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1. Introduction
The computational modeling of fields involving discontinuities can pose many chal-
lenges to convergence. Strategies to overcome these challenges may be based on the
actual physics or purely on the numerics, but often involve smearing out the discon-
tinuity that exists in the physical space, to avoid sharp gradients from manifesting
in a discretized domain. One example of this is artificial viscosity, which is used
to reduce the steepness of gradients across a shock discontinuity, in the hope of
promoting numerical convergence.

In the field of computational magnetohydrodynamics (MHD), a comparable discon-
tinuity is encountered in the form of electric charge density. According to classical
electrostatics theory, which is intrinsic to many computational-MHD formulations,
excess electric charge (either positive or negative) in a body will, to attain equilib-
rium, build up in an infinitesimally thin layer on the surface of the body.

For crystalline materials (as an example), positive ions are not mobile (i.e., they are
not free to congregate on an infinitesimally thin body-surface layer). Rather, they
are nailed to the lattice geometry in a way that limits their maximum volumetric
density. Adapting the classical approach in a way to limit the maximum volumet-
ric density of positive charge not only has relevance to this aspect of the physics,
but can have the ancillary benefit of removing the field discontinuity (insofar as ex-
cess positive charge) that can otherwise challenge the convergence of an associated
discretization.∗

In prior reports1,2 on the subject, Grinfeld and Segletes first noted this paradox-
ical inconsistency of classical electrostatics for physical models that permit only
a bounded density of positive charges. An approach was suggested to handle the
physics of electrostatic charge distribution in a way that allows the imposition of a
defined upper limit on positive charge density.

∗Disclaimer: In this report we wish to consider the simplest approach to examine the situation
where negative charges in a conductor are mobile and positive charges, when present, occur at a
maximum (fixed) finite volumetric density. One may draw an analogy to the physical world by
considering these charges to be the valence charges of a metallic conductor. However, while such
an analogy may help provide mnemonic understanding to the present effort, our focus here is on the
simple modeling approach and not the atomic analogy. Therefore, throughout the remainder of this
report, we refer only to the model concepts of positive and negative charges, rather than to a physical
atomistic interpretation of what that might mean.
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We recall Fig. 1,∗ first presented in ARL-TR-8492.2 In the electrically neutral Ωn

domain, the density of positive charges is exactly balanced by the density of mo-
bile negative charges. However, unlike mobile negative charges, which are free to
congregate on free-surface interfaces Sn with a finite surface density σSn (a nonzero
“surface density” implies an infinite volumetric density), the model posited that, in-
stead, excess positive charges must be distributed through finite volumetric domains
Ωa that are void of mobile negative charges. Being void of negative charges, the
volumetric-charge density in Ωa domains is q+, which can be considered a known
material property of the conductor. Interfaces between the negative-charge-free Ωa

domain and the outer void (denoted Sa) and between the Ωa and Ωn domains (de-
noted Σ) are void of charges altogether, and thus, possess no surface-charge density,
unlike Sn surfaces.

Sn

n

a

Sa


a
a

a

Fig. 1 Cross-sectional (cutaway) geometry of a conductor

In ARL-TR-8492,2 the solution to these modified equations of classical electrostat-
ics was demonstrated for the simple case of 1-D Cartesian geometry, to include the
electric potential and the corresponding electric field distribution, as well as deter-
mining the location of the domain interfaces as a function of the excess charge,

∗In this and the figures to follow, one may follow the heuristic rule-of-thumb that dark and light
gray denote electrically neutral domains and interfaces, respectively; red denotes a domain void of
negative charges and blue denotes an interface comprised solely of mobile negative charges and
characterized by a surface-charge density.
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positive or negative.

While solutions demonstrated in the prior reports are clear, the 1-D Cartesian-
geometry case is a very special case of limited application, since it necessarily posits
a plate geometry of infinite lateral extent. In this report, the 1-D (symmetric) spher-
ical-geometry case is considered. This geometry has more realistic applications, in
that spherical geometry will involve a finite total number of charges. Additionally,
the electrostatic potential and field decay to zero at distant locations, far from the
sphere.

2. Governing Equations
Let ϕ represent the electrostatic potential function over a given space. The varia-
tion of ϕ in space must satisfy the Poisson equation (employing the unit system of
Landau and Lifshitz3):

∇2ϕ = −4πq , (1)

where ∇2 is the Laplacian operator. The term q is the local volumetric charge den-
sity. However, in addition to this, because of the ability for mobile negative charges
to freely redistribute inside a conductor, we have the added constraint that, in any
given neutral Ωn domain, the potential ϕ must be a constant if the system is in elec-
trostatic equilibrium (if the potential were to vary across a givenΩn domain, mobile
charges would immediately redistribute themselves in response).

The electric field E is given by E = −∇ϕ. In all neutral Ωn domains, therefore,
the electric field E is identically zero. In the 1-D radially symmetric configuration
of interest in this report, the gradient reduces to ∇ϕ = (dϕ/dr) î, where î is the
vector norm aligned with the radius of the coordinate system. Therefore, we have
E = −(dϕ/dr) î to describe the electric field for this symmetric geometry.

