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1. Introduction 

In Part 1 of this series of reports,1,2 we formulated a novel approach to 
thermodynamics of heterogeneous systems completely or partially filled with a 
liquid substance in a plasma state. The approach is based on the use of the Gibbs 
variational principles, and it enables efforts to address a variety of problems relating 
to equilibrium and stability of such systems. 

The general motivation for this series of reports is discussed in Grinfeld and 
Grinfeld.1 The only issue not discussed so far is the reason for separate discussions 
of the one- and multicomponent cases. The separate analysis of the one-component 
case is motivated by the methodological reason: the 1-D case is simpler and results 
in less-cumbersome and more-transparent relationships, as was discussed in 
Grinfeld and Grinfeld.1 

The necessity for the multicomponent analysis is mostly physical and absolutely 
straightforward: there is a strong repulsion between the electric charges of the same 
sign. This repulsion can be compensated for by the fact that a strong attraction 
shows up between the charges of opposite signs. This is why practically all 
macroscopic and nanoscale bodies (atoms and molecules) are almost electrically 
neutral. Therefore, for the phenomenological macroscopic analysis, we have to deal 
with, at least, two-component charged liquids: the positively charged component 
and the negatively charged component. This is the bare minimum; quite often it is 
necessary to introduce many more components.  

For the sake of brevity and transparency, though, we will dwell on the  
two-component charged liquids, which will be called the electronic and ionic 
components. 

2. The System under Study 

Assume that our charged liquid has two components with the mass densities of 
charges ( )e zρ  and ( )i zρ  with the fixed total amounts of each of them, as follows: 

 ( ) ( ),e e i id z M d z Mρ ρ
Ω Ω

Ω = Ω =∫ ∫ , (1) 

where eM  and  iM  are the total masses of the electronic and ionic liquids. Let eσ  
and  iσ  be the charge per unit mass of the electronic and ionic liquids, respectively. 
We assume that the mixture is characterized by the cooperative internal energy 
density per unit volume, 
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 ( ), ,e iU U ρ ρ= Η , (2) 

and the entropy density Η  per unit volume. 

We postulate the following relationship for the electrostatic energy electE : 

 
( )( )1

2

e e i i e e i i

elesE d d
z z

σ ρ σ ρ σ ρ σ ρ∗ ∗
∗

∗
Ω Ω

+ +
≡ Ω Ω

−∫ ∫   . (3) 

Here and in the following, the notation eρ ∗  means that the function ρ  is treated as 
function of the independent spatial variable *z , whereas the notation ρ  is treated 
as function of the independent variable z .  

Per the Gibbs3 methodology, when analyzing equilibrium and stability in the closed 
thermodynamic systems, we have to minimize the functional Φ  , 

 

( )( ) ( )1 , ,
2

e e i i e e i i
e id d d U

z z

σ ρ σ ρ σ ρ σ ρ
ρ ρ

∗ ∗
∗

∗
Ω Ω Ω

+ +
Φ ≡ Ω Ω + Ω Η

−∫ ∫ ∫  ,
 
(4)

 

under the mass constraints (Eq. 1) and the entropy,  

 ( ) ,d z S
Ω

ΩΗ =∫  (5) 

where S  is the total entropy of the system under consideration. 

To address this minimum problem with isoperimetric constraint we have to 
consider the unconstraint minimum for the functional Φ , 

 

( )

( )( )

, ,

1
2

e i e i i
e

e e i i e e i i

d U T

d d
z z

ρ ρ ρ ρ

σ ρ σ ρ σ ρ σ ρ
Ω

∗ ∗
∗

∗
Ω Ω

 Φ = Ω Η −Λ −Λ − Η + 

+ +
Ω Ω

−

∫

∫ ∫



 

, (6) 

where eΛ , iΛ , and T  are the indefinite Lagrange multipliers, associated with the 
constraints of Eqs. 1 and 5.  
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3. First Variation and Equilibrium Conditions 

