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Abstract

Compressed gas driven shock tubes have become popular as a laboratory-scale replace-
ment for field blast tests. The well-known initial structure of the Riemann problem
eventually evolves into a shock structure resembling a Friedlander wave. In this the-
sis, we develop an analytical model to predict its key characteristics: location where
the wave first forms, peak over-pressure, decay time and impulse. The approach is
based on combining the solutions of the two different types of wave interactions that
arise in the shock tube after the family of rarefaction waves in the Riemann solution
interacts with the closed end of the tube. The results of the analytical model are
verified against numerical simulations obtained with a finite volume method. The
model furnishes a rational approach to relate shock tube parameters to desired blast
wave characteristics, and thus constitutes a useful tool for the design of shock tubes
for blast testing.
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Chapter 1

Introduction

In addition to their many uses in the science and engineering of compressible flows,

shock tubes have recently become popular as devices to generate shock waves whose

structure resembles a real blast wave such as produced by the detonation of explosive

charges, e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Lab-scale tests using shock tubes are con-

venient surrogates for field blast tests as they provide better precision and variable

control, increased safety, and re The basic functioning of a shock tube in its tradi-

tional configuration is well understood, e.g. [11]: pressurized gas in a driver section

is suddenly released by the rupture of a membrane, leading to a well known shock

structure comprised of a shock wave, a contact discontinuity, and a family of rarefac-

tion waves [12]. What is observed experimentally is that, for sufficiently long shock

tubes, this wave structure eventually evolves into a shape resembling an air blast

wave. What has received less attention is the process by which this happens and the

relation between shock tube parameters and the characteristics of the resulting "blast

wave

In fact, it has been well established that, despite their popularity as blast test

surrogates, shock tubes sometimes fail to generate true blast waves [6]. Instead, if

the shock tube parameters are not designed "correctly", the shock waves obtained

have a tendency to adopt trapezoidal shapes where the peak pressure plateaus before

it decays as blast waves do, [1] .

Knowing the location where the blast wave initially forms is important for properly

13



placing the target in animal studies of blast-induced Traumatic Brain Injury, [5].

However, estimates of the location of the onset of the blast wave are mostly empirical.

In [8, 4], Bass and coworkers resort to the rule of thumb that a blast wave forms at

distance equal to 10 times the diameter of the tube. Courtney et al [6], state that

the driven section of the tube should be much longer (60 times the diameter of the

tube). It is therefore clear that there is a need for developing a rational approach for

designing shock tubes for lab-scale blast testing.

Previous efforts to analyze the formation of Friedlander waves in shock tubes have

been based on Computational Fluid Dynamics (CFD). CFD simulations have shown

the evolution from the Riemann shock wave structure to the eventual formation of

a shock wave akin to a Friedlander blast wave. The accuracy of CFD numerical

tools has been validated by comparing the time evolution of the pressure at specific

location in the tube with experimental pressure sensor data, [4]. CFD has also been

instrumental in describing the flow conditions as the wave approaches and goes past

the open end of the tube, [13, 7].

In this thesis, we develop an analytical model that provides a functional relation-

ship between shock tube parameters (driver section length, pressure and driver gas)

and the sought blast wave characteristics in closed mathematical form. As in many

other areas of engineering and science, an analytical description, if available, is highly

desirable in the design and configuration of the testing device, as it eliminates the

need for costly parametric studies using numerical solution methods. Moreover, ana-

lytical models enable the immediate solution of the design (inverse) problem, i.e. how

to configure the problem inputs to obtain a desired set of outcomes. In the specific

case of lab-scale blast testing, this translates to: what is the required set of shock

tube configuration parameters (initial pressure, driver section length and gas type) to

produce a surrogate blast wave with given characteristics (free-field overpressure and

decay time, or alternatively explosive energy and offset), and what is the minimum

required tube length?

The analytical model is derived by analyzing two types of nonlinear wave inter-

actions that arise as the family of rarefaction waves in the initial Riemann problem

14



reflects from the closed end of the tube to eventually catch up with the shock wave.

The first problem is concerned with the reflection of the family of centered rarefac-

tion waves (rarefaction fan) off the closed end of the driver section. The solution

of the flow in this so-called buffer region, [14], is known to be non-simple and has

been derived using Riemann invariants, leading to a second-order hyperbolic par-

tial differential equation (PDE) of the Euler-Poisson type, [12]. For arbitrary gas

specific heat ratios, the solution to this PDE can be expressed as a hypergeometric

function which gives the position of the interacting waves as a function of time in

implicit form. We propose an alternative derivation resulting in an Euler-Darboux

PDE whose solution in the important cases of air and helium can be written in terms

of much simpler rational functions. This, in turn, is convenient for the next steps in

the analysis. The simplified solution is used to find the exit time and position where

the reflected head wave intersects the incident tail wave, at which point the head and

subsequent reflected waves enter a simple region (straight characteristic lines) with

known propagation speed.

The second problem involves the interaction of these reflected waves when they

reach the contact discontinuity moving in the direction of the shock. The flow in this

second buffer region can be analyzed using Courant's solution for a simple wave in-

teracting with a contact discontinuity [15]. A discrete consideration of equally-spaced

incident waves combined with a linearized analysis of their propagation velocity fur-

nishes a discrete estimate of the curved geometry of the modified contact interface,

as well as the time, position and propagation speed of the simple waves transmitted

across it. Finally, this information is used to determine the location and time when

the head wave encounters the shock front, which is considered the onset of the blast

wave structure. The subsequent evolution of the flow at that location (pressure decay)

is estimated by considering the arrival time and pressure of a discrete set of trailing

waves. The final result of the analysis is explicit formulas relating shock tube param-

eters (driver's section length and compressed gas state) to blast wave characteristics

(peak overpressure, decay time and impulse). In particular, the model furnishes the

very important required driver section length as a function of aforementioned shock

15



tube parameters and also shows its independence of the shock tube diameter contrary

to what was previously believed [8, 6].

The structure of the thesis is as follows: Chapter 2 will present the fundamentals.

In chapters 3 and 4, we discuss the analysis of the different wave interactions and

develop analytical estimates of the characteristics of the pressure profile at the onset

of the Friedlander wave. We present numerical and analytical results in chapter 5

and conclude in chapter 6.
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Chapter 2

Fundamentals

In this chapter, we provide necessary background information for the subsequent

analysis specifically highlighting key ideas from thermodynamics and gas dynamics.

We also present a very brief summary of the classic Riemann problem and show a

derivation of the Riemann invariants. For results without derivations, the full details

of what is presented here can be found in the classic books of Fermi [16], Landau and

[17],Anderson[14] and Zeldovich[18].

2.1 Thermodynamics and Gas Dynamics

* Ideal Gas

The thermodynamic quantities of interest in gas dynamics are pressure p, tem-

perature T and volume V. These quantities are not independent and their

relationship is given by the form:

f(V, p, T) = 0

The above relationship is what is known as the equation of state. The form of

the function f depends on the choice of the gas. For ideal gases, the equation

of state can be written as:

pV = MRT (2.1)

17



where M is the mass of the gas and R is the universal gas constant. We can

also write this in an alternative form by dividing both sides by the mass of the

gas:

pv = RT (2.2)

where v is the specific volume of the gas (v =, p being the density of the gas).

* Internal Energy and Enthalpy

On a microscopic scale, gas is a collection of molecules in random motion. There

is kinetic energy from the movement of the molecules and potential energy from

the intermolecular forces. The internal energy, E, is the sum of the kinetic and

potential energies. The enthalpy, h, defined per unit mass, is h = e + pv where

e is the internal energy per unit mass. For a general gas, we have

e = e(T, v)

h =h(T,p)

de = cvdT

dh = cpdT

where c, is the specific heat at constant volume and cp is the specific heat at

constant pressure. Note that cv and cp are functions of temperature.

* Thermally Perfect Gas

If the gas molecules are not chemically reacting and the intermolecular forces

are ignored, the gas is thermally perfect. This implies that the internal energy

and enthalpy are functions of temperature only.

e = e(T)

h = h(T)

de = cedT

dh =cdT

18



o Calorically Perfect Gas

A calorically perfect gas is a thermally perfect gas with constant specific heats.

The enthalpy and the internal energy respectively are given by

e c- CT 
(2.3)

h =cpT

" Heat Capacity Ratio

The heat capacity ratio is defined as:

_= (2.4)

We note here the value of -y for the two most common driver gases for shock

tubes. For air y = 1.4 and for helium -y .

" Isentropic Relations

Consider a thermodynamic process proceeding from some initial state to a final

state. The following relations hold true for an isentropic(constant entropy)

process.

2 P_ 2 Y(T 2  (2.5)
Pi P1 T1

The subscripts 1 and 2 refer to the initial and final states respectively.