In the neutral Ωn domain, where positive and negative charge densities are in bal-
ance, q = 0. In the Ωa domain, void of negative charges and with a uniform density
of positive charge, the value of q takes on the fixed positive charge density, so that
q = q+. In the domain external to the body, q should take on the local charge density.
However, since we are here considering the external domain to be a void without
charge, we once again find that q = 0 in the external domain. In addition, because
the external domain is without charge density, the potential ϕ, far from the body,
must approach zero.

3
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2.1 Poisson Equation for a Spherical Geometry
In spherical (r, θ,ω) coordinates, the Laplacian operator is given as

∇2ϕ =
1

r2 sin θ

[
∂

∂r

(
r2 sin θ

∂ϕ

∂r

)
+
∂

∂θ

(
sin θ

∂ϕ

∂θ

)
+

∂

∂ω

(
1

sin θ
∂ϕ

∂ω

)]
.

For the limited case of spherical 1-D symmetry (spherical geometry) that we con-
sider here, this reduces to

∇2ϕ =
1
r2

d
dr

(
r2 dϕ

dr

)
.

Consider, thus, the Poisson equation (Eq. 1) for this type of 1-D symmetry:

1
r2

d
dr

(
r2 dϕ

dr

)
= −4πq .

Integration (twice) provides the general 1-D solution for the case of spherical ge-
ometry,

dϕ
dr
=

ϕ(r) =

−
4π
3

qr +
M
r2

−
2π
3

qr2 −
M
r
+ N

(subject to Table 1 constraints) . (2)

The solution embodied in Eq. 2 is employed in this report to calculate the elec-
trostatic potential ϕ and the electric field magnitude (E = −dϕ/dr) for various
static spherical configurations involving a net charge imbalance between the pos-
itive charges that are fixed to the body with a constrained density (e.g., a lattice)
and mobile negative charges that are free to relocate in and over the body, without
a constraining density.

The constraints on Eq. 2 are based both on the type of domain being considered
as well as the domain’s boundary. For example, q = M = 0 in Ωn domains to
ensure that the potential ϕ remains constant. Outside the external boundary, N = 0
to ensure a vanishing potential ϕ far from the body. Everywhere, but notably at the
center of the sphere, the potential is bounded, ϕ(0) < ∞, implying that M = 0 for
the domain that encompasses r = 0. A summary of the operational constraints on
Eq. 2 is provided in Table 1.
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Table 1 Domain constraints on Eq. 2

Constraint(s) Domain

q
M
= 0
= 0

in (charge-neutral) Ωn domain

q = q+ in Ωa domain

q = qext = 0 for the domain beyond external boundary S

q = 0 within any void (including internal voids)

N = 0 in the domain encompassing r →∞

M = 0 in the domain encompassing the point r = 0

The solutions presented in this report are in the context of the paradoxical inconsis-
tency raised in earlier reports; namely, subject to the constrained volumetric charge
density of positive ions.

2.2 Domain-Interface Continuity/Jump Conditions
In the problems of interest in this report, a spherical conductive body sits in a void.
The body contains positive and/or negative charges that are distributed through the
body in accordance with certain spherically symmetrical configurations to be con-
sidered later in this report. The charges are responsible for creating the electric po-
tential ϕ, which obeys the general form of Eq. 2, subject to the boundary conditions
of the particular configuration at hand.

However, all configurations share certain elements. The potential ϕ(r) is every-
where continuous, even across domain interfaces, such that[

ϕ
]+
−
= 0 across all interfaces. (3)

Across charge-free domain interfaces Sa and Σ, the electric field is continuous:

[
∇ϕ

]+
−
· n =

[
dϕ
dr

]+
−

= 0 across Sa and Σ interfaces, (4)

where n is the local outward surface normal of the interface. The dot product re-
duces here to a simple derivative because, in this 1-D configuration, the gradient of
ϕ and the surface normal n are both aligned with the radial coordinate, r . However,
across Sn interfaces (infinitesimally thin layers containing finite charge), the electric

5
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field is discontinuous:[
∇ϕ

]+
−
· n =

[
dϕ
dr

]+
−

= −4πσSn across Sn interfaces, (5)

where σSn is the (negative) charge per unit area in the Sn surface-boundary layer.

2.3 Total Quantity of Charges
The existence of an electric potential and its associated field arise from the presence
of negative and positive charges in the problem domain. We therefore require the
ability to tally the amount of charge in the various configurations that follow (note
that the balanced, covalently bound charges are not part of this tally). The negative
charge tally was given by Eq. 11 in a predecessor report, ARL-TR-8492,2

Q− =
∫
Ωn

dΩ q− +
∫

Sn
dS σSn .