Following the methodology of Grinfeld and Grinfeld,1 we arrive at the formula of 
the first variation of the functional Φ , which reads 

 

( )

e e i i

e

e e i i

i

e e e
z z

i i i
z z

U d

d U d

U T

σ ρ σ ρ
ρ

σ ρ σ ρ
ρ

σ δρ

δ σ δρ

δ

∗ ∗

∗

∗ ∗

∗

+∗

−Ω

+∗

−Ω
Ω

Η

  −Λ + ∫ Ω +    
  Φ = Ω −Λ + ∫ Ω +   

 
− Η 

  

∫

 

 
 . (7) 

 
Separating the independent variations in Eq. 7, we arrive at the following equations 
of equilibrium: 

 

e

i

e e i i
e e

e e i i
i i

U d
z z

U d
z z

ρ

ρ

σ ρ σ ρσ

σ ρ σ ρσ

∗ ∗
∗

∗
Ω

∗ ∗
∗

∗
Ω

+
+ Ω = Λ

−

+
+ Ω = Λ

−

∫

∫

 

 

 , (8) 

and 

 U TΗ = . (9) 

Summarizing, in order to analyze the equilibrium distributions of the charged 
particles and the entropy, we have to solve the two integral equations of Eq. 8 
combined with the algebraic Eq. 9 and the constraints of Eqs. 1 and 5. 

4. Second Variation and the Stability Conditions 

For the second variation in vicinity of equilibrium configuration we get the 
following formula:  

 2 2

2

2

2 2
e e e i i i

e i

e e e e e i i e i i i i

e e e i i i

e H i

z z

U U U

d U U U

d

ρ ρ ρ ρ ρ ρ

ρ ρ

σ σ δρ δρ σ σ δρ δρ σ σ δρ δρ

δρ δρ δρ δρ δρ δρ

δ δρ δ δρ δ δ
∗ ∗ ∗

∗

Η ΗΗ
Ω

+ +∗

−Ω

 
+ + + 

 Φ = Ω Η + Η + Η + 
 

∫ Ω 
 

∫
 

 . (10) 

Equation 10 can be rewritten as  
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2 * 2

2 2

2 2

2

2

2 2
e e e i i i

e i

e e e e i i e i i i

e e i i

e H i

a a a a a a

z z

U a U a a U a

d U a h U a h U h

d

ρ ρ ρ ρ ρ ρ

ρ ρ

σ σ σ σ

δ
∗ ∗

∗

Η ΗΗ
Ω

+ +∗

−Ω

 
+ + + 

 Φ = Ω + + + 
 

∫ Ω 
 

∫
 

 , (11) 

where we used the notations 

 , ,e e i ia a hδρ δρ δ≡ ≡ ≡ Η . (12) 

 
The necessary conditions of stability of an equilibrium configuration is the 
following: the second variation 2δ Φ  must be non-negative for all the variations 

,e ia a , and h , satisfying the (isoperimetric-type) constraints 

 ( ) ( ) ( )0, 0, 0e id a z d a z d h z
Ω Ω Ω

Ω = Ω = Ω =∫ ∫ ∫ . (13) 

Let us explore the extrema of the integral quadratic form Eq. 11 under the linear 
integral constraints Eq. 13 and the integral quadratic constraint: 

 ( )2 2 2 2 1e id a a hκ
Ω

Ω + + =∫ , (14) 

where κ  is a positive constant. 

Using again the method of indefinite multipliers, we arrive at unconstraint 
minimization of the integral quadratic form 

 ( )

( )

2 * 2

2 2

2

2

2 2

2

2 2

,

e e e i i i

e i

e e e e i i e i i i

e e i i

e H i

a a a a a a

z z

e e i i I I

U a U a a U a

U a h U a h U h

a h d d

a a h a a h

ρ ρ ρ ρ ρ ρ

ρ ρ

σ σ σ σ

α α β λ κ

∗ ∗

∗

Η ΗΗ

+ +∗

−Ω
Ω

 + + +
 

+ + + 
 
 Π ≡ Ω ∫ Ω −
 
 − − − + 
  

∫  
 , (15) 

where , ,e iα α β , and λ  are the Lagrange multipliers associated with the 
constraints of Eqs. 13 and 15. 

