
AFRL-RY-WP-TR-2018-0153

THE NORMAL TO THE WALL PRESSURE GRADIENT
FOR BLASIUS AND FALKNER-SKAN BOUNDARY 
LAYER FLOW
David Weyburne

Optoelectronics Technology Branch
Aerospace Components & Subsystems Division

NOVEMBER 2018
Final Report

Approved for public release; distribution unlimited.

See additional restrictions described on inside pages.

STINFO COPY

AIR FORCE RESEARCH LABORATORY
SENSORS DIRECTORATE

WRIGHT-PATTERSON AIR FORCE BASE, OH  45433-7320
AIR FORCE MATERIEL COMMAND

UNITED STATES AIR FORCE



 
NOTICE AND SIGNATURE PAGE 

 
 
 
Using Government drawings, specifications, or other data included in this document for any 
purpose other than Government procurement does not in any way obligate the U.S. Government. 
The fact that the Government formulated or supplied the drawings, specifications, or other data 
does not license the holder or any other person or corporation; or convey any rights or permission to 
manufacture, use, or sell any patented invention that may relate to them.  
 
This report was cleared for public release by the USAF 88th Air Base Wing (88 ABW) Public 
Affairs Office (PAO) and is available to the general public, including foreign nationals. Copies 
may be obtained from the Defense Technical Information Center (DTIC) (http://www.dtic.mil). 
 
AFRL-RY-WP-TR-2018-0153 HAS BEEN REVIEWED AND IS APPROVED FOR 
PUBLICATION IN ACCORDANCE WITH ASSIGNED DISTRIBUTION STATEMENT. 
 
 
 
 
 
 
 
 
// Signature//            // Signature// 
 
DAVID T. TOMICH, Program Manager FRED R. ARNOLD, Branch Chief 
Optoelectronics Technology Branch  Optoelectronics Technology Branch 
Aerospace Components & Subsystems Division  Aerospace Components & Subsystems Division 
 
 
 
 
 
 
 
 
 
This report is published in the interest of scientific and technical information exchange, and its 
publication does not constitute the Government’s approval or disapproval of its ideas or findings. 
 
*Disseminated copies will show “//Signature//” stamped or typed above the signature blocks. 



REPORT DOCUMENTATION PAGE Form Approved
OMB No. 0704-0188

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and 
maintaining the data needed, and completing and reviewing the collection of information.  Send comments regarding this burden estimate or any other aspect of this collection of information, including 
suggestions for reducing this burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 
1204, Arlington, VA 22202-4302.  Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it 
does not display a currently valid OMB control number.  PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE  (DD-MM-YY) 2. REPORT TYPE 3. DATES COVERED (From - To)
November 2018 Final 01 January 2015 – 1 April 2015

4. TITLE AND SUBTITLE

THE NORMAL TO THE WALL PRESSURE GRADIENT FOR BLASIUS
AND FALKNER-SKAN BOUNDARY LAYER FLOW

5a.  CONTRACT NUMBER
N/A

5b.  GRANT NUMBER
N/A

5c.  PROGRAM ELEMENT NUMBER
N/A

6. AUTHOR(S)
David Weyburne

5d.  PROJECT NUMBER
N/A

5e.  TASK NUMBER
N/A

5f.  WORK UNIT NUMBER
N/A

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER
AFRL-RY-WP-TR-2018-0153

Optoelectronics Technology Branch
Aerospace Components & Subsystems Division
Air Force Research Laboratory, Sensors Directorate
Wright-Patterson Air Force Base, OH  45433-7320
Air Force Materiel Command, United States Air Force

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)
Air Force Research Laboratory
Sensors Directorate
Wright-Patterson Air Force Base, OH  45433-7320
Air Force Materiel Command
United States Air Force

10. SPONSORING/MONITORING
AGENCY ACRONYM(S)
AFRL/RYDH

11. SPONSORING/MONITORING
AGENCY REPORT NUMBER(S)
AFRL-RY-WP-TR-2018-0153

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution unlimited.

13. SUPPLEMENTARY NOTES
The U.S. Government is joint author of the work and has the right to use, modify, reproduce, release, perform, display or
disclose the work. PAO Case Number 88ABW-2018-5430, Clearance Date 28 October 2018.  Report contains color.