" Material Derivative

Consider a fluid particle as it moves through a flow field. The time rate of

change of a fluid property at a fixed position in space is given by j. On the

other hand, the time rate of change of a fluid property with respect to the

moving fluid particle is described by the substantial derivative m. The two can

be related as follows:
D 0
-= - + -U (2.6)

Dt ut

where u is the velocity of the particle.

19



* Adiabatic Process

A thermodynamic process no external heat source is added or removed is adia-

batic. The adiabatic flow condition is the statement that the material derivative

of the specific entropy remains constant.

DS _

Dt -0
(2.7)

where S is the specific entropy.

* Specification of a state variable

In Thermodynamics, a unique specification of a state variable requires exactly

two other state variables. For instance, the density of a gas can be determined

given the entropy and pressure.

p = p(p, s) (2.8)

* Speed of Sound

The sound speed a is the speed at which small or infinitesimal perturbations

are propagated through a gas. It is given by

a = _ (2.9)

The subscript s denotes that the sound wave process is isentropic. For a calor-

ically perfect gas, (2.9) reduces to:

Using (2.2), (2.10) reduces to:

9 Mach Number

20
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The Mach number is the ratio of the flow speed to the speed of the sound.

U
M = -

a

If M > 1, the flow is supersonic and if M < 1 the flow is subsonic.

9 Conservation Equations

In gas dynamics, the conservation of mass, momentum and energy can be de-

scribed by the following equations:

DPvDp+ p17 - u =0
Dt

Du

Dt
De Dv

Dt Dt

Continuity

Motion

Energy

(2.12)

(2.13)

(2.14)

Here Q is the energy generated per unit mass per unit time and e is the specific

internal energy.

2.2 Riemann problem

The Riemann problem is an initial value problem given by

Ut + f (u)x = 0

u(x, 0) = uo(x)

Here u refers to a quantity of interest(density, concentration,...) and f(u) is the flux

function. The initial condition u(x, 0) is two constant states UL and UR separated by

a jump discontinuity at x = 0 i.e

UO(X) =UL if X < 0

UO(X) = UR if X > 0

21



The the initial value problem as posed above admits a unique solution[19]. Given the

above setup, the Riemann problem is equivalent to the determination of u(x, t) for

t > 0. In other words, we want to determine u after the discontinuity is removed at

all times. In the context of gas dynamics, the Riemann problem reduces to the shock

tube problem.

A shock tube has two sections separated by a diaphragm. The region to the left

of the diaphragm, initially at a constant high pressure, is called the driver section.

The region to the right of the diaphragm, initially at a constant low pressure, is

called the driven section. At t = 0, the driver and driven sections correspond to

the initial conditions for the Riemann problem. The diaphragm is analogous to the

jump discontinuity. Hence the problem becomes that of determining the flow in the

shock tube once the diaphragm is broken. The solution for the flow, originally due

to Riemann, is a right propagating shock wave separated from a left going family of

rarefaction waves by a contact interface. [14].

Driver Section Driven Section

High Pressure Low Pressure

Diaphragm

Figure 2-1: Schematic of a Shock Tube.

2.3 Derivation of the Riemann invariants

The starting point is consideration of the continuity equation (2.12) and equation of

motion (2.13) for an inviscid flow. In the case of one dimensional flow, the equations

reduce to:

Dp+ - 0 (2.15)
Dt Ox

Du ap
Dt =- (2.16)
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Using (2.8) and by considering the substantial derivative LD, the multivariable chain

rule is applied to obtain:

Dp _ (Dp p (Ds (Op(
Dt D+a Dt as (.7

Using (2.7), (2.17) reduces to:

Dp _ (Dp) aps (218
D Dt a(2.18)

Using (2.9), substantial derivative of the density is:

Dp = 1 (Dp(
Dtc2Dt(2.19)

Substituting (2.19) in the one dimensional continuity equation (2.15) and simplifying

leads us to the following equation:

1lap uaop au
-- + c-+ C = 0 (2.20)

pc at pc ax ax

Expanding the substantial derivative (2.6), the equation of motion (2.16) can be

rewritten as follows:
an &u 1lap

+ -vu + =ap =0 (2.21)at 9x p 09x

Adding (2.20) to (2.21) gives::

( a+ a- + + + ( + c) =pP - 0 (2.22)(u +c)-± +- -±k FjI-
K x at PC at axj

The characteristics are given by L= (a + c) and denoted c+ since their path is to

the right. Subtracting (2.20) from (2.21) gives:

( u au N 1 Yap apN(u - c)- - - + (U - c)- = 0 (2.23)
ax at PC at ax
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The characteristics are given by = (u - c) and denoted c_ since their path is to

the left. Along the c+ characteristics, (2.22) reduces to

du+ = 0
PC

(2.24)

Along the c_ characteristics, (2.23) reduces to

dp
du - - = 0

PC
(2.25)

Applying the isentropic relations (2.5) for a calorically perfect gas, the pressure den-

sity relationship is obtained:

p = kp- where k is a constant

Using (2.9):
dp kp1 2
dp

It follows that

c =(ky) p ' (2.26)

Integrating (2.24) along the c+ characteristics

U +
[k-yp^'] dp _ where r is a

p[(ky)2p 2 ]
constant

Simplifying and applying (2.26)

2
U + -C= rc -r

Using the same approach as above and integrating (2.25) along the c.

the following equation will be obtained.

2
U - -C = S

Y -- 1

characteristics,

where s is a constant
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Starting with the gas dynamic equations, it is shown that across two paths in the

x - t plane two compatibility conditions are satisfied.

2 2
u+ -c=r U- _c=s

The constants r and s are known as Riemann invariants and will be used heavily in

later analysis.
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Chapter 3

Analysis of the evolution of the

head rarefaction wave in a shock

tube

The basic functioning of a shock tube is well understood and has been extensively

studied, (e.g. [11]). A shock tube consists of a driver section containing gas-

commonly helium or air-at high pressure, and a driven section, initially separated by

a membrane, Fig. 3-1(a). Upon rupture of the membrane, a shock wave propagates

towards the driven section followed by a contact discontinuity, whereas a family of

rarefaction waves propagates in the opposite direction within the driver section, Fig.

3-1(b). While unperturbed by the end sections of the shock tube, the flow responds

to the well known Riemann solution, [20]. Here, we are interested in the various wave

interactions taking place upon the reflection of the head rarefaction wave at the left

end of the driver section. In the subsequent evolution of the flow, the reflected head

wave reaching the right-propagating shock marks the onset of the Friedlander wave

form in the shock tube. Figure 3-1 shows snapshots of the shock tube at different

times emphasizing the location of key flow characteristics (shock, contact discontinu-

ity, head and tail waves) as well as the evolution of the spatial pressure distribution.

To help the analysis we make heavy use of Figure 3-2 which shows the evolution of

the characteristic lines in the x-t plane.
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The basic idea of the analysis is to track the evolution (velocity history) of the head

and trailing rarefaction waves in the various stages of their interaction with the flow:

1) propagation towards the left closed end of the tube, Fig. 3-1(b), 2) interaction with

trailing rarefaction waves after reflection at the closed end, Fig. 3-1(c), 3) propagation

towards the moving contact discontinuity, Fig. 3-1(d) 4) interaction with the contact

discontinuity, Fig. 3-1(e), and 5) propagation towards the shock, Fig. 3-1(f).

Next, we focus on determining the location in the shock tube where this occurs.

The determination of the location of the onset of the Friedlander wave form only re-

quires tracking the evolution of the head wave. Immediately after the membrane rup-

tures, Fig. 3-1(b), the constant speed of the head wave using (2.11) is a 4 = V/T4P4/P4

where a4 , 74, p4 and p4 are, respectively, the sound speed, the specific heat ratio, the

pressure and the density in the undisturbed region of the driver section. It is worth

emphasizing that the parameters on the right-hand side of this equation constitute

basic input settings of the shock tube. The time ta at which the head rarefaction

wave reaches the closed end of the shock tube, Fig. 3-1(c) and point a in Fig. 3-2, is

simply given by:

ta =(3.1)
a 4

After time ta, the flow in the shock tube departs from the classical Riemann problem

and the head rarefaction wave enters a non-simple region: the first buffer region.