But, because q+ + q− = 0 in the neutral Ωn domain, and knowing that q− and σSn

are both negative in magnitude, this equation can be expressed as the positive tally
of negative charges:

|Q− | =
∫
Ωn

dΩ q+ −
∫

Sn
dS σSn . (6)

The corresponding tally for positive charge is

Q+ =
∫
Ωn

dΩ q+ +
∫
Ωa

dΩ q+ . (7)

There are no surface integrals in Eq. 7 because the various interfaces, Sa, Sn, and Σ,
do not contain any positive charges to be tallied.

The net total charge in the system is simply

Qnet = Q+ − |Q− | , (8)

which can be either positive or negative, depending on the preponderance of each
type of charge.

6
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3. 1-D Solutions for a Spherical Geometry
We now consider several charge distributions that might arise when a given Qnet

is applied to a spherical conductor. To start, we consider only the simplest charge
distributions, limiting topologies to a single instance each of any given domain type
(Ωn, Ωa) and interface type (Sa, Sn, Σ). The only topologically plausible configura-
tions for 1-D geometry are, initially, thus:

1. There is excess negative charge on the external Sn interface and noΩa domain
(which is void of negative charge) exists in the body.

2. There is excess positive charge in the body (anΩa domain) and no Sn external
boundary (harboring negative surface-charge density) exists.

3. There exist both an Ωa domain void of negative charge as well as an Sn exter-
nal boundary harboring negative surface-charge density.

In the case of Configuration 2, one could envision the Ωa domain either centrally
located or at the periphery of the sphere. However, for this configuration, only
the instance of Ωa on the periphery is considered, since the alternative of a cen-
tral Ωa domain is actually a special case of Configuration 3 (when σSn → 0).
These three configurations of charge distribution examined in this report are the
1-D spherical-geometry analogs to the 1-D Cartesian-geometry examples given in
ARL-TR-8492.2

3.1 Configuration 1
Consider the sphere presented in Fig. 2. This configuration represents the classical
electrostatic case where all the excess charges are mobile and are concentrated on
surfaces without regard to volumetric-charge-density limitation.

3.1.1 Charge Tally
From Eq. 6, the magnitude of negative charge in the system is

|Q− | =
4π
3

R3
s q+ − 4πR2

sσSn . (9)

7
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n

r

Rs

Sn

Fig. 2 Configuration 1, comprised solely of a neutral Ωn domain (gray), with mobile negative
charges concentrated at the external Sn boundary

From Eq. 7, the positive charge counterpart is

Q+ =
4π
3

R3
s q+ (10)

resulting in a net charge of

Qnet = 4πR2
sσSn < 0 . (11)

Reexpressing Eq. 11 as σSn in terms of the given Qnet confirms the conclusion that
the surface density of negative charge is simply the given net charge in the system
per unit surface area of the sphere:

σSn =
Qnet

4πR2
s

. (12)

3.1.2 Electrostatic Potential and Electric Field
The equations that apply to each domain of Configuration 1 and the compatibil-
ity/jump equations that apply at interfaces between the domains are presented in
Tables 2 and 3, respectively.

The negatively charged Sn interface has a nonzero surface-charge density, which
produces a jump discontinuity in the electric field, across the sphere’s Sn boundary,

8
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Table 2 Configuration 1: equations by domain

Region 1 Region 2
Ωn domain (gray) outer void

(r < Rs) (r > Rs)

Constraints
(see Table 1)

q1 = M1 = 0 q2 = N2 = 0

Governing
equations
(see Eq. 2)

ϕ =

dϕ
dr
=

N1

0

ϕ = −
M2
r

dφ2
dr
=

M2

r2

Boundary
values at
r = Rs

ϕ(Rs) =

dϕ
dr

����
[Rs ]

−

=

N1

0

ϕ(Rs) =

dϕ
dr

����
[Rs ]

+

=

−
M2
Rs

M2

R2
s

Table 3 Configuration 1: unknowns and interface continuity/jump equations

Unknowns N1 M2

Sn interface
continuity/jump conditions
(see Eqs. 3 and 5)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

−4πσSn

at r = Rs

at r = Rs

in accordance with Eq. 5. Thus, since
[
dϕ/dr

]
[Rs]

− = 0 on the interior of the Sn

interface, the jump condition (Table 3) requires that
[
dϕ/dr

]
[Rs]

+ = −4πσSn on the
exterior of the Sn surface interface. Choosing the value of M2 to satisfy the jump
condition at r = Rs leads to

−
dϕ
dr
=

ϕ =

4π
R2

sσSn

r2

4π
R2

sσSn

r
for r > Rs . (13)

Because ϕ must be continuous across the Sn interface, the value for N1 may be
determined for region 1:

dϕ/dr =

ϕ =

0

4πRsσn
for r < Rs . (14)

9
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3.1.3 Configuration 1: Final Result
These expressions, Eqs. 14 and 13, may be reexpressed in terms of the net charge,
Qnet, given for this configuration, by Eq. 11:

dϕ/dr =

ϕ =

0

Qnet
Rs for r < Rs (15)

and

−
dϕ
dr
=

ϕ =

Qnet

r2

Qnet
r for r > Rs . (16)

Note that Eq. 16 is the well-known result that the potential outside of a charged
sphere is proportional to the net charge and inversely proportional to the distance
from the body center, in the manner of a point charge.