14. ABSTRACT
The theoretical description of forced laminar flow over a flat plate is revisited.  In many texts, an order of magnitude
argument is incorrectly used to claim that the momentum equation normal to the wall reduces to just the pressure gradient
term equal to zero.  We use a Falkner-Skan analysis to discern the true nature of the normal to the wall momentum
conservation equation.  The Falkner-Skan solution obtained from the x-momentum equation (parallel to the wall) is used
to calculate the normal to the wall y-pressure gradient using the y-momentum equation.  The normal pressure gradient for
the Blasius, as well as a more realistic Falkner-Skan solution, are examined.

15. SUBJECT TERMS
laminar boundary layer, normal pressure gradient, y-momentum equation, Falkner-Skan flow, Blasius flow

16. SECURITY CLASSIFICATION OF: 17. LIMITATION
OF ABSTRACT:

SAR

18. NUMBER
OF PAGES

27

19a.  NAME OF RESPONSIBLE PERSON (Monitor)

a. REPORT
Unclassified

b. ABSTRACT
Unclassified

c. THIS PAGE
Unclassified

David Weyburne
19b.  TELEPHONE NUMBER (Include Area Code)

N/A
Standard Form 298 (Rev. 8-98)  
Prescribed by ANSI Std. Z39-18



i
Approved for public release; distribution is unlimited.

Table of Contents

Section Page

List of Figures ................................................................................................................................. ii 
1. Summary................................................................................................................................. 1 
2. Introduction............................................................................................................................. 2 
3. Falkner-Skan Similarity Solutions.......................................................................................... 4 
4. Transformed Momentum Equations ....................................................................................... 6 

4.1 Blasius Flat Plate.............................................................................................................. 6 
4.2 Falkner-Skan Flow for Small m-values............................................................................ 8 

5. Discussion ............................................................................................................................. 12 
6. Conclusion ............................................................................................................................ 13 
7. References............................................................................................................................. 14 
Appendix A:  FS x-Momentum Equation..................................................................................... 15 
Appendix B:  FS y-Momentum Equation ..................................................................................... 19 



ii
Approved for public release; distribution is unlimited.

List of Figures

Figure Page

Figure 1:  Schematic depicting Laminar Flow over a Flat Plate..................................................... 2 
Figure 2:  Scaled Velocities and y-pressure Gradient for Blasius Flow ......................................... 8 
Figure 3:  Blasius and Falkner-Skan Profiles compared to Laminar Data from Zijen8.................. 9 
Figure 4:  Blasius and Falkner-Skan Profiles compared to Laminar Data from Dhawan9 ............. 9 
Figure 5:  Falkner-Skan Velocities and Pressure Gradient for Data from Zijen8 ......................... 10 
Figure 6:  Falkner-Skan Velocities and Pressure Gradient for Data from Dhawan9 .................... 10 
Figure 7:  Plot of Zero Crossing Point of v(x,y) as a Function of the Falkner-Skan m-value....... 11 



1
Approved for public release; distribution is unlimited.

1. SUMMARY

The theoretical description of forced laminar flow over a flat plate is revisited.  In many texts, an 
order of magnitude argument is used to claim that the momentum equation normal to the wall 
reduces to just the pressure gradient term equal to zero.  This is not a correct statement of 
conservation of momentum.  A momentum balance must exist even if the pressure gradient is 
zero which is not even the case here.  We use a Falkner-Skan analysis to discern the true nature 
of the normal to the wall momentum conservation equation. Inherent in this momentum 
equation is that the flow in the normal direction is due to a pressure gradient.  The pressure 
gradient, in turn, is formed by fast-moving inlet flow encountering slow-moving boundary layer 
flow.  The Falkner-Skan solution obtained from the x-momentum equation (parallel to the wall) 
is used to calculate the normal to the wall y-pressure gradient using the y-momentum equation.  
The y-pressure gradient for the Blasius, as well as a more realistic Falkner-Skan solution, are 
examined.  It is pointed out that any theory of aerodynamic drag necessarily requires an 
understanding of the behavior of the normal pressure gradient in the boundary layer region and 
this work is a positive step in that direction.
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2. INTRODUCTION

Forced laminar flow over a flat plate is one of the most basic boundary layer theoretical 
descriptions.  It is used in every fluid flow textbook as part of an introduction to boundary layer 
flow and similarity solutions.  For the flow depicted in Figure 1, conservation of momentum, 
energy, and mass govern the behavior of the fluid flow including the formation of the boundary 
layer due to a no-slip wall boundary.  Ludwig Prandtl1 used an order of magnitude argument 
approach to point out that the full Navier-Stokes momentum equations could be considerably 
simplified for this case.  The derivation of the various Prandtl conservation equations that govern 
the boundary layer fluid flow is covered in many texts including Schlichting’s2 Boundary Layer 
Theory.

