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Results Dissemination:  Research Findings

(1) Our research findings resulted in fourteen (14) published papers and one (1) manuscript submitted for 
publication. They are available for download from https://arxiv.org/find/cs/1/au:+Mhaskar_H/0/1/0/all/0/1 or https:
//www.researchgate.net/profile/Charles_Chui/publications

(2) Hrushikesh Mhaskar co-edited a two volume collection of papers: Novel methods in harmonic analysis, Vol. 1, 
2, Birkh\''auser, 2017.

(3) Newly founded Open-Access Mathematics Journal:

Charles Chui founded the open-access journal, “Mathematics of Computation and Data Science”, as a section of 
Frontiers of Applied Mathematics and Data Science, which was officially launched in September, 2016, with 
Charles as its Chief Editor, and Hrushikesh Mhaskar serving on the Board of Associate Editors. Please go to: http:
//journal.frontiersin.org/journal/applied-mathematics-and-statistics 

(4) International Conferences, Workshop, and Colloquia presentations:

Hrushikesh Mhaskar:

(a) Harmonic analysis, Oberwolfach, August, 2015

(b) High dimensional approximation, Bonn, September, 2015

(c) International conference on applied mathematics, Hong Kong, May, 2016 (Invited talk)

(d) University of Central Florida, Orlando, October, 2016 (Invited colloquium)

(e) Banff International Research Station workshop on applied harmonic analysis, massive data sets, machine 
learning, and signal processing, Oaxaca, October, 2016 (Invited talk)

(f) Indian Mathematical Consortium-Americal Mathematical Society meeting, Varanasi, December, 2016 (Invited 
talk)

(g) Indian Mathematical Society Annual meeting, Kalyani, December, 2016 (Plenary talk)

(h) Indian Institute of Techology, Chennai, January, 2017 (Invited colloquium)

(i) Indian Institute of Techology, Mumbai, January, 2017 (Invited colloquium)

(j) International workshop on optimal point configurations and orthogonal

polynomials, Castro Urdiales, Spain, April, 2017 (Invited talk)

(k) International conference on computational harmonic analysis, Fudan University, Shanghai, China, May, 2017 
(Invited talk)

(l) Harmonic analysis, Oberwolfach, March 2018

(m) San Diego State University, April, 2018 (invited seminar)

(n) University of California, Santa Barbara, April, 2018 (invited colloquium)

(o) Massachussetts Institute of Technology, Cambridge, May 2018 (invited seminar)

(p) International conference on applied mathematics, Hong Kong, May 2018 (invited talk)

(q) Frontiers of high dimensional computation, MATRIX, Sedgwick, Australia, June 2018 (invited talk)



 Charles Chui:



(a) Helmholtz Zentrum Munich, Germany, August, 2016 (Invited Colloquium Speaker)

(b) Hasenwinkel, Germany, September, 2016 (Plenary Speaker, International workshop of Approximation Methods 
and Data Analysis)

(c) University of Maryland, February, 2017 (Norbert Wiener Center Distinguished Lecturer,  FFT 2017)

(d) Hong Kong, March, 2017 (Plenary Speaker, International Conference on Mathematics of Data Science)

(e) Stanford University, California, June 2017 (Invited participant, Math+Stats

+X Conference to honor David Donoho’s 60 th Birthday)

(f) Analysis Symposium in honor of Professor Jaap Korevaar's  95-th Birthday, University of Amsterdam, 
Netherlands, January 24, 2018 (Main speaker)

Honors and Awards:  1. International workshop on approximation methods and data analysis in honor of 
Hrushikesh Mhaskar on the occasion of his 60th birthday (Hasenwinkel, Germany, September, 2016)

2. Hrushikesh Mhaskar was invited as Scholar-in-Residence at Indian Institute of Techology, Gandhinagar, India in 
December, 2016.

3. Charles Chui was selected the Norbert Wiener Distinguished Lecturer for the year 2017.

Protocol Activity Status: 

Technology Transfer:  Nothing to Report
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Accomplishments

Title: Non–stationary signal analysis with applications to blind-source processing and imaging
Contract number: W911NF1510385
Reporting period: July 15, 2015–July 14, 2018.
Lead Agency: Army Research Office
Scientific division/directorate: Research Area 5, Computing Science
Technical area/program officer: Area 5.1, Dr. J. Michael Coyle

The research during this project has resulted in fourteen (14) published papers [10, 18, 19, 11, 21, 22, 13, 20,
17, 8, 9, 2, 7, 5], and one submitted manuscript [1].

Introduction

The starting point of our investigation is the problem of separating atomic components of a non-stationary
signal

F (t) =

K∑
k=1

fk(t), fk(t) = Ak(t) exp(iφk(t)). (1)

We developed novel mathematical tools for solving this problem. This research suggested new application areas for
these tools, notably including a mathematical understanding of deep learning and a similar analysis of non-numeric
signals represented as functions on a directed graph. We have already discussed many of these works in detail in
the previously submitted annual reports. In this report, we will describe in detail the new results obtained during
the last year of the project, and summarize the accomplishments over the entire project.

Scientific barriers and our approach

Prior to the start of our project, there were two main techniques for separating components of a blind-source
non-stationary signal: empirical mode decomposition (EMD) and synchro-squeezing transform (SST). EMD is a
purely ad hoc method, and has many disadvantages in terms of accurately separating components with frequencies
close to each other. SST is founded on solid mathematics, but requires an a priori knowledge of the number
of components. Also, an elaborate procedure is required to recuperate the components after the frequencies are
detected. We proved that a non-stationary signal admits an approximation of the form

F (t+ u) =

K∑
k=1

fk(t) exp(iuφ′k(t)), t, u ∈ R. (2)

For each fixed t, this is a stationary signal in u. This allows us to determine the number K of components and
find the components fk(t) using certain localized kernels developed during the PI’s previously funded ARO grants.
Combining these with EMD as a preprocessing tool, we are able to determine accurately both the number of
components and the components themselves of a non-stationary signal even when the frequencies are very close by
[10].

The signal F (t + u) as a function of u is clearly the Fourier transform of a discretely supported measure:∑K
k=1 fk(t)δφ′

k(t)
. Simple as it is, this observation is a seminal one.

In many applications in biology, astronomy, etc., the observations are not in the form (2), but may be of the
form

1

(4πσ2)q/2

∫
Rq

exp

(
−|x− y|

2

4σ2

)
dµ(y), (3)

for some measure µ. The problem of recuperating µ from the information of the form (3) is a highly ill-posed inverse
problem, which is typically solved using regularization techniques. This problem is equivalent to the problem of
recuperating the measure given its integrals against Hermite functions. We obtained localized kernels based on
Hermite polynomials using theoretical results in [19, 18] to solve this problem in the case when µ is a discrete
measure [8, 9]. During the last year of the grant, we considered the harder problem when µ is a compactly
supported measure, not necessarily discrete.

The second important direction suggested by the seminal observation above is to consider non-numeric signals,
represented as functions on graphs, as well as numerical signals supported on changing manifolds (such as video
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signals, where the feature space is different from frame to frame). The first question to consider is what should
play the role of the Fourier transform in these cases. We addressed this question by developing harmonic analysis
on changing manifolds ([19]) and directed graphs ([11]).

The mathematical tools developed during this research enabled us to enter into a new emerging area: the anal-
ysis of deep networks. The main problem in this area is to explain why deep networks do a much better job of
classification than shallow networks. This question was analyzed in a series of papers [21, 22, 13, 7, 5]. Another
question is to design deep networks specific to a given application rather than the ad hoc approach used in practice.
In [20], we have illustrated one such idea with applications to the diabetic blood sugar prediction which are better
than most state of the art results in academic literature.

Accomplishments of the last year

The paper [1] considers the problem of recuperating a compactly supported measure µ from its transform of the
form (3), without assuming that µ is a discrete measure. By taking Fourier transform and rescaling judiciously, we
assume the observations in the form

g(ω) = F̂ (ω) + ε(ω) = exp(−ω2/2)f(ω) + ε(ω), (4)

where f(ω) is the Fourier transform of µ and ε is a perturbation. Since the problem of recuperation of µ is equivalent
to that of recuperation of f , we consider the problem of finding f on the whole real line, given its values on a finite
interval of the form [−Ω,Ω]. It is already observed in [12] that this problem does not have a solution when µ is not
a discrete measure. Therefore, the scientific barrier is to obtain the minimal value of Ω and the minimal number
of observations of g so as to allow a reasonable approximation to f on the whole real line (and even the complex
domain), and estimate the accuracy of this approximation on different parts of the complex domain. From an
approximation theory point of view (without the perturbation ε), this problem was studied in [16, 14, 15]. This
previous work gave a complete characterization of the support of µ in terms of approximation properties of f .
The novelty of [1] is twofold. We prove the correct bounds on the error in recuperation of f in different parts of
the complex domain, and show that these bounds cannot be improved upon by demonstrating a “dark object”.
Secondly, we prove that a straightforward solution of a suitable least square problem leads to the recuperation.

The paper [17] is an invited paper in celebration of the 80th birthday of Professor Ian Sloan. The scientific
barrier is as follows. In the our work on manifold learning, supported by previous ARO grants to the PI, a crucial
role is played by certain quadrature formulas. However, these formulas cannot be obtained without the knowledge of
the eigenfunctions of the Laplace-Beltrami operator on the unknown manifold. In this paper, we give a construction
of approximate quadrature formulas without such a knowledge, and study certain properties of these approximate
quadrature formulas.

The paper [2] is a novel application of the mathematical tools developed during this project and the projects
of the PI funded previously by ARO. The scientific barrier is as follows. In image completion, it is necessary to
extend a function together with its derivatives given the values of the function and the derivatives at finitely many
points [4, 6]. Similar problems appear also in numerical solution of partial differential equations on domains with
slits [3]. It is well known that it is impossible in general to interpolate both the values of a multivariate function
and its derivatives by polynomials if the degree of the interpolatory polynomial is required to be the minimal
commensurate with the data. This problem is known as Birkhoff interpolation problem. We demonstrate that if
the degree of the interpolatory polynomial is proportional to the minimal separation among the points at which
the data is available, then the problem can always be solved and results in convergent interpolatory processes.
This is a substantial generalization of a line of research started by the famous mathematician Erdős. We consider
interpolation on arbitrary manifolds using what we have called diffusion polynomials.

The objective of [5] is to introduce a deep neural network (also called deep-net) approach to localized manifold
learning, with each hidden layer endowed with a specific learning task. For the purpose of illustrations, we only
focus on deep-nets with three hidden layers, with the first layer for dimensionality reduction, the second layer for
bias reduction, and the third layer for variance reduction. A feedback component is also designed to deal with
outliers. The main theoretical result in this paper is the order O(m−2s/(2s+d)) of approximation of the regression
function with regularity s, in terms of the number m of sample points, where the (unknown) manifold dimension d
replaces the dimension D of the sampling (Euclidean) space for shallow nets.
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Conclusions

1. We gave efficient algorithms to separate the components of a non-stationary signal even in the presence of
very close-by frequencies.

2. Our algorithms are simple, and are demonstrated to have a superior performance to that of both EMD and
SST techniques. In particular, unlike these approaches, we are able to determine the number of components
present in the signal.

3. We extended this theory to the case when the signal is a convolution of a Gaussian with a compactly supported
measure, contaminated with some noise.

4. We developed harmonic analysis on a directed graph, a first of its kind accomplishment, that enables us to
formulate and solve the separation problem in non-numeric settings, where the signal is given on a directed
graph.

5. We developed a theoretical understanding for out-of-sample extension problems in the setting of manifold
learning, demonstrating how deep networks can be constructed in this setting for this purpose.

6. We obtained fundamental results to explain when and why deep networks give a superior performance to
shallow networks.
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