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1 Introduction 

Wo report here on the work performed during the three years (October 1st, 2015 - September 
30th, 2018) of the contract N00014-15-1-2777 on Multiscale materials science: a mathematical 
approach to defects, effective global and local behaviors and uncertainty. 

The presence of numerous length-scales in material science problems represents a daunting 
challenge for numerical simulation. The bottom line of our long-term project is to develop 
new mathematical and numerical tools, including probabilistic approaches, to address the 
current challenging problems of interest in materials science. In particular, one major feature 
of the project is to address questions using both deterministic approaches and probabilistic 
approaches. It is our belief that a satisfactory theoretical understanding of ideal perfect mate¬ 
rials has now been achieved along with the design of reasonably efficient numerical approaches 
for the simulation of those. It is however a pending challenge to understand, model, simulate 
and control real materials in all their inevitable imperfections. Issues such as the modeling of 
defects, of how fatigue and aging affect the characteristic of materials, are not so well under¬ 
stood. Clearly, research in this matter requires skills diverse in nature. The present project 
in particular aims at suggesting mathematical approaches that can help in this endeavor. 

The first track that we mentioned in our original proposal was concerned with the develop¬ 
ment of methods to approximate a problem with highly oscillatory coefficients by a problem 
with coarse coefficients. Our aim was to define and construct the best non-oscillating coeffi¬ 
cient A (think e.g. of a constant coefficient) that is consistent, in a sense to be made precise, 
with the behavior of a heterogeneous material modelled by a highly oscillatory coefficient 
Ae{x). Such an approach can be considered as an alternative pathway to standard homog¬ 
enization techniques when these latter are difficult to use in practice, in particular when 
information is missing on the coefficient A£(x). Of course, modelling the material with A 
(rather than de(ar)) yields much more affordable approaches, since there is no fast frequency 
in that coefficient. A central question, intimately related to homogenization theory, is to 
construct in an efficient maimer this best constant coefficient. 

This topic has been early dealt with. We have collected our results (in particular for what 
concerns the approximation of the gradient of the highly oscillatory solution) in the article [7], 
and do not report any further on this topic here. 

In Section 2 of this report, we address questions related to non-periodic modelling of 
multiscale materials, in line with the second track of our original proposal. Random mod¬ 
elling is indeed a standard modelling response to situations when the idealized, say periodic, 
modelling is inappropriate. 11 is however commonly admitted, and observed in practice, that 
random modelling leads to possibly prohibitively computationally expensive problems. There 
is a definite theoretical and practical interest in generalizing modelling of perfect materials in 
directions different from the random paradigm. 

Within the current contract, we have investigated this idea by considering heterogeneous 
materials with defects. The approach we have undertaken, which is described in Section 2, 
consists in considering an elliptic equation with oscillatory coefficients, in the case when these 
coefficients consist of a “nice” function (say periodic) which is perturbed by a local defect 
modelled as a function in Lp(Rd). With the works now accomplished, homogenization theory 
for this type of equations is essentially on the same mathematical footing as periodic homog¬ 
enization is. Existence and uniqueness of corrector functions with appropriate integrability 
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properties have been established, in particular thanks to new Calderon-Zygmund type esti¬ 
mates. Based on this, quantitative results on how the two-scale expansion approximates the 
exact oscillatory solution have been obtained. 

In the sequel of this report, we turn to numerical approaches. Many partial differential 
equations of materials science involve highly oscillatory coefficients and thus small length- 
scales. When the microstructure of the materials is periodic, or random and statistically 
homogeneous, or “periodic + defect”, homogenization theory can be used, and allows to ap¬ 
propriately define averaged equations from the original oscillatory equations. When no such 
structural assumption (e.g. periodicity) on the materials microstructure can be made, ho¬ 
mogenization theory still holds, but does not provide any explicit formulae amenable (even 
possibly after some approximation) to numerical computations. One possibility is then to 
directly address the original problem {rather than passing to the limit of infinite scale sepa¬ 
ration), and to use dedicated numerical approaches for such multiscale problems, such as the 
Multiscale Finite Element Method (MsFEM). Recall that the MsFEM method consists of 

• an “offline” stage, where highly oscillatory basis functions are numerically computed as 
solutions to local problems (that mimick in a suitable way the reference problem on a 
subdomain). These basis functions are thus expected to be well-adapted to the problem 
at hand. 

• an “online” stage, where a Galerkin approximation of the reference problem is solved. 
The approximation is performed in the finite dimensional space spanned by the basis 
functions computed in the prior offline stage. 

In Section 3, we consider a classical multiscale diffusion problem discretized by MsFEM, 
and introduce quantitative and robust tools to control the numerical accuracy of the approxi¬ 
mate solution. We build a guaranteed and fully computable a posteriori error estimate for the 
global error measured in the energy norm. This estimate is based on the Constitutive Relation 
Error (CRE) concept, with the computation of equilibrated fluxes as a post-treatment of the 
approximate MsFEM solution. This estimate can next be used to drive an adaptive proce¬ 
dure, where the discretization parameters are adapted in order to reach a required accuracy 
at the smallest computational cost. 

In Section 4, we next turn to an advection-diffusion equation that is advection-dominated 
and posed on a perforated domain. There are two small scales in the problem. The first small 
scale is the size of the perforations, which is of the same order of magnitude as the distance 
between two neighboring perforations. The second small scale is related to the ratio between 
diffusion and convection. In addition to the difficulty owing to the presence of different 
scales, the strong convection is also a source of potential instabilities. Taken separately, 
each phenomenon can be addressed by classical approaches: MsFEM type approaches and 
stabilized type techniques (e.g. the Streamline Upwind Petrov-Galerkin (SUPG) method), 
respectively. The purpose of this work is to investigate the behavior of several variants of 
MsFEM type methods. We present, study and compare various options in terms of choice of 
basis elements, adjunction of bubble functions and stabilized formulations. 

The works described below have been performed (jointly or separately) by Claude Le Bris 
(PI) and Frederic Legoll (Co-PI), along with various external collaborators. Thanks to the 
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specific support of ONR to the research activity of our group, we have been able to hire in our 
group Simon Lemaire (postdoctoral fellow) and Frangois Madiot (PhD student), who both 
have contributed to this research program. 

2 Modeling of defects 

[Work expanded in [1, 2, 3, 4jj- 

Modeling of heterogeneous materials with defects at the small scale is a long-term en¬ 
deavor that has been consistently supported by the funding of ONR. through the previous two 
contracts (from 2009 through 2015, see e.g. [15]) and the present contract on the period Oc¬ 
tober 2015 - September 2018 (along with a similar funding support by BOARD on the same 
general topic over the same periods). These defects, usually microscopic, are of paramount 
importance for the understanding of the behavior of materials, even at the macroscopic scale. 

Let us summarize the context and the achievements. Typically, consider a periodic; mate¬ 
rial (where the period is small with respect to the size of the sample, so that there exists a 
separation of scales between the microstructure and the macrostructure, see e.g. [20] for more 
details), with a superimposed defect in one (or “a few”, meaning a perturbation dying down 
“at infinity”) periodic cells. A typical equation modeling such a situation reads as 

-div (Aper (7) + tfdef (7)) Vu£ = / in D, (1) 

where the perturbation is localized (in the sense that Bdef vanishes at infinity, a property 
that is later encoded as R^ef € Lp(Wl) for some p < +00, even though this assumption does 

[ —J. -J-QQ 

not cover the full generality of Rdef(^) —> 0), while Aper encodes the perfect, periodic 
medium. From the macroscopic standpoint, the overall behavior might, or not, be the same 
as that of a perfect periodic material. Anyhow, close to the defect (i.e. dose to the “support” 
of Bdef), the response is of course very different from that of the perfect material. 

The long term goal is, beyond the theoretical understanding, to develop numerical ap¬ 
proaches to efficiently and accurately capture how the presence of such defects affect, either 
locally or globally, the behavior of the considered material. 

The mathematical endeavor is conducted by Claude Le Bris, in external collaboration with 
Xavier Blanc (University Paris Diderot) and Pierre-Louis Lions (College de France), neither 
of these collaborators being an investigator of the present contract. Some students, both at 
the master level and the PhD level, and supervised or co-supervised by Claude Le Bris, may 
also participate. For the funding period 2015-2018, some works (see the publications [1, 2]) 
have been accomplished by such a PhD student, namely Marc Josien, the salary of whom was 
covered by another source of funding. 