Varying the functional Π ,  we get  
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( )

( )
( ) ( )

( ) ( )

( )

2 * 2 * 22

2

2 2 2

2 2 2

,

2 2 2

e e e i i i

e i

e e e e e e e i i e i e i i i i i

e e e i e i i i

e e H e e

a a a a a a a a a a a a

z z

e e i i e e i i

U a a U a a a a U a a

U a h a h U a h a h U h h

a h d d

a a h a a a a h h

ρ ρ ρ ρ ρ ρ

ρ ρ

σ δ σ δ σ σ δ δ σ δ δ

δ δ δ δ

δ δ δ δ δ

δ

α δ α δ βδ λ δ δ κ δ

∗ ∗ ∗ ∗

∗

Η ΗΗ

+ + + + +∗

−Ω
Ω

+ + + +


+ + + + +


Π ≡ Ω ∫ Ω −

− − − + +



∫  







 
 
 
 
 



.

 

(16)

 

Using Eq. 16, we proceed as follows: 

 

( )

( ) ( )2 * 2 * 2

2

2

1
2
1
2, 2

1
2

1
2

e e e i e

e i i i i

e i

e e e e e e e i i e i e i i i i i

e e
e i e

i i
ei i H i

e H i

a a a a a a a a a a a a

z z

U a U a U h a a

U a U a U h a a
a h d

U a U a h h

d

ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ

ρ ρ

σ δ σ δ σ σ δ δ σ δ δ

α λ δ

α λ δ
δ

β λκ δ

∗ ∗ ∗ ∗

∗

Η

Ω
Η

+ + + + +∗

−Ω

 + + − − +  
 + + − − + 
 Π ≡ Ω
 + − − + 
 

∫ Ω


∫

 











 
 
 
 



. (17)

 

We then get 

 

( ) ( )

( ) ( )

2 * 2 * 2

* *

2

2 2

e e e e e e e i i e i e i i i i i

e e e i i e i e e i i i

a a a a a a a a a a a a

z z

a a a a a a

z z

d d

d d

σ δ σ δ σ σ δ δ σ δ δ

σ σ σ δ σ σ σ δ

∗ ∗ ∗ ∗

∗

∗ ∗

∗

+ + + + +∗

−Ω
Ω

+ + +∗

−Ω
Ω

Ω ∫ Ω =

Ω ∫ Ω

∫

∫

 

 

, (18) 

as implied by the following chain: 

 

( ) ( )2 * 2 * 2

2 * 2 * 2 2

2 * 2 *

2

2 2

2 2

e e e e e e e i i e i e i i i i i

e e e e e e e i i e e i i e i i i i i i

e e e e e e e i i e e i i

a a a a a a a a a a a a

z z

a a a a a a a a a a a a

z z

a a a a a a a

d d

d d

d d

σ δ σ δ σ σ δ δ σ δ δ

σ δ σ δ σ σ δ σ σ δ σ δ σ δ

σ δ σ δ σ σ δ σ σ δ

∗ ∗ ∗ ∗

∗

∗ ∗ ∗ ∗

∗

∗ ∗

+ + + + +∗

−Ω
Ω

+ + + + +∗

−Ω
Ω

+ + +∗

Ω
Ω

Ω ∫ Ω =

Ω ∫ Ω =

Ω ∫ Ω

∫

∫

∫

 

 

( ) ( )

