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Abstract

The discontinuous Galerkin (DG) method has found widespread application in elliptic prob-
lems with rough coefficients, of which the Darcy flow equations are a prototypical example. One
of the long-standing issues of DG approximations is the overall computational cost, and many
different strategies have been proposed, such as the variational multiscale DG method, the
hybridizable DG method, the multiscale DG method, the embedded DG method, and the En-
riched Galerkin method. In this work, we propose a mixed dual-scale Galerkin method, in
which the degrees-of-freedom of a less computationally expensive coarse-scale approximation
are linked to the degrees-of-freedom of a base DG approximation. We show that the proposed
approach has always similar or improved accuracy with respect to the base DG method, with a
considerable reduction in computational cost. We provide a complete analysis of stability and
convergence of the proposed method, in addition to a study on its conservation and consistency
properties. In particular, we consider two cases for the definition of the coarse-scale space: 1)
Raviart-Thomas finite elements for the mass flux and continuous linear finite elements for the
pressure; 2) Continuous linear finite elements for both the flux and pressure. We also present
a battery of numerical tests to verify the results of the analysis.

Keywords: Discontinuous Galerkin method; variational multiscale method; hybridization; elliptic
problems; Darcy flow.
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1 Forward

Discontinuous Galerkin (DG) methods are Galerkin variational methods in which the test and trial
function spaces are discontinuous polynomials. They have been applied successfully to hyperbolic

problems [35] (18] [14] and elliptic problems, with smooth [2, 1] and rough [19] 39l 20} 37 21, [36]
coefficients, in both primal and mixed form [30 [34} 6], [5, T3], 261 28] 27], 29].

DG methods have reached popularity because of their advantages in the imposition of local con-
servation, the enforcement of general boundary conditions and the construction of data structures
for parallel implementations.

However, the application of DG methods to large-scale engineering problems has often been
hampered by the larger computational cost with respect to continuous Galerkin approximations,
due to the relative increase of the number of degrees-of-freedom.

Several methods have been proposed to reduce the computational cost of DG methods: the
variational multiscale approach, which yields a multiscale DG method with cost comparable to a
continuous Galerkin method [24] [3], I1]; the hybridizable DG (HDG) method [15] 16} 32, B1], which
utilizes hybridization approaches originally developed in the context of mixed finite element meth-
ods and, more recently, evolved in the embedded discontinuous Galerkin (EDG) method [I7]; and,



finally, the enriched Galerkin (EG) method [25], which is based on a piecewise constant discontin-
uous enrichment of a base continuous Galerkin method.

The variational multiscale DG method [24], B, 11] was developed based on the idea that the
discontinuous solution can be decomposed as the sum of a continuous component and discontinuous
correction. The discontinuous correction is then estimated using local condensation techniques.

The hybridizable discontinuous Galerkin methods were first developed to solve second-order
elliptic problems [16]. In the HDG method, additional unknowns in the form of numerical traces
are introduced at the element interfaces, and conservation is ensured by means of a global flux
continuity equation. Hence all the finite elements are considered as separate subdomains and only
the traces are computed directly in a global solve. The DG solution can then be post-processed
solving local DG problems where the traces are enforcing the boundary conditions. HDG methods
have been widely tested over different problems, however, for the lowest-order shape function,
they do not reduce the computational cost. To obviate this problem, embedded discontinuous
Galerkin (EDG) methods were introduced by means of a space of numerical traces that are globally
continuous. However, EDG methods cannot ensure optimal convergence rates.

The enriched Galerkin (EG) method was developed by Sun and Liu [38], and is based on the idea
of enriching with a piecewise constant discontinuous function a continuous Galerkin approximation,
and to use the interior penalty(IP) DG framework to appropriately derive a consistent variational
formulation. The piecewise-constant enrichment can be thought of as a stabilizing penalty term.
The EG method has been applied to second-order elliptic equations [38], Stokes problems [4] and
parabolic problems [25].

In this report, we propose a new dual-scale DG (DSDG) method in mixed form. We distinguish
between the DG solution, or DG scale, and a coarse scale (CS) component of the solution. A
transfer operator based on local elemental problems is built to link the degrees-of-freedom between
the DG and CS components of the solution. Then, the DG solution is replaced by the transfer
operator applied to the CS solution in every term in the base DG variational formulation, and a
new method is constructed with a significant reduction of degrees-of-freedom with respect to the
original DG method. This amount to solve the original DG formulation on the image of the transfer
operator, which is a proper subspace of the DG solution space.

We present a full mathematical analysis of the method and we also show its local and global
conservation properties. We conclude with a number of computational tests aiming at highlighting
the robustness, stability and accuracy properties of the DSDG method.

2 Governing equations: Darcy flow

The canonical Darcy flow equations govern the transport of fluid in miscible fluid through a porous
medium, and can be expressed as:

AT'B+Vp=0 inQ, (1a)
V-B=¢ inQ, (1b)
p=pp  onlp, (1c)
B-n=hy on I'y, (1d)

where A is the mobility tensor/permeability coefficient, @ C R? is an open, bounded and convex
polyhedral domain with 9Q denoting its boundary, I'p and I'y are subsets of 92 on which we



impose Dirichlet and Neumann Boundary conditions, and ¢ € L? () is the source or sink term of
mass in the medium. Note that we have introduced the auxiliary variable 3, representing the mass
flux across the porous medium. The Darcy flow equations are a homogenized macroscopic model
of transport through porous media. The mathematical structure of the Darcy flow equations is a
mixed form of the Laplace equation. In the following analysis, we assume A is a symmetric positive
definite tensor.

3 General notation and definitions of discontinuous Galerkin
methods

Let 7, = U K be the decomposition of the domain 2 into non-overlapping closed shape-regular
elements K such that K covers 2 exactly and does not contains any hanging nodes [23, 12]. 0K
denotes the element boundary. Let h denote the mesh length scale (e.g., the largest element
diameter), and h' a characteristic length in a direction approximately perpendicular to an edge or
face of the mesh, respectively, in two or three dimensions (see also Fig. Namely:

2meas(0KNOK_)

meas(K) if € aKn o0,

Bt = {m%%measw . if € 9K\0Q,
meas(9K 199)

where for an interior edge, K and K_ are the elements on either side sharing the edge. In what
follows, we consider regular grids, for which h' and h are related to each other, in the sense that
there exist two constants &1, & € R, independent of the specific edge considered, such that:

G h<ht<&h. (2)

In what follows, especially in the context of proofs, we will consider h and A interchangeable. The
discontinuous Galerkin function spaces are defined as

Sa={peL*(Q): plreP?(K) VK € Tp} ,

Va={Be(L*@)": Bl (P"(K))' VK € Ta .

where PP (k) is the space of polynomial functions of order at most p on K. For simplicity, we
denote M4 = V4 x S; and let the continuous Galerkin function spaces as the subspace of S; and
V 4 consisted by continuous piecewise polynomials:

Se=84[)C°(Q),

d
Ve=Va[)(C"@)".
Similarly, we define M, = V. x S.. In addition we introduce the Raviart-Thomas space
RT(K) = (P*(K))! @ 2P (K).