3.1 Analysis of the first buffer region

The first buffer region comprises the zone where the centered fan of rarefaction waves

interacts with the closed end of the tube, Figures 3-1(c), 3-2, and 3-3(a). Riemann

[12] originally proposed a mathematical formulation of this problem in the form of an

Euler-Poisson partial differential equation (PDE) governing the time t(r, s) at which

two characteristics with coordinates (r, s) meet inside the buffer region. He obtained

a general solution for a gas with arbitrary specific heat ratio 7. However, the solution

is difficult to use in the analysis of the further evolution of the flow in the shock tube,

as it is given in implicit form in terms of a hypergeometric function. Landau and
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(a) Initial Configuration of the Shock tube.
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Figure 3-1: Schematic of the evolution of the shock wave structure in the shock tube

(left figures) and evolution of the pressure profile (right figures).
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Figure 3-2: The interaction of waves in a shock tube in the x - t space of charac-
teristics. The shock wave is represented by the red characteristic whereas the light
blue and the green ones are the head and the tail rarefaction waves respectively. The
contact interface is the dark blue characteristic curve.

Lifschitz [17] derived an explicit expression of the exit time of the head rarefaction

wave from the buffer region for monoatomic (y = ) and diatomic (y = 1.4) gases,

based on a reformulation of the PDE using the Legendre transformation. Here, we

propose a third alternative derivation which is limited to the cases of practical interest

(air and helium), but has the great advantage of providing a full solution for t(r, s)

in explicit form in terms of a simple rational function.

3.1.1 Arriving at the Euler-Darboux PDE

Fig. 3-3(a) shows a plot in the (x, t) plane of the characteristics of the head wave, the

tail wave and two sample intermediate rarefaction waves as they propagate toward

the closed end of the driver section, reflect off the wall and interact with each other

in the first buffer region. Prior to entering the first buffer region, rarefaction waves

move at constant speed along a straight characteristic. Any arbitrary point A inside

the buffer region lies at the intersection of two rarefaction waves, a right-going wave

along a C+ characteristic and a left-going wave along a C_ characteristic. The wave
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Figure 3-3: (a) The reflection of rarefaction waves from a wall and interaction in the
first buffer region (b) Using the method of images to address the initial conditions at

the wall, highlighting the boundaries of the first buffer region.

speed for these two waves is given respectively by:

(3.2)

where u = u(x, t) is the local gas speed and a = a(x, t) is the local sound speed. On

any given characteristic, C+ or C, the evolution of these quantities is governed by

the Riemann invariants [14] as follows:

r :=u + = const. along C+

s := u - 2a = const. along C_
(3.3)

Furthermore, the local gas speed u and the local sound speed a can be conveniently

expressed in terms of the Riemann invariants r and s as follows:

u = 1(r + s) and a= I(r - s)
2 4

On a C+ characteristic, the position x at a time t of a right-going wave only depends

on the value of the Riemann invariant s of intersecting C_ characteristics. Conversely,
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on a C_ characteristic, the position x at a time t of a left-going wave depends only

on the Riemann invariants r of the intersecting C+ characteristics. These features

of the Riemann invariants motivate the change of variables from space-time (x, t)-

coordinates to characteristic space (r, s)-coordinates.

We aim to determine the time t(r, s) at which an incoming left-going rarefaction

wave meets a right-going rarefaction wave reflected from the rigid wall. From (3.2)

and using the invariance of r and s along C and C_ respectively, we obtain:

= (u + a) (3.5)
as 09s
ax at-- = (u - a)- (3.6)ar 0 r

The x variable can be eliminated by invoking the equality of mixed partials to arrive

at:
a2t a(u + a) at a(u - a) at

2a + = 0 (3.7)
arOs ar as as or

Rewriting the gas (u) and sound (a) speeds in terms of the Riemann invariants using

(3.4), this expression can be further simplified into a PDE for the time variable t only:

a 2 t A at at
aa= 0 where A)= - (3.8)aras r -s ar as 2 7-1

This is a second-order hyperbolic partial differential equation of the Euler-Darboux

type. In the particular cases of air and helium, A is an integer: A = 3 for air (y4 = 1.4)

and A = 2 for helium (-y4 = ). A general solution of the Euler-Darboux PDE for

integer valued A can be written in terms of arbitrary functions of a single variable: f

and g, in the following form [21]:

t(r, s) a(92A- 2  f (r) - g(s) (3.9)
ar A-1sA-1 r - s

3.1.2 Describing initial conditions

The functions f and g in (3.9) are determined from the initial conditions of the

problem, which correspond to the time at which any rarefaction wave enters the first
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buffer region. Left-going rarefaction waves, emitted from the center P and traveling

on C characteristics, enter the buffer region when they intersect the reflected right-

going head wave (in red in Fig. 3-3(a)). On this characteristic of Riemann invariant

ro, the derivative of the position x and the time t with respect to the invariant s are

related through (3.5). Using (3.4), this expression reads:

dx = ro + s (3.10)
ds 4 4 ds

Further, any point along the characteristic of the right-going head wave is also the

end point of the straight characteristic of some left-going rarefaction wave of the

form: x = (u - a)t + Xp, where xp is the location of the center of the rarefaction

fan. Differentiating this expression with respect to s and combining with (3.4) yields

another relation between the derivatives of the position x and time t with respect to

the invariant s:
dx 3- 1+ -y Idt 1+

-= ro + s) - -+ t (3.11)
ds 4 4 ds 4

The variable x is eliminated by taking the difference between (3.10) and (3.11) and

simplifying, resulting in the following ODE:

dt A
dtt = 0 (3.12)
ds ro - s

Right-going reflected rarefaction waves traveling on C+ characteristics enter the

first buffer region at the time they reflect off the wall. However, due to the hyperbolic

nature of the problem, these times depend on the solution of the PDE inside the buffer

region itself. This issue is easily circumvented by recourse to the method of images, see

e.g. [22], by which the problem can be replaced with the interaction of two centered

fans as shown in Fig. 3-3(b). In this case, the C_ characteristic so can be determined

by an ODE analogous to (3.12):

dt Att = 0 (3.13)
dr r - so
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Solving both ODEs, we arrive at an explicit expression of the entry time of the

left-going rarefaction waves, t(ro, s), and the right-going rarefaction waves, t(r, so),

on the red and blue curves that bounds the buffer region in Fig. 3-3(b) respectively:

t(ro, s) t( rO -So) (3.14)
ro - S /

t(r, SO) ta (ro- SO (3.15)
( - SO

3.1.3 Solving the flow problem in the buffer region

The initial conditions, (3.14), (3.15) can now be used to determine the functions f(r)

and g(s) in (3.9). In the case of air (A = 3), the solution (3.9) can be written as:

t(r, s) = 2 f"(r) - g"(s) - 1 2 f'(r) + g'(s) + 2 4 f (r) - g(s) (3.16)
(r -S)3 (r - S)4 (r - S)5

where primes denote derivatives of f and g with respect to their single argument.

Evaluating (3.16) at the two initial conditions t(r, so), (3.14), and t(ro, s), (3.15),

yields two independent ODEs for f and g, respectively:

ta
(r - so) 2f"(r) - 6(r - so)f'(r) + 12f (r) = (g"(so) + -"(ro - so)3)(r - so)2

2 (3.17)
+ 6g'(so)(r - so) + 12g(so)

ta
(ro - s)2 g"(s) + 6(ro - s)g'(s) + 12g(s) (f"(ro) - -(ro - so) 3 ) (ro - S)2

2 (3.18)

- 6f'(ro)(ro - s) + 12f(ro)

Here, we are interested in any solutions f(r) and g(s) that satisfy the condition

t(ro, SO) = ta, i.e. the first buffer region starts at the time that the head rarefaction

wave arrives at the fixed wall, (3.1). We may choose any initial conditions for the

ODEs (3.17) and (3.18) as long this condition is satisfied. We choose f(ro) = 1,

f'(ro) 1, f"(ro) = I (ro - SO)3, g(so) = 1, g'(so) -1 and g"(so) = 0. This yields
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an explicit form for the two ODEs:

ta
(r - so)2 f"(r) - 6(r - so)f'(r) + 12f(r) = -(ro - so)3 (r - so)2

2 (3.19)
- 6(r - so) + 12

(ro - s)2 g"(s) + 6(ro - s)g'(s) + 12g(s) -6(ro - s) + 12 (3.20)

Assuming the solutions to (3.19), (3.20) are respectively of the form (r -so)m, (r 0 _

s)M, the solutions of the corresponding homogeneous problems are given by {(r -

so) 3 , (r - sO)1}, {(ro - s)3, (ro - s)4}. The particular solutions can be obtained by

inspection as: ai(r - so)2 + a2 (r - so) + a3 , and bi(ro - s) + b2 , respectively. The

general solution can then be obtained by the method of undetermined coefficients

inserting these expressions in the ODEs and solving for the coefficients, leading to:

(r - so)3 (r -sO) 4

(ro - so) 2  (ro-SO) 3 - so)+1 (3.21)
ta

+ -(ro - so)(r - sO) 2 (r - ro) 2

4

g() 2( ro - S)3 __(ro -~

g(s) = 2 (ro - so)2  (r0 - s) - (ro - s) + 1 (3.22)
(ro - so)2 (ro -O s3

Using a similar approach, the solution of (3.9) for the case of helium (A = 2) can

be obtained in the form:

t(r, f+ f - where f(r) ta (rO - so)(r - so)(r - ro) + 1

(r - S)2 (r - S)3 g(s) =1

(3.23)

3.1.4 Computing the head wave exit time from the buffer

region: tb

The head rarefaction wave of Riemann invariant ro exits the buffer region when it

meets the tail rarefaction wave of Riemann invariant st at time tb = t(ro, st), Fig.