2 2

2 * 2 * * 2 2

* *

2 2

2 2

e i i i i i i

e e e e e e e i e i e i i e i i i i i i

e e e i i e i e e i i i

a a a a a

z z

a a a a a a a a a a a a

z z

a a a a a a

z z

d d

d d

σ δ σ δ

σ δ σ δ σ σ δ σ σ δ σ δ σ δ

σ σ σ δ σ σ σ δ

∗ ∗

∗

∗ ∗ ∗

∗

∗ ∗

∗

+ +

−

+ + + + +∗

−Ω
Ω

+ + +∗

−Ω
Ω

=

Ω ∫ Ω =

Ω ∫ Ω

∫

∫

 

 

 

 .        (19)
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Using the relationship of Eq. 18, we can transform Eq. 17 as follows: 

 

( )

( ) ( )* *

2

1
2
1
2, 2

1
2

e e e i e

e i i i i

e i

e e e i i e i e e i i i

e e
e i e

i i
ei i H i

e H i

a a a a a a

z z

U a U a U h a a

U a U a U h a a
a h d

U a U a h h

d

ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ

ρ ρ

σ σ σ δ σ σ σ δ

α λ δ

α λ δ
δ

β λκ δ

∗ ∗

∗

Η

Ω
Η

+ + +∗

−Ω

  + + − − +    
  + + − − +  
  Π ≡ Ω
  + − − +  
  
 
∫ Ω  

∫

 

 .

 

(20)

 

At last, we can transform Eq. 20 to the form 

 

( )

2 *

* 2

2

1
2

1
2, 2

1
2

e e e i e

e e e i i

e i i i i

i e e i i i

e i

e e
e i

e
a a

z z

i i
ei i H

i
a a a

z z

e H i

U a U a U h a
a

d

U a U a U h a
a h d a

d

U a U a h h

ρ ρ ρ ρ ρ

σ σ σ

ρ ρ ρ ρ ρ

σ σ σ δ

ρ ρ

α λ
δ

α λ
δ δ

β λκ δ

∗

∗

∗

∗

Η

+∗

−Ω

+∗Ω
−Ω

Η

 + + − − + 
+ 

 ∫ Ω
 
  + + − − + Π ≡ Ω +  ∫ Ω 
  + − −  



∫

 

 

















 
 



.

 

(21)

 

Separating the independent variations in Eq. 21, we arrive at the relationships 

 

2 *1 0
2

e e e i i

e e e i e

a ae e
e i z z

U a U a U h a d σ σ σ
ρ ρ ρ ρ ρ α λ

∗

∗

+∗
Η −Ω

+ + − − + ∫ Ω = 

, (22) 

 

* 21 0
2

i e e i i

e i i i i

a ai i
ei i H z z

U a U a U h a d σ σ σ
ρ ρ ρ ρ ρ α λ

∗

∗

+∗

−Ω
+ + − − + ∫ Ω = 

, (23) 

and 

 21 0
2e ie H iU a U a hρ ρ β λκΗ + − − = . (24) 

Consider the functions ( )ea z , ( )ia z , and ( )h z  satisfying the constraints of  
Eqs. 13 and 14 and, in combination with the constants , , , ande iα α β λ , satisfying 
Eqs. 22 and 23. Let us treat the system of Eqs. 13, 22, and 23 as a system of six 
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linear equations with respect to six unknowns: ( )ea z , ( )ia z , ( )h z , , ,e iα α and  
β . Let us call spectral those values for which the system permits nontrivial 

(spectral) solutions ( )ea z , ( )ia z , and ( )h z . What can be said about the spectral 
values? To answer this question, let us multiply Eq. 22 on ( )ea z , Eq. 23 on  
( )ia z , and integrate the resulting equations over the volume Ω . We have, then, the 

following relationships: 

 
2 *

2 21
2

0

e e e i e

e e e e i e i

e
e e i e e e

a a a a

z z

d U a U a a U ha a a

d d

ρ ρ ρ ρ ρ

σ σ σ

α λ

∗

∗

Η
Ω

+∗

−Ω Ω

 ∫ Ω + + − − + 
 

∫ Ω ∫ Ω = 

. (25) 

