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1. Introduction 

X-ray crystallography is one of the primary means for deducing the 3-D atomic 
structure of biomolecules and small biomolecular assemblies (Smyth 2000). 
Tantamount to the success of this approach is crystallization of the desired species. 
When crystallization is not possible, nuclear magnetic resonance (NMR) and cryo-
electron microscopy (Cryo-EM) are viable options. NMR is mainly useful in the 
smaller protein regime, although medium-sized proteins are beginning to be tackled 
(Wüthrich 2001). Cryo-EM works well in the protein assembly regime; however, 
resolution is significantly reduced compared to X-ray crystallography and NMR 
(Costa 2017). 

When other options are not available, X-ray scattering appears to be a possible 
alternative, whereby the one-dimensional radial distribution function (RDF) of the 
electron density is obtainable. However, the RDF is significantly less informative 
than a 3-D electron density derived from X-ray crystallography. Therefore, it is still 
an unsolved problem if it is possible to derive protein-level models from RDFs. In 
this work, we test two techniques and three strategies for computing the RDF from 
known structural data and compare against experimentally observed X-ray RDF 
data. 

2. Theory 

2.1 Radial Distribution Function (RDF) 

The Fourier inverse of the X-ray scattering function (Keen 2001) is estimated from 
a model as a pairwise summation, 

 𝐺𝐺𝑥𝑥(𝑟𝑟) = ∑ 𝑐𝑐𝑖𝑖𝑐𝑐𝑗𝑗
𝐾𝐾𝑖𝑖𝐾𝐾𝑗𝑗

�∑ 𝑐𝑐𝑖𝑖𝐾𝐾𝑖𝑖𝑛𝑛
𝑖𝑖=1 �2

𝑛𝑛
𝑖𝑖,𝑗𝑗=1 �𝑔𝑔𝑖𝑖𝑖𝑖(𝑟𝑟) − 1�, (1) 

where 𝐾𝐾𝑖𝑖 is the effective number of electrons for species i, which is roughly the 
atomic number of i; 𝑐𝑐𝑖𝑖 is the fraction of species i in the sample; and 𝑔𝑔𝑖𝑖𝑖𝑖(𝑟𝑟) is the 
partial radial distribution function of species j with respect to species i. Explicitly, 

 𝑔𝑔𝑖𝑖𝑖𝑖(𝑟𝑟) = 𝑛𝑛𝑖𝑖𝑖𝑖(𝑟𝑟)

4𝜋𝜋𝜋𝜋2𝑑𝑑𝑑𝑑𝜌𝜌𝑗𝑗
, (2) 

where 𝑛𝑛𝑖𝑖𝑖𝑖(𝑟𝑟) is the number of j-type entities between (r, r + dr) from an i-type 
entity. The density is 𝜌𝜌𝑗𝑗 = 𝑐𝑐𝑗𝑗𝜌𝜌0, where 𝜌𝜌0 = 𝑁𝑁/𝑉𝑉 and N is the number of particles 
and V is the sample volume. 
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2.2 Computing the RDF with a Numerical Grid 

Given that the experimentally obtained signal is averaged over many small 
variations of an ideal system, it might make sense to use a numerical grid with 
atomic position treated as a small spread. In this work, besides the pairwise strategy 
(Eq. 1), we also look at “painting” the atomic density onto a regular cubic grid 
(1400 by 1400 by 1400), where each grid point had a spacing of 0.25 Å. Each atom 
is treated as a sharp exponentially decaying radial basis function of electron density, 
𝜌𝜌(𝑟𝑟) = 𝑁𝑁𝑒𝑒−18𝑟𝑟 , and interpolated onto the grid, where N was set to 64 * 0.915, to 
normalize the computed integral of each atomic function to be roughly the atomic 
number. The density of the grid outside of the protein atoms, 𝜌𝜌(𝑟𝑟) < 10−16, was 
set to be the electron number density of liquid water, 0.264 electrons/Å3. 

From this grid, the radial density function, 𝐺𝐺𝑥𝑥(𝑟𝑟), was computed by quadrature 
with a spherical grid (Lee 2002). Briefly, a spherical surface grid was composed of 
equal intervals of latitude, 𝜓𝜓, and varying intervals of longitude, 𝜃𝜃 as a function of 
latitude, 𝑁𝑁𝜃𝜃(𝜓𝜓) = 1 + �2𝑁𝑁𝜓𝜓 − 1� ∗ cos (𝜓𝜓). In this work, 𝑁𝑁𝜓𝜓 was set to 40, for a 
total of 1980 spherical surface sampling points. For simplicity, quadrature weights 
were all set to the same value of 1.0 / (# points). 