3-3(b). Conversely, tb can be viewed as the time the tail rarefaction wave enters the

first buffer region. Its value is then easily computed from the initial condition of
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the Euler-Darboux PDE for the left-going rarefaction waves (3.14) in terms of the

Riemann invariants st, ro and so. In the Riemann solution, the head wave moves to

the left into the undisturbed region of the driver section, denoted region 4 in Fig. 3-

1(a). In this region the local gas velocity is 0 and the local sound speed is a4. The

tail wave moves left from the region behind the contact interface, denoted region 3

in Fig. 3-1(a). In this region the local gas velocity is up and the local sound speed is

a 3 . The Riemann invariants ro, so and st are obtained using (3.3):

2a 4  2a4  2a 3ro = s4 O - 4 st = UP - (3.24)
Y4 - 1 Y4- I4-I

We replace (3.24) in (3.16), further relate a3 to a4 using the isentropic relation:

a3 = a 4 - N2 U and obtain:

t(rO, st) = ta (3.25)
22 

Pa4

The denominator can be simplified by using the isentropic equation that relates the

constant pressure behind the contact interface (Ps) to the initial pressure in the driver

section(p4):
2-Y

4

P3 / 741 (Up Y41

P4 2 a4

With the above equation and noting that the pressure is preserved across the contact

interface, P3 = P2, (3.25) reduces to:

4 ,A =3 for air
tb = t a- with (3.26)

(P2) A = 2 for helium

From the time of exit equations for air and helium, we can see that the head wave

exits sooner in helium than air. Note that the expression for tb can be read from the

initial condition (3.14) with no need for one to solve the PDE explicitly. However

it is important to see that this solution provides time of intersection of two waves

given r and s. We will take advantage of this solution in the next chapter where we
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compute analytical estimates of the parameters of the pressure profile at the onset of

the Friedlander wave.

3.2 Subsequent wave interactions and determina-

tion of the Friedlander wave onset location

The location at which the head rarefaction wave exits the first buffer region can be

computed from the time tb it took the tail rarefaction wave to travel at constant

speed up - a 3 and enter the first buffer region. At this location: tb(uP - a3 ), the head

wave enters a simple wave region and travel at constant speed up + a 3 until it meets

the contact interface moving at constant speed up. We denote as tc the time the two

waves meet which is obtained from equating the time it took for the contact interface

to reach the meeting location upte from its location at tb: Uptb with the time it took

for the head rarefaction wave to reach it on the right-hand side:

upte - Uptb _ Uptc - (up - a3)tb (3.27)
UP a3 + Up

We note that the resulting expression for t, = 2 tb holds independently of the type of

driver gas (air or helium).

The transmitted head wave through the contact interface enters a simple wave

region and travels at constant speed up + a 2 until it meets the shock wave. At t, the

shock wave is located at Wt, and the head wave is located at (up+a 2 )tc. The time for

the head wave to reach the shock front, td, can be found from the following equality:

Wtd - Wtc _Wt- as td 2 tba2

W up + a2  up + a2 - W

where W, u, and a 2 are, respectively, the shock speed, the speed of the contact

discontinuity and the sound speed behind the shock which are all determined from
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the Riemann problem as:

W=ai 1+ (P2 1+ +1
2 2Y1 k.Pi /

au P2 _) j+1

Y1 Pi 1 + 7-
1

Pi -Y1+ 1

'Y1+l + P2

a 2 = a P2 Yi- 1  P

YI- 1 kP1

Here a, = '}ipi/pi where a,, 'yi , pi and p1 are, respectively, the sound speed,

the specific heat ratio, the pressure and the density in the undisturbed region of the

driven section. The unknown pressure behind the shock wave, P2, can be determined

by solving the implicit relation below [14]:

1 ~1I Y4 -1

-= 1 - (74- a4 -1 (3.29)
Pi Pi 2y1 + ('71 + 1)(2 - 1))

The determination of td completes our analysis since, given the length of the driver

section L 1 , the location at which the Friedlander wave forms is given by:

L = L, + Wtd (3.30)

In the next chapter, we will provide analytical estimates of parameters that govern

the pressure decay at this location.

3.2.1 Computation procedure for minimum shock tube length

Given the initial inputs in the shock tube, 1 provides an algorithm to compute the

onset location of a Friedlander wave.
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Algorithm 1 Computation of minimum shock tube length and Friedlander wave

peak pressure
Input parameters: L 1, ^/i, pi, T 1 , '4, P4, T 4

Compute: a1 = N/51RT and a 4 = V 4 RT4

Compute: peak pressure P2 implicitly defined as: P4
Pi

- 2'Y4

-Y4
-1)(21 )(P2 -1)-Y4 a4 P1

2-yj 2-y1+(-y1+1)(P2--1)))
P1

aP2 2
Y1 P yi1+l + P2

4: Compute: u = a 2 _1  21+ and a2 =Ya1 P I P1
71 ^ 1 (P -- + Y11 p, I + -11P

N (Pi /Y+ Y1- ±

5: Compute: W = ai Y+ 1 (P2 -)+1

2Lia2  (P4 4 4
6: Compute: td =

a4(u+ a2 - W) P2
7: Result: Friedlander onset location L = L, + Wtd
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Chapter 4

Analysis of the pressure profile of a

Friedlander wave at onset location

The arrival of rarefaction waves trailing the head wave contribute to the pressure

decay and, with their successive arrival times, describe the pressure history at the

Friedlander onset location. The determination of pressure behind the shock wave in

terms of the initial parameters in the driven section (speed of sound: a1 , pressure: pi

and density: pi) is in general difficult because of the nonuniform entropy evolution

behind the shock. The change in the left-going Riemann invariant s across the shock

discontinuity evolves with the third power of the shock strength defined as z = P .

For weak to medium shocks (z < 5), the Riemann invariant s may be considered con-

stant through the shock [23]. Practically, this amounts to neglecting any rarefaction

waves reflecting off the shock front. Further, the pressure across a shock wave agrees

up to second order in the shock strength with the pressure across a simple wave given

by:
/1

P= ( - 1 -1-,(4.1)
Pi 2 a,

Equivalently, the pressure at the onset location can be expanded in terms of the

local gas velocity u-continuously modified by the incoming rarefaction waves-up
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to second order [15], leading to:

p = p, + pialu + piu2 (4.2)

The computation of the local gas velocity u at L involves tracking the path of

the incoming rarefaction waves. From the time it exits the first buffer region to

the time it arrives at the Friedlander onset location, any rarefaction wave travels

through the contact discontinuity. Because the gas on both sides of this interface

are in different thermodynamical states, part of the incoming rarefaction wave is

transmitted through, and part of it is reflected off, the contact interface. The reflected

part then interacts with the trailing incoming rarefaction waves in a second simple

wave interaction region: the second buffer region. Unlike the first buffer region, this

region consists of non-centered rarefaction waves interacting with a moving boundary,

which precludes a simple mathematical treatment. Therefore, we consider only a finite

number of rarefaction waves in the fan and adopt in the sequel a discrete approach.

The local gas speed along any right going rarefaction wave of invariant r evolves

with the successive values of the Riemann invariants s of intersecting left-going sim-

ple waves. The discrete approach then seeks to determine the left-going Riemann

invariant at the intersection of a right-going rarefaction waves with any left-going

waves, eventually leading to the value of the gas velocity using (3.4), and thus the

value of the pressure using (4.2), at the onset location. Further, the estimation of the

arrival time of any rarefaction wave involves computing the time and position of all

the considered wave intersections from the moment it exits the first buffer region.