On the external Sn boundary, the potential and field take on the values

−

[
dϕ
dr

]+
=

ϕ(Rs) =

Qnet

R2
s

Qnet
Rs on the Sn boundary at r =

[
Rs

]+ . (17)

A sample potential illustrating the Configuration 1 charge distribution is given in
Fig. 3.

3.2 Configuration 2
Consider the sphere presented in Fig. 4. There are three regions and two boundaries.
The location of the internal Σ boundary is determined by how many mobile negative
charges are present in the system.

3.2.1 Charge Tally
One may apply the charge tallies given by Eqs. 6 and 7 to Configuration 2. Con-
cerning negative charges, there are no Sn boundaries in this configuration, and so all
mobile electrons are confined to the gray Ωn domain. The tally of mobile negative
charges, therefore, proceeds as

|Q− | =
4π
3

R3
Σ

q+ .

10
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r / Rs

0 1 2 3 4 5


/ R

s

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

Qnet = Rs
2

Sn

Fig. 3 Configuration 1 potential ϕ(r), for the case where Qnet = −R2
s

In a similar fashion, the positive charges in the body are evenly distributed through-
out the body, both in Ωn and Ωa, at a density of q+, and so the tally becomes

Q+ =
4π
3

R3
aq+ .

The net charge is simply Q+ − |Q− |, which for this configuration, results in

Qnet =
4π
3
(R3

a − R3
Σ
)q+ > 0 . (18)

Therefore, the volumetric density of positive charge q+ can be expressed in terms
of the various charge tallies:

q+ =
3Qnet

4π(R3
a − R3

Σ
)
=

3|Q− |
4πR3

Σ

=
3Q+
4πR3

a
. (19)

We may solve for the location of the Σ interface with Eq. 19, in terms of the given
net charge Qnet or, alternately, the ratio of mobile negative charges (Q−) to positive
charges (Q+):

RΣ = 3

√
R3

a −
3Qnet
4πq+

= Ra
3

√
|Q− |
Q+

. (20)

11
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

n

a

r

R

Ra

Sa

Fig. 4 Configuration 2, with finite Ωa domain (red) at the external boundary

3.2.2 Electrostatic Potential and Electric Field
The equations that apply to each domain of Configuration 2 and the compatibil-
ity/jump equations that apply at interfaces between the domains are presented in
Tables 4 and 5, respectively. We do not list RΣ as an unknown, since it is fully de-
termined given the specification of Qnet, by way of Eq. 20, in light of the material
property of the conductor, q+.

In Configuration 2, both interfaces (Sa and Σ) are without surface-charge density.
Therefore, they will produce no discontinuities in dϕ/dr across their respective
boundaries. The potential ϕ will be continuous, as well, in accordance with Eqs. 3
and 4, as shown in Table 5.

Consider region 1 (the gray Ωn domain), which we signify using a corresponding
subscript on the constant terms q, M , and N of Eq. 2. We know that both q1 = 0
and M1 = 0 in Ωn domains. The integration constant N1, while yet unknown in its
value, is all that remains of the region 1 solution, as seen in Table 4.

We denote the outer void as region 3, with a corresponding subscript. At the Sa

boundary, we note (even with M3 as yet undetermined) that

ϕ(Ra) = −Ra
dϕ
dr

����
Ra

. (21)

12
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Table 4 Configuration 2: equations by domain

Region 1 Region 2 Region 3
Ωn domain (gray) Ωa domain (red) outer void
(r ≤ RΣ) (RΣ < r ≤ Ra) (r > Ra)

Constraints
(see Table 1)

q1 = M1 = 0 q2 = q+ q3 = N3 = 0

Governing
equations
(see Eq. 2)

ϕ =

dϕ
dr
=

N1

0

ϕ =

dϕ
dr
=

−
2π
3

q2r2 −
M2
r
+ N2

−
4π
3

q2r +
M2

r2

ϕ =

dφ3
dr
=

−
M3
r

M3

r2

Boundary
values at
r = RΣ

ϕ(RΣ) =

dϕ
dr

����
RΣ

=

N1

0

ϕ(RΣ) =

dϕ
dr

����
RΣ

=

−
2π
3

q2R2
Σ −

M2
RΣ
+ N2

−
4π
3

q2RΣ +
M2

R2
Σ

Boundary
values at
r = Ra

ϕ(Ra) =

dϕ
dr

����
Ra

=

−
2π
3

q2R2
a −

M2
Ra
+ N2

−
4π
3

q2Ra +
M2

R2
a

ϕ(Ra) =

dϕ
dr

����
Ra

=

−
M3
Ra

M3

R2
a

Table 5 Configuration 2: unknowns and interface continuity/jump equations

Unknowns N1 M2 N2 M3

Σ interface
continuity conditions
(see Eqs. 3 and 4)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

0

at r = RΣ

at r = RΣ

Sa interface
continuity conditions
(see Eqs. 3 and 4)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

0

at r = Ra

at r = Ra

13
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Finally, we come to region 2, encompassing the red Ωa domain. To provide conti-
nuity in dϕ/dr at r = RΣ, we require that

−
4π
3

q2RΣ +
M2

R2
Σ

= 0 .