We denote the L? (K) inner products over an element interior and its boundary as:

) = [ oo, o= [ ow.



Next, we introduce the average operator {-} and the jump operator [-] for the discontinuous scalars
and vector fields as follows [8, [0]:

{r} = % (pt+p7),

{8} = %(ﬁ++ﬁ‘) ,
[pl = p'nt +p n,
[B]= BT -nT+p8" -n",

where the plus and minus signs indicate the two sides of an element edge in 2D or face in 3D. Then
it is relatively easy to prove the identity [7]:

Y (w,v-mox = {[w], {v}e + {w}, [De,, (3)

K

where £ is the set of all edges of the mesh, and £ = £\ T is the set of all interior edges.

4 A base mixed discontinuous Galerkin method [9]

We start the discussion by considering the DG formulation in [8, @] as a basis to construct, in
Section |5} a variational dual-scale DG approximation. Multiplying the strong form of the Darcy
flow equations l) by the test function (¢,7) € M4 and integrating over the element K of

the finite element mesh, we obtain
/ Afl,B-T—/ pV-T—i—/ pT-n=0,
K K oK

/KAflﬁ-TjL/Kva
/KqVﬂ = —/I(ﬁ-Vqu/(aKqﬁ-n:/qub-

Introducing the simplified notation, if we apply integration by parts to the second equation, and
replace the boundary traces by the numerical fluzes (p,3) we obtain

(A_lﬁ,T)K—(p,V~T)K+<ﬁ,T~n>aK = 0, (4)
(V-B.)x +{(B-B) naqox = (d4)x- (5)
The numerical fluxes accomplish the linking of the discontinuous polynomial approximations (and

corresponding degrees-of-freedom) of the solution between neighboring elements. Summing over all
the elements,

(A_lﬁvT)Q_(pvv'T)Q+Z<ﬁvT'n>8K = 07
K

(V-B,0)q+ > (B=B) n.agox = (6,0)q -
K

By using the definition of jump and average operators and in turn, inserting the identity into
the previous equations yield:



0,
(¢7 Q)Q .

(A8, 1) = 0,V T)g + (Bl {mhe + ({B} . [T])e,
(V- B.0)q + ([a. {B - BYe + {a} .18 — B)e,
Separating the terms involving boundary edges, we obtain
(Aillgﬁ T)Q - (p7 V- T)Q + <Z/)\77- ’ n>FD + <ﬁa7- : n>FN + <15 [[ﬁT]Dgi = 0,
(V-B.0)g+ (a.(B=B) n)r, +{a.(B—B) nry + (L[aB-B)e, = (6.0)g, -

In the method proposed in [8], 9] (see also [I] for a general perspective), the following choice of
numerical fluxes is made

ﬁ:{p}a E‘\:{IB}'FOC[[])H, oné’i,
P =pp, §=ﬁ+a(p—pp)n, onlp,
p=n B-n=hy, on Ty,

where the penalty coefficient « is defined as o = &(h*)~!||A|| with & > 0, and, consequently, the
final formulation reads:

(A_l'@’ T)Q - (p’ V- T)Q + <{p} ’ [Tﬂ>gi

+({pn,T)ry = —(ppn, 7)1} (6)
(V-B.9)q — ({a},[BD)e; — (@, 8- m)ry
+(lq], e [pl)e; + (@, ap)rp, = (¢,0)q — (¢, hn)ry + (¢ apD)T) S (7)
which, more simply, can be written as
B(B,p;7T.q) = L(7,q), (8a)

B(ﬁ,p;T,q) = (A_l/gv T)Q - (pa V- T)Q + <{p}7 HTH>5,; + <Pn»T>FN
+(V-8,q9) — {a}. [BD)e, — (¢, B -n)ry + (lal, a [P])e; + (¢, ap)rp (8b)

L(T7q) = 7<pDna T>FD + (¢7 Q) - <Q7 hN>FN + <Q7apD>FD . (8C)

5 Dual-scale discontinuous Galerkin (DSDG) formulation

The dual-scale DG method is an approach to reduce the computational cost of DG methods. The
key idea is the introduction of a local problem, which is used to condense some of the DG degrees-
of-freedom over each element as a function of global unknowns which are associated with continuous
Galerkin discretizations.

5.1 Local mixed form

We return now to a variational formulation which is local to an element of the discretization.
Consider again the element-wise problem, which, from now on, we denote as local solver:

(A*IIB’ T)K - (pa V. T)K = 7<ﬁn7T>aK7 (9&)
(V-89 — (B nq)ox = —B-n,qox+ (6, k- (9b)



(8,p)

(B, D)

Figure 1: Left: Schematic representation of the local problem. Right: Illustration of A™L.

Here, for the sake of simplicity, we have considered the formulation in [9], but the same arguments
can be generalized to the case of the method proposed in [II, 23] [7]. The local problem can be viewed
as an element-wise DG problem in which the boundary conditions have been modified in order to
create a link between the traces of the DG solution and the traces of a global discrete solution field
that is less expensive to compute with, as shown in Fig. To achieve this goal, the numerical
fluxes are modified as follows:

P = Dtop(B-8)n, (10)
B = Btas(p-p)m. (11)
where a;, and ag are penalties, defined as
ap = apht||A] 7, (12)
ag = ap(h™) "' |All, (13)

with &,,&3 > 0 and , ||A|| is the Frobenius norm of A, coinciding with the eigenvalue Apax of
largest magnitude.

The terms P and 3 are the traces of a discrete approximation associated with an interpolation
different from the one of the base discontinuous Galerkin method. For example, we can introduce a
space of globally continuous, piecewise-linear functions for the pressure p and a standard Raviart-
Thomas space for the mass flux 3. In what follows, we will refer to this second set of interpolation
spaces as the coarse-scale (CS) degrees-of-freedom. Note that the idea of imposing weak continuity
between the boundary values of the pressure and mass flux of the DG and CS discrete fields is
connected to the Steklov-Poincaré method in domain decomposition (see, e.g. [33]). We obtain:

(A_lﬂvT)K - (pavT)K + <ap6'an'n>8K = _<p,T'n>3K + <apB‘an'n>t9Ka (143)
(v ' /87 q)K - <6 'n, Q>8K + <C¥Bpn7qn>8[( = _<B 'n, Q>3K + <Oéﬁﬁn,qn>3}( + (¢7 Q)K( )
14b



The local problem is built with the idea that the CS fields can be used as boundary conditions
in a weak formulation for the DG fields, with the purpose of designing a map between the CS
and DG degrees-of-freedom. More specifically, the local problem defines a map/transfer operator
Ty : M, — M, We can decompose the transfer operator into 70, associated with the homogenous
problem (¢ = 0), and a non-homogenous correction Tf}. Hence:

Tk () =Tk () + Th®

where @ is the discrete array associated with the source term ¢. In addition, we denote the global
transfer operator T, as the assembly of local transfer operators Tk ’s, that is To = AgeT, T, where
A denotes the assembly operator.