4.1 Determination of the exit time and position of

a rarefaction wave from first buffer region

As shown in Fig. 3-3(a), rarefaction waves, reflected off the closed end of the shock

tube, exit the first buffer region when they intersect the tail wave. The explicit

analytical solution (3.16) determines the exact time at which this happens. The
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exit speed for any given rarefaction wave is given by U+ = u + a where u and a

are determined from the Riemann invariants r and st using (3.4). To compute the

position at which each rarefaction wave exits the first buffer region, we assume that

any rarefaction wave travels on a straight path and at the average velocity between

any two successive wave intersections. For instance in Fig. 3-2, paths: b -+ bi, bi -+ b2

and b2 -+ b3 are linear. The position Xb, at which the i-th rarefaction wave exits, at

time tbi with the wave speed Ub,, the first buffer region can be estimated from the

exit position Xb, 1 , exit time tb-,_ and exit speed Ub,- of the immediately preceding

rarefaction wave as:

1
Xbj = Xbi- + -(Ubi-_ + UQi)(tb, - tbi_ 1 ) (4.3)

2

We recall that the exit time and position of the head rarefaction wave are respectively

given by tb (3.26) and Xb 0 = (up - a3)tb, thus completing the recurrence relation (4.3).

t

X3  .............. . . . . . . . . . . . . . . . . . . . U3

X 2 .... .... .... ... .. . U 2

Xi* U1

t1 t 2  t 3

Figure 4-1: A schematic of two waves intersecting in the (x, t) plane
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4.2 Determination of the time and position of a

rarefaction wave at each intersection point in

the second buffer region

Inside the second buffer region, the computation of time and position for each in-

tersection point can be done as follows. Consider the intersection of two waves in

the (x, t) plane as depicted in Fig. 4-1. At time t1 , the first wave is located at x1

traveling at a faster speed, U1, than the speed U2 of the second wave which, at time

t 2 , is located at X2 . At a later time t3, they intersect at some position X3 where

their common wave speed is U3. It is assumed that each wave travels at average of

the velocity between the two intersection points: 1(U + U3) for the first wave and

1(U2 + U3) for the second. The meeting position X3 and time t 3 of the two waves are

simply given by:

X: -X(U2 + U3) - X2(U1 + U3) t3 j+2X3 - X1

U2 - U1U1+U3

The determination of the position and time for each wave interaction inside the second

buffer region requires then knowing the wave velocity at each intersection.

4.3 Determination of the velocity of a rarefaction

wave at each intersection point in the second

buffer region

Inside the second buffer region, the local gas (u) and sound speed (a) can be de-

termined at any wave intersection from the left- and right-going Riemann invariants

using (3.4). The Riemann invariant r of any rarefaction wave is known from the

Riemann problem. The Riemann invariants s along left-going characteristics are not

constant across the contact discontinuity. Ahead of this interface, all these charac-

teristics originate from a simple region. Thus, their common Riemann invariant s is
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Figure 4-2: Rarefaction waves exiting the first buffer region interact with the contact
interface

equal to up - 21 a2 where up is the velocity of the contact discontinuity and a2 is

the sound speed behind the shock front in the Riemann problem. Behind the contact

discontinuity, each left-going characteristic has a unique Riemann invariant that can

be determined from the unknown gas velocity and sound speed.

Consider the point d, in Fig. 4-2 on the contact interface. We can write the

right-going invariant in terms of the local gas velocity uL and aL immediately on

the left of d, and the left-going invariant interms of the local gas velocity uR and a

immediately on the right of d, using (3.3). We recall that the local gas velocity is

preserved across the contact discontinuity: Ud, = U L = u .

2 L
Ud1 + a = r (4.4)

2 R 2
Ud, - ad = up - a2  (4.5)

71 - 1 J7 - 1

We relate the the sound speeds on both sides of d, with respect to the sound speed on

both sides of point c where the head rarefaction wave meets the contact discontinuity.

To the right of the contact interface, we relate the sound speeds at d, and c. With

the speed of sound given by a = v'7R7T, using the isentropic relation that relates the
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pressure and temperature and recalling that the pressure is also preserved across the

contact discontinuity (p = P = Pd, and p = P ), we obtain:

R TR Y-ad - ~di (Pdi) Y(4.6)

To the left of the contact interface, we relate the sound speeds at d, and c and proceed

in a similar manner as above leading to the following equation:

Pdj (a )-4' )-Y1 (Y4 - 1)-- = - -> Rs = a d (4.7)
PC aL dl- aL

From the Riemann problem, aL and aR are the sound speed behind the contact

interface(a 3 ) and the sound speed behind the shock front(a 2 ) respectively. Using

(4.7) in (4.5) and simplifying, the following equation that relates the local gas speed

to the local sound speed to the left of the contact interface [15] is obtained:

'Y4 (1 - 22
Udi - Up = L 1 (-Y 1] a (4.8)

a3 . Y1 - I

If the gas in both sections of the shock tube is air , y1 = -4 = 1.4 , (4.8) gives us an

explicit constraint on the relationship of the local gas speed and sound speed at all

the points on the contact interface. With two unknowns Ud1 , aLr and two equations

(4.8) and (4.4), the local gas speed and sound speed at di are completely determined.

Since the point d, is an arbitrary point on the contact interface, the conclusion that

the local gas speed and sound speed are completely determined is applicable for all

the points on the boundary of the contact interface . The Riemann invariant s along

the reflected rarefaction waves can be computed using (3.3). With r and s fully

determined, the local gas speed and sound speed at all interior points in the second

buffer region can be computed from (3.4).
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Figure 4-3: The pressure profile of a Friedlander wave

4.4 Determination of the pressure profile

The pressure history of a Friedlander wave, as depicted in Fig. 4-3, at a fixed location

in space is fully characterized by its peak overpressure, decay time and impulse [24,

25]. The peak overpressure, p0 , is the difference between the maximum pressure

and the atmospheric pressure. The time interval during which the blast pressure is

greater than the atmospheric pressure is the decay time(tdecay). The impulse, I, is

the positive area under the pressure time curve. The Friedlander form is given by a

quasi-exponential equation:

0 t -at
P = pe- etdecay (4.9)

The impulse is calculated by integrating (4.9) up to the decay time

I= P0 tdecay 12(1 - e ) (4.10)
(a a

The wave form parameter, a, is then the root of the equation below that can be

obtained numerically by Newton's method.

P0 tdecay (a + e- - 1) 2 0 (4.11)
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To characterize the pressure history at L, the arrival of four rarefaction waves is

considered. These are the head wave, the tail wave and two intermediate rarefac-

tion waves as shown in Fig. 3-2. The head wave arrives at time td and the initial

pressure is equal to the pressure behind the shock in the Riemann problem(p 2 ). Let

(tf1 , pf) , (tPf 2 ) and (tf3 , pp,) be the arrival time and pressure at L for the two in-

termediate rarefaction waves and the tail wave respectively. The peak overpressure

is trivially determined equating to P2. The remaining parameters, decay time and

impulse, can be computed as follows. At the arrival of the second rarefaction wave,

the pressure at L is above atmospheric pressure while at the arrival of the tail wave,

the pressure at L is below atmospheric pressure. The straight line defined by the two

points (tf2 , pf2 ), (tf3 , pf3 ) is given by:

P = (1 - th3) Ph - Ph) t + Phs (4.12)
(ths - th2

The time at which the pressure is atmospheric, tatm, is the x intercept of (4.12).

tatm = (Patm - Pf3 ) (4.13)
( ) - (y Phs Pf2

th f3 -tf2

With this, the decay time is simply:

tdecay tatm - td (4.14)

The impulse is determined through numerical integration by Trapezoidal rule using

the four data points.
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Chapter 5

Verifications against numerical

simulations

5.1 Numerical approach

In order to assess the predictability of the analytical approach proposed in this paper,

we compare the different analytical estimates against results obtained numerically

using the CFD code AMROC (Adaptive Mesh Refinement in Object-oriented C++)

which is part of the Virtual Test Facility (VTF) [26]. The fluid domain comprised

in a shock-tube of constant section is described as 2D rectangle of length being set

on a case-by-case basis so as to make sure that the shock and then blast wave is

still present in the computational domain at the end of the simulation. Hence, the

effect of the opening of the shock-tube of the flow has been purposefully not taken

into account. The height of the rectangular computational domain has been set to

1 meter which is typically a very large diameter for a laboratory scale shock-tube.

Still, it allowed us to verify the assumption that the flow in a shock-tube is essentially

one-dimensional since we did not observe any significant difference in the flow along

the direction of the height of the tube. The simulation should run long enough to

be able to see the pressure decaying from the maximum pressure to the atmospheric

pressure and then decreasing to the negative phase.

To guide the simulations from the above considerations, we use our analytical
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model. The total time of the simulation should be greater than the sum of td and

tdecay which can be obtained from equations (3.28) and (4.14) respectively. The initial

conditions in the tube are as follows: we prescribed the initial value of the pressure

in the driver section in a rectangular region of same length on the left-hand side of

the computational domain. The reminder of the tube is set to atmospheric pressure.

In both regions, the temperature is set to be ambient and equal to 300K; the gas

density is computed from the equation of state of perfect gas. It is also worth noting

that only the air-driven shock tube has been modeled with AMROC, the biphase flow

corresponding helium driven shock tube has not been simulated.

