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ABSTRACT 
 
The US Navy’s Multi-Static Active Coherent (MAC) acoustic search system is an air-launched system that 
combines a coherent source sonobuoy with a field of receiver sonobuoys.  The operational search data 
collected during MAC exercises are well suited for post-processing to infer water column and sediment 
acoustic properties.  We present results of simulation studies done to determine feasibility of estimating 
complete set of acoustic properties of the water column and sediments over a wide area by using a 
distributed network of receiver sonobuoys coupled with a source sonobuoy that transmits a broadband 
signal.  The inversions based on mode dispersion data estimated from the signals acquired by the receiver 
sonobuoys were carried out with data from a range of frequency bands.  We show that the inversions can 
yield acceptable estimates of the water column and sediment properties.  Analysis of data collected during 
a field experiment, which mimics the operational scenario of MAC, is also presented.  Inversions carried 
out with this experimental data provide estimates of water column and sediment acoustic properties. 
Evaluation of the inversion results show that the estimated sediment parameters are consistent with bottom 
models obtained for this general experimental area by other investigators. 
 
ANTICIPATED BENEFITS: 
 
The methods can be adopted to characterize the water column and the sediment using data acquired in 
routine operational exercises of the Navy. 
 
 
KEYWORDS: 
 
Inverse problem, Shallow water acoustics, Modal inverse 
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1.0 SUMMARY 

Estimation of sediment acoustic properties in shallow water areas of the ocean has been an area of research 
for many years.  The shallow water environment is highly variable from one location to the next and there 
is therefore a need to estimate the sediment properties over a wide area of interest.  In this context, this 
report studies the possibility of using data collected during routine acoustic search system such as the US 
Navy’s Multi-Static Active Coherent (MAC) acoustic system for estimating the acoustic properties in a 
shallow water area.  One part of this report is a simulation study, which investigates the ability of estimating 
the water column and sediment acoustic properties over a wide area using a distributed network of receiver 
sonobuoys in conjunction with a source sonobuoy in a situation similar to the MAC acoustic search system.  
The source sonobuoy transmits a broadband signal.  These are acquired by the receiver buoys.  Analysis of 
the acquired signal provides mode dispersion data.  A linearized method for estimating the water column 
and sediment properties from the mode dispersion data is used to determine the water column and sediment 
properties over a wide area.  The simulation study demonstrates that acceptable estimates of the water 
column and sediment acoustic properties can be obtained by this approach. In performing this analysis, the 
only parameter that has been assumed as known is the water column depth, which in most cases is available 
from archival data.  In the second part of the paper, we analyze data collected in a field experiment.  This 
field experiment mimics the acoustic search system in that the source transmitted a broadband signal from 
several discrete locations over a wide area.  These signals were acquired by freely drifting buoys.  The 
signal acquired by the buoys is analyzed to estimate the mode dispersion data from which the water column 
and sediment acoustic properties are inferred.  The results of this analysis shows that the bottom models 
obtained are consistent with bottom models obtained by analysis of narrow band during the same 
experiment as well as with models predicted by other investigators who have performed experiments in the 
general area.  The simulation study and the analysis of the experimental data clearly demonstrate the 
capability of estimating the water column and sediment properties over a wide area using a network of 
buoys. 
 
2.0 INTRODUCTION 

In shallow water, the acoustic properties of the seabed play a critical role in affecting propagation and 
reverberation, and therefore detection and localization. Unlike the deep-water situation, where the seabed 
can be characterized by a relatively small number of provinces, the shallow-water environment is highly 
variable from one locale to the next, thus requiring geoacoustic information for the specific areas of strategic 
interest. 
 
The US Navy’s Multi-Static Active Coherent (MAC) acoustic search system is an air launched acoustic 
search system that combines a coherent source sonobuoy with a field of receiver sonobuoys.  The 
operational search data collected during MAC exercises are well suited for post-processing to infer acoustic 
properties of the water column and sediments.  The acoustic properties in shallow water can be estimated 
using inversion methods that use modal data such as modal eigenvalues or mode travel times as input data.  
A number of papers have been published where the mode dispersion data are used to estimate the sediment 
parameters 1,2,3,4.  Different methodologies are employed for estimating the sediment parameters from 
experimentally determined mode dispersion data.  It varies from linearized inverse procedure based on 
perturbation theory to full non-linear inversion based on Bayesian theory.  In the analysis presented in this 
paper, we use the linearized inversion procedure and estimate the water column and sediment properties. 
 

The paper is organized as follows.  In Section 3.1, we provide a brief description of the inversion 
methodology.  A description of the simulation study to investigate the estimation of the waveguide 
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properties over a wide area using a distributed network of sonobuoys is presented in Section 3.2.  A 
discussion of the results of the simulation study is presented in Section 3.3.  In Section 3.4, we provide a 
description of the broadband component of experiment MOMAX V.  The mode dispersion data estimated 
by analysis of signals acquired by the receiver sonobuoys are used to perform the inversions and the results 
of the inversions are presented.  Discussion of the results of the experimental data analysis is presented in 
Section 3.5.  The project accomplishments that summarize the results of the simulation study and the 
analysis of experimental data are presented in the final section. 
 
3.0 METHODS, ASSUMPTIONS, AND PROCEDURES OF TASKS PERFORMED 

3.1. INVERSION PROCEDURE 
 
Consider a range-independent ocean model whose compressional wave speed and density are represented 
by )z()z(c bb  and , respectively.  For this model, nnk  and are the eigenvalue and mode function of the 

nth mode, respectively, that satisfy the Helmholtz equation and boundary conditions associated with the 
waveguide model.  We now perturb the compressional wave speed by a small quantity )z(c .  This will 
result in a change in the group speeds of the propagating modes.  It has been shown that the change in group 
speed of the nth mode due to the perturbation of the compressional wave speed is given by5. 
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 (1) 
In the above equation nn ̂  and represent the group speeds of mode n for the unperturbed and the perturbed 

ocean models, respectively, and ω is the frequency of the acoustic source. 
 
The mode travel time is obtained by dividing the range between the source and receiver by the group speed 
of the mode in question, such that the term on the left hand side of Eq. (1) is related to the perturbation in 
mode arrival time and is given by 

.
)(ˆ)(  nn

n

rr
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 (2) 
 
where dtn is the perturbation in mode travel time and r is the range to the receiver. 
 
By discretizing the waveguide environment in depth, the integral in Eq. (1) is approximated by a sum as 
given below 
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This sum can be reduced to a matrix equation of the form Gmd   where d is a vector containing the 
perturbation in modal travel times for different modes and at different frequencies, G is a matrix whose 
elements are Gnq, representing the background model, and m is a vector that contains Δc (z), the 
perturbations to the compressional wave speed profile.   The matrix equation is then inverted to determine 
the quantity .Q,,q),z(c q 1     
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A  procedure to jointly estimate the compressional wave speed and density profiles from modal eigenvalues 
is presented in Ref. 6.  This is now modified to estimate the compressionalwave speed and density profiles 
from mode dispersion data.This procedure is also a linearized solution which is based on perturbation 
theory.  Consider a range-independent horizontally stratified ocean model with iso-velocity and iso-density 
layers.  The compressional wave speed and density in the mth layer are represented by ܿ௕௠ and ߩ௕௠, 
respectively. For this model ݇௕௡ܽ݊݀	߮௕௡ሺݖሻ are the eigenvalue and mode function of the nth mode. We 
now perturb the compressional wave speed and density of the mth layer by small quantit݅݁ݏ	∆ܿ௠	ܽ݊݀	∆ߩ௠.	 
The resulting change in modal eigenvalue is given by 
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Equation (4) can be extended to a case when changes occur in all the layers.  By taking the derivate of (4) 
with respect to frequency, the changes in eigenvalues as presented in the left hand side of (4) can be changed 
to changes in mode group speed.  The resulting expression is 
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In the above equation, ࢔ࢽand ࢽෝ࢔represent the group speeds of mode n for the perturbed and the unperturbed 
ocean models, respectively.  Equation (5) is then reduced to a matrix equation of the form 
 

ࢽ∆ ൌ ሼ࡮|࡭ሽ අ
૚ࡼ∆
⋮

ࡹ૛ࡼ∆
ඉ (6) 

 
where the vector ሾ∆ࡼ૚  represents the corrections to the compressional wave speed and density ࢀሿࡹ૛ࡼ∆⋯
of the M layers. 
 
The elements of the matrices A and B and the vector ∆ࢽ are 
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In the case of a range-dependent environment, the modal travel time perturbation for the nth mode caused 
by changes in the compressional wave speed is given by1 
 

.),,(
),(),(

),(

),(

1 2

3

2

00

dsdzzs
zszsc

zsc

sk
dt n

bbn

r

n 









 


 (8) 



 
Contract No. N00014-15-P-5114 

SSI Report Number: F095-18-0930 
Date: 9/30/2018 

UNCLASSIFIED 
(Use or disclosure of data on this page is subject to the restriction on the title page of this document) 

4 

 
For a given source/receiver geometry, we divide the total range R between the source and receiver into P 
range-independent segments.  The water column and sediment properties are a function of depth only in 
each range-independent section.  By discretizing the environment in both range and depth, the double 
integral can be changed into a double sum as given below 
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q
qpqpnpqn zsczsGdt   (9) 

 
If  )(, pvn 

 is the group velocity of  mode n at frequency ω in section p for the perturbed ocean model and 

)(ˆ , pvn   is the group velocity of  mode n at frequency ω in section p for the unperturbed ocean model, the 

travel time difference dtn,ω is given by 
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  (10) 

 
In a field experiment, the experimentally determined mode travel time will be the second term on the right 
hand side of Eq. (10), and the first term is the sum of the mode travel times along the different sections as 
it travels from source to receiver, and these will be determined by the assumed initial background model 
for each section. 
 
As was done previously, considering the set of linear equations in Eq. (9) for all modes n and frequencies 
ω, this double sum can be reduced to a matrix equation that is solved to determine the quantity 

,,,1,,,1),,( QqPpzsc qp    where sp refers to the pth step in range and zq refers to the qth step in 

depth.  Similar extension to deal with range dependent scenarios can also be made when estimating jointly 
the water column sound speed profile, the sediment compressional wave speed profile and density profile.  
Equation (9) is then put in the form of a matrix equation ࢓ࡳ ൌ  and solved for m, which represents the ࢊ
corrections to the water column sound speed, the sediment compressional wave speed and the sediment 
density in each range interval. 
 
In order to solve this range-dependent problem, a multiplicity of source/receiver combinations is necessary1.  
By using a multiplicity of sources and receivers, a set of signals corresponding to each source/receiver 
combination is generated.  Time-frequency analysis of the received signals gives an estimate of the arrival 
times for each mode at different frequencies along the paths of each source/receiver combination.  These 
data are the input to the inversion algorithm. 
 