3. Modeling Strategies  

In this section, we describe and test three strategies for predicting the RDF derived 
from X-ray scattering. We compare our predictions with actual X-ray scattering 
data. All proteins used for X-ray scattering experiments were purchased from 
Sigma-Aldrich Chemicals (St Louis, MO) and used without further purification. 
Protein samples were dissolved in Millipore deionized-distilled water 
(MilliporeSigma, Burlington, MA) to the selected concentration as described 
elsewhere (Teymorian et al. 2018). 

3.1 Strategy #1: Full Crystallographic Unit 

One straightforward model for the assembly of protein monomers is the 
crystallographic unit found when performing X-ray crystallography of a given 
protein. In Fig. 1, for example, green fluorescent protein (GFP) forms a multi-chain 
complex. 
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Fig. 1 Full crystallographic assembly of green fluorescent protein (GFP), protein data 
bank (PDB) code: 1GFL 

The advantage of using a crystallographic model as a starting point is that it is 
firmly based in reality, as it is derived from the 3-D electron density obtained from 
X-ray reflections of a crystal. However, there is a major drawback when assuming 
a crystal-like assembly. Crystalline structures are typically very compact because 
the macroscopic sample is a solid. Thus, random rotations/translations of 
monomers to fit to experimental RDF data would be difficult. (e.g., using Reverse 
Monte Carlo [Aoun 2016]). At best, minor model optimizations could be made at 
the atomic level. In Fig. 2, the computed RDF using this model does not have 
density oscillations as large as the actual experimental RDF. However, some of the 
peaks are in the same location. 

3.2 Strategy #2: Periodic box 

A common method for simulating proteins on a computer is to simply place a 
monomer in a rectangular box and fill up the void with water molecules (Fig. 3). 
This roughly corresponds to a semi-dilute protein solution where neighboring 
monomers are all pointing in the same direction. As can be seen in Fig. 4, there is 
some resemblance of the predicted RDFs to the experimental ones. The predictions 
are far too sharp, however, which is consistent with lack of rotational incoherence 
(random relative orientations) between monomer neighbors and lack of allowance 
for natural internal vibratory modes. 
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Fig. 2 Comparison of computed (black) and actual (red) RDF for GFP 

 

 
a) 

 
b) 

Fig. 3 a) Bovine serum albumin, PDB code: 4F5S (Bujacz 2012) and b) lysozyme, PDB 
code: 2VB1 (Wang et al. 2007). Each monomer is computationally solvated in a periodic 
rectangular box. 
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a) 

 
b) 

Fig. 4 Comparison of RDF from water box (black) vs. experimental (red). a) bovine serum 
albumin (300 mg/ml) and b) lysozyme (300 mg/ml)   

3.3 Strategy #3: Protein in Continuum Solvent 

Instead of treating the system as a periodic rectangular box with explicit solvent 
water molecules, we looked at modeling the protein with implicit solvent (i.e., a 
single continuum solvent density parameter) using the numerical grid approach. 
The results in Fig. 5 suggest that except for the short-range part of the RDF, which 
is very similarly predicted for two different proteins, there is not very much 
agreement with the experimental spectrum. 
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a) 

 
b) 

Fig. 5 Comparison of RDF from single monomer (black) vs. experimental (red). a) bovine 
serum albumin (400 mg/ml) and b) lysozyme (300 mg/ml)   

4. Conclusions 

In this work, we attempted to predict a protein system that would yield an RDF that 
matched X-ray scattering. While we were unsuccessful, we note that there is some 
advantage to using a numerical grid, as it smooths out the curve to look qualitatively 
like the experimental data. The short range of the RDF was modeled adequately, 
but the long-range tail could not be properly predicted. Our main suggestion for the 
future would be to consider modeling an ensemble of various protein conformations 
and aggregate. This would likely be computationally intensive, but potentially 
informative in understanding the true nature of the species being studied. Another 
suggestion would be to use Reverse Monte Carlo (Aoun 2016) on the protein with 
a simple, implicit water-density model to simplify the stochastic contribution from 
water molecules.  
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