The numerical framework provides frequent snapshots of the spatial distribution of

the thermodynamical quantities describing the flow: the pressure, the energy density,

the flow velocity and its density. This feature could in principle be used to pinpoint

the location in the tube at which the head rarefaction wave catches up with the shock

wave when the pressure plateau is reduced to a point and the pressure starts decaying.

However, this transition from a shock wave to a blast wave is very slow, thus, making

it hard to choose the location of the blast onset with certainty. Alternatively, AMROC

can also provide the time evolution of these quantities at a prescribed location within

the flow. We use this latter feature to examine how the pressure time profile obtained

numerically closely matched the predicted analytical estimates. In particular, we

compare the overpressure, the decay time, the impulse and the wave form parameter

obtained numerically and analytically. For both approaches, the impulse has been

computed by numerical integration from the data point, the value of a following from

(4.11).

5.2 Results

5.2.1 Friedlander wave Location

Tab. 5.1 presents, for compressed air driven shock tube, the evolution of the predicted

blast onset location as the initial pressure in the driver pressure is increased so as to
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produce a blast of incident overpressure approximatively equal to 1.5, 2.0, 3.0 and 4.0

times the atmospheric pressure respectively. For each of these four cases, the length of

the driver section is also varied from 0.25 m to 1.0 m. We see that the length at which

we predict a blast wave first forms increases with the increase of the driver length.

However, the blast onset location reaches a minimum value for a driver pressure close

to 440.0 kPa consistently for all the 4 driver lengths considered. Fig. 5-1 illustrates

the time evolution of the pressure at the analytical blast onset location for all the

16 cases of different driver lengths and initial pressures for both the analytical model

and the numerical approach.

At all the analytically predicted blast onset locations, we observe the numerical

pressure profile of fully formed blast waves, thus demonstrating the validity of the

analytical model. We remark that the value of the maximum incident pressure pre-

dicted by the solution of the Riemann problem agrees very well with the numerical

results with a maximum error of less than 2%. Further, as expected, the maximum

incident pressure is not affected by the driver length. The three analytical predicted

values: (pfl, tfl), (Pf2 , tf 2 ) and (pf, tf3 ) (see Fig. 3-2) describing the pressure decay

with time past the initial peak value fall in all 16 cases almost on the top of the

curve obtained numerically. We notice that, for low ratio peak incident overpressures

1.5 and 2.0, the pressure evolution with respect to time is accurately described by

the four points computed analytically. For the other two cases, corresponding to a

stronger shock regime, these four points are not fully capturing the pressure decay

with time subsequent to the initial peak overpressure. In the next subsection, we

offer a more quantitative examination for how a description of the pressure evolution

with these four points match the numerical results.

5.2.2 Friedlander wave Pressure Profile

Tab. 5.2 presents the comparison between the analytical and numerical pressure pro-

files of the blast wave by considering the decay time, impulse and the wave form

parameter at the analytical location of blast formation for air driven shock tube. We

consider different shock tube configurations by varying the driver pressure and driver
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Driver Pressure Incident Pressure Length Blast Location L

air helium air helium
(kPa) (kPa) (kPa) (m) (m) (m)

234.0 152 186 0.25 4.89 1.33
0.50 9.79 2.67
0.75 14.68 4.00
1.00 19.57 5.34

440.0 202.7 276.5 0.25 4.14 1.19
0.50 8.28 2.38
0.75 12.43 3.57
1.00 16.57 4.76

1153.1 304.0 503.1 0.25 4.47 1.32
0.50 8.95 2.64
0.75 13.42 3.96
1.00 17.90 5.28

2452.8 405.3 770.1 0.25 5.33 1.58
0.50 10.66 3.17
0.75 15.99 4.75
1.00 21.32 6.33

Table 5.1: Comparison of blast wave onset locations and
compressed air and compressed helium shock tube.

incident pressures between
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length. As before, the pressure in the driver pressure is increased so as to produce a

blast of incident overpressure approximatively equal to 1.5, 2.0, 3.0 and 4.0 times the

atmospheric pressure. For each of these four cases, the length of the driver section is

also varied from 0.25 m to 1.0 m.

For a fixed driver pressure, we notice that the decay time and impulse increase

almost linearly with increasing driver lengths. Inversely, for a fixed driver length, the

decay time and impulse increase with increasing driver pressure. As such, we see that

the decay time and impulse are minimized for shock tubes with short driver section

and low driver pressure. In the analytical model, unlike the decay time and impulse,

the wave form parameter is independent of the of the driver length or driver pressure.

However there is a slight variation of the parameter in the numerical simulations

with a maximum standard deviation of about 0.05. The error between the numerical

and analytical approach for the pressure profile parameters increases with increasing

driver pressure. The error increases from a 2% to - 20% and from a 5% to ~ 15%

for the decay time and impulse respectively as one goes from the lowest driver pressure

to the highest driver pressure.

5.2.3 Influence of the driver gas on the peak pressure and

Friedlander wave location

The type of driver gas in the driver section affects the peak pressure, the location of

the onset of the blast and the pressure profile parameters: decay time, impulse and

the wave form parameter. From (3.29) and (3.30), the peak pressure and the blast

onset location can be computed. Tab. 5.1 presents a comparison of these parameters

between air and helium used as a driver gas for different shock tube configurations.

As before, the pressure in the driver section is increased so as to produce a blast

of incident overpressure approximatively equal to 1.5, 2.0, 3.0 and 4.0 times the

atmospheric pressure. For each of these four cases, the length of the driver section

is also varied from 0.25 m to 1.0 m. From Tab. 5.1 we observe that helium driven

shock tube has higher peak pressures than air driven shock tubes and the ratio of
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Driver Section Driven Section

Pressure Length Decay time Impulse Wave Form Parameter

ana. num. err. ana. num. err. ana. num. err.
(kPa) (m) (ms) (ms) (%) (Pa.s) (Pa.s) (%) (%)
234.0 0.25 4.1 4.1 2.3 89.2 84.2 5.7 0.5 0.5 2.0

0.50 8.3 8.1 1.8 178.5 170.5 4.5 0.5 0.5 1.9
0.75 12.4 12.2 2.1 267.7 256.9 4.1 0.5 0.5 0.0
1.00 16.9 16.3 3.2 357.0 346.4 2.9 0.5 0.5 0.0

440.0 0.25 5.8 5.5 5.1 216.9 201.6 7.1 1.0 0.9 5.5
0.50 11.5 11.0 4.5 433.8 409.0 5.7 1.0 0.9 3.2
0.75 17.3 16.5 4.5 650.7 613.4 5.7 1.0 0.9 2.1
1.00 23.0 22.0 4.3 867.5 823.7 5.1 1.0 1.0 1.1

1153.1 0.25 10.6 9.2 12.5 631.4 562.8 10.9 1.8 1.6 12.2
0.50 21.1 18.6 12.1 1262.8 1140.6 9.7 1.8 1.7 10.2
0.75 31.7 27.8 12.1 1894.2 1710.9 9.7 1.8 1.7 9.5
1.00 42.2 37.1 12.1 2525.6 2281.2 9.7 1.8 1.7 9.5

2452.8 0.25 19.4 15.0 22.4 1379.7 1174.8 14.8 2.9 2.3 22.7
0.50 38.8 30.0 22.6 2759.3 2348.6 14.9 2.9 2.4 21.2
0.75 58.1 45.0 22.6 4139.0 3509.1 15.2 2.9 2.4 20.7
1.00 77.5 60.0 22.6 5518.7 4700.1 14.8 2.9 2.4 20.2

Table 5.2: Characterizing the decay time, impulse and wave form parameter for
different driver length and driver section pressure
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the peak pressures(helium/air) increases as one increases the driver pressure. For the

lowest driver pressure, the peak overpressure is almost the same. However in the case

of the highest driver pressure, the peak pressure for the helium driven shock tube

is almost twice the corresponding value for air driven shock tube. For both air and

helium driven shock tubes, the location of the blast onset is directly proportional to

the driver length. We also notice that the formation of blast wave occurs closer to

the diaphragm in the case of helium driven shock tubes. For all the cases considered,

the blast location for helium is about 3 times shorter than air.

5.2.4 Comparison with existing shock-tubes

Tab. 5.3 compares the peak overpressure and blast location of the Wayne State Uni-

versity helium driven shock tube (WSU) described in [27], and later used in [3], to the

analytical model. The WSU shock-tube measures 7.12 m and possesses three pressure

sensors: the "R-wall" sensor, the "Trigger" sensor, the "Pencil" sensor located at 2.80

m, 5.57 m and 5.98 m from the closed end of the tube. The time evolution of the

pressure at these different locations are reported in [3]. At the "R-wall" location, the

pressure profile exhibits the short plateau indicating that head rarefaction wave has

not yet caught up with the shock wave whereas the pressure profile at the 2 other

locations are those of fully formed blast waves. We estimate the experimental inci-

dent pressure by looking at the value of the plateau pressure at the "R-wall" senor.

