune elements of the underlying Hamiltonian.

In the final year of this project, we realized [20] the proposal of Wu, Taylor, and Zaremba [21], closely related
to a proposal by Tokuno and Giamarchi [22], to measure the global conductivity of ultracold fermions in an optical
lattice through center-of-mass (c.m.) dynamics. The sample is neutral; therefore, by conductivity we refer to the
linear response parameter σ that is the ratio of particle-current J to an applied force F . Since the trap prevents a
steady-state current response to a static force, the interesting response is the frequency-dependent σ(ω). We measure
a quantity analogous to the optical conductivity of materials, typically studied through reflectivity and transmission
of a sample [23]. However, since time scales are amplified by eight to ten orders of magnitude [24], typical features
appear in the acoustic band instead of at microwave or optical frequencies.

The system studied is a balanced spin mixture of fermionic 40K in a cubic optical lattice with period aL = 527 nm
and depth V . After sample preparation, typical conditions are as follows: N ∼ 104 atoms in an equal mixture of
the mF = −9/2 and mF = −7/2 spin states of the F = 9/2 ground-state manifold; lattice depth sL = 2.5, where
sL = V/ER and ER = ~2(π/aL)2/2m; temperature T ∼ 1.5t0, where t0 is the nearest-neighbor tunneling strength;
and interaction strength U ∼ 0.7t0, from the background s-wave scattering length. These values are intentionally
tuned, and the impact on system response studied throughout the experiment. Harmonic confinement is created by
the three lattice beams and by two additional crossed dipole trap (XDT) beams [Fig. 5(a)]. Including all five beams,
for typical sL = 2.5, the trapping frequencies are ω0 = 2π × 65(3) Hz in the xy plane, and ωz = 2π × 220(10) Hz in
the z direction.

Conductivity is measured as follows. After sample preparation, a periodic displacement of one or both of the XDT
beams creates the analogue of the voltage in an electronic conductivity measurement. Drive frequencies range from
10 Hz to 200 Hz, with displacement amplitude typically a few µm. For XDT displacement dβ(t) along directions
β = {x, y}, the resultant force is Fβ = mω2

XDTdβ(t), where m is the bare mass and mω2
XDT is the spring constant of

the XDT, with ωXDT measured to be 2π×32(1) Hz. The typical force (∼ 10−26 N) is what an elementary charge would
experience in an electric field of ∼ 10−7 volts per meter. The amplitude of the periodic force is increased linearly over
150 ms, then held constant for 50 ms. This allows the system to come to a quasi-steady state [see Fig. 5(b)].

After a further variable delay time t of up to two drive periods, the dynamics are frozen by increasing the lattice
depth to 60ER in 0.1 ms. The in-situ density distribution of the cloud is recorded via fluorescence in our quantum
gas microscope apparatus at 1000ER. Only the central four planes of the optical lattice are measured, to remain near
the focal plane of the imaging system. Displacement in z is not measured, nor expected since forces are applied in
the xy plane, and no Hall response is anticipated. The imaging process photo-associates atoms in doubly occupied
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FIG. 6. Tensor nature of conductivity. The conductivity tensor is determined by measuring response when forcing
along the lattice axes (x, y), and comparing to when forcing along the XDT axes, which differ by an angle of π/6. (a-d)
The full conductivity tensor, reported in the basis (x′, y′). On-diagonal terms shown in (a) and (d) are more prominent than
off-diagonals in (b) and (c). (e) Axes used for forcing in the two sets of measurements are shown (blue, solid) and (purple,
dashed). The tensors are expressed in a common (black, dotted) basis. (f) Hall conductivity σH/σ0 is within experimental
fluctuation of zero, as expected. All data shown here is for depth sL = 2.5, U/t0 = 0.7.

sites [8, 9]. In order to minimize this effect, we work in a low-filling regime, with typical 〈n↑〉 = 〈n↓〉 = 0.12(1) per
spin state, but average doublon fraction of only 0.02(1).