The matrix equation to be solved is generally ill-conditioned and requires some form of regularization to 
obtain stable, meaningful solutions.  Qualitative Regularization (QR) 7, 8 is chosen to solve the discrete 
inverse problem.  QR is an extension of Tikhonov regularization9, an approach that places a constraint on 
derivatives of the solution that ensures smoothness.  QR allows for piecewise smooth solutions, and can 
incorporate a priori information to represent layered media.  When this constraint is included, the solution 
is found by satisfying both the data and the constraint.  In QR, the following equations must be satisfied  
 

࢓ࡳ ൌ  	ࢊ
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ࢗࡸ	 ൌ ૙ (11) 
 

The operator qL  is defined by 

ࢗࡸ ൌ ࡵ൫ࡸ െ ∑ ࢏ࢗ࢏ࢗ
࢘ࢀ

ୀ૚࢏ ൯ (12) 
 

where ࡸ is a discrete version of the differential operator
n

n

dz

d , as used in Tikhonov regularization and the set 

of vectors  r

ii 1q  is an orthogonal basis for the subspace Q that contains all models that have discontinuities 
at the prescribed locations.  For n = 2 the differential operator results in a piecewise smooth solution. The 
least squares solution to Eq. (11) is given by  
 

ෝ࢓ 	ൌ 	 ൫ࡳࢀࡳ ൅ ൯ࢗࡸࢀࢗࡸ૛ࣅ
ି૚
 (13) ࢊࢀࡳ

 

In the above equation, ࢓ෝ  is the solution, λ is a Lagrange multiplier, and T represents a transpose. 
 
When inverting for water column sound speed along with sediment properties additional constraints are 
necessary.  These constraints prevent any changes at prescribed locations while performing inversions.  To 
obtain stable and reliable estimates for the water column sound speed the initial assumed values for the 
water column sound speed close to the ocean surface and  bottom are  restricted to remain unchanged by 
the inversion process.  With this additional constraint, known as approximate equality constraint10, the 
solution satisfies the data and the constraints as indicated below. 
 

࢓ࡳ ൌ  ࢊ
ࢗࡸ ൌ ૙ 

࢓࡭																																																											 ൌ  (14)  ࢻ
 
The matrix A identifies the location where approximate equality constraint is applied and ࢻ is a vector of 
zeros.  The least squares solution in this case is 
 

ෝ࢓ ൌ ൫ࡳࢀࡳ ൅ ࢗࡸࢀࢗࡸ૚ࣅ ൅ ൯࡭ࢀ࡭૛ࣅ
ି૚
 (15) ࢊࢀࡳ

 
The quantities ࣅ૚ and ࣅ૛ are Lagrange multipliers chosen to achieve a stable solution. 
 
In order to estimate the water column sound speed profiles, sediment compressional wave speed profiles 
and density profiles, we assume that we have some approximate estimates of these profiles from archival 
data or some other source.  These estimates of the profiles are then used as the initial background models 
for the inversion algorithm.  The true water column sound speed, sediment compressional wave speed 
profiles and density profiles are small perturbations to these initial estimates of the profiles.  The modal 
group speeds estimated from data and modal group speed calculated for the background model, are the 
input to the inversion process that estimates the perturbations Δc (s,z) and ∆ߩሺݏ,  ሻ.  The perturbation profileݖ
is added to the initial background model to obtain the true model.  In practice, the inversion is carried out 
iteratively, with the background model updated by Δc (s,z) and ∆ߩሺݏ,   .ሻ after each inversion calculationݖ
After several iterations, the difference between group speeds estimated from field data and the updated 
models approaches zero.  These updated models are taken as the result of the inversion procedure.   
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The reliability of the inverse results is assessed by estimating the covariance of the estimated model 
parameters.  To obtain the covariance of the model parameters we follow the procedure outlined in Ref. 11.  
The basic equation for obtaining a solution of model parameters is of the form  ࢓ ൌ  For errors in  	.ࢊ૚ିࡳ
the data, the error in solution of model parameters will be ∆࢓ ൌ  Then Cm the variance of the  .ࢊ∆૚ିࡳ
model parameters is then given by 
 

〈ሺ∆ࢀ࢓∆࢓ሻ〉 ൌ ૚൯ିࡳ൫〈ࢀࢊ∆ࢊ∆〉૚ିࡳ
ࢀ
 (16) 

 

࢓࡯ ൌ ૚൯ିࡳ൫ࢊ࡯૚ିࡳ
ࢀ
  (17) 

 
The data covariance matrix ࡯ௗ is estimated from the data using the procedure outlined below. 
 
1. In cases where only a single received signal is available for analysis, as in the simulation study, we 

assume that the data covariance matrix is represented by ࢊ࡯ ൌ  where I is an identity matrix and 	ࡵ௞ߛ
 ௞ is the variance of the data corresponding to the kth mode.  We now assume that the variance of theߛ
data is the variance between the observed data and the data predicted by the model obtained at final 
stage of the inversion.  This is the result in Ref. 4 for the maximum variance of the data.  The variance 
of mode travel time in respect of the kth mode is given by ߛ௞ ൌ ௞ࢊ| െ  ሻ௞|ଶ/ܰ.  In this expression࢓ሺࢊ
dk is the data vector that represents the mode travel of the kth mode, d(m)k is the vector that has the 
mode travel time of the kth mode for the inverted bottom model represented by m and N is the number 
of elements in the vectors dk and d(m)k.  

 
2. In the cases where there are multiple signals acquired by the receiver sonobuoys from source at the 

same location, analysis of the multiple signals provides information for estimating the data covariance 
matrix. 

 
Another factor in the evaluation of the results of the inversion is the resolution.  The estimate of the model 
parameters is given by ࢚࢙ࢋ࢓ ൌ ࢚࢙ࢋ࢓ we have ,࢓ࡳ Replacing the data vector by  .ࢊ૚ିࡳ ൌ  If  .࢓ࡳ૚ିࡳ
ࡾ ൌ  ,is an identity matrix then the estimate of the model parameters is the true value.  If otherwise ࡳ૚ିࡳ
the estimate of the model parameters is an averaged value.  The averaging is based on the row vectors of 

the matrix R.  Other expression used for obtaining the averaging matrix is ࡾ ൌ ൯ࢀࡳࡳ൫ࢀࡳ
ି૚
 To quantify  .ࡳ

the resolution we compute the resolution length.  One approach to obtain the resolution length is to use the 

expression ݈ݎሺ݊ሻ ൌ
∑ ோሺ௡,௠ሻಾ
భ

మ
ௗ௭

ோሺ௡,௡ሻమ
. 

 
3.2. SIMULATION STUDY 
 
The experimental set up to extract sediment acoustic properties consists of source sonobuoy that transmits 
broadband signals and several sonobuoy receiver systems.  The acoustic field at a receiver placed at a 
distance from the source is then collected and processed to determine the group speeds of the modes at a 
set of discrete frequencies.  This forms the data set used to obtain the acoustic properties of the waveguide.  
A linearized approach for estimating the sediment acoustic properties from dispersion relationship, i.e. the 
variation of the group speed of each mode as a function of frequency, has been detailed in the previous 
section.  
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We now present a description of a simulation study in which we have a network of sonobuoys distributed 
over a wide area.  A source carrying sonobuoy is located in the midst of the distributed network of sonobuoy 
receivers.  The sonobuoys in the different regions have different water column depths and different bottom 
properties.  We explore the ability of the inverse algorithm to extract sediment properties in the different 
areas. 
 
A. Simulation of Environment 
 
The estimation of sediment properties in shallow water areas is difficult because of the bathymetry in these 
areas are complex giving rise to varying water column depths as well as varying sediment characteristics. 
In order to represent such an environment in the simulation, an area of the coast of New Jersey for which 
the bathymetry is well known was used in this simulation.  Figure 1 shows the region that was used in 
creating the data for this simulation together with the locations of 25 sonobuoys and the source.  The 
locations of the sonobuoys were obtained assuming that they were uniformly distributed over the defined 
limits of the region as indicated by their Longitudes and Latitudes.  The area covered by the sonobuoys was 
then divided into six regions as shown in the right panel of Figure 1. 
 
Using the location of the source and the buoys, the variation of the bathymetry along the lines joining the 
source to the source was computed and from this computation, the average depths along range intervals 
were determined.  Because of the differences in the water column depths along the different source/buoy 
transects we assumed that the sediment properties also varied along these different sections.  In regions 
where there was a large variation in water column depths, we assumed the bottom properties were different.  
For example in the area where Buoys 2, 19, and 20 are located there are three distinct depth regions namely 
region of depth 72 m followed by a region of depth 69 m and then the final section with depth of 60 m.  In 
this case, we assumed that the regions where the depths are 72 m and 69 m have identical bottom properties 
whereas the region where the depth changed to 60 m has a different set of bottom properties.  Similarly, by 
looking at the depth variations in the different parts we created seven areas with slightly different sediment 
properties.  The left panel of Fig. 2 shows the water column depths in the different parts of the six regions.  
In each of these sections, we assumed different bottom models and these are termed model M1 to M7 as 
shown in the figure.  The numbers of sediment layers and their thicknesses have also been varied and these 
are similar to bottom models obtained in earlier field experiments conducted in the general area used for 
the simulation study.  In all cases, the terminating half space is assumed to have a compressional wave 
speed of 1850 m/s.  The sediment density values were set at 1.6 gm/cc in all the layers and in the terminating 
half space.  Attenuation in the sediment layers and terminating half space are neglected.  A sound speed 
profile of the water column is assumed and this is plotted in the right panel of Fig. 2. This profile exists 
over the entire simulated area. 
 
In the analysis presented in subsequent section, we restrict the analysis to the cases dealing with bottom 
models M1, M2, M3, M4 and M5.  These represent a range dependent case with three sediment layers, a 
range-dependent case with two sediment layers and one range independent case with two sediment layers.  
The water column depths and the ranges that are involved in the analysis are shown in Table 1. 
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Figure 1:  The left panel shows the region used in the simulation study together with the location of the 
distributed network of sonobuoys and the location of the source.  The right panel indicates the division of 
the region into six areas.  Each of these areas is characterized by different water column depths and sediment 
properties. 
 
B. Broad band signal generation 
 
Broadband signals that have found wide acceptance are the LFM (Linear Frequency Modulated) signal or 
chirp in which the frequency is varied linearly either going up or down with the signal duration.  Broadband 
signals are also created by pseudo-random sequences12.  The maximal length, binary, shift-register 
sequences are pseudorandom sequences.  The sequence of zeros and ones generated by the sequence is used 
to modulate a carrier signal.  For creating the transmitted signal the zeros in the sequence is changed to -1, 
(i.e. we now have a sequence of 1 and -1).  Each digit in the sequence is a chip.  If the sequence has N 
digits, the signal has N chips.  The length of each chip defines the bandwidth of the signal.  Based on the 
bandwidth requirement the number of cycles of the transmitted signal that form a chip is determined.  