Figure 1: Schematic depicting Laminar Flow over a Flat Plate

For an isothermal 2D incompressible laminar boundary layer flow, it can be demonstrated that 
the x-component of the Prandtl boundary layer momentum balance (parallel to the wall) is given 
by 

( . ) ( , ) ( , )( , ) ( , ) ,
2

2
1u x y u x y P u x yu x y v x y

x y x y

where is the density, is the kinematic viscosity, P is the pressure, u(x,y) is the velocity in 
the x-direction, and v(x,y) is the velocity in the y-direction.  The y-component of the Prandtl 
boundary layer momentum balance (normal to the wall) is given by

2

2
( , ) ( , ) 1 ( , )( , ) ( , ) ,v x y v x y P v x yu x y v x y

x y y y

and the mass conservation equation is given by

( , ) ( , ) 0 .u x y v x y
x y

(1)

(2)

(3)
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For isothermal forced laminar flow over a flat plate depicted in Figure 1, it turns out that the 
velocities u(x,y) and v(x,y) can be determined using a similarity solution method employing just 
the x-momentum and mass conservation equations.  This is the route taken by Blasius3 and 
Falkner and Skan4. With the solution in hand, the thinking has been that there is little need for 
the y-momentum equation.  This has led many to actually try to dismiss the y-momentum 
equation entirely.  It is very common to find texts indicating that the y-momentum equation 
reduces to just the pressure gradient term equal to zero (see, for example, White5 or Cengel and
Cimbala6).  That is, many claim that Eq. 2 reduces to

0 .P
y

The intent, apparently, is to make the point that y-momentum equation does not have a direct role 
in finding flow solutions.  However, Eq. 4 is not a correct statement of momentum conservation.  
The y-momentum may be small compared to the x-momentum but it definitely exists since v(x,y)
must be nonzero.  Momentum must still be conserved.  To state that the y-momentum for the 
boundary layer situation reduces to Eq. 4 is simply wrong.  

What has been lost in this widespread dismissal of the y-momentum equation is an understanding 
of the nature of the pressure gradient in the y-direction.  As fast-moving inlet flow encounters 
slow-moving boundary layer flow, a pressure imbalance is created in the boundary layer region.  
The flow in the y-direction is due to the pressure gradient formed by this pressure imbalance.  
The y-momentum equation provides a way to determine the pressure gradient in the y-direction.  
Herein, we explore the nature of this pressure gradient using a Falkner-Skan analysis.  The 
Falkner-Skan solution obtained from the x-momentum equation is used to calculate the 
y-pressure gradient using the y-momentum equation.  The pressure gradients for the Blasius, as
well as a more realistic Falkner-Skan solution, are examined.  It is pointed out that any theory of
aerodynamic drag necessarily requires an understanding of the behavior of the normal pressure
gradient in the boundary layer region and this work is a positive step in that direction.

(4)
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3. FALKNER-SKAN SIMILARITY SOLUTIONS

Beginning with the flow depicted in Figure 1, our Falkner-Skan analysis starts by partially 
nondimensionalizing the flow governing equations given by Eqs. 1-3.  Since we are interested in 
similarity solutions, we start by choosing the similar thickness and velocity scaling parameters.  
For 2D wall-bounded flows, Schlichting2 defines velocity profile similarity as the case where 
two velocity profiles taken at different stations along the plate differ only by simple scaling 
parameters in y, the normal direction to the wall and u(x,y), the velocity parallel to the wall in the 
flow direction.  The velocity profile at a point x along the plate is defined as the velocity u(x,y)
for all y-values.  Weyburne7 recently proved that for any 2D wall-bounded boundary layer flow 
that shows similar behavior of the velocity profile, the similar velocity scale must be the velocity at 
the boundary layer edge ( )eu x and that the similar length scale must be the displacement 
thickness 1( )x .  Hence, to put the boundary layer equations into dimensionless form, we take the 
scaled y-parameter as 

1

,
( )
y
x

and the velocity scaling parameter as ( )eu x .

We seek flow solutions to Eqs. 1-3 for which the displacement thickness 1( )x and the velocity at 
the boundary layer edge ( )eu x are simple power functions of x in accordance with the well-
known Faukner-Skan4 solutions.  Thus, assume that 1( )x and ( )eu x are well approximated as

1 0 0( ) and ( ) ,n m
ex b x x u x a x x

where 0x , a, b, m, and n are constants.  