We estimate the recording during the acquisition of the pressure to be of the order

of 7 kPa. At the different sensor locations, the maximum recorded pressure have not

noticeably decayed over a span of almost 3 m. For this experimental setup, our ana-

lytical model predicts that the blast wave should form 4.02 m away from the closed

end of the tube which is at distance almost two meters shorter than the experimental

location.
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Shock Tube Driver Overpressure Blast Location

Length Pressure Experimental Analytic Experimental Analytic
(in) (kPa) (kPa) (kPa) (in) (in)

WSU [27] 0.76 241 83±7 84 5.97 4.02

Table 5.3: Comparison of overpressure and blast location between experimental and
analytical method

5.2.5 On the fitness of the Friedlander functional form and

the analytical model

Tab. 5.4 presents a comparison of the impulses obtained from the numerical simula-

tions using two different methods using direct numerical integration by the trapezoidal

rule and using the expression of the impulse from the Friedlander mathematical form

(4.10) with the values of the decay time (td) and of the wave form parameter (ar)

provided by a non-linear least-square fit on the numerical data points. We use the

error between the fitted impulse and the numerical impulse as a metric for how well

the numerical profile resembles the Friedlander form. As shown in Tab. 5.4, the error

is always below 2%, thus demonstrating that the blast wave produced by a shock-tube

is very accurately described by the Friedlander form.

Driver Initial Pressure (kPa) 234.0 440.0

Length (m) 0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.0

Driven Impulse
Numerical (Pa.s) 84.2 170.5 256.9 346.4 201.6 409.0 613.4 823.7
Fitted (Pa.s) 84.0 170.4 256.5 345.8 201.0 408.0 612.0 822.0
Error (%) 0.1 0.1 0.1 0.2 0.3 0.3 0.2 0.2

Driver Initial Pressure (kPa) 1153.1 2452.8

Length (m) 0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00

Driven Impulse
Numerical (Pa.s) 562.8 1140.6 1711.0 2281.2 1174.8 2348.6 3509.1 4700.1
Fitted (Pa.s) 558.3 1131.4 1697.5 2263.4 1153.8 2306.0 3446.5 4614.8
Error (%) 0.8 0.8 0.8 0.8 1.8 1.8 1.8 1.8

Table 5.4: Comparison of Numerical Impulse to the Impulse of fitted Friedlander
form
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5.3 Discussion

Compressed-gas driven shock tubes have been used experimentally as small scale

alternatives to open field blast tests[9, 10, 8]. In free field, the pressure profile of blast

waves at a fixed location is best described by the Friedlander form [24, 25]. This

quasi-exponential equation has three important parameters: peak pressure, decay

time and impulse. The placement of a specimen inside a shock tube is an important

consideration. A non-optimal location inside the shock tube will expose the specimen

to a Trapezoidal wave form which is unlike a blast wave[1]. To date, only numerical

or empirical techniques have been employed to characterize the formation of a blast

wave inside a shock tube. In this study, we provided an analytical model to determine

the location at which a blast wave forms inside a compressed gas driven shock tube

and computed the pressure profile parameters at that location. We also identify

three design parameters: driver length, driver initial pressure and driver gas, that a

practitioner can act upon to design a shock tube producing a blast wave of desired

peak overpressure, decay time and impulse.

By analyzing the wave interaction inside a shock tube, an explicit equation (3.30)

for the location at which a blast wave forms inside compressed air driven shock tube

was derived. Using an asymptotic analysis, we provide an estimate for the peak

overpressure, decay time and impulse at the location. For compressed helium driven

shock tube, an analogous analysis allows us to compute the location of the blast onset

and the peak overpressure. The study also presents the first analytical verification

that a blast wave forms much earlier in a compressed helium shock tube than in a

compressed air shock tube. The strength of our model resides in the fact that it is

purely analytical, very easy to use and facilitates easy implementation as opposed to

the only available alternative offered by the CFD approach. To the best of our knowl-

edge, Kleinschmit et.al[13, 7] were the first to investigate whether a Friedlander wave

forms in a shock tube. We show the first quantified confirmation that a Friedlander

wave actually forms inside a shock tube.

The asymptotic analysis for the estimate of the pressure profile parameters for
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compressed air shock tubes is limited by number of intermediate rarefaction waves.

The results from our current model which is based on four rarefaction waves shows

that, as shown in fig. 5-1(a)-(b), the analysis captures the pressure profile very well

for weak to medium shock waves(L < 3) but there is a loss of accuracy as the shock

regime becomes stronger (fig. 5-1(c)-(d)). For strong shock waves, we posit that the

number of rarefaction waves needed for accurate representation of the profile does not

greatly exceed four, and as such, the current model is quite adequate even for these

edge cases.

Practitioners have considered the placement of specimen at or near the opening

of a shock tube [13, 27]. At this location, the temporal evolution of the pressure after

its initial peak is modified by the outside flow and this mandates an analysis which is

not considered in our current analytical model. Kleinschmit et al. recommend to put

the test specimen deep inside the tube [13, 7] since the pressure profile at this open

end doesn't resemble a blast wave. As such, this aspect is not a serious limitation of

the current model.
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Chapter 6

Conclusion

In this study, we have developed an analytical model for an informed design of a

shock tube. By a thorough analysis of the different wave interactions, we have de-

rived an explicit expression for the location at which a Friedlander wave forms inside

compressed air driven shock tube. Using an asymptotic analysis, we provide an es-

timate for the decay time, impulse and wave form parameter at this location. An

analogous analysis leads us to to compute the onset of blast and peak overpressure

for compressed helium shock tube. We show that blast wave forms faster if one uses

helium instead of air in the driver section. Our analysis agrees very well with numer-

ical simulations. Using these simulations, we have demonstrated that the blast wave

formed inside a shock tube follows the Friedlander form.

6.1 Recommendations for Future Work

The author proposes extension of the work presented in this thesis in the following

directions:

* A useful extension to this work would be to create a suitable design chart or

an inverse estimate mobile/web application that will aid in the design of shock

tubes. Given a specimen at some location inside a shock tube, a practitioner is

interested in computing the driver pressure and driver length to be able to pro-

duce a blast wave of of desired peak overpressure, decay time and impulse. Our
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analytical model is simple enough to use so that inverse methods or optimization

techniques can implement it.

* Some of the theoretical work in this thesis has the possibility for extension.

The first one is the extension of the asymptotic analysis for compressed helium

driven shock tube. In this case, with helium as the driver gas and air as the

driven gas(y 1 - -y4), (4.8) requires further analysis.

* A third future work is to extend the model to non-constant shock tubes. Our

current analytical model is one-dimensional and only holds for constant-section

shock tubes. However, some shock tubes with non-constant cross sections have

been designed 13, 271. In such cases, the analysis of flow after the rupture of

the diaphragm requires a modification. Chisnell [28] has solved the problem of

the propagation of shock waves through regions of non-uniform tube. One could

take advantage of this analysis and integrate it into our analytical formulation
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Appendix A

Solution of the Euler Darboux

PDE for helium driven shock tube

For helium driven shock tube, A = 2, the solution (3.9) can be simplified in terms of

first derivative noted (.)' of f and g with respect to r and s:

t(r, s) -2 - 2(r -g
(r- S) 2 (r- S) 3

Evaluating (A.1) at

yields two independent

the two initial conditions t(r, so), (3.14), and t(ro, s), (3.15),

ODEs for f and g, respectively:

(r - so)f' - 2f = -2go + t(r - so)2(r - - g(r -SO)

(ro - s)g' - 2g = -2fo + ta(ro - so)2 (ro - s) - fo(ro - s)

(A.2)

(A.3)

where fo and fj refer to the function f and its first derivative evaluated at ro and go

and g' refer to the function g and its first derivative evaluated at so. We determine

these constants from the expression of the time at which the head rarefaction wave

arrives at the fixed wall in terms of ro and so, ta = t(ro, SO). We arbitrarily choose

fo = 1, go = 1 and g' = 0 which in turn determine ft = ta(ro - so)2. (A.2) and (A.3)

63

(A.1)



simplify to:

(r - so)f' - 2f = -2+ ta(ro - so) 2 (r - so) (A.4)

(ro - sg' - 2g = -2 + ta(ro - so)2 (ro - s) - ta(ro - so) 2 (ro - s) (A.5)

These second order non-homogeneous ODEs admit a unique solution. One can verify

that the following expressions are their respective solution:

f(r) = ta(ro - so)(r - so)(r - ro) + 1 (A.6)

g(s) = 1 (A.7)
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Appendix B

A Python class to compute the

onset of the Friedlander wave in a

shock tube

This section provides a Python code to compute the peak pressure P2 and the mini-

mum lnegth of a shock tube L needed for Friedlander wave formation. The full details

of the computation can be found in 3. As part of this thesis, I have written codes to

compute the decay time, impulse and wave form parameter at the Friedlander onset

location. They are quite lengthy to be included here but all the codes are available

at http://aftasiss.scripts.mit.edu/abiy/codes.