 
Figure 2:  The water column depths in the different parts of the six regions and the corresponding bottom 
models are shown in the left panel.  The red line demarcates regions of different depths. The right panel 
shows the water column sound speed profile for the simulated area. 
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C. Computation of Signals Acquired by the Sonobuoys 
 
In order to compute the signal acquired by the buoys, the distances from the source to the receiver is 
required.  These were obtained from the known positions of the source and the respective receiver buoys.  
A time-domain acoustic signal at the receiver can be modeled by Fourier synthesis of the frequency domain 
solution to the acoustic wave equation using the expression 
 

,ݎሺ݌ ;ݖ ሻݐ ൌ ׬ ܵሺ߱ሻ݌ሺݎ, ;ݖ ߱ሻ expሺ݅߱ݐሻ ݀߱
ஶ
ିஶ  (18) 

 
where	Sሺωሻ	is the spectrum of the transmitted signal and	݌ሺݎ, ;ݖ ߱ሻ	is the frequency domain solution at 
range r and depth z.  To compute the time domain solution above requires that ݌ሺݎ, ;ݖ ߱ሻ be calculated at a 
number of discrete frequencies, which span the frequency band of the source spectrum.  The ocean 
environment was the input to the normal mode code KRAKEN13 for computing the frequency domain 
solution with the range to the receiver, depths of the source, and receiver set as required.  The source and 
receiver depths were selected to make sure that all the mode functions of the modes used in the inversion 
have mode amplitudes such that the time frequency response of the received signal will have the modes 
well defined. 
 
The signal acquired by the receiver is a convolution of the impulse response of the channel with the 
transmitted pulse.  Before processing the signal acquired by the buoys for time-frequency analysis, it is 
necessary to extract the impulse response of the channel, to take out the time-frequency variation of the 
transmitted signal during signal duration.  This is done by de-convolution of the received signal.  This can 
be done either in the frequency domain or in time domain by cross-correlation.  In the simulation study 
presented here, the deconvolution of the signal was done in the frequency domain.  
 

Table 1: Variation of average depth with range from source along each source/buoy pair 

Buoy No. Range Int. 
(m) 

Depth 
(m) 

Range 
(m) 

Depth
(m) 

Range 
(m) 

Depth
(m) 

2 0-5365 72 5366-13090 69 13091-24201 60 
4 0-4826 74 4827-21725 67   
6 0-9221 74 9222-20745 67   
8 0-19270 80     

19 0-5814 72 5815-10184 69   
20 0-3023 72 3024-9075 69   
21 0-4757 74 4758-8565 67   

 

D. Extraction of Mode Dispersion Data 

The group speeds as a function of mode number and frequency can be obtained from a knowledge of the 
mode eigenvalues and mode functions using14 
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This assumes that the environment is fully known.  In a field experiment the group speed as a function of 
frequency and mode is obtained by performing short time Fourier transform (STFT) of the received signal.  
Such a transform provides the time taken by the modes to travel from source to receiver from which the 
mode group speeds are obtained.  If the distance between the source and receiver is large, the modes are 
fully resolved and it is not problematic to estimate the mode dispersion curves.  When the range to receiver 
is short the modes are not well resolved and the signals are analyzed using the warping method15 to estimate 
mode travel times.  The warping method involves applying a warping function to the received signal.  If g 
is a function of x, and the warping operator is h(x), the warped function ௚ܹ(x) is 
 

௚ܹሺݔሻ ൌ ටௗ௛

ௗ௫
݃ሺ݄ሺݔሻሻ  (20) 

 
The warping function applied to the received signal s(t) in our analysis is 
 

݄ሺݐሻ ൌ ටݐଶ ൅ ሺ
௥

௖
ሻଶ  (21) 

 
where r is the distance between source and receiver and c in the sound speed in the water column.  It has 
been shown that the accuracy of the quantity r/c is not critical and even an approximate value is adequate16. 

Any warped function can be unwarped by applying the operator ݄ିଵሺݐሻ ൌ ටݐଶ െ ቀ௥
௖
ቁ
ଶ
. 

 
The estimation of the group speeds by processing the received signal s(t) using the warping method is 
accomplished in the following stages: 
 

1. Using the warping operator determine the warped signal ݏ௪௔௥௣௘ௗሺݐሻ. 
2. Perform STFT of the warped signal and obtain ܵ௪௔௥௣௘ௗሺݐ, ݂ሻ. 
3. In this time frequency representation the modes are resolved and well separated. Each mode can 

now be filtered. 
4. Perform inverse STFT on the warped mode and obtain the warped mode ݉݀௪௔௥௣௘ௗሺݐሻ. 
5. Unwarp the mode function to get ݉݀ሺݐሻ from ݉݀௪௔௥௣௘ௗሺݐሻ.  
6.  Perform STFT of  ݉݀ሺݐሻ to obtain the mode dispersion curve for the modes. 

 
In Figure 3, different steps of the warping procedure are shown.  The top left panel in the figure is the 
received signal.  The impulse response obtained from the signal is shown in the top right panel.  The impulse 
response obtained by performing the de-convolusion of the received signal.  The bottom left panel shows 
the signal to which the warping operator has been applied.  The bottom right panel shows the time-frequency 
representation of the warped signal.  The modes are well resolved in this representation and each mode can 
be filtered by simply masking modes those that are not of interest.  After filtering out each mode these are 



 
Contract No. N00014-15-P-5114 

SSI Report Number: F095-18-0930 
Date: 9/30/2018 

UNCLASSIFIED 
(Use or disclosure of data on this page is subject to the restriction on the title page of this document) 

11 

unwarped and the STFT is performed on the unwarped signal to get mode dispersion curve for the extracted 
mode. 
 
3.3. ANALYSIS OF DATA AND DISCUSSION OF RESULTS 
 
The mode dispersion data estimated from the signals acquired by the various sonobuoys distributed over 
the area is now used to extract the acoustic characteristics of the water column and the sediments.  This 
involves estimating the following parameters. 
 

1. The speed of sound in the water column. 
2. The compressional wave speed and density of the sediment layers and the terminating half space. 
3. The total thickness of the sediment and the layering information. 

 

 
Figure 3:  Four stages in the processing of the signal using warping operation are presented.  Top left panel 
shows the received signal, the top right signal shows the impulse response after performing the 
deconvolution of the signal.  The bottom left panel shows the signal after processing through the time 
warping transformation.  The bottom right panel shows the time frequency response of the warped signal. 
 
The quantities under Items 1 and 2 above is determined using the inverse procedure outlined in the earlier 
section.  To carry out inversions the information on the layering of the sediment is required.  The following 
procedure was adopted for estimating the number of layers and layer thicknesses.  First we assume that the 
ocean bottom is represented by a single sediment layer followed by a terminating half space.  Assuming 
different values for the thickness of the sediment layer, we performed inversion for the compressional wave 
speed of the sediment and the half space.  For other parameters such as the water column sound speed 
profile and density of the sediment layers an average value is assumed.  For each of this assumed layer 
thickness inversions resulted in a bottom model.  The mean squared error between the mode dispersion data 
as predicted by the inverted model and the mode dispersion data used for the inversion was computed.  The 
layer thickness that yields the minimum mean squared error is assumed to be the layer thickness of the 
sediment layers. We then proceed to determine if the sediment constitutes more than one layer.  To estimate 
the number of layers we examine the sediment model obtained during the inversions for estimating the 
sediment layer thickness.  
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Figure 4 shows the variation of the compressional wave speed in the sediment layers while determining the 
total layer thickness.  The left panel in the figure shows the result in the case of bottom model with two 
layers and a terminating halfspace.  It can be easily assessed from this result that the bottom model is made 
up of   two layers.  The right panel shows similar result in a case where the bottom model has three layers.  
In this case also it is easy to assess that the sediment has three layers with the top and bottom layers have 
wave speeds much lesser than the middle layer.  In the case of a two layer model, different values of 
thickness for each layer are assumed but with the total thickness equal to the total layer thickness determined 
earlier.  For each combination of layer thicknesses we perform inversion and as before and determine the 
mean squared error between the mode dispersion values determined for the inverted model and the values 
used as input to the inversion process.  The layer thickness values that has the least mean squared error is 
taken as the layer thicknesses of the layers.  In cases where it is not possible to determine the layer 
thicknesses a one layer model is assumed to be more appropriate.  Similar approach is used while 
determining the layer thicknesses in respect of a three layer model. 
 

 
Figure 4:  The left panel shows the bottom model obtained during estimation of the layer thickness in 
Region 5.  The right panel shows result in respect of Region 2.  The left panel suggests that the bottom has 
two layers.  The result shown in the right panel suggests the presence of three layers. 
 
 
In analysing data acquired in the frequency interval 250 Hz -500 Hz and other higher frequency a problem 
was encountered.  During inversion process, a bottom model is assumed and mode travel time is calculated 
using Eq. (19) for this assumed model and compared with the travel time as in the data.  At some of the 
frequencies some modes are in resonance.  In the case of these modes, the amplitude of the mode function 
in the water column is near zero and has large values in the sediment layers.  The computed mode travel 
time is widly different from its value at the previous mode.  Also since this mode  has near zero amplitude 
in the water column it is  not excited and hence not observed in the acquired signal.  Hence in the analysis 
of the received signal, either by STFT or warping method, this mode is not observed.  Because of this it is 
difficult to make meaning full comparison between mode travel time from data and that from the bottom 
model.  A detailed description of the problem and the procedure used to over come the problem is provided 
in Appendix. 
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A. Analysis of Range Independent Case 
 
The bottom model of Region III (cf. Figure 1) is range independent.  The depth of the water column is 80 
m.  The bottom model for this region consists of two layers with layer thicknesses of 18 m and 12 m.  This 
is terminated by a half space.  The compressional wave speed in the layers and half space are 1700 m/s, 
1550m/s and 1850m/s respectively.  The density is 1.6 gm/ccin the layers and half space. 
 

Table 2: Layer thickness estimated from data 

Freq. Range 
(Hz) 

Total 
Thickness (m) 

No. of 
Layers 

Layer 1 (m) Layer 2 (m) 

50 - 110 30 2 17 13 
250 - 310 30 2 16 14 
900 - 960 22 1 22  

 
Analysis of  simulated data were carried out in three frequency brackets namely 50 Hz – 110 Hz, 250 Hz – 
310 Hz and 900 Hz – 960 Hz.  The estimation of total layer thickness and the layering was done as described 
earlier.  The results are shown in Table 2.  The inversions were carried with these estimated values of layer 
depths.  The modes that were used in the inversions are indicated in Table 3. 
 

 
Figure 5:  The travel time of modes used in the inversions as estimated from data (dots) and predicted by 
inverted bottom model (red circle). 
 

Table 3: Modes used in the inversion water column sound speed and the sediment compressional 
wave speed and density 

Frequency Range Mode numbers Comment 
50 Hz – 110 Hz 1 to 4 50 Hz – Modes 1 - 2 

60 Hz – Modes 1 - 2 
70 Hz - Modes 1 - 3  
80 Hz - Modes 1 - 4 
90 Hz - Modes 1 - 4 
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Frequency Range Mode numbers Comment 
100 Hz - Modes 1 - 4 
110 Hz - Modes 1 - 4 

250 Hz – 310 Hz 2 to 12 Mode numbers same at all 
frequencies in 10 Hz step 

900 Hz – 960 Hz 7, 9 to 21, 24 to 28, 
31, 32, 34, 36, 

38 to 40 

Mode numbers same at all 
frequencies in 10 Hz step 

 

 
Figure 6:  True sound speed profile (Full black), Initial profile (Dotted black) and inverted profile (Dashed 
black) at the three frequency ranges. 
 