On each element, we denote the image of transfer operator Tx by R (Tk), a subset of the
DG trial space. Correspondingly, R (Tq) C M, is the image of the global transfer operator Tg,.
Similarly, we can define the homogeneous global transfer operator T and its image R(TJ).

In order to derive an algebraic problem linking the degrees-of-freedom of the DG and CS ap-
proximations, we introduce the local bilinear forms

aK (/677-) = (A_lﬁaT)K+ <ap/6'n7T'n>6K7

( T) = - (p7 VT)K )
¢k (B:9) = (V-B,9)x —(B-n,qox,
q)

di (p,q) = (agpn,qn)ox,
and
aK (ﬁvT) <OZpB"n,T'TL>3K,
bK (paT> = _<ﬁaT'n>0K;
CK (ﬁvq) = _<B'nvq>6K7
di (p,q) = (aspn, qn)ox,

and the linear form
Fr(q)=(9:0)g-

Using the shape functions associated with the DG and CS spaces, we can finally obtain algebraic
equations linking the local degrees-of-freedom of the two discretizations. To this end, we introduce
the matrices

Mg = ‘A&,K ]EK

, MK:[AK BK},
Cx Dx

Ck Dgk

where [&K]ab;ij = ak (Nqe;, Npej), [IEK](“,”; = EK (Ngei, Np), etc. These matrices are instrumental
in developing an algebraic transfer operator between the CS and DG solution. Denoting by Y g
the vector of degrees-of-freedom associated with the solution (p,3) over the element K, we obtain:

Y« :T(])(YK-FT?;FK R (15&)



where
T = Mz Mg, (15b)
T = Mg, (15c)

are the algebraic version of the transfer maps between the CS and DG degrees-of-freedom. The
algebraic transfer operators, since the stiffness matrix Mg associated with the well-posed base DG
formulation, is invertible by construction. The transfer map can be used in computations by means
of a static condensation procedure.

5.2 DSDG global formulation

Starting from the general mixed form [9] of the DG problem, which amounts to seeking (3,p) € M4
such that

B(B,p;T,q) = L(T,q), Y(T,9) € M4 (16)

we use the global transfer operator T to express

(ﬁvp) = TQ(IBC’pC)7
(T’q) = TS%(TQQC)'

The previous equations need to be understood as follows: (3,p) = Tq (8., p.) indicates that the
fields (3, p) can be generated by degrees-of-freedoms that are mapped through the transfer operator
T from the degrees-of-freedom associated with (3., p.). Then we can generate the DSDG problem,
in which we seek (8., p.) € M., such that

B (TQ (,6c>pc) ;Tg (TC7QC)) =L (Tg (Tca QC)) > V(TC, QC) eEM.. (17)

This formulation represents the key strategy in simplifying the DG problem to a simpler problem
of finding the solution in terms of the CS degrees-of-freedom. Equivalent variational statement are:

Seek (3,p) € R (Tt), such that

B(B,piT,q)=L(T.q), Y(r,q) €R(Ty), (18)
Seek (B,p) € R(T§), such that

B(B,p;7m.q) =L (r,9), V(T,9) € R(Tg) , (19)

where L° (7,q) = L (1,q) — B (Tg@; T, q).

5.3 Assembly

Whenever the DG degrees-of-freedom appear in the local assembly matrices, they can be replaced
through the transfer map using the CS degrees of freedom. Analogously, we use the transfer
operator to transfer the DG test space to the space, by applying T% to the vector of test function
degrees-of-freedom W, that is,



Wi = T% Wk

In the final assembly of the local matrices, the connectivity data structure of the CS method is used
in place of the DG one, with a substantial reduction in the number of degrees-of-freedom. Note also
that once a CS solution is computed, the DG solution can be post-processed using once again the
CS-to-DG transfer map. This strategy has similarities with the variational multiscale DG method
proposed by one of the authors in [24] and hybridizable DG methods, proposed a few years later
in [I5].

Because in DG methods the shape functions relative to an element are supported (i.e., non-zero)
only on that element, it is possible to give a global algebraic interpretation to the strategy pursued,
once the full assembly of the system is considered. If Ak is the elemental (local) matrix associated
with the DG method described in Section [4] the global system can be assembled as:

Assemble [W}; (T(I){)T Ag (']I‘?(YK + ']I‘}*}FK)} = Assemble [W}; (']I‘(])()T FK] (20)
and, once the assembly is performed,
W (1%) " ATLY = w7 (19)" (1 - Aqrg) F, (21)

where A is the global matrix associated to the original DG formulation, TV is the global transfer
operator from the CS to the DG degrees-of-freedom, and we indicate by B” the transpose of a
matrix B. Observe that the new algebraic system considered has a reduced global number of
degrees-of-freedom with respect to the original DG algebraic system. Also observe that while the
global algebraic equation provides a general interpretation of the proposed method, it is never
implemented as is, but instead is used in computations.

6 Multigrid interpretation of the DSDG method
The DG formulation leads to the algebraic system

AY =F

where A is the stiffness (Jacobian) matrix, Y is the DG degree-of-freedom vector and F' is the
right-hand-side vector. The corresponding DSDG formulation leads to

TTATY S =TT F-T" ®

where T is the assembly of local transfer operator matrix of size (DG global DoFs) x (CS global DoFs),
Y% is the CS degree-of-freedom vector and ® is the vector of transferred right hand side term
calculated from the term B (Tg@;Tg (T,q)) in . Defining F' = F — ® and A“° =TT AT,
we can equivalently write

ACS yCS _ T O

Introducing the algebraic residual
r=F—-AY

10
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Figure 2: Multigrid illustration

we can correspondingly write
rCS =17 = 7 (FO - ATYCS) .