From in-situ fluorescence images, we measure a site-granulated c.m. position R̂α=x,y =
∑
i,σ rα,in̂i,σ, where |i〉 is

the state describing an atom on lattice site i located at rα,i, that we fit to Rα(t) = Aα cos[ωt− φα] [see Fig. 5(c,d)],
where ω is the drive frequency, and not a fit parameter. We then deduce the steady-state bulk current from

〈Ĵα(ω)〉 = Nd〈R̂α(ω)〉/dt , (1)

where complex notation (Rα(ω) = (Aα/2) exp [−iωt+ iφα], etc.) is used in the frequency domain.
The global conductivity σαβ can then be determined through Ohm’s Law,

〈Ĵα(ω)〉 =
∑
β

σαβ(ω)Fβ(ω), (2)

so that in terms of fit variables and drive strength,

σαβ =
NωAα
iFβ

exp[iφα]. (3)

Figure 5(e) shows an example of the real and imaginary conductivity determined in this way for moderate lattice
depth and weak interactions, U/t0 = 0.7. Since we are measuring the optical conductivity of a harmonically trapped
lattice system, the DC conductivity of the system is zero: the trap contributes a capacitive term to the impedance,
which diverges at zero frequency. Instead, the real conductivity shows a resonance at the lattice-dressed trap frequency
ω∗, here ≈ 60 Hz, with a full width smaller than 10 Hz. As required by the Kramers-Kronig relations, the imaginary
conductivity follows a dispersive response at the same resonant frequency.
σαβ is an extensive, complex tensor, with units of time over mass. Using the lattice spacing aL as a natural length

scale, we write the conductivity in dimensionless form: σ/σ0 where σ0 ≡ a2LN/~. The numerical value of σ0 is
mσ0/N ≈ 175µs, which is π2/2 times the recoil time ~/ER. σ0 also gives the scale of the Mott-Ioffe-Regel limit.

Our experimental protocol allows us to provide a force to the sample along any axis. Choosing any two non-collinear
axes enables the determination of the two-dimensional conductivity tensor σαβ(ω) describing transport in a plane.
Knowledge of the tensor σαβ(ω) is of interest because it reveals spatial and temporal symmetries of the sample.

Figure 6(a-d) shows tensor conductivity determined through two different choices of pairs of forcing axes: either
along the axes of the in-plane optical lattices, or along the axes of the XDT beams, which are rotated by π/6 from the
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(a)(b) (c)(d)

FIG. 7. Breaking of local translational invariance. (a) The magnitude of conductivity |σxx| is shown for lattice depths
V/ER = 0.0, 1.0, 2.0, 3.0, and 4.0. Peak conductivity falls from ∼ 400σ0 at 0ER to ∼ 15σ0 at 4ER. Frequency has been
normalized by the bare trap frequency, which changes with lattice beam power. (b) The peak frequency ωpk is shown versus

depth sL, and compared to the tight-binding approximate
√
m/m∗ (dashed blue line) and the exact

√
m/m∗ (solid red line) at

the bottom of the band. (c) The full width at half maximum for the real conductivity is shown (diamond points) versus lattice
depth, as determined from a Lorentzian fit. This is compared to the Γ (circles) obtained via the fit procedure described in the
text, which isolates for interaction-induced broadening, at depths sL ≥ 2.0. The results of kinetic theory are also shown (×).
(d) The f-sum Sxx (squares show numerically integrated values, circles show fit values) is compared to a Maxwell-Boltzmann
prediction for a single-band lattice (dashed blue line) and for a model that includes the harmonic confinement (red solid line),
as described in the text.

lattice axes [see Fig.6(e)]. We find that the components of the conductivity tensors obtained through two different
choices of pairs of measurement axes possess similar conductivities when recast into a common basis (x′, y′ as shown).

At each frequency, one can decompose σαβ into its symmetric and anti-symmetric parts, σαβ = σ
(S)
αβ + σ

(A)
αβ . The

symmetric conductivity is decomposed into the sum of its real and imaginary parts which are fully characterized by
their eigenvalues and the rotation angle for which they are diagonal. In this case, due to the near isotropy of the

system, eigenvalues are nearly degenerate and such a rotation-angle is ill-defined. The anti-symmetric σ
(A)
αβ has only

one scalar degree of freedom (in two dimensions), which is the Hall conductivity,