# SI Units for all parameters, CI stands for contact interface

The class computes the peak pressure and minimum length of a shock tube

for Friedlander wave formation given the initial input parameters.

import math,pylab

import numpy as np

from numpy import array

from scipy.optimize import brentq

import matplotlib.pyplot as pit

from matplotlib.pylab import *

class ShockTube:

#Instantiate class

def __init__(self,gammal,gamma4,p,p4,T1,T4,L1):
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#Initial pressure

self.pl=pl

self.p4=p4

#Initial temperature

self.T1=T1

self.T4=T4

#Gamma

self . gammal=gammal

self . gamma4=gamma4

# Length of the driver section

self.Ll=Ll

#pressure ratios

self.p4p1=self.p4/self.p1

# Calculate initial densities

self.rhol=self.pl/(287.0*self.Tl)

self.al=math.sqrt((self.gammal*self.p1)/self.rhol)

if self.gamma4==1.4:

self.rho4=self.p4/(287.0*self.T4)

self.a4=math.sqrt((self.gamma4*self.p 4 )/self.rho4)

if self.gamma4==1.66:

self.rho4=self.p4/(2080.0*self.T4)

self.a4=math.sqrt((self.gamma4*self.p4)/self.rho4)

#Speed of sound in the two regions

self.p2pl=self.newtonsolver(self.p4pi)

# For simplification purposes:

self.CONSTANT1=((self.gammal+1.0)/(self.gammal-1.0))

# Function: Finds P2 from the implicit Relation

def pressure-function(self,x,y):

self.p4plnum=(self.gamma4-1)*(self.al/self.a4)*(x-1)

self.p4pldnm=math.sqrt(2*self.gammal*(2*self.gammal+(self.gammal+1)*(x-i)))

return y-x*(1-(self.p4pnum/self.p4pldnm))**((-2.0*self.gamma4)/(self.gammna4-1.0));

# Function: Netwon solver for pressure, using brentq from scipy

def newtonsolver(self,y):

self.p2pl= brentq(self.pressurejfunction,,self.p4pl,args=(y))

return self.p2pl

# Function: Solves all parameters behind the shock wave

def return-p2(self):

self.p2=self.p2p1*self.p1

return self.p2

def returnT2(self):

t2tl=self.p2pl*((self.CONSTANT1+self.p2pl)/(1.0+self.CONSTANT1*self.p2pl))

self.T2=t2tl*self.Tl

return self.T2

def return-rho2(self):

rho2rhol=(i+self.CONSTANT1*self.p2pi)/(self.CONSTANT1+self.p2pl)

self.rho2=rho2rho1*self.rho1

return self.rho2
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# Return the shock speed W

def returnW(self):

self.W=self.al*math.sqrt(((self.gamma4+1)/(2*self.gamma4))*(self.p2p1-1)+1)

return self.W

# Return the speed of the gas behind the shock wave i.e up

def return.up(self):

rho2=self.return-rho2()

self .up=self .W*(1-(self.rho1/rho2))

return self.up

# Return the sound speed behind the shock a2

def returna2(self):

self .a2=math.sqrt((self.gammal*self .p2)/self .rho2)

return self .a2

# Compute parameters behind the contact interface

def returnp3(self):

p3p4=self.p2p1/self.p4p1

self.p3=p3p4*self.p4

return self.p3

def returnT3(self):

p3p4=self.p2p1/self.p4p1

T3T4=(p3p4)**((self .gamma4-1)/self .gamma4)

self.T3=T3T4*self.T4

return self.T3

def returnrho3(self):

p3p4=self.p2p1/self.p4p1

rho3rho4=(p3p4)**(/self.gamma4)

self.rho3=rho3rho4*self.rho4

return self.rho3

# return the speed of sound behind the contact interface

def return-a3(self):

self.a3a4=1-(((self.gamma4-1)/(2.0))*(self.up/self.a4))

self.a3=self.a3a4*self.a4

return self.a3

# Return the speed of the head wave

def return-uh(self):

#uh is the speed of the head wave

self.uh=-i*self.a4

return self.uh

# Return the speed of the tail wave

def return.ut(self):

#ut is the speed of the tail wave

self.ut=self.up-self.a3

return self.ut

#Function: Solves all parameters of interest for the LHS(between tail and head)

def return-p5(self,x,t):

u=(2.0/ (self .gamma4+1.0)) *(self . a4+x/t)

CONSTANT2=(0.5*(self .gamma4-1))*(u/self .a4)

CONSTANT3=1-CONSTANT2

p5p4=(CONSTANT3)**((2.0*self .gamma4)/(self .gamma4-1.0))
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p5=p5p4*self.p4

return p5

def returnT5(self,x,t):

u=(2.0/(self.gamma4+1.0))*(self.a4+x/t)

CONSTANT2=(0.5*(self.gamma4-1))*(u/self.a4)

CONSTANT3=1-CONSTANT2

T5T4=(CONSTANT3)**2.0

T5=T5T4*self.T4

return T5

def return-rho5(self,x,t):

u=(2.0/(self.gamma4+1.0))*(self.a4+x/t)

CONSTANT2=(0.5*(self.gamma4-1))*(u/self.a4)

CONSTANT3=1-CONSTANT2

rho5rho4=(CONSTANT3)**((2)/(self.gamma4-1.0))

rho5=rho5rho4*self.rho4

return rho5

#Function: Compute the time it takes for the rarefaction wave to catch up with the

#shock wave front. time-one is the time it takes the head wave to reach the end wall

def timej(self):

self.time one=self.L1/self.a4

return self.time-one

#time-two is the time in the buffer region

def time_2(self):

if self.gamma4==1.4:

self.timetwo=self.time-one*((self.p4/self.p2)**

((3*self.gamma4-3)/(2*self.gamma4)))

if self.gamma4==1.66:

self.timetwo=self.time-one*((self.p4/self.p2)**

((self.gamma4-1)/(self.gamma4)))

U12=self.a4+0.5*self.up

self.time-two-approx=self.time-one+(self.Ll-self.time-one*(self.a3-self.up))/(U12)

return self.timetwo

#timethree is the time to meeting the CI

def time_3(self):

self.time-three=2*(self.time-two)

return self.timethree

#timefour is the time to catch the shock front

def time_4(self):

self.timefour=(2*self.time_two*self.a2)/(self.up+self.a2-self.W)

return self.timefour

#The total time elapsed is simply the sum of each time duration

def timetotal(self):

self.time-total=self.timefour

# The minimum total length of the tube

# for Friedlander wave formation

def minimumnlength(self):

self. len min=self. a4*self. time one+self . W*(self. timetotal)

return self.len_min
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The input file inpuLshocktube.txt and the driver main-shock-tube.py are provided
below.

# gammal: driven section

1.4

* gamma4: driver section

1.4

# pressure of the driven section: p1

101325.0

# pressure of the driver section: p4

1013250.0

# T1: Temperature of gas at driven section(usually air)

300.0

* T4: Temperature of gas at driver section(usually air or Helium)

300.0

#Length of the driver section in m

0.25

import os
from ShockTube import ShockTube

def maino:

input-file = open("inputshock-tube.txt",'r')

lines = input file.readlines(

gammal = float(lines[1])

gamma4 = float(lines[3])

p1 = float(lines[5])

p4 = float(lines[7])

T1 = float(lines[9])

T4 = float(lines[11])

pos=float(lines[13])

shock-tube=ShockTube(gammal,gamma4,pl,p4,Tl,T4,pos)

shocktube.return-p2()

shocktube.returnW()

shocktube.return-up()

shocktube.return-a3()

shock tube.return-uh()

shock tube.return-ut()

shocktube.return-p3()

shocktube.returnT2()

shock-tube.returnT3()

shock-tube.return-rho2()

shocktube.return-rho3()

shock-tube.return-a2()

shocktube.return-a3()

shock tube.time_1()

shocktube.time_2()

shock-tube.time_3()

shocktube.time_4()

shock tube.time-total()

shock-tube.minimu-mlength()

shock-tube.print-values("output-shock-tube.txt")
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