Then the DSDG approach can also be described as a one-level V-cycle multigrid scheme [10] as
shown in Figure [2, where Y is interpreted as fine scale solution, Y9 is interpreted as the coarse
scale solution, T is treated as the restriction matrix and T is treated as the interpolation matrix.
Namely:

1. Relax AY = F', with initial guess O.

2. Compute r =F — AY = F.

3. Compute 75 = Ty,

4. Solve the coarse solution A“SY ¢S = €S,

5. Correct the fine grid solution Y = TY S + &.

Notice that unlike in regular multigrid methods, the DSDG method uses the same map for the fine
and coarse grids but with different degree-of-freedoms.

7 Preliminaries: Analysis of the base DG formulation [9]

We begin by recalling a number of fundamental results on the well-posedness of the base DG
formulation [9].

Proposition 1 (Consistency/Galerkin orthogonality). Let (8.,p.) be the exact solution to and
(B,p) € My the discrete solution to , then ¥V (T,q) € M4, B(B, — B8,pe — p;7,q) = 0.

Proof. Substituting the exact solution (3., p.) into the global DG formulation, we get:

B(ﬁmpe;Tv Q) = (AilﬁmT)Q - (pe7 V- T)Q + <{pe}a [[T]]>51, + <peTL,T>1"N
+ (V- Be; Do = ([Bel {ah)e, = (B - n, vy + (alpel [al)e, + (ape, @)y, - (22)

11



Integrating by parts and using the identity yield:
B(B.,pe;Tq) = (A7 B, T)a + (Vpe, T)a — (pen, T)1
+ (V- Be, D)o = ([Bc], {a})e, — (B - n, q)ry + (alpel, [q]) + (ape, g)rp - (23)
Since the exact solution satisfies [p.] = 0 and [B,] = 0, the bilinear form simplifies to
B(Be;pe;T,q9) — L(T,9) = (A7 B + Ve, T)a + (V- Be — ¢, 9)a
+{(pp —pe)n, T)rp, — ((hv — B-n), ¢)ry + (a(pDp = Pe), v, =0. (24)
Then 3., p. satisfies the DG formulation , and, consequently
B(B, — B,pe —p;7,p) =0, (25)
implying that the global DG formulation (8] is consistent. O
Proposition 2 (Uniqueness). For & > 0, then, if the solution to exists, it is unique.

Proof. Due to linearity, proving uniqueness is equivalent to show that the only solution of the
homogenous problem (pp = 0, hy = 0, ¢ = 0) associated with is the zero solution (8 = 0 and
p=0). Summing @f@, with the substitutions 7 = 8 and ¢ = p, yields

(A7'8,B)a + ([Pl e [pDe, + (p,ap)r, =0. (26)

Since o > 0 and A is positive definite, then all the three terms in the previous equation are non-
negative. Then the only possibility is that all three terms vanish, which implies that 8 = 0 on
the interior of the domain, [p] = 0 on the interior edges, and p = 0 on the Dirichlet boundary.
Substituting these back into (@, we have

_(pv V- T)Q + <{p}7 [[T]]>5i + <pn7T>FN =0. (27)
Integrating by parts and using we obtain
(VP7 T)Q - <[[pﬂ7 {T}>€i - <pan>FD = (Vp,‘l’)g =0, vT. (28)

Hence, Vp = 0 over the interior of the domain, which means that p is constant. Because of the
homogenous Dirichlet condition p = 0 and the jump condition [p] = 0 implies that p = 0 over the
entire domain. Hence p = 0 and 3 = 0 for homogeneous conditions. O

Proposition 3 (Coercivity). There exists a constant cy,, such that, ¥ (8,p) € M 4,
cLB (B, B,p) = A28l + (W) 2| AI 2 []lle\ry -

Proof. Following the steps in the proof of Theorem [2] the DG bilinear form can be simplified to

B(B,p:B,p) = (A'B,8),+ (elp], [pDe 1y
= (A7'8,8), +al|All/h [p]. [P)e ry
IA=2B]lq + &l (hH) 2| AV 2[p) e\ ry -

We conclude by taking ¢, = 1/ max (1, &). O
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The existence of the solution can be proved by establishing an inf-sup/LBB-type condition, as
shown in [9]. The proof is actually almost identical to the proof of Theorem [} which we state later
in the context of the DSDG method.

Proposition 4 (Conservation). The base DG formulation is both locally and globally conservative.

Proof. Applying the test function (7 = 0,¢ = 1) € M, (K) to the elemental variational DG
formulation 7 yields

(VB 1)+ (BB n.Lox = (¢,4) -
Integration by parts yields

(B-n, ok — (B, V1) +((B—B) -1, or = (¢, 1) ,

that is R
B-m Dok =(d,1) - (29)
Hence, the base DG method is locally conservative with respect to the numerical flux B. Summing
over all elements yields
(B-n,1)sxnaon=(01)q,

which is a global statement of conservation. U

8 Analysis of the dual-scale DG method

The general idea and theme in the analysis of the DSDG method is to first discuss the properties of
the transfer operators and show they are injective and have fixed points. Then, in a second stage,
these local properties are used to prove statements of consistency, conservation, and well-posedness
of the overall DSDG formulation. In particular, the well-posedness of the global formulation will
be proved introducing and proving a LBB/inf-sup condition on the range of the transfer operator.

Proposition 5. Let Apnax be the largest eigenvalue of the symmetric positive definite permeability
tensor A. Assume &p > Amax/2 and &g > 1/(2 Amaz), then there exist a unique solution (3,p) to

the local problem ([14a))—(14b]).

Proof. We adapt here a proof from [§]. Because we are in the case of finite-dimensional discrete
spaces, the existence and uniqueness for the solution of the local problem is equivalent to showing
that 8 = 0 and p = 0 is the only solution of the homogenous problem (i.e., with 3 = 0, p = 0.

Setting B =0, p =0 and ¢ = 0 in (14a)—(14b)), we obtain:

(A71ﬁ7T)K - (pa V. T)K + <apﬁ n,T - n>8K = 07 (30)
(V : IBaQ)K - </6 : naQ>[‘)K + <aﬁp7Q>[‘)K = 07 (31)

which hold for any 7 and ¢. Taking 7 = 8 and ¢ = p, we have

(A'8,8)k — (0, V- B)k + (,B-1n, 8 -n)or =0, (32)
(V-B.,p)k — (B -n,p)ax + {agp,p)ax =0, (33)

13



which, when summed, result in
(A™'8,8)k — (B-n,pok + (B -1, B n)ox + (agp,p)ox = 0. (34)
Substituting the definition of penalty terms 7 into , we also get
(A™'B,8)x — (B-n,p)ax + (Gph™|Al| 781, B-n)ox + (ap(h™) " [|Allp,plox = 0. (35)
We now introduce the identity
(B-n.pox = ()28 -n, (W) ?p)ox
(hH)B - n.B - n)ox + ((h)"'p, p)ox)