σH =
σαβ − σβα

2
. (4)

and which is invariant under rotation. In Fig. 6(f), we allow for the possibility that an anti-symmetric part of the
conductivity tensor exists, and plot its determined value within the frequency band of interest. As expected for our
system, σH is consistent with zero: there is no broken time-reversal symmetry in the Hamiltonian. This can be further
quantified using a sum rule for the off-diagonal conductivity. Defining the Hall angle as tan θH = σH/σxx [25] , then

2

π

∫ ∞
0

dωRe tan θH = ωH (5)

where ωH is the Hall frequency, unaffected by interactions, and is the cyclotron frequency eB/m for a free electron.
From our data we find ωH = 2π × (0 ± 1) Hz, consistent with zero. Despite the null result of this measurement, it
provides a tool to explore Hall physics, and an alternative to the method demonstrated in [26].

Effect of lattice depth on conductivity

A theorem by Kohn [27] is that the center-of-mass response of any harmonically trapped system will be independent
of interactions between particles. This fact is regularly exploited in an ultracold atoms experiment, where periodic
modulation of a trap is used to calibrate the trap frequency, without a systematic, interaction-induced shift. In this
work and in prior studies of c.m. motion in an optical lattice, the same observable acquires new significance due to
the breaking of translational invariance by the lattice [21, 28, 29]. Figure 7 demonstrates this effect. At zero lattice
depth, the response is a Fourier-limited peak, at the bare trap frequency. As the lattice depth is increased, the Kohn
response melts, which manifests in three transformations: a shift in the peak response, a loss of spectral weight, and
a broadening.
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The frequency shift in peak conductivity is primarily due to the increase in effective mass at the bottom of the
band, where the one-dimensional density of states is peaked. For a uniform lattice, the effective mass is given by

1

m∗αβ(~k)
≡ 1

~2
∂2ε(~k)

∂kα∂kβ
(6)

where ~k is quasi-momentum, ε(~k) = 〈~k|Ĥ0|~k〉, and Ĥ0 is the kinetic energy Hamiltonian. In the tight-binding limit
of a deep lattice, the dispersion relation is sinusoidal, and m∗(k = 0) = ~2/(2t0a2L); at shallower lattice depths,
next-nearest-neighbor tunneling terms contribute. We measure the frequency at which the peak in real conductivity
occurs, ωpk. As the effective mass of the particles increases, we would expect this peak to shift to ω∗ ≡ ω0

√
m/m∗(0).

In Fig. 7(b), the tight-binding
√
m/m∗(0) and the exact

√
m/m∗(0) are compared to the measured ωpk/ω0. We find

excellent agreement with the beyond-tight-binding effective mass.
The loss of spectral weight is quantified by the integrated real conductivity across the observed frequency range.

This is an “f-sum”, and the subject of several exact sum rules. For global conductivity, one can show that

S∞αβ ≡
1

π

∫ ∞
−∞

dωReσαβ(ω) =
N

i~

〈[
R̂α, Ĵβ

]〉
(7)

where the angle brackets denote a thermal average. The Hamiltonian of the system enters through Ĵβ = iN/~[Ĥ, R̂β ].

Because R̂β is a local operator, its form is unchanged by interactions or by the presence of a trap.
For any complete physical model,

S∞αβ =
N

m
δα,β (8)

independent of temperature, interaction strength, or trapping environment [21].
An experimentally determined Sαβ may differ from the theoretical S∞αβ due to truncation of the measured f-sum at

a finite frequency. Figure 7(d) shows that mSxx/N is unity in the absence of a lattice, but is reduced with increasing
depth. In our studies, we probe only dynamical response due to low-energy excitations (. 200 Hz) within the lowest
band, and do not probe the (typically kHz) inter-band transitions [30, 31]. A Hubbard model (HM) naturally captures
this low-energy response. The on-diagonal response for an isotropic single-band HM gives

Sxx = −a
2
L

~2
〈Ĥ0x〉 = −σ0

〈Ĥ0x〉
~

(9)

where Ĥ0x = −t0
∑
i ĉ
†
i ĉi+1 + h.c. and ĉi is the anihilation operator for site i. In this case, the f-sum relates to the

kinetic energy through EK =
∑
α〈Ĥ0α〉. An alternate interpretation is to relate the f-sum to a mass, as