The previous funding periods until 2015 have seen significant progress along this line of 
research. They all concern linear elliptic equations (or systems, and this is a major variant 
because their study is orders of magnitude more difficult than those of equations - because 
in particular of the absence of maximum principles in many situations, which dramatically 
restricts the available techniques of proofs). The publication [9], dating back to 2012 and 
completed during a previous funding period, addressed the precise case of equation (1) for a 
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perturbation Bdef G L2(Rd). Then the case of defects Bdef E Lp(Rd) for 1 < p < +oc possibly 
different from 2 (which is considerably more difficult than the case p = 2 because there is no 
Hilbertian structure then) was considered in the next two publications [10, 11], mentioned 
in the previous contract. Existence (and uniqueness up to additive constants) of corrector 
functions that is, solutions for p E Rd fixed to 

—div [(j4per + fidef) (p + Vit)p)] = 0 in M'*. 

were proven. Put differently, we have shown existence of small scale corrections to the overall 
averaged behavior encoded in the solution to the homogenized equation associated to (1). 

In standard (say, periodic) settings, the existence of such corrector functions is enough 
d 

to guarantee the existence of a precise approximation u*(x) + e E wej(x/e) dXju*(x) of the 
j=i 

oscillatory solution uE, where of course u* is the solution to the homogenized equation 

—div (/l* Vu*) = / in 0. 

Tins was indeed conjectured and formally proven in the publications [9, 10, 11], but the exact 
mathematical proofs were still to be performed in the presence of defects. 

This task was precisely accomplished during the present funding period, in the publica¬ 
tions [1, 2, 3, 4]. But actually more facts were proven therein. 

First, a new, more versatile proof of the result originally given in [10, 11] was introduced 
in [3]. Second, this versatility was exploited to extend the results to other (still linear) 
equations, this time not necessarily in divergence form, namely equations of the type 

-dper "t" f^def dijUE = f ill fl. 

Likewise, and this was the focus of [4], the advection-diffusion equation (a major equation for 
practically relevant cases) 

-div ^Aper j + Bdef j -I- ^Cper ^ + Aief ^ ‘ = / in 12 (2) 

(with self-explanatory notation) was addressed. Central to the new proof and to several 
results that allow one to extend the study to these other equations are the linear a priori 
estimates of the Calderon-Zygmund type: 

- ^4 II3II L9{Md) 

for general solutions v to equations (or systems) of the form 

—div(aVu) = div g in Rd 

for vector-valued functions g, or alternately 

ll-^2 HUr*, - Ci ll3llL<4rq 

for equations of the form 
—ciij dijv = g in 
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for scalar-valued functions g. Most of the work accomplished consists in generalizing these 
estimates from the case a constant (the actual Calderon-Zygmund estimates) to the case a 
periodic (which has been completed by M. Avellaneda and F.H. Lin in their seminal series of 
articles of the late 1980s [17, 18, 19]), and next to the case a “periodic + defect”, which we 
achieved. Given that we deal here with linear equations (or, again, systems), it is intuitive 
(and this turns out to be a mathematical reality) that these estimates allow to conclude to 
the right existence and uniqueness theorems. 

As for the more difficult advection-diffusion equation (2), the strategy consists in estab¬ 
lishing the existence of the suitable invariant measure associated to the equation, a fact which 
is in turn established by duality, based upon some of the above results. One next uses the 
invariant measure to transform equation (2) into a divergence form equation of the type (1). 
And one concludes using the general results just proven for such an equation. 

In addition to this, we pursued one of the directions announced in our proposal for the 
present funding period. In 2015, we announced that we were interested in the case when a 
singular right-hand side is inserted in equation (1). We had precisely in mind to consider 
right-hand sides f 0 in (1). We readily realized that the question under examination 
was very much related to the question of the determination of the Green function for the 
differential operator of the left-hand side of (1). Indeed, a typical / ^ H~l is / the Dirac 
mass, in which case the solution ue is exactly the Green function Gf. In turn, understanding 
the behavior of the Green function G€ is key to indeed prove quantitative estimates for the 
approximation of ue, as shown in the series of works [17, 18,19] already cited above. Therefore, 
the two questions of (i) using the corrector we constructed in previous works for the actual 
approximations of the solutions and (ii) investigating the behavior of the solution for singular 
right-hand sides, are closely related, not to say almost identical. 

We settled these issues in our publications [1, 2]. We now have at our disposal a complete 
quantitative theory, at least for the case of defects in the equation (1) that are in Lp(Rd), 
p < +oo (and likewise for the related systems, and equations mentioned above). The rate e" 

d 

with which u*(x) + wej(x/e) dXjv.*(x) approximates in suitable norms for £ small, or 
i=i 

put differently, the rate with which the remainder 

d 

RF{x) := u£(x) - u*(x) - e ^ wej dXju*(x) 
J=1 

vanishes as e vanishes, is now well documented. The exponent u explicitly depends upon the 
integrability Lr(Rd) of the defect Bdef(x) as |x| —> +oo, and the functional norm chosen to 
evaluate the remainder. In particular, the L00 norm can be used, and the result then reads 

H^1’ IL°°(S2i) - C£l/r hi (2 + s-1) ||/|[c<o,fl(fi), 

where ur := min (l,cf/r) G (0,1], r being the integrability of the defect, and the constant C 
being independent from e and / sufficiently regular (in the above estimate, fh is any bounded 
open set such that fli C G). This explicitly quantifies how defects can be seen at the macro 
scale. In a nutshell, homogenization theory for this equation in the above setting is exactly on 
the same mathematical footing as periodic homogenization is. Evidently, the natural research 
path is now to move on to the case of equations and systems other than linear ... 
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On the other hand, we were unable so far to proceed in the other two directions of research 
originally mentioned in the 2015 proposal, namely 

• the ease when the defect, in contrast to the cases considered so far in the works men¬ 
tioned above and previously conducted, has a full one (or two) dimensional structure 
(and is therefore not localized), such as an interface between two different periodic 
structures or a skew-dislocation, and 

• the case of a discrete differential operator at the micro scale where we replace equa¬ 
tion (1) by a similar equation where the divergence and gradient operators are discrete. 

We hope to be able to return to some of these problems (in particular the former, which we 
find particularly interesting and practically relevant) in the future. 

3 A posteriori error estimation for MsFEM computa¬ 
tions 

[Work expanded in [5, 6]]. 

Developing multiscale numerical methods for problems with highly heterogeneous material 
structure is a very active research field. In the last twenty years, a lot of efforts have been put 
in the design of multiscale approaches for elliptic PDEs. They are inspired by the framework of 
the Finite Element Method (FEM) but take into account scale separation between macroscopic 
and microscopic features. Many methods have been proposed in that direction, sharing the 
idea of adapting the approximation space to the particular fine-scale features of the problem. 
We focus here on the Multiscale Finite Element Method (MsFEM), where basis functions are 
obtained from fine-scale, localized problems [21]. 

The MsFEM defines an approximate solution in a finite dimensional space, related to 
a macroscopic mesh and generated by basis functions that encode details of the fine-scale 
heterogeneities. As said in the above introduction, MsFEM performs the computations in 
a two-stage procedure: (i) an offline stage in which basis functions are computed as the 
solutions to local fine-scale problems; (ii) an online stage in which an inexpensive Galerkin 
approximation problem is solved. We refer to Section 3.2 below for more details. As for any 
numerical method, a crucial issue is to control the accuracy of the obtained approximation, 
and to design algorithms yielding discretizations that comply with a prescribed tolerance on 
the error. 

Many tools have been developed for the estimation of the discretization error and the 
adaptation of discretization parameters in the (single scale) framework of FEM (see e.g. [25] 
for a review). In contrast to a priori estimates that establish a convergence order (with re¬ 
spect to discretization parameters) of a given numerical method, a posteriori error estimates 
provide quantitative information on the error as well as criteria for mesh adaptation. Various 
a posteriori error estimation tools have been introduced, many of them requiring the compu¬ 
tation (by post-processing the approximate solution) of flux fields that satisfy equilibrium in 
a strong sense [25]. This enables to derive, in a convenient way, fully computable (i.e. without 
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any unknown multiplicative constant) and guaranteed error bounds on both the global solu¬ 
tion (error in energy norm) and given quantities of interest (goal-oriented error estimation) 
using an adjoint problem. 