(WH)Y23 - m — (B2, (W5)28 - — (hH) " Pp)ax (36)

1
= 5 ((
.
2

which, substituted into , yields

(A7'B.8)k + 5 <(hL)1/26 n— (B) 2, (h)28 - — (W) p)ox
+<(hl)(04p\|A|| ' =1/2)8 - n,B-n)ox + (h) " (apl|All = 1/2)p.plox = 0. (37)

The first two terms are non-negative, and to guarantee the third and fourth terms are non-negative,
we need to require &, > |[|A]|/2 = Amax/2 and ag > 1/(2||A|]) = 1/(2Amax), respectively. Under
these conditions all the terms in are non-negative, and they have to add up to zero, implying
that 3 = 0 in the interior of K, and 3-n = 0 and p = 0 on the boundary. Substituting these
results back into , we derive that (p, V - T), = 0, which, combined with the fact that p = 0 on
the boundary implies that p = 0 everywhere on K. O

Corollary 1. Assume the conditions of Proposztwn@ hold, and that ayag # 1. Then the local
transfer operator associated with (-) (-) s tnjective.

Proof. Recalling the definition of the transfer operator from Y g to Y, we can define Y. K =
T%Y 1.k + T® “Fr and Yox = T Yo i + T¢ “Fr and observe that Y. x = Y. implies that

'IFO Yik = ']I‘0 Y.k, that is M~ 1M Yix =M M Y. k. Now, M is bijective by Proposition l
SO that the previous equality collapses to M Y. K= MYg .k- Then the injectivity of the transfer
operator boils down to the injectivity of M, which can be equivalently stated by saying that

—(p1, T Mok + (B -, T Yok = —(D2, T Mok + (apBy - M, T - N)ox (38)
—(B1-n,q)ox + (a1, Q)ox = —(B2 M, Qox + (apP2; Qox (39)
hold for any ¢ and 7. Let us choose 7 -n = ¢ and consider the sum of (39) and the product of ag
and (38), and, conversely, the sum of and the product of o, and (39). We obtain
(apag —1) (P1 — P2, Q)ox
(pag — 1) {((B1 — B2) - m, Qo =

Observing that the mass matrices associated with the variational statement are invertible, and
using the assumption that apag # 1 we conclude that p1 = pa, that is the degrees-of-freedom

0,
0,
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associated with p; and py coincide. Condition is equivalent to 3; = B, in the case of RT?
spaces, while the case in which 3 € (P1(K))™ is more subtle. In fact, in the latter case, condition
, for triangular elements, produces a system of three equations in three unknown degrees of
freedom for the vector AB = B, — B,, and of four equations in four unknowns in the case of
tetrahedral elements in three dimensions. Due to the properties of the orientation of the outward
normal in convex simplexes, these equations are solvable and lead again to AB3 = 0. Hence we infer
that 171;1{ = 172;;(, which concludes the proof. O

Corollary 2. Assume that all local transfer operators Tk with K € Ty, are injective. Then global
transfer operator To, = AxeT, Tx is injective.

Proof. By contradiction: Assume that T, is not injective, then, by the way it is constructed, there
must be a K € Tj such that its corresponding Tk is not injective, which is a contradiction. O

Proposition 6 (Consistency). If the DG formulation is consistent, then the corresponding DSDG
formulation is consistent, that is, ¥ (7, q) € R(TS), B(B, — B,pe — p;7,p) = 0.

Proof. This is a direct consequence that the base DG formulation is consistent, since R(T9) is a
proper subspace of the base DG space M 4. O

Proposition 7 (Consistency of the local problem). The exact solution (B,,p.) to satisfies the
local problem (@—(@) on each element and the boundary conditions.

Proof. Since (8., pe) is the exact solution, then on each element we have

(A7'B. + Vpe,m)k =0 (42)
(V ’ﬁe,q)K = (¢7Q)K (43)
Integrating by parts, and adding and subtracting (3, - n, ¢)sq, we derive
(A8, 7))k — (pe, V- T)& + (De, T - n)or =0 (44)
(v : ﬂe7 Q)K - <ﬂe ', Q>8K + <186 ‘N, q>6K = <¢7 q)K (45)

Substituting 3 = B8 = B,, p = p = p. into —, we get P = pe, ,fi = (.. Hence, identifying
p =p. and B = B,, we have

(A_lﬂev"')K = (pe, V- -T)g + (B, T -n)ox =0 (46)
(V- Bed)x — (B -1, dox + (B n.q)ox = (6,9 K (47)

Hence, the exact solution (8., p.) satisfies the local problem. If we rewrite the local problem as
Bioe (8,0;T,q) = Lioe (T, q), then we have V(7,q) € M4 (K)

Bioc (Be — B,0e — P; T,q) = Lioc (T,q)  (Galerkin othogonality)
O

Corollary 3 (Fixed point property). For any constant ¢, (3 = 0,p = ¢) is a fixed point for the
homogeneous part TS of the local transfer operator, and also the homogenous part T3 of the global
transfer operator.
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Proof. First, observe that (8 = 0,p = ¢) is an exact solution to the global problem (with zero
source term and constant Dirichlet Boundary condition equal to ¢). Proposition [7] implies that
(B =0,p = c) is also solution to the local problem by setting 3 =08 =0,p=p = c and ¢ = 0.

Now, (8 = 0,p = ¢) € M, which means (8 = 0,p = ¢) can exactly be expressed by shape
functions either in M. or M 4. Applying the definition of local transfer operator — on
each element, we can derive that the degrees-of-freedom satisfy Y = Y = [0,c|?. Therefore,
(B =0,p=c) is a fixed point of the homogenous local transfer operator.

Summing the previous results over all the elements, (3 = 0,p = ¢) maps to itself through the
global homogeneous transfer operator 7. Hence it is a fixed point of Tg. O

8.1 Stability (existence and uniqueness of the solution) for the global
problem

Theorem 1 (Inf-sup condition). For any (3,p) € R(T3), there exists a constant ¢ > 0, such that

B(B8,p;T1,q
ol < sup ZBETD
(rerm T dlll

)

where
118, pll1> = IAT2BI3 + | A2VplE, + [|(hH) 2 A [l E 1y -

Proof. The theorem can be equivalently stated as: V (8,p) € R(TQ), there exists a constant ¢ > 0
and (B,p') € R(TY), such that
B(B,p; B, p')

eyl

In what follow, we are adapting to the DSDG setting the proof developed in [I2] for a standard DG
method. We will also need the following

cll1B,pll| <

Lemma 1 (Trace inequality). V7 € Vd, der € RT, independent of the mesh size, such that
{7} 1By + IRy < erllh™P7lq.
On the other hand, VT € (Hl(K)d, Jder € RT, independent of the mesh size, such that
1) By + 1Ly < er (A2l + 0270
Lemma 2 (Coercivity). For any (3,p) € R(TQ), there exists a positive constant cy,, such that