The agreement between the mode arrival time as estimated from data and the arrival time as predicted by 
the inversion results are shown in the left panel of Figure 5 for the frequency interval 50 Hz -110 Hz.  
Similar comparisons are made in the right panel of Figure 5 for inversions in the frequency band 250 Hz-
310 Hz.  The figure indicates good agreement between mode arrival time as estimated from data and the 
arrival time predicted by the inverted model.  The water column sound speed profiles obtained by inversion 
(Figure 6) are quite close to the true model in all the three frequency bands even though the initial 
background model had a large difference with the true model.  In respect of the compressional wave speed 
and density the inverted model values and the true values are indicated in Table 4.  The agreement between 
the true values and the inverted results are in good agreement in respect  of results obtained in the frequency 
interval 50 Hz – 110 Hz.  In the frequency range 250 H-310 Hz there is a disagreement between the true 
value and the inverted result.  Analysis of the mode function for the inverted bottom model shows that in 
the case of Modes 2 to10  the  mode function has near zero values at depths greater than 15 m in the sediment 
layers.  The other modes (Modes 11 and 12) have a small values beyond 15 m depth and therefore have 
limited  influence over the inversion results at depths greater than 15 m.  Further the use of layer thickness 
estimate of 16 m and 14 m for the two layers is another reason for the differences in the compressional 
wave speed estimates for the layers.  In the case of inversions with data in the frequency range 900 Hz – 
960 Hz a single layer model was assumed.  In this case mode function has very low values beyond a depth 
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of a 5 m in to the sediment.  Inversion results for this shallow depth is shown as the value over the entire 
sediment thickness because of the assumptions in the inversion algorithm.  The deviations of the water 
column sound speed, deviation of the compressional wave speed and the density of the sediment layers 
were estimated using the procedure outlined in Section 3.1.  The are shown in Tables 4A and 4B.  The table 
also includes the resolution lengths for the inversion estimates. 
 

Table 4: Inversion results with layer thicknesses estimated from data 

Freq. 
(Hz) 

Lay. 
No. 

True values Starting values Layer thicknesses from data. 
Results of inversion 

Layer 
Thick 

(m) 

Com. 
wave 
Spd 

(m/s) 

Density 
Gm/cc 

Com. 
wave 

Spd (m/s)

Density 
(gm/cc) 

Layer 
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density 
Gm/cc 

50 
to 

110 

Lay. 1 18 1700 1.6 1600 1.7 17 1704 1.571 
Lay.2 12 1550 1.6 1600 1.7 13 1564 1.571 
Half 
Sp. 

 1850 1.6 1880 1.7  1826 1.654 

250 
to 

310 

Lay. 1 18 1700 1.6 1600 1.7 16 1669 1.572 
Lay. 2 12 1550 1.6 1600 1.7 14 1577 1.572 
Half 
Sp. 

 1850 1.6 1900 1.7  1849 1.612 

900 
to 

960 

Lay.1 18 1700 1.6 1600 1.7 22 1703 1.592 
Lay2 12 1550 1.6      
Half 
Sp. 

 1850 1.6 1900 1.7  1900 1.700 

 
Table 4A:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range 

independent case  

Freq. range 
 

50 Hz 
to 

110 Hz 
 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.0262 3.58   
Layer 1 11.7 1.15 0.001 1.72 
Layer  2 7.4 2.48 0.001 1.72 

Half space 13.3 4.92 0.00037 8.10 
 

Table 4B:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range 
independent case 

Freq. range 
 

250 Hz 
to 

310 Hz 
 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res.Length (m) 

Water col. 0.025 2.07   
Layer 1 5.85 1.94 0.08 3.23 
Layer 2 0.77 4.10 0.08 3.23 

Half space 1.28 7.00 0.28 5.55 
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B. Range-Dependent Case - Two Layer Bottom Model 
 
Regions II (cf Figure 1) has two areas with varying depths  namely areas where the depth of the water 
column is 74 m (bottom model M3) and an area where the water column depth is 67 m (bottom model M4).  
The sediment in both regions consists of two layer.  The layers in both regions are of the same thickness 
but have different properties in terms of the compressional wave speed.  In the case of bottom model M3 
the compressional wave speed for the layers are 1700 m/s and 1550m/s.  The compressional wave speed in 
the half space is 1850 m/s.  The density is 1.6 gm/cc in the sediment layers and the half space. In respect of 
bottom model M4 the compressional wave speed of the layers are 1680m/sand 1500 m/s.  In the terminating 
half space the compressional wave speed is 1850 m/s.  The density is 1.6 gm/cc in the sediment layers and 
in the half space.  To perform inversion in this range dependent environment we estimated the mode travel 
times from signals acquired along three different source/receiver paths.  The paths used were fom the source 
to Buoys 4, 6, and 21.  The path lengths in the two regions along these three source receiver paths are shown 
in Table 1.  
 
Table 5 shows that the sediment thicknesses as estimated from the data are 30 m, 31 m, and 18 m for the 
three frequency bands (50 Hz -110 Hz, 250 Hz- 310 Hz, and 900 Hz – 960 Hz) used in the inversion.  The 
two layer model for the case of inversions in the frequency band 50 Hz – 110 Hz was estimated to have 
thicknesses of 17 m and 13 m.  In the frequency range of 250 Hz – 310 Hz the layer thicknesses are 19 m 
and 12 m.  In the the frequency band 900 Hz -960 Hz the single layer model has a thickness of 18 m.   
 

Table 5. Layer thickness estimated from data 

Freq. range 
(Hz) 

Total 
Thickness (m) 

No. of 
Layers 

Layer 1 (m) Layer 2 (m) 

50 – 110 30 2 17 13 
250 – 310 31 2 19 12 
900 – 960 18 1 18  

 
Table 6. Details of modes used in inversion 

Frequency range Mode numbers Comment 
50 Hz – 110 Hz Modes 1 to 4 along 

the three 
source/receiver paths 

50 Hz – Modes 1 - 2 
60 Hz – Modes 1 - 2 
70 Hz - Modes 1 – 3  
80 Hz - Modes 1 - 3, 
90 Hz - Modes 1 - 3, 
100 Hz - Modes 1 - 3, 
110 Hz - Modes 1 - 4 

250 Hz – 310 Hz 1 to 10 Mode numbers same at all 
frequencies in 10 Hz step 

900 Hz – 960 Hz Buoy 4: 24 modes 
Buoy 6: 23 modes 
Buoy 21: 21modes 

Buoy 4: 23 modes 900 Hz to 930 
Hz, 24 modes 940 Hz to 960 Hz. 
Buoy 6: 23 modes 900 Hz to 960 
Hz in 10 Hz step. 
Buoy 21: 21 modes 900 Hz to 
960 Hz in 10 Hz step. 
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The comparison between the mode travel time estimated from data and that is predicted by the inverted 
bottom model are shown in Figures 7 and 8.  The agreement between travel time estimates from data and 
prediction based on inverted model is excellent in the frequency band 50 Hz -110 Hz (Figure 7).  However, 
in the case of similar comparisons at the higher frequency band (250 Hz – 310 Hz in Figure 8) a large error 
is seen. 
 
This error is mainly because of error in the estimates of travel time from data.  If we compare the calculated 
mode travel time based on the true bottom model and compare it with the travel time predicted by the 
inverted model an excellent agreement between the two is seen.  Figure 9 shows this agreement in respect 
of transmissions from the source to Buoy 21.  In the figure the red circle are the values as predicted by the 
bottom model.  The black star within the red circle is the calculated travel time from the true bottom model.  
Similar agreements are seen in transmissions to Buoys 4 and 6.  
 
The inversions for the water column sound speed for the two areas (i.e. Region II with water depths of 74 
m and 69 m) are indicated in Figure 10.  The agreement between the true sound speed profiles and the 
inverted model is good and all the inverted models display similar trends.  
 
In inversions performed in the frequency bracket 50 Hz – 110 Hz, the inverted model is consistent with the 
true bottom model.  In the inversions performed in the higher frequency ranges, inverted bottom model has 
acceptable values in the top layer.  In the deeper layers, the inverted values are not consistent.  This is 
mainly because the mode functions at the higher frequencies have very small values in deeper depths and 
does not influence the inversion results. 
 
The deviations of the water column sound speed, deviation of the compressional wave speed and the density 
of the sediment layers were estimated using the procedure outlined in Section 3.1.  The are shown in Tables 
7A, 7B, 8A, and 8B.  The tables also includes the resolution lengths for the inversion estimates. 
 

 
Figure 7:  Travel time plots for Modes 1 to 4 from received signal in the frequency range 50 Hz – 200 Hz.  
These are overlaid on the spectrogram.  Also shown in red circle are the travel time predictions based on 
the inverted model. 
 



 
Contract No. N00014-15-P-5114 

SSI Report Number: F095-18-0930 
Date: 9/30/2018 

UNCLASSIFIED 
(Use or disclosure of data on this page is subject to the restriction on the title page of this document) 

18 

 
Figure 8:  The three plots show the mode dispersion data for Modes 1 to 10 used in the frequency range 
250 Hz – 500 Hz.  The mode travel times predicted by the inverted bottom model are shown as red circles 
in the figure. 
 

 

 
Figure 9:  The mode travel time as estimated from data is overlaid on the spectrogram.  The mode travel 
times predicted by the bottom model are the red circles.  A wide difference between the two is seen.  
However, the travel time predicted by the bottom model is in agreement with the calculated travel time for 
the true bottom model for the path between the source and the Buoy 21.  These are indicated as a black star 
within the red circle. 
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Figure 10:  The left panel shows the inversion results for the water column sound speed profiles for area 
with water depth of 74 m.  The right panel shows the result for area with water depth of 69m..  In these 
figures the black line represents the true profile, the dotted black line the starting profile and the dashed 
black line the inversion result.  The three profiles in each panel are the inversion results in the three 
frequency ranges (i.e. 50 Hz – 110 Hz, 250 Hz – 310 Hz and 900 Hz – 960 Hz). 
 

Table 7: Inversion results for bottom model M3 using layer thickness as estimated from data 

Freq. 
(Hz) 

Layer 
No. 

True values Starting values Layer thicknesses from data 
Results of inversion 

Layer 
Thick 

(m) 

Comp. 
wave 
Spd 
(m/s) 

Density 
Gm/cc 

Comp. 
wave 
Spd 
(m/s) 

Density 
(gm/cc) 

Layer 
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density 
Gm/cc 

50 
to 

110 

Layer 
1 

18 1700 1.6 1600 1.7 17 1695 1.619 

Layer 
2 

12 1550 1.6 1600 1.7 13 1561 1.619 

Half 
Sp. 

 1850 1.6 1880 1.7  1880 1.573 

250 
to 

310 

Layer 
1 

18 1700 1.6 1600 1.7 19 1700 1.587 

Layer 
2 

12 1550 1.6 1600 1.7 12 1602 1.587 

Half 
Sp. 

