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Major Goals:  The major aims of this project are to first solve a simple equilibrium statistical mechanics model 
exactly for symmetry breaking phase transitions to super and sub rotating flows on rotating planets, and 
applications to solar system planetary atmospheres such as the enigmatic Venusian atmosphere, and second, to 
solve problems arising from social opinion dynamics on networks.

Accomplishments:  Both major goals have been accomplished.



The first was done with a simple but physically realistic model of barotropic flows on a rotating sphere which is 
essentially a long range Kac's spherical model, and unlike previous expectations, was solvable exactly and found to 
support a phase transition to super rotation when the solid planet rotates slowly enough and the initial kinetic 
energy of the mixed barotropic flow is high enough (at negative temperatures).



The second was solved through the development of new mathematical methods for the exact solutions of social 
network models such as the nonequilibrium voter and naming game models. Such exact solutions are available 
only for the complete network but can be approximately extended to realistic social networks including small worlds 
and other clustered inhomogeneous networks.  Our main results support a tipping point of around 9 percent of 
diehards for the minority opinion to dominate relatively quickly the majority opinion.
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We call such agents committed agents. Specifically, we show that when the committed minority fraction grows 
beyond a critical value  $p_c \approx 0.0979$, there is a super-exponential decrease in the time taken for the 
entire population to adopt the opinion of the committed set. We prove this by analyzing mean field equations for 
the particular model of influence dynamics considered here, and support our arguments using extensive 
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Abstract:  We investigate consensus formation and the asymptotic consensus times in stylized individual- or 
agent-based models, in which global agreement is achieved through pairwise negotiations with or without a bias. 
Considering a class of individual-based models on the complete graph, we introduce a coarse-graining approach 
(lumping microscopic variables into macrostates) to analyze the ordering dynamics in an associated random-walk 
framework. Within this framework yielding a linear system, we derive general equations for the expected 
consensus time and the expected time spent in each macro-state. Further, we present the asymptotic solutions of 
the two-word naming game, and separately discuss its behavior under the influence of an external field and with 
the introduction of committed agents.
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Abstract:  A new energy-enstrophy model for the equilibrium statistical mechanics of Barotropic flow on a 
massive non-rotating sphere is introduced and solved exactly for phase transitions to rotating solid-body 
atmospheres when the kinetic energy level is high. Unlike the Kraichnan theory which is a Gaussian model, we 
substitute a micro-canonical enstrophy constraint for the usual canonical one, a step which is based on sound 
physical principles. This yields a Spherical model with zero total circulation, microcanonical enstrophy constraint 
and canonical constraint on energy, leaving angular momentum free as is required for any model whose objective 
is to predict super-rotation in planetary atmospheres. Closed form solution of this Spherical model, obtained by 
the Kac-Berlin method of steepest descent, provides critical temperatures and amplitudes of the symmetry-
breaking rotating solid-body flows. This model and its results differ from previous solvable models for related 
phenomena in the sense
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Abstract:  We propose a general form of community detecting functions for finding the communities or the optimal 
partition of a random network, and examine the concentration and stability of the function values using the 
bounded difference martingale method. We derive LDP inequalities for both the general case and several specific 
community detecting functions: modularity, graph bipartitioning and q-Potts community structure. We also discuss 
the concentration and stability of community detecting functions on different types of random networks: the sparse 
and non-sparse networks and some examples such as ER and CL networks.
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Abstract:  We introduce a homogeneous pair approximation to the Naming Game (NG) model by deriving a six-
dimensional ODE for the two-word Naming Game. Our ODE reveals the change in dynamical behavior of the 
Naming Game as a function of the average degree $<k>$ of an uncorrelated network. This result is in good 
agreement with the numerical results. We also analyze the extended NG model that allows for presence of 
committed nodes and show that there is a shift of the tipping point for social consensus in sparse networks.
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Abstract:   Naming game, the prototypical case of opinion dynamics, on 2-dimensional random geometric graph 
is investigated. Study of this model helps to understand the spatial distribution and propagation of social opinions. 
A main feature of this model is the automatic emergence of spatial structure called opinion domains which are 
geographic regimes sharing the same opinion with clear boundaries. We provide the mean field equation for this 
dynamics and discuss several properties of the equation such as the stationary solutions and two-time-scale 
separation. We find the governing rule of the opinion domain evolution that the opinion domain boundary 
propagates at the speed proportional to its inverse curvature. Finally we investigate the impact of committed 
agents on opinion domains and find the scaling of consensus time.
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Abstract:   Agent-based models of the binary Naming Games are generalized here to represent a family of 
models parameterized by the introduction of two continuous parameters. These parameters define varying 
listener-speaker interactions on the individual level with one parameter controlling the speaker and the other 
controlling the listener of each interaction. The major finding presented here is that the generalized Naming Game 
preserves the existence of critical thresholds for the size of committed minorities. Above such threshold, a 
committed minority causes a fast (in time logarithmic in size of the network) convergence to consensus even 
when there are other parameters influencing the system. Below such threshold, reaching consensus requires time 
exponential in the size of the network. Moreover, the two introduced parameters cause bifurcations in the 
stabilities of the system's fixed points and may lead to changes in the systems consensus.
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