LB (B,p;8,p) = [|IABlla + I(A) 72| AIM 2 [p v ry

Proof. Since R(T3) C M, the DSDG statement of coercivity is a special case of the general
statement of coercivity of Proposition [3] O

First, integrating back by parts the variational forms @—, we obtain

(A_lﬂﬂ')g +(Vp,T)g — {7}, [PDexry = 0,
—(B,Va)q + ({8} ldD)e\ry + (alpl, [aDe\ry — {arDs @)1 — (v, @)y = (9:0)q
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so that the DG bilinear form can be recast as:

B (57p;7-7q) = (AilﬁvT)Q + (vp7 T)Q - <{T} ) [[p]DE\FN - (57Vq)ﬂ

+ {8} laDevry + (elp], [al)e\ry - (48)
By the definition of the bilinear form, we can write
IAY2Vpllg = B(B,p; AVD,0) — (B, Vp)g + {AVD}, [p])e\ry » (49)

The third term in can be bound using Young’s inequality (i.e., the e-inequality with e = 2):
]. _ €1
(8. VP)al < 5147 2Bl + 5 1AV VPl (50)
Choosing T = h'/2AVp in Lemma 1] we derive

|W2 LAV D} 2\ ry < 1012 {AVD} I\ ry + B2 IAVE] Iy < e AP -

The last term in can be bound using, in sequence, Young’s inequality, the trace inequality, and
the Cauchy-Schwartz inequality:

cTr _ 5 _
[({AVD}, [PD)evry | < EII(hL) VAL [[p]]llﬁ\p,v+é\lh”2\m”2ll "{AVD} IR\ ry

cr _ €262 _
< R T2IAV | PRy + [I|AY2]| = AVp|3

2; Eh
cr - €282 _
< gu(hl) VAN [PllZ ry + T|I(||A1/2|| LAY AY2pl2,

cr _ €265C
< QH(hL) V2 A2 [pDE ry + 5 IAY2Vpld,

where & is found in and the C € R* is such that Vr, ||(|JAY?|'AY)) 7|2 < C|7|3 .
Combining all these bounds, we have

IAY2VplI < B(B,p; CLAVD, 0) + Col A™2BI3 + Call (b ) 72 A2 [p] 3 ry -

where for €; and €5 sufficiently small:

3 =
261 ’ 262

~\ —1 ~ ~
~ ( €1 62£Qc> 7 CN’ Cl é CTC1

From the definition of the triple norm, we have
118, pll1> = [IA728I13 + |A2VplIg + [|( ) 72 [|AY2 ] [p] 12 1y
(14 Co)|ATY28]§ + B(B,p; C1AVP,0) + (1+ Cy)[|(h) " |AY? | [p] 13\ 1y
B (ﬁ,p; C1AVp, 0) + (1 4+ max{C>,C3})B (B, p; B,p)
B(B,pB,0), (51)

INIA

IN
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where

B'= CiAVp +18,
=,
v= 1+ max{C’Q7 C’g} ,
and (8',p') € R(T), by the following
Lemma 3. For any q € R(Tg) ﬂ'Pl(Q), there exist T = AVq in R(TS%) ﬂPO(Q)-

Proof. First observe that AVq is constant on each of the elements of the mesh discretization since
q € R(TS)NPHQ). Applying Corollary we also know that a piecewise constant vector field is a
fixed point of the homogenous transfer operator for the flux. Then it follows that 7 = AVyq. O

By the definition of triple norm and Young’s inequality , we have

118 PIIP = A28 + A2V |1 + ()2 A2 [T
= [|[AT2(C1AVD +48) (14 + VA2 VplE + [vh ) T2 AV [p]1IE 1y
= CHAY>VplE + 2| AT 2B + 2C17(Vp, B)a + 12| AV VI3,
+ 2R ) T2 A2 [pD 12
(CF+ Cry + PIAY2VpIE + (Cry + YD)IAT2BIE + 42 1) T2 A2 P11 E
< (CF+ Cry+) 118, pll)?

Combining this result with , we have

VANEYAN

B(8.p:8.0) = 18.plI = e 118,211l 113 #']I (52)
that is
B(B,p; 8,0
18, pll| < ZBEP) (53)
IEaZD

with ¢ = \/C? + C1y + 72 and (B,p) € R (I8). O

8.2 Continuity

Proposition 8. The bilinear form B (B,p;T,q) is continuous in the norm ||| -, ||,

B(B,p;7.q) < cll|B,plll [, 4lll- (54)

Proof. Let us first recall the definition of the bilinear form from , and integrate by parts the
inter-element boundary terms:

B(B,p;7,q) = (Aflﬁﬂ')ﬂ +(Vp, 1) — ({7}, [[P]De\rzv
(B.Va) — ({8} lahevry — (ldl, @ [p)e; — (@, @p)r), - (55)
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All the terms in the bilinear form can be bounded using the Cauchy-Schwartz and trace inequalities.
Namely:

(A'B,7), < A8l AT rllo < 1182l [T, gl
(Vp.T)q < [AY2Vp| |A~Y 2] < |lIB.pll| [I7. gl
(Va.B)q < [AY2Vq| |A28] < |18, pll ]I, qll
and

{rh IDery < &IRVZIAITY2 {7} evry 1B 2 A2 [p] e\ ry
< &Cor|A 27| [|h 2| A2 [p] e\ ry
< c[lIB,plll 7 4qlll

{BY. lalexry = cllIB.pll |7, 4lll

(@lpl, ld)evry < el A ol ry 102 {AY 2 [alllevry < clllB.pll] 117 alll -

Combining all these results, we conclude the proof. O

8.3 Convergence

Proposition 9 (L?-projection error). Assume the analytical solution 3 € (H™) andp € H™, then
the L?-projection m, error satisfies

708 = Bllx < ch*® ™" (B
lmnp = plli < ch®~*pl,

sg ?

where 0 < sg < min (pg + 1,78) and 0 < s, < (pp +1,7).
Proof. See for example [12] and references therein. O

The solution error in 3 and p can be decomposed as the sum of the error between the exact
solution and its corresponding L?-projection and the error between the L2-projection of the exact
solution and the numerically computed solution. Namely

ﬂ_lgh: nﬁ+e,6a
D—Ph= Npteép,

where
N = B—mnB,
Mp = P — TwP,
and
eg = mB— LB,

€p = ThP — Ph -
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Theorem 2. (Convergence) Assume the analytical solution B € (H™) and p € H", then the error
norm satisfies