 1850 1.6 1900 1.7  1900 1.700 

900 
to 

960 

Layer 
1 

18 1700 1.6 1600 1.7 18 1697 1.612 

Layer 
2 

12 1550 1.6      

Half 
Sp. 

 1850 1.6 1900 1.7  1900 1.700 
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Table 7A:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range 
dependent case (Two layer model) 

Freq.range 
 

50 Hz 
to 

110 Hz 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res.Length (m) 

Water col 0.0204 1.29   
Layer 1 15.64 1.90 0.0024 1.80 
Layer  2 6.93 4.62 0.0024 1.80 

Half space 2.19 9.10 0.0012 8.00 
 

Table 7B:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-
independent case (Two layer model) 

Freq.range 
 

250 Hz 
to 

310 Hz 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.0384 2.45   
Layer 1 10.65 1.00 0.014 1.00 
Layer  2  2.65 0.014 3.52 

Half space     
 

Table 8: Inversion results for bottom model M4 with layer thicknesses estimated from data 

Freq. 
(Hz) 

Layer 
No. 

True values Starting values Layer thicknesses from data 
Results of inversion 

Layer
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density
Gm/cc 

Comp. 
wave 
Spd 
(m/s) 

Density 
(gm/cc)

Layer
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density
Gm/cc 

50 
to 

110 

Layer 
1 

18 1680 1.6 1600 1.7 17 1687 1.618 

Layer 
2 

12 1500 1.6 1600 1.7 13 1513 1.618 

Half 
Sp. 

 1850 1.6 1880 1.7  1857 1.578 

250 
to 

310 

Layer 
1 

18 1680 1.6 1600 1.7 19 1682 1.619 

Layer 
2 

12 1500 1.6 1600 1.7 12 1569 1.619 

Half 
Sp. 

 1850 1.6 1900 1.7  1850 1.700 

900 
to 

960 

Layer 
1 

18 1700 1.6 1600 1.7 18 1697 1.602 

Layer 
2 

12 1550 1.6      

Half 
Sp. 

 1850 1.6 1900 1.7  1900 1.700 
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Table 8A:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-

dependent case (Bottom model M4: Two layer model) 

Freq.range 
 

50 Hz 
to 

110 Hz 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.0259 1.38   
Layer 1 4.34 1.85 0.0075 1.30 
Layer  2 0.96 5.42 0.0075 2..00 

Half space 9.59 14.85 0.0094 8.00 
 

Table 8B:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-
dependent case (Bottom model M4: Two layer model) 

Freq.range 
 

250 Hz 
to 

310 Hz 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.33 2.26   
Layer 1 16.25 1.90 0.012 1.01 
Layer  2 0.35 4.62 0.012 2.34 

Half space 0.20 9.10   
 
C. Range Dependent Case: Three Layer Bottom Model 
 
Region I has three distinct areas with depths of 72 m, 69 m, and 60 m respectively.  The bottom model in 
the three areas has three layers terminated by a half space.  The bottom model for areas with depths 72 m 
and 69 m are the same namely model M1.  Area with a depth of 60 m has a different bottom model (M2).  
The layering of sediment is identical in all the three areas.  The layer thicknesses of the three layers are 8 
m, 16 m, and 8 m.  This is followed a terminating half space.  For the bottom model M1, the compressional 
wave speed of the sediment in the three layers are 1569 m/s, 1705 m/s, and 1530 m/s respectively.  In the 
case of bottom model M2 the compressional wave speed in the sediment layers are 1530 m/s, 1660m/s, and 
1490 m/s.  The compressional wave speed in the terminating half space is 1850 m/s for all the areas.  The 
density of the sediment is 1.6 gm/cc in the  sediment layers and in the half space. In performing the analysis, 
mode travel time estimates were determined from the signals acquired by Buoys 2, 19, and 20.  The ranges 
and the corresponding depths are listed in Table 1.  Prior to performing inversions, the layering of the 
sediments was estimated using the procedure outlined in Section 3.2.  The results of layering structure are 
detailed in Table 9.  The modes that were used in the inversions are indicated in Table 10. 
 

Table 9: Layer thickness estimated from data 

Freq. Range 
(Hz) 

Total 
Thickness (m) 

No. of 
Layers 

Layer 1 (m) Layer 2 (m) Layer 3 (m) 

50 – 110 34 3 10 13 11 
250 - 310 35 3 6 19 10 
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Table 10: Details of modes used in inversion 

Frequency 
range 

Mode numbers Comment 

50 Hz – 110 Hz Modes 1-4 For Buoys 19 and 20: 
50 Hz – Modes 1 - 2 
60 Hz – Modes 1- 3 
70 Hz - Modes 1– 3 
80 Hz - Modes 1 - 4 
90 Hz - Modes 1 - 4 
100 Hz - Modes 1 - 4 
110 Hz – Modes 1 - 4 
For Buoy 2: 
50 Hz - Modes 1 - 2 
60 Hz - Modes 1 - 2 
70 Hz – 90 Hz – Modes 1 - 3 
100 Hz -110 Hz - Modes 1 - 4 

250 Hz – 310 Hz Buoys 19 and 20: 
Modes: 2 to 10 

Buoy 2: Modes 1 to 9 

Buoy 19 and 20: Modes 2 to 10 
Buoy 2: Modes 1 to 8 at 250 Hz and 260 Hz.  
Modes 1 to 9 at other frequencies. 

 
 
 

 
Figure 11:  Mode travel time estimated from signals acquired at the three buoys are overlaid over the 
spectrogram.  These are shown in black dots and black lines connecting them.  Also shown are the mode 
travel values predicted by the inverted bottom model at the frequencies (50 Hz – 110 Hz) used in the 
inversion.  These are indicated in red circles. 
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Figure 12:  Mode travel time estimated from signals acquired at the three buoys are overlaid over the 
spectrogram.  These are shown in black dots and black lines connecting them.  Also shown are the mode 
travel values predicted by the inverted bottom model at the frequencies (250 Hz – 310 Hz) used in the 
inversion.  These are indicated in red circles. 
 
 

 

Figure 13:  The water column sound speed profiles estimated using mode travel time data are shown above.  
In each set the three profiles refer to the inversion results for areas with depths of 72 m, 69 m, and 60 m 
respectively.  The left panel shows the results from data in the frequency interval 50 Hz – 110 Hz.  The 
right panel shows the result of inversions using data in the frequency range 250 Hz to310 Hz.  In all these 
plots, the dotted black line is the starting profile, the black line is the true profile and the dashed black line 
is the inverted profile. 
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Table 11: Inversion results for Region I (Bottom Model M1) with layer thicknesses estimated from 
data 

Freq. 
(Hz) 

Layer 
No. 

True values Starting values Layer thicknesses from data 
Results of inversion 

Layer 
Thick 

(m) 

Comp. 
wave 
Spd 

(m/s) 

Density 
Gm/cc 

Comp. 
wave 
Spd 
(m/s) 

Density 
(gm/cc) 

Layer 
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density 
Gm/cc 

50 
to 

110 

Layer 
1 

8 1569 1.6 1600 1.7 10 1576 1.571 

Layer 
2 

16 1705 1.6 1600 1.7 13 1704 1.571 

Layer 
3 

8 1530 1.6 1600 1.7 11 1574 1.571 

Half 
Sp. 

 1850 1.6 1880 1.7  1837 1.598 

250 
to 

310 

Layer 
1 

8 1569 1.6 1600 1.7 6 1582 1.598 

Layer 
2 

16 1705 1.6 1600 1.7 19 1694 1.598 

Layer 
3 

8 1530 1.6 1600 1.7 10 1588 1.598 

Half 
Sp. 

 1850 1.6 1900 1.7  1837 1.700 

 
Table 11A:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-

dependent case (Area with depth = 72 m) 

Freq. 
Range 

 
50 Hz 

to 
110 Hz 

 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.05 2.89   
Layer 1 9.05 1.39 0.014 1.49 
Layer  2 8.75 3.19 0.015 3.16 
Layer 3 4.76 4.43 0.015 3.95 

Half space 6.33 4.92 0.033 6.75 
 

Table 11B:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-
dependent case (Area with depth = 72 m) 

Freq. 
Range 

 
250 Hz 

to 
310 Hz 

 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length (m) Dev (gm/cc) Res. Length (m) 

Water col 0.011 2.43   
Layer 1 12.21 1.0 0.015 1.00 
Layer  2 0.90 1.0 0.015 1.00 
Layer 3 0.27 1.84 0.015 2.64 

Half space     
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Table 11C:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-

dependent case (Area with depth =69 m) 

Freq. 
Range 

 
50 Hz 

to 
110 Hz 

 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.06 2.65   
Layer 1 5.66 1.32 0.013 1.59 
Layer  2 5.76 3.37 0.013 3.35 
Layer 3 3.05 3.94 0.013 3.82 

Half space 4.02 4.66 0.0025 6.16 
 

Table 11D:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-
dependent case (Area with depth = 69 m) 

Freq. 
Range 

 
250 Hz 

to 
310 Hz 

 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.02 2.35   
Layer 1 17.58 1.00 0.015 1.001 
Layer  2 2.12 1.003 0.015 1.002 
Layer 3 0.64 2.38 0.015 2.60 

Half space     
 
Table 12: Inversion results for Region I (Bottom Model M2) with layer thicknesses estimated from 

data 

Freq. 
(Hz) 

Layer 
No. 

True values Starting values Layer thicknesses from data. 
Results of inversion 

Layer 
Thick 

(m) 

Comp. 
wave 
Spd 
(m/s) 

Density 
Gm/cc 

Comp. 
wave 
Spd 

(m/s) 

Density 
(gm/cc) 

Layer 
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density 
Gm/cc 

50 
to 

110 

Layer 
1 

8 1530 1.6 1600 1.7 10 1526 1.613 

Layer 
2 

16 1660 1.6 1600 1.7 13 1659 1.613 

Layer 
3 

8 1490 1.6 1600 1.7 11 1561 1.613 

Half 
Sp. 

 1850 1.6 1880 1.7  1838 1.639 

250 
to 

310 

Layer 
1 

8 1530 1.6 1680 1.7 6 1531 1.604 

Layer 
2 

16 1660 1.6 1680 1.7 19 1658 1.604 

Layer 
3 

8 1490 1.6 1680 1.7 10 1658 1.604 
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Freq. 
(Hz) 

Layer 
No. 

True values Starting values Layer thicknesses from data. 
Results of inversion 

Layer 
Thick 

(m) 

Comp. 
wave 
Spd 
(m/s) 

Density 
Gm/cc 

Comp. 
wave 
Spd 

(m/s) 

Density 
(gm/cc) 

Layer 
Thick 

(m) 

Comp. 
wave 

Spd (m/s) 

Density 
Gm/cc 

Half 
Sp. 