Thus,
M2 =

4π
3

q2R3
Σ

must hold. Substituting this value into the potential and field, as the Ωa domain
approaches the Sa interface at r = Ra,

dϕ
dr

����
Ra

=

ϕ(Ra) =

−
4πq2Ra

3
+

4πq2R3
Σ

3R2
a

−
2πq2R2

a

3
−

4πq2R3
Σ

3Ra
+ N2

. (22)

Because there is zero surface-charge density at the Sa boundary, there is no discon-
tinuity in ϕ and dϕ/dr at the interface between Ωa and the outer void. Therefore,
replacing the terms of Eq. 21 with those obtained in Eq. 22 gives

−
2πq2R2

a

3
−

4πq2R3
Σ

3Ra
+ N2 = +

4πq2R2
a

3
−

4πq2R3
Σ

3Ra
.

From this, we determine the value of N2 as

N2 = 2πq2R2
a .

We also know that q2 = q+. Therefore, the solution in Ωa (region 2), with all con-
stants now known, is

−
dϕ
dr
=

ϕ =

4π
3

(
r −

R3
Σ

r2

)
q+

4π
(

R2
a

2
−

r2

6
−

R3
Σ

3r

)
q+

for RΣ < r ≤ Ra . (23)

The value of ϕ from Eq. 23, evaluated at r = RΣ (the Σ boundary) may be used to

14
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enforce continuity with the Ωn domain (region 1):

−
dϕ
dr
=

ϕ =

0

2π(R2
a − R2

Σ)q+
for r ≤ RΣ . (24)

Likewise, the value of ϕ from Eq. 23, evaluated at r = Ra (the Sa boundary), may
be used to enforce continuity with the outer void (region 3) in solving for M3:

M3 = −
4π
3
(R3

a − R3
Σ
)q+ .

Thus, the solution in the outer void (region 3) becomes

−
dϕ
dr
=

ϕ =

4π
3
(R3

a − R3
Σ
)
q+
r2

4π
3
(R3

a − R3
Σ
)
q+
r for r > Ra . (25)

3.2.3 Configuration 2: Final Result
The solutions given by Eqs. 24, 23, and 25 may be expressed in terms of the cumu-
lative charge through the elimination of q+, using Eq. 19:

−
dϕ
dr
=

ϕ =

0

3Qnet(R2
a − R2

Σ
)

2(R3
a − R3

Σ
) for r ≤ RΣ , (26)

−
dϕ
dr
=

ϕ =

Qnet

R3
a − R2

Σ

(
r −

R3
Σ

r2

)
3Qnet

R3
a − R2

Σ

(
R2

a

2
−

r2

6
−

R3
Σ

3r

)
for RΣ < r ≤ Ra , (27)

−
dϕ
dr
=

ϕ =

Qnet

r2

Qnet
r for r > Ra . (28)

Just as in the case of Configuration 1, Eq. 28 reproduces the well-known result
that the potential outside of a charged sphere is proportional to the net charge and
inversely proportional to the distance from the body center, in the manner of a point
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charge. This result is valid even though the distribution of excess charge is not
confined to an infinitesimally thin surface layer, as in the case of Configuration 1.

Equations 26–28 solve for the potential ϕ and its spatial derivative within regions
1–3, respectively. The values of the potential and its associated field at the region
interfaces are given as

−
dϕ
dr

����
RΣ
=

ϕ(RΣ) =

0

3Qnet(R2
a − R2

Σ
)

2(R3
a − R3

Σ
) on the Σ boundary at r = RΣ (29)

and

−
dϕ
dr

����
Ra

=

ϕ(Ra) =

Qnet

R2
a

Qnet
Ra on the Sa boundary at r = Ra . (30)

A sample potential illustrating the Configuration 2 charge distribution is given in
Fig. 5.

r / Ra

0 1 2 3 4 5


/ R

a

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Qnet = Ra
2

R / Ra = 0.5

Sa

Fig. 5 Configuration 2 potential ϕ(r), for the case where Qnet = R2
s
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3.3 Configuration 3
Consider the sphere presented in Fig. 6. There are three regions and two boundaries.
This configuration is analogous to that of Configuration 2, but with the sense of
the domains reversed. Of course, with a Sn interface on the sphere’s exterior, the
possibility of a negative surface charge must be considered with the case.



n

a

r

R

Rs

Sn

Fig. 6 Configuration 3, with finite Ωa domain (red) at the sphere center boundary

3.3.1 Charge Tally
As with other configurations, one may apply the charge tallies given by Eqs. 6 and
7 to Configuration 3. The negative and positive charge tallies are

Q+ =

|Q− | =

4π
3

R3
s q+

4π
3
(R3

s − R3
Σ
)q+ − 4πR2

sσSn

The net charge of the configuration is

Qnet =
4π
3

R3
Σ

q+ + 4πR2
sσSn

The size of the negative-charge-free zone may be solved as

RΣ = 3

√
3

4πq+

(
Qnet − 4πR2

sσSn
)

. (31)

17



Approved for public release; distribution is unlimited.