118 = B —palll < e (12 1Bl + 1% b)) .
where 0 < sg < min (pg + 1,78) and 0 < s, < (pp, + 1,7).
Proof. From Proposition [9] we have
Ingll < ch*e |8, |
[ngl < ch M8, |
Il < kv o,

mpl < ek~ Hp|,

Using the trace inequality (Lemmall)) and classical arguments (see also [12] for more details), it is
not difficult to show that

lmgsmolll < ¢ (181, + " 1ol ) -

The numerical error can be bound using the inf-sup condition and the continuity and consistency
properties

B(eﬁae[);T7q)
es,e < ¢csup——mmm——=
lles eIl e el
< eswp B (ng,np; T,4q)
- [, qll
< clling,mlll -
We conclude with the triangle inequality:
1B =Br,p—pulll < ng mplll + llles, el
< cllngs eplll
< ¢ (hsﬁ |ﬂ|55 + hSp—l |p|sp> )

8.4 Conservation

Global conservation is easily proved by noticing that the constant test function is a fixed point for
the global transfer operator, and using the statements of conservation already proved for the base
DG method. The case of local conservation is more delicate, and will be proved using an approach
that bears some similarities to [22].

Proposition 10 (Global conservation). The DSDG method is globally conservative.
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Figure 3: One-dimensional patch test on a mesh of 16 elements. P!-CS indicates the coarse
component of the solution, while P'-DG indicates the post-processed discontinuous solution from
the P1-CS component.

Proof. Substituting the test function (7 =0,¢ = 1) € M into the DSDG formulation yields:
B (8,775 (0,1)) = L (T3 (0,1))
Applying Corollary [3] on the fixed point properties of the transfer operator, we have that
B(B8,p;0,1) = L(0,1)

We conclude by applying Proposition [, which implies that the DSDG method is globally conser-
vative. O

Proposition 11 (Local conservation). The DSDG method is locally conservative.

Proof. Consider a subdomain w C €2, composed of the union of adjacent elements. Consider now
a test function associated with the coarse space, which is zero outside of w, and equal to unity on
a subset w® C w of elements that do not have any node or edge on the boundary dw. This test
function qualitatively looks like a bump over w. The precise shape depends on whether the space
of linear polynomials P*(K) or RTY is used for the coarse space.

Let us assume now to enrich this test function by adding locally supported discontinuous test
functions that allow to reconstruct a constant over the entire set w. Applying similar arguments to
Proposition [I0} we can conclude that the fluxes built on the augmented test function space must
be conservative. This argument is valid for an arbitrarily small domain w, which may coincide with
a single element, hence, with respect to the proposed construction, the DSDG method is locally
conservative. O

9 Numerical tests

In the following, a number of numerical tests are performed to evaluate the performance and features
of the proposed method. For comparison, the base DG method with @ =2.001 will also be used.
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Figure 4: Smooth sinusoidal one-dimensional test on a 16-element mesh. 7P!-CS indicates the
continuous component of the solution, while P-DG indicates the post-processed discontinuous
solution. Note the reduction of the error in flux using the DSDG method, with about half of the
number of degrees-of-freedom of the original DG method.

The tests presented in what follows are chosen to highlight robustness and accuracy under smooth
as well as sharp gradients and material discontinuities.

In what follows we will indicate with DSDG-RTy the DSDG method in which the coarse scale
space is defined by means of RT, elements for the flux 8 and continuous P' finite elements for the
pressure p, and with DSDG-P! a DSDG method, in which not only the pressure, but also the flux
variables is defined by means of continuous P! finite elements.

9.1 One-dimensional tests with the DSDG method

In testing the DSDG approach in one dimension, we discovered that we can safely choose a = 0,
which means there is no stabilizing penalty term for the interior interface and boundary conditions.
This is somewhat surprising, since, for a DG method, this choice will produce an algebraic problem

that is singular.
Our understanding is that the CS-to-DG scale transfer operator also acts as a stabilization term,
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Figure 5: Hyperbolic tangent test with sharp gradients, on a 64-element mesh. Note also in this case
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of the base DG method.
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(a) Base DG. (b) DG component post-processed from DSDG solution.

Figure 7: Smooth, periodic two-dimensional test: Pressure. The DG post-processed solution is
obtained from the DSDG-RT) using the local transfer map.

an aspect that warrants further investigations on our part. The penalty stabilization terms in the
local transfer operator computation are chosen to be a, = 1 and ag = 1.2, respectively (a choice
that satisfies the well-posedness discussed in Proposition .

9.1.1 Patch test

The first test is a consistency test for the formulation, a “sanity check.” The domain is = [0, 1],
and the scalar mobility is A = 2. The mass source is zero, that is ¢ (x) = 0, a homogenous pressure
Dirichlet boundary condition, p (0) = 0, is applied at z = 0, and the Neumann condition § (z) = —2
is applied at x = 1. This setting leads to the exact solution

p(x) = =z,
Bx) = -2,

which, as shown in Figure[3] is correctly captured by the DSDG method, within machine precision.
This test is the equivalent to a one-dimensional patch test in standard finite element formulations.
We also note that Lemma [3] ensures with a mathematical proof that the proposed method satisfies
a patch test. For this reason we do not show multidimensional patch tests in what follows.

9.1.2 Smooth solution test

This test involves a smooth solution and is performed on the one-dimensional domain [0, 1] with
mobility A = 2. The source term ¢ () = —872sin (27x), and boundary conditions p (0) = 1 and
B (1) = —4x complete the setup. The exact solution for the pressure/flux pair is:

p(x) =1+sin(27z),

B (z) = —4mcos (27x) .
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Figure [4] shows that the DSDG method captures the exact solution correctly. In particular, it is
also easy to appreciate that the DSDG method is superior to the base DG method in capturing the
flux 3.

9.1.3 Convergence tests for solutions with sharp gradients

A more challenging test, involving sharp gradients, is presented next. Again, Q = [0,1] and A = 2.
The exact solution is given by

p(@) = 5 tanh ey (o — )] — 5 tanh ez (0 — 22)]

B(z) =c tanh? [er (x —21)] — 2 tanh? [co (x —x2)] +c2—c1,

with
Cc1 = 16, Cy = 647 Tr1 = 2/5, T = 3/4

This solution is obtained with the method of manufactured solution, imposing an appropriate source
term, not reported here for the sake of brevity, and the following Dirichlet and Neumann conditions:

2.7608 - 1076,
B(1) = —29358-107".

i

—~
o

=
Il

9.2 Two-dimensional tests for the DSDG-RT; method

We select o = 2.001. The penalties in the local transfer operator are oy, = 0.9 and ag = 1.0.
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Figure 9: Geometry and material properties for the S-shaped domain test. A; and A5 indicate the
mobilities in different regions of the domain, with Ay >> As.