 1850 1.6 1880 1.7  1849 1.700 

 
Table 12A:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-

dependent case (Area with depth = 60 m) 

Freq. 
Range 

 
50 Hz 

to 
110 Hz 

 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.007 2.96   
Layer 1 12.25 1.02 0.01 1.11 
Layer  2 5.89 2.65 0.01 2..33 
Layer 3 6.33 3.79 0.01 3.98 

Half space 10.47 3.67 0.011 6.09 
 

Table 12B:  Deviation (Dev) and resolution lengths (RL) for the inverted model in the range-
dependent case (Area with depth = 60 m) 

Freq.range 
 

250 Hz 
to 

310 Hz 
 

Layer Wave speed (m/s) Density (gm/cc) 
 Dev (m/s) Res. Length 

(m) 
Dev (gm/cc) Res. Length 

(m) 
Water col 0.01 2.00   
Layer 1 5.91 1.00 0.013 1.00 
Layer  2 17.07 1.00 0.013 1.00 
Layer 3 18.64 1.27 0.013 1.25 

Half space 23.45 4.38 0.0065 4.54 
 
The Figures 11 and 12 shows the agreement between the mode dispersion data estimated from the signals 
received at Buoys 19, 20, and 2 and the mode dispersion data predicted by the inverted bottom model.  As 
seen from Figure 11 the agreement in respect of the values in the frequency band 50 Hz to110 Hz is good 
in most of the points.  Even at those points where there is a difference, the differences are quite small.  
Figure 12 shows the agreement between the experimental estimates and the values predicted by the bottom 
model in respect of analysis in the frequency band 250 Hz -310 Hz.  The modes displayed in the figure are 
for Modes 2 to 10 for Buoys 19 and 20.  The agreement in respect of Modes 2 to 8 is quite good.  In respect 
of the other two modes, there is a wide disparity between the experimentally determined values and the 
values predicted by the bottom model.  These higher order modes are the ones that are corrected during the 
inversion process due to presence of resonance and corrections carried out as indicated in the Appendix.  
This has resulted in larger errors between the mode dispersion data as obtained from data and the mode 
dispersion estimated from the inverted bottom model.  In the case of Buoy 2, the modes displayed in Figure 
12 are for Modes 1 to 9.  A large difference is observed between the mode dispersion values obtained from 
experimental data and the mode dispersion data from bottom model in respect of Modes 8 and 9.  Again, 
these are the higher order modes that are corrected during the inversion process as per procedure in 
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Appendix. This has resulted in the observed large error.  The differences in the layer thickness from its true 
values are also another reason for the errors. 
 
The water column sound speed profiles obtained by inversion are shown in Figure 13.  The left panel in the 
figure shows the initial starting profile, the true profile and the inverted profiles for areas with depths 72 m, 
69 m, and 60 m respectively.  These were obtained using data in the frequency band 50 Hz to 110 Hz.  In 
the case of inversions done for the water column sound speed profile for areas with depth of 60 m, we 
adopted a mean profile based on the results from areas with depths 72 m and 69 m as the initial profile.  
The inverted profiles for all areas are fairly close to the true value for the regions.  The water column sound 
speed profiles from data at the higher frequency band ( 250 Hz to 310 Hz) all have similar profiles with 
trend in its values decreasing from its value at the sea surface to the lowest value at approximately 35 m 
from the sea surface and then increasing to the initial value at the sea floor.  In obtaining inversion, results 
for area with depth of 60 m the inverted water column sound speed results for areas with depths 72 m and 
69 m were used as input and errors in these input data will affect the results obtained. 
 
The estimates of the compressional wave speed in the top two layers are consistent with the true bottom 
model.  The values for the third  layer have large errors both in the frequency band 50 Hz -110 Hz and 250 
Hz -310 Hz.  The likely cause of this error in respect of inversions in the frequency band 50 Hz -110 Hz 
are the differences in layer thicknesses from its true value and the errors in the estimated mode dispersion 
data.  In respect of inversions in the frequency band 250 Hz to 310 Hz the mode function has near zero 
values at depths greater than 25 m from the sea bottom and hence cannot determine the compressional wave 
speed in the third layer.  The density in the sediment layers is consistent with the true values. 
 
The deviation of the water column sound speed, the compressional wave speed of the sediment layers and 
the density of the sediment layers are in Tables 11A, 11B, 11C, 11D, 12A, and 12B.  The tables also list 
the resolution length of the inverted results. These values were obtained using the procedure outlined in 
Section 3.1. 
 
3.4 DETAILS OF BROADBAND COMPONENT OF MOMAX V EXPERIMENT AND DATA 

ANALYSIS 
 
A. Description of Experiment 
 
The experiment described in this section was part of MOMAX V experiment conducted during March 2011.  
The complete details of MOMAX V are described in Frisk et al17, which analyzed the narrowband data 
collected during the experiment.  The experiment  included a broadband component in which the ship 
transmitted broadband signals from several discrete locations.  At these locations, the ship was nearly 
stationary.  Three freely drifting MOMAX buoys, named Curly, Larry, and Moe, were deployed before the 
start of the broadband experiment.  The locations of the ship and the buoys are shown in Figure 14.  The 
ship had a J15 source suspended at a nominal depth of 56 m.  The signal transmitted was an LFM sweep 
from 50 Hz to 300 Hz.  The duration of each ping was 0.5 sec.  The pings were repeated every 3 sec for a 
total duration of 3.5 minutes from each ship location.  The MOMAX buoys had two hydrophones at nominal 
depths of 61 m and 64 m.  It is, however, mentioned that source and receiver depths are not required for the 
estimation of mode arrival times though the location of the source and receiver will determine the modes 
that are excited..  Data from 21 consecutive transmissions from each of the waypoints are summed up in 
order to improve the signal  to noise ratio.  Time synchronization was achieved by recording the transmitted 
signal on a hydrophone attached to the source frame.  There were 14 waypoints at which the ship was nearly 
stationary and broadband signals were transmitted.  The signals received by Curly at one of the hydrophones 
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were used in the analysis.  The signals received from transmissions at waypoints 1 to 10 were used in the 
analysis.  Transmissions from waypoints 11 to14 have low SNR due to large distances between source and 
receiver and hence were not included in the analysis.  

 
Figure 14:  The tracks of ship and buoys during the broadband experiment.  The star represents waypoints 
(numbered 1 to 14) at which the ship was nearly stationary. 
 

 
Figure 15:  The five regions into which the area is divided and for which the water column sound speed 
profiles and sediment compressional wave speed profiles are estimated.  Dashed lines indicate source-
receiver paths together with waypoint numbers. 
 
The distances between the ship and the buoys were obtained using the data from GPS units mounted on the 
ship and the buoys.  The bathymetry between the ship and the buoys was obtained from archival data 
available for the region.  Based on differences in bathymetry, the region between the ship and buoy locations 
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is divided into five regions, as shown in Figure 15.  The depths of the water column in Regions I, II, III, 
IV, and V have an average value of 75 m, 71 m, 69 m, 69 m, and 69 m, respectively.  Data used in the 
inversion are the mode travel times at frequencies 50 Hz to 110 Hz in 10 Hz steps.  
 
Measurements of ocean temperature were made using expendable bathythermograph probes (XBT) during 
the course of the experiment.  The temperature profiles from XBT measurements together with the values 
of salinity obtained CTD measurements made during the narrowband experiment. provided the information 
necessary to obtain the initial sound speed profile for the water column at each location of the XBT. 
 
B. Analysis of Data 
 
In a previously published paper18, the broadband data collected during the MOMAX V experiment were 
used to determine the variability in the sound speed profile of the water column with respect to space and 
time.  The sediment compressional wave speed properties from previous inversions done with narrow band 
data were used as known input data in performing the analysis.  A more detailed knowledge was not 
necessary as only the lower order modes from higher frequencies with limited bottom penetration were 
used in the analysis.  In contrast, we present results of the analysis of the broadband data to estimate 
simultaneously the three dimensional water column and sediment compressional wave speed and density 
profiles for the entire region.  
 
The sea bed in the New Jersey shelf has been studied by a number of investigators 19, 20.  A large area of the 
shelf was also surveyed by CHIRP sonar and other means during the Shallow Water Experiment 200621.  A 
dominant feature of sediment structure as revealed by the survey is the “R” reflector.  The reflector is 
covered by different layers of sediment.  These are termed the diffuse outer layer and the inner layered unit.  
In some areas, another layer termed erose boundary is sandwiched between the layered units.  In analyzing 
data collected during the Shallow Water Experiment 2006 this bottom sediment structure was used to 
interpret the results.  Unfortunately, the area covered by MOMAX V experiment does not fall within the 
area covered by the surveys.  Extrapolating the data from the survey indicates that the inner layered unit is 
just beneath the ocean bottom and the outer layer and erase boundary are not present22.  The layering 
structure of the sediments were estimated using the scheme detailed in Section 3.2.  The layering as 
determined from the analysis of the experimental data indicate the depth of the top layer as 6 m in all the 
regions.  The analysis also revealed a three layer structure for the sediment layers.  The layering of the 
sediment in the different regions as estimated from data are 6 m, 14 m, and 9 m for Regions I and II, 6 m, 
14 m, and 10 m for Region III and 6 m, 16m, and 10m for Regions IV and V. 
 
The initial sound speed profiles used to invert for the water column sound speed profiles were computed 
using the temperature vs depth values obtained from the XBT data collected at locations close to waypoints 
1, 4, 6, and 8 and with the salinity value of 33.25 ppt.  This value of salinity is based on the spread of salinity 
values recorded by CTDs deployed in the same general area during the narrowband component of the 
experiment.  While inverting for the sound speed values in Regions II and I, a mean profile based on XBT 
values at waypoints 1 and 4 was used (cf. Figure 15).  In the case of Region III, the initial profile was based 
on the XBT data from waypoint 6 and a salinity value of 33.25 ppt.  In the case of Regions IV and V, the 
initial sound speed profile used for inversion was based on XBT data from waypoint 8 and a salinity value 
of 33.25 ppt.  The initial profiles and in the inverted profiles are shown in Figure 16. 
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Figure 16:  The inverted water column sound speed profiles (solid lines) for the five regions along with the 
initial background profiles (dotted lines). 
 
The sediment compressional wave speeds and density for the layers as determined by the inversion are  
listed in Tables 13 and 14.  The values for the three layers are close to one another for Regions I, II, and 
III.  In the case of Region V, we see that the compressional wave speed values in the top layer (Layer 1 in 
Table 13) are much lower than the values for the top layer in the other four regions.  This behavior indicates 
that the sediment properties along the paths between source and receiver for waypoints 8, 9, and 10 are 
different from the sediment properties along the paths from waypoints 1 to 7. 
 