Sxx = N〈1/m∗〉 , (10)

where 〈1/m∗〉 is thermally averaged effective mass. For a completely filled Hubbard band, 〈1/m∗(k)〉 = 0, EK = 0,
Sxx = 0, and conductivity must be zero. In the Maxwell-Boltzmann limit, Sxx = NI1(2βt0)/m∗(0)I0(2βt0), where β
is the inverse temperature, and In(z) is a modified Bessel function. After extending this to include next-nearest and
next-next-nearest neighbour hopping, application of the single-band HM expectation to our measured Sxx is shown
as a blue line in Fig. 7(d), using the temperatures measured at each depth. The agreement is excellent, even though
the parabolic confinement is neglected. This is due to the separation of the trap potential and kinetic energy degrees
of freedom in the semiclassical limit.

However, including the parabolic confinement potential is essential to understanding the detailed frequency response,
including the prominent resonant observed. The simplest extension of the Bloch hamiltonian Ĥ0 considers the response

along a single axis, with ĤLP = Ĥ0x + V̂HO,x, where V̂HO,x =
∑
i
1
2mω

2a2Li
2ĉ†i ĉi. The energy spectrum Ep of the non-

interacting eigenstates |ψp〉 is well understood [32–34]. There are two regimes: delocalized states at −2t0 < Ep . 2t0,
and localized states at Ep & 2t0. The lowest-energy states are equally separated in energy, and smoothly transform
into Bloch states when the trap frequency is reduced. The localized states have an energy that is asymptotically
quadratic in p, as their kinetic energy vanishes and they become purely localized states in the potential. They become
relevant when temperature is not small compared to 4t0. When using this model at low lattice depths, we include
the first-order shift of next-nearest and next-next-nearest neighbour hopping terms to the eigenenergies. This ensures
that the energetic splitting between the delocalized states has the correct ~ω∗ in the weak lattice limit, instead of the
tight-binding ~ω∗, as shown to be significant in Fig. 7(b).
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(a) (b) (c)

(d)

(e)
(f) (g)

FIG. 8. Effect of Temperature. For sL = 2.5 and U/t0 = 0.7, the on-axis conductivity (a) Reσxx was determined for
varying temperature. Solid lines show fits to the data using the uniaxial model. The inset (b) shows the f-sum Sxx measured
from integration of the fit curves in (a) (solid points) as compared to the values theoretically predicted for a homogeneous
lattice (dashed blue line) and the uniaxial model (solid red line) using directly measured temperatures. (c) Imσxx, and the
phase lag of response (d) φ, are shown versus temperature T/t0 from 1.5 to 3.0, as indicated in legend. The phase profile does
not change much with increasing temperature, but (e) shows that the measured density per spin state decreases significantly.
The fit Γ are shown in (f), and decrease slightly with increasing temperature, but remain above the Fourier-limited value,
indicated by the dashed black line. When rescaled by the decreasing density, as shown in (g), it can be seen that scattering
rate per particle is increasing with temperature, as expected. Solid blue lines in (f) and (g) indicate the predictions of kinetic
theory for indicated temperatures and a fit to the densities.

Treating the drive as a time-dependent perturbation, one can show that the ac conductivity of the LP hamiltonian
is

σ(LP)
xx (ω) =

Nω

i~
∑
p′ 6=p

(fp − fp′)
|〈ψp′ |R̂x|ψp〉|2

ω − ωpp′ + iε
(11)

where fp is the thermal occupation of eigenstate |p〉, and ~ωpp′ = Ep − Ep′ . For the parameters of our experiment,

the dominant coupling is between adjacent states, and the frequency spectrum of σ
(LP)
xx (ω) reflects the energetic

spacing between adjacent eigenstates. ε characterizes the eεt envelope assumed to describe the adiabatic ramp-up
of the excitation potentials. A generalization includes a self-energy term to the denominator of Eq. (11) [35], which
in its simplest form replaces ε by a phenomenological broadening Γ/2, the imaginary part of the self-energy at the

frequency of the peak response. Note that σ
(LP)
xx (ω) obeys Kramers-Kronig relations for any Γ > 0, and that its f-sum

is independent of Γ.
Fitting with the LP model enables a phenomenological broadening Γ to be distinguished from the anharmonicity of

the single-particle eigenspectrum. The best-fit Γ, along with numerical FWHM, are shown in Fig. 7(c) versus lattice
depth. For sL . 2, the width is consistent with an independently measured Fourier limit at Γ = 2π×2.9(2) Hz (dashed
line), determined by the finite drive time. However at larger sL, the width is increased due to collisions, as confirmed
by agreement with a kinetic theory calculation. This is the clearest sign of the melting of the Kohn response, as the
c.m. mode is coupled to other degrees of freedom, and is eventually over-damped by collisions.

