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Abstract

We describe and analyze a method for controlling nuclear spin environment of atom-
like quantum emitters in the solid state. The method makes use of laser manipulation of
an electronic spin transition via coherent population trapping. Specifically, we present a
detailed description of the nuclear spin dynamics and its interplay with the optical exci-
tation of the electronic spin of nitrogen-vacancy color centers in diamond. We intro-
duce a simple model of this process that allows us to study both optimal cooling
parameters for nuclear spins and optimal information transfer between the optical mea-
surement of the electron and the nuclear bath dynamics. This allows us to investigate
the statistical properties of the nuclear spin bath. Potential applications to quantum
information processing and quantum metrology are possible.

1. INTRODUCTION

Intense recent interest in solid-state quantum emitters is being driven
by their unique potential applications to nanoscale sensors (Balasubramanian
et al., 2008; Kucsko et al., 2013; Maletinsky et al., 2012; Maze et al., 2008;
Sage et al., 2013) and realization of novel quantum information platforms
(Bernien et al., 2013; Neumann et al., 2008). These atom-like solid-state
defects combine the tunability and precision of atomic systems, along with
the robust and scalable infrastructure provided by solid-state devices (Weber
et al., 2010). Many defects in solid-state materials, such as quantum dots in
semiconductors (Hennessy et al., 2007) and color centers in diamond
(Wrachtrup and Jelezko, 20006) or silicon (Baranov et al., 2011) have
emerged as competitive platforms for such quantum based technologies.
However, the practical performance of these systems is limited by strong
interactions of solid-state defects with their local environment. For example,
the electronic spin coherence properties of atom-like systems are limited by
the random Overhauser field, which is the effective field created by the
interaction of the random surrounding nuclear spins (Awschalom et al.,
2013). It originates due to the interaction of the electron spin with the sur-
rounding nuclear spins consisting of both Fermi contact and dipole—dipole
interactions, which cannot be turned off entirely using dynamical
decoupling techniques.

The goal of nuclear spin cooling is to eliminate or considerably suppress
the electronic spin decoherence due to surrounding nuclei. Within this
context, nuclear spin cooling can take place when one or several electron
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spins, polarized and controlled by fine-tuned lasers and other external
fields, interact with all surrounding nuclear spins. This can amount to
about 10*-10” nuclear spins of all the surrounding atoms in typical semicon-
ductor quantum dots or to as few as the 10-100 spins of the '*C atoms in
an otherwise spinless '>C diamond lattice. The quantum dynamics of a
solid-state defect center can be described by a central spin model, in
which the (central) electron spin can be controlled directly, while the envi-
ronment of nuclear spins is only indirectly accessible via the electron
(Prokof’ev and Stamp, 2000). The spin interactions existing in this system
encompass three distinct time scales: (i) the interaction of the electron
spin with electromagnetic fields, in the range of 1-100 MHz; (ii) the
hyperfine and dipole—dipole interaction between electron and nuclear
spins (of the order of 0.01-10s of MHz), which are responsible for the
Overhauser field; and (iii) the dipole—dipole interaction among the nuclear
spins, of the order of mostly a few kHz. One specific approach involves
the optical technique known as “coherent population trapping” (CPT).
The essence of this techniques, widely known in atomic systems, is that
the atomic population is trapped in a superposition of electronic states,
decoupled from the laser fields, known as the “dark state.” Over the past
two decades, CPT has been employed for laser cooling of neutral atoms
(Aspect et al., 1988) and ions (Roos et al., 2000), creation of ultra-cold
molecules (Ni et al., 2008), optical magnetometry (Budker and Romalis,
2007; Scully and Fleischhauer, 1992), and atomic clocks (Vanier, 2005),
as well as for slowing and stopping light pulses (Fleischhauer et al., 2005).
The same technique has been applied to solid-state systems including
the nitrogen-vacancy (NV) center in diamond (Santori et al., 2006), and
individual quantum dots (Xu et al., 2009) where interesting dynamics
between the quantum dot and its nuclear environment have been observed.
In particular, this quantum optical technique can be used for cooling,
measurement and manipulation of artificial atom-like solid-state systems
and their local environment (Giedke et al., 2006; Issler et al., 2010;
Stepanenko et al., 2006; Xu et al., 2009).

Specifically, the method can be applied to cooling, real-time projective
measurement and control of the nuclear spin environment surrounding the
electronic spin qubit associated with individual NV centers in diamond
(Batalov et al., 2009; Hanson et al., 2006). The NV center has a long-lived
spin triplet as its electronic ground state (Manson et al., 2006), whose
m,==+1,0 sublevels are denoted as |[£1) and |0) in the following. In pure
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samples, the electron spin dynamics are governed by interactions with the
spin-1 "*N nucleus of the NV center and spin-1/2 "’C nuclei present in
1.1% natural abundance in the diamond lattice (Fig. 1a). Control over
nuclear spins (Dutt et al., 2007; Neumann et al., 2010) is of interest for both
fundamental studies and for applications such as nanoscale magnetic sensing
(Balasubramanian et al., 2008; Maze et al., 2008) and realization of quantum
networks (Childress et al., 2006; Togan et al., 2010).

In a recent experimental study, such control was achieved via two com-
plimentary methods: effective cooling of nuclear spins through nuclear state
selective CPT (Issler et al., 2010) and conditional preparation based on fast
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Figure 1 Coherent population trapping in NV centers. (a) The A-type transitions
between the ground states |+1) and excited states |A;,2) of a single NV center are
addressed with a CPT laser (Rabi frequency Q.),while a recycling laser (Rabi frequency
Q) drives the |0) to }Ey> transition. An external magnetic field B is applied using a sole-
noid, producing a ground state splitting 2gugB. (b) Photon counts from the NV in a 300-us
window are plotted versus the applied field for 10 uW (blue (black in the print version),
upper), 3 uW (red (dark gray in the print version), middle), and 0.1 uW (yellow (gray in the
print version), lower) of laser power addressing the |A;) state. Blue (black in the print ver-
sion) and red (dark gray in the print version) datasets are shifted vertically by 5 and 2
counts for clarity. (c) Width of individual "N CPT lines versus CPT laser power when
the |A;) (blue (dark gray in the print version), lower) or |A;) (red (gray in the print version),
upper) state is used. Error bars in all figures show + 1 s.d. Solid curves represent theoret-
ical models. Figure reprinted with permission from Togan et al. (2011).
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measurements of the nuclear environment and subsequent postselection
(Giedke etal., 2006). While most prior work involved the use of microwave
and RF fields for manipulating both the electronic and nuclear spin states, in
the experiments of Togan and coworkers all-optical control of the electronic
spin (Buckley et al., 2010; Robledo et al., 2010; Santori et al., 2006; Togan
et al., 2011) was utilized.

The goal of this article is to review this method and to analyze the fol-
lowing questions: How can optical techniques be used to optimally cool a
nuclear spin bath? What are the specifics of the laser cooling/CPT process in
diamond NV centers? How can we model the nuclear spin dynamics in such
a system? In particular, this raises the additional question as to how this spin
cooling method compares to some of the above-mentioned CPT techniques
in atomic and quantum dot systems. And which parameter regions are most
interesting for cooling or “freezing”' the nuclear spin environment and
which ones, in contrast, are optimal for measuring statistics of the nuclear
spin dynamics?

In what follows, after a short exposé of the experimental results, we
introduce a generic model for a central spin systems with different electronic
and nuclear spin interactions, we explain in detail the mechanisms for
nuclear spin cooling using CPT, both in general and for NV centers in par-
ticular. We introduce a random walk model that allows us to understand
how to manipulate nuclear dynamics and helps to choose the best cooling
conditions and the cleanest examples for unusual statistics such as Lévy

flights.

2. PHYSICAL SYSTEM AND EXPERIMENTS: OVERVIEW

In this section, we review recent experiments that use the NV
center’s optical transitions and coherent population trapping (CPT) to
manipulate its surrounding spin bath and describe in more detail the physi-
cal system: the spin of the '*N nucleus associated with the NV center
itself and the "°C nuclei in the diamond lattice (see Childress et al., 2014;
Chu and Lukin, 2014 for recent reviews), then describe the mechanics
of the system.

! We use here the distinction between freezing as trapping the spins in one single state and cooling as
narrowing down considerably the energy distribution of the trapped spin states without necessarily
narrowing down to one single state only.
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Specifically, one makes use of A-type level configurations involving the
NV center’s |[A;) and |A,) optically excited electronic states and the |41)
ground states (Fig. 1a) (Maze et al., 2011; Togan et al., 2010). At low tem-
Ay) and |Ay) are entangled
states of spin and orbital momentum coupled to the | + 1) (|]—1)) state with

peratures (<10 K) and in the limit of zero strain,

o_ (o+) circularly polarized light. Correspondingly, excitation with linearly
polarized light drives the NV center into a so-called dark superposition state
when the two-photon detuning is zero (Scully and Zubairy, 1997). In the
present case the two-photon detuning is determined by the Zeeman splitting
between the |£1) states due to the combined effect of the Overhauser field
originating from the nuclear spin environment and any externally applied
magnetic field (Issler et al., 2010; Stepanenko et al., 2006). When the exter-
nal field exactly compensates the Overhauser field, the electronic spin of the
NV center is pumped into the dark state after a few optical cycles and
remains in the dark state, resulting in vanishing fluorescence. This is the
essence of the dark resonances and CPT.

2.1 Coherent Population Trapping with NV Centers

In the experiments, the |A4;) and |A,) states are separated by approximately
3 GHz and are addressed individually with a single linearly polarized laser at
near zero magnetic field. Since there is a finite branching ratio from the
m,==£1 manifold of the electron spin into the |0) state, a recycling laser
is used that drives the transition between |0) and the ‘E ,> excited state,
which decays with a small but nonvanishing probability (~1072) back to
the |+1) states. Figure 1b presents experimental observation of the CPT
spectrum as a function of an external magnetic field at three difterent powers
of a laser tuned to the |£1) — |A;) transition. While a broad resonance is
observed at high power levels, as the power is reduced, we clearly resolve
three features in the spectrum separated by 4.4 MHz, which is 2 X the
hyperfine splitting between three "*N nuclear spin states. This separation
corresponds to the magnetic field required to bring the electronic m,==+1
hyperfine states with equal nuclear spin projection (m;==31,0) of the spin-1
"N nucleus of the NV center into two-photon resonance.

The dependence of the CPT resonance width upon the laser power,
shown in Fig. lc, reveals the important role played by repumping on the
near-cycling |0) < !E},> transition. In contrast to a conventional, closed
three-level system, this recycling transition can be used to enhance the utility
of our CPT system by both decreasing the width of the CPT resonance and
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increasing the signal to noise ratio. The |4;) state decays into the m;=0 gro-
und state through the singlet with a substantial probability of ~40%. How-
ever, the population is returned back into the m,==+1 state from ‘E}> only
after ~ 100 optical excitation cycles. As a result, away from the two-photon
resonance, the NV quickly decays to the |0) state after being excited, where
it then scatters many photons through the |0) < }Ey> cycling transition
before returning to the A system. If the NV center is not in a dark state, this
process effectively increases the number of photons we collect by y1/7.
where ¥, is the cross transition rate from ‘Ey> into |£1) and y is the rate
from |A;) to the singlet. The cycling effect also reduces the width of the
CPT line since the |0) < ‘E ,> transition is quickly saturated away from
two-photon resonance, provided that the CPT laser excitation rate exceeds
the leakage rate out of recycling transition. Significantly, both of these eftects
lead to improved sensitivity of dark resonances to small changes in two-
photon detuning.

To demonstrate this effect, the widths of dark resonances observed via
excitation of |A4;) and |A,) are compared in Fig. lc. The experimental
results of an independent measurement of the respective branching ratios
are compared with a simple theoretical model described in Togan et al.
(2011). The width at low powers is determined by the random magnetic
field associated with surrounding '°C nuclear states. When this line broad-
ening mechanism is taken into account, the experimental results are in
excellent agreement with the theoretical predictions, plotted as solid lines,
showing that a high degree of optical control over the electronic spins of NV
center can be achieved.

Subsequent experiments using the NV interaction with the spin-1/2 >C
nuclei (Togan et al., 2011) showed that CPT can be used for not only prob-
ing the nuclear spin environment of the NV center, but also controlling and
preparing the state of the spin bath. For the '*N spins, it is possible to opti-
cally cool the nuclear spin states using dark resonances. The physics is rem-
iniscent of laser cooling of atomic motion via velocity-selective CPT
(Aspect et al., 1988; Issler et al., 2010). A redistribution of the N spin state
population upon optical excitation takes place because the hyperfine cou-
pling in the excited electronic state of the NV center is enhanced by a factor
of ~20 compared to the ground state (Fuchs et al., 2008). If the external field
is set such that, for example, the m;=0 hyperfine states are in a dark state
owing to the two-photon resonance, only the states with nuclear configu-
ration m;==£1 will be promoted to the excited states. In this excited state,
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flip-flops with the electron spin will change the nuclear spin to the n;=0
states. When the NV center spontaneously decays into the dark superposi-
tion of electronic spin states, optical excitation will cease, resulting in effec-
tive polarization (cooling) of nuclear spin into m;=0 state.

This technique can also be extended to control the many-body environ-
ment of the NV center, consisting of '>C nuclei distributed throughout the
diamond lattice. The large number of nuclear spin configurations associated
with an unpolarized environment results in a random Overhauser field (Bog)
with unresolved hyperfine lines. It produces a finite CPT linewidth in mea-
surements that average over all configurations of the '*C spin bath (Fig. 1b
and c¢). However, one can make use of fast measurements and the long cor-
relation time (77") associated with evolution of the nuclear bath to observe
its instantaneous state and manipulate its dynamics. For example, such a fast
measurement is illustrated in Fig. 2a, where the B externally applied field is
ramped across a single '*N ;=0 line while the CPT lasers are on, and the
counts collected in 80 us time bins are plotted for successive individual runs,
many of which distinctly show a narrow dark region. Lorentzian fits to
selected experimental scans reveal “instantaneous” CPT resonances with
linewidths that are over a factor three less than those of the averaged mea-
surement. The motion of the dark line centers (green (gray in the print ver-
sion) dots in Fig. 2a) indicates that the instantaneous field evolves in time.
Fast measurements can also be used to conditionally prepare the >C envi-
ronment of the NV center in a desired state with postselection. Here, the
nuclear spins are first prepared though optical excitation at a fixed value

of the external magnetic field B as shown in Fig. 2b. By conditionally

prep»
selecting zero photon detection events during this preparation step, we
can select the states of the '’C environment with vanishing two-photon

detuning 6 =2gug(B,., + Bor) =0, where pg is the Bohr magneton. The

re
resulting modified diztrli)bution of Overhauser field is then probed in a read-
out step by rapidly the changing magnetic field value to Bro, which is
scanned across the resonance. The middle curve in Fig. 2¢ shows (uncon-
ditioned) readout counts recorded following the preparation step, while
the bottom curve shows the result of measurement-based preparation.
The measured width of such a conditionally prepared distribution is signif-
icantly smaller than the width corresponding to individual "*N resonances
obtained without preparation. In what follows we present a detailed theo-

retical description of these physical phenomena.
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Figure 2 Fast measurement and preparation of 'C spin bath. (a) Counts from 200 suc-
cessive fast magnetic field ramps are shown on horizontal lines. The centers of
Lorentzian fits to individual runs are indicated with a green (gray in the print version)
dot. (b) Pulse sequence for preparation and subsequent measurement of the '>C con-
figuration. The preparation magnetic field By, is set within the central "N line while
the readout field Bgo is varied to cover all associated '3C states. The ncong counts during
a conditioning window of length T .4 at the end of preparation and the ngg counts
during the readout window are recorded for each run. Data presented is an average
of many such experimental runs. (c) ngo versus Bgo is shown in the middle plot with
double Lorentzian fit. The same dataset analyzed by keeping only events with ncong =0
is shown in the bottom plot. Unprepared '3C distribution is shown in the top plot for
comparison (shifted by 4.3 counts for clarity). Figure reprinted with permission from
Togan et al. (2011).

2.2 Model: Laser-NV Interaction

The general Hamiltonian for electronic and nuclear spins in the presence of
an external magnetic field is

H= Hopt + HNV + Hbath + Hint- (1)
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Here, H,,, describes the interaction of the NV with the optical fields,
Hyy = hAS? — Ap,S.B, where A/2r=2.87 GHz, the zero-field splitting
of the NV and the latter term describes the electronic Zeeman shift. Since
A is the dominant energy scale, the |+ 1) energy levels are significantly
higher in energy than the |0) state, as shown in Fig. la. The nuclear
Hamiltonian (Hy,qy,) consists of the nuclear Zeeman and dipole—dipole inter-
action, and Hy,, describes the hyperfine interaction between the °C bath
and the electronic spin of the NV center.

Three different timescales dominate the dynamics of the system. The
fastest timescale is given by the optical excitation of the NV electronic spin.
We model it as a five-level atomic system coupled to two lasers. The goal is
to pump the spin into an electronic dark state with respect to the laser fields
via coherent population trapping. The second fastest timescale in the
coupled system is given by the hyperfine interaction between the NV state
and the "°C nuclear spin bath. This hyperfine coupling leads to splitting of
the electronic spin states, and thus the two-photon resonance condition is
ideally only satisfied for a particular nuclear spin configuration (or a small
subset of available configurations). Thus, we end up optically pumping
the NV in a dark state corresponding to a particular nuclear spin configura-
tion, which we call | Dy, ). The slowest interaction in the system is the inter-
action between the '*C nuclei forming the spin bath of the NV, which is
suppressed for state |D) due to the other two interactions. While the two
faster processes lead to trapping in a dark state, this very slow dynamics
destroy the trapped state, and thus determine the ultimate limit of the
nuclear spin cooling potential of this scheme. In the following, we discuss
each Hype, Hyaen and Hiy, separately and how it affects nuclear spin diftusion.

After making the rotating wave approximation, the Hamiltonian for
laser—IN'V interaction is given by

Hope = —1/2(Q+ |B)(A1| + 8| D)(B| + Q¢|0)(E,

+e.c.). )

The laser field couples the A; state to the bright state |B)=
(| +1) +|—1))/v/2 with a Rabi frequency of Q + = 1/2 x Q;. On the other
hand, the dark state |[D) = (| + 1) — | = 1)) //2 is decoupled from the laser
field. Here, & corresponds to the two-photon detuning between the |+ 1)
states due to interaction with external magnetic fields (B,,,) and nuclear spin
bath (Bog), the details of which will be considered later. Since the nuclear
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Figure 3 Steady state populations in ground states |D) (a) and |0) (b) as a function of
detuning and ©; repumping laser Rabi frequency. Rabi frequency Q, =+/2 x 0.8y.
(c) Calculated photon scattering rate R,; from the excited state, defined in
Eq. (A.8) of Appendix A, as a function of same parameters for a collection efficiency
n=10"2

spin bath dynamics occurs on much longer timescales than the ones associ-
ated with laser—NV interaction, we assume that the NV adiabatically follows
the random changes in 6 due to bath dynamics.

In this analysis, the Liouvillian takes into account spontaneous emission
and dephasing. Since we are interested in the long-time behavior of the
system (1>>1/y), we assume that the system (NV spin interacting with
lasers) has evolved into a steady state. The details of the calculation of
steady state is given in Appendix A. Figure 3 shows the steady state popu-
lation in the electronic ground states as a function of detuning §.

We observe from Fig. 3 that the NV is primarily in the dark state | D) or
in state |0). At resonance (6=0), the NV is in the dark state, and for large
detuning, the NV is most likely in |0), where there is no hyperfine interac-
tion. This division of population is an important condition for CPT based
nuclear spin cooling scheme that we discuss in detail later.

2.3 Hyperfine Interaction

The Hamiltonian for an NV interacting with its bath gives a more specific
form of the Hamiltonian given in Eq. (1):

H = Hop + Hyppr + RAS? — i SB+RY S, 4, 1 5)

7% 74
JoHsv

where Hy,, will be discussed later, and the other terms are the zero-field
splitting, electronic Zeeman interaction and hyperfine interaction respec-
tively. Here, p,v denote the x,y,z spin of the j-th nuclear spin. There are
two types of hyperfine interaction in central spin systems: the isotropic
Fermi contact interaction, and the dipole—dipole interaction. The former
is dominant if the electronic and nuclear wave functions overlap sufficiently,
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as in the case of quantum dots and other shallow donors (Zhao et al., 2012).
For an NV~ spin coupled to °C nuclei beyond the first few coordinate
shells, the dipolar interaction is dominant, leading to an anisotropic hyper-
fine interaction (Hall et al., 2014; Mizuochi et al., 2009).

To understand the primary role of hyperfine interaction in this CPT
cooling scheme, we start with a simple system of an NV spin coupled to
a single spin 1/2 system, corresponding to a '°C spin. For this treatment,

we briefly move to the |+ 1),|0) electronic ground state basis of
Section 2.1.  For clarity, we define a detuning operator
5ﬂ:ZyA,wa—,u€Bﬂ, where the form of A4,, is discussed in detail in
Appendix B. With these definitions, the Hamiltonian from Egs. (1) and

(3) can be written as
H = Hyp + Hyan + RAS? + 1S5, + hS,6, + hS,5,. 4)

Due to the disparity between the dipole moments of electronic and nuclear
spins  (4,~2000u,), nuclear-electronic spin flip-flop interactions
(corresponding to SyI;) are highly nonresonant. Furthermore, due to the
presence of a large zero-field splitting (A) in NV centers, all terms with
S. are highly suppressed.” Therefore, hyperfine interaction does not lead
to any spin flip-flops between the electronic and nuclear spins. Assuming
a large magnetic field, the terms with S.Ii are also suppressed due to the
nuclear Zeeman energy cost of these transitions. Approximating
Hine = hA.S. L., we find that it leads to a split in the £ 1 ground state spin
manifold, depending on the two orientations of the nuclear spin, as illus-
trated in Fig. 4a. Due to this splitting in the & 1 manifold, the two-photon
resonance condition is no longer satisfied. This splitting can be thought of as
due to an effective B-field that the NV spin experiences due to the orien-
tation of nuclear spin. This nuclear spin state dependent effective B-field
represents the Overhauser field mentioned in the previous section. How-
ever, one could shift the = 1 ground states with respect to each other by
applying an external field, as illustrated in Fig. 4b. The nuclear spin does
not interact strongly with this field due to its considerably smaller
gyromagnetic ratio.

An important observation here is that there exists an external field that
cancels the effect of the hyperfine interaction-induced shift for a particular
nuclear spin orientation. By applying appropriately intense laser fields, one

2 .. . . . .
“ Asasecond order effect, this interaction leads to an enhanced gyromagnetic ratio and hyperfine medi-
ated nuclear spin—spin interaction as discussed in Appendix B.
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Figure 4 Level diagram of the energy levels involved in the electronic A system
coupled to a single spin 1/2 via hyperfine interaction. (A) The presence of another spin
splits the +/—1 energy levels. (B) An external field shifts these manifolds with respect to
each other, bringing the levels corresponding to a particular nuclear spin configuration
(here |1)) in two-photon resonance with the CPT lasers.

can create a dark state of the electronic spin corresponding to only one par-
ticular nuclear spin configuration—thus using a combined electronic and
nuclear dark state in which to optically pump. Thus, after several spontane-
ous emission events, the system relaxes into this trapped state.

For the case of multiple nuclear spins, we define a new detuning
operator,

_ J [

that sums over the hyperfine interaction of all the bath nuclear spins. This
coupling does not lead to any quantitative changes in our understanding,
except that now the electronic ground states are split into the 2 states of
N nuclear spins. Appendix C simulates the hyperfine coupling distribution
ofa realistic '’C nuclear spin ensemble in a diamond lattice. In spite of having
a large number of energy levels, very few nuclear spin configurations (in prin-
ciple only one) satisty the two-photon resonance condition. With the change
of basis to |B),

D), we can rewrite the Hamiltonian given in Eq. (3) as
H = Hyi, + RAS? + 15 (|D) (B + | B)(D]). (©)

Equation (6) clearly shows how the hyperfine interaction leads to transitions
between |B) and |D) states. In fact, the detuning § in CPT analysis in the
previous section is equal to “detuning” §. from the resonant nuclear spin
configuration. From now on, we shall label this detuning due to the difter-
ence between external and Overhauser field as 6. This type of CPT based
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cooling of the nuclear spin was demonstrated in the case of NVs (Togan
et al., 2011), and optically addressable quantum dots (Xu et al., 2009).
For small magnetic fields, the S.I. cannot be ignored, and is the prom-
inent cause of change in the Overhauser field (Dréau et al., 2014). How-
ever, as discussed previously, due to interaction with laser fields, the NV
electronic spin is pumped into |0) or |D), both of them having (S.)=0.
Hence the hyperfine interaction does not directly cause nuclear spin flips,
even for small magnetic fields. We now investigate interactions in the spin

bath itself.

2.4 Nuclear Bath Dynamics

An important distinction between most systems coupled to a Markovian
bath and the spin bath of a central spin is that the bath dynamics cannot
be ignored. Along with giving the fundamental line width to the 2™ energy
levels discussed in the previous section, the bath dynamics leads to changes in
the nuclear spin configuration.

The dominant interactions in the nuclear bath are their nuclear Zeeman,
dipole—dipole and NV mediated interactions. The Hamiltonian for the
nuclear bath is

Hyon = _h,un ZBI] + Hyaa t+ Hnnp . (7)
i

Here, the first term is the sum of Zeeman interaction for all the spins, u,,
being the nuclear magnetic moment, and I; is the j-th nuclear spin with
I=(I,I,1.). The second term is the dipole—dipole interaction, and the third
term includes interactions mediated by the NV. The dipole—dipole interac-
tion is given by

k
HnddZZh” - (If - —(I ”),9 rjk)) (8)

<k ij Jk

Here, 1}, is the distance vector between a pair of nuclear spins. The details of
this interaction is discussed in Abragam (1983).

For proximal nuclear spins, the hyperfine interaction can also mediate
spin flip-flop interactions, as discussed in Appendix B. The nuclear spin—spin
interaction in this case is given by
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(3m7 —2) i
Hnnp = h4—A Z(Aj— P ) (Ai Ik) P (9)
7k

where Aﬂ’tk are the oft-diagonal terms of the hyperfine interaction tensor
between the j,k-th nuclear spin and the NV. Due to the large zero-field split-
ting (A), this term is only dominant for '>C nuclear spins in the first few
coordinate shells, where the hyperfine interaction is large.

Even for modest fields (>1 Gauss), the nuclear Zeeman energy becomes
significantly higher than nuclear spin—spin interaction strength. As a result,
nuclear spins flip in pairs to conserve the Zeeman energy and we only focus
on the energy conserving (or secular) part of the spin bath interactions.
Under this approximation, both Eq. (8) and (9) can be approximated by

HmthQ,,,jk(I{ﬂj +c.c.)+ hep LI (10)

<k

where Q, ;. gives the strength of flip-flop interaction between a spin pair,
and ¢, corresponds to a local static field. Thus, in the secular approximation
the nuclear spin interactions can be described by an XXZ model for spin—
spin interactions.

2.5 Mechanism for Nuclear Spin Cooling

We now investigate how the electronic (i.e., fast) and hyperfine (i.e., inter-
mediate) timescale interactions collaborate to further suppress the slow
nuclear bath dynamics, leading to trapping the nuclear bath in configuration
space. We also study how the nuclear bath interactions described in
Section 2.4 influence the trapping quality.

The nuclear spins flip-flop around in pairs due to spin bath interactions,

and the F, I* terms can be mapped to a pseudospin 1/2 system, as illustrated
in Fig. 5. For a dipole—dipole interacting pair, the coefficient of P, I* terms is

of the order of flz/,tﬂ /r r.» and for NV mediated interaction it is of the order

hA, Ak . /2A. It is equivalent to the Rabi frequency for the pseudospin
1/2 system, which we shall refer to by €,,0. In the absence of hyperfine inter-
action, the energy difference between the two spins involved in flip-flop
states is given by their interactions with the rest of the spin bath.

In the presence of an electronic spin, there is a significant energy difter-
ence between two nuclear states that differ only by one spin flip-flop inter-
action. This energy difference is due to the difference between the hyperfine
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Figure 5 Model for nuclear spin—spin interaction induced spin flip-flop. Due to nuclear
Zeeman interaction, this can be mapped to a pseudospin 1/2 system (a), with Rabi fre-
quency Q, due to spin-spin interaction in the pair, and energy difference given by other
spins in the bath. The presence of hyperfine interaction leads to a frequency shift of &,
suppressing such flip-flops in the dark state (b).

interaction of these two nuclear spin configurations with the electronic spin,
and is shown in Fig. 5. The hyperfine interaction is typically orders of mag-
nitude higher than nuclear dipole—dipole interaction. For example, assum-
ing that both the hyperfine and nuclear spin—spin interactions are
predominantly dipolar, all else being equal, it is enhanced by a factor of
o/, ~1000, the ratio of gyromagnetic ratio of electron and nuclear spins.
Thus the suppression due to hyperfine interaction can be very strong. If the
next-closest nuclear spin configuration is § = d,from the resonant dark state
(60=0), this nuclear dipole—dipole interaction induced flip-flop is
suppressed, and flip-flops occur at rate

Q”aD:lelO/é”’ (11)

~2
where Q =Q2, +5? is the generalized Rabi frequency. This suppression

should be significant in systems like NV centers, with a relatively sparse
nuclear spin bath, hence significant oy for nearby spins. Appendix C shows
the distribution of Q,,Q,,p for realistic >C baths.

In spite of being suppressed, it is the only escape mechanism from the
resonant nuclear spin configuration, so it cannot be ignored. It should be
noted that in state |0), there is no suppression of bath interaction induced
flip-flop due to the absence of hyperfine interaction, thus spins diffuse at rate
Q,0. Weighing the two state dependent rates by their probabilities, the total
spin diftfusion rate due to interactions in the nuclear bath is given by

R, = Qn,D(pDD + pBB) + 'QH,OPOO' (12)
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Figure 6 Nuclear diffusion rate (R, as defined in Eq. (12)) as a function of laser param-
eters. Left: R, as a function of detuning (5) and repump laser field strength (Qf) for

Q. =+/2x0.8y. Right: R, as a function of detuning () and probe laser field strength
(), for Q=1y. For low laser powers (Q, <), very few nuclear spin configurations
are subject to CPT cooling and nuclear diffusion is slow due to small population in
the state |0). For higher A laser powers, nuclear diffusion is much faster.

Figure 6 shows the R, nuclear diffusion rates as a function of the o
detuning and the €, probe Rabi frequency. Here Q, =27 x 230 Hz, and
0p=2m x 10 kHz, and for simplicity we have assumed a constant distribution
of § in the CPT region, and the same &for all 6 all nuclear spin configuration
states. This 6y1s equal to the average hyperfine interaction between a single
nuclear spin and the NV. Details about the choice of these rates can be found
in Appendix C. A quadratic dip in nuclear diffusion rate leads to the system
being trapped in the nuclear spin configuration that leads to 6=0 for the
electronic spin. We call this configuration |D,,,,.) for pedagogical purposes,
even though there are several configurations that lead to 6 ~0, particularly if
we include nuclear spins weakly interacting with the NV. As we see in
Fig. 6, diffusion out of §=0 state is highly suppressed.

For low probe powers, there is very little nuclear diffusion due to low
population in the state |0), and very slow escape from |B). Also, narrow
CPT regions indicate that very few 9 states, or nuclear spin configurations,
are influenced by the presence of CPT lasers. Thus, if the nuclear spin is in
the trapping region, it is strongly trapped, and outside there is no trapping of
spin dynamics. Considering that there is no external force to push the
nuclear spins towards the narrow selection of available configurations, the
cooling process can be very slow for small laser powers.

For higher probe powers, a lot more spin configurations are influenced
by the presence of CPT lasers. Large Q. also indicates a larger contrast
between the trapped and not-trapped nuclear spin configurations, and the
spin diffusion is faster than in the case of low laser powers. We envision a
typical experiment protocol to start with large laser powers in order to access
a broader range of nuclear spin configurations, and reducing the laser powers



290 Swati Singh et al.

to further select nuclear spin configuration in order to perform efficient and
fast laser cooling of the spin bath.

Since both nuclear diffusion and photon scattering rates depend on the
same experimental parameters, it is instructive to find the relation between
them. Rewriting the three ground state populations in terms of the excited
state population p g, and using the relation for the photon scattering R, & y
PEE With yg the scattering rate out of |E) (see Appendix A for details), we
get the nuclear spin flip rate in the form

+ +
Rn ~ Qn,D + {QH,O <1 + %) _Qn,D<2 + yRyw> }pEE
E E (13)

Qn - ZQn Qn - Qn
:QH,D+ { ,0 ,D + ,0 ,D}Rp’
Y 7e Rg

i.e., asa function of the photon scattering rate R,,. Thus, the nuclear diffusion
rate can be broken into two parts: one that is the intrinsic bath diffusion rate,
and a second rate that is mediated by photon scattering. This is different from
the exclusively photon scattering assisted diffusion mechanisms proposed in
earlier work on nuclear spin diftusion (Issler et al., 2010; Wang et al., 2014).
We believe that apart from the special case of nearby '>C spins, the suppres-
sion of dipolar bath dynamics’ is due to state dependent suppression as dis-
cussed above. The spin flip-flop process proposed by us also accounts for
experimentally observed better cooling on the edges of the Overhauser dis-
tribution and a more discrete spin bath (such as the case for '*N spin) due to
large &7 In reality, the mechanism for laser cooling of the °C bath is a com-
bination of both, with hyperfine assisted processes dominating for strongly
coupled, nearby spins, and intrinsic spin flip-flop dynamics for the sub MHz,
weakly coupled bath. The theory described here can be modified easily to
take into account other processes if needed. We would like to note that the
model for nuclear spin cooling presented above gives a qualitative under-
standing of the process. We expect a model including a more complete elec-
tronic level scheme to potentially give quantitatively better results.

3. SIMULATING SPIN BATH COOLING

We derive now expressions for the probability density function of
time interval between successive nuclear spin flip-flop events. We

3 as opposed to nuclear spins with I> 1/2 that have a nuclear quadrupolar moment, and hence are
strongly influenced by local electric fields.
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demonstrate the anomalous nuclear spin diffusion and emergence of Lévy
statistics in nuclear flip-flop time intervals through Monte-Carlo (MC)
simulations of a random walk in the space of an effective B.g magnetic
field to be introduced below. We discuss how the nuclear spin bath
can get trapped in a certain spin configurations, leading to cooling of
the spin bath. We conclude with ideas about measuring the cooled
nuclear spin bath.

3.1 Random Walk Model for Nuclear Spin Diffusion

We now develop a random walk model for CPT in NV centers that focuses
on inhomogeneous random walks in nuclear configuration space, deriving a
simplified delay function that captures the necessary physics. The model dis-
cussed below is inspired by the classical random walk treatment of velocity
selective coherent population trapping (VSCPT) in ultra cold atoms
(Bardou et al., 2002). We would like to point out that this is not cooling
in the sense of minimizing energy of the spin ensemble or cooling due to
the presence of dissipative forces. Instead, the combined spin system gets
trapped in a particular configuration state, thus narrowing the distribution
of spin configurations.

The nuclear dynamics occur at much longer timescales than the elec-
tronic spin’s interaction with the optical fields present, justifying a semiclas-
sical treatment where we can replace the quantum description of hyperfine
interaction by dynamics of a spin in a fictitious, classical magnetic field which
models the Overhauser field. Here, we introduce B.g, the difference of the
applied and Owerhauser fields. The quantum jumps leading to different
nuclear spin configurations can be represented as steps in the B.g space.
Thus, the NV spin performs a random walk in B.g space, with jumps
between different 6 states (corresponding to different nuclear spin configu-
rations, hence B.g) due to nuclear spin diffusion, each é configuration lead-
ing to a jump rate given by Eq. (12).

Assuming an exponential distribution for the random time intervals for the
nuclear bath to stay in the previously introduced |D,,) resonant dark state
(corresponding to 6 ~ 0), the probability density function of the time interval
(r) to stay in a particular nuclear spin configuration is given by
W,p(7,6) = R,(5) e R where R, is given by Eq. (12). Due to historical
reasons related to photon arrival statistics, W, p is also known as the delay
function in literature (Bardou et al., 2002). Furthermore, assuming a constant
density of nuclear spin configurations, the delay function becomes
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We set 6o = R 4p/2, where R 4 defined by Eq. (A.2) in Appendix A is the
optical pumping rate on the |B)—|A;) transition, roughly equal to the width
of the CPT dip. The analytic form of W, 5(7) is complex, thus we leave it in
the integral form for the sake of clarity. To this, we add the flip-flop rate
outside the CPT region, where the nuclear bath dynamics is not suppressed.
We call this the recycling region, and assume there is a constant nuclear spin
diffusion rate in this B.gregion, which we call R,,,. This leads to a wait time
distribution of W,y = R,,e ®7. Assigning them equal probabilities, the
overall nuclear diffusion rate becomes

Wi(e) =5 (Wine) + Wi (2)) (19

Long time intervals between successive nuclear spin flips would corre-
spond to the nuclear spin being trapped in a particular configuration (in

our case, |Dpyc)). This is a result of the suppressed nuclear diffusion rates
due to CPT of the electronic state. These events are included in the delay
function due to our choice of § interval. Outside ,p, the nuclear diffusion
rate is not strongly 6 dependent, as can be seen in the higher 0 region of
Fig. 6. This is due to the fact that the population in |D,0) saturates to a par-
ticular value, giving us a constant diffusion rate (R,,). This region corre-
sponds to fast nuclear diftusion with no CPT induced suppression, and
hence no cooling. In Eq. (15), we assigned equal probability to the expo-
nential distributions of trapping and recycling regions without loss of gen-
erality. The actual probabilistic weights of the two distributions depends on
the details of the Overhauser field distribution of the NV under consider-
ation. However, as we will see shortly, most quantitative details of the
nuclear spin bath are actually contained in the exponent or power of the
probability distributions.

3.2 MC Simulations for Nuclear Configurations

We now demonstrate the existence of Lévy statistics for the time intervals
between Overhauser field changing >C spin flip-flops. In order to show
this, we perform a MC simulation of dark time intervals using W, (z,,0),
showing a random walk of NV spin in 0 space. Here, we have restricted
0 to be in the region around the two-photon resonance (— R 43<0 < R4p),
since only the dynamics in this § region gives rise to long dark times,
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where the combined nuclear and electronic system is trapped in a state
corresponding to a particular § for 7,>>1/y. For the purpose of this
simulation, Qr=1.0y, Q, = V2 x 0.1y and the nuclear bath parameters
are Q,(/27=230 Hz, and 6/27=10kHz. These laser parameters are
chosen so that the electronic state is either |D) or |0) for simplicity. The
nuclear bath parameters correspond to a typical scenario in natural abun-
dance "°C bath (1.1% concentration).

The nuclear spin diffusion rate of Q,0/27x =230 Hz corresponds to the
next nearest neighbor dipolar interaction strength between two >C spins.
A hyperfine interaction difference corresponding to 6727 =10 kHz is
chosen since it is close to the average hyperfine interaction with a single
°C nuclear spin. Along with being the likely hyperfine difference, it also
gives significant nuclear spin cooling. Having '>C impurities on adjacent
lattice sites along with a much larger hyperfine interaction difference is rare
for natural abundance diamond samples, hence they are not chosen for
this simulation. While possible, much larger & are also not chosen since
such flip-flops are highly suppressed in the |D) state (since Q,p<KQ,0),
and these nuclear spins are frozen in this configuration over realistic mea-
surement times, and hence do not lead to escape from the |D,,.) dark
state configuration. On the other hand, small J; flip-flops are not sup-
pressed irrespective of the electronic state of the NV, and thus our cooling
scheme is ineftective in suppressing the diftusion of these (typically far away)
nuclear spins. Thus, these parameters were chosen to correspond to the
fastest diffusion rate out of | D,,,,.) while also changing the Overhauser field
significantly.

For a random &, we pick a dark time interval from W, (7). At the end of
the time interval, 0 changes by Ad randomly. The time evolution of the
nuclear spin bath is then simply a series of dark time intervals corresponding
to a particular §. A typical run showing about 200 steps in this random walk is
shown in Fig. 7a. We notice long dark time intervals between d-changing
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Figure 7 (a) Zoomed-in view of § space random walk in time at 6727 =10 kHz
(b) Histogram of time intervals. (c) Power law fit.
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jumps typically occurring for § =0, as predicted by our theory. Furthermore,
upon examining this random walk over different timescales we also notice a
wide range of long dark time intervals, as seen in the histogram in Fig. 7b,
indicating the “absence” of a steady state—a hallmark of Lévy statistics. This
feature disappears at even longer timescales (of the order of 1/R,, p) indicat-
ing well-defined moments and a slow convergence to central limit theorem
(Mantegna and Stanley, 1994). In the region 1/Q, (<K7<1/Q,, p, the his-
togram of time intervals has a power law form with 7%, a=—1.7 + 0.1, as
shown in Fig. 7c. This indicates a power law probability density
function(PDF) for dark time intervals.

There are several nuclear spin configurations corresponding to different
0 in this CPT region. For the simulations, we assume a uniform distribution
of equal J states for simplicity, since the cooling is limited by the most likely and
fastest diffusion rate out of the |D,,,) configuration. For our choice of laser
parameters, this uniform distribution corresponds to ~ 150 d-configuration
states in the trapping region. Furthermore, simulations with a realistic distribu-
tion of & states for natural abundance >C samples give results consistent with
uniform 6 distributions for these parameters, albeit with a higher power for the
power law PDF region, as we discuss now.

3.3 Prospects of Lévy Flights in '3C Spin Bath Diffusion

The random walk theory of nuclear diftusion discussed above is very general
and can be applied to any central spin system where there is an electronic
CPT state, suppressing nuclear dynamics, for example in self-assembled
quantum dots (Issler et al., 2010), or cooling the '*N nuclear spin of an

NV center (Togan et al., 2011), where nuclear quadrupolar interactions

are dominant. In general, there are two major requirements for efficient

nuclear spin bath cooling using CPT schemes:

1. Large hyperfine interaction compared to nuclear bath interactions,
enabling diffusion suppression depending on the electronic state
(Q,p<€,0).

2. Small density of states of the nuclear spin configuration, ensuring that
there is significant difference between the diffusion rates in the selected
o state versus all others. This enables the trapping of fewer nuclear spin
configurations, making this cooling scheme more effective.

The conditions for power law behavior in nuclear spin diffusion are more

stringent. Along with good conditions for laser cooling, it is essential to have

a large number of possible nuclear spin configurations inside the CPT
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region. This is because power laws in diffusion are a direct consequence of
integral over several different exponential decays. A typical power law PDF
will have the form W, (r)=A7r %, where @>1, and A is the normalizing
constant. Simple analysis reveals that mean and higher moments diverge
for @ <2, and variance and higher moments diverge for @ < 3. Such prob-
ability distributions with diverging variances lead to deviations from the
Central Limit Theorem, which implies that the distribution of stochastic tra-
jectories drawn from a distribution with a well-defined mean and variance
would be Gaussian. This suggests that as we collect more data (in our case,
observe nuclear configuration random walk over longer timescales), the var-
iance would continue to grow. The understudying statistics is commonly
known as Lévy flights (or Lévy statistics), and indicates probability of
unlikely events is significant, and in fact dominates the dynamics of the
system.

Figure 8 shows the statistical result of several MC simulations of the type
discussed earlier, but for difterent §; thus changing the number of states
being summed over in the trapping region. In all cases shown here, we have
apower law. At much larger 65 we simply have the sum over very few expo-
nentials, and the long 7 events become very rare, even though they dominate
the dynamics. For much smaller o, the power law behavior extends for less
than a decade over 7, leading to large uncertainty in power law fitting.
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Figure 8 Power law study showing Lévy region. The left panel reports the power of the
PDF obtained after MC simulations of nuclear dynamics for various §sand Q. We notice
that the power decreases as 5rincreases or Qg decreases. This is due to the availability of
fewer nuclear spin configurations in the trapping region. While a typical MC run for data
point 1 is shown in Fig. 7a, for data point 2 it is shown in the upper right panel. We notice
that larger & gives better trapping, even though we do not have Lévy flights. On the
lower right panel, we also show the MC simulation of a realistic '>C bath showing sup-
pression of large & states.
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The requirement for power law PDF, however, is in contradiction with
the condition for efficient laser cooling. We discuss two extreme cases to
clarify this. On one extreme, in the case of '°C spins very close to the
NV center, there is a large difterence between the hyperfine interactions
of different configurations, and (NV induced) spin flip-flop interactions.
As a result, such bath spins would be frozen in the desired configuration
via our laser cooling scheme. However, due to the large hyperfine difference
between very few spins, one has discrete, well-separated 6 levels. The dif-
ference between successive 9 states can be larger than the CPT width and
summing over them does not give a power law—even though it gives us
very efficient laser cooling. On the other extreme, we could consider
the much larger spin bath formed by ">C spins weakly coupled to the
NV center. While these would give us an almost continuum of § states
inside the CPT region, due to the small hyperfine interaction difference
between different configurations, there is minimal suppression of spin
bath dynamics, making laser cooling ineffective. Furthermore, the probabil-
ity distributions must be of power law form for well over a decade in time
intervals to clearly measure the power. This requires a large difference
between the suppressed and not suppressed spin diffusion rates. Thus, a
spin bath with d-level distribution well separated from the two extremes
discussed above (with 10 kHz <6727 <100 kHz) is ideal to observe Lévy
statistics, and it is possible to find such environments in NVs with natural
abundance "*C samples. Both the hyperfine and the '>C spin bath interac-
tions are predominantly of dipole—dipole form, leading to a large sup-
pression of bath dynamics due to difference in gyromagnetic ratio. Also,
the natural concentration of '>C spins is small giving us a sparse nuclear
spin bath with the possibility of some well separated, but still a large number
of & states. These features make the '°C nuclear spin bath a good candidate
for observing efticient CPT (or laser) cooling of the nuclear spin bath.

3.4 Measuring the Laser Cooled Spin Bath

As shown earlier, MC simulations of nuclear spin dynamics in configuration
space demonstrate the nuclear spin bath getting trapped in particular spin
configurations for long times. We now comment on ways to demonstrate
cooling of the spin bath. Here, we borrow techniques from laser cooling
of atoms, where time-of-flight measurements were used to demonstrate
narrowing of the velocity distribution of a gas of ultra-cold atoms. In the
case of cold atoms, a gas of trapped atoms is released and then imaged using
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absorption spectroscopy after some time. The position distribution of the
atomic ensemble gives us the velocity distribution of the trapped gas. Since
we have an ensemble of atoms, a single (albeit destructive) measurement is
sufficient to establish the momentum distribution of atoms.

In principle, we can perform fast electron spin resonance spectroscopy
(e.g., in Dréau et al., 2014) or dark state spectroscopy (as done in Togan
et al., 2011) after laser cooling of the bath. Here, spectroscopy involves
either sweeping the magnetic field, or laser (or microwave) frequency,
and measuring photoluminescence. As we change J, the NV gets pumped
into an optically dark state, or another electronic state only for certain B.g,
giving us a signal proportional to the instantaneous Overhauser field. Unlike
atomic ensembles, we are dealing with a single quantum emitter. Hence, we
need to perform repeated measurements in order to measure the Overhauser
field distribution. Measuring the Overhauser field spectrum before and after
laser cooling of the bath would demonstrate the narrowing, and hence
cooling of the spin bath, as was demonstrated in Togan et al. (2011).

In order to demonstrate cooling of the spin bath, the authors of that ref-
erence used the nuclear spin configuration dependent photon scattering rate.
In principle, one could use the same photons to measure the slow dynamics
of the nuclear bath itself. Measuring the rate of nuclear bath dynamics
(R,0,R,p) gives us quantitative information about the interactions in the
complex spin bath that is evolving far from equilibrium. We now focus
on how to extract nuclear spin bath diffusion rates by measuring photon
arrival time intervals.

4. PHOTON STATISTICS

In Section 3, we derived how the nuclear spin bath can get trapped in a
certain spin configuration, leading to cooling of the spin bath. We now elab-
orate on how to experimentally extract the properties of the '°C nuclear
bath by using fluorescence from the NV center. Successive photon scattering
events from the NV center after time intervals much greater than the inverse
of the spontaneous emission rates indicate an escape from the electronic dark
state. Hence, time intervals between photon detection events forms a natural
measurement device for observing the slow nuclear bath dynamics associ-
ated with the electronic dark state.

However, photon scattering is itself a random process, and the rates of
photon scattering are typically orders of magnitude higher than nuclear dif-
fusion rates, masking any effects due to bath dynamics outside the resonant
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dark state. In the following, we model the photon scattering as a random
walk in & space, and discuss coupled photon nuclear spin dynamics and
the possibility of analyzing the suppressed nuclear diftusion by measuring
photons.

In particular, we show that while the photon statistics do give critical
insight into the nuclear spin dynamics, the presence of Lévy statistics in
the photons do not directly indicate nuclear spin cooling.

4.1 Photon Random Walk

We focus on the region around the two-photon resonance, d0¢ Beg =0,
where the rate to escape the electronic dark state (and hence observe photon
fluorescence) depends on 6> (Aspect et al., 1989). Around =0, this rate is
given by Ryp =087/R 4p. Ideally this rate approaches zero at resonance, all-
owing the spin to remain in the dark state for very long times. However, as
discussed in the previous section, along with a 6 —dependent Rpp, there is
slow dynamics due to nuclear spin diffusion. We ignore it for the time being,
assuming it is slower than the time intervals (7) in consideration. The overall
photon jump rate out of the electronic dark state is therefore given by

(16)

Once out of the electronic dark state, the NV fluoresces as it undergoes
the |A;) — | B) transition (at rate y 4p_,4.4), or the |E,) — |0) transition (at rate
YE PEE), as discussed in Appendix A. Being only 2.87 GHz apart, the detec-
tor cannot distinguish between photons from these two transitions, the total
photon scattering rate is simply the sum of these. For simplicity, we divide
the B.grange set by the Overhauser field distribution into two regions: the
trapping region, where photon detection rate is limited by the d-dependent
escape rate out of the dark state, and a recycling region, where photon detec-
tion rate is constant, equal to Ry..e=n(r PEEt YA Pa4), With 1 being the
photon collection efficiency of the detector, and pgg,p 44 being evaluated
at 63> 6y,p. This constant off-resonance photon detection rate can be easily
be measured in an actual experiment.

Assuming an exponential distribution for the random time intervals for
the NV electronic spin to stay in the dark state, the probability density
W,p(z,8) = Rp(8)eR@7 . Furthermore, assuming a constant density of 8
as before, the time interval probability density function becomes
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1 (S(mp
Wyp(z) = Wyn(7,6)ppp(8)ds,
25trap — Oz
1 " s e y (17)
_ —R.7 —6°7/Rup
= e — e 0)do.
26trap /émp <RAB) pDD( )

Here, ppp(6) is the population in dark state at detuning 6, and &y, is approx-
imately the maximum 6 for which the system can remain trapped in the dark
state. We set Oyp= R4p/2, as before. The analytic form of W, p(7) is an
incomplete Gamma function, but we leave it in the integral form for the sake
of clarity.

We add to this the photon scattering rate in the recycling region. Once
out of the dark state, photon scattering occurs at much faster timescales, and
does not change the overall distribution much over long time intervals. This
process corresponds to a wait-time distribution of W, ()= R, pese RoresT,
Following the same reasoning as done for spin configurations, the overall
probability density of detecting photons is therefore

Wy(2) =3 (Whn(e) + Wio(). (18

Figure 9 shows MC simulations of nuclear and photon statistics for dif-
ferent nuclear diffusion rates. In the top panel, the nuclear diffusion rate is &
independent. Thus, there is a constant rate to go from one 9 state to another
in the trapping region. This corresponds to no trapping of nuclear spin con-
figurations, and an exponential distribution of time interval to stay in a cer-
tain O state (we call it 7). As opposed to this, the bottom panel shows the
coupled dynamics for -dependent nuclear diffusion rate, consistent with
our theory for nuclear spin cooling. As can be seen in the simulated random
walk (red lines (gray in the print version)), in this case the nuclear spin gets
trapped in configurations around 0 = 0 for long time intervals giving rise to a
power law distribution in the probability to stay in the same & state. In both
cases, we have assumed the same 6 dependent photon arrival time (z,) dis-
tribution, given by Eq. (18), but with 7 — 7,,. In general, 7, <<z, unless the
system is the neighborhood of the optically dark state, i.e., =0, which leads
to Lévy flights behavior in photon arrival times, with long time intervals
between photon arrivals.

From Fig. 9, it is clear that Lévy statistics in photon dark counts does not
confirm nuclear spin bath cooling. It is not necessary for the nuclear spin
diffusion rate to have a 6 dependence in order to observe a power law
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Figure 9 Photon arrival and nuclear spin jump events for different § states around the optical dark state. The top panels indicate constant
(6 independent) nuclear spin diffusion and the bottom panels indicate nuclear spins being trapped around 5=0 for long time intervals. The
left panels report the temporal evolution of the § detuning of the atomic state, as monitored on the photon arrivals (black dots) and the
nuclear diffusion (red (gray in the print version) lines). The center and right panels report the distributions of the time intervals between
nuclear jumps and photon arrivals. In both upper and lower cases, the photon arrival statistics show long time intervals consistent with Lévy
flights.
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distribution in photon dark time intervals. However, one needs a 6 dependent
nuclear diffusion rate in order to CPT cool the spin bath. A nonzero nuclear
diftusion rate is sufficient to enable a photon random walk in  space. This
highlights the crucial difference from VSCPT cooling in cold atoms. In
VSCPT, each photon emission event is accompanied by a recoil kick to the
atom being cooled. Since momentum diftusion is completely dependent
on the photon emission, there is only one random process. In the nuclear spin
CPT scheme, Doppler shift detuning is replaced by Overhauser field
detuning. Thus, instead of velocity selection, we have Overhauser field selec-
tion. However, as is clear from Eq. (13), while the nuclear diftusion rate
depends on similar parameters as photon scattering, it is not proportional to
the photon scattering rate. As also supported by our microscopic theory, a
photon emission event does not directly lead to a change in nuclear spin con-
figuration. In fact, they are two independent stochastic processes that depend on
the same parameters. This insight is also supported by MC simulations of these
two random processes as shown in Fig. 9. We now develop the analytical
framework to deal with these coupled random processes.

4.2 Coupled Nuclear Spin-Photon Random Walks

As established by now, there are two random processes that lead to a partic-
ular time interval between two fluorescence events—the é dependent pho-
ton scattering rate, and the § changing nuclear bath interactions. However,
we can only observe photons. In order to understand how nuclear diffusion
(as discussed in Section 3.1) changes photon arrival statistics, we now
develop a simple Markov chain model for the photon scattering rate, pro-
vided there is nuclear spin diffusion in the system.

For consistency, we use subscript D to denote the trapping region
(6] < Ocrap = R4 ), where both nuclear diftusion (R, =R,,(6)) and photon
scattering rates (R,p &~ Rpp(d)) are 6 dependent, and subscript O for the
recycling region outside the CPT region, where both these rates are constant
(Ry0=R,(6,),R,0=1R,(5,). We also define Pyq),0, the probability to detect
(not detect) a photon in the recycling region, and Pya),p for the trapping
region. Figure 10 describes the Markov chain model to describe this coupled
process. Nuclear spin flip event occur at rate R,0,R,p, depending on the
state, as shown by green (gray in the print version) arrows in Fig. 10. Thus,
R,p<R,o leads to trapping in the desired configuration. Similarly,
depending on the nuclear configuration being 0 or D, the photon detection
rates are R,,R,p respectively, as shown by blue (black in the print version)
arrows in Fig. 10. The four joint probabilities evolve as
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Figure 10 Markov chain model for nuclear spin dependent photon scattering events.

l'jnd.,() - _(Rn() + RpO)Pnd,O (T) + R;iDPnd,D('L-),
Pn‘d,D — Rn()Pnd,() (T) - (RpD + RnD)Pnd,D(T)9
Pao = RyoPuap (),
Py,p = RypPua,n(7).

Here, we have assumed that once the photon is detected, the system
reinitializes itself into the nd-state in order to be consistent with Markov
approximation for photon detection events. Assuming the system starts in
state nd,0, we can solve the above system of equations to get the probabilities

eme:/Z
Poao(7) = SR {C_R”T/Z(Re +R))+ eRer/2 (R.—R_)) }

e—R-7/2 folr ks (19)
Pnd,D(T) = T{Rno(e The T )}

where R =R,o+ R, £ (R,p+R,p),and R, = (R% —4(R,p(Ry0 + Ryo) +
RnDRI,()))l/ % Since the photodetector is oblivious to nuclear configuration,
the joint probability to detect photons evolves as Pq=Pq,+
Pd’D = RpOPnd,O(T) + RpDPnd,D(T)~ Py is simply the joint PDF for the
photon detection at time 7,

Rit
e _Ra
Wr,o(z,8) = R {e 2 (Ry(R.+R_)—2R,pR,)
+ eT(RPO(RC—R)+2RpDRMO)}. (20)

Equation (20) is the more general form of I7,(z), taking into account the
varying nuclear diffusion rates. In Eq. (20), we assumed that once a photon



Coherent Population Trapping, Nuclear Spin Cooling, and Lévy Flights 303

is detected, the system reinitializes itself into the (photon not-detected,
nuclear spin not trapped) state. This is a reasonable assumption, given the
fact that only a few of the available nuclear spin configurations are in the
CPT region, where photon scattering rate approaches zero.

However, it is no longer the case for a laser-cooled nuclear spin ensem-
ble. Here, with a large probability, all photon emission events occur while
the nuclear spins remain in the trapping region. This can be incorporated
into the previous model as a different initial condition: the system now
reinitializes itself into the (photon not-detected, nuclear spin trapped) state.
The solution to photon PDF now looks like

Ryt
e 2 [ _Ra
WT,D(T, 6) = R € 2 (RPD(R(’ - R—) - ZRp()RnD)
R
+ e2 (Rp(R.+R_) +2RR,p) } 1)

If we assume the initial state to be equal probability of being in the trapped or
recycling regions (in order to be consistent with Eq. (18) and Eq. (15)), we
get

Wr(z,0) :%(wwu, 8)+ Wr.o(z,6)) (22)

Comparing Egs. (20) and (21), we notice that while the exponentials
remain the same, the coefficients of the exponentials change as we change
the initial conditions. A linear combination of these two PDFs describes the
statistics if the nuclear spin bath is between these two extremes, i.e., popu-
lation is divided between the trapping and recycling region, as shown in
Eq. (22). Figure 11 shows the resulting PDF for these three initial condi-
tions. By looking at the PDFs over several decades, we can draw two main
conclusions. Firstly, the probability to have long dark time intervals is sig-
nificantly higher if the nuclear spin bath is in a trapped state. Secondly, while
the deviation from power law at long-7 is identical for all three PDFs, the
power law behavior starts at much shorter time intervals if the nuclear spin
ensemble is in a trapped state.

4.3 Photon Statistics Dominated by Nuclear Dynamics

The derivations in Section 4.2 clarify that there is no clear demarkation
between the photon and nuclear rates. This makes it hard to explicitly mea-
sure the nuclear diffusion rates while ignoring the affect of photon scattering
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Figure 11 Photon arrival PDF for different initial conditions of the nuclear spin bath
(blue (dark gray in the print version): trapping region (Eq. (21)), red (gray in the print
version): recycling region (Eq. (20)), and dashed: equal mixture of the two (Eq. (22)) over
several decades in dark time interval. While all PDFs are exponential for long and short
time intervals, and power law (o< z73/2) in the middle, the power law region for photon
statistics stays over a longer 7 region and is more likely to be observed if the nuclear
spins are in the trapping region.

rates. This problem is further exacerbated by the fact that we integrate over
all 0 states. However, we can identify regions in laser parameter space where
W is dominated by spin dynamics. As mentioned in Section 4.1, we can
measure the photon wait-time distribution experimentally. Thus, we need
to find situations where the photon statistics is dominated by nuclear spin
dynamics. Figure 12 shows two such situations, where we plot the 17/ pho-
ton arrival probability density as derived in Eq. (22), but for different repump
laser powers corresponding to Qr=1y (upper panel), and 0.05y (lower
panel). For comparison, we also show the behavior of the 17/, simple photon
statistics as described by Eq. (18) (in red (dark gray in the print version)), and
the W, nuclear diffusion, as described by Eq. (15) (in green (dot-dashed line
in the print version)). In both regimes of laser power, the long-7 photon
statistics gives us quantitative information about nuclear dynamics.

For large pumping power (upper panel in Fig. 12), the photon scattering
rate is typically very high, and the long time interval behavior of photon
scattering rates is limited by nuclear spins diffusing out of the trapped
region, as shown in Fig. 12a. This implies that the nuclear spin bath config-
uration changes before a photon can be emitted from the electronic dark
state (0 ~0). Thus the time interval between successive photon arrivals is
approximately 1/R,1(6 ~0)+1/R(Opexe) = 1/R,1(6 ~0), where Opex
is the 0 state the nuclear spin diffused to out of the dark state. This is
why both nuclear spin PDF (I¥,, in green (dot-dashed line in the print ver-
sion)), and total PDF (W7, in black) are the same exponential, as seen in
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Figure 12 Interplay of photon scattering and nuclear diffusion for high (Qz=1y in
upper panel) and low (Q:=0.05y in lower panel) repump laser power. The relative rates
for photon scattering and nuclear diffusion are sketched on the left. On the right, we
show the PDF of several processes over several decades in the dark time interval.
The shaded areas are shown on a log-linear plot to elucidate exponential decays.
The insets emphasize the long-time limit in a linear time plot. The upper brown (gray
in the print version) curve in the bottom inset shows how the steady-state photon scat-
tering rate would look like.

Fig. 12b. Thus, the exponential tail of the high pumping power photon PDF
gives us the nuclear spin flip-flop rate out of the electronic dark state.

For low pumping power, the situation is very different. Here, the spin
diffusion rates are higher than the photon scattering rates as shown in
Fig. 12¢. Thus, the spin distribution comes to an equilibrium in response
to the laser and magnetic fields before photons are emitted. In the long time
limit, the photon scattering rate would then be proportional to the proba-
bility to be in recycling region X photon scattering rate, R,, = R0 X 0,055,
where p, =R,/ (R,1 + R,0) is the steady state population in the recycling
region. Figure 12d shows this exponential PDF (W, = Rp,“e_RP’“T,
reported as the brown curve within the inset). Thus, while we cannot read
off the nuclear rate directly in this case, in combination with the strong
pumping limit (as discussed above) we can now learn the value of both,
R, from the strong pumping limit and R,,; from the combination of R,
and R, in the low pumping limit. Note, however, that Fig. 12 also shows
that the nuclear spin cooling is not very efficient for low laser powers.
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We realize that just by varying the laser power, we can indeed use
photons to not just to cool the bath, but also to measure properties of
the nuclear spin bath that are hard to measure otherwise. Along with
proper characterization of the laser—NV interaction, and technical details
(collection efhiciency, etc.,), we can vary laser powers and measure the
wait-time distribution to extract information about the bath (€,0,€,,).
A large difference between these two rates indicate NVs whose nuclear
bath can be cooled efficiently using the CPT cooling technique discussed
earlier.

5. CONCLUSION

We have discussed for a diamond NV center the physical system and
methods to treat this as a type of central spin system; we have clarified the
relationship between measurement of electron dominated photon statistics
and the dynamics and manipulation of the nuclear spin bath. Despite the fact
that there is no direct proportionality between emitted photons and nuclear
spin flips, it is possible to draw clear conclusions about the nuclear bath and
its momentary temperature. This knowledge can then be used for cooling
this bath—or freezing it to a single state, depending on the parameters. In
addition, it is possible to choose the parameters such as to allow for a mea-
surement of Lévy statistics of both the emitted photons and the nuclear spin
flips in the bath of this particular single quantum system. In addition, we
showed here how a Markov chain model can be used to gain theoretical
information about this complex system, which can be generalized to similar
systems in a straightforward manner.

One of the most important open questions left by this work relates to the
anisotropy of the dipolar interaction in this system: There are, for each
nuclear spin, two competing quantization axes, the direction of the field
caused by the electron spin, which can be different for each nuclear spin,
and the external quantization axis of the full system, i.e., the external
B-field. While this is indirectly taken into account in the averaging con-
nected to our probabilistic treatment, it would be interesting to understand
the detailed influence of this geometry.

In addition, the research discussed here will be used to construct a feed-
back scheme to further cool down the spin bath. The information gained
from the measurement can, in this case, inform system manipulation by
changing the laser intensity, the strength and/or the direction of the outside
magnetic field. The latter, change of magnetic field direction, might be
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particularly interesting when taking into account the above-mentioned
anisotropy in more detail, for example, by potentially rectifying the different
quantization axes for differently located nuclear spins.
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APPENDIX A. NV-LASER INTERACTION DETAILS

In the following, we solve for the steady state of the NV spin inter-
acting with the laser fields addressing the open A system. After making
the rotating wave approximations, the Hamiltonian for laser—NV interac-

tion (in basis |A),|B),|D),|E,),|0)) is
[0 —Q./2 0 0 0 ]
Q.2 0 —§2 0 0
B 0o =82 0 0 0
Hope=R| 0 0 0 Q2 (A1)
0 0 0 —Qi/2 0

The Louvillian takes into account spontaneous emission (at rate ¥ from
|A) to the A ground states, and from |E) to |0), at cross rates y from |A) to
|0), and 7., from |E) to A ground), and dephasing at rate " from the two
excited states, and is given by

[ T4 Ta (Ca+TE) T4 |
“YAPAA —— PAB 5 PAD T 5 PAE 5 PAO
T4 4 Yee T'e
-4 Lpagq+ 0 = 0
SPBA  SPAAT 5 PEE > PBE
Ty 4 4 e I'e
—— PDA 0 5PAAY 5 PEE —— PDE 0
Llp] = -
(Ca+TE) Te Te I'e
——~5  PEA 5 PEB —— PED ~YEPEE —— PE0
2 2 2 2
I I'p
—5 P04 0 0 —— POE YOPAA T YPEE

Here, we have introduced variables y 4 =7+ v, Y=V t7, T a4=y4+T and
[g=ygp+T for brevity.
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We obtain the equations of motion for the density matrix using
the standard Master equation formalism:p = —(i/h)[H,p|+ L[p]. Such
master equations are typically solved using numerical methods, for example
wave-function MC simulations (Melmer et al., 1993). However, we are
interested in the long-time behavior of the system (£>>1/y), uncovering
nuclear diffusion and Lévy statistics, making the problem computationally
intensive. In order to study the statistics of the sequence of quantum jumps
giving us intermittent fluorescence photons, it is convenient to use the
“delay function” formalism (see, e.g., Cohen-Tannoudji and Dalibard,
1986; Zoller et al., 1987), which we derive for our case in the following.
We assume that over the timescales of nuclear diffusion, the system (NV
spin interacting with lasers) has evolved into a steady state. Since the
electronic spin adjusts relatively quickly to the changes in the nuclear envi-
ronment, we can justify a steady state treatment. Assuming steady state
values for coherences, the system of equations governing the populations

becomes
_ 5 2 ;
c.oA — +R Ryp——R ——R 0 0 r B
Paa (yA AB) AB Q%_ AB Q%_ AB Paa
) 2 2
/?BB (ra+Rag) —Rap+ QTRAB —Rpp *QTRAB + Rpp Ve 0 pes
Ppp | = + + PpoD |»
. 4 Rpp —Rpp Y 0
PEE ‘ PEE
. 0 0 0 —re—Re Rg
LPoo E LPoo |
L Y0 0 0 y+Rg —Rg |
where the optical pumping rates are
_ 2 . e Y . — 52
Rup=Q,°/T4; Re=Q%/T'r; Rpgp=05"/Rus. (A.2)

Here, we have ignored the terms proportional to /T 4, since it is<< 1 over
the detuning range of interest (— Ryp < 6 < Ryp). Under the approxima-
tion y,./Yo<K 1, we can simplify the steady state populations to

52
Pre= Ar5—=, (A.3)
& +6;
}/ + }/[C)
Poo = (1 + Ry >pEE7 (A.4)

ytv
Pt Ppp= 1— (2 + R—E“>pEE7 (A.5)
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where
A 1
E ~ 9

+ +
5o le? 70 TV (A.6)

YoRaB Rg

52% Ve R/243
CYe, Y <2RAB . RAB> (A.7)
Yo 4r+ro)\ v Rg

Figure 3a and b shows the steady state population in several ground elec-
tronic states as a function of detuning ¢ and Rabi frequency Qp.

Once out of the dark state, the NV fluoresces as it undergoes the |4) —
|B) transition with photon scattering rate ¥ 4p.4.4), or the |E,) —)|0) transi-
tion, with the corresponding photon scattering rate being ygprg). Being
only 2.87 GHz apart, the detector cannot distinguish between photons from
these two transitions and the total photon scattering rate is simply the sum of
these. Since not all the photons emitted are detected, the photon detection
rate is a fraction () of photon scattering rate, and is determined by the effi-
ciency of the detection setup (1< 1). The photon detection rate is therefore

Rys=n(YePee Y aPas) RNV EPEE- (A.8)

We would like to note that a simple rate equation model was developed
to study the steady state because the coherences between different electronic
states do not affect the overall population distribution over the long time-
scales in consideration here. We confirmed this by comparing this solution
to the solution of the entire density matrix for the case of a single spin 1/2
nuclear spin. Moreover, we also confirmed that there are no significant
effects due to coherences between different nuclear manifolds.

APPENDIX B. DETAILS OF HYPERFINE INTERACTION

In this section, we derive the correction to our simple model for
hyperfine interaction discussed in Section 2.3 that leads to energy splittings
and interactions in the nuclear bath Hamiltonian. We comment on the con-
ditions when these terms can be ignored. As discussed in Eq. (3), the total
Hamiltonian for our central spin system is given by

H =i, + hAS? +hyu, S . B+hY_ S,4, 1. (B.1)

JsMsv
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Here, we have left the hyperfine tensor in a general form in order to take into
account both contact and dipole—dipole interaction. In this section, we shall
ignore the pure bath dynamics, and treat the oft-axis hyperfine and Zeeman
interaction as a perturbation. Thus, we break the Hamiltonian into Hy, and a
small perturbation I with

Hy= flASi-i-fL,ueSZBz‘FleSZAZVI{/, B.2)
IV
v— ln (B+S_+B_S )+1h2(s AU +S_A.,I)
_Zlue +O— -+ 2 +4i-vly —<t+viy)- (B3)

J>v

B.1 Secular Part—Energy Shifts

For ">C spins beyond the first few shells, the hyperfine interaction is purely
of dipolar form, and is given by

W, (< = (ST 7))
Him:ZT S-IJ—3’T , (B.4)
J

—

Here, I = (Ix,ly,lz) and the distance between the NV and nuclear spin is
r;=r;(cos¢ sinB,sin¢ sind, cosh).

Due to the enormous zero-field splitting (A/2x=2.87 GHz), we can
think of this dipole—dipole interaction as a perturbation. The S, , terms lead
to electronic spin flips, and are highly suppressed due to AS? term. The
energy mismatch between the electronic and nuclear spins ensures there
is no flip-flop interaction as well. The dipole—dipole interaction for a single
nuclear spin can thus be simplified to

h’ . . . ,

Hipej = ’;3””“ (SZI{, 38, cosa{(li, cosp+ I sing)sin0+ I cose}) .
J
(B.5)

Using I,=1/2(I; +1_) and [,=i/2(I_—1I;), the above expression
simplifies to
_Rup,

I_Iint7 ] 3
i

<SZI£(1 —3 cos?0) _ESZ cosO sin@(F, e + lfel¢)> .

(B.6)
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Thus, the hyperfine interaction leads to energy splittings in the NV center
based on I. and nuclear spin flips. The nuclear spin flips are suppressed if the
nuclear Zeeman splitting is higher than the hyperfine interaction strength,
ie., hy,B>h*uu,/ rf’ . This relation is valid for large magnetic fields,

or large distance between the NV and nuclear spins. As an order of
magnitude estimate, for B, of around 1 Gauss, this relation is satisfied for
distances greater than 1.4 nm. For a diamond sample with natural abun-
dance of °C, the average r; =1 nm. Thus, this term cannot be ignored
at first glance, and a lower concentration of '°C sample might be prefer-
able for this study. In the |B),|D),|0) basis, S.=|B)({D|+|D)(B| lead-
ing to flip-flop transitions between electronic and nuclear spin states via

the term

HI

int, j

=h&.(|B)(D| +|D)(BI)(£s e + I ) B.7)

where 6. takes into account the difference between hyperfine and
Zeeman energy. Around 6=0, i.e., in the CPT dip, this leads to very
slow transitions. For higher J, these transitions are highly suppressed due
to the mismatch in the nuclear and electronic spin energy difference.
Furthermore, for higher 6, the probability of spin flips due to this mecha-
nism is further suppressed due to the fact that the electronic spin is most
likely in |0) state due to optical pumping, where there is no hyperfine inter-
action. Thus, in a simple treatment of bath dynamics, we ignore this nuclear
spin flip mechanism.

These conditions are generally valid in the '°C spin bath of an NV cen-
ter, particularly close to the edge of the Overhauser distribution, where the
external magnetic field is higher, and there is lower density of nuclear spin
configurations. Thus we expect CPT based cooling to work most effectively
in this region. For the purpose of this work, we assume that the hyperfine
interaction is given by

Wup, -
Hiy s = Z%szzfz(l ~3cos’0) =Y AALSE.  (B.8)
J J J

It is clear from Eq. (B.8) that to leading order, the electronic spin experi-
ences a static magnetic field of order Z,.A’;Y /1, as a result of interaction
with the nuclear spin bath. Due to the possibility of being in various

nuclear spin configurations, and hence different Z/.Ii;, the hyperfine
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interaction leads to broadening of the |+ 1) manifolds. We consider a more
general expression for hyperfine interaction in order to calculate the

correction to this treatment.

B.2 Nonsecular Part—Nuclear Bath Interactions

Using nondegenerate perturbation theory, and taking terms up to second
order, the energy of the i-th eigenstate becomes (Yao and Shi, 2000)

E=E" + (V] +! ¢\VQ<Z 90 ‘2">QV|¢> (B.9)
ki i -

where |¢h;) are the unperturbed eigenstates, here |0,41), and Q=1-0p,
where P =|¢,)(¢,| is the spin projection operator. For the NV, we get

O=n{=1rioy  Ov|1){|vio)

Ey= T TR (B.10)
A A D
£1117(0)(0] | £1
I IIACIGER -
Ej:l _EO

We use B\ —E{) = —hAFhuB.FY, AL L and (0|V|£1)=(h/2)

VTV
(u.Be+> A, . I') and a bit of Pauli matrices identities(I=(1/2) o) and
algebra to derive the second order corrections to the electronic energy

levels. In the limit A>B, A/

!, it simplifies to

2
0 B =2) o me (B.12)

4A 4A
where
M= p(B>+B)+A A+ (B, Al F+B_A, ¥)

S )AL, (5.13)
7k

= ZZP . < AL) (B.14)

We can expand the second order correction and write it as
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3m>—2 o
£ = n 2 ) A
3m? —2)
h(mTZ”C B.Al F+B_Al, ¥)— L xA))
3m*—2 o
h%Z(A{.P)(Aﬁ 1,
J#k
(B.15)

where the first line of Eq. (B.15) gives a constant shift, while the second line
acts as a modified gyromagnetic ratio, or nuclear spins in a fictitious magnetic
field, and the third term leads to spin—spin interactions that are mediated by
the hyperfine interaction of the two nuclear spins with the central spin. In
general, these terms lead to change in nuclear spin configuration, and are
present for all electronic states. However, due to the large hyperfine energy
associated with nuclear spin flips when the NV is in state |+ 1), this spin
diffusion process is also suppressed. Thus, the diffusion model that leads
to Lévy statistics will still be applicable in this case.

As an order of magnitude estimate, we evaluate the relative strength of
interactions for the case of a single '°C spin 1 nm away from the NV center,
in an external B-field of 1 Gauss. Ignoring the angular dependence, the
hyperfine interaction A ~10kHz, and u.B ~1MHz, while A/
27=2.87 GHz. This gives us spin bath interaction strengths of BA'/A
~10 Hz, and (4)*/A ~0.1 Hz. Considering the nuclear Zeeman energy
for the same B-field is ~ 1 kHz, spin flips as a result of hyperfine interaction
will be suppressed, since they do not conserve energy. The hyperfine medi-
ated flip-flop interaction is not suppressed due to this interaction. However,
we have assumed that it is smaller than the dipole—dipole interaction
between nuclei, i.e., (AJ)Z/A<D,»j. If this last condition is not satisfied,
the suppressed nuclear flip-flop rate R, p will be given by this process,
and not suppressed nuclear dipole—dipole interaction.

While these estimates may be satisfied in a naturally occurring con-
centration of "°C, all these conditions are more likely to be satisfied in
more sparse spin ensembles. However, we can have faster nuclear bath
dynamics for higher concentration samples that makes measuring and
modifying them easier. Since these are random distributions, care must be
taken to ensure that there are no proximal nuclear spins in the vicinity of
the NV center of interest in order to couple to a large number of spins
similarly.
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APPENDIX C. SIMULATING A REALISTIC "3C SPIN BATH

In the following, we simulate the random '>C nuclear spin bath
around an NV center to estimate the distribution of hyperfine and nuclear
bath interactions. These simulations are then used to discuss the effectiveness
of nuclear spin cooling and emergence of Lévy statistics in nuclear diffusion.

‘We simulate a diamond lattice with an NV at the origin and a percentage
of carbon atoms forming the lattice being '°C (I=1/2) instead of '>C (I=0).
Due to the nonzero nuclear spin, they form an interacting spin bath sur-
rounding the NV center. Such a system-bath interaction can be modeled
as central spin system (Prokof’ev and Stamp, 2000). We only discuss the
T, type relaxation of the bath (flip-flop processes), and its effect on the
central spin, which in our case is the NV center. We evaluate the distribution
of hyperfine and nuclear spin—spin interactions, identifying the physical
mechanisms, and timescales for various spin diffusion processes for various
concentrations of °C in diamond.

We then investigate the suppression of this relaxation if the NV is opti-
cally pumped into a dark state of m;=|+ 1) energy levels. This suppression is
due to the hyperfine energy cost associated with spin-bath diffusion when
the NV is not in m,=|0) state. We discern the nuclear bath dynamics that
leads to escape from the electronic dark state for various concentrations of
the nuclear spins. Furthermore, we identify regions where such CPT based
cooling is effective, and if the nuclear spin diftfusion exhibits Lévy flights.

C.1 Concentration Study

We simulate three different spin baths, with varying concentration of °C
spins: 11% (corresponding to enriched '*C sample) or 1.1% (natural abun-
dance "’C sample), and 0.1% (sparse °C sample). In order to do a quanti-
tative analysis of the bath interactions, we start with defining three
frequencies: A; characterizes the hyperfine interaction between an NV
and i-th C spin, D;; estimates the nuclear dipole—dipole interaction
between a pair of nuclear spins r; apart, and AD;; estimates the hyperfine
interaction induced spin—spin interaction between a pair of nuclear spins
with off-axis hyperfine interaction strengths A; and A;, as given in Maze
(2010). The hyperfine interaction includes both the dipole—dipole and con-
tact interaction. The distance dependence of the hyperfine interaction for
proximal spins is taken from previous measurements (Smeltzer et al.,
2011). Since the bath is not polarized, the angular dependence of dipolar
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interaction is taken into account by randomly selecting a polar angle
between the spins. The bath interactions are given by

hﬂohﬂz
D;=———", N
Y Anan rg (©.1)
h AA;
AD; =——-, C.2
Yoo4n A (€.2)

where for simplicity, we have ignored the angular dependence of the dipolar
interaction, thus estimating the upper limit of various interactions. The larg-
est value of D;; is 1.03 kHz, corresponding to °C spins on adjacent lattice
sites. The next highest D;;is 237 Hz, corresponding to 1°C spins being at the
next closest neighboring lattice sites. Due to the large A zero field splitting,
AD;; is only substantial for nuclear spin pairs close to the NV center, since
they have large hyperfine interaction. In these cases, due to the large Fermi
contact interaction component, we can ignore the angular dependence. For
the closest '°C spin, the A; terms are around 2 kHz, thus they are the dom-
inant spin—spin interactions for proximal nuclear spins. However, due to
large zero-field splitting A, hyperfine interaction mediated nuclear interac-
tions can be ignored for far-away spins.

For each spin bath concentration, we do a quantitative analysis of hyper-
fine and bath interactions, identifying the dominant dephasing mechanism
for the bath spins. To get representative statistical samples, we simulate the
interaction of around 700 '*C spins with the NV center. It should be noted
that in principle, the NV is coupled to an almost infinite spin bath of °C
atoms . Due to the weak hyperfine interaction of the NV with distant spins,
these spins are not affected by the NV and vice-verse. However, the entire
spin bath interacts with each other, forming the loss channel that ultimately
limits the effectiveness of this, and every other nuclear cooling and dynamic
polarization schemes.

C.1.1 Enriched '>C Bath

Figure A.1 discusses the distribution of various interactions for an NV
coupled to randomly positioned spins in an enriched '*C bath with a
11% abundance. The abundance of *>C spins enhances the proximal spin

effects. The average interaction strength frequencies for this random bath

4 . . . .
Almost, since a diamond sample has a finite size.
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Figure A.1 Details of the proximal 'C spin bath, when 11% of the diamond lattice is
made of '3C atoms. (a) Distribution of the hyperfine interactions A; between NV center
and a randomly located "3C spin. (b) Distribution of the 2500 strongest dipole-dipole
interactions D; between a pair of randomly located '3C nuclei in a diamond lattice.
(c) Distribution of the 2500 strongest NV mediated interactions between a pair of
13C spins.
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On first glance, it seems insignificant to consider nuclear spin—spin
interaction induced flip-flops as the fastest nuclear bath dynamics (while
ignoring Zeeman and hyperfine interaction mediated spin-flip mecha-
nisms). However, in the presence of a magnetic field, such spin-flips are
suppressed to conserve Zeeman energy. Furthermore, a significant fraction
of spin pairs have much higher interaction strengths than the average, as
shown in Fig. A.1b and c. These primarily include nuclear spins closest
to the NV, thus causing a significant change in the Overhauser field by
changing nuclear configuration. The distributions in Fig. A.1b and ¢ also
indicate that the primary source of nuclear dynamics is the NV induced
flip-flops.

A stronger coupling to NV leads to fast nuclear bath dynamics in |0) state.
Alarge hyperfine interaction energy shift leads to high suppression of nuclear
dynamics in the electronic dark state. Both these effects combined lead to a
strong freezing of the nuclear spin bath when the NV is in the optically dark
state. However, there are several nuclear spin pairs that interact with each
other more strongly than their interaction with the NV. Flip-flop interac-
tions between such pairs leads to fast escape from the optical dark state. We
shall study the competition between these interactions in more detail in the
next section.

C.1.2 Natural Abundance ">C Bath

Figure A.2 discusses the distribution of various interactions for an NV
coupled to randomly positioned '*C spins as well, but with a 1.1%
abundance—the natural abundance of '’C in diamond. Contrary to
Fig. A.1c, we notice a more continuous distribution of hyperfine interaction
induced energy level splitting with average &;/2m =25 kHz for the 10 closest
spins, as shown in Fig. A.2¢c. The average interaction strength frequencies are
(A;) =1.5kHz, (D;) =0.4 Hz, (AD;;) = 0.3 mHz. While all these spin—spin
interaction strengths are very small, as was the case before, a significant frac-
tion of spins have much higher interaction strengths than the average, as
shown in Fig. A.2b. These spin pairs dominate the bath dynamics. Contrary
to the situation for enriched '*C bath, this distribution indicates that the pri-
mary source of nuclear dynamics is bath dipole—dipole interaction induced
flip-flops. While this mechanism for nuclear spin diffusion seems to be the
average case, since we have a random distribution of '*C spins, there may be
some proximal spins present. In that case, the mechanism for flip-flops
would be due to hyperfine interaction.
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Figure A.2 Details of the '3C spin bath, when 1.1% of the diamond lattice is made of '3C
atoms. (a) Distribution of the hyperfine interactions A; between the NV center and a ran-
domly located "3C spin. (b) Distribution of the 2500 strongest dipole-dipole interactions
Dj; between a pair of randomly located 13C nuclei in a diamond lattice. (c) Distribution of
the 2500 strongest NV mediated interactions between a pair of '>C spins.
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C.1.3 Sparse >C Bath

For completeness, we now move on to a sparse spin bath due to only 0.1% of
carbon atoms being °C. As before, we estimate the interaction strengths for
a bath of around 700 spins. The results are in Fig. A.3. A factor of two
increase in distances compared to the previous case is as a result of increasing
the volume of diamond by a factor of 10 to accommodate 700 spins. Due to
the absence of proximal spins, the hyperfine interaction is very weak, as seen
in Fig. A.3b. This results in a very small hyperfine mediated nuclear flip-flop
interaction strength.

For this particular spin bath, (A;)=172Hz, (D;)=0.057 Hz,
(AD;) =4.82 x 107° Hz. We notice a fragmented energy level structure,
as shown in Fig. A.3c, which is similar to Fig. A.1, except for the orders
of magnitude difference in the frequency difference between energy levels.
The average 6;/2x is 20 Hz for the 10 closest spins. Due to the large difter-
ence between the hyperfine and nuclear dipole—dipole interaction, and a
small number of nuclear spins interacting with the NV center, this spin bath
is a good candidate to observe suppressed nuclear dynamics. The problem is
that the timescales of the dynamics might too slow to be measured—
particularly using optical techniques.

Given the timescales involved, a higher concentration of ">C spins, for-
ming a dense spin bath around the NV makes a more experimentally mea-
surable system to study suppressed nuclear spin dynamics, and cooling of the
spin bath. However, it may be possible to have a situation where a few spins
are close to the NV, while the others are too far away to interact with the
NV. This scenario is a special case of the central spin model, where we are
indeed coupled to a finite (and manageable) spin bath, as opposed to an
almost infinite one in other cases. Such a scenario can be used as a quantum
simulator of driven out of equilibrium central spin system, particularly to
address the implications of integrability in out-of-equilibrium quantum sys-
tems (Fioretto et al., 2014). Also, nano diamonds where different central
spins are coupled to the same finite nuclear spin bath form another system
to quantitatively analyze of the relation between integrability and
decoherence (Erbe and Schliemann, 2010).

C.2 Nuclear Diffusion and Lévy Statistics

In the following, we analyze the efficiency of using CPT of the NV spin to
suppress the nuclear bath dynamics. We identify the limitations of this spin
cooling mechanism and discuss the prospects of Lévy flights in nuclear spin
diffusion for realistic bath interactions.
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Figure A.3 Details of a sparse '3C spin bath, when 0.1% of the diamond lattice is made of
13C atoms. (a) Distribution of the hyperfine interactions A; between NV center and a ran-
domly located '3C spin. (b) Distribution of the 2500 strongest dipole-dipole interactions
Dj between a pair of randomly located "*C nuclei in a diamond lattice. (c) Distribution of
the 2500 strongest NV mediated interactions between a pair of '3C spins.

In order to establish notation, we summarize the suppression mechanism
here. A pair of nuclear spins undergo flip-flop type interaction with fre-
quency , in the absence of hyperfine interaction. As discussed earlier, this
could be mediated by the NV itself, or due to dipole—dipole interaction
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between nuclear spins themselves. We take 2, to be the larger of D;; or AD;;
calculated earlier for a specific spin pair.

In the presence of hyperfine interaction, there is a large energy cost asso-
ciated with nuclear flip-flop transitions. The frequency of flip-flop gets

reduced to Q,p=Q2,/,/Q% + 5., where 8;=|A; — A) is the difference

ij>
of hyperfine energy (in frequency units) between the two nuclear configu-
rations. Figure A.4 shows the distribution of Q,,,Q,p for enriched, natural
abundance and sparse °C bath samples. The details of nuclear spin cooling
mechanism is discussed in detail in Section 2.5.

Since escape from the optically dark state is dominated by the fastest
nuclear flip-flops, we identify three regions of interest, as highlighted in
Fig. A.4. These form diftferent parameter regimes of CPT based spin bath
cooling. We discuss these in more detail in the following.

C.2.1 Region 1—Fast Decay, Low Suppression (5;;<<Rag)

Region 1 indicates nearby (typically nearest neighbor) spin pairs undergoing
fast flip-flops due to strong dipole—dipole interaction between them. This
dynamics is not highly suppressed because the hyperfine energy difference
between the two spin configurations is very small. This is the prominent escape
mechanism_from the dark state. Typically these are spins far away from the NV
as well, so they do not effect the Overhauser field significantly. These far
away, weakly interacting spins form the fundamental limit for this, and most
other dynamic polarization schemes for the nuclear spin bath.

Dynamics of region 1 becomes dominant when we have a very sharp
CPT dip where changes of a few kHz in 6 leads to large population differ-
ence between |D) and |0) states. While this may not lead to good cooling,
this may be used as a method to optically detect far away nuclear spins.

C.2.2 Region 2—Slow Decay, Large Suppression (5;;>> Rag)

Region 2 indicates NV induced spin flips in the nearby nuclear spin pairs. This
is predominant in enriched '*C samples. Due to the large hyperfine energy
difference between two spin configurations (typically larger than CPT width),
this diffusion gets suppressed by orders of magnitude due to the formation of a
dark state. While this may be the fastest diffusion rate into the dark state, this is
not the fastest decay rate out of the dark state. However, if the NV was
strongly coupled to very few spins, the nuclear bath dynamics would be deter-
mined by these optically suppressed rates, leading to very efficient freezing of
the nuclear dynamics (as is the case for "*N spin cooling).
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Figure A.4 Distribution of flip-flop transition frequencies for various '>C spin baths, in
the absence and presence of hyperfine interaction. (a) Distribution of transition frequen-
cies in the absence of hyperfine interaction (€2,,0), (b) suppressed diffusion rates due to
dark state formation (€,,p) for an enriched '3C bath, (c and d) for a natural abundance of
13C atoms, and (e and f) for a sparse *C bath.

C.2.3 Region 3—Lévy Statistics Region (8;;<Rag)
Between these two extremes lies the region where the hyperfine energy dif-
ference is large enough to suppress nuclear dynamics in the dark state, but
not larger than the width of the CPT dip. This gives us a large, detuning
dependent nuclear diffusion rate that leads to power law suppression of
nuclear dynamics. Such spin pairs are indicated in region 3.
Experimentally, this region can be accessed by using strong pumping
lasers such that the CPT width is large. This leads to little change in popu-
lation difference between |D) and |0) over a few kHz, where fast nuclear
diftusion due to adjacent spin pairs occurs. While this fast diffusion is not
suppressed, it also does not lead to escape from the optical dark state.
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Provided we have large suppression of nuclear dynamics in the dark state
(occurs when 6;; 3>,,), but there are several nuclear configurations in the
CPT region (6;<R4p), we have a detuning dependent suppression of
nuclear bath dynamics. If this suppression is well over an order of magnitude
(Q,p<KQ,), we have a power law distribution function for jumps between
adjacent configurations leading to Lévy statistics. For realistic '>C baths con-
sidered in the previous section, it seems to be a valid assumption for a large
number of spins close to the NV.

However, the condition §;; 32, is not necessarily satisfied for all nuclear
configurations—particularly the distant spins, as is visible in Fig. A.4. Further-
more, numerical simulations show that while a large suppression is essential for
a power law distribution of jump times, the power itself depends on how close
different 0 states are. All else being the same, a fine integration of § gives us a
power closer to —3/2, while a coarse integration over 0 states gives us higher
power laws that may or may not lead to diverging moments. These con-
tradicting conditions for suppression of nuclear dynamics and observation
of 3/2 power law lead us to be cautiously optimistic about actual observation
of Lévy statistics in nuclear spin dynamics.

However, there is definitely cooling of the spin bath since all the prox-
imal spins are frozen when the NV is in the dark state, and their configura-
tion change occurring at much longer timescales. It may be possible to
observe a power law diffusion closer to the edge of the Overhauser field
where there are fewer and well-separated energy levels.

For the purpose of nuclear diffusion estimates, we assume a natural abun-
dance diamond sample. Based on our simulations, we have taken
D;;=230 Hz, and 6;;= 10 kHz. For the low B-fields and natural abundance
sample considered in this work, these numbers are justified. Based on real-
istic bath estimates, it is our opinion that while there are regimes to observe
large nuclear spin cooling, to observe real-time dynamics of the interacting
spin bath, and to see Lévy statistics in photon diftusion, the actual observa-
tion of a power law in the cooling of the nuclear spin bath showing Lévy
flights in nuclear spin cooling over several decades might be challenging
for experimentally accessible parameter regimes due to the slow nuclear spin
dynamics involved.
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