As a first step, we introduce a stream function so that we can combine the mass conservation 
equation and the momentum equations.  Underlying the stream function approach is a critical 
assumption to the whole theoretical development and that is that the velocities u(x,y) and v(x,y)
can be decomposed into a product of x-functionals and scaled y-functionals.  Thus, assume that a 
stream function ( , )x y exists such that

1

( , ) ( ) ,
( ) ( )e

x y f
x u x

where ( )f is a dimensionless function that only depends on the scaled y-position, and that the 
stream function satisfies the conditions

( , ) ( , )( , ) , and ( , ) .x y x yu x y v x y
y x

(5)

(6)

(7)

(8)



5
Approved for public release; distribution is unlimited.

Using the stream function together with Eqs. 5 and 6 (see Appendix A) means that

1 1

0 0

( , ) ( ) ,e eu uv x y m n f n f
x x x x x

and

( , ) ,eu x y u f
y

where the prime indicates differentiation with respect to  .

(9)

(10)
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4. TRANSFORMED MOMENTUM EQUATIONS

The velocities given by given by Eqs. 9 and 10 can now be substituted into the momentum 
equations (Eqs. 1 and 2).  The term by term transformation is relegated to Appendix A and B.  The 
important result obtained from the transformed x-component of the momentum balance 
(Appendix A) is that Eq. 1 reduces to the well-known Falkner-Skan4 result

21 0 ,f ff f

where 
2 2 1, and .

2
ab ab mm

This reduction was done in part by the using the fact that similarity requires that

2 1 0 ,m n

(see Appendix A).

Our real interest herein is the y-momentum equation.  The derivation in Appendix B results in the 
transformed y-momentum equation (Eq. B6) given by

2
20

2 2 2
1

2 2

( ) 1(3 1) (1 ) ( 1)
2 2 4

1 1( 1) ( 1)( 1) .
4 4

e

x x dP m f m f m ff
u dy ab ab

m f m m ff

where we have used the fact that similarity requires that 2 1 0m n (Eq. 13).  In order to 
calculate this dimensionless pressure gradient, the first step is to calculate the f and its derivatives 
by solving Eq. 11 with the appropriate boundary conditions.  In order to see the true nature of the 
reduced pressure gradient, we consider two examples that have aerodynamic drag implications. 

4.1 Blasius Flat Plate

The Blasius3 condition assumes the velocity above the boundary layer edge is constant.  If the 
velocity eu is constant (Eq. 6) then this means m=0 and a u where u is the steady state 
incoming velocity.  Since 2 1 0m n then this means that n=1/2.  For this case, the 
transformed x-component of the momentum balance (Eq. 11) becomes

2
0 ,

2
u bf ff

(11)

(12)

(13)

(14)

(15)
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and the transformed y-component of the momentum balance (Eq. 14) becomes

2
2

2 2 2
1

1 1 1 .
2 2 4 4 4

x dP f f ff f ff
u dy ab ab

There are as yet no restraints on b so for convenience we choose

2 ,b
a

which means x-component of the momentum balance (Eq. 15) becomes

0 ,
2
fff

and the y-component of the momentum balance (Eq. 16) becomes

2
20

2
1

( ) 1 1 1 1 1 .
2 2 4 4 4

x x dP f f ff f ff
u dy

The velocity ,v x y for Blasius flow (Eq. 9) becomes

0

1

1 1, ,
2 2

x x v x y f f
u

and velocity ,u x y becomes

,
.

u x y
f

u

Eq. 18 is easily solved with the appropriate boundary conditions.3 With f and its derivatives in 
hand, the reduced velocities and reduced pressure gradient are calculated and plotted in Figure 2.
As far as we know, this is the first time the scaled y-pressure gradient for the Blasius flow 

(16)

(17)

(18)

(19)

(20)

(21)



Figure 2: Scaled Velocities and y-pressure Gradient for Blasius Flow

solution have been presented.  The pressure gradient asymptotes to a constant at large y-values 
given by

2
0

2
1

( ) 0.4302 .yx x dP
u dy

4.2 Falkner-Skan Flow for Small m-values

A more realistic model for laminar flow over a flat plate depicted in Figure 1 is the Falkner-Skan 
flow with small m-values.  If we assume for convenience that 

2b
a

then the scaled velocities (Eqs. 9 and 10) and scaled pressure gradient (Eq. 14) can be obtained 
by solving Eq. 11 for a given m value.  (Note that instead of Eq. 23, we could have made b2 

proportional to 2 /(a m(  1)) in which case we recover the often seen  2 /m m( 1) and   1 
parameter set used in some texts).  In Figures 3 and 4 we plot two laminar flow datasets8,9 from 
the literature for which we hand fitted the Falkner-Skan velocity profile by adjusting the m-
values. Also shown is the Blasius flow solution.  The Falkner-Skan flow solution are a better fit 
to the experimental profiles.