Effect of temperature on conductivity

Conductivity is not purely a dynamical response, but includes an essential role of thermodynamics. This is seen
through the partial f-sum, as discussed above, which constrains the low-frequency real conductivity. To explore
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(a) (b)

(c)

(d)

(e)(f)

FIG. 9. Effect of interactions. Scanning the magnetic field from 20 G to 210 G, the scattering length is tuned via the s-wave
Feshbach resonance at 202.1G. The on-axis conductivity (a) Reσxx and (b) Imσxx are shown for |U/t0| as indicated in the

legend. Also shown (lines) are the LP σ
(LP)
xx with best-fit Γ shown in (c) and f-sum Sxx shown in (d). The red markers in (d)

show the prediction of the LP model using measured temperatures. The same quantities are plotted in (e,f), but with respect
to the measured density per spin state, 〈n↑〉, with constant U/t0 = 0.70. Blue solid lines in (c) and (e) show the scattering rate
calculated in a kinetic theory, and black dashed lines indicate the Fourier-broadened value. All data are for sL = 2.5.

independently the effect of temperature, we measure optical conductivity at variable T , while keeping both lattice
depth and scattering length fixed. The temperature is adjusted in the dipole-trap stage of the experimental cycle, by
snapping on and off the lattice to a variable height non-adiabatically (in less than 100µs), then allowing the system
to equilibrate, before finally loading to sL = 2.5. Temperature after loading is assessed using in-situ density images.

Each data set of Re[σxx] and Im[σxx] is fit to the LP model, using a Maxwell-Boltzmann distribution, measured
trap parameters, numerically calculated coupling matrix elements, the beyond-tight-binding eigenfrequencies, and two
fit parameters: temperature T and eigenstate width Γ. As seen in Fig. 8, the fits are excellent. From the fits, an
analytically-computed f-sum may be extracted.

The primary effect of temperature in this parameter regime is an overall reduction in response: the peak conductivity
in Figure 8(a) decreases dramatically with increasing temperature. The decrease in spectral weight is quantified in
Figure 8(b), where the Sxx is seen to decrease by roughly a factor three as T is doubled. Data are compared to
both the f-sum of Eq. 11 at the measured T (instead of best-fit T ), and to the uniform-lattice prediction, with good
agreement to both. The reduction in f-sum is larger than anticipated in these single-band models at large T , perhaps
because of thermal occupation of the next band. However, using a single-band tight-binding interpretation of the
f-sum (see Eq. 9), we find a striking signature of the reduction of kinetic energy of a lattice gas with temperature,
unlike free or harmonically trapped fermions.

Figure 8(f) shows that the best-fit Γ changes only slightly with increasing temperature, and is not far above the
Fourier limit. This behaviour is reflected in how the phase profile [Fig. 8(d)] also remains relatively unchanged. The
slight decrease in Γ versus temperature is primarily due to a significant decrease in density as temperature increases, as
would be expected for a harmonically-trapped system. The average filling per spin-state decreases from 〈n↑〉 = 0.12(1)
to 0.04(1) from our lowest to highest measured T , as illustrated in Figure 8(e). This reduction in density intuitively
reduces the collision rate between particles, which reduces the current-damping rate, and thus the broadening of
the response. To correct for this effect, we can instead plot the broadening per unit filling Γ/〈n↑〉 in Figure 8(g).
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This quantity increases with temperature, in agreement with the expectation that the resistivity of a metal should
increase with temperature at constant electron density. Indeed, despite the proximity to the Fourier limit contributing
systematic error to the determination of the broadening, data points in Figs. 8(f)(g) remain close to expectations of
the kinetic theory calculation (blue lines) discussed below.