In the case of the inversions for the sound speed profiles in the water column, the mean deviations in the 
estimates of the sound speed (m/s) were 0.05, 0.03, 0.02, 0.035, and 0.02 for the five regions, respectively.  
The mean resolution lengths (m) of the water column sound speed for the five regions are 2.36, 2.29, 1.66, 
2.59, and 2.66 respectively.  The deviation of the compressional wave speed and the density in inversion 
results of all the five regions are in Tables 15 and 16.  In order to obtain the data covariance matrix, 
individual pings from the source to the receiver were analysed and the mode travel time for the modes at 
the various frequencies were estimated.  The model covariance matrix were the estimated using Eq.(17.  
The diagonal of the model covariance matrix provides an estimate of the variance of the model parameters.  
The deviation for the Layer 3 (i.e. at depth greater than 22 m from ocean bottom) is much smaller than at 
other depths in respect of Regions IV and V.  This is mainly because the mode function values at these 
locations is very small and therefore estimates of the deviations at these locations tend to be low and hence 
are not representative of the deviation in the sediment layers.  In obtaining deviation of the inverted 
parameters no prior variance has been assumed and therefore does constrain the solution.  The tables also 
include values of resolution lengths in all the cases.  
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3.5. DISCUSSION OF RESULTS OF EXPERIMENTAL DATA ANALYSIS 
 
A. Comparison of Experimentally Measured Mode Dispersion with Model Predictions 
 
Figure 17 shows the spectrogram of the signals at waypoints 1, 6, and 8 with the mode dispersion as 
predicted by the models obtained by the inverse.  The figures show good agreement between the data and 
model predictions based on  the inverted model. 
 
B. Comparison with Other Geoacoustic Models Determined during the Narrowband 

Experiment 
 
The broadband experiment considered here was one component of MOMAX V.  The other part consisted 
of a narrowband experiment in which CW tones at a set of frequencies were broadcast from a moving 
source.  Two freely drifting buoys (Shemp and Larry) were deployed during this part of the experiment.  
The details of the experiment are explained in Ref. 17, and the tracks of the ship and the buoys are shown 
in Figure 18.  As seen in this figure, the narrowband experiment was conducted in the general area covered 
by transmissions from waypoints 3 and 4.  The ship’s track during the narrowband experiment for the most 
part lies in Region II and is bounded by the source/receiver paths from waypoints 3 and 4. 
 
The bottom models obtained from the narrowband data and the broadband data are compared in Table 17.  
The values of the compressional wave speeds in the top two layers of Region II are consistent with the 
values obtained in the narrowband experiment based on the data collected by Shemp and Larry.  With 
respect to the third layer, the values from broadband data are consistent with the model obtained using data 
collected by Larry in the narrowband experiment but are significantly different from the values obtained 
using Shemp data.  To understand this discrepancy, we look at the differences in the data collected by 
Shemp and Larry during the narrowband experiment.  The paths between the source and receiver in the 
case of the narrowband and broadband experiments are shown in Figure 18.  The ship’s path during 
transmissions to Shemp and Larry are the same.  The location of the buoys are  however different with 
Larry located to the south of Shemp.  It is likely that the differences in bottom models obtained from data 
collected by these two buoys are the result of the areas covered by the transmissions to these buoys.  This 
suggests that the region to the south of the areas covered by transmissions to Shemp have a slightly different 
bottom especially with respect to the third layer.  During the broadband experiment, the data used for 
inversions in respect of Regions I and II are from transmissions from waypoints 1, 3, and 4.  While the 
paths from waypoints 1 and 3 cover areas to the south of the paths during the narrowband experiment, the 
path from waypoint 4 cover area to the north of the region covered in the narrow band experiment.  
However, the inverted profile for sediment compressional wave speed for Region II is similar to that 
obtained from narrowband data collected by Larry.  This suggests that the inverted bottom model for Region 
II is representative of the sediment in areas south of the paths covered during the narrowband experiment. 
 

Table 13: Compressional wave speed estimates (m/s) 

Region Layer 1 Layer 2 Layer 3 Half 
space 

Region I 1549 1644 1604 1856 

Region II 1594 1661 1609 1863 
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Region Layer 1 Layer 2 Layer 3 Half 
space 

Region III 1579 1687 1624 1887 

Region IV 1533 1638 1592 1870 

Region V 1506 1623 1593 1872 

 
Table 14: Density estimates (gm/cc) 

Region Layer 1 Layer 2 Layer 3 Half 
space 

Region I 1.602 1.727 1.612 1.631 

Region II 1.520 1.638 1.600 1.620 

Region III 1.681 1.694 1.604 1.593 

Region IV 1.661 1.680 1.512 1.602 

Region V 1.700 1.591 1.540 1.632 

 
Table 15: Compressional wave speed deviations Dev and resolution lengths RL in the sediment for 

the five regions 

Layer Region I Region II Region III Region IV Region V 
 Dev. 

(m/s) 
RL 
(m) 

Dev 
(m/s) 

RL 
(m) 

Dev 
(m/s) 

RL 
(m) 

Dev 
(m/s) 

RL 
(m) 

Dev 
(m/s) 

RL 
(m) 

1 10.98 1.0 10.58 1.00 32.28 2.072 8.156 1.0 4.921 1.0 
2 4.72 1.001 5.74 1.001 18.62 5.314 12.557 1.001 14.90 1.006 
3 5.55 1.028 4.93 1.03 2.71 8.121 1.453 2.36 1.82 2.05 

 
Table 16: Density deviations (Dev) and resolution lengths (RL) in the sediment for the five regions 

Layer Region I Region II Region III Region IV Region V 
 Dev. 

(gm/cc) 
RL 
(m) 

Dev 
(gm/cc) 

RL 
(m) 

Dev 
(gm/cc) 

RL 
(m) 

Dev 
(gm/cc) 

RL 
(m) 

Dev 
(gm/cc) 

RL 
(m) 

1 0.047 1.077 0.0424 1.104 0.119 1.042 0.0625 1.681 0.036 4.448
2 0.043 1.557 0.0389 1.488 0.191 2.361 0.0602 2.520 0.030 3.30 
3 0.0167 4.925 0.0161 4.742 0.055 8.661 0.036 1.920 0.022 2.24 
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Figure 17:  Spectrograms of data received by Curly for transmissions from waypoints 1, 6, and 8.  The 
mode dispersion curves estimated from the data are overlaid.  The red circles in the plots indicate the mode 
travel time as predicted by the inverted bottom model. 
 
 

Table 17: Inverted bottom models for Region II from narrowband and broadband experiments 

Experiment Layer 1. 
Wave speed 

(m/s) 

Layer 2 
Wave speed 

(m/s) 

Layer 3 
Wave speed 

(m/s) 

Half space 
Wave speed 

(m/s) 
NB/Larry/SB795 1588 1702 1657 1850 

NB/Shemp 1568 1705 1527 1850 
BB/Region II 1594 1661 1609 1863 

 
We now try to predict the pressure fields measured in the narrowband experiment using the inverted bottom 
model for Region II from the broadband experiment.  In computing the pressure fields, all other parameters 
from the narrowband experiment such as the water column sound speed profile, the range-dependent bottom 
depths, and the source and receiver depths were used.  The only differences were the geoacoustic parameters 
of the bottom.  The pressure fields were computed at four frequencies, i.e., 50 Hz, 75 Hz, 125 Hz, and 175 
Hz, using the normal mode code KRAKEN13.  These fields are plotted against the fields measured by Shemp 
and Larry during the experiment and are shown in Figures 20 and 21. 
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Figure 18:  The ship’s track and the buoy’s (Curly) track during the experiment are shown in the figure.  
The tracks of the ship and the buoys during the MOMAX V narrowband experiment are also indicated. 

 
Figure 19:  The paths between the source and receiver in the case of the narrowband and broadband 
experiments. 
 
With respect to the fields measured by Shemp and Larry during the narrowband experiment, we note that 
the agreement between the measured and predicted fields is better in respect of the field measured by Larry 
and the predicted field.  It is also seen that the bottom models based on Larry data has a better agreement 
with the inverted profile from the broadband data as seen in Table 17.  To further assess agreement between 
the two results, we look at the corresponding wavenumber spectra.  In Figures 22 and 23 the wavenumber 
spectra obtained from the fields predicted by the broadband model are plotted against the wavenumber 
spectra obtained from the fields measured during the narrowband experiment.  There is good agreement 



 
Contract No. N00014-15-P-5114 

SSI Report Number: F095-18-0930 
Date: 9/30/2018 

UNCLASSIFIED 
(Use or disclosure of data on this page is subject to the restriction on the title page of this document) 

35 

between the two in the case of strong lower order modes.  The differences are pronounced in the case of 
higher order modes.  This indicates that the dominant interference pattern, which is due to the lower order 
modes, will approximately be the same for both cases.  The differences in the wavenumber spectra of the 
higher order modes will manifest themselves as differences in the pressure fields that are superimposed 
upon the dominant interference pattern.  This behavior is also observed in the plots shown in Figures 20 
and 21. 

 
Figure 20:  The pressure fields measured by Shemp during the narrowband experiment and the fields 
predicted by the Region II broadband model. 
 
C. Comparison with Other Bottom Models 
 
The sediment in the New Jersey shelf area can be classified as sandy clay, clay or silty clay.  The 
compressional wave speed values, density values and their standard deviations for these types of sediments 
in the continental shelf areas are tabulated in Table 18 23. 

 
Table 18: Sediment type and their typical properties from Reference 23 

Type of sediment Comp. wave 
speed (m/s) 

Standard 
deviation 

Density(gm/cc) Standard 
deviation 

Sand-silt- clay 1579 8 1.596 0.022 

Silt 1615 8 1.740 0.047 

Silty clay 1520 3 1.421 0.013 
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Figure 21:  The pressure fields measured by Larry during the narrowband experiment compared with the 
fields predicted by the bottom model obtained from the broadband experiment. 
 

 
Figure 22: The wavenumber spectra obtained from the measured fields compared with the wavenumber 
spectra obtained from the predicted fields for the Shemp model.  
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Figure 23: The wavenumber spectra obtained from the measured fields compared with the wavenumber 
spectra obtained from the predicted fields for the Larry model. 
 
The New Jersey shelf area has been the site of several acoustic experiments.  The compressional wave 
speed results of the four experiments that took place in the general area of the SW06 experiment are 
summarized in Ref. 17 and reproduced here in Table 19.  The layered unit, the layer below ‘R’ reflector, 
and the deep low speed layer in Table 19 correspond to layers 1 to 3 in Table 13, where estimates from 
analysis of MOMAX V are tabulated.  The values of sediment compressional wave speeds for each 
sediment unit estimated using MOMAX V data are in general agreement with the compressional wave 
speeds values as indicated in Ref. 23 and the speeds estimated during the SW06 experiment1,,8,,,24,25,26.  
Differences present in the estimated values from different experiments may be attributed to spatial 
variability within each unit, the parameterization of the inversion technique, as well as the frequency band 
used in obtaining the results.  The bottom models obtained in earlier SW06 experiments do not indicate the 
presence of a deep low speed layer below the ‘R’ reflector as is the case with the models from the MOMAX 
V experiment.  However, analysis of data acquired near AMCOR site 6010 during an experiment in 1988 
(Hudson Canyon Experiment) 27, 28 produced a bottom model with a low speed layer below the reflector.  It 
is mentioned that the location of the Hudson Canyon Experiment is to the east of the region covered by the 
MOMAX V experiment. 
 