 
* 2

2 21
2

0

e i i i i

i e e i i i i

i
e i i H i i i

a a a a

z z

d U a a U a U a h a a

d d

ρ ρ ρ ρ ρ

σ σ σ

α λ

∗

∗

Ω

+∗

−Ω Ω

 ∫ Ω + + − − + 
 

∫ Ω ∫ Ω = 

. (26) 

Adding the relationships of Eqs. 25 and 26, we get 

 

( ) ( )
2 * * 2

2 2

2 2

2

1
2

0

e e e i i i

e i

e e e e i e i i e e i i i i

e e i i

e i
e H i e i e i

a a a a a a a a

z z

U a U a a U a
d

U ha U a h a a a a

d d

ρ ρ ρ ρ ρ ρ

ρ ρ

σ σ σ σ σ σ

α α λ

∗ ∗

∗

Ω
Η

+ + +∗

−Ω Ω

 + + +
 ∫ Ω + + − + − + 
 

∫ Ω ∫ Ω = 

.

 

(27)

 

Multiplying the relationship Eq. 24 by h  and integrating the result over the domain 
Ω , we get 

 2 21 0
2e ie H id U a h U a h h hρ ρ β λκΗ

Ω

 Ω + − − = 
 ∫ . (28) 

Adding Eqs. 27 and 28, we get 

 

( ) ( )
2 * * 2

2 2

2 2 2 2

2 2 2

1
2

0

e e e i i i e i

e e e e i e i i e e i i i i

e e i i e H i

e i
e i e i

a a a a a a a a

z z

U a U a a U a U ha U a h
d

a a h a a h

d d

ρ ρ ρ ρ ρ ρ ρ ρ

σ σ σ σ σ σ

α α β λ κ

∗ ∗

∗

Η

Ω

+ + +∗

−Ω Ω

 + + + + −
 ∫ Ω + + + − + + 
 

∫ Ω ∫ Ω = 

.

 

(29)

 

Now, using Eq. 13, we can rewrite Eq. 29 as follows: 
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( )
( )2 * * 2

2 2

2 2 2 2

2 2 2
e e e i i i e i

e e e e i e i i e e i i i i

e e i i e H i

a a a a a a a a
e iz z

d U a U a a U a U ha U a h

d d d a a h

ρ ρ ρ ρ ρ ρ ρ ρ

σ σ σ σ σ σ λ κ
∗ ∗

∗

Η
Ω

+ + +∗

−Ω Ω Ω

∫ Ω + + + + +

∫ Ω ∫ Ω = ∫ Ω + + 
.
 

(30)
 

If the normalization condition of Eq. 14 is satisfied, we get the following result: 

 
2 * * 2

2 2
2

2

2 2
e e e i i i

e i

e e e e i e i i e e i i i i

e e i i
spectral

e H i

a a a a a a a a

z z

U a U a a U a
d

U ha U a h

d d

ρ ρ ρ ρ ρ ρ

ρ ρ

σ σ σ σ σ σ

δ

λ
∗ ∗

∗

Ω
Η

+ + +∗

−Ω Ω

 + + +
Φ = ∫ Ω +  + 

∫ Ω ∫ Ω = 

. (31) 

The relationship of Eq. 31 implies the following necessary conditions of stability: 
All the spectral values of the system of Eqs. 13, 21, and 23 must be non-negative. 

5. Conclusion 

We analyzed the problems of equilibrium and stability of two-component liquid 
plasma. Our analysis is based on the Gibbs variational approach, which does not 
require any dynamics equations of plasma; it is the source of the strength and 
weaknesses of this approach.  

We calculated explicitly the first (Eq. 7) and second variations (Eq. 10) of the total 
energy. The first variation permits establishing the equations of equilibrium  
(Eqs. 8 and 9). The second variation permits to explore stability of equilibrium 
configurations of plasma. We reduced the investigation of sign-definiteness of the 
second variation to the verification of the spectrum of eigenvalues of the system of 
linear integral equations. 
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