In the multiscale framework, and for MsFEM-like methods particularly, very few a poste¬ 
riori error estimation tools are available. One work we wish to cite is the approach [23] using 
the explicit residuals method. This approach, splitting the error estimate with respect to the 
different error sources, is effective to drive an adaptive algorithm. However, it does not enable 
to quantify the error level accurately (but only up to some unknown constants), which may be 
a drawback when certification of the accuracy and stopping criteria for adaptive algorithms 
are required. 

In [5], we have developed a robust a posteriori error estimate, as well as an associated 
adaptive strategy, for MsFEM computations. Our approach is based on the Constitutive 
Relation Error (CR.E) idea, a popular concept in (single scale) FEM approaches, that we 
have extended to the multiscale framework. We also refer to [6] for the extension of this work 
to goal-oriented error estimation problems. 

The model problem we have considered is described in Section 3.1. Basics on MsFEM 
arc recalled in Section 3.2. The reader familiar with the approach can skip this section 
and directly proceed to Section 3.3 to discover our main contributions on the topic. The a 
posteriori error estimation method based on CRE is introduced in Section 3.3 (the adaptive 
strategy, associated to indicators related to various error sources, is briefly mentioned in 
Section 3.3.3). We show there how equilibrated fluxes can be recovered from an extension of 
the method given for FEM in [25], so that a guaranteed and fully computable error estimate 
on the overall error can be derived. Some numerical experiments illustrating the performances 
of the proposed approach are discussed in Section 3.4. We refer to [5] for other numerical 
results. All these results confirm the practical interest of the proposed technique, in terms of 
both certification of the numerical solution and adaptive discretizations. 

3.1 Model problem 

We consider the highly oscillatory problem 

-div(A<:Vu£) = / in £7, = 0 on 3£7. (3) 

where 0 is an open bounded domain of and where the loading / G L2(£l} is slowly varying 
(it does not depend on e). 

The matrix AE G (L°°(Q,))dxd is a rapidly oscillating function, e representing the typical 
(presumably small) size of the heterogeneities. We assume that Ae is symmetric and that it 
is (uniformly in x and e) bounded from above and away from 0. The weak formulation of (3) 
consists in finding uE G such that 

Vu G I-PQ(a), BE(u',v) = F(v), (4) 

where 

Be{u,v) = [ [Ae Vu] • Vu, F(v) = [ fv. 
■In .In 

The symmetric bilinear form B£ induces the energy norm |||w||| = i/BE(v, v) on 
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Let Th be a partition of fJ. Introducing the Pl-Lagrange finite dimensional space V#, the 
Finite Element (FE) approximation of (3) reads: 

Find uh € Yfi such that, for any v 6 V£, B^(uH,v) = F{v). 

Since A" varies at the scale e. it is well known that obtaining an accurate approximation u/j 
requires to choose H -C e. The number of degrees of freedom is then very large. This leads 
to a usually prohibitive computational complexity. 

3.2 Overview of MsFEM 

The main idea in the MsFEM approach is to construct a set {<pf}i<j</ of local multiscale 
basis functions that encode small scale information within each element of a coarse mesh Th 
(H e). The basis functions <pf, associated with each node i of the coarse mesh Th, are 
adapted to the local properties of the operator. They are pre-computed in an offline stage, 
over each element K of the coarse mesh (see Figure 1), as solutions to local elliptic equations 
of the form 

-div[/lfV0[] = 0 inK, (5) 

complemented with various boundary conditions discussed below (see e.g. (6}). In practice, 
the local problems (5) are solved numerically using a fine mesh of characteristic size h < e. 

Note that the problems (5) are decoupled one from each other. They can hence be solved 
in parallel. 

Figure 1: Loft: a coarse mesh of the domain f2 is introduced, with elements of diameter II 
much larger than the small characteristic size e of the heterogeneities (here the diameter of 
the inclusions). Right: on each coarse element, we solve a local problem, using in practice a 
discretization at the size h adapted to the heterogeneities. 

Once the multiscale basis functions are computed, the MsFEM strategy is the same as 
that of a classical FE approach. It consists in performing a Galerkin approximation of (4) on 

Vh = Span{0f, 1 < i < /}. 

In an online stage, we thus look for the approximate solution vcH e Vf such that 

Vue Be(u%,v) = F(v). 
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The small scale information incorporated in the basis functions is thus brought to the large 
scales through couplings in the global stiffness matrix. The assembly of this matrix is inexpen¬ 
sive since it reuses local matrices computed and stored in the offline stage when solving (5). 

In practice, it is common to perform multiple runs for the same medium, with different 
boundary conditions or loadings / in (3). Since the local problems (5) are independent of 
these, the offline stage in MsFEM is done only once in such a multi-query context. 

3.2.1 Linear-MsFEM approximation 

The boundary conditions associated to (5) in the construction of basis functions are of critical 
importance, since they determine the behavior of the numerical approximation v'y on the 
edges of the mesh and how this behavior may be different from that of the exact 
solution if. 

A first choice, leading to a conforming numerical discretization, is to impose a linear 
evolution of along c)K as for classical first-order FE basis functions. We thus introduce 
the piecewise affine FE basis functions $ over the coarse mesh Th, 1 < i < /, and consider 
the local problems 

-div[,4£Vciif] =0 in K, (j)] = $ on DK. (G) 

Note that the support of is identical to that of <fi®. The multiscale basis functions ^ 
i 

defined by (6) satisfy a partition of unity property, i.e. = 1, a property which is useful 
i=l 

in Section 3.3.2 below. 

In the regime of interest H > e. and assuming that the oscillations in the material behavior 
are periodic, i.e. that = ApeT{xjs) for a fixed periodic matrix Tper, the following a priori 
error estimate holds (see [21]): 

[iu~ ~ llwqu) < £ (jH + , (7) 

where C is a positive constant independent of £ and H. The estimate (7) shows that the 
MsFEM approach converges to the correct solution in the homogenization limit (namely 
when first £ 0 and next H —» 0, which is the regime of interest). 

3.2.2 Nonconforming MsFEM approximation: the oversampling technique 

The accuracy of the Linear-MsFEM variant is limited, due to the boundary conditions imposed 
in (6). Indeed, in the vicinity of dK, uE oscillates (as it does everywhere in f2), whereas the 
basis functions (f)£t (and thus ) do not, as a consequence of the non-oscillatory boundary 
conditions = 4>°i on dK. A possible remedy is to impose (incorrect) Diriehlet boundary 
conditions not on dK, but further away, on the boundary of a domain Sk which is slightly 
larger than K, and to only use the interior information, on K, to construct the basis functions 
(see Figure 2). This is the well-known oversampling technique. The approach thus consists 
in first solving the local problems 

—divlyTVv/A^] = 0 in Sk, v4’K is affine on 55*-, y';i'K{sj) = 
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where Sk is a domain which is homothetic to the mesh element K and s3 are the coordinates 
of the vertices of Sk- Second, the MsFEM basis functions are defined by 

4>t = ^ 
£, K 

K 
in K. 

This approach is more costly than the one presented in Section 3.2.1 since the local problems 
are set on larger domains. 

Figure 2: Illustration of the oversampling technique: a domain Sk- which is slightly larger 
than K, is introduced to solve the local fine scale problems. 

Note that a unique basis function is associated to each mesh node i. The basis function 
0? may be discontinuous on the element boundaries, i.e. across dK. Here again, they satisfy 
a partition of unity property. 

Once the multiscale basis functions cfif have been computed, a Galerkin approximation 
of (4) on the finite dimensional space V# = Span{^f, 1 < i < /} is performed. Note however 
that Vfj <£ //(] (Tf). The global problem is then defined as 

Find u); € such that, for any v G V,), BeH(ueH,v) = F(v), 

with 

B£h(u, v)= f [^Vu] • Vf = f [/FVtfu] . VHv, 
K€Tu 

where we have set V//K = Ik and likewise for v. 
K£T„ 

In [22], an a priori error estimate is derived for the oversampling variant of the MsFEM 
approach. In the case H e and in the periodic setting, assuming that the distance between 
K and DSk is of order B, the estimate reads 

{ yi 11^ — < F\H + C2—+ C'zy/e, (8) 
\k£Th J 

where C'i, C2 and 63 are independent of e and //. and C2 depends on the oversampling ratio. 
Since the approach is non-conforming, the error is measured in the broken Hl-novm. 

The estimate (8) is better than the one without oversampling (namely (7)), since the 
leading order term yJe/H (due to boundary effects on UKeTn^K) is now replaced by the 
term e/H. This theoretical result, as well as numerous numerical results, show that the 
oversampling variant outperforms the Linear-MsFEM variant. 
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3.3 A posteriori error estimation using CRE and adaptive strategy 

In this section, we derive a guaranteed upper bound on the error in the energy norm |||«£ - u^|||- 
For the sake of simplicity, we restrict ourselves to the case of conforming approximations 
Vtf C Hq(Q), although the approach can be extended to non-conforming approximations. 
The method is based on the Constitutive Relation Error (CRE) concept, which has been 
successfully used in (single-scale) FEM simulations. 

3.3.1 Basics on CRE 

We introduce the space of equilibrated fluxes 

VF = {p € [L2(f2)]d, divp € £2(f2), divp+ / = 0 in fl} . 

Any flux field p £ W satisfies the following relation: 

VveH^n), [pVv=[fv. (9) 
Jn J si 

Then, for any uE E Hq (0) and for any flux field p G IT, we define the CRE functional Ecre 
as 

(■Ecre ,p) )2 = f (As)-\p-AEVtF)-{p-A‘Vtf). 
Jn 

Since Vfj C Hq(Q), we can choose = ueH. It is next easy to show that 

Vp e W, |||uF -14||| < Ecre(uh.p). (10) 

Indeed, using an integration by parts and denoting qe = A^Vu*, we have 

\h* - *4III2 = /V - AEVueH) ■ vk - 
Jn 

= [ (p- AeVu£H) ■ V(ue - ueH) + [ (f + divp)(uE - ueH) 
Jn Jn 

= f (P~ A£VueH) ■ V(ue - u£h) 
Jn 

< ECre(ueh,p) |||ue - u£h\\\. 

The bound (10) implies that a guaranteed upper bound on the error |||'u£ — *4||| is obtained 
from any flux field p EW. Its quality is ensured by a suitable choice of p. 

Remark 1 The CRE concept has also been used to establish error bounds on quantities of 
interest (goal-oriented error estimation) using an adjoint problem. We refer to [6] for the 
extension of this approach to MsFEM computations. 
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3.3.2 Construction of an equilibrated flux field 

The technical point in the CRE concept is the construction of a relevant admissible flux 
p £ W. Several methods can be used. We use here a method referred as the Hybrid- 
Flux Technique, or Element Equilibration Technique (EET), in the recent literature. This 
technique enables the construction of an equilibrated flux field satisfying (9), denoted q}, in 
the following, from a post-processing of the MsFEM flux q£H = AeVu€H at hand and from 
the solutions to independent elementary problems. This method, which is an extension to 
MsFEM of the one exposed in [25] for FEM simulations, is made of two steps: 

• Step 1: construction of tractions gx along the edges of each element K & Th- These 
tractions should satisfy the equilibrium at the element level: 

v/c [ f+ [ 9k = 0. (11) 
JK JdK 

We will see below that (11) indeed holds. In order to satisfy the continuity of normal 
fluxes along element edges, tractions are defined as gK\r — 9^ 5|r over each edge F of 
OK. with rjlK = ±1 and where 5|p has a well-defined value on F. 

• Step 2: local construction of over each element K 6 Th, such that 

-divq}y|K = / in K, q],lK ■ nK = gK on dK, (12) 

where gx are the tractions built in Step 1, and nx is the outgoing normal on dK. 

We note that the reconstruction method we use is based on fine-scale computations (Step 2) 
only at the element level (and not on patches of elements, as for alternative reconstruction 
methods). It is therefore particularly suited to the MsFEM framework, where fine-scale 
computations are expensive. We now describe these two steps in more details. 

Computation of equilibrated tractions. An arbitrary but convenient manner to derive 
equilibrated tractions gK by post-processing qLH is the enforcement of the so-called prolonga¬ 
tion condition. We require that, for each element K and each node i connected to K, 

I ffi, - 1h) ■ V# = 0. 
JK 

Since qFH e W, this is equivalent to requiring that 

f gK(f>Ei = f (qFH ■ Vtf -ftf) =: Qf, (13) 
JdK Jl< 

where 9k = q% ' nK 011 dK. Note that the quantity Qf is fully computable. Enforcing (13) 
naturally provides for the local equilibrium condition (11) due to the partition of unity prop¬ 
erty. 

Collecting the relations (13) for all the elements connected to a given node i yields a local 

system where the unknowns are the projections / gx (?) of the tractions gx on the basis 
JdK 
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function (p*. The local system spreads over the support of </>■, i.e. the patch fij of elements 
connected to node i. As an example, consider an internal vertex node i connected to N 
elements in a 2D mesh Th made of triangular elements (see Figure 3). Since (p^m. = 0 and 
$ is continuous across = dKj fl dKk, the local system reads 

-rj)« flfs 
6j!'3» -i;1'2) = Qf., 

_ T{N-2,N-1) = qKn-i 

(14) 

with = / 7]^k g|r A 4>i- There are N equations and N unknowns. The N x N matrix 

Jr’k 3 . 1 
corresponding to the linear system (14) is however not invertible. Solutions to (14) yet exist 
since the right-hand side of (14) satisfies the appropriate compatibility condition. Uniquely 
defined b, may be obtained by minimizing an appropriate cost function over the solutions 
to (14). 

Figure 3: Illustration of the prolongation condition applied to elements connected to a node 
i in a 2D mesh. 

Once projections Vf '1’ ' have been obtained for all nodes i of the mesh Th and all edges 
Fjjt C fl,, tractions grjk over the edge F^- can be recovered. We choose to search grjk as an 

affine combination of the functions | ■ For the 2D example of Figure 4, this reads 

9rjk = Vk* {<lH)rjk ■ nKj + on <p£hlrjk + a2 4>£i2\rik, 

where (q*n)v3k := <lH\Kk) = \(A£VueH\Kj +is the average of the MsFEM 

flux on the edge F^ and where the nodes q and i2 are the two vertices of the edge Tjk (see 

Figure 4). Enforcing that g\rjk (p\ for i = i\ and i = i2 leads to a simple 2x2 
■JTjk 3 

linear system on (aI,Q2) that can be easily solved. 
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Figure 4: Environment of the interface separating element Kj and element Ab¬ 

solution to elementary problems. For given tractions gx, the optimal flux field q in the 
element K is the one that minimizes 

(£cre|/c(^,9))2 = / (AT'iq - ^ViT) • (q - A'Vtf) 
Jk 

among all flux fields q satisfying (12). This choice indeed makes the upper bound in (10) 
as small as possible. It can be shown that such fields are given by obiA' = /FVrcb where 
w’ e Hl(K) is such that ' 

Vv£Hl{K), BfK(ws,v)= f fv+ f gKv, (15) 
Jk Jax 

where B^K(u,v) = / [2lf Vu] ■ Vu. In view of (11), the above local Neumann problem (15) is 
Jk 

well-posed (up to the addition of a constant). An accurate approximation vf of its solution 
uF is in practice computed using a higher-order basis within the element K. In order to reuse 
the offline MsFEM computations at hand and to limit the computational costs, we construct 
the local higher-order basis using the technique proposed in [16]. 

In the case when the load / is regular in each element AT, computations associated to the 
resolution of (15) can mostly be performed offline, thus avoiding fine-scale computations in 
the online phase, and thus respecting the MsFEM paradigm in multi-query contexts. We 
refer to [5] for more details. 

3.3.3 Adaptive discretization 

We have developed above a CRE estimate that yields a fully computable upper bound (10), 
namely 

IIK - Krill < £cre(K/,<7h) =: AmsFem (16) 

where qcH is the flux field built in Section 3.3.2. This bound quantifies the overall MsFEM 
error. As explained in details in [5], it is possible, based on this estimator, to develop error in¬ 
dicators that heuristically assess the various error sources and enable an automatic adaptation 
of the MsFEM parameters (the coarse mesh size H, the fine mesh size h and the oversampling 
ratio) in order to reach a given error tolerance while keeping the computational cost minimal. 
For the sake of brevity, we do not detail this here. 
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3.4 Numerical results 

In this section, we investigate the performances of the proposed methodology on a classical 
non-periodic problem. The problem is set on f] = (0, l)2, with / = —1. Dirichlet boundary 
conditions u(x) = {x\ — 0.5)2 + (x2 — 0.5)2 are applied on <90. The conductivity properties of 
the medium arc modeled by the matrix 

2 + Pcos (27rtanh(u»(7~ — 0.3))/e) 12 = ae(a:) 12, 

where r = 1/(3:! - 0.5)2 + (x2 — 0.5)2 is the distance from the center of the fiber. The pa¬ 
rameter P controls the contrast in a€, the parameter w determines the total width of the 
reinforcement, and e sets the wavelength of the unidirectional oscillations. In the following, 
we set P = 1.8, w = 20 and e = 0.2, so that the shortest wavelength in the oscillations is 
about £0 = 0.01. The evolution of af is shown on Figure 5. 

Figure 5: 2D non-periodic example: evolution of a£ in the domain. 

We take an initial coarse mesh 7)/ made of 5 x 5 macro elements. Choosing = eq/5 
for any K, and with no oversampling, the approximate MsFEM solution is compared to the 
exact solution (computed using a 500 x 500 fine mesh) on Figures 6 and 7. 

The value of the associated relative error estimate AmsFEm/|||^/||| (where AmsFEM is defined 
by (16)) is about 36%, with an effectivity index of 1.09. Note that, in view of (10), the 
estimation of the error is always larger than the true error. We observe here that the estimation 
of the error is only 9% larger than the true error. Local contributions of (AMsfFjm)2 over 7//, 
as well as local effectivity indices, are shown in Figure 8. These local effectivity indices are 
all between 1.0 and 1.16. The over-estimation of the error is thus limited, and always smaller 
than 16%. Our procedure to estimate the local error is hence accurate. 

We now' use the adaptive algorithm from this initial, non-accurate MsFEM solution (Hk = 
0.2, h.K = Hk and Sk = 70 and with a prescribed error tolerance of 5%. After a few 
iterations, this leads to the local MsFEM parameters shown in Figure 9, associated with 
an estimated error of 4.77%. We observe that this error tolerance can be reached without 
resorting to accurate fine-scale computations in the center of the domain Q. Our adaptive 
algorithm leads to a discretization which is much more efficient than the one that would have 
been obtained using a uniform refinement. 
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Figure 6: 2D non-periodic example: exact solution uE (left) and MsFEM solution ueH (right). 

Figure 7: 2D non-periodic example: exact gradient ViF (left) and MsFEM gradient 
(right) (top row: components VrF ■ ei and ■ ei; bottom row: components ViF • e-2 and 

■ e2). 



local wcrt (relative) local off tfdoj 

Figure 8: 2D non-periodic example: values of (A^sFEM)2 for the specific computed MsFEM 
solution (left), and local effectivity indices (right). 
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Figure 9: 2D non-periodic example: adapted coarse mesh (left), oversampling size (center) 
and fine mesh sizes hx (right). 
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4 MsFEM approaches for advection dominated prob¬ 
lems in perforated domains 

[Work expanded in [8jj. 

The MsFEM approach has initially been introduced for diffusive problems with highly 
oscillatory coefficients, set on regular domains (see problem (3) for a typical example). With 
the aim to get a better understanding of the approach, we have considered in some previous 
works the extension of MsFEM to other problems. First, in [13], we considered the case of a 
diffusive equation (with constant coefficients) posed on a perforated domain. The multiscale 
nature of the problem is then encoded in the geometry of the domain on which the equation 
is posed, rather than in the coefficients of the equation. Starting with [14], we have next 
considered advection-diffusion problems, which are very relevant equations for the application 
viewpoint, and which raise several new questions in terms of design of MsFEM approaches. 
The problem considered in [14] is an advection-diffusion equation, with highly oscillatory 
coefficients, and posed on a regular domain. In order for this problem to be significantly 
different (from the theoretical and the numerical standpoints) from a purely diffusive problem, 
we have considered the regime when advection dominates diffusion. A question of specific 
interest is whether or not the advection term must be introduced in the equation defining 
the local basis functions, and whether or not this brings more stability to the approach. The 
next step, on which we report here, is to consider an advection-diffusion equation, again in 
the advection-dominated regime, posed on a perforated domain. 

We thus consider a regular bounded open set Q, C M'b in dimension d > 2. and its 
subset fT C -fl, a domain perforated by holes of presumably small size e > 0. We denote 
by f3€ = ft\Q,£ the set of perforations (see Figure 10 below). On the perforated domain 
we consider the advection-diffusion equation 

-aAuE + b£ ■ Vue = / in ST, 

where tv > 0, for a right-hand side / 6 L2(fl) and for some advection field b£. On the outer 
boundary dQ: we impose homogeneous Dirichlet boundary conditions. On the other hand, 
the equation can be supplied either with homogeneous Dirichlet or homogeneous Neumann 
boundary conditions on the boundary of the perforations. More precisely, we concurrently 
consider in [8] the two problems 

and 

/ —a&ue + if ■ Viff 
\ u£ 

f in fT, 
0 on dn£, 

(17) 

—aAiff + fiE • ViA 
aW • n 

ue 

f in fT, 
0 on dilF- \ dSl 
0 on <9ST O dfl. 

(18) 

For the sake of brevity, we only discuss here problem (18), and refer to [8] for a comprehensive 
study of (17). 

As pointed out above, we study a regime where advection dominates diffusion. In the 
absence of perforations, it is well-known that numerical instabilities arise for classical Finite 
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Figure 10: The domain contains perforations Be, some of which may intersect dfl. The 
perforated domain is = Q\ BE. The boundary of is the union of dBE n (the part of 
the boundary of the perforations that is included in fb) and of fl 

Element methods, and stabilization methods are in order [26], The case of perforated domains 
deserves a specific attention, since the perforations are presumably many, and asymptotically 
infinitely many. 

The numerical approaches we consider are variants of the Multiscale Finite Element 
method (MsFEM). As pointed out in Section 3.2, MsFEM encodes the multiscale charac¬ 
ter of the problem to be solved in the finite element basis functions by defining the latter 
as the solutions of independent local problems involving a differential operator identical, or 
close to that of the original equation (see e.g. [21]). The finite element basis functions are 
defined independently of the source term and therefore can be precomputed. A Galerkin 
approximation on the resulting approximation space is then performed. The choice of the 
boundary conditions imposed on the local problems is a critical issue. In [12], we have in¬ 
troduced Crouzeix-Ravi art type boundary conditions for the local problems, in the case of a 
prototypical diffusion problem. The approach has next been enriched with bubble functions 
to address the case of the same diffusion equation posed in a perforated domain [13]. The 
main advantage of this particular choice of Crouzeix-Raviart type boundary conditions has 
been shown there to be the robustness of the approach with respect to the location of the 
perforations. The approximation remains accurate, irrespective of the fact that the bound¬ 
aries of the mesh elements intersect or not the perforations, a sensitive issue for other types 
of boundary conditions. Since we consider here a problem set on a perforated domain, we 
again adopt these Crouzeix-Raviart boundary conditions for the MsFEM basis functions. 

We first make precise the various numerical approaches we consider in Section 4.1. Under 
the assumption that the perforations are periodically located, the homogenized limit of (18) is 
identified in Section 4.2. Our numerical tests, and our conclusions, are presented in Section 4.3. 
We explore there a periodic test-case (in Section 4.3.1) as well as a non-periodic test-case (in 
Section 4.3.2). In short, the conclusions for Problem (18) are the following: 

• the method using a basis of functions built upon the full advect ion-diffusion operator 
enriched with bubble functions built likewise is the best possible approach whatsoever, 
and it does not require any additional stabilization. 

• if one does not wish to include the transport field in the definition of the basis functions, 
because this might be a difficulty either from the implementation viewpoint or in the 
context of varying advection fields, then the best to do is to use a stabilized formulation 
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with basis functions built with the sole diffusive part of the operator, with no enrichment 
by bubble functions. All other approaches arc significantly less efficient. 

4.1 Presentation of our numerical approaches 

We introduce in this section the different variants of the MsFEM we have considered, that all 
use Crouzeix-Raviart boundary conditions [12, 13] on the boundary of mesh elements for the 
definition of the basis functions. We have considered MsFEM approaches that 

• use basis functions defined with the full advection-diffusion operator (we abbreviate this 
into Adv-MsFEM), or only the diffusive part of that operator (we abbreviate this into 
MsFEM); 

• possibly enrich the approximation space spanned by these functions by adding bubble 
functions, the latter being either defined with the full advection-diffusion operator, or 
only the diffusive part of that operator; 

• possibly have stabilized variational formulations. 

For the discretization, we consider a uniform regular mesh 7// of Q with mesh size H. 
This mesh size is presumably much larger than what would be in order for a classical FEM 
applied to a problem with small scale e. We denote by and Sff1, respectively, the set of 
inner and outer edges/faces of the mesh Th \£ff is the set of edges lying in OM), 

The variational formulation of the Neumann problem (18) reads as follows: find ue £V 
such that, for any v E V, 

a(ue, v) = F(v) 

with 

and 
V£ = {u E Hl(QE) such that it = 0 on <9fF Pi dfl} . 

The finite dimensional approximation spaces (that we introduce below) are not included in V, 
since Crouzeix-Raviart boundary conditions allow for discontinuous functions. Our approx¬ 
imations of (18) are therefore not conformal approximations. For the discrete variational 
formulations, we therefore introduce the following two bilinear forms: 

and 

which all involve broken integrals. 
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4.1.1 MsFEM approaches using only the diffusion operator, and their stabilized 
version 

Description of the basis functions. For any E G we introduce the function $l’E 
which is such that, for all mesh elements K eTh, 

' - £ = 0 in X n Q\ 

aV^o & - n = 0 in K fl dBc, 

< if E’ £ £'£ C\ dK, [ $0^ = se,e' and aV$s0'E ■ n = \K,E' on E' n Qe, 
JE'nnc 

ji E' e£^lndK, %'E = o onE'nQ", 

where XK,B' is constant. The function <h|y/' is supported in the elements K for which E C dK 
(see Figure 11). 

Figure 11: Construction of ^ following (19). 

We also define, for K G 7//, the bubble function the support of which is reduced to 
K r\Q£, as the solution to 

' - aA^’K = 1 in n ST, 

qV^q A ■ ?i = 0 in /t n 0B£, 

if E! G £'£ n dK. f %'K = 0 and aV%'K ■ n = iiK'E' on E' n QE, 
J B'r,ns 

^liE' erfndK, 1/^ = 0 onE'nf2e, 

where nK'E is constant. 

We then define the approximation spaces by 

VH = Span {^'E, E G 4n} 

and 
Vr/,bubble = Span {^’E, %'K, E €£'£, K e T,,] . 

Variational formulations. The variational formulation of the standard MsFEM approach 
reads as 

Find uh C Vh such that, for any vH eVH, clh(uh, vh) = F(vh), (20) 

while the variational formulation for the variant using bubble functions is 

f Find uh E V/z^ubbie such that, 
\ for any vH E V)/,bubble, aH{uH,vH) = F(vH). 

(21) 
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The stabilized version of (21) (or, mutatis mutandis, of (20)) that we use reads as 

t ind ujj £ b/z.bubbie such that, for any Vfj £ Ky,bubble) 
aH(uH,vH) + astab(uH,vn) = F(vH) + FaUb(uw), 

where the stabilization terms are defined by 

ast&h{uH,vH) = ^2 (jK \ —aAuH + b€ ■ Vun^j ,bE ■ Vv//) 
KZTh V 

= V (Tvif'be • Vt’/f) 
v /L2(rcnnE) 

L2{Kr\Us) 

K&Th 

with tk(x) = 
H 

be(x) 
coth 

bE(x) H 2a 

2a \^{x) H 

(22) 

(23) 

In the case when div be = 0, the 

skew-symmetric part of the operator Cv = —aAv + b£ • Vv is Cssv = bs ■ Vv and thus (23) 
corresponds to a SUPG stabilization. 

Details on the stabilized formulations. Given the above basis functions, we can obtain 
a simpler expression of the term (23) by decomposing e V/y.bubble as 

«« = £ c#*iE + Eu» <t«K- 
Eesj* K€Th 

Following the definition of the basis functions, we have 

a^b(uH:VH) = ^2 (tk ,6e ■ Vvh'J 
K€TH 

L2(KnSle 

In practice, we make use of a discrete approximation of the basis functions on a fine mesh 
Kh, and (23) may not be defined in general. For example, if we use a IP1 approximation on 
a fine mesh Kh for the local problems, then Vun.h may be discontinuous at the interfaces of 
Kh As a consequence, we have that 

and the stabilization term (23) has no natural expression when we work with the discretized 
approximation space (V//,bubble)/* rather than V//,bubble- 

To circumvent this difficulty, we use the stabilization term (24) rather than (23). In 
contrast to (23), the quantity (24) is also well defined on (V//,bubble}/*- We point out that 
this stabilization approach is not strongly consistent. We however note that we have already 
used (for the same reasons as here) this type of non-strongly consistent stabilization approach 
in [14], where we were able to show the convergence of the approach (see [14, Section 3.2]). 
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4.1.2 MsFEM approaches using the full advection-diffusion operator, and their 
stabilized version 

In this variant, we use basis functions that depend on the advection field, 

Description of the basis functions. For any E e £%, the function is defined by 

' - aA^E + be ■ V<^E = 0 in KnUe, 

(oV-r/) ■ n = 0 in K n dB£, 

< ifE'cSfindK, f &/ = 6eie> 
J E'nw 

and (aV^£) • n = \K B’ on £' n Qe, 

1 if £' € Eh" n dK, = 0 on £' n , 

while the bubble function is the solution to 

' - qA^/ + be ■ = 1 in £ n IT, 

• n = 0 in K n dB£, 

< ifE'eEfindK, f r/ = o 
JE'ntt' 

and • n = nK'E‘ on £' n Q€, 

/if E’ € £ef n dK, ^K = f) on E’nne, 

where \K,E' and fiK’E' are constant. 

We then introduce the approximation spaces 

Vjfv = Span Ee£'/;} 

and 
^adv bubble = Span ^ E £ ^ R £ ^ j 

Variational formulations. When no bubble functions are used to enrich the approxima¬ 
tion space, the variational formulation reads as 

Find uh € V^dv such that, for any vh € Vydv, o,h{uh,vh) = Ffn//)- 

When using bubble functions, we consider the variational formulation 

f Find uh E Vfjdv b"bble such that, 
\ for any vH € V^dv bubble, aH(uH,vH) = F(vH). 

The stabilized version of the formulation (26) reads as 

f Find uh G Vr^dvbubble such that, for any vh € V/^dv bubble) 
\ 0-h(uh,Vh) + astabWtf ) = F(vh) + £stab(nj/). 

(25) 

(26) 

(27) 
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For the same reasons as those for which we favor (24) over (23). we choose the stabilization 
defined by 

Ostab^H.'ihf) = Uh I rK (be ■ Vt’tf) . {28} 
K£T„ V 7 

Note that, for the formulation (25), the stabilization is void as a3tab(^//,Vn) = 0 for any 
uH e 

4.2 Homogenization results 

In this section 4.2, we consider periodic perforations. More precisely, let Y = (0, l)rf be the 
unit square and O C Y be. some smooth perforation (by simplicity, we denote O a perforation, 
although O may be the union of several disconnected sets). We scale O and K by a factor e and 
then periodically repeat this pattern with periods e in all directions. The set of perforations 
is therefore 

fl£ = f2 H (U*eZd sB*:) with 3^ = k + O (29) 

and the perforated domain is \ B€. We also introduce 

p = ufce2d (fc+r\o). 

For the convenience of the reader, we include here some results of homogenization for (18). 
These results are useful to bear in mind the asymptotic behavior of the solution u€ we ap¬ 
proximate. The proofs of these results are essentially contained in the literature (we refer e.g. 
to the textbook [24]). 

In Theorem 1, we consider the case when 

div 6 < 0 in Y \ 0 and ■ n > 0 on dO. (30) 

Since b is periodic, the assumption (30) is equivalent to the assumption 

div 6 = 0 in T \ C2 and b-n = OondO. (31) 

Theorem 1 We assume (29), that O C Y and that Y \ (D is a connected open set o/Md. 
We also assume that, uniformly in e, we have H1^) ^ H1^2(dQ£), i.e. there exists some 
C independent of e such that 

Vu e i/^JT), IMI/p/^nq < C|MI//<{oq- (32) 

Let be = b where b belongs to (Wl'p(Y \ 0))d for some p > d, is Y-periodic and satis¬ 

fies (30) (i.e. (31)J. We assume that f £ L2(Q). 

Then Problem (18) is well-posed and its solution uE satisfies 

lim 
E—^0 

u 
a 

(-) dx 
i=l 

U 

f/qn5 
= 0, 
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where u* is the solution to the problem 

-div (,4‘Vu*) + b* ■ Vu* = / in Q, 

u* = 0 on <9f2, 

where the matrix A* and the vector b* are constant and given, for 1 < i < d, by 

A*ei = T^-\ f a h + b* ■ 6i — f b • (e,- + VltJi), 
!J I Jy\o 1^ I Jy\o 

and where Wi is the solution to the cell problem 

f - Auii = 0 in V, 

(33) 

(34) 

Wi is Y-periodic, (• n = 0 on dO. 
(35) 

Note that (34) also reads b* = —t f b. The assumption (32) amounts to a geometrical 
' I Jy\o 

assumption on the perforations that intersect the boundary of H (see Figure 12). 

Figure 12: Left: a situation when (32) holds. Right: a situation when (32) does not hold 
(the boundary dCl is tangent to the boundary of some perforations, including those shown in 
black; the domain fT is thus singular). 

We next address in Theorem 2 the case of a general advection field b. 

Theorem 2 We make the same assumptions as for Theorem 1, except that here b does not 
satisfy (30) or (31). Then Problem (18) is well-posed and its solution ue satisfies 

lim 
e—>o 

= 0, 

where u* is the solution to (33) and Wj is the solution to the cell problem (35). In the 
homogenized problem (33), the matrix A* and the vector b* are constant and given by (34). 

The proof of Theorem 1 uses the fact that b is divergence-free, while the proof of Theorem 2 
amounts to showing that one can get back to a situation where (30), and thus (31), holds. 
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4.3 Numerical results 

This section presents our numerical results. We consider the two-dimensional domain fi = 
(0.1)2. In Section 4.3.1, its subdomain fT is a periodically perforated domain defined by 

IT = {x <E H, x (|) = l} , (36) 

where x is the extension by Zd-periodicity of the characteristic function lY\o- where O CY 
defines a perforation. In Section 4.3.2, we consider non-periodic perforations. 

For either of our approaches (based on the diffusion operator only or the full advection- 
diffusion operator), we investigate several issues. The first issue is how enriching the approach 
with bubble functions affects the accuracy. Of course, this enrichment comes at the price of 
increasing the number of degrees of freedom. We observe that the gain in accuracy is much 
higher than that obtained by. say, reducing the size of the coarse mesh by a factor two. 
Other issues are the influence of the Peclet number (measuring the relative amplitude of the 
advection with respect to the diffusion) and that of the small scale e defining both the size of 
the perforations and their typical distance. 

Beside comparing the various approaches considered, and assessing their performance in 
function of the various parameters of the problem, we also specifically assess their robustness 
with respect to the location of the perforations. To this aim, we consider two locations for 
the perforation within the periodic cell Y = (0.1)2: 

O = Ox = (fi.25,0.75)2 

and 
O = 02 = (0,0.25) x (0.25, 0.75) U (0.75,1) x (0.25, 0.75). 

The shape of the perforations is the same (squares of size 0.5e). The difference lies in the 
relative position of the mesh with respect to the perforations (see Figure 13). One set of 
perforations is obtained from the other by shifting the perforations by 0.5 e in the x direction. 
When O = 0\, the perforations do not intersect the edges of the mesh elements (which are 
taken aligned with the periodic cells). In contrast, when O = O^, many edges are intersected 
by the perforations. In doing so, we have in mind, like in our previous work [13], to use 
these two specific periodic geometries to emphasize which approaches can easily carry over to 
the case of non-periodic perforations (such as the one considered in Section 4.3.2). where a 
typical mesh may often intersect the perforations. To some extent, the two periodic geometries 
we consider respectively represent the best case scenario (when perforations are all interior 
to mesh elements) and the worst case scenario (when “half” the perforations intersect the 
boundaries of mesh elements). 

In all what follows, the advection field bE is equal to the constant field b = (1,1)T, and we 

choose f(x,y) = sin xj sin as right-hand side (we have checked that our results and 

conclusions do not sensitively depend on the choice of /). 
The reference solution itref, and all the relative errors that are defined with respect to that 

reference solution, are computed on the fine mesh. The reference solution itself is computed 
using the standard IP1 Finite Element method on this fine mesh. We measure the accuracy 
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Figure 13: Representation of one coarse element in dimension 2 (of size H x H) containing 
4 periodic cells (we assume on this figure that e = H/2). Perforations are represented in 
grey. Left: the perforation 0\ does not intersect the mesh edges. Right: the perforation 02 
intersects some mesh edges. 

using, on domains oj C fie, the 111 broken norm 

= f Z iiv“i 
\K€Th 

1/2 

L2(Kr\uj) 

and the relative errors 

etf>{w)(u) — 

(37) 

(38) 
|Urefitf‘(w) 

in the whole domain (w = J2£) and, possibly, separately inside and outside the boundary layer 
when there is such a boundary layer close to some portion of the boundary of the domain fl. 

4.3.1 A periodic case 

As announced above, the method of preference is a classical, non-stabilized approach using 
a basis of functions built upon the full advection-diffusion operator enriched with bubble 
functions built likewise (namely, the “Adv-MsFEM + adv Bubbles" approach). If, for some 
reason, one does not wish to include the transport field in the definition of the basis functions, 
then there is an alternate possibility. The best to do is to use a stabilized formulation with 
basis functions built with the sole diffusive part of the operator (that is, the “Stab-MsFEM" 
approach). All other approaches turn out to be significantly less efficient. 

As expressed by Theorem 2. the homogenized problem is an advection-dominated problem 
posed in £7. It has to comply with the Dirichlet boundary conditions on the outer boundary of 
the domain H. Given the orientation of 1/. a boundary layer is expected close to the upper right 

corner off! We denote by fiiayer = ^(0, l)x(l—5iayer, l)ju^(l-5iayer, l)x(0,1)^ this expected 

boundary layer, of approximate width 5iayer = — log(Pe), with Pe = /(2a). 

Influence of the Peclet number. We investigate here how the approaches perform when 
advectiou increasingly dominates diffusion. In practice, we perform our tests fixing e = 
0.03125, H = 1/16 and varying a = 2k, for integers fc — -9 to —2. 

It is well known that all discretization methods (including ours) poorly perform within 
the boundary layer in the advection dominated regime. Therefore, in order to discriminate 
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between the approaches, we only consider the region outside the boundary layer. Figure 14 
shows the relative error (38) (for u = \f2,ayer in (37)) calculated there, in the configuration 
where the perforations do not intersect the coarse mesh, i.e. when O = 0\. We observe that 
Adv-MsFEM performs well. As is the case for MsFEM, provided it is stabilized. Figure 15 
shows the results of the same tests for O = It confirms the same conclusions, qualitatively, 
and therefore the flexibility of our approaches all based upon Crouzeix-Raviart type boundary 
conditions. 

Adv-MsFEM 
MsFEM 

Stab (MsFEM) 

Figure 14: [Neumann Problem (18)] Sensitivity to the Peclet number: error outside the 
boundary layer when O — Oi. 

Influence of the small scale £. We fix o = 1/256, H = 1/16 and we vary e = 2~k, 
& = 5,..., 8. We only show here the results when the perforations do not intersect the coarse 
mesh, i.e. when O = Oi. The results for O = O2 are similar (results not shown). 

Figures 16 and 17 both show that the relative error, respectively throughout the domain 
and outside the boundary layer, is essentially insensitive to the small scale e. The comparison 
of the actual size of the error in each of the two figures shows that the error within the 
boundary layer significantly dominates that outside the layer and is often prohibitively large, 
as is usually the case in the advection-dominated regime. In both figures, we observe that 
MsFEM is outperformed. Overall, Adv-MsFEM performs the best, but Stab-MsFEM is the 
most accurate method outside the boundary layer. 

Adding bubble functions. We now study the added value of bubble functions for Adv- 
MsFEM and, given the above conclusions that show the inaccuracy of MsFEM itself, for the 
stabilized variant Stab-MsFEM. 

We first consider the Adv-MsFEM with advective bubble functions, and investigate the 
influence of the Peclet number. Figure 18 displays the relative H1 broken error of our different 
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Figure 15: [Neumann Problem (18)] Sensitivity to the Peclet number: error outside the 
boundary layer when O = 02- 

E 

Figure 16: [Neumann Problem (18)] Sensitivity to the small scale e: error in the whole domain. 

approaches outside the boundary layer, when O = Oi. The conclusions for the case O = 02 
(results not shown) are similar. We observe that the Adv-MsFEM with advective bubble 
functions outperforms the Adv-MsFEM and the Stab-MsFEM (without bubble functions). 

For the sake of completeness, we briefly discuss the qualitative features of the reference and 
numerical solutions. Figure 19 shows the fine mesh we use to compute the reference solution 
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Figure 17: [Neumann Problem (18)] Sensitivity to the small scale e: error outside the bound¬ 
ary layer. 

Figure 18: [Neumann Problem (18)] Adding bubble functions: error outside the boundary 
layer. 

and the MsFEM basis functions, along with the reference solution, in the case a = 1/256 and 
O = 0\. Recall that the advection field is b£ = (1, l)r. The advection dominates diffusion, 
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and a boundary layer can be seen close to the top right corner of the domain (see top of 
Figure 20, where we show the reference solution close to that corner, in the cases a = 1/25G 
and a = 1/512, again in the case O = Oi). Its width is much smaller than H (however, 
the fine mesh size h is chosen to be very small, in order to resolve the boundary layer). As 
expected, the smaller a is, the thiner the boundary layer is. The reference solution hence 
shows the usual qualitative aspects encountered in advection-dominated problems. Despite 
the difficulty of this test-case, our “Adv-MsFEM + adv Bubbles” approach performs very 
well. The error is small (see Figure 18), and is essentially uniformly distributed over the 
domain IT (see bottom of Figure 20). 
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Figure 19: Left: fine mesh used to compute the reference solution and the MsFEM basis 
functions (H = 1/16, £ = 1/32, h = 1/512). Only the mesh close to the top right corner of Q 
is shown. Right: reference solution for a = 1/256 over IT. 

We next investigate the influence of the small scale e. In Figure 21, we observe, for 
O = that the Adv-MsFEM with advective bubble functions yields a reasonable accuracy. 
Choosing next O = CT we see on Figure 22 the relative H1 broken error of the Adv-MsFEM 
with advective bubble functions inside and outside the boundary layer. Comparing Figures 21 
and 22, we infer that: 

• inside the boundary layer, the Adv-MsFEM with advective bubble functions is sensitive 
to the location of the perforations with respect to the coarse mesh; 

• outside the boundary layer, the Adv-MsFEM with advective bubble functions is robust 
to the location of the perforations with respect to the coarse mesh. 

Second, we turn to the case of Stab-MsFEM with bubble functions. We investigate the 
influence of the Peclet number in the case O = Oi. Figure 23 shows the error outside the 
boundary layer. We observe that adding bubble functions (either computed with the diffusive 
part of the operator or the full advection-diffusion operator) does not improve the accuracy 
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Figure 20: Top: reference solution for a = 1/256 (left) and a = 1/512 (right). In both cases, 
we only show the region close to the top right corner of f2. Bottom: error over fF between the 
reference solution and the “Adv-MsFEM + adv Bubbles” solution (computed with // = 1/16, 
£ = 1/32 and h = 1/512) for a = 1/256 (left) and a = 1/512 (right). 
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Figure 21: [Neumann Problem (18)] Sensitivity to the small scale e: Adv-MsFEM with 
advective bubble functions (O = Oi). 
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Figure 22: [Neumann Problem (18)] Sensitivity to the small scale e: Adv-MsFEM with 
advective bubble functions (O = C?2)- 

of Stab-MsFEM (it may even degrade it). The results for O — 02 are similar (results not 
shown). 

34 



a 

Figure 23: [Neumann Problem (18)] Adding bubbles to Stab-MsFEM: error outside the bound¬ 
ary layer (C? — 0i). 

4.3.2 A non-periodic case 

A major motivation for using MsFEM approaches is to address iron-periodic cases, for which 
homogenization theory does not provide any explicit approximation strategy. In this section, 
we assess the performance of our approaches on the non-periodic geometry shown on 
Figure 24. 

With the aim to investigate the robustness of our approaches with respect to the geometry 
of the perforations, we compare the results obtained in this non-periodic case with those 
obtained for a periodically perforated domain £2p defined by (36) with e = 0.03125, Y' = (0, l)2 
and O = rO\ where r > 0 is such that |f2p| = |£~2„p|; the size of the small scale and the amount 
of perforations is thus identical for the two problems. 

We study the influence of the Peclet number. We recall that we fix e = 0.03125, H = 1/16 
and we vary a = 2fc, for integers A; = —9 to —2. Figure 25 displays the relative Hl broken 
error outside the boundary layer of our most accurate approaches, namely the Adv-MsFEM 
with advective bubble functions and the Stab-MsFEM. We observe that the Stab-MsFEM is 
insensitive to the non-periodicity of the geometry. The Adv-MsFEM with advective bubble 
functions is more sensitive to the non-periodicity of the geometry but still outperforms the 
Stab-MsFEM in both cases. 

5 Conclusion and perspectives 

The funding period 2015-2018 has enabled us to make significant progress both 

(i) on the theoretical front, by better understanding the mathematical properties of linear 
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Figure 24: Non-periodic geometry. Let Me be the set of perforations obtained by periodically 
perforating the domain Q = (0.1)2 by the motif C?2 (we again denote Y = (0, l)2 the periodic 
cell and set e = 0.03125). Each of these perforations is next removed with a probability 1/2, 
independently of all the other ones. 

Figure 25: [Neumann Problem (18)] Sensitivity of the approaches to the non-periodicity of 
the geometry. 

elliptic homogenization problems for periodic coefficients perturbed by globally inte- 
grable defects, 

(ii) and on the numerical front, by deriving a posteriori estimators for MsFEM approaches, 
and discussing the adaptation of these approaches to advection dominated problems in 
the presence of perforations. 

As always in a scientific endeavor, an improved knowledge of the problems considered raises 
even more interesting questions than before. 
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A natural follow-up theoretical study is to 

(a) consider perturbations to periodicity that are more severe than perturbations vanishing 
at infinity (mathematically, in the Lp sense), such as perturbations that are “rare” but 
non necessarily vanishing at infinity (think of a sequence of bumps, all of size one - 
and therefore not globally integrable - but supported on regions of the space that are 
scarcer as one goes infinitely far away from the origin) or perturbations that in no way 
decay at infinity, but permanently perturb periodicity even infinitely far away (think of 
quasi random sequences). 

(b) revisit the issue of perturbations to periodicity, even in the “simple” Lv sense (not to 
mention the compactly supported perturbations that may even lead to substantial diffi¬ 
culties), but for equations significantly more complicated than linear elliptic equations in 
divergence form, and equally important and practically relevant as the latter equations: 
quasilinear equations (e.g. the p-laplacian), fully nonlinear equations (Hamilton-Jacobi 
type equations), ...New mathematical questions, some of them challenging, will in¬ 
evitably arise. 

A long-term goal for this line of theoretical research would be to demonstrate that homog¬ 
enization properties, even quantitative and explicit (meaning that formulae are available - 
and compute-able - for the homogenized tensors and the two-scale approximations, along 
with suitable rates of convergence) have nothing to do with rigid geometric properties such 
as periodicity - or likewise ergodic stationarity but only depend on much milder properties 
such as those related to the existence of averages on large volumes. 

Similarly, our research on MsFEM type approaches paved the way to several possible 
tracks for continuation, in particular: 

(c) the most part of the rigorous numerical analysis of multi-scale approaches (including 
MsFEM) is performed for self-adjoint problems, with only a few exceptions where non 
self-adjoint problems (such as advection-diffusion problems) are considered. In that 
latter case, the variants of the multi-scale approaches studied are very specific. It is 
definitely interesting (both theoretically and also with a definite practical purpose) to 
discriminate, both at an abstract level and also for more specific examples of approaches, 
where self-adjointness is essential and where it is unnecessary. 

(d) thin structures such as plates or shells are often encountered in practice. In the homo¬ 
geneous case, it is well known that theoretical difficulties (such as loss of ellipticity) and 
numerical difficulties (such as locking) may arise when simulating those. For hetero¬ 
geneous structures, multi-scale approaches are needed. It is an interesting question to 
revisit the issues in a multiscale context, in order to design numerical approaches able 
to simultaneously cope with two small parameters, the thickness of the structure and 
the small characteristic size of the heterogeneities. 

It is our desire to continue along some of the above proposed research directions in the context 
of a possible renewed ONR funding period. 
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