In the case of experiments conducted during SW06, only two experiments estimated the density values 
from experimental data.  In other cases, the values were assumed based on some archival data or in one 
case based on porosity data.  In the case of the  experiments which estimates the density values from the 
experimental data, there is general agreement between these estimated values and that predicted by 
MOMAX V. 
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Table 19: Summary of previous results compressional wave speed (All values in m/s) 

Reference Layered unit Below ‘R’ 
reflector 

Deep low 
speed layer 

Ballard et.al8 1580+/-19 1725+/-15  

Rajan et.al1 1510-1650 1650-1850  

Jiang et.al24 1572+/-15 1740+/-40  

Knobles et.al25,26 1580-1595 1720  

Cederberg et al27 
Cederberg et al28 

1510-1550 1770-1790 1670 

Region I 1569 1644 1604 

Region II 1594 1661 1609 

Region III 1579 1687 1624 

Region IV 1533 1638 1592 

Region V 1506 1623 1593 

 
 
4.0 RESULTS AND PROJECT’S ACCOMPLISHMENTS 
 
In this paper, we present results of simulation study and analysis of field experimental data to evaluate the 
ability of inversion methodology to estimate the acoustic properties over a wide area of a shallow water 
region using a distributed net work of receiver sonobuoys and a single source sonobuoy.  The bathymetry 
in shallow water areas are complex giving rise to varying water column depths as well as varying sediment 
characteristics.  In order to represent such an environment in the simulation, an area off the coast of New 
Jersey for which the bathymetry is well known was used in this simulation.  This selected area was 
subdivided in to six regions each with their own areas of varying depths.  Dependng on the varying depths 
of water column we assumed different sediment propertes.  A number of receiver sonobuoys were 
distributed over the entire area and a source sonobuoy was placed in the middle of the distributed net work 
of receiver sonobuoys.  The source transmitted a broadband signal and these signals were acquired by the 
receiver sonobuoys.  Based on the bathymetry, the tracks between the source and receiver the problem is 
either range independent or range dependent.  The water column sound speed was assumed to be the same 
over the entire region.  The signals at the receiver buoys were computed numerically and this was analysed 
to estimate the mode dispersion data.  This was carried out with the source signal at different frequency 
bands.  The mode dispersion data thus obtained were used to estimate the water column soud speed profile, 
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the compressional wave speed profile of the sediment layers and the density profiles of the sediment.  
Similar estimates were obtained for the half space parameters as well.  The analysis also included estimates 
of the total layer tickness, the number of layers, and the thicknesses of each layer.  In the analysis presented 
in the paper the results for the range independent case shows that the estimates of water column and 
sediments properties are close to the true value in the frequency band 50 Hz to 110 Hz.  At higher frequency 
band (250 Hz to 310 Hz) the sediment properties have larger difference from its true values at depths where 
the mode function has close to zero amplitude.  The agreement between the mode dispersion data from the 
acquired signal and that obtained from the bottom model are in excellent agreement.  In the case of range-
dependent case with a two layer bottom model the inversion results for the water column sound speed 
profile is consistent with the true model in all the three frequency bands.  The sediment properties estimated 
in the frequency band 50 Hz to 110 Hz are close to the true bottom model.  In the higher frequency bands 
inversions were able to determine the parameters of the top layer only because of the mode functions having 
near zero values at the depths of the second layer.  Similar results were obtained in the case of range-
dependent case covering three layer bottom model.  The best results were obtained in the frequency band 
50 Hz to 110 Hz.  In the higher frequency band inversion results were consistent with the true values for 
the top layer.  These results demostrate that inversions based on mode dispersion data using linearized 
inversion procedure can yield meaningful results of the water column and sediment properties.  The scope 
of the inversion results deteriorates with the increase in the frequency band of the signal.  
 
The broadband data obtained during the MOMAX V experiment were processed to invert simultaneously 
for the 3D compressional wave speed and density profiles of the seabed and sound speed profiles in the 
water column.  The experimental data were acquired on a set of freely drifting, GPS-navigated buoys and 
a nearly stationary, low-frequency (50-300 Hz) sound source at a set of fixed locations.  Bottom models for 
sediment properties over a wide geographical area were estimated and validated by comparing them with 
the bottom models obtained from the narrowband data acquired during the same experiment.  Further 
validation was done by comparing the pressure fields computed using the broadband bottom models with 
the fields measured during the narrowband experiment.  Also, the bottom models from the broadband 
experiment were compared with models obtained from other experiments, and it was shown that the models 
are consistent with one another. 
 
Overall, these results show that data collected by a distributed network of buoys can be used to obtain the 
water column sound speed profiles,sediment compressional wave speed profiles and sediment density 
profiles over a wide area. 
 
Table 20: Summary of previous results for density (All values in gm/cc) (Values with * mark were 

assumed values and not estimated from data, values with # mark were calculated from porosity 
values measured during AMCOR 6010) 

Reference Layered 
unit 

Below ‘R’ 
reflector 

Deep low speed 
layer 

Ballard et.al10 1.9* 1.9*  
Rajan et.al2 1.6* 1.6*  
Jiang et.al23 1.68 1.68  

Knobles et.al24,25 1.83 1.93  
Cederberg et al26 
Cederberg et al27 

1.9# 2.1# 2.2#

Region I 1.602 1.727 1.612 
Region II 1.520 1.638 1.600 
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Reference Layered 
unit 

Below ‘R’ 
reflector 

Deep low speed 
layer 

Region III 1.681 1.694 1.604 
Region IV 1.661 1.680 1.512 
Region V 1.700 1.591 1.540 

 
 
5.0 RECOMMENDATIONS FOR FUTURE TECHNOLOGY OR RESEARCH 
 
This report has used linearized inversion methodology for estimating the water column and sediment 
properties over a wide area. Other inversion methods, which use full non-linear inversion procedures, can 
also be used for the analysis of the data.  There is however a need to perform a field experiment that is 
similar to MAC and collect the data acquired by the sonobuoys for analysis.  It is proposed that this 
experiment be done in the area off the New Jersey coast where a number of acoustic experiments have been 
conducted in the past.  It will then be possible to compare the results of the analysis from this experiment 
with the results from previous experiments.  
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8.0 APPENDIX 
 
To describe the problem encountered while processing data from higher frequencies we look at the 
spectrogram of the signal received at Buoy 8 in Region 5 using STFT.  It is shown in the left panel of Figure 
A1.  The dispersion curves of Modes 2 to 14 as obtained using the warping method is shown overlaid over 
the spectrogram.  It is seen that in the case of all modes the mode dispersion curve varies smoothly over the 
frequency interval 250 Hz to 500 Hz.  In the right panel of Figure A1, we plot the spectrogram plot from 
data as acquired by Buoy 8 and the dispersion data for Modes 11, 12, and 13 overlaid.  The dispersion data 
for these modes were computed theoretically with the known values of the water column and sediment 
properties.  The dispersion data from theory shows major differences with the data obtained using warping 
method.  The theoretical dispersion curve does not vary smoothly over the frequency range considered.  
There are abrupt changes in the mode travel times.  It is also noticed that part of the mode dispersion curve 
aligns itself with the dispersion curve of a lower mode.  For example, the dispersion curve for mode 13 
follows the trajectory of mode 13 in the time frequency plot at higher frequencies.  At 340 Hz it breaks out 
and shows much lower travel time.  Then at 310 Hz the dispersion returns to slowly varying travel time.  
But this part of the dispersion curve now aligns itself with the dispersion curve for mode 12.  A similar 
feature is also seen in the case of mode 12.  It is to be noted that dispersion data is computed theoretically 
for the bottom models at each stage of the iteration in the inversion process and these are to be compared 
with the estimated data obtained from the spectrogram of the received signal.  We have already seen that 
the dispersion data from the spectrograms do not exhibit such abrupt changes in mode travel times.  The 
sharp deviations from mode travel times occur at frequencies where resonance of mode occur.  These modes 
have near zero mode function amplitudes in the water column but have large values in the sediment layers.  
These are shown in the left panel of  Figure A2.  These modes are  therefore not seen in the signal acquired 
by the receivers that are located in the water column.  

 
Figure A1:  The spectrogram of the data acquired at Buoy 8 located at a range of 19270 m from the source 
is shown in the left panel.  The mode dispersion curves for Modes 2 to 14 obtained using the warping 
procedure is shown overlaid on the time-frequency plot in the right panel.  In the right panel, we have the 
theoretical mode dispersion curve for Modes 11, 12, and 13 overlaid on the spectrogram. 
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Figure A2:  The left panel shows the mode function of the resonant modes.  The right panel shows the 
group speed of Modes 1 – 15 at 250 Hz for bottom model corresponding to M5.  The black dots are the 
theoretical group speed of modes. The red circles are the corrected values of group speed of modes. 
 

 
Figure A3:  The mode dispersion for Modes 10 to 13 as obtained from theory is compared with the 
dispersion curve from experiment in the left panel.  In the right panel the mode dispersion curve corrected 
with the procedure that eliminates the outliers is compared with the mode dispersion from experiment.  In 
this case there is good agreement between the two. 
 
Described below is the approach adopted to overcome this problem.  In the right panel of Figure A2, we 
plot the group speed of Modes 1 to 15 at 250 Hz.  These are represented by black dots. We notice that two 
values (i.e. those for Modes 11 and 15) are much higher than the rest.  We renumber the modes eliminating 
the ones that are outliers.  We now have 13 modes instead of 15.  What was originally mode 12 has now 
become Mode 11 and so on.  This is shown as red circle in the figure.  We do this for modes at each 
frequency and with this; a modified mode dispersion data is obtained.  In the left panel of Figure A3, we 
plot the mode dispersion data as obtained from data for Modes 11, 12, and 13 and compare it with the mode 
dispersion data as obtained from theory.  In the right panel of Figure A3, we plot the theoretical dispersion 
data as modified by the procedure outlined above.  It is seen that the modified dispersion data follow the 
mode dispersion curves as determined from data.  In adopting this procedure, we identified modes for which 
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sharp increases in the group speed occur and eliminated those modes.  Simultaneously we made suitable 
changes to the mode function of the modes and eigenvalues associated with the modes. 
 
The inversion for the bottom properties were then performed using this corrected information.  It is added 
that since the procedure for inversion is an iterative process starting with an initial bottom model, the 
presence of outliers in the group speed of modes is checked at each step in the iteration process and 
corrections made as outlined above.  Using this approach inversions for the bottom models were carried 
out. 
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	Text1: The US Navy’s Multi-Static Active Coherent (MAC) acoustic search system is an air-launched system that combines a coherent source sonobuoy with a field of receiver sonobuoys.  The operational search data collected during MAC exercises are well suited for post-processing to infer water column and sediment acoustic properties.  We present results of simulation studies done to determine feasibility of estimating complete set of acoustic properties of the water column and  sediments over a wide area by using a distributed network of receiver sonobuoys coupled with a source sonobuoy that transmits a broadband signal.  The inversions based on mode dispersion data estimated from the signals acquired by the receiver sonobuoys were carried out with data from a range of frequency bands.  We show that the inversions can yield acceptable estimates of the water column and  sediment properties.  Analysis of data collected during a field experiment, which mimics the operational scenario of MAC, is also presented.  Inversions carried out with this experimental data provide estimates of water column and sediment acoustic properties. Evaluation of  the inversion results show that the estimated sediment parameters  are consistent with bottom models obtained for this general experimental area by other investigators.