8
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0 10
0

1

  Blasius scaled u(x,y)
  Blasius scaled v(x,y)
  Blasius scaled dP/dy

(22)

(23)
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Figure 3:  Blasius and Falkner-Skan Profiles compared to Laminar Data from Zijen8

Figure 4:  Blasius and Falkner-Skan Profiles compared to Laminar Data from Dhawan9



The two scaled velocities and the scaled pressure gradient are displayed in Figures 5 and 6 for 
the m-values from Figures 3 and 4.  Notice that both the vertical velocity v(x,y) and the pressure 
gradient dP/dy are finite in the boundary layer region and then change in a linear-like fashion to 
actually take on non-physical realizable values for large y-values.  What is also noticeable is that 
the zero crossing point crossing changes for the velocity v(x,y) with the m-value.

Figure 5:  Falkner-Skan Velocities and Pressure Gradient for Data from Zijen8

Figure 6:  Falkner-Skan Velocities and Pressure Gradient for Data from Dhawan9

10
Approved for public release; distribution is unlimited.
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In Figure 7 we show a plot of this zero crossing -value, which we designate zp , versus the m-
value for the v(x,y) velocity (the line is added as a visual aide).

Figure 7:  Plot of Zero Crossing Point of v(x,y) as a Function of the Falkner-Skan m-value

0 50 100
0.0

0.1

0.2

m

zp

FS zero crossing zp



5. DISCUSSION

As we mentioned in the Introduction, it is very common to find texts indicating that the 
y-momentum equation reduces to just the y-pressure gradient term equal to zero.  Not only is this 
not a correct statement of momentum conservation, but it has hidden away an important aspect of 
boundary layer theory.  And that has to do with the pressure gradient in the direction normal to 
the wall.  The y-momentum equation clarifies how the normal pressure gradient in boundary 
layer flow develops.  From a theoretical standpoint, this new understanding of the behavior of 
the normal pressure gradient needs no further justification.  On the practical side, we note that 
the Blasius and Falkner-Skan type velocity profiles are routinely used to model air flow around 
an airfoil using panel methods such as Xfoil.10 An aerodynamic lift/drag theory needs to explain 
the velocity and pressure fields around the airfoil.  Obviously, the y-pressure gradient in the 
boundary layer plays an important role in this and for the first time we now know what the 
complete Blasisus and the Falkner-Skan pressure gradient fields look like.  Whether or not the 
new results prove useful in airfoil optimization remains to be seen.

In comparing the Blasius (Figure 2) and the small m-value Falkner-Skan solutions (Figures 3-4), 
one sees that the predicted u(x,y) velocities for the two cases are not dramatically different.  
Where the real differences become noticeable is for the v(x,y) velocities and the pressure gradient 
dP/dy (Figures 2, 5, and 6). Hence, the question of which flow is a better depiction of flow over 
a flat plate at zero incidence angle is of some importance.  Although the Blasius solution is often 
associated with flow over a flat plate at zero incidence angle, it is NOT the flow depicted in 
Figure 1.  The Blasius flow is actually a flow that must be artificially generated by the addition 
of some external pressure source.  For example, consider the Nikuradse11 experimental data fits 
that appear in Schlichting’s book.2 That data would seem to support the Blasius model for flow 
on a flat plate.  However, Schlichting made the following comments in regards to Nikuradse’s 
data: “It was found that the formation of the boundary layer is greatly influenced by the shape of 
the leading edge as well as by the very small pressure gradient which may exist in the external 
flow.  J. Nikuradse introduced careful corrections for these possible effects when he carried out 
his measurements on a plate in a stream of air.”  In other words, the Nikuradse data was actually 
corrected for the presence of the pressure gradient.  In fact, this is common in wind tunnel testing 
since the Blasius condition is often used to verify tunnel performance.12,13 In the wind tunnel, the 
Blasius type flows are generated by actively countering the naturally occurring pressure gradient. 
This can be done by slightly tilting the plate12 or manipulating a trailing edge flap,13 for example.  
Unfortunately, the uncorrected data (true zero incidence flow) has never been made available.  
This means that we are unable to verify that the true theoretical model for flow over a flat plate 
depicted in Figure 1 is the small m-value Falkner-Skan flow, and not the Blasius flow.  The data 
we presented in Figures 3 and 4 is by no means proof.  More work needs to be done to verify that 
the true behavior of fluid flow over a plate at zero-degree inclination is in fact the small m-value 
Falkner-Skan flow.  

12
Approved for public release; distribution is unlimited.
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6. CONCLUSION

A Falkner-Skan analysis is used to discern the true nature of the normal to the wall momentum 
conservation equation for boundary layer flow on a flat plate.  The normal pressure gradient is 
calculated using the normal to the wall y-momentum equation for the Blasius as well as a more 
realistic Falkner-Skan flow.  It is pointed out that the understanding the pressure gradient for 
boundary layer flow along a flat plate is a necessary step to understand flow along a wing.
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APPENDIX A: FS X-MOMENTUM EQUATION

The x-component of the Prandtl momentum equations is the key equation for solving the flow 
governing equations.  The first step is to figure out the scaled velocities.  To do that, we use the 
stream function (Eqs. 6-8) together with Eqs. 5 and 6 which means that

0 0
0 0

0
0

1
0 0

0

1 1
0 0

( ) ( )
( , ) ( ) ( )

( )( , ) ( )

( , ) ( )( ) ( )

( , ) ( )( ) ( )

n m
n m

m n
m n

m n m n

m n m n

d b x x a x x fv x y f b x x a x x
x d x x

d x x fv x y ab f ab x x
d x x

nv x y ab m n x x f ab x x f
x x

v x y ab m n x x f abn x x

1 1

0 0

( , ) ( ) ,e e

f
u uv x y m n f n f

x x x x

where the prime indicates differentiation with respect to and where we have used the fact that

101 0

1 0

1/ ( )1/ ( )
( )

n nd b x xd yn x xy ny y
x x x dx dx b x x

The velocity u(x,y) becomes

1
1 1 1

1

0

( ) ( ) ( ) 1( , )

( , ) ( ) ,

e
e e e

m
e

x u x f f fu x y u u u f
y y y y

u x y a x x f u f

 

where we have used the fact that

0
1 1

1 1 ( ) .
( )

ny x x
y y x b

(A1)

(A2)

(A3)

(A4)
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Substituting the reduced velocities given by Eqs. A1 and A3 into the Prandtl x-component of the 
momentum equation (Eq. 1); starting on the left-hand side, we have

0
0

0
0 0

1
0 0

2 2 1 2 2 2

0

2 2 1 2 2
0 0

( )
( )

( )( ) ( )

( ) ( )

( ) (

m
e m

e

m
m m

m m m

m m

m

a x x fu fuu u f a x x f
x x x

a x x fa x x f f a x x
x x

fa x x f am x x f ax
x

na mx f a x f f
x x
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The next term in Eq. 1 we need to nondimensionalize is
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Adding these first two terms together we have
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The next step is to transform the viscous component in Eq. 1 given by
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We assume that the pressure in the boundary layer is given by the Bernoulli equation which means 
that 

0 2 2 1
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Combining the transformed terms of Eq. 1, we get the reduced Prandtl x-component of the 
momentum balance as 
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For velocity profile similarity, we must have the x-dependent portion of each term change in the 
same way as we move along the plate.  Equivalently, if we divide through by one of the x-terms 
then the resulting x-dependent ratios must be constant.  Dividing Eq. A8 through by 

2 2
0( / )( )m na b x x , we end up with two x-dependent parameters.  Let
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(A8)

(A9)
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Similarity requires and must be constant (no direct x-dependence) which means we must 
have

2 1 0 .m n

This reduces the transformed x-component of the momentum balance (Eq. A10) to the well-
known Falkner-Skan3 equation given by

21 0 .f ff f

(A13)

(A14)
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APPENDIX B: FS Y-MOMENTUM EQUATION

The y-component of the Prandtl momentum equations is of primary importance herein.
Substituting the reduced velocities given by Eqs. A1 and A3 into the Prandtl y-component of the 
momentum equation (Eq. 2); starting on the left-hand side, we have
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which can be further simplified to
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The next term is
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The second derivative term is given by
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Combining the terms, we have
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Dividing through by 2 2 2
0( ) m na b x x , the y-momentum equation becomes
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Since we must have 2 1 0m n , then
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The scaled pressure gradient term can therefore be calculated by first solving the standard 
Falkner-Skan equation (Eq. A14) and then substituting the result into Eq. B6.
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