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Executive Summary

This document is the final report on research activities jointly sponsored by the European Office of Aerospace
Research and Development and the Air Force Office of Scientific Research, Air Force Material Command, USAF,
under Grant number FA9550-15-1-0387, entitled Global transient growth mechanisms in high-speed flows,
with application to the elliptic cone. The Grant has been jointly monitored by Dr. Russ Cummings and Dr.
Douglas Smith of EOARD and Dr. Ivett Leyva of AFOSR. The present report covers the 36-month period from
September 15, 2015, the inception of the grant, to Sept. 14, 2018, the end of the grant.

Work performed has been a continuation and extension of AFOSR-supported modal global instability research in
hypersonic flow on the elliptic cone, initiated during Grant FA8655-12-1-2004 (2012-2015). Four distinct, inter-
related paths were followed: (a) local transient growth analysis at several characteristic locations on the cone
surface, (b) development and performance of global transient growth analysis on the cone via direct solution of
the BiGlobal Singular Value Decomposition (SVD) problem, (c¢) further development of the nonlinear PSE-3D
algorithm, which permits laminar-turbulent transition prediction on account of nonlinear interaction of either
modal or non-modal linear disturbances and (d) development of LiGHT, a new massively parallel EVP and SVD
solver for prediction of hypersonic transition, the latest version of which has been delivered to AFRL.

Research in (a) has extracted base flow profiles along the entire surface of the cone and analyzed them with respect
to their ability to sustain transient energy growth in a local analysis context. The cone surface was discretized at a
number of streamwise (axial) locations at each of which the azimuthal direction was also discretized fine enough for
distinct physical instability phenomena known to exist from the modal analysis, such as attachment-line, crossflow
or centerline instabilities, to manifest themselves in the spectrum. In addition to the known from earlier work
modal growth, substantial transient growth was also discovered for the first time at several locations on the cone
surface. Comparisons of results obtained at two altitudes, h = 33km and h = 21km, showed that transient growth
becomes increasingly important as the flight altitude increases.

In (b) the three-dimensional linear stability equations for arbitrarily complex geometries were derived in general
tensor form. The equations governing global modal and non-modal instability on the elliptic cone were derived
as a particular case and solved as an initial value problem (IVP) using Singular Value Decomposition (SVD) of
the related discretized matrix. The assumption of periodicity of flow perturbations along the azimuthal direction
of the elliptic cone was relaxed and the first compressible non-modal BiGlobal instability analysis was performed.
Consistently with local transient growth analysis results obtained in (a), it was found that transient growth is
increasingly significant as the flight altitude increases and the unit Reynolds number decreases. The formalism
developed is applicable to any complex three-dimensional geometry, and will be exploited in future work.

In (c) the development of a new nonlinear three-dimensional (plane-marching) Parabolized Stability Equations (NL-
PSE3D) code has been substantially advanced. Validations have been performed using well-known flow instability
mechanisms, such as streamwise-oriented and crossflow linear disturbances; excellent agreement with literature
results has been obtained. The NL-PSE3D methodology is currently being exploited by Dr. Paredes in his current
research at NASA Langley.

The line of work in (d) was motivated by both modal and nonmodal analyses performed, which revealed the
limitations of the computational approach employed in both our previous modal and our current non-modal work
in terms of its parallel (in)efficiency when applied to the solution of very large EVP and SVD problems. This,
combined with a request of Dr. Roger Kimmel (AFRL) to employ (at AFRL) a global instability analysis code
to study the available flight-testing transition data, led the PI to start, at the beginning of the second year of
the present effort, the development of a new computer code, denominated LiGHT, (Linear Global instability for
Hypersonic Transition). During the lifetime of the present grant this effort has advanced to the point of the code
being able to solve massively parallel real and complex matrix EVP and SVD problems; the latest version of the
LiGHT code has been delivered to AFRL during a Window on Science visit of the PI to Dayton in July 2018.
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Chapter 1

Introduction

1.1 Modal and non-modal linear global instability analysis of super-
sonic and hypersonic flows

Laminar-turbulent transition research has traditionally sought to identify exponentially amplifying small-amplitude
perturbations that potentially lead a laminar flow through linear instability mechanisms to breakdown and tur-
bulence. This so-called modal linear instability scenario (Lin 1955) can explain classic laminar flow instability
mechanisms, such as Tollmien-Schlichting waves and crossflow modes in boundary layers, but has also led to spec-
tacular failures, such as the prediction of linear stability at all Reynolds numbers in circular pipe flow, or more
recently in one of the first applications of global linear theory to the rectangular duct (Tatsumi and Yoshimura
1990). Mathematical feasibility and computing expediency resulted in the vast majority of modal analysis per-
formed in the last century to focus on one-dimensional base flows, such as Poiseuille flow in a plane channel or the
Blasius boundary layer and its compressible counterpart (Hanifi et al. 1996a). Work in the hypersonic boundary
layer has been reviewed by Schneider (2004), who discussed the findings of local analysis, obtained by solution of
the compressible analogue of the Orr-Sommerfeld equation, as well as those obtained by the Parabolised Stability
Equations applied to weakly-nonparallel boundary layer flows. The more recent work of Fedorov (2011) is also
confined within local analyses but clarifies the misconceptions that have arisen in compressible boundary layer
stability regarding the (Mack) mode terminology introduced in the classic work of Mack (1969, 1984).

Modal analysis of basic flows described by one-dimensional profiles has been extended in the last two decades by the
introduction of global linear instability theory, reviewed by Theofilis (2003). Riding on the crest of ever increasing
computing power and a wider availability of open-source libraries for large-scale linear algebra computations, the
scope of global instability research has broadened substantially in the past decade. Numerical methods that have
enabled linear modal global instability analysis have matured in both of the two major flavours of this analysis:
matrix-forming and time-stepping. This has permitted obtaining novel global instability results in a series of
configurations that were previously inaccessible to either of local analysis or PSE: corner and backstep geometries
as well as lid-driven and open cavities have been analyzed, as have been pipe flows with geometric constrictions,
the flowfield around entire airfoils and low-pressure turbine cascades, all within a spanwise homogeneous flow
approximation and a BiGlobal linear modal analysis framework. More recently, flows that are fully inhomogeneous
in all three spatial dimensions have also been analyzed with respect to their potential to amplify small-amplitude
three-dimensional perturbations: an ellipsoid at an angle of attack, jet flow through an orifice into a crossflow, flow
around a staked cylinder or that in the classic three-dimensional lid-driven cavity are examples of application of
the so-called TriGlobal linear modal instability analysis. Between the two classes of spanwise homogeneous and
fully inhomogeneous three-dimensional flows, PSE3D deals with global instability analysis of flows which depend
strongly on two and weakly on the third spatial direction. Boundary layer flow in the wake of an isolated roughness
element of size comparable with the local boundary layer thickness in supersonic (De Tullio et al. 2013) and
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hypersonic (Paredes et al. 2016a) flow has served as a demonstrator of the capacity of the PSE3D methodology to
recover results otherwise only accessible to spatial direct numerical simulation at orders of magnitude higher level
of computational effort. Nevertheless, on the one hand owing to the cost of solving the global linear instability
equations in compressible flow and on the other hand due to the wide availability of open source direct numerical
simulation codes for the solution of the incompressible equations of motion, the vast majority of global linear
instability analysis work performed to-date has been in the incompressible regime.

At the same time as global linear theory extended the classic (modal) linear stability theory, a second path
leading laminar flow through transition to turbulence has been recognized, namely transient growth caused by non-
modal, algebraically growing linear disturbances (Trefethen et al. 1993, Schmid and Henningson 2001, Tumin and
Reshotko 2001, Tempelmann et al. 2010). The non-modal analysis of compressible boundary layer flow has been first
performed by (Hanifi et al. 1996a). In incompressible boundary layer flows, the laminar-turbulent transition scenario
based on short-time (transient) algebraic growth of non-modal perturbations, typically streamwise aligned streaks,
is well-known to constitute a path to transition alternative to the modal scenario based on exponential amplification
of Tollmien-Schlichting waves and crossflow eigenmodes at subcritical Reynolds numbers. Under certain subcritical
flow conditions, the transient growth scenario can altogether bypass that based on modal exponential amplification,
rendering the modal decay irrelevant. In other situations, optimal perturbations growing algebraically at early
times transform into modal perturbations that eventually grow. Non-modal perturbations growing algebraically
are known to modify the underlying base state, which can then undergo laminar-turbulent flow transition on account
of exponentially amplifying secondary disturbances. The currently accepted “updated roadmap to transition”, due
to Morkovin (1994) summarizes these possible paths leading laminar flow to turbulence.

The vast majority of transient growth work has to-date also been performed in a local analysis framework, con-
sidering flows the basic state of which is homogeneous in two spatial directions, although global linear theory also
permits monitoring non-modal disturbances. The first work that combined non-modal and global linear instability
analysis in the incompressible regime has discovered strong transient growth analysis in a Low Pressure Turbine
(LPT) cascade (Abdessemed et al. 2009). A number of non-modal analyses of separated flows followed in the
literature and demonstrated the potential of flow separation to sustain large levels of transient growth, besides
the well-known modal scenarios following the Kelvin-Helmholtz instability of traveling perturbations entering the
separation zone, or the global stationary three-dimensional mechanism discovered by Theofilis et al. (2000). Recent
work has considered the stability of flow over stalled airfoils and has also demonstrated the potential of this flow to
sustain strong transient growth non-modal instability, besides the previously known traveling KH and stationary
global mode paths to transition (He et al. 2017).

Comparatively less non-modal instability analyses have been performed in compressible flow. Following work in the
incompressible flat plate boundary layer (Reddy and Henningson 1993, Corbett and Bottaro 2001a, Tempelmann
et al. 2010) transient growth analyses of the compressible boundary layer demonstrated the potential of this flow to
sustain algebraic growth of streamwise aligned perturbations at conditions subcritical to exponential amplification
of Tollmien-Schlichting or crossflow disturbances (Hanifi et al. 1996a, Tumin and Reshotko 2003, Zuccher et al.
2006, 2007, Tempelmann et al. 2012). Finally, very recently, Paredes et al. (2017a) and Paredes et al. (2018) studied
the blunt-body paradox and transient growth to leeward transition over a hypersonic spherical fore-body. They
show the importance of the choice of an appropriate energy norm and highlighted the need to further investigate
the optimal-growth criterion underlying the Reshotko-Tumin correlation.

1.2 The HIFiRE program

The HIFiRE hypersonic flight test program lead by the Air Force Research Laboratory (AFRL) and the Aus-
tralian Defence Science and Technology Organization (DSTO) (Dolvin 2008) aimed to demonstrate fundamental
technologies critical to design of next generation aerospace systems. The first experiment, HIFiRE-1, used a 7°
AoA cylinder cone to obtain in-flight transitional and turbulent boundary layer heating data on axisymmetric
configurations. The design of this experiment, the associated pre-flight effort and actual flight data as well as
transitional analysis can be found in Kimmel et al. (2007), Kimmel (2008), Kimmel et al. (2011), Adamczak et al.
(2011), Stanfield et al. (2012) and Fei et al. (2011).
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HIFiRE-5 was the the follow-on flight test program, designed to provide transition data in the boundary-layer of
a three-dimensional geometry. Figure 1.2 shows the HIFiRE-5 configuration consisting of an S-30 first stage and
Improved Orion second stage, as well as the payload and the transition section. The S-30 and the Orion stack boost
the test geometry to approximately 270km with a peak Mach number of 7.5. The geometry consists of a blunt-
nosed elliptic cone of 2:1 aspect ratio and 0.86m in length.The nose tip cross-section in the minor-axis (centreline)
describes a 2.5mm radius circular arc, tangent to the cone ray describing the minor axis, and retains a 2:1 elliptical
cross-section to the tip. Kimmel et al. (2010) presented the flight vehicle design with more details. The elliptic cone
geometry was chosen based on past ground test and CFD (Choudhari et al. 2009). Several authors investigated
hypersonic transition on this geometry (Kimmel and Poggie 1997b,a, Kimmel et al. 1999, Schmisseur et al. 1998,
Holden 1998, Schmisseur et al. 1999, Lyttle and Reed 1995). A 2:1 aspect ration of the ellipse is chosen since it
presents significant crossflow and second-mode instabilities and they are expected to be the dominant instability
mechanism on hypersonic vehicles.

Cal‘l . ..91’- p 5.30

l JQ; Ori;.n-.nl

o ~+— Transition Section

Figure 1.1: HIFiRE-5 stack (Kimmel et al. 2010).

Choudhari et al. (2009), Paredes and Theofilis (2015) and Paredes et al. (2016a), studied the modal stability over
the HIFiRE-5 test geometry. Four classes of linear disturbances were found: shear-layer instability due to the
centreline, second Mack modes at the attachment-line and oblique second modes and cross-flow instabilities in the
boundary layer between the centreline and attachment-line. Experiments were performed in a quiet hypersonic
wind tunnel by Borg et al. (2012). They found that the unperturbed stationary wavelength is damped out with
some roughness spacings, exciting wavelengths that were stable in the unperturbed boundary layer.

The interaction between modal and non-modal stability was studied by Paredes et al. (2017b) for the HIFiRE-
1 flight experiment geometry. The base flow containing the streaks from the transient growth was analyzed
through a modal stability analysis, confirming previous findings that the mean-flow distortion of the nonlinear
streak perturbation reduces the amplification rates of the Mack-mode instability. They also demonstrated that the
spanwise varying component of this streak can produce a larger effect on the Mack-mode amplification itself.

The present work has applied the world-first non-modal (transient-growth) instability analysis of HIFiRE-5 elliptic
cone geometry to interrogate the flow field with respect to its potential to sustain transient growth, as well as
clarify the instability mechanism giving rise to streamwise aligned structures visible on the elliptic cone at both
supersonic and hypersonic speeds, both in the laboratory and in flight testing. In a parallel development, it was
deemed interesting to extend the transient growth code functionality by including linear resolvent analysis, since
the latter permits to predict the linear response of the flow to external harmonic forcing. In other words, the
originally planned TG analysis, which is underway, predicts the intrinsic instability behavior of the elliptic cone
at the given conditions analyzed, while the resolvent analysis extends the TG work in predicting the response of
the same flow to a wide variety of externally imposed forcing functions. Linear resolvent analysis incorporates the
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solution of the unforced initial value problem (IVP), which is identical with the above mentioned transient growth
analysis. The costly element in the IVP solution is the inversion of the operator. In order to perform efficient
inversion of the global matrix, it has been decided to work during subsequent years of the present effort on the
development of a massively parallel solution of the eigenvalue and singular value problems.

The HIFiRE-5 geometry was modeled by a blunt-nosed elliptic cone of 2:1 ellipticity and 0.86m in length. Flight
flow conditions were calculated for a Mach 7 at altitude of 33km. The free-stream velocity is Uy, = 2452.17 m/s,
the temperature of reference is T, = 230.97 K and the unit Reynolds number is Re’=1.89x10° m~!. The steady
laminar flow solution is the same used by Paredes et al. (2016a) and has been calculated using the US3D non-
equilibrium solver with shock capturing algorithm. Chemistry interactions were not yet considered at the moment
due to the relatively low hypersonic Mach number. A more detailed description of the base flow computation can
be found in Gosse et al. (2010, 2013).

Figure 1.2 shows contours of the base flow streamwise velocity and temperature, respectively, at position x=0.62
m. The two-dimensional profile at this location is used to compute the BiGlobal stability analysis. The three-
dimensional geometry of the elliptic cone produces pressure gradients in the spanwise direction, inducing the
formation of crossflow velocity components.The boundary layer near the surface is deflected from the leading-edge
towards the centreline producing a lift-up of low momentum boundary layer fluid, generating a mushroom-like
structure.
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Figure 1.2: Streamwise velocity and temperature base flow calculated by Gosse et al. (2010) using US3D solver,
extracted at the axial location z = 0.62m
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Chapter 2

Linear Global Instability Analysis

2.1 The linearized Navier-Stokes equations (LNSE)

The governing equations of the evolution of infinitesimal amplitude disturbances study here starts from the com-
pressible Navier-Stokes equations. In this part of the analysis, Cartesian coordinate system will be employed since
the primary objective is presenting the idea of the analysis itself. In the general form:

% +V.(pV) =0, (2.1)

8(aptV) +V.(pVV)=-Vp+ év.a (2:2)

gfg LV.Vp+4pV.V = WV.(WT) + %%(VV +VV):o (2.3)
b 71722 (2.4)

where,
o= [WVV + (VV)D)] + VIAV.V)]

is the viscous stress tensor, V = {u,v,w}” is the velocity vector, p is the density, p is the pressure, T is the
temperature, p is the first coefficient of viscosity, A is the second coefficient of viscosity and % is the thermal
conductivity. The equation of state of perfect gases with constant v = 1.4 is also presented. The Prandtl number
Pr is chosen as constant and equals 0.72 and Stokes’ hypothesis has been applied to calculate \.

The linearized Navier-Stokes equations (LNSE) result from the substitution of a linear decomposition of all flow
quantities, q = (p,uz,uz,usz, p)T into a steady laminar base or mean flow and a small amplitude disturbance,
according to

a(x,t) = q(x) + eq(x, t), with e< 1. (2.5)
The O(1) resulting equations are those governing the base state and are satisfied by construction, the O(e?)
equations are neglected, on account of smallness of the perturbation amplitudes, while the O(e) equations are the

LNSE, that need to be solved, either as an eigenvalue problem (modal analysis) or as an initial value problem
(non-modal analysis).
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2.2 Local and global linear stability analysis

The decomposition (2.5) is valid irrespectively of the spatial dimensionality of the base flow and small perturbations.
The classification of Table 2.1 shows the decomposition in a local and a global linear stability analysis context.

Denomination Base Flow assumptions Amplitude function Phase function
TriGlobal — q(z,y, 2) a(z,y,2) wt
Global PSE-3D 9.4 < 9,9 a(x,y, 2) a(x,y,z) [ a(e)de — wt
BiGlobal 9.9=0 q(y, 2) a(y, z) ar— wt
Nonlocal PSE 0:9 <K 0,q;0.q=0 q(X,y) a(X,y) fOXa(f)df + Bz — wt
Local OSE 0:9q=0.q=0 q(y) q(y) ax + Bz — wt

Table 2.1: Classification of linear stability theories

2.2.1 Local instability

In local and nonlocal analysis, as defined in Table 2.1, only one spatial direction is taken to be inhomogeneous, in
both the base flow and the amplitude functions. Parallel shear flows (Schmid and Henningson 2001, Schmidt and
Rist 2011) can be analyzed using this concept, in which the velocity field comprises a streamwise and a spanwise
component, both of which are functions of the transverse spatial direction only, while the transverse/wall-normal
base flow velocity component is neglected. In axisymmetric geometries, the base flow and amplitude functions
dependent only on the radial coordinate. Applying separation of variables, the two homogeneous directions can be
decomposed in the Fourier space and the linearized equations of motion may be re-written as a system of linear
ordinary differential equations, as discussed by Mack (1984), one form of which is the celebrated Orr-Sommerfeld
equations (OSE).

Mathematically, assuming x and z as the homogeneous spatial directions, such that the base flow is only dependent
on the y spatial coordinate, modal perturbations are of the form

a(z,y,2,t) = a(y) expli (ax + fz — wi)], (2.6)

where L, = %’T and L, = %’r are periodicity lengths along the homogeneous spatial directions, while « and [ are the
corresponding wavenumbers. Substituting this Ansatz into the compressible LNSE leads to the one-dimensional
eigenvalue problem presented and solved by Mack (1969, 1984). In the incompressible limit, the resulting system,
after the substitution of the Ansatz (2.6), can be reduced into two coupled ordinary differential equations, by

eliminating the pressure variable and using the definition of normal vorticity,

1
Re
(D, — k)i = —iBiiyD,

[(—iw + iaﬂ)(Dzy — k%) — i, —
1
Re

(D;, = k*)]o =0
(2.7)
[(—iw + i) —

where k% = o? + 82. The first of these is the Orr-Sommerfeld equation, while the second is known as the Squire
equation; they have been used to analyze linear modal instability of shear flows since the beginning of the XX
century (Drazin et al. 1982),(Lin 1955). Despite the simplicity of these equations, they provide the exact eigenmodes
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of strictly parallel flows and are reasonable approximations for quasi-parallel, slowly diverging flows, such as the
boundary layer or a free shear layer. The Re — oo limit of the Orr-Sommerfeld was derived by Lord Rayleigh and
describes inviscid instability of flows with inflectional base flow profiles.

Linear perturbations may be taken grow in time or space; the respective temporal analysis framework is assuming
real wavenumber parameters and solves for a complex eigenvalue w in the temporal linear eigenvalue problem

Ag§ = whBaq, (2.8)
while the spatial EVP assumes a real perturbation frequency w and solves the nonlinear eigenvalue problem
2
Aq = ofBia, (2.9)
k=1

for a complex eigenvalue . Equation (2.9) can be converted into a linear EVP using a companion matrix method
(Bridges and Morris 1984a, Theofilis 1995, Heeg and Geurts 1997).

2.2.2 BiGlobal instability

If the base flow is now assumed to be dependent on two spatial directions, say = and y, BiGlobal linear instability
theory can be applied; the reader is referred to the review of Theofilis (2003) for more details. A harmonic
dependence of the small-amplitude perturbations is assumed along the homogeneous spatial direction, z, with
periodicity length L, = 27/, permitting further expansion of (2.5) using

Q(m>ya th) = Q(y> Z) = eXp[i(ﬁz - Wt)}' (210)

Substituting this above Ansatz in the compressible LNSE, the resulting components of the temporal operators A
and B are

A Az Az A Ass U Bii O 0 0 0 U
Ao Aso Azz Aas Ass D 0 By O 0 0 D
Azr Aszs Aszz Azs Ass w =w 0 0 Bz 0 0 w (2.11)
Ap A Az Ay Ags T 0 0 0 0 By T
As1 Asz Asz Ass Ass D 0 0 0 Bss Bss P

The explicit form of these operators can be found in Appendix B. Following the same reasoning from the local

analysis, 8 = i—” and the sought complex eigenvalue is w. Equation (2.11) was first solved for the elliptic cone in

a global modal gtability analysis context by Choudhari et al. (2009) and subsequently by Paredes et al. (2016b).

2.3 Instability analysis in generalized coordinates

The three-dimensional nature of the elliptic cone necessitates solution of the global linear instability problem in
a general three-dimensional geometry of arbitrary complexity. In the following sections, the general equations are
presented, alongside the analytic transformation used to solve these for the elliptic cone geometry.

2.3.1 Coordinate transformation

The generalized three-dimensional coordinate system (&,7,¢) can be related to the Cartesian coordinates (x,y,z)
by the transformation

fiﬁ(df,’%Z), 77:77(1,%2), CZC(I7y7Z) (212)
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To express the first order partial derivatives, the chain rule can be used

0 0 0 0 0 0 0 7]

0
7_5185"‘771 +C18Ca 87y:£y87§+77y8777+<y87<7 &—ézag-Fﬁz +Cza<

The metrics appearing in these equations (&4, &y, &z, e, Mys M2y Ca, Gy, C2) can be obtained directly if an explicit
expression for &, 1 and ( is provided. If not, they are determined solving the system

(2.13)

& & & Te Ty T¢ Ynzc —Yczn  —(Tpze —Tczn)  TyYe — Ty
e My M| =y wm Y =J | —(yezc —ycze)  wezc —weze  —(TeYe — TeYe) (2.14)
G G G ¢ Zn Z¢ Yezn — Ynz¢ —(wezy — wy2¢) LeYn — TnYe

where J is the Jacobian of the transformation

Ao 1 1
J= = S = . (2.15)
oNz,y,2) SeLy Te(Ynzc — Yozn) — Ty(Yezc — Yeze) + o (Yezn — Yn2e)

For cases where the transformation is the direct result of the grid generation scheme, the metrics can be computed
numerically. In the case of second order derivatives in terms of computational coordinate, the result from the system
2.14 can be derived in respect to the appropriated variable leading to the second derivative metric. Particularly,
the derivative of &, in respect to z is

yé"ﬂ &<%82 9 %y &w2> %(%82 9 9%z auﬂ)+

o2 = 7| " oy \owanoc m&m+%&5 on \ozanac T owocac T owoc

0z (0¢C 0%y  0¢ 9%y  Ond?y oC 9%z 9¢ 9%z Ono*z
9 (O 0w | O Oy | O XK Ooe (XOz | On + (2.16)
OC \Ox Ond¢ ~ Ox 060y = O 877 8C Ox Ond¢  Ox 0€dn O (977

0y0= _0y0:\ (070 0T 0n 00 0
ono¢ 9¢on oC0x  Onodx O Ox

Applying the transformation (2.13) to the compressible Navier-Stokes equations leads to the compressible gener-
alized Navier-Stokes equations, found in Appendix A. Once the Jacobian is provided (analytically or numerically)
linear stability of flow around or through any complex geometry can be analyzed.

2.3.2 Elliptic confocal coordinates on the elliptic cone

The transformation from the physical coordinate system (z,y, z) to the computational coordinate system (&, 7, ()
is made using the follow orthogonal elliptic confocal transformation (Paredes et al. 2016b)

x=¢, y = ¢ sinh(n) sin({), z = ¢ cosh(n) cos(() (2.17)

where ¢ = 2/ sinh(ng) sets the half angle of the cone minor-axis and 7 is a parameter controlling the Aspect Ratio
(AR) of the cone, 19 = atanh(1/AR). With the above transformation, the Jacobian from equation (2.15) is then
defined as: )

c2(cos(2¢) — cosh(2n))’

also known as the metric factor.

The linearized equations of motion addressed as either an eigenvalue or a singular value problem are obtained
from substitution of the elliptic confocal transformation into the compressible continuity, Navier-Stokes and energy
equations (2.1-2.3). To this end the equations of motion are written in a general three-dimensional coordinate
system, as shown in Appendix A. Linearizing and retaining the O(e) quantities, the equations solved to determine
modal and non-modal instability on the elliptic cone, shown in Appendix C, result.
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Chapter 3

Transient Growth in Non-normal
Systems

3.1 Modal vs. non-modal linear instability

For over a century, modal analysis, which interrogates exponential growth or decay of an infinitesimal flow pertur-
bation, has been the workhorse of linear flow instability analyses. In this, so-called modal context, the objective is
identification of a minimum of a critical parameter, such as the flow Reynolds number in a boundary layer, rotation
rate in Taylor-Couette flow, or Rayleigh number in the classic Rayleigh-Bernard convection, beyond which a specific
initial small-amplitude perturbation grows exponentially in time and/or space. This minimum value of the critical
parameter is calculated via an eigenvalue decomposition of the linearized operator which describes time- or space-
evolution of small-amplitude perturbations superposed upon a given flow, and the associated eigenvalues dictate the
behavior of the perturbation, namely exponentially growing or decaying flow instabilities at asymptotically large
times. This modal linear theory is shown to deliver accurate predictions in a number of flow paradigms, such as the
Rayleigh-Bernard convection, where a critical Rayleigh number of Ra = 1708 is predicted, while experiments show
Ra = 1710, thus confirming the ability of modal analysis to correctly predict flow instability physics. However,
modal linear theory has also produced glaring failures, starting with the famous Reynolds (1883) experiment, where
the theoretically predicted flow stability at all Reynolds numbers starkly contrasts with experimental reality which
delivers transition to turbulent flow at Reynolds numbers Re = O(2000). Incomplete predictions are also delivered
by solution of the famous Orr-Sommerfeld equation for plane channel flow, where again experimental evidence of
transition at Reynolds number Re = O(1500) cannot be matched by the theoretical prediction of modal analysis,
Re = 5772.

These discrepancies have been attributed to the linearization of the governing equations within a modal context,
i.e. one that explicitly introduces a harmonic time-dependence of the linear perturbations and monitors their
development at large times. On the other hand, the non-linear terms in the Navies-Stokes equation conserve energy
(Waleffe 1995, Henningson 1996) and during transition a substantial algebraic, as opposed to exponential, increase
in kinetic energy of linear perturbations may be observed in a number of systems. In other words, amplification of
linear perturbations may be observed that cannot be accounted for by eigenvalue analysis. Linear stability analysis
consists of a two-step procedure, namely linearization of the governing equations and diagonalization. Intense
research over the past two decades has shown that most of the shortcomings as well as the failures of the linear
modal stability theory arise in the second step, namely the diagonalization of the operator. The explanation of the
erroneous predictions of modal analysis lies in the fact that the operator describing the linearized Navier-Stokes
equations is non-normal, several of its eigenvectors are nearly parallel and the condition number of the matrix
that discretises this operator is (extremely) large. Amplification of infinitesimal disturbances is possible even if the
eigenvalues of a linear system are found to be stable, the reason being that, when the eigenvectors of the system are
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not orthogonal to each other, growth of their resultant magnitude can occur over short time horizons, even though
the eigenvalues are stable and the eigenvectors are decaying in time. Operators exhibiting a set of non-orthogonal
eigenvectors are referred to as non-normal operators (Trefethen et al. 1993, Trefethen 1997, Schmid and Henningson
2001) and the associated short-time horizon algebraic growth is referred to as non-modal or transient growth.

3.2 Geometric interpretation of transient growth

Before addressing specific forms of the equations of fluid flow motion, the above ideas are exemplified by a generic
Initial Value Problem (IVP)

oq = L(q)a, (3.1)

where q is the state whose linear perturbations q are sought. In a fluid context the operator £ would contain the
base flow and its spatial derivatives in the Linearized Navier-Stokes Equations (LNSE) in which the Reynolds, Re,
and Mach, Ma, numbers would appear as parameters. However, the discussion at this point is broader and the
IVP may come from a number of fields in physics (Trefethen 1992). The exact solution of the IVP is written with
the aid of the matrix exponential (Moller and Van Loan 2003)

a(t) = a(0)e™, (3.2)

where matrix A represents the numerical discretization of the linear operator £. If this matrix were normal, its
eigenvalue spectrum could be used to simplify this expression. However, A of the LNSE is (highly) non-normal
leading to a non-trivial behavior at early times, which arises on account of the near-parallel nature of certain
eigenvectors (Schmid and Henningson 2001) in the eigenspectrum.

_ // 1=0
§ ,g\ _

normal non-normal

Figure 3.1: Geometric interpretation of transient growth (Schmid and Brandt 2014)

A simple example shown in Fig.3.1 illustrates the transient growth phenomenon graphically. On the left hand
side of this plot the eigenvectors are normal to each other. As a result, when the eigenvalues are decaying, the
eigenvectors are also decaying. On the other side, the eigenvectors are non-normal to each other. Thus, although
the eigenvalues are damped, it can be noticed that the eigenvectors transiently grow in size before their ultimate
decay. This geometric interpretation helps clarify a central idea in transient growth analysis, namely that in a short
time-horizon (time is a parameter in the analysis) linear superposition of decaying non-orthogonal eigenvectors can
indeed produce growth in the norm of a disturbance. The decaying nature of the individual eigenvectors will only
manifest itself at asymptotically large times.

3.3 A quantitative example of transient growth (Trefethen 1992)

A further example demonstrates transient growth quantitatively. Take the matrices

-1 1 -1 10
A—[ 1 _10} A_{ 0 2}, and
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and solve the Initial Value Problems (IVP)

0:q = Aq with A normal, 2 -ve EVs, (3.3)
0;q = Aq with A non-normal, 2 -ve EVs, (3.4
0@ = AqQq with A non-normal, 1 +ve / 1-ve EV. (3.5

The respective eigenvalues are A{A} = {—1,—1}, A{A} = {-2,—1} and .

The solutions of (3.3-3.5) with ¢(0) = 1 are shown in Figure 3.2. One notes the expected behavior of A and A. The
negative eigenvalues of A are reflected in the monotonic decay of the signal (left figure) and in the constant slope of
the decaying straight line (right figure). Analogously for A, the positive eigenvalue determines the monotonic growth
of the respective signal, as seen in both linear and semi-logarithmic scales. By contrast, the signal corresponding
to A, which only has negative eigenvalues and should also display monotonic decay in time, can clearly be seen to
grow at early times, before ultimately decaying as the eigenvalues would predict. This transient growth at early
times is due to the non-normality of A, which contrasts with the normal behavior of the matrices A and

3 10

A: normal, 2 -ve EVs —— A:normal, 2 -ve EVs ——
A: non-normal, 2 -ve EVs —— A: non-normal, 2 -ve EVs ——
95 A: non-normal, 1 +ve EV | A: non-normal, 1 +ve EV

—

—~

\\
N

N

ENaE

- N

OU 1 2 3 ul 5 001 0 1 2 3 4

N
N

o

Figure 3.2: Solutions of (3.3-3.5) in linear (left) and semi-logarithmic (right) scales

The behavior exhibited by A is common to non-normal matrices, such as those resulting from spatial discretization
of the linearized Navier-Stokes equations (LNSE). Here too, rather than focusing on the eigenvalue problem (EVP)
alone, one needs to solve both of the EVP and the initial value problem (IVP) in order for complete predictions on
the linear instability behavior to be obtained. The (matrix exponential) solution may exhibit transient growth (at
short times), even if the eigenvalue predicts decay in (asymptotically large) time. Of course, the EVP predictions
are identical with those yielded by the asymptotically large time, ¢ — oo in the solution of the IVP. This behavior
is absent in normal matrices (here the ”blue” and ”green” example matrices) in which the eigenvalues completely
determine the dynamic behavior of the system. From a numerical analysis point of view, the growth observed
transiently is intimately linked with, and is actually proportional to, the condition number of the discretized
matrix in question.

A new concept, that of e—pseudospectrum, which extends the well-known eigenspectrum, is necessary to quantify
the transient behavior of non-normal matrices. In order for quantitative predictions to be made, first the resolvent
of A is defined as

(z2I-A)~', zeC. (3.6)

The resolvent becomes infinite when z is an eigenvalue of A. With the help of the resolvent, the e—pseudospectrum
of A, is defined as
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A(A) = {zeC:||(zI-A)7 >} (3.7)
= {z€C:omm(zl —A) " <¢} (3.8)
= {z€C:zis an eigenvalue of A+ &, for some & with ||€]| < €} (3.9)
Here ||| is the L2-norm of a vector and o is a singular value of a matrix. Any of the three definitions,

e resolvent norm,
e minimum singular value of the resolvent, or
e cigenspectrum of the randomly perturbed matrix

may be used to compute the e-pseudospectrum. When employing the matrix-perturbations approach, transient
growth is expected to occur in the non-sharply defined parts of the eigenspectrum, as a consequence of the super-
position of the corresponding non-orthogonal eigenvectors. When solving the matrix exponential, time becomes a
parameter; as such transient growth theory permits analysis of time-dependent flows. However, a reasonably large
time-window needs to be examined, in order to cover both the early-time and the asymptotic-time perturbation
behavior. It should also be noted that the asymptotically long time result of transient growth theory is identical
with that predicted by modal analysis via solution of the EVP.

Finally, The gain function, G(t), is defined (Schmid and Henningson 2001) at an arbitrary time, ¢, as the ratio
of perturbation energy at any time to initial perturbation energy of an eigenvector q, itself a function of the
streamwise and spanwise wavenumbers, a and f respectively, as

lacoll
G(Z)EG( ,B.R )= —_—
B P

=[le= " =IFAF |3

Table 3.1: Definition of the energy gain function

Since transient growth analysis is linear, it is necessary to refer predictions at any given time, ¢, to an initial level
of the monitored quantity. From a physical point of view it is meaningful to define the gain in terms of an initial
perturbation energy and monitor its evolution in time. The level of TG is then quantified by Gax(t), the maximum
value of the gain function attained over time, and referred to its initial value that is commonly scaled to unity in
this linear context. As can be seen in (3.1) the base flow may be time-dependent, since time is treated in as a
parameter of transient growth analysis. The objective of linear TG analysis is the identification of conditions at
which large energy gains can lead flow to nonlinearity. The analysis can also identify the (optimal) initial conditions
that give rise to transiently most amplified perturbations. From a technical point of view one solves the direct and
adjoint eigenvalue problems, a small number of eigenvectors is retained, the bi-orthogonality condition is used to
determine mode amplitudes and the solution of the IVP is reconstructed using this small number of eigenvectors
(Theofilis et al. 2003, Rodriguez et al. 2011). The utility of the e—pseudospectrum lies in that it provides bounds
on the level of (environmental) perturbations necessary for the modal scenario to be by-passed. Pseudo-resonances
may be identified by the resolvent at parameters (well) away from those delivered by EVP analysis.

3.4 Linear resolvent analysis

The concept of transient growth analysis discussed in the previous sections can be extended to include the response
of a given flow to linear external forcing. The underlying theory is commonly known as resolvent analysis, although
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the term resolvent is strictly defined by equation (3.6). While TG analysis predicts the intrinsic instability behavior
of the EC at the given conditions analyzed, resolvent analysis predicts the response of the same flow to a wide

variety of externally imposed forcing functions f. Formally, equation (3.1) is extended to include an arbitrary
forcing, f,

99

— A iwt
il L4+ fe'™”. (3.10)

The relationship of (3.10) with the resolvent can be made clear by introducing a harmonic perturbation and
rearranging

q = et (3.11)
wqp = Lap+f, (3.12)
qa = (iw—-L)7f (3.13)

During the execution of the present grant the above expressions have been implemented into the transient-growth
analysis code constructed. However a systematic investigation of the effect of harmonic perturbations introduced
on the elliptic cone surface has not been performed but has been identified as a potential field for future work in
this area.
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Chapter 4

Global Transient Growth in
Compressible 3D Flows

The objective of the present effort is the development of global linear non-modal / transient growth (T'G) instability
analysis tools for hypersonic spatially inhomogeneous flows. Subsequently, the codes developed are to be applied
to determine the relative importance of modal and non-modal scenarios on an elliptic cone. The approach followed
first computes the pseudospectrum / resolvent of the discretized Jacobian and subsequently computes optimal
initial perturbations and their time-evolution. The level of transient energy growth, G(¢), may be used to identify
the potential of hypersonic flows to sustain streamwise-aligned (linear) algebraically growing perturbations in
low-disturbance (flight) and high-disturbance (wind-tunnel) environments. Flow parameters affecting the TG
scenario and need to be examined include altitude, frequency(-ies) as well as streamwise and spanwise wavenumber (-
s). In the present work, the same base flows received from WPAFB and analyzed with respect to their modal
instability by Paredes et al. (2016b) are employed to enquire their potential to sustain global transient growth.
Specifically, attention is first paid to the conditions at which the modal analysis has been performed Ma = 7, unit
Re =19 x 106%, corresponding to an altitude of h = 33km, and the results obtained are compared with those at
a second set of conditions at H = 21km. Details of the underlying theory and the parametric studies performed
follow.

4.1 The initial value problem

The decomposition of any flow quantity (q) into a steady laminar base or mean flow plus a small amplitude
disturbance

q(x,t) = q(x) + eq(x, t), with € <1, (4.1)

substituted into the compressible Navier-Stokes equations presented in the earlier section gives rise to the well-
known compressible linearized Navier-Stokes equations (LNSE). These can be written as an initial-value-problem
(IVP) in the form of

od .
B, = A4 (4.2)

where the matrices A and B contain the spatial discretization, the base flow and its derivatives.
Multiplying both sides of the system by B~! gives

oq .
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where §(z,y, z,t) = (@, 0, @, T, P)T is the vector containing the disturbance functions of velocity, temperature and
pressure (Theofilis 2011a) and £ = B! A is a linear operator mapping the flow field to its time derivative and
contain the appropriated boundary conditions. Note that the matrix 5 is non-singular in the compressible regime,
so it is possible to compute its inverse.

The solution of the IVP is given in general form by

q = exp(t£)qo, (4.4)

where qq is the initial condition. It is important to notice that, so far, no approximations regarding the shape of
the disturbances or their temporal behavior have been introduced. The matrix exponential £ can also been seen
as the stability operator after the linearization step described before.

4.2 Quantitative description of energy growth - the Gain function

Defining stability as the amplification of initial disturbance energy over a prescribed time interval (Schmid and
Henningson 2001, Schmid 2007) and optimizing it over all permissible initial conditions the gain function G(t) may
be defined as the maximum optimal energy amplification

E(q(t))
G(t) = maxr——=, 4.5
1) =marp (Qo) 45)
(Eq) being the energy of the disturbance. Substituting (4.4) into the above definition of energy amplification yields

to

at)||2 exp(tLao)||%
G(t) = mar 1A _ ) NGO oy (4.6)
G |G|l @ ||Giol I
The norm of the disturbance will be defined shortly. This energy norm of the matrix exponential represents
therefore the largest amplification of energy that any infinitesimal initial disturbance can experience given a time
interval. In general, the matrix exponential is hard to compute, and an eigenvalues decomposition of L is used as
proxies

lexp(tL)|[% = [ exp(tVAVT||% = [[Vexp(tA)V 7[5 (4.7)

where V is the matrix containing the normalized eigenvectors and A is a matrix containing the eigenvalues in its
diagonal. The above expression is very important to understand the difference between the present analysis and
a classical stability analysis. The eigenvalues of A represent only part of G(t), and this will predict indeed the
behavior of the disturbances only if the similarity transformation give by the eigenvectors does not change the
value of the norm. This is true only when the eigenvectors are orthogonal to each other. System matrices resulting
in non orthogonal eigenvectors are called non-normal matrices, whereas matrices with orthogonal eigenvectors are
called normal. Schmid and Henningson (2001) summarized this presenting upper and lower bounds (estimates)
of the operator exponential norm. They showed that since the energy cannot decay at a faster rate than that
given by the least stable eigenvalue the lower bound is given by this mode. For the upper bond, the eigenvalue
decomposition 4.7 is used evoking the triangle inequality to split the norm

exp(2tAmaz) < [lexp(tO)lf < [VIEIVTIE exp(2tAmas)- (4.8)

From this bonds, two cases can be distinguished. If ||[V||%]|[V7!||3 = 1 then the upper and lower bound are the
same. In this case, the energy amplification is indeed governed by the least stable eigenvalue A,,.,. However, if
this value is much larger then 1, the upper and lower bound differ significantly and the energy amplification is
governed by the least stable eigenvalue only for asymptotic period of time.

To capture the short time dynamics, the energy growth rate is expanded around ¢t = 07 using a Taylor-series. The
initial growth rate is given by
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G
dt

_ (@0, (£L+£")@0) _ Aman (£ + L) (4.9)

t=0"+ do0; 90

where (£ +£H) is hermitian. The full calculation is showed by Farrell and Ioannou (1996), Schmid and Henningson
(2001) and Trefethen and Embree (2005). The slop of G(t) at ¢t = 07 is given by the largest eigenvalue of (£ + L)
as addressed in (4.9). This quantity is known as the numerical abscissa. This expression can be further generalized
given rise to the concept of numerical range or field of values. Following a similar procedure:

d d d
an =<fm> +<q,a> — OR{(£a )} (4.10)
at"E T\ dt 5 dt "/

This establishes the set in the complex plane of all Rayleigh quotients of £. The maximum real part of the numerical
range is equivalent to the numerical abscissa. Thus, the slop of G(t) at ¢ = 0T corresponds to the maximum
protrusion of the numerical range into the unstable half-plane. Two important properties of the numerical range
can be addresses. The numerical range is convex and, for normal £, it is simply the convex hull of the spectrum. To
summarize, for non-normal stability problems, the numerical range (abscissa) governs the very short time behavior
whereas the least stable eigenvalue governs the long time behavior.

For intermediate time, the amount of maximum transient growth can be approximated by the e-pseudospectrum
(Trefethen 1997). The e-pseudospectra can be defined as the set in the complex plane, parameterized by €, where
the resolvent norm is larger than the inverse of e. Measuring how far the contours of the this norm extend into
the unstable half-plane indicates a lower bound for the maximum achievable transient growth in time. Trefethen
and Embree (2005) defined a constant K, known as the Kreiss constant, used to determine this lower band as
maziso G(t) > K2.

The concepts explained here are better understood by calculating the spectrum, numerical range and the e-
pseudospectrum for the two-dimensional plane Poiseuille flow and the results can be seen in Fig. 4.1. The
eigenvalues are displayed as blued dots, and for the parameters chosen, they are all asymptotically stable (driven
by the least stable eigenvalue). The boundary of numerical range is indicated in red and it extends into the unstable
half-plane, showing that transient growth are expect for small times. The red dot represents the numerical ab-
scissa, which measures the maximum protrusion of the numerical range into the unstable half-plane. The numerical
abscissa gives the slope of the initial maximum energy growth G(t) as presented in (4.9). Finally, the square of the
Kreiss constant (K?), indicated by a black dot, gives a lower estimate for the peak of energy amplification.
Additional interpretation of the resolvent norm is as an eigenvalue sensitivity. For a well-posed system, it is
expected that small disturbances have a minimum effect. Disturbing the matrix exponential £ by random matrices
of small norm and estimating the effect on the eigenvalues show that resolvent contours contain eigenvalues of the
disturbed matrix. Therefore, highly sensitive eigenvalues are often the first sign of non-normality.

4.3 Definition of the energy norm

Recapitulating the start of the analysis, (4.5) requires the definition of an inner product and its associated norm.
These quantities constitute the fundamental measure and orthogonality describing the transient behavior. As
pointed out by Hanifi et al. (1996a), the energy density of a disturbance is a natural and physically meaningful
measure of its size in the context of an incompressible flow. However, no obvious choice exists when dealing
with compressible flows. For this reason, they re-derived the norm proposed by Mack (1969) in the context of
modal instability, requiring pressure work to be conservative. Chu (1965) also described this energy norm, and the
possibility to use different q vectors. Mathematically, the inner product can be written as

@)= | al'Mady (4.11)
0
whereas the associated norm is
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Figure 4.1: Transient growth of disturbance energy for the two-dimensional plane Poiseuille flow at Re = 10 and
a = 1. Left hand side shows energy growth x time. The right hand side shows contour plot (blue lines) of the
resolvent norm in the complex plane.

2E = (§,4) = [lall% (4.12)

with

- 2
. o p Ma
M = diag| p, p, p, = ,— 4.13
g(ppp S )TME 5T ) (4.13)
if @ = (a,0,w, T, D). The overbar indicates base flow quantities. The relation between the above energy norm and
the standard Euclidean Ly norm can be established by the following transformation (Reddy and Henningson 1993,
Schmid and Henningson 2001, Trefethen and Embree 2005):

E(@) =llal% = (@ ar =a"Ma=a"F"Fq=(Fq,Fq). = ||Fq|3. (4.14)

The energy weight matrix is defined in (4.13). This matrix is positive definite since it contains positive quantities
(energy norm). Thus, it can be decomposed via a Cholesky decomposition, generating F and F. The energy
norm of the disturbance is then equivalent to take the Euclidean Lo norm of the vector F'q. For matrices, using
the definition of a vector-induced norm

Lq FLF1Fq
||£|\E:m_ax‘| CIHE — ma H q||2

——— = max ~ =||FLF™!|. (4.15)
a |lalle a [1Fall2

Therefore, for matrices, a simple similarity transformation using the Cholesky decomposition relates the energy
norm to the Euclidean L, norm.

4.4 Transient growth calculation

In order to make further simplification of the linearized governing equations presented before (4.3), an expansion
of the vector quantities q in the vector eigenfunctions of the linear initial value problem is necessary. Considering
that the flow analyzed is inhomogeneous in two spatial directions (x,y) and homogeneous in the third (z), a Fourier
transformation can be used to write:
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a(z,y, 2,t) = 4(x,y) exp(i(fz — wt)) (4.16)

where  is the wavenumber in the streamwise direction and w is a complex number. Introducing this decomposition
into the IVP (4.3) give rise to a generalized eigenvalue problem of the form

L4 = iwd (4.17)

where the entries of the matrix £ can be easily recovered from the linearized equations after introducing (4.16).
In this case, a temporal analysis is chosen and the flow is classified as linearly unstable if the imaginary part of
the eigenvalue w is positive. Since a decision about the scalar product and norm has already been made, the
transient growth analysis can be further investigated. Restricting the analysis to the space spanned by the first N
eigenfunctions of (4.17)

Span{qlquaQ37 ,le} (418)

the state vector q can be expressed in terms of this basis:

N
a=>y_ Kilt)a, (4.19)
k=1
where
Ki(t) = Ki(0) exp(—iwgt) (4.20)

with I, as the time-dependent expansion coefficients. Thus, the eigenvalues represent the linear evolution operator
projected onto the space spanned by the first N eigenvectors. Restricting the transient growth analysis to this space
and applying the scalar product and the energy norm defined previously by equations (4.11 - 4.12) leads to

G(t) = G(5, Re, Ma,t) = mas lANE e irgy 3, = | FAF- (421)
a0 ||a(0)[|%
where
A = diag(exp(—itw: ), exp(—itws), ..., exp(—itwy)) A=FH1F (4.22)

and A defined as the scalar product presented in (4.11). The maximum gain is thus the square of the largest single
value.

4.5 Linear optimal disturbances

As discussed before, for non-normal systems exhibiting substantial potential to transient growth ,it is important
to calculate the initial condition that optimizes the energy amplification factor G,,4;. This initial condition can
be different for different times and the resulting curve G(t) should be thought of as the envelope of the energy
evolution of individual initial conditions. Nevertheless, to determine the initial condition that reach the maximum
possible amplification at a given time t* a singular value decomposition (SVD) of the expression in (4.21) can be
performed:

BV =US (4.23)

where B = FAF~! and V and U are unitary matrices with ortho-normalized columns and ¥ is a diagonal matrix
consisting of the singular values, ordered in size, i.e. 01 > 02 > ...on. The dominant singular value is equivalent
to the energy norm of exp(—twy). Thus, extracting the principal column vectors of V and U leads to
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B’Ul =0o1Uj. (424)

As pointed out by Schmid and Henningson (1994), this equation can be interpreted as a mapping B of an input
vector v onto an output vector uy stretched by a factor of the largest single value. Therefore, it is straightforward
to identify the optimal initial condition as the principal right singular value vector and the principal left singular
vector as the resulting state-vector. Furthermore, since equation (4.21) is advanced in time, it is clear that every
step will produce it own optimal disturbance. Finally, to recover the initial expansion coefficients of equation
(4.19), which give the optimal disturbances associated with a particular amplification, it is necessary to write vy
in the basis {qy, ..., 4N} as:

v = F]Co (425)

Thus, the computational steps required to recover the optimal initial condition is a singular value decomposition
(SVD) of the matrix exponential evaluated at different specified time ¢*.

4.6 Iterative eigenvalue problem computation

The iterative numerical solution of the large-scale eigenvalue problems encountered in this analysis implements
Krylov subspace iteration based on serial and parallel versions of the Arnoldi algorithm. This approach delivers
a number of eigenvalues in the vicinity of a specific target eigenvalue and is substantially less expensive than the
classic QZ method (Arnoldi 1951, Saad 1980). The number of eigenvalues delivered is determined by the Krylov
subspace dimension, a free parameter in the analysis, whose limit is the leading dimension of matrices A and B.
In this eigenvalue problem, a so-called shift-an-invert strategy is also implemented, in which the problem solve is
(Theofilis 2003)

1

wWw—0o

CX = pX, C = (A-0B)'B, nw=

(4.26)

where p is the new eigenvalue searched, w is the shift parameter and the Krylov subspace is constructed by

K, = span(v,C.v,C*v,..,C" 1 v) (4.27)

where m is the dimension of the subspace.

The vectors v forming the basis are ordered by columns into the matrix V,,,. The projection of the linear operator
on that basis yields the relation

vicv,, =H,, (4.28)

where H,, is an upper triangular Hessenberg matrix. The restrictions of the eigenvalue problem to the Krylov
subspace K,, is

H,VZ?gqg=uvi g (4.29)

The eigenvalues of the Hessenberg matrix H,, are approximations to the m largest eigenvalues of the original
problem.

With regard to the eigenvector, if ygm) is the eigenvector corresponding to the i-th eigenvalue of the H,, the
corresponding approximation to the eigenvector of the original problem, known as Ritz vector, is

& = Vi.y™ (4.30)
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4.7 Singular Value Decomposition

The singular-value decomposition (SVD) is a generalization of the eigenvalue decomposition for positive semi-
definite normal rectangular matrices of dimension. Its relevance to the problem at hand is that for any complex
matrix C, as defined in (4.26) a matrix M can be constructed using the adjoint (complex conjugate, transposed)
matrix C* as

M = C*C. (4.31)
The SVD of a general m x n matrix M takes the form (Taira et al. 2017)

M = USV*, (4.32)

where U is an m X m unitary matrix, 3 is a diagonal m x n matrix with non-negative real numbers on the diagonal,
V is an n X n unitary matrix and V* is the conjugate transpose of V. The diagonal entries o; of X are known as
the singular values of M and they are ordered in size, i.e. o1 > 09 > ... > 0,. Also, is important to notice that
singular value decomposition is defined for all matrices (rectangular or square) unlike the more commonly used
spectral decomposition in Linear Algebra. In contrast to the eigenvalue decomposition, the columns of V in the
singular value decomposition, called the right singular vectors, always form an orthogonal set with no assumptions
on the matrix M. The columns of U are called the left singular vectors and they also form an orthogonal set.

The Singular Value Decomposition can be understood in a simple geometrical two-dimensional example. If M =
UXV*, then:

MV = (UXV"V
MV =UXI (4.33)
MV =UX
where I is the identity matrix. Figure 4.2 shows an example of an unit circle linearly transformed by the matrix M

to an ellipse. The entries of the pre-factor U correspond to the minor and major axis of the ellipse. In the other
hand, V* are the the radius that get mapped by the transformation to the ellipse axis.

Figure 4.2: Geometric interpretation of the Singular Value Decomposition (Taira et al. 2017, Raghavendar and
Dharmaiah 2017).
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Chapter 5

Further Development of Nonlinear
PSE-3D

A new global instability analysis methodology has been developed in recent years in the PI's group has been
denominated PSE-3D (or “plane-marching PSE”); elements of the theory were presented by Theofilis (2011b).
PSE-3D permits following linear BiGlobal instability analysis results through transition to turbulence since, unlike
BiGlobal theory, PSE-3D can be formulated in a nonlinear context. Nonlinear PSE-3D (NL-PSE3D) analysis is
initialized using results of the spatial BiGlobal eigenvalue problem, obtained at a given streamwise location on the
cone. NL-PSE3D then advances the modes downstream, permitting their nonlinear interaction and the (nonlinear)
generation and growth of new modes. The energy of the growing modes is extracted from that of the base flow and
laminar-turbulent transition occurs when the level of nonlinear oscillations of the perturbation energy (square root
of sum of squares of amplitudes of all nonlinearly generated modes) reaches O(1) levels. In the present reporting
period, development of the nonlinear PSE-3D was completed and a number of validation cases were performed;
details follow.
The development in time and space of small-amplitude perturbations superposed upon a given flow can be de-
scribed by the Linearized Navier-Stokes equations (LNSE). Linearization of the equations of motion is performed
around a steady laminar flow, here denoted as q = (p, 4, v, w, T)T. The components of the state vector are den-
sity, streamwise-, normal- and spanwise velocities, and temperature, respectively. We denote the small-amplitude
perturbations superimposed on the mean flow as q = (p, @, 0, W, T)T. In general, mean and perturbation fields are
functions of time ¢, streamwise-, normal- and spanwise coordinates x, y and z. Now, let us expand the perturbation
field in terms of its truncated Fourier series as
N
alz,y, 2, t) = Z Adn(z,y, 2) exp [—inwt] , (5.1)
n=—N

where the term q,, can be a fast varying wavy function and w denotes the real angular frequency of the perturbations.
Note that since the perturbations are real quantities, q_,, is equal to the complex conjugate of q,,. By applying a
WKB type of approximation, we can write the Fourier amplitudes as

an(z,y,2) = qn(z,y, z) exp [i/xan(x’)dx’] , (5.2)

where q,, is the shape function of perturbation and «,, its corresponding wavenumber, both with slow variation
in streamwise direction. Thus, we assume 9/0x ~ O(Re™1). Substituting the decomposition of flow variables
along with definitions (5.1) and (5.2) into the NS equations, and neglecting terms of O(Re~2) and higher, the
compressible nonlinear PSE-3D equations can be written in a compact form as

(Ln 4 Mn;c) (2,9, 2) = Fu(2, y, 2) exp {—i / ozn(ac’)dx’} , (53)
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where F,, is the Fourier component of the total forcing F, arising in the nonlinear terms. The entries of the matrix
coefficients L,, and M,, and vector F are found in Paredes (2014).

5.1 Normalization condition

An ambiguity exists in the PSE formulation, since both the shape function ¢ and the wavenumber a depend on the
streamwise coordinate, x. Therefore, the changes in amplitude along the slow spatial direction can be contained
both in the amplitude function q or in the wavenumber «. A normalization condition is required in order to close
the formulation of the problem (see Herbert (1997, 1994) for a review). In this work, the following normalization
condition is used:

/Qfﬂgj dQ = 0. (5.4)

where 2 denotes the extend of the computational domain in cross-stream directions. This normalization imposes
that the variation of shape functions with respect to x remains small. Thus, the amplitude growth is mostly
absorbed into the phase function.

5.2 Numerical stability

The nature of the obtained stability equations is parabolic and numerical instabilities can occur when the streamwise
step of integration is too small. The studies of Li and Malik (1994, 1997) and Andersson et al. (1999) for PSE
and the generalization to PSE-3D of Broadhurst and Sherwin (2008) show that these formulations contain some
residual ellipticity that makes them ill-posed. It can be shown (Li and Malik 1997) that when using an implicit
scheme along with sufficiently large streamwise steps, the upstream propagating modes are not captured in the
numerical integration, thus permitting the stable integration of downstream propagating instabilities. For a first
order backward difference scheme in the marching direction, a limit of Az > 1/|al, needs to be imposed on the
marching step size for stability purposes.

5.3 Initial condition: Spatial BiGlobal analysis

Spatial BiGlobal analysis is the analog of classic local spatial LST if two inhomogeneous spatial directions are
resolved simultaneously while the third direction is considered locally homogeneous. The results offered by spatial
BiGlobal analysis is necessary to obtain the shape function, wavenumber, and damping/growth-rate, required as
initial conditions of the PSE-3D marching integration. In order to proceed, the base flow is assumed to be locally
independent of one spatial coordinate x (but depending on the other two spatial directions, y and z, in a coupled
inhomogeneous manner). Flow quantities are then decomposed according to

q(x7 y’ Z? t) = Q(y7 Z) + Q('r’ y? Z’ t)7 € << 1) (5'5)

where £q represents the unsteady three-dimensional infinitesimal perturbations, being inhomogeneous in y and z
and periodic in z. Thus, one may write

a(z,y,2,t) =4y, 2)0(z,t) + cc., (5.6)
with ¢ representing the vector of two-dimensional complex amplitude functions and
O = expli(ax — wt)], (5.7)

a complex phase function. The linear disturbance equations of spatial BiGlobal stability analysis are obtained at
O(e) by substituting (5.5) into the governing equations, subtracting out the O(1) base flow terms and neglecting
terms at O(2). In the present spatial framework, w is taken to be a real angular frequency parameter, while
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the complex eigenvalue «, and the associated eigenvectors q are sought. The real part of the eigenvalue «,. is
related with the wavenumber of the eigenmode along the homogeneous spatial direction z, o, = 2w /L,, while the
imaginary part is its growth/damping rate; a negative value of «; indicates exponential growth of q in space, while
«; > 0 denotes decay of q in space. The resulting two-dimensional PDE-based EVP is nonlinear on eigenvalue
«, but it is converted into a linear eigenvalue problem, which is larger in size by a factor equal to the degree
of non-linearity (Theofilis 1995), using the companion matrix method (Bridges and Morris 1984b), in which an
auxiliary vector is defined, Qegr = [p, @, 0, W, T, ovit, ad, ab, T)T, and the resulting EVP is

AQezt = aBélezt, (58)

or, explicitly,

Ain A Az Ay 0 0 0 0 0 p
Ao Asg Aoz Ay Az 0 0 0 O o
As1 Azs Aszs Aszs Az 0 0 0 O 0
Ay Az Agz Ay Ass 0 0 0 O W
Asi Asa Ass Asa Ass 0 0 0 O T =
0 0 0 0 0O Z 0 0 O at
0 0 0 0 0O 0 Z 0 O ab
0 0 0 0 0O 0 0 Z o o
o 0 0 0 0 0 0 0 Z ol
By Bz 0 0 0 0 0 0 0 p
Ba1 Boy Bas Bay Bas Bag 0 0 0 1
0 B3y Bz 0 By 0 Byy 0 0 D
0 642 0 644 845 0 0 848 0 'LE)
= « 851 852 853 654 655 0 0 0 359 T (59)
0 A 0 0 0 0 0 0 0 ot
0 0 A 0 0 0 0 0 0 ot
0 0 0 T 0 0 0 0 0 aw
o 0 0 o0 I 0 0 0 0 ol

The entries of matrices A and B are found in Paredes (2014).

5.4 NPSE3D Results

Three different flow problems have been used to verify the newly developed nonlinear PSE-3D methodology. Firstly,
the linear and nonlinear evolution of T'S waves in the Blasius boundary layer is computed and compared with those
obtained from NOLOT/PSE codeHein et al. (1994), Hanifi et al. (1994), Hein (2005); results were presented in the
closing section of our previous work (Theofilis 2011b). Here, two additional validation cases are discussed: using
again the Blasius boundary layer as the base flow, the optimal initial perturbation computed by Andersson et al.
(1999) is introduced as initial condition of the steady nonlinear PSE-3D equations. The resulting three-dimensional
streaky boundary layer is compared with DNS results of Cossu and Brandt (2002). This result is of interest since, in
the elliptic cone case too, streamwise-aligned streaky structures have been found experimentally Borg et al. (2011).
Finally, the nonlinear evolution of steady fundamental crossflow instabilities on an accelerated three-dimensional
boundary layer over a flat plate in crossflow are computed marching along different trajectories and compared with
NOLOT/PSE results. The relevance of crossflow instabilities to the elliptic cone flow has been recently documented
by Paredes et al. (2016b).
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5.4.1 Streaks in the Blasius boundary layer

The nonlinear evolution of the streak is simulated solving the nonlinear PSE-3D for zero frequency w = 0 perturba-
tions. The streamwise integration is initialized with the optimal disturbanceAndersson et al. (1999). at Rey = 272.
The perturbation is optimized for maximum growth at Re = 707 and is computed with a spectral code used in
Levin and Henningson (2003) based on an adjoint optimization technique described in Andersson et al. (1999).
Since the direction of the streak is aligned with the marching trajectory, which results in having o = 0, no
normalization condition is imposed. The spanwise length of the computational domain is set to L, = 22.0676
corresponding to a wavelength of § = 0.284724, and the wall-normal extension is truncated at ynq, = 150. The
domain is discretized using N, = 16 Fourier collocation points in spanwise direction, N, = 161 in wall-normal
direction using FD-q8 scheme.

The streak amplitude is defined as

As = 1 max(s) — min(as) | , (5.10)

2| vz Y,z

where w4 refers to the stationary Fourier mode or MFD. The simulations are initialized with the optimal per-
turbation having the amplitudes given in Table 5.1. Excellent agreement is observed when comparing the streak
evolution with the DNS results of Cossu and Brandt (2002), see Figure 5.1a. Further, the evolution of the TS-wave
have been simulated using linear PSE-3D for the streaky boundary layers obtained with nonlinear PSE-3D reported
above.The frequency of the TS wave is w = 0.0358. Here, the kinetic energy of the disturbance E = fQ al - adQ
is chosen as measure of the TS wave amplitude. Similar to results reported in previous computationalCossu and
Brandt (2002), Bagheri and Hanifi (2007) and experimental Fransson et al. (2005) studies, the stabilizing effect of
streaks on the two-dimensional T'S waves is observed for all streak amplitudes, see Figure 5.1b.

5.4.2 Crossflow perturbations in a three-dimensional boundary layer

Here, the base flow model an experiment made by Bippes (1991) at DLR in G6ttingen, where the flow over a swept
flat plate was designed to approximate a Falker-Skan-Cooke velocity profile. The same model was used by Hogberg
and Henningson (1998) to study the secondary instability of crossflow vortices by means of DNS.

In three-dimensional boundary-layers with crossflow Reed and Saric (1989), the direction of the instability waves
is not parallel to the direction of the inviscid freestream flow. Because of this, the streamwise wavenumber « is
not zero and the direction of the wave is represented as tan¢ = B/« in a local framework. In contrast to the
simulations of streaks, the normalization condition needs to be imposed when the PSE (or PSE-3D) is marched
along the streamwise direction.

Using the Cartesian coordinate system, the following procedure needs to be considered to compute the nonlinear
terms in a satisfactory manner. The amplitude functions are divided into

a=4"+q+4q", (5.11)

where " refers to the zero Fourier mode in z-direction, equivalent to the 8y = 0 mode in PSE, and gt to the
complex conjugate, equivalent to the § < 0 modes in PSE. Then, a nonlinear term, e.g. 40, can be written as

a0 = 4% + 4% + % + ad® + 4T + 4o+ avt + @

+A
= 0%%° + (0% + a0°) + (%0 4+ w®) T + 4o + (o) T + aoT + (woh)T. (5.12)

Table 5.1: Values of initial streak amplitude, A; o for the computed streaky boundary-layers as in Cossu and Brandt
(2002). Note that Ao = 0 refers to the Blasius boundary layer.

Case A B C D
Aso 0.0000 0.0618 0.0927 0.1235
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Figure 5.1: Evolution of streak amplitude (a) along streamwise direction computed with nonlinear PSE-3D and
kinetic energy evolution of a TS wave (b) computed with linear PSE-3D for w = 0.0358 using the streaky boundary
layers as base flow.

Then, the different terms in equation (5.12) are designated to the nonlinear equations for §°, ¢ and q* as follows

q" o a%° +aot + (wh)T, (5.13)
qa @ ad+ a0+ a0°, (5.14)
at ¢ (a)t + (% +a0®) T, (5.15)

The evolution of the Fourier modes with S > 0 is compared between PSE and PSE-3D. For the results presented
here, the spanwise length is set to L, = 0.012 m and the marching integration is begun at x = 0.05094 m. The
simulation is started with 5 linear PSE-3D steps before computing nonlinear interactions, replicating the same
procedure followed with the NOLOT /PSE code. The marching step is constant and equal to Az = 0.001 m. The
domain is discretized using N, = 16 Fourier collocation points in the spanwise direction and N, = 121 points in the
wall-normal direction using FD-q8 scheme. Periodic boundary conditions are imposed in the spanwise direction,
and the computed two-dimensional amplitude functions are Fourier transformed in spanwise direction to make
detailed comparison possible.

Figure 5.2 shows comparison of nonlinear PSE-3D results using the relations (5.13)-(5.15) and those given by the
NOLOT/PSE code. Discrepancies are observed mainly for the spanwise Fourier harmonics. The difference between
Figures 5.2a and 5.2b is the number of modes considered for the marching integration. While in Figure 5.2a the
decomposition of equation (5.11) is used, results in Figure 5.2b are computed with an additional mode, ¢", which
is fed by the harmonic nonlinear terms following the same idea of equations (5.13)-(5.15). This mode is initialized
by local 28-mode. Thanks to this, an additional normalization condition is used for the harmonics, instead of
imposing the a of the fundamental mode for all the harmonics. The results were further improved by using a larger
number of spanwise modes, but it drastically increased the computational cost making the method inefficient.

A solution to this problem is found using a non-orthogonal coordinate system, which makes it possible to integrate
the equations along the trajectory of the instability wave. The procedure implies a translation of the axis

r=¢ y=mn, z=C(+Etan(6(8)), (5.16)

where &, 7 and ¢ are the computational coordinates, and § = — tan~! (o (€)/8), being i, (€) the streamwise
wavenumber resulting from running the linear PSE or PSE-3D.
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Figure 5.2: Evolution of spanwise Fourier modes using linear and nonlinear PSE-3D, in which a different number
of modes are integrated along the streamwise direction, and nonlinear PSE (NOLOT) codes. (a) Using q°, q and

q*. (b) Using ¢°, 4, 4", ¢" and ¢"*.
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Figure 5.3: Evolution of different spanwise Fourier modes obtained by integration of only one mode along the
trajectory of fundamental linear crossflow vortices. Nomnlinear PSE (NOLOT code) results are also plotted for
comparison

Using this coordinate transformation, the direction of the wave is aligned with the marching integration and no
normalization condition needs to be imposed. Therefore, only a single stationary mode is integrated in a similar
manner as in the streak problem described earlier. A very good agreement with nonlinear PSE results is found.
This is shown in Figure 5.3, where the evolution of the maximum amplitude of streamwise velocity is plotted for
the spanwise Fourier modes, 3,, = mf with m =1, 2, 3 and 4.
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Chapter 6

The LIGHT Code

The Linear Global instability for Hypersonic Transition (LiGHT) code is an in-house Fortran suite of subroutines
for the massively parallel solution of multi-dimensional complex non-symmetric eigenvalue problems (EVP) and
Singular Value Decomposition (SVD) problems arising in global linear fluid flow instability. In the high supersonic
and hypersonic regimes of interest, these eigenvalue problems result in dense matrices. The ScaLAPACK library
(Blackford et al. 1997), available as part of vendor-optimized libraries on most modern supercomputers, including
the DoD Open Research facility Copper (n.d.) and the UK open research supercomputer Archer (n.d.) is used to
perform a full distributed LU-decomposition, as required by the shift-and-invert strategy implemented in equation
(4.26) which promote physically-interesting and suppress spurious eigenmodes. The distribution of the matrices, the
iterative generation of Krylov subspaces, the computation of the Ritz vectors and the Singular Value Decomposition
are all performed by linear algebra operations distributed over the available processors, in either real or complex
arithmetic. The computation of the Ritz values, which represents a negligible part of the overall computing effort,
is performed serially in a post-processing step. Implementational details follow.

6.1 Spatial discretization using spectral collocation

Spatial discretization of the linearized Navier-Stokes operators have been demonstrated in the literature using
low- or high-order finite-differences, finite-volume, finite element, spectral collocation or spectral element methods.
Invariably, low-order methods require high-resolution grids to obtain reliable results. In a matrix-forming context,
such as that used presently, unless sparse matrix storage is used, a high-order method is preferable. On the other
hand, sparse storage is not exploited presently since the matrix multiplication (4.31) on which the formation of the
SVD matrix is based would destroy any sparsity pattern that matrix C or its adjoint C* may have. On account
of these considerations, spatial discretization is performed by spectral collocation methods based on the standard
Chebyshev Gauss-Lobatto (CGL) points (Canuto et al. 1988, Boyd 1989)

Y;j = Cos (7;\?), ji=0,..,N, (6.1)

defined on the standard interval [-1,1]. This numerical discretization method is known to offer highest resolution
power on the lowest number of discretization nodes compared with any alternative (e.g. Paredes, Hermanns,
Clainche and Theofilis 2013).

A variety of mappings are used to transfer data from the standard CGL domain to the physical domain of interest.
Examples include a simple linear mapping or boundary-layer types of mappings which cluster points near a wall,
such as the well-tested analytical transformation

L4y,

=T, (6.2)
J
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where

i Imax 2
a:L and b=1+ a.

Nmax — 277j Nmax

An arbitrary function defined in the CGL grid can be approximated by its Chebyshev expansion:

) = anTuly) (6.3)

with 7, (y) = cos(n cos™(y)).

Differentiation on the CGL grid can be performed by application of the collocation differentiation matrix, D

A
(dy>i = ;Dijfw (6.4)

where
WL = =0,
A i=j#0,N
2(1-y3)° ’
Dzj = (65)
= (—1)ttJ . .
%;(yf,)yj s LF]
_%7 i=j=N
where
2, 7=0 j = N,
z = J=rond (6.6)
Introducing the inner product
N
(f.9) = bif(w:) 9(i), (6.7)
i=0

with bp=bn=1/2, b;=1 for the interval 0 < ¢ < N and with y; as the location of the extrema of the Nt Chebyshev
polynomial

Y; = COS (E), 1=0,1,...N, (6.8)
it can be shown that
0, if m#n,
(T (y), Tn(y)) =< N, ifm=mn=0and N, (6.9)
%, ifm=mn+#0and N.
Thereby, the coefficients a,, are defined as
o
an =50 > bif () Tu(w) (6.10)
i=0
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where cp=cny=1 and ¢,,=2 for the interval 0 < n < N. The function can thus be integrated with spectral accuracy
using the relation

1 N
/ )y = 32 W), (6.11)
- 1=0

where W is the Chebyshev integral weight function and it can be found as

F@) = _anTu(w) =Y enTu®)) 5 FU:)Talvi). (6.12)
n=0 n=0 1=0

Integrating the above expression over y leads to

1 1 N N 1
[ 1@y =5 S0t > e [ Tutwid. (6.13)
-1 i=0 n=0

-1
Finally, one can write
1 . .
0, if n is odd,
/ To(y)dy =4 5 £ (6.14)
1 m, 1I n 1S even .
with
N

W(y;) :% {2+;cnwcos (Tﬁr)} (6.15)

This leads to a expression W containing the integration weights to compute the integral on the interval [-1,1].
However, since a mapping is used to map the physical domain onto the CGL interval, equation (6.15) is replaced
by

N . 1
b; nim d
W(y;) = N E Cy, COS (N ) /1Tn(y)£dy. (6.16)
n=0 -

6.2 Formation of the discretized LNSE using the Kronecker product
and Kronecker addition

The Kronecker product plays a key role in forming the matrix eigenvalue problem in multiple spatial dimen-
sions. Its associative multiplication property makes the extension of the Kronecker product to higher dimensions
straightforward. It also permits a simple construction of the linearized Navier-Stokes operator, or indeed the spatial
discretization of any linear system of the form

Neq Neq
DD A=Y Ay (6.17)
j=1 j=1

including introduction of the base flow and its derivatives, as will be discussed shortly.

Formation of the linearized operator is also transparent to the details of the differentiation matrix used, making a
Kronecker-product based strategy both flexible and general: distinct spatial differentiation schemes and the corre-
sponding differentiation matrices may be defined independently along each direction, using the Kronecker product
to construct tensor product grids in two or three spatial dimensions. In case a spatial direction is inhomogeneous,
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it may be discretized by typical (Chebyshev or Legendre) spectral collocation differentiation matrices based on
Jacobi polynomials, although any differentiation operator that can be written in matrix form, such as low- or high
order standard or compact finite-differences, may be used. If the spatial direction in question is homogeneous,
Fourier collocation derivative matrices may be used to discretize it, although a flow instability problem in which
homogeneous spatial directions exist can be reduced to one described by differential equations of lower order.

In general, if A € CP*Q, B e CF*S, the Kronecker product A ® B is defined as the rectangular matrix
Cc CPRXQS

(111B (112B R (lqu

ang GQQB s aqu
C=A®B= .

apiB apB - apB

In compact form, the elements a, 4, b, s and c,, of matrices A, B and C are related by the identity

Cur = C{(p.a)i(rs)} = CR(p—1)+r.5(q—1)+s = Up,qbr,s- (6.18)

indicating that element (u,v) is found at position (r,s) of block (p,q). The following properties are of interest,
where + is the common addition:

AB+C)=A®B+A®C,
(A+B) e C=A@C+B®C,
(kA) ®B = A ® (kB) = k(A ® B),
(A®B)®C=A® (BxC)

In the particular case of square matrices A and B with leading dimensions P and R respectively, Kronecker
addition, @, is defined as

AeB=AIzr+1Ip®B. (6.23)

6.3 Distributed matrix construction

Spectral collocation can be used to discretize the multi-dimensional multi-dimensional EVP or SVD. A key element
in a matrix forming framework is use of the Kronecker product. If (Nz, Ny, N z) nodes discretize the (x,y, z) spatial
directions and differentiation along these directions is performed by matrices D, € CN**Nz D e CNv*Nv and
D, € CN#*Nz then coupled discretization of L14,L2q and L34 may be represented by a matrix A € CNy*Ny,
CNzxXNy)x(NexNy) —and CNexNyxN2)x(NexNyxNz) - yegpectively. The building block for L4 is D, itself, while
those for £o4 and L3p are the Kronecker products D, ® D, and D, ® D, ® D, respectively. In other words, the
size of A pertinent to one-dimensional eigenvalue problem is 16 x (Ny)?, while that of two- and three-dimensional
are 16(Nx x Ny)? and 16(Nx x Ny x Nz)?, respectively. The pre-multiplying factor 42 arises from the number of
equations solved in incompressible flow and becomes 52 if instability of compressible flow is addressed and (5 + m)2
in hypersonic flow in which m equations are used to describe chemistry.

6.4 Parallelization strategy

The preceding discussion highlights the need for a distributed solution of large-scale global eigenvalue problems.
Simple calculations of the size of the matrices involved in temporal and especially spatial BiGlobal analysis as
well as that discretizing the TriGlobal EVP suggest that off-the-shelf parallelization of the formed matrix using
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OpenMP libraries and multithreading (Paredes, Hermanns, Le Clainche and Theofilis 2013, Paredes et al. 2016a)
is not a viable approach.

In the LiGHT code an alternative path has been chosen, namely dense treatment of the matrix and its distribution
over a large number of processors, using the well-tested ScaLAPACK library (Blackford et al. 1997), which is
optimized on native libraries available on supercomputers of the Cray XE6m family, such as Copper Copper (n.d.)
and Archer Archer (n.d.). Schematically, the process of distributing the matrices over n available processors and
the implemented solution of the EVP is shown in figure 6.1. The master (green) is responsible to initialize and
distribute the matrices A and B. The slaves (red) are responsible to run the Arnoldi algorithm and send the results
back to the master, where a serial eigenvalue routine from Lapack is used to recover the final results.

Arnoldi Master
. n———| N Slaves
Distribute To master
Scal.apack Lapack
A'B 2 2 H «@
1 1
0 0

Figure 6.1: Distribution of the matrices in order to apply Arnoldi algorithm with Scalapack and solve the Hessen-
berg matrix in a single node using Lapack.

In ScaLAPACK, the discretized block matrix generated is stored over several processors of a cluster, and, using
distributed memory parallel computers, the maximum dimension of the problem is determined by the number of
available processors. The two common issues in the matrix forming approach are expected to be alleviated with
parallelization. The first is the memory restriction due to the storage of the matrix. The second is the CPU time
limitations imposed by a serial solution of the EVP. ScaLAPACK and PBLAS are used to perform linear algebra
operations in parallel while BLACS is used to set the communication (Blackford et al. 1997). These libraries have
been documented to work scalable with dense matrices of leading dimension O(10°) on clusters featuring O(10%)
processors (Borrill 1999).

ScalLAPACK is based on the BLACS layers, which handles MPI or PVM parallel communication and uses BLAS
for linear algebra operations (PBLAS in the parallel form) (Theofilis 2007). Parallelization consists of three major
steps. First, the BLACS library is initialized to be used in subsequent operations. Second, a rectangular processor
grid is built using all available processors available. ScaLAPACK then creates an array descriptor vector for each
global array and maps the global array elements among the processors following a two-dimensional block-cyclic
distribution that gives the best load balance and maximum data locality for most of the ScaLAPACK algorithms
(Blackford et al. 1997). The two-dimensional block cyclic distribution is accomplished by dividing the global array
into blocks with a specific number of rows and columns, given by a parameter so called blocking factor (r), to be
discussed shortly. This parameter can be different for rows and columns of an array, but normally an unique value
is used due to the square property of the matrix. The distribution algorithm works independently on rows and
columns.
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6.5 Block-cyclic element distribution

Let the (row, column) coordinates of an element of the (global) matrix be described by the pair of indices
(Zglobs Jglob)s With 0 < dgiop, < M — 1 and 0 < jgiob, < N — 1. The block-cyclic distribution scheme is dis-
cussed for a rectangular global matrix, M # N, although the eigenvalue problem is subsequently solved for square
matrices, M = N. However, the ability to distribute rectangular matrices will be useful in future extensions of
the present work, dealing with the singular value decomposition of matrices arising in non-modal global linear
instability analysis (Theofilis 2011a).

Let the number of available processes be arranged into a two-dimensional grid, P x @, and let (p, q) describe the
coordinates of the processor within which global element (igiob, jgiob) is found, with0 < p < P—1and 0 < ¢ < Q—1.
Again, the discussion of block-cyclic distribution is offered for P # @, although solution of the eigenvalue problem
in ScaLAPACK will require P = Q.

Finally, let X ¢ be the row and column blocking factors, respectively, which determine the size of the blocks within
each process, and let (b,d) be the local block coordinates within process identified by the indices (p, q).

The local coordinates (iioc, jioc) Of global element (igiob, jglob) Within process (p,q) and block (b, d) are determined
by the following mapping of the global index igon to a triplet (p,b,i1,c) and of global index jgob to a triplet

<Q» da jloc>7 ie.

(iglobnglob) — <(pa q)v (ba d)7 (ilocv jloc)>~ (624)

Here

o) = (] moa (P, | 222 1o (@), (6.25)

o - (2] 2])

(ilocajloc) = (iglob mod (T)ajglob mod (C)) > (6'27)

m mod (n) is the modulo function and |m| is the integer floor function.
The inverse mapping of the triplet ((p, ¢)i, (b, d), (f10c, jloc)) to the global indices (igiob, jglob) is defined by

((p,q), (b,d), (f10cs Jroc)) — (1 (p+bP) + d10e, ¢ (g + dQ) + Jroc) (6.28)
= (iglob Jglob) (6.29)

An element (iglob, jelob) in a global rectangular matrix of dimension (M, N) acquires local coordinates (Zioc, Jioc)
which depend on the number of processes, (P, @), used to distribute the global matrix and on the (row, column)
blocking factor values (r,c¢). Knowledge of these data permits computation of the local indices using equations
(6.25-6.27). Conversely, if the local indices, as well as (P, @) and (r, ¢) are known, equations (6.25-6.26) and (6.28)
can be used to identify the global array indices pertinent to the element in question.

An example of block-cyclic distribution of a square array with leading dimension M = N = 16 over four processes
arranged in a (P, Q) = (2 x 2) process grid and using a blocking factor r = ¢ = 5 is shown in Fig. 6.2. The left
figure shows the matrix elements as seen from a global perspective, while the right figure shows the elements held
by each process, identified by a unique color for each process.
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Figure 6.2: Distribution of a 16 x 16 array over a 2 x 2 processor grid using a block-cyclic scheme with a 5 x 5
blocking factor.

6.6 Scalability study

The following results were computed on two different machines: a ”small” cluster with 64 cores featuring a AMD
Opteron 6366 HE processor with 1.8 GHz and 16 Mb Cache L3, 512 Gb RAM with maximum memory bandwidth
51.2 GB/s and a "large” cluster namely the Copper Cray XE6m Copper (n.d.), with 460 nodes and 32 cores per
node featuring a AMD Interlagos Opteron processor with 2.3 GHz and 16 Mb Cache L3, 60 GB of accessible
memory per node and 51.2 GB/s of maximum memory bandwidth. The compiler used was GNU Fortran 4.8.3
(Red Hat 4.8.3-9).

The first task was to use the BLACS library in order to set the rectangular processor grid for instability analysis
in a manner that is transparent to the cluster on which the code is running. The objective here was to distribute
pieces of each matrices over the processors in the grid in an adequate manner, such that each process will always
be busy doing roughly an equal number of calculations, meaning that load balancing is achieved (Blackford et al.
1997).

The local linear stability of the mixing layer/wake interaction problem was first performed in the small cluster.
The number of processors used was based on the processor grid (2x2, 3x3, 4x4, 5x5, 6x6, 7x7 and 8x8). Figure
6.3 shows the comparison between the number of processors by matrix length. As can be observed, the speedup
increases increasing the matrix order for all processors grid. This can be justified by the compensation between
each process work and MPI communication. Different blocking factors were tested varying between 2 and 20. The
blocking factor which gives the better CPU-time was 8 in all cases.

Finally, the Laplace equation was solved in the Cooper Cray XE6m machine, as a first step toward discretizing the
viscous terms in the incompressible Navier-Stokes equations, while ensuring correct computation of the analytically-
known eigenvalues.

Spectral collocation methods are used to discretize the square domain = € [—1,1] x y € [—1,1] using Nx = Ny
= 401 Chebyshev Gauss Lobatto (CGL) nodes in each spatial direction. This results in a matrix with dim(A) =
160801, which occupies =~ 413GB of memory in double precision real arithmetic. The matrix is distributed using
1282 blocks over processor grids of different sizes, as shown in fig. 6.4. Once the matrix is LU-decomposed by
ScaLAPACK, the distributed Arnoldi algorithm is used to construct a Krylov subspace of dimension mxk;y1 = 200
and compute the leading Ritz values.

In the same Figure 6.4 the linear scaling of the numerical solution of the Laplace EVP is shown, for the three
different matrix sizes with the associated wall-clock time in seconds. Besides near-perfect linear scaling achieved
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Figure 6.3: Speedup as function of the matrix order. The processors grid used are show in the graphic.

Wall Clock Time (s)

Element LU Arnoldi
Processor Grid # CPUs Distribution Decomposition Iteration

® s) (s)

8 x 8 64 182 140 80

2012 12 x 12 144 178 62 57
16 x 16 256 172 47 50

20 x 20 400 171 34 47

16 x 16 256 2800 1722 331

20 x 20 400 2761 1142 256

24 x 24 576 2735 956 229

4012 28 x 28 784 2710 698 206
32 x 32 1024 2703 572 195

36 x 36 1296 2690 431 195

40 x 40 1600 2681 418 192

36 x 36 1296 13878 3085 514

44 x 44 1936 13802 3421 505

6012 48 x 48 2304 13767 2380 435
52 x 52 2704 13740 2144 433

56 x 56 3136 13721 1885 416

60 x 60 3600 13703 1814 409
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Figure 6.4: Scaling results for the solution of the two-dimensional Laplace EVP, discretized by 2012,401% and
6012 spectral collocation nodes and 1282 blocks for the block cyclic distribution of matrix A. Resolution 2012:
dim(A)=40401, size(A)=26.12 GB, min(#CPUs)= 14. Resolution 401%: dim(A)=160801, size(A)=413.71 GB,
min(#CPUs)= 220. Resolution 601%:, dim(A)=361201, size(A)=2.087 TB, min(#CPUs)=1115.

for all resolutions when the number of CPUs is varied, the wall-clock time for the parallel numerical solution of the
Laplace EVP (or a multi-dimensional flow stability EVP at analogous resolutions) is well acceptable, falling below
15 mins when O(1000) CPUs are used.
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Chapter 7

Validations and Verifications

7.1 LiGHT code

7.1.1 Parallel solutions of two-dimensional eigenvalue problems
The 2D Laplace EVP
The two-dimensional Laplace eigenvalue problem
Vinf +Af =0, (7.1)

where V3 = 0 + Oyy, subject to homogeneous Dirichlet boundary conditions, is discretized as

bpe ®0yy = D2, @Iy + L@ D) + A, @ I, = 0. (7.2)

Figure 7.1: Sparsity pattern of the discrete two-dimensional Laplacian operator in (7.2)

Here D2, and Dgy represent second-order differentiation matrices along the spatial directions x and y, respectively,
while Iy and I, are the corresponding identity matrices of appropriate dimensions. Rows are modified in the
matrices in order to impose the boundary conditions prior to forming the Kronecker product. An example of the
sparsity pattern of the discrete Laplacian resulting from discretization of (7.2) by dense differentiation matrices as
well as 8 and 12 points along the x and y spatial directions, respectively, is shown in Figure 7.1.
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The analytic eigenvalues of the two-dimensional Laplace eigenvalue problem (7.1), found by separation of variables,

are 9 9
T Jm .
)\i’: _— N 321727"' 7.3
=) ) e &

and have been recovered to machine precision by the LiGHT code. A randomly chosen eigenvector is shown in
Figure 7.2.

Figure 7.2: Two-dimensional eigenfunction in the numerical solution of (7.1)

The 2D Helmholtz EVP in elliptic confocal coordinates

In preparation for the numerical solution of the BiGlobal eigenvalue problem in elliptic confocal coordinates, the
two-dimensional Helmholtz eigenvalue problem

V2f = —\?f, (7.4)

is solved on these coordinate system. The orthogonal elliptic confocal transformation

x = c coshn cosé, y =c sinhn sin¢, (7.5)

is used to transform a two-dimensional (£, 7) plane at a given axial location on the elliptic cone onto a Cartesian do-
main (z,y). The parameters selected are for an ellipse of aspect ratio AR = 2, g = atanh(1/AR),c = AR/ sinh()
and nr = acosh(10/c). The domain is discretized using Ng = 50 Fourier collocation points along the azimuthal
¢ direction and N,y = 50 Chebyshev Gauss Lobatto (CGL) points along the wall-normal direction 7. Figure 7.3
shows results obtained, plotting, in the left part of the figure the relative error in the exact value of a randomly
chosen eigenvalue using nine successive levels of grid refinement and N = Ng = N,,. The corresponding eigenvector
is shown in the the right-hand-side of the same figure.

The 2D square lid-driven cavity

While the matrices discretizing the Laplace and Helmholtz eigenvalue problems were programmed and solved in
parallel, the remaining part of validation work used matrices generated independently, read in LIGHT in parallel
and their eigenvalues and eigenvectors were computed in parallel. Dr. Matthew Tufts (AFRL) is acknowledged for
his contribution of subroutines reading matrices in parallel, which has significantly reduced the matrix generation
time shown in the third column of the table contained in Fig. 6.4.
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Figure 7.3: Convergence history and iso-contours of normalized eigenfunction of parallel numerical solution of (7.4)
on the elliptic confocal grid (7.5)

The two-dimensional square lid-driven cavity was solved after regularizing the lid motion (Theofilis 2000, Alben-
soeder et al. 2001), which permits obtaining highly-accurate base flow solutions. The wavenumber vector in the
stability analysis is normal to the plane on which the base flow develops and a transformation as performed by
Theofilis (2003) reduces the two-dimensional EVP into one with real coefficients. The square domain is taken to
be Q@ = {{z € [0,1]} x {y € [0,1]}}. The base flow has two velocity components in these directions and is obtained
by solving the vorticity equation (Theofilis 2003) . The boundary conditions are no-slip for all the stationary walls,
while on the lid

a=[1-(2z—-1)%? 2ze(0,1] (7.6)

is imposed. All eigenvalues known from previous analyses using serial solvers are recovered in the parallel solution;
Fig. 7.4 shows the leading eigenfunction at Re = 1000 and spanwise wavenumber 3 = 15.

ar, y) HEN pla.y)

Figure 7.4: FEigenfunctions at Re = 1000,5 = 15 corresponding to the leading eigenmode. Contour of both
velocities 4 and v as well as the pressure p are presented.

7.1.2 Massively parallel 3D EVP solutions
The 3D Laplace EVP

The three-dimensional Laplace eigenvalue problem
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Vinf +Af =0, (7.7)
where V2 = 0, + Oyy + 0. is discretized as

D2, oL, ®L +L®D, L, +L®l, @D, + \L®Il, @I, =0. (7.8)

For the three-dimensional case, the Laplace eigenvalue problem (7.7) is solved in a parallelepiped 2 = {{x € [0,a]} X
{y € [0,b]} x{z €[0,a]}}. The analytical solution can also be found using separation of variables; the eigenvalues

of (7.7) are
i\ 2 g 2 k2

while the corresponding eigenfunctions are

B 28 [irz\ . Jmy\ . [ knz
D, ik(z,y, 2) = Msm( . )sm( 5 )sm( p >, (7.10)

the constant in (7.10) ensuring mutual orthogonality of the eigenfunctions.

Equation (7.8) has been solved numerically and the analytical results have also been recovered to machine precision.
This three-dimensional eigenvalue problem has been used to perform the scalability tests discussed in section 6.6
using the resolutions and processor grids discussed in Fig. 6.4. A randomly chosen three-dimensional eigenvector
is shown in Fig. 7.5.

Figure 7.5: Three-dimensional eigenfunction in the numerical solution of (7.7)

The 3D cubic lid-driven cavity

In this well-studied fluid flow instability example (Gémez et al. 2012) the incompressible TriGlobal eigenvalue
problem is solved for flow in a cubic regularized lid-driven cavity flow. The base flow has been computed with a DNS
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solver by Theofilis (2017) in the domain Q = {{z € [0,1]} x {y € [0,1]} x {z € [0,1]}} at a stable Reynolds number
value, Re = 1000. Once again, the well known eigenvalues are recovered and fig. 7.6 shows the eigenfunctions of
the three velocity components and pressure for the leading eigenmode (w = 0.461 4 ¢ 0.131).

Figure 7.6: Eigenfunctions at Re = 1000 corresponding to the leading eigenmode.

7.1.3 Aeroelastic instability eigenvalue problem

Fluid-structure interaction can be studied by solving the eigenvalue problem (Timme et al. 2012, Timme and
Badcock 2011)

[Aus = Ay (Ags = 1nT) ™" Ay x = pix, (7.11)

in which the operators A, and Aygy respectively describe structure and fluid self-interaction, while operators
Ay and Ay describe flow-structure coupling. Analytic transformations convert this problem into the real three-
dimensional generalized eigenvalue problem

(A+oB)x = AMx, (7.12)

which has been solved by Timme and Badcock (2011). At a given resolution, the matrix which discretizes the
operator A in (7.12) has a leading dimension dim((A4)) = 16390, the number of its non-zero elements is nz = 627979
and the sparsity pattern is shown in the left part of Figure 7.7. The solution obtained using a modest Krylov
subspace dimension of mkyy1 = 100 in the LIGHT code, which does not exploit the sparsity pattern of the matrix,
but treats it as dense, as well as the comparison of the present parallel EVP solution with the reference solution
of Timme and Badcock (2011) is shown in the right part of the same figure. The excellent agreement between the
two sets of results for the least damped eigenmode having frequency A, =~ 0.3 as well as all significant eigenvalues
in the vicinity of the right-half plane is clearly visible in these results. Increasing the subspace dimension permits
capturing additional (strongly damped) eigenvalues in the parallel solution.
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Figure 7.7: Left: Sparsity pattern of the aeroelasticity matrix (Timme and Badcock 2011). Right: Comparison of
the iterative serial reference solution (open symbols) with the parallel solution obtained using LiGHT

7.1.4 Global instability on a three-dimensional wing

Collaborative work in progress, supported by AFOSR grant FA9550-17-1-0222 ”"Flow Physics and Control of 3-
D Separation on 3-D Swept Wings”, has provided an additional validation case for the LIGHT code, namely the
matrix discretizing the incompressible three-dimensional global linear instability of flow around a three-dimensional
wing presented by Taira and Colonius (2009). The leading dimension of the matrix is dim((A4)) = 276645, the
number of non-zero elements is nz = 2291612 and its sparsity pattern is shown in Figure 7.8. Work in this area is
underway and first results will be reported as they become available.
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Figure 7.8: Sparsity pattern of the matrix discretizing the three-dimensional incompressible linearised Navier-Stokes

equations (Taira and Colonius 2009)
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7.2 Local transient growth

While transient growth ideas are well-developed in (in)compressible boundary layer type of flows, global transient
growth work has only presently started appearing in the hypersonic flows literature (Paredes et al. 2017a,b, 2018).
Here validations of the codes developed are shown in the classic flat-plate boundary layer at incompressible and
compressible conditions.
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Figure 7.9: Gain as a function of time in the Blasius (left) and compressible (right) flat-plate boundary layer

Figure 7.9 shows the time-evolution of the gain function, G(t), for the Blasius boundary layer at momentum-
thickness Reynolds number Rey = 166, streamwise wavenumber o = 0.0142 and spanwise wavenumber g = 0.2327
(Corbett and Bottaro 2001b, Fig. 3) as well as for the compressible flat-plate boundary layer at Ma = 2.5,
displacement-thickness based Reynolds number Res« = 300 and streamwise aligned periodic waves with a = 0, 5 =
0.1 (Hanifi et al. 1996b, Fig. 4). In both cases the agreement between the present results (full lines) and those of
the respective reference works (symbols) is excellent. From a physical point of view it can be argued that both in
the incompressible and in the supersonic boundary layer, the energy growth at the parameters chosen is too feeble
for transient growth to be considered as a relevant laminar-turbulent transition scenario.

7.3 Compressible BiGlobal EVP

7.3.1 Instability of flow in the swept leading edge boundary layer

Instability in the vicinity of the swept leading edge in compressible flow has been studied in a global modal analysis
context by Lin and Malik (1995), with a number of authors having contributed aspects of flow instability physics
since (Theofilis et al. 2004, Mack et al. 2008, Gennaro et al. 2013). This problem is interesting as a validation
case of the eigenvalue problem solver since, even within the limitations of the simplified base flow model used in
analysis (Rosenhead 1963), all three base flow velocity components are present and no reductions of the Linearized
Navier-Stokes equations are possible.

The compressible temporal BiGlobal stability analysis EVP has been solved at Mach number Ma = 0.9 and
Reynolds number Re = 800 for a number of values of the spanwise wavenumber, (, indicating harmonic linear
modal perturbations along the leading edge. A linear mapping of the chordwise direction has been used, while the
boundary-layer mapping (6.2) has been used to discretize the wall-normal direction; all solutions were obtained on a
mesh using N = 70 in both directions. The boundary conditions used are no-slip on the perturbation velocities and
homogeneous Dirichlet for the temperature at the wall. A fast decay in the wall-normal direction is assumed here
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for all disturbances at large enough distance from the wall (yoo=100). Along the chordwise direction, at a large
distance from the attachment-line (x=+L,=100), a linear extrapolation from the interior of the computational
domain is used.

For the wavenumber shown here, 8 = 0.19 delivers the most unstable Gortler-Hammerlin (GH), first symmetric
mode, the eigenvalue of which is found to be w = 0.0765392 + ¢ 0.00117793; the corresponding result of Gennaro
et al. (2013) is w = 0.0764718 4+ ¢ 0.00118942, obtained using N = 140 to discretize either of the two spatial
directions. Figure 7.10 shows the real and imaginary part of the amplitude functions @, % and 7' of the GH mode.
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Figure 7.10: Amplitude functions at Ma = 0.9, Re = 800 and 8 = 0.19 corresponding to the most unstable (GH)
mode. On the left-hand-side are the real and on the right-hand-side the imaginary part of 4, w and T, respectively
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Chapter 8

Transient Growth of Hypersonic Flow
on the Elliptic Cone

8.1 Local non-modal stability analysis

Non-modal linear stability analysis results have first been obtained on the elliptic cone within a local analysis
framework. The nomenclature of the geometry considered is shown in Figure 8.1, where the azimuth angle 6 is
defined such that 8 = 0° refers to the attachment-line at the major semi-axis of the cone, § = 90° is the centerline
at the minor semi-axis, while 0° < 8 < 90° is the range in which crossflow instability may be encountered. Two
fundamentally different flow situations were considered, both at the same free stream Mach number Ma = 7 but
at different altitudes, h = 33km and h = 21km, at which the unit Reynolds numbers are one order of magnitude
different, Re; = 1.89 x 10 m~! and Re; = 1.015 x 107 m ™!, respectively.

e | pitch Plane

T YawPlane

~

Figure 8.1: Geometry and coordinate system on the elliptic cone

Local non-modal analysis was carried out by extracting velocity, temperature, pressure and density profiles from
the steady base flow, as schematically shown in Fig. 8.2, and performing e—pseudospectrum analysis of these
profiles. Results representative of those obtained at all locations on the cone surface are shown at an arbitrarily
chosen location z = 0.4m, 0 = 7/4 in Figure 8.3. The eigenspectrum of two different cases is shown, in the first of
which the wavenumber a # 0 whereas in the second case o = 0; in both cases the wavenumber a nonzero  # 0 is
chosen. This implies that the analysis of the first case corresponds to oblique two-dimensional perturbations, while
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in the second case the linear non-modal evolution of streamwise aligned structures of distinct spanwise spacing,
L. =2r/3, is examined.

@

UV, W, T

Figure 8.2: One-dimensional profiles extracted from the base flow at a given location on the cone surface, between
the centerline and the attachment-line

In the case of oblique perturbations, shown in the leftmost two plots of Fig. 8.3, both amplified, w; > 0, and
damped, w; < 0, eigenmodes are recovered, while the e—pseudospectrum shows that, for both g values examined,
rather large levels of matrix perturbations are required to lead to zero crossing of the stable perturbations. In
other words, the underlying linearized Navier-Stokes operator is normal and laminar-turbulent transition is to be
expected on account of exponential amplification of unstable modal perturbations. By contrast, in the case of
streamwise-aligned perturbations, shown in the rightmost two plots of Fig. 8.3, only stable eigenmodes w; < 0 are
found and, most significantly, matrix perturbations of very small amplitude suffice to lead to substantial excursions
into the positive w; half-plane. The implication is that hypersonic flow over an elliptic cone at the conditions
examined can be sensitive to strong algebraic growth of streamwise-aligned perturbations. This point will be
examined in detail in what follows, and will be revisited in section 8.1.3, where qualitative comparisons will be
made with the only ground experiment data available to-date that is amenable to such comparisons.

a=0.1 & p=0.1 a=1.0 & p=1.0

a=0 & 3=1.0

o=0 & =2.0

e B B B B

- 0 X’ﬁl{
E '{- e o0 |
_ F a0 ‘ “I
5 ‘a5 .‘i e o
s S /] -
02 001 F ¢ /3 o0l
© [ i3 1
o0 0.01 / 0.01
0001 1 0015 >Y 0001 [] 0.04 |- ¥ /| oo 1
0.0001 ® 0.0001 . 00001 |7
1E-05 ] r % 1E-05 8 s/ :E.gg m
el o02F ~ 1E06 oos b el % |
1E07 E < 1E07 [ 0051 s 1E07 [
= 1E-08 || C N 1E-08 |] r I 1E-08
C 1l C Bl LiTLi
_ TR L VI | I B . 0025 Ll T T 0. RN
Cdo6" 0 1 o012 014 0%, 001 0015 002 0025 %0z 003" 004 005 006

£

m .

Figure 8.3: Eigenvalue spectrum and e—pseudospectrum corresponding to a base flow at h = 33km, x = 0.4,0 = 7.
Left two images: oblique wave-like perturbations. Right two images: streamwise-aligned disturbances

In what follows, local transient growth analysis will be performed at two altitudes, h = 33km and h = 21km,
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Parameters 33km 21km

Us [m/s]  2452.17 2207.18

poo [kg/m3]  0.01157 0.06581
T [K] 230.970 218.450

Rey [1/m]  1.89 x 105 1.015 x 107

Table 8.1: Parameters at which transient growth has been examined on the elliptic cone

at the set of parameters summarized in Table 8.1. At each of these altitudes the base flow at a large number of
streamwise and azimuthal locations on the cone will be analyzed by first solving the eigenvalue and subsequently
the pertinent singular value problem. Results of the latter will be used to solve the initial value problem, calculate
the gain function G(¢) and its respective maximum, Guax. The latter value, and the associated linear optimal
conditions, will be reported as a function of the wavenumber parameters, o and 8. Depending on the magnitude
of the peaks of Gax conclusions will be drawn on the modal or non-modal nature of linear instability of the flow.
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Figure 8.4: Eigenvalue Spectrum (upper row) and G(t) (lower row) at h = 33km,z = 0.62m, 0 = 60°. Left column:
streamwise aligned perturbations. Right column: two-dimensional perturbation

Figure 8.4 shows such results at h = 33km altitude and x = 0.4m. In the upper row (stable) eigenspectra are
shown at (o« = 0,8 = 0.5) and (o = 0.5, 3 = 0), while the lower row shows the evolution of the respective G(¢).
Such results can be used to compute Gpax as well as the (secondary in importance) time at which the maximum
gain is reached. A representative result of the dependence of G,.x on « and (8 at a different streamwise location
on the cone surface can be found in Fig. 8.5. Starting close to the attachment line, § = 7, it can be seen that
the maximum transient energy growth is associated with a band of streamwise-aligned structures having spanwise
wavenumbers that peak around 5 = 0.6, their streamwise wavenumber being o« = 0. The same phenomenon persists
at ¢ = % and 75°, although in all three angles Giax < 100 indicates that any initial perturbation will have its
energy transiently amplified by maximally two orders of magnitude. It is also worth noting that at 6 = 5 wave-like
perturbations with o = 0.5 and = 0 are to be seen in the results, although their transient energy growth is lesser
than that of the streamwise-aligned perturbations. The situation changes qualitatively at § = 7, where G(t) grows
beyond bounds for two-dimensional wave-like perturbations having 5 = 0 and 0.0 < « < 0.15. This result clearly
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100
I
80

0

Figure 8.5: Contour plots of maximal transient energy growth Gp.x as a function of the wavenumbers o and [
from local transient growth analysis of elliptic cone flow at h = 33km altitude at x = 0.4m on the cone surface

demonstrates that exponentially growing disturbances exist at the centerline and is consistent with the related
findings of the modal analyses of Choudhari et al. (2009), Paredes and Theofilis (2015) and Paredes et al. (2016a).

8.1.1 Altitude: 33km

In order to obtain a complete picture of linear non-modal instability on the cone surface, a systematic analysis
commenced at this altitude, at which the unit Reynolds number is the smallest of all available. The modal analysis
of Paredes et al. (2016a) has also been performed at these conditions, such that comparison results are readily
available. Taking advantage of the symmetry of the flow around an elliptic cone at zero angle of attack, only one
quadrant of the cone was considered. Five axial locations along the streamwise direction have been monitored, at
x = 0.30,0.40,0.50,0.6m and 0.70m. At each one of these locations, computations were performed for a relatively
large number of azimuthal locations, discretizing the range 0 < 6 < 7 in 5° increments.

Figures 8.6-8.10 present contour plots of transient growth analysis at all axial locations examined. Out of the full
set of azimuthal angles at which analysis was performed, in each figure results at six characteristic angles 8 = 0°,
15°, 40°, 60°, 70° and 90° are shown. Consistently, the transient growth results deliver the largest Gax values at
a = 90°, a location at which previous modal analyses (Choudhari et al. 2009, Paredes and Theofilis 2015, Paredes
et al. 2016a) have predicted the largest amplified centerline global mode.

In the crossflow region of the results presented (f = 15°-70°), different phenomena occur as x increases. At
x = 0.3m, exponentially high values of G,,.x are obtained, peaking in the streamwise aligned direction 8 =~ 0.3 and
«a = 0. Modal instability is prevalent practically at all azimuthal locations at this streamwise position. At x = 0.4m,
modal instability is confined in the band 15° < 6 < 40°, but disappears from the spectrum at higher angle values,
0 = 60° - 70°, where all eigenvalues are stable, only to reappear at the centerline. However, consistently with
results shown in Fig. 8.5, streamwise-aligned structures having o = 0 and 8 ~ 0.6 do exhibit transient energy
growth, a result that hints at algebraic non-modal instabilities may indeed be present in hypersonic flow on the
elliptic cone at this location.
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(d)

Figure 8.6: Contour plot of Giax at h = 33km and x = 0.3m as a function of the streamwise («) and spanwise (3)
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Figure 8.7: Contour plot of Gax at h = 33km and « = 0.4m as a function of the streamwise («) and spanwise ()
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Figure 8.8: Contour plot of Gax at h = 33km and « = 0.5m as a function of the streamwise («) and spanwise (3)

wave numbers, at: (a) 6 = 0°; (b) 6 = 15°; (c¢) 8 = 40°; (d) 6 = 60°; (e) # = 70°; and, (f) 6 = 90°.
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Figure 8.9: Contour plot of Giax at h = 33km and x = 0.6m as a function of the streamwise («) and spanwise ()
wave numbers, at: (a) 6 = 0°; (b) 6 = 15°; (c) 8 = 40°; (d) 6 = 60°; (e) # = 70°; and, (f) 6 = 90°.
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Figure 8.10: Contour plot of Gax at h = 33km and 2 = 0.7m as a function of the streamwise («) and spanwise
(8) wave numbers, at: (a) 6§ = 0°; (b) 6 = 15°; (c) 8 = 40°; (d) 8 = 60°; (e) § = 70°; and, (f) § = 90°.

In the next position examined, x = 0.5m, transient growth occurs for § = 40°,60° and 70°. An analogous result
is found at z = 0.6m, however at this streamwise position at § = 70° an amplified eigenmode dominates the
spectrum. Unlike the centerline mode, though, at this location the amplified eigenmode has o« # 0 and 5 # 0, and
can be cataloged as an exponentially amplified oblique mode.

In the last position where the analysis was performed (z = 0.7m) transient growth can still be found for small
angles (6 = 15° and 40°) but with two different characteristics. At § = 15° the peak is at § = 0 and a # 0
direction, but it is important to notice the existence of a smaller, but in the same order of magnitude, peak at
a = 0. At 0 = 40° there is only one peak at the streamwise-oriented direction. At this z—location, an amplified
eigenmode dominates at large angles (§ = 60°, § = 70°) with the same characteristics of the one presented in the
previous position, i.e. oblique mode.

At the attachment-line § = 0° the highest amplification rate for all cases is observed in the direction of & = 0.1—0.2.
However, the values of Gp,.x are one order of magnitude higher than the previous transient growth cases but still
substantially smaller than the modal scenario. For this reason, it is unclear whether modal or non-modal instability
prevails. In fact, the values of gain obtained could be related to strong transient growth or a low amplification rate
modal instability that requires a long time-integration to reach substantial amplitude levels.
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Figure 8.11: Contour plot of Gpax at h = 21km and x = 0.3m as a function of the streamwise («) and spanwise
(8) wave numbers, at: (a) 6 = 0°; (b) 6 = 15°; (c) 0 = 40°; (d) 0 = 60°; (e) § = 70°; and, (f) 6 = 90°.

8.1.2 Altitude: 21km

For the sake of comparison with results at the higher altitude, Figures 8.11-8.15 present contour plots of transient
growth analysis at h = 21km, at the same axial and azimuthal locations as results shown in the previous section.
At this lower altitude, at which the modal global analysis of Paredes et al. (2016a) was performed, the Reynolds
number is an order of magnitude higher, and the first qualitative difference compared with the h = 33km case
is that at the attachment line, at all axial locations examined, the dominant physical instability mechanism is
non-modal, corresponding to streamwise-oriented structures. Transient energy amplification at the attachment
line is found to be strongest close to the cone tip. At the centerline, modal instability mode is still the dominant
instability mechanism, but once again, at = > 0.4m the dominant modes are oblique, having both a # 0 and S # 0.
Moreover, at = 0.4m, it is possible to notice that two modes may exist with both having high G,.x, a scenario
already pointed out in the modal analysis of Paredes et al. (2016a).

In the crossflow region, at * = 0.3m, the results are analogous to those presented at positions x = 0.4m and
x = 0.5m for the 33km altitude. An eigenmode peaks in the streamwise-oriented direction for small angles and
non-modal instabilities are present at other angles. It is important to notice that at § = 70°, there are two
simultaneous peaks, one corresponding to streamwise-oriented and the other to spanwise-oriented structures. At
x > 0.4m analogous phenomena as those encountered at the higher altitude are found. For small angles transient
growth plays a role whereas for medium and large angles modal instability is the dominant linear scenario. One
differentiating characteristic of these modes compared to the centerline mode is their at least twice as large
values. It is also found that at = 0.7m,6 = 60° two peaks have been identified, having comparable values of
magnitude of G ax, but differing in their respective o and 8 values. One is a spanwise-oriented perturbation while
the other is an oblique wave.
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(d)

Figure 8.12: Contour plot of Gyax at h = 21km and = = 0.4m as a function of the streamwise («) and spanwise
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Figure 8.13: Contour plot of Giax at h = 21km and 2 = 0.5m as a function of the streamwise («) and spanwise
(8) wave numbers, at: (a) 6 = 0°; (b) 6 = 15°; (c) 8 = 40°; (d) 8 = 60°; (e) § = 70°; and, (f) § = 90°.
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Figure 8.15: Contour plot of Gax at b = 21km and x = 0.7m as a function of the streamwise («) and spanwise
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8.1.3 Comparisons with the ground-based experiments of Borg et al. (2012)

The theoretical results obtained point to the existence of elongated structures along the elliptic cone, the origin of
which is modal or non-modal instability, depending on the location on the elliptic cone surface. In the absence of
direct in-flight measurements on the HIFiRE-5 elliptic cone, information on these elongated structures is sought
in the BAM6QT experiments of Borg et al. (2012). These experiments used a 38.1% scale model of the HIFiRE-5
elliptic cone at a comparable Reynolds number as those used in the present analysis. As a matter of fact, the
experimental Reynolds number, Re = 8.1 x 10°, lies in-between those corresponding to the two altitudes analyzed.

X (mm)

(a)

(b)

Figure 8.16: Streamwise-aligned structures in the experiment of Borg et al. (2012) (a) Oil flow visualization at a
Re = 8.1 x 10%; (b) Estimation of spacing between structures

Oil flow visualization experimental results are shown in Fig. 8.16(a). In Fig. 8.16(b) the geometrical procedure
used to estimate length scales and the spacing between the observed vortices is also shown. The known length
L, =~ 250mm and known angle o =~ 14°, alongside the trigonometric relationship L, = L, tan a deliver an estimate
for the spanwise length marked on Fig. 8.16(b), L, ~ 60mm. The spacing between the streamwise structures was
estimated using an estimate of N, &~ 10 — 15 such structures being visible within L.; the dotted line marked on this
figure shows that the average spacing between the distinct structures is A, &~ 2 — 7mm. In order for comparisons
to be made with the experimental results, the dimensional reference length used in the present analysis,
1 T

_ /T 1
Lref Re' (8 )

has been used to calculate dimensional values for the theoretical results for the wavenumbers « and [, from which
the (dimensional) theoretical spanwise spacing, A, = %’r, has been calculated. Full results from the analysis
presented at h = 33km and h = 21km can be found in Table 8.2, while a typical result is shown in graphical form
in Fig. 8.17.
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h = 33km | h = 21km
z\6 | 0° 15° 40° 60° 70° | 0° 15° 40° 60° 70°
03 (- - - - - | - - 120 180 154
04 | - - - 481 525|124 124 - - -
05 | - - 461 718 718|139 139 - - -
06 | - - 590 7.8 - |[152 152 - - -
07 | - 88 637 - - | 165 165 - - -

Table 8.2: Values of spacing between structures A, in mm at h = 33km and 21km
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Figure 8.17: Typical dimensional wavenumber values resulting from transient growth analyses at two locations on

the cone surface

In Table 8.2 it is seen that, at a given location, the spacing A, between spanwise structures and, consequently,
the size of the structures themselves, is seen to assume systematically larger values at h = 33km and smaller
corresponding values at h = 21km. This result is consistent with the Reynolds number increasing at the lower
altitude. Significantly, the range of spacings calculated in the analyses of sections 8.1.1 and 8.1.2 and the estimates
of the corresponding experimental results coincide. Notwithstanding the limitations of having performed a local
transient growth analysis, this result is the first theoretical demonstration that the transient growth phenomenon is

relevant to hypersonic flow at flight conditions.
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8.2 Global transient growth analysis

Non-modal global stability analysis is carried out at the same two altitudes and parameters shown in Table 8.1,
to facilitate comparisons with local transient growth results obtained in the previous section. Note that, for
consistency, the homogeneous spatial direction in the BiGlobal Ansatz is x, while the spanwise direction, z, is now
fully resolved. A temporal BiGlobal analysis framework is considered, in which « = 27/ L, is a real streamwise/axial
wavenumber parameter; Fig. 8.18 schematically presents the analysis concept.

Figure 8.18: Two—dimensional profiles extracted from the base flow at a given streamwise position on the elliptic
cone

The present theoretical foundation is the same as that used in the previous section and has been discussed in
Section 4. The key difference with the local transient growth analysis is that in this chapter the assumption
of wave-like perturbations along the spanwise direction, z, is not invoked. As such the analysis discussed in
section 4.6 now refers to numerical solutions of the two-dimensional eigenvalue problem; similarly, the subsequent
SVD computation discussed in section 4.7 now rests on global modes. The latter are used, alongside their adjoints,
to solve the initial value problem (4.3) by projecting an initial condition onto a reduced set of eigenvectors according
to (4.18-4.19). In global transient growth analysis too, time is a parameter and since no assumption of harmonic-in-
time perturbations has been made, solutions of the initial value problem obtained herein encompass both classes of
perturbations, those growing algebraically at early times (non-modal linear perturbations) as well as exponentially
growing instabilities at large times (eigenmodes). In other words, though substantially more expensive than modal
analysis, such as that performed by Choudhari et al. (2009), Paredes and Theofilis (2015) and Paredes et al.
(2016a), solutions of the initial value problem obtained in this section deliver the most complete picture of linear
flow instability of hypersonic flow on the elliptic cone.

Although it is relatively straightforward to assess whether transient energy growth occurs at any set of parameters,
what makes global transient growth analysis expensive is the length of the time-horizon that needs to be monitored,
i.e. for which the IVP needs to be solved, is unknown at the beginning of the analysis. The reason is that modal
instabilities may have low amplification rates and solution of (4.3) needs to proceed for sufficiently long times until
modal instabilities potentially existing in the system manifest themselves. Precisely this property is also a quality
criterion for the nonmodal analysis performed: the degree of agreement between the amplification/damping rate
of the leading eigenmode (obtained by solution of the EVP) and the logarithmic derivative of the time-signal of
G(t) at large times (obtained in the SVD context) is an objective measure of the quality of the numerical work.
The results obtained in this section have been subjected to this test and representative modal and non-modal
predictions of the amplification rate of the linear perturbation at long time horizons are shown in Table 8.3. These
results were obtained on grids employing up to (N, N¢) = (110, 70) Chebyshev Gauss Lobatto points.
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Altitude Centerline BC Wavenumber «  EVP solution SVD solution

33km Symmetry 0 0.0026771 0.0026696
21km Symmetry 0.0225863 0.0228318

o

Table 8.3: Comparisons of modal and non-modal amplification rate predictions in the present global transient
growth analysis

8.2.1 Altitude: 33km

Attention is focused on the vicinity of the centerline and the initial value problem is solved at an axial distance
x = 0.6m from the cone tip, for two streamwise wave numbers o = 0 and 0.25. Symmetric and anti-symmetric
modes are analyzed separately. At a = 0, Fig. 8.19 shows the gain at two different time horizons, a short, ¢ = 60,
and a long one, ¢ = 1000. As can be seen in the left part of Fig. 8.19(a), at short times transient growth of the
disturbances is present, in accordance to the temporal local stability results of the previous section at the same
location on the cone. Local transient growth theory predicted a Guax = O(10% — 10*), which is also found in
the present global transient growth analysis, without resorting to the spanwise homogeneity assumption. As local
transient growth analysis predicted, modal instability is expected to appear at the centerline at asymptotically
long times. The present BiGlobal non-modal result shows that indeed after sufficiently long integration time has
elapsed, G(t) grows exponentially, as shown in the right part of Fig. 8.19(a) in a semi-logarithmic scale.
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Figure 8.19: (a) « =0; (b) a = 0.25

In order to obtain quantitative verification of this prediction, the logarithmic derivative (the slope) of the G(t)
signal is calculated at asymptotically large times and the result is compared with the amplification rate of a modal

perturbation, w;, through the expression
lim G(t) ~ exp(2w;t). (8.2)

t—o0

Page 62 of 90

DISTRIBUTION A: Approved for public release, distribution unlimited



Global transient growth mechanisms in high-speed flows, with application to the elliptic cone

The result is that shown in the first line of Table 8.3, where excellent agreement between the two quantities can be
seen. This finding cross-validates the global transient growth implementation and verifies the previous investigations
from a physical point of view, namely that the modal scenario dominates at the selected set of parameters. Finally,
G(t) in time horizons of ¢t = 60 and ¢ = 1000 is shown at o = 0.25 in Fig. 8.19(b). Qualitatively the same behavior
as for &« = 0 is observed. Transient growth at short-time horizon is followed by a modally unstable behavior at
asymptotically long times; the slope of the semi-logarithmic G(t) curve is again found to equal to twice the growth
rate of the underlying most unstable mode.

Figures 8.20 and 8.21, respectively present the amplitude functions of the most unstable linear perturbations
corresponding to a = 0.25, superimposed upon iso-lines of the streamwise base flow velocity. The computed
eigenvalues are w = (0.03056 + 1 0.004956) for the first symmetric and w = (0.01723 41 0.003272) for the second
in significance symmetric perturbation. In both cases, the modes peak inside the boundary layer, and because of
the lift-up of low momentum fluid at the centerline, the modes also peak at the location of the maximum lateral
shear. In both cases, the peaks are away from the centerline.

Figures 8.23 and 8.24 present the real and imaginary part of the amplitude functions of the second in significance
symmetric and anti-symmetric modes. The respective eigenvalues are w = (0.01121+1 0.002975) for the symmetric
case and w = (0.0 + 1 0.002886) for the anti-symmetric mode, the latter being the only stationary disturbance of
significance at these conditions. Unlike their most unstable counterparts, these modes peak only at the location of
the base flow shear away from the wall, and not in the boundary layer.
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Figure 8.20: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the most unstable symmetric mode at h = 33km,a =0
in the vicinity of the centerline, having w = (0.03056 + i 0.004956). The iso-lines correspond to the streamwise
velocity component of the base flow
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Figure 8.21: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the most unstable anti-symmetric mode at h = 33km, a =
0 in the vicinity of the centerline, having w = (0.01723 + i 0.003272)
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Figure 8.22: Real (left) and Imaginary (right) part of the streamwise, spanwise and temperature disturbance for
the second most unstable symmetric mode w (0.01121 + i 0.002975). The iso-lines correspond to the streamwise
velocity component of the base flow.

Figure 8.23: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the second in importance symmetric mode at h =
33km,a = 0 in the vicinity of the centerline, having w = (0.01121 + i 0.002975)
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Figure 8.24: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the second in importance anti-symmetric mode at h =
33km,a = 0 in the vicinity of the centerline, having w = (0 + 1 0.002886)
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8.2.2 Altitude: 21km

At h = 21km global transient growth analyses are performed at the same axial position z = 0.6m from the cone
tip and streamwise wave-number o = 0, in order for direct comparisons to be made with the h = 33km results.
Again, symmetric and anti-symmetric boundary conditions are imposed at the minor semi-axis, while resolutions
analogous to those used in the analyses at the higher altitude are used. Figure 8.25 illustrates representative
results for the symmetric (in (a)) and antisymmetric (in (b)) boundary conditions. Most significantly, at this
altitude a qualitative difference has been found to exist, compared with results obtained at the h = 33km altitude,
namely that no transient growth is found at h = 21km. Results obtained at all parameters examined correspond
to exponentially amplified eigenmodes, which manifest themselves already at t = 0%, as can clearly be seen in the
representative results of Fig.8.25.

2000

1021 N T T T T
1500 } ] 107}
- 10"
= 10001 =
O (0]
00
500 105k
0 10 , , , ,
0 0 200 400 600 800 1000
t
(a)
100000
80000 |
. 60000 | —
0 [}
40000 |
20000
0
0 10 20 30 40 50 60
t t
(b)

Figure 8.25: (a) Symmetric mode; (b) Anti-symmetric mode

Figures 8.26 and 8.27 present the real and imaginary parts of the amplitude functions, superimposed upon iso-lines
of the streamwise base flow velocity, corresponding to symmetric and anti-symmetric modes, respectively. The
respective eigenvalues both correspond to stationary disturbances, having w = (0.0 +1 0.003946) for the symmetric
mode and w = (0.0 + i 0.003634) for the anti-symmetric mode. In both cases of symmetric and antisymmetric
modes at the parameters shown, and others obtained but not presented here, the amplitude functions appear to
inherit the mushroom-shaped structure of the underlying base flow, indicating that the centerline mode, identified
in the analyses of Choudhari et al. (2009), Paredes and Theofilis (2015) and Paredes et al. (2016a) is the dominant
instability.

Besides this qualitative difference with the global transient growth analysis results obtained in this section at
the higher altitude of h = 33km, it is also instructive to note that the global nonmodal analysis confirmed the
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trend identified by local transient growth theory, namely that the significance of non-modal growth increases with
increasing altitude. Conversely, as the unit Reynolds number increases, modal instability appears to be to only
relevant scenario leading laminar flow on the elliptic cone to transition. These conclusions are significant since, to
the best of our knowledge, they are obtained for the first time in the configuration at hand, without relying on
expensive direct numerical simulations and also free from the restrictive approximations of local transient growth
theory.
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Figure 8.26: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the unstable symmetric mode w = (0+1i 0.003946). The
iso-lines correspond to the streamwise velocity component of the base flow.
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Figure 8.27: Real (left column) and Imaginary (right column) part of the streamwise (top row), spanwise (middle
row) and temperