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Major Goals:  The objective of this grant has been to improve the scientific community’s understanding of of 
experiments tracking individual particles in biofluids. The experiments consist of tracking and recording tracer 
particles propelled by the thermal motion of molecules in complex biofluids such as cytoplasm or lung mucus.  The 
investigation is inherently nanometric in scale and thus rather delicate, and the recorded data displays manifold 
evidence of anomalous (non-Brownian) particle dynamics. Nevertheless, most analyses to date have relied on 
variations of the traditional method of moments (based on the sample mean, sample variance, etc.), and have often 
lacked any support from sound statistical methodology such as asymptotic theory.  The work funded by this grant 
has built more robust methodology through maximum likelihood and spectral (wavelet) estimation, and has 
contributed to a new perception of the relation between stochastic and mechanistic models.  By linking the data to 
particular models, the investigators have been developing statistical tests for which biological mechanisms are 
linked to particular aspects of the stochastic dynamics of tracer particles.  



Our approach to the challenge of modeling anomalous diffusion has been both multifaceted and grounded in 
modern statistical techniques.  On one side, Fricks and his student have focused on particle filters and maximum 
likelihood to put forward new statistical methodology that is both computationally fast and stable, a key issue when 
handling large bead path data sets provided by the David B. Hill Lab (UNC-Chapel Hill). On the more theoretical 
side, the other senior researcher, Didier, his students and collaborators in the USA and France have tackled both 
probabilistic and inferential aspects of the analysis of uni- and multidimensional scaling laws encountered in 
anomalous diffusion. This includes parametric identifiability issues in fractional models, asymptotic theory for 
standard statistical techniques in the biophysical literature, and new multivariate wavelet-based inferential 
methodology and its associated asymptotics. To summarize, our approach builds upon probabilistic modeling and 
robust inferential methodology in a field dominated by researchers from physics, engineering, and applied 
mathematics. This brings in not only new tools but also an entirely novel perspective on the problems under 
scrutiny.



There are a number of scientific barriers to modeling single-particle trajectories.  In general, characterizing 
anomalous diffusion time series is difficult because of the wealth of potential models such as the continuous time 
random walk or fractional Brownian motion. Nevertheless, the underpinning of these models in the physics of fluids 
is unclear. In addition, there are a variety of practical issues that arise in the analysis of the experimental outputs. 
When tracking a particle at an accuracy of tens of nanometers, there are vibrations and shifts in the microscope 
that come through in the observations and induce somewhat unpredictable effects on the stochastic models, 
especially the estimated variance/covariance of the process.  Fiducial markers and averaging over many particles 
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have been used to reduce the effects of these influences, but the results have been mixed.  One avenue of our 
research has been to create automated detection of anomalies most likely induced by these microscope 
movements, but this is an ongoing challenge that has not received sufficient attention in the literature.



Inferring the stochastic dynamics of small tracer particles in complex fluids allows us to explore a variety of 
biological systems and answer a number of fundamental biophysical questions.  This includes the issue of how 
quickly viruses disperse through lung mucus, one factor in the time to infection. This is of key importance in the 
presence of lung disorders such as cystic fibrosis, which alters the viscoelastic properties of lung mucus.  In a 
different direction, a better characterization of the stochastic dynamics of particles in cytoplasm will contribute to a 
more complete understanding of motor-driven transport, where the cargo is quite large and the stochastic dynamics 
could play a profound role.  In addition to biological significance, this research is pressing ahead new stochastic 
models and statistical inference techniques that will certainly be applicable to other domain disciplines involving 
fractal systems, such as neurology and Internet traffic analysis.
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Accomplishments:  We have made significant progress on this project, with one accepted and four submitted 
journal articles, as well as several more nearing submission.  Fricks and his student J. Bernstein have developed 
statistical estimators using particle filters and maximum likelihood methodology to infer whether a particle is bound 
to a surface and associated parameters (diffusion parameters, binding/unbinding rates, etc.).  The method is 
computationally both fast and stable; these are key issues when fitting data from multiple bead paths, each with 
several thousands of observations. The paper on transient binding was published in the Journal of Theoretical 
Biology, one of the leading journals in mathematical biology. 



With his student K. Zhang, Didier solved an open problem in the biophysical literature. The standard technique for 
characterizing the anomalous diffusion scaling law consists of performing a linear regression on a vector of sample 
mean squared displacement (MSD) terms, each of the latter corresponding to a lag value. Notwithstanding the fact 
that this estimator is found in almost every paper on anomalous diffusion, the literature lacked a basic result from 
the standpoint of statistical methodology, namely, the asymptotic distribution of the estimator.  Didier and Zhang 
showed that when the diffusion exponent lies between 0 and 3/2, as the sample size goes to infinity the weak limit 
of the estimator is Gaussian; alternatively, when it lies between 3/2 and 2, the weak limit is non-Gaussian.  
Moreover, the convergence rates also depend on the value of the diffusion exponent. This paper was published in 
the Journal of Time Series Analysis. 



Didier has also looked at anomalous diffusion from a multidimensional fractional perspective, which is by itself 
novel. A very general framework for the analysis of multivariate anomalous diffusion is the parametric family of 
operator fractional Brownian motion (OFBM). The latter generalizes the standard fractional Brownian motion (FBM) 
and allows for correlated particle coordinates. Like FBM, OFBM satisfies a scaling law. However, the latter is driven 
by a matrix Hurst exponent with distinct eigenvalues. This poses a very difficult statistical problem because matrix 
scaling involves mixtures of univariate power laws, with unknown coordinates. Didier and his collaborator P. Abry 
proposed the new wavelet eigenstructure approach. Instead of analyzing the entry-wise behavior of the wavelet 
spectrum as a function of the (wavelet) scales, the authors consider the evolution along scales of the 
eigenstructure of the wavelet spectrum. It is a remarkable fact that the power law driven by the smallest eigenvalue 
of the wavelet transform ends up revealing the smallest Hurst eigenvalue.  This work appeared in the prestigious 
journal Bernoulli with follow-up work appearing in the Journal of Multivariate Analysis and IEEE Transactions on 
Signal Processing.  Additional theoretical work by Didier appeared in Stochastic Processes and their Applications 
and Journal of Mathematical Analysis and Applications.



There is also significant work towards manuscripts that have yet to be submitted or are under review.  One 
important manuscript is by Didier in collaboration with the Hill lab to establish more sound statistical methods in 
evaluating heterogeneity in particle tracking experiments; this work has been submitted to Journal of Physics A.  
Didier, Abry and Li (a student of Didier) also have a manuscript submitted to Statistical Inference for Stochastic 
Processes; in this paper, Didier et al use Wavelet regression to estimate dynamics of mixed fractional processes 
which is important in understanding multiple sources of sub-diffusivity for instance.  A follow-up to this work on 
wavelet regression to tempered fractional Brownian motion, which could be thought of as a kind of short-range sub-
diffusivity.  Fricks and a student Shane Lubold are finalizing a manuscript on switching in stochastic diffusion paths, 
establishing important theoretical work connecting fine scale structure with longer scale diffusion patterns. Fricks 
and his student Jason Bernstein have another manuscript nearing submission which tackles inference for switching 
processes where a non-linear potential is present when the particle is bound.



In summary, this grant has enabled the support of three doctoral dissertations, eight published papers, two papers 



under review, and three more manuscripts close to completion.  We have had some success in collaboration with 
domain scientists and in moving theoretical tools from probability and statistics towards a practical setting.  The 
papers published are across a wide variety of disciplines including statistics, probability, mathematical biology, and 
physics journals—hopefully helping to connect a broad range of researchers to the challenges of stochastic 
diffusion in biofluids.
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Training Opportunities:  The training aspect of this grant was primarily through the mentoring of graduate 
students.  Three students completed their doctoral programs with partial support from this grant, and a fourth is 
expected to finish next year.  At least one publication (often more) emerged from the three completed dissertations.
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