Effect of collisions on conductivity

Perhaps the most interesting information one gains from conductivity is the effect of scattering processes on trans-
port. We explore this dependence in two ways: by tuning the scattering length via a Feshbach resonance, and by
changing the density by varying the number of atoms loaded into the lattice.

Figure 9 summarizes the effect of these variables on optical conductivity, with data is fit to the LP model. As Γ
becomes much larger than the Fourier broadening, it acquires a new significance: Γ→ τ−1, the inverse of the transport
time. This is a measure of the 1/e damping time of particle currents, due to collisions. Since this broadening is fit
on top of a theory that already includes the anharmonicity of the single-particle eigenspectrum, we can distinguish
scattering from single-particle structure.

The solid lines in Figs. 9(a,b) show fits to the LP model, with resultant Γ and Sxx shown in Figs. 9(c,d). The
peak conductivity is reduced, however, we find that Sxx is nearly constant, with residual small variations [as shown
in Fig. 9(d)]. Even these small variations are explained within the non-interacting model using the measured T at
each U (see red × symbols). This comparison illustrates a basic property of optical conductivity: scattering cannot
“destroy” conductivity, but only move it from one part of the Reσ(ω) spectrum to another [36]. One sees this through

the f-sum rules, which depend explicitly on 〈Ĥ0〉, so that interactions affect the sum rule only through changes in
thermodynamics, but not through dynamical and dissipative effects such as scattering.

Instead, scattering reduces the peak conductivity through spectral broadening of the response, shown by an increas-
ing Γ. For U/t0 < 2, we find Γ increases with U2, as shown in Figs. 9(c) and discussed further below. At larger U , the
best-fit Γ deviates from linear, and appears to saturate at 280(80) s−1, which is 0.08(2)~/t0. For these parameters,
the effective oscillator is still under-damped: Γ/ω0 ∼ 0.7(2).

The collision rate can alternatively be increased with higher density, which provides an independent measure of the
effect of inter-particle interactions on the conductivity spectrum. Figures 9(e,f) show fit results from data sets with
U/t0 = 0.7, but measured density changing from 0.09(2) to 0.19(1) per spin state, as controlled by varying the total
number of atoms loaded into the lattice from N = 5× 103 to N = 5× 104. We again see that Γ increases well above
the Fourier limit, but due to a systematic increase in temperature, Sxx is also reduced.

To understand 1/τ in the U . t0 regime, we calculate the rate of current damping using a kinetic approach. The
global current is J = J↑+J↓, with J↑ =

∑
q f↑(q)v(q), where q = aLk is dimensionless quasimomentum, f↑(q) is the

non-equilibrium occupation of eigenstate |q〉, vα(q) = (2t0aL/~) sin qα in tight binding. The rate of change of current
due to collisions is

d

dt

∣∣∣∣
irrev

J↑ =
∑
q

v(q)
df↑(q)

dt
. (12)

We consider a distribution displaced by ∆qx from an equilibrium Fermi distribution f (eq)(q) due to an external force,
where ∆qx � 1 in linear response. The rate of relaxation of f(q) back to equilibrium may be calculated by treating
the Hubbard U as a perturbation that scatters incoming q1, q2 into final states q3 and q4. The value of q4 is uniquely
determined by the other three momenta. When qα,4 = qα,1 + qα,2 − qα,3 ± 2π along any lattice axis α, the scattering
is called an “Umklapp” collision, in contrast to collisions that conserve quasi-momentum. The amplitude of all types
of events is equal in the tight-binding limit.

Retaining only terms that are first order in ∆qx, the ratio of current damping rate to the current is

1

τ
=
U2

~
2πβ

n↑〈1/m∗〉

∫
d3q1
2π3

d3q2
2π3

d3q3
2π3

vx(q1) ∆Jx(12; 34)f
(eq)
1 f

(eq)
2 (1− f (eq)3 )(1− f (eq)4 ) δ(E34 − E12) , (13)

where ∆Jx(12; 34) is the change in current along x between the initial and final states, and f
(eq)
1,3 = f

(eq)
↑ (q1,3), and

f
(eq)
2,4 = f

(eq)
↓ (q2,4), and the integration is over the Brillouin zone.

The results of the calculation are shown as blue lines in Figures 9(c,e). As interaction strength is varied, the
theory predicts a linear scaling in U2 for the scattering rate. This relation does not deviate far from the measured
data for small U/t0, but cannot account for the saturation of measured scattering rates for larger values, beyond the
perturbative regime. For the varying-density data taken at background scattering length, the theory and experiment
exhibit excellent agreement within error. The scattering rates appear to scale approximately linearly with increasing
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(a)

(b)

FIG. 10. Carrier mobility. (a) Increasing the lattice depth from 0ER to 4ER results in a drastic decrease in the mobility of
charge carriers in our system. (b) The inset shows how the mobility at 2.5ER is affected by the varying interaction strengths
corresponding to points in Figure 9.

density in the temperature regime explored here, which corresponds to the expected result for a Maxwell-Boltzmann
distribution of state occupancy.

We note that τ differs from the mean free time between collisions, since collisions do not necessarily damp current.
Kohn’s theorem is one dramatic example of this distinction. On the other hand, relaxation of a perturbative dis-
placement in quasimomentum occurs only through collisions that also relax current change the distribution function,
which indicates a microscopic similarity between our measurement in a recent study of quasi-momentum relaxation
[37].

Mobility

In linear response, an applied impulse Fx∆t generates a displacement ∆qx of f(q) from equilibrium. It can be
shown that the resulting global current per particle is ∆Jx/N = Fx

〈
1/m∗

〉
∆t. If the applied force is instead held

fixed, the displacement ∆qx will reach a steady state due to current damping. Therefore, in the absence of a trap,
the relationship between applied dc force and rate of change of global current is

dJ↑x
dt

= Fx

〈
N↑
m∗

〉
− 1

τ
J↑x . (14)

In steady state, dJ↑x/dt = 0, and so the drift current per particle is JD/N = 〈τ/m∗〉Fx. Apart from a factor of
elementary charge, we can identify

µ = 〈τ/m∗〉 (15)

as the mobility: the ratio between the carrier drift velocity and applied dc force. Since the partial f-sum is Sxx =
N〈1/m∗〉, mobility combines two main quantities derived from σxx spectra. Even though both τ and Sxx are measured
in a trapped system, neither is sensitive to the presence of a trap — comparing well with theoretical models for a
uniform lattice system at the same T/t0 and 〈n↑〉. Thus µ as defined here is a measure of the mobility of fermions in
a uniform lattice.

Figure 10 shows the dimensionless mobility versus lattice beam power and versus scattering length, combining data
previously presented in Figs. 7 and 9. Figure 10(a) shows a dramatic reduction of µ by two orders of magnitude,
as sL increases. This reflects a combination of increasing effective mass m∗, increasing interaction strength U , and
increasing density 〈n↑〉 due to the increased harmonic confinement, as the lattice depth is increased. As a consequence
of the Kohn theorem, one would expect µ→∞ as lattice depth is reduced. Here, the observed µ saturates to a finite
value due to Fourier-limited spectral precision.

Figure 10(b) demonstrates the decrease in mobility as the scattering length increases, for fixed sL = 2.5. The
mobility decreases rapidly in the U . t0 weakly interacting regime, and then saturates to a steady-state value in the
strongly interacting regime, both reflecting the trend in τ−1.

For under-damped current response, the mobility is approximately equal to the peak on-axis real conductivity
Reσxx(ω). One can compare Fig. 10 visually to the peak values of spectra in Figs. 7a and 9a. This correspondence is
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precise in the limit where Reσxx(ω) is Lorentzian: then its peak value → Sxxτ = µ, so long as Γ = τ−1 is not Fourier
limited. Peak conductivity in a Drude model, where σe(ω) ∼ (1 + iωτ)−1, is the dc conductivity σe(0) = Seτ , where
Se is the low-frequency f-sum. The supports the association of µ with the dc conductivity of an extensive material, in
which the trap is removed but average intensive parameters are kept constant. This identification follows the order of
limits in which the dc conductivity is defined: first the excitation wavelength L→ 0, and then ω → 0 [36]. However,
for a finite-L sample, the same physics corresponds to a finite ω. For our harmonically trapped system, the spacing
between the lowest-energy single-particle eigenmodes is ~ω∗, so that the lowest-energy eigenstates are probed at finite
frequency, where σpk is found for weak interactions.
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