Something is already unnerving with this expression for a conductive sphere of
radius Rs. Namely, for a given net charge and positive charge density, Qnet and q+,
respectively, there is not a unique configuration of σSn and RΣ associated with it.
How does the geometry “know” what charge distribution to assume for a given
charge imbalance, Qnet? We proceed, nonetheless.

3.3.2 Electrostatic Potential and Electric Field
The equations that apply to each domain of Configuration 3 and the compatibil-
ity/jump equations that apply at interfaces between the domains are presented in
Tables 6 and 7, respectively. The value of RΣ remains an unknown because it is not
determinable from Eq. 31, given the initial condition of Qnet (since σSn is a priori

unknown).

We sense an immediate problem when we look at the continuity of dϕ/dr at the Σ
interface (see Tables 6 and 7 highlighted in red). There can be no jump in dϕ/dr

across the Σ interface. But, as the Ωa domain (region 1) approaches the interface at
r = RΣ, we have that dϕ/dr

��
RΣ
= −4πq1RΣ/3 < 0. In contrast, throughout the Ωn

domain (region 2), we have dϕ/dr
��
RΣ
= 0.

For any value of RΣ other than RΣ = 0, these two conditions are incompatible and,
therefore, Configuration 3 does not represent an admissible electrostatic charge con-
figuration. If the value of Qnet is negative, the charge distribution will, instead, as-
sume that of Configuration 1. If positive, some other configuration will be required,
perhaps that already addressed as Configuration 2.

3.4 Configuration 3a
One ponders the inadmissibility of Configuration 3, and considers, for the case
when Qnet is positive, whether a variation of it might eliminate the cited incom-
patibility. For example, if the Ωa domain were not centrally located, but instead
positioned between two Ωn domains, as in Fig. 7, the Poisson solution in that do-
main would not require that M = 0. In particular, the general form of solution in
the Ωa domain would be

dϕ
dr
=

ϕ =

4π
3

rq+ +
M
r2

2π
3

r2q+ −
M
r
+ N

. (32)
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Table 6 Configuration 3: equations by domain

Region 1 Region 2 Region 3
Ωa domain (red) Ωn domain (gray) outer void
(r ≤ RΣ) (RΣ < r ≤ Rs) (r > Rs)

Constraints
(see Table 1)

q1 = q+ M1 = 0 q2 = M2 = 0 q3 = N3 = 0

Governing
equations
(see Eq. 2)

ϕ =

dϕ
dr
=

−
2π
3

q1r2 + N1

−
4π
3

q1r

ϕ =

dϕ
dr
=

N2

0

ϕ =

dφ
dr
=

−
M3
r

M3

r2

Boundary
values at
r = RΣ

ϕ(RΣ) =

dϕ
dr

����
RΣ

=

−
2π
3

q1R2
Σ + N1

−
4π
3

q1RΣ

ϕ(RΣ) =

dϕ
dr

����
RΣ

=

N2

0

Boundary
values at
r = Rs

ϕ(Rs) =

dϕ
dr

����
[Rs ]

−

=

N2

0

ϕ(Rs) =

dϕ
dr

����
[Rs ]

+

=

−
M3
Rs

M3

R2
s

Table 7 Configuration 3: unknowns and interface continuity/jump equations

Unknowns N1 N2 M3 RΣ

Σ interface
continuity conditions
(see Eqs. 3 and 4)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

0

at r = RΣ

at r = RΣ

Sn interface
continuity/jump conditions
(see Eqs. 3 and 5)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

−4πσSn

at r = Rs

at r = Rs
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

na

r
Sn

Rs

R2
n

R1

Fig. 7 Configuration 3a, with Ωa domain (red) sandwiched between two neutral Ωn domains

While Eq. 32 offers a greater number of fittable constants in the Ωa domain than
does Configuration 3, there are also different constraints, as well. Because the po-
tential is constant in both adjacent Ωn domains, the slope dϕ/dr = 0 must hold true
at both r = RΣ1 as well as r = RΣ2. Examining Eq. 32, to see when the condition
dϕ/dr = 0 can be satisfied, leads to the equation

r3 =
3M

4πq+
when dϕ/dr = 0. (33)

Equation 33 has at most one real solution for r and, therefore, one must conclude
that it is not possible to simultaneously satisfy the requirement dϕ/dr = 0 at both
r = RΣ1 and r = RΣ2. Thus, Configuration 3a is likewise inadmissible.

3.5 Configuration 3b
The inadmissibility of Configuration 3 was driven by an unsatisfied requirement that
dϕ/dr = 0, at the Σ interface(s) of theΩa domain. As a hypothetical exercise, let us
consider modifying the geometry of Configuration 3 to convert the Σ interface into
an Sa interface. Such a modification would eliminate the troublesome dϕ/dr = 0
requirement at the (former) Σ boundary of Ωa.

This modification can be accomplished by removing the conductor material over the
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domain (formerly RΣ < r < Rs) and replacing it with void. However, an infinites-
imally thin shell of conductor material is permitted to remain at r = Rs, with the
explicit purpose of containing the excess negative surface charge originally postu-
lated in Configuration 3. In practical terms, this replacement of conductor material
with void has the effect of preventing any field-driven movement of mobile negative
charges from the Sn interface toward the Ωa domain. This revised configuration is
depicted in Fig. 8.

Sa

a

r

Ra

Rs

Sn

Fig. 8 Configuration 3b, with internal void between Ωa domain (red) and an infinitesimally
thin Sn interface

3.5.1 Charge Tally
As with other configurations, one may apply the charge tallies given by Eqs. 6 and 7
to Configuration 3b. The negative and positive charge tallies are

Q+ =

|Q− | =

4π
3

R3
aq+

−4πR2
sσSn

.

The net charge of the configuration is, therefore,

Qnet = 4π
(

R3
aq+
3
+ R2

sσSn

)
.
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Not surprisingly, the net charge for Configuration 3b exactly parallels the value
calculated for Configuration 3, which differs from the present case only in that the
neutral conductor has been replaced with an interior void (thus, the unknown RΣ is
redesignated here as the given Ra).

Because Ra is now a given quantity, the value for Q+ is explicitly known a priori.
Since Qnet is also a given quantity, the value of Q− and hence σSn are also immedi-
ately derivable from the charge-tally equations.

3.5.2 Electrostatic Potential and Electric Field
The equations that apply to each domain of Configuration 3b and the compatibil-
ity/jump equations that apply at interfaces between the domains are presented in
Tables 8 and 9, respectively. Other than the redesignation of RΣ as Ra, there is only
one difference in the equations between this configuration and the original Config-
uration 3 (Tables 6 and 7). In Configuration 3, Σ was an internal boundary whose
exact location was to be determined, whereas, in the present case, Ra conforms to
the specified body geometry. Therefore, in the present case, the constant M2 re-
places RΣ as an unknown quantity.

The solution may be obtained in the following sequence: first, substitute into the
[dϕ/dr]+− interface condition at r = Rs:

M3 − M2

R2
s

= −4πσSn . (34)

Likewise, substitute into the [ϕ]+− interface condition at r = Rs:

−
M2
Rs
+ N2 = −

M3
Rs

. (35)

Solve Eq. 35 for M3 − M2,
M3 − M2 = −RsN2 , (36)

and substitute it into Eq. 34 to isolate the value of N2 as

N2 = 4πσSn Rs (< 0) . (37)
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Table 8 Configuration 3b: equations by domain

Region 1 Region 2 Region 3
Ωa domain (red) inner void outer void
(r ≤ Ra) (Ra < r ≤ Rs) (r > Rs)

Constraints
(see Table 1)

q1 = q+ M1 = 0 q2 = 0 q3 = N3 = 0

Governing
equations
(see Eq. 2)

ϕ =

dϕ
dr
=

−
2π
3

q1r2 + N1

−
4π
3

q1r

ϕ =

dϕ
dr
=

−
M2
r
+ N2

M2

r2

ϕ =

dφ
dr
=

−
M3
r

M3

r2

Boundary
values at
r = Ra

ϕ(Ra) =

dϕ
dr

����
Ra

=

−
2π
3

q1R2
a + N1

−
4π
3

q1Ra

ϕ(Ra) =

dϕ
dr

����
Ra

=

−
M2
Ra
+ N2

M2

R2
a

Boundary
values at
r = Rs

ϕ(Rs) =

dϕ
dr

����
[Rs ]

−

=

−
M2
Rs
+ N2

M2

R2
s

ϕ(Rs) =

dϕ
dr

����
[Rs ]

+

=

−
M3
Rs

M3

R2
s

Table 9 Configuration 3b: unknowns and interface continuity/jump equations

Unknowns N1 M2 N2 M3

Sa interface
continuity conditions
(see Eqs. 3 and 4)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

0

at r = Ra

at r = Ra

Sn interface
continuity/jump conditions
(see Eqs. 3 and 5)

[
ϕ
]+
−
=[

dϕ
dr

]+
−

=

0

−4πσSn

at r = Rs

at r = Rs
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Next, substitute into the [dϕ/dr]+− interface condition at r = Ra and solve for M2:

M2 = −
4π
3

R3
aq+ (< 0) . (38)

Equation 38 may be substituted into Eq. 36 to obtain M3 as

M3 = −4π
(

R3
aq+
3
+ R2

sσSn

)
(= −Qnet) . (39)

Lastly, one may substitute into the [ϕ]+− interface condition at r = Ra and solve the
resulting equation for the last remaining unknown constant, N1:

N1 = 4π
(

R2
aq+
2
+ RsσSn

)
. (40)

With all the unknowns now determined, the solutions present themselves. We have
for region 1,

−
dϕ
dr
=

ϕ =

4π
3

rq+

4π
(
−

r2q+
6
+

R2
aq+
2
+ RsσSn

)
for r ≤ Ra ,

region 2,

−
dϕ
dr
=

ϕ =

4πR3
aq+

3r2

4π
(

R3
aq+
3r
+ RsσSn

)
for Ra < r < Rs ,

and region 3,

−
dφ
dr
=

ϕ =

4π
(

R3
aq+
3r2 +

R2
sσSn

r2

)4π
(

R3
aq+
3r
+

R2
sσSn

r

)
for r > Rs .

3.5.3 Configuration 3b: Final Result
The preceding results can be reexpressed to eliminate q+ and σSn in favor of the
given charge tallies. In the Ωa domain of region 1, we have

ϕ =
1
2

[
3 −

( r
Ra

)2
]

Q+
Ra
−
|Q− |
Rs

for r ≤ Ra .

24



Approved for public release; distribution is unlimited.

In the inner void of region 2, we obtain

ϕ =
Q+
r
−
|Q− |
Rs

for Ra < r < Rs .

Note that, in the outer void region, we recover the well-known result that

ϕ =
Qnet

r
for r > Rs.

Three sample potentials illustrating the Configuration 3b charge distribution are
given in Fig. 9.

r/Rs

0 1 2 3 4 5


/ R

s

-2

-1

0

1

2

3

4

5

Ra / Rs = 0.5

Qnet = Rs
2

Q+ / Q = 3

Qnet= Rs
2

Q / Q+ = 3

Qnet = 0

Q+ = Q = Rs
2

Sa Sn

Fig. 9 Configuration 3b potential ϕ(r), for three cases spanning Qnet > 0, Qnet = 0, and Qnet < 0

This hypothetical configuration was admittedly based on the existence of an in-
finitesimally thin, negatively charged shell at r = Rs. A proper analysis would solve
the problem treating the shell with a thickness measurably greater than zero. That
is not done here, because the focus was on a direct comparison to the untenable
Configuration 3.

Here, the derivative of ϕ was negative at r = Ra, allowed by virtue of the fact that
r = Ra corresponds to an Sa (free surface) interface, rather than a Σ (interior) inter-
face. What this result tells us is that if, through some miraculous means, the inner
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void were instantly replaced with conductor material, the electrostatic equilibrium
would be broken and mobile negative charges would flow from the Sn shell to fill
the Ωa region.

If the Qnet were negative, the Ωa domain would be consumed and there would re-
main a smaller number of negative charges along the original Sn interface (estab-
lishing Configuration 1). If the Qnet were positive, the Sn interface would become
depleted of surface charges and additional mobile negative charges would continue
to move from the outer periphery of the Ωn domain toward the sphere center, so
as to fully consume the central Ωa domain. A new Ωa domain would form at the
sphere periphery, taking over volume vacated by the mobile negative charges that
migrated to the sphere center (establishing Configuration 2).

4. Conclusion
In an earlier report,1 we demonstrated the paradoxical inconsistency of classical
electrostatics for models permitting only a finite density of positive charges. A
modification to the classical approach was needed to address this paradox. Such
a modification was introduced in a second report.2 Minimizing the complexifica-
tion of the effort, the new physical mechanism introduced was a volumetric domain
void of negative mobile charges (e.g.,Ωa in our nomenclature). Associated with this
domain is a new material constant, the maximum allowed positive-charge density,
q+.

In that report,2 hypothetical charge distributions were examined and solved using
the new modeling approach for problems involving 1-D Cartesian geometry. This
report takes the modeling approach and extends the application to problems of 1-D
spherical geometry, solving for various charge distributions in spherical conductors.

The results proved consistent with, not only the 1-D Cartesian solutions, but also
what is already known for the classical model of electrostatics. Namely, excess
charge in a spherical conductor will establish itself toward the exterior periphery
of the body, regardless of whether the charge sits wholly on the body surface (a
charged Sn interface for mobile negative charges) or is distributed through a charged
volumetric domain (Ωa for excess positive charge). Further, the established result
was confirmed, that the potential outside of a charged sphere is proportional to the
net charge and inversely proportional to the radial coordinate. This latter observa-
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tion holds true whether the charge distribution manifests as a surface-charge density
(σSn) or as a distributed volumetric charge (q+).

This consistency with classical theory is essential in the validation of the modified
approach. At the same time, the modified approach avoids the situation of excess
positive charge being distributed with infinite volumetric density across the surface
of a body. Not only does such a change conform to what we know physically about
the nature of crystalline conductors, but it also provides remedial hope in addressing
the nagging challenge of modeling what would otherwise be physical discontinu-
ities in a discretized domain.
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