9.3 A smooth periodic test

The first two-dimensional test to be considered is defined over the domain of unit area Q = [0,1] x
[0,1], with A = I, with a source term

é(x,y) = 3272 cos(2mz) cos(2my) sin(2mz) sin(27y)

p(z,y) = cos(2mz) cos(2my) sin(27z) sin(27y) ,

Blz,y) =

)

27 sin(2wx) cos(2my) sin(2wx) sin(2my) — 27 cos(27x) cos(2my) cos(2mx) sin(2my)
27 sin(27y) cos(2mz) sin(27x)sin(2wy) — 27 cos(2mx) cos(2my) cos(2my) sin(27x)

so that the exact solution for the pressure/flux pair satisfies homogenous Dirichlet boundary condi-
tions. The solution is plotted in Figure[7] which shows that the post-processed DSDG discontinuous
pressure solution closely matches the solution of the original DG method. The convergence rates,
presented in Figure[§] are similar to the one-dimensional case, with the pressure being second-order
accurate and the flux being first-order accurate.

9.4 S-shaped domain test

The computational domain for this test is sketched in Figure [0 and is divided into regions of
different permeability (i.e., mobility). The mobility is Aj 2 = A; oI, that is, regions indicated by
the number 1 have mobility A; = 100, and regions indicated by the number 2 have mobility Ay = 1.
As shown in Figure [0} homogenous Neumann (flux) boundary conditions are used on the entire
boundary, except the inlet and outlet, which are instead Dirichlet boundaries with the pressure set
equal to 10 and 0, respectively.

The solution is computed on a grid of size h = 0.05. Due to the specific distribution of mobilities,
the flow follows a S-shaped path inside the domain (see also Fig. . Figure shows the pressure
distribution for the RTy component of the solution and the DG post-processed component of the
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Figure 10: S-shaped domain test: Pressure. The post-processed DG component is obtained via the
DSDG local map.

solution. Figure shows the x- and y-components of the mass flux. It is important to notice
that the flow does not penetrate the internal corners between Region 1 and 2, avoiding a spurious
feature common to numerical methods lacking physical correctness.

Figure [[4] shows the flow direction and the pressure isolines: Note the mass flux vector is
virtually tangent to the interfaces between Region 1 and 2. This is expected, since Region 2 has
much lower permeability (flow mobility) than Region 1 and acts as a nearly impermeable layer.
The S-shaped domain problem is a non-smooth test for robustness and physical accuracy of the
proposed DSDG approach. It indicates that the proposed method is effective in capturing the
salient physical features of the solution, even on relatively coarse grids.

9.5 Numerical Tests with the DSDG-P! in two dimensions
As in the case of the DSDG-RT( method, we select again a = 2.001 for the DG penalty and o, = 0.9
and ag = 1.0 for the penalties in the local transfer operator.
9.6 A smooth periodic test
The domain is of unit area Q = [0, 1] x [0, 1], with A = I and a source term
¢ (x,y) = 3212 cos(27x) cos(27y) sin(27x) sin(27y)
so that the exact solution for the pressure/flux pair is given by

p(x,y) = cos(2mx) cos(2my) sin(27z) sin(27y) ,

B(x,y) =

27 sin(27x) cos(2my) sin(2nz) sin(27y) — 27 cos(2mx) cos(2my) cos(2mx) sin(27y)
27 sin(27y) cos(2mx) sin(2mx) sin(27y) — 27 cos(2mx) cos(2my) cos(2my) sin(2mx)

To preserve periodicity, homogenous Dirichlet boundary conditions are imposed on the pressure.
Figure shows that, also in this case, the post-processed DSDG discontinuous pressure solution
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Figure 11: S-shaped domain test: Flux. The post-processed DG component is obtained via the
DSDG local map.

closely matches the solution of the original DG method. The convergence rates, presented in Figure
, are similar to the one-dimensional case, with the pressure being second-order accurate and
the flux being first-order accurate.

9.7 S-shaped domain test

Also in the case of the DSDG-P! method, the solution is captured correctly for the S-shaped domain
test, as shown in Figure [T5

9.8 Flow in a domain with a low permeability obstruction

A domain Q = [0,1] x [0, 1] is divided into two regions: A center region Q. = [3, 3] x [}, 3] with low
mobility A = 1073I and a surrounding area with higher mobility, A = I. The boundary conditions
are

p= 1 left boundary,
p= 0 right boundary,

B-n= 0 elsewhere.

The mesh is obtained by splitting each of the square elements of a 40 x 40 grid into two triangles.

Results are shown in Figure where it is easily noticed the smooth character of the flow,
which bypasses the obstruction. The results of the DSDG method are actually very similar to the
base DG method, with a considerable reduction in computational cost.

9.9 Random mobility

The domain geometry and boundary conditions are identical to the previous test. The mobility is
A = AI, where A is piecewise constant on a uniform grid of 10 x 10 square elements and whose values
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Figure 12: Periodic, two-dimensional smooth solution test with the DSDG-P! method. Left: Pres-
sure for the base DG method Right: The post-processed DG solution is obtained from the DSDG
using the local transfer operator .

are generated by means of a log-normal distribution of zero mean and unit standard deviation.
The numerical results in this test involving heterogenous permeabilities are shown in Figure [I7}
where we observe that the DSDG and DG solutions are very similar.

9.10 A domain with a circular impermeable obstruction

The domain is again Q@ = Q = [0, 1] x [0, 1]\, where Q, is a circular hole with center (0.5,0.5)
and radius 0.2. The boundary conditions are as in the previous two tests. The mobility is A =T
over the whole domain. Results are shown in Figure

9.11 Numerical Tests for DSDG-P! method in three dimensions

We again select v = 0, and the penalties in the local transfer operator as a;, = 0.9 and ag = 1.

9.12 Flow in a domain with a low permeability obstruction

The domain is the unit cube © = [0,1] x [0,1] x [0, 1], divided into a center region Q. = [3, 3] x

[%, %] X [%, %] with mobility A = 10721 and a surrounding area with mobility A = I. The boundary

conditions are

p= 1 left boundary,
p= 0 right boundary,

B-n= 0 elsewhere.

The result is shown in Figure [I9] Conclusions analogous to the two-dimensional case hold.
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10 Summary of main results

We have proposed a new method with computational cost analogous to continuous-type discretiza-
tions, but with performance and accuracy very similar to discontinuous Galerkin formulations. We
provided stability, convergence and conservation analysis for the DSDG method by introducing a
transfer operator between DG and coarse scale degrees-of-freedom. We performed extensive testing
in the context of Darcy flow, demonstrating robustness, accuracy, and physical correctness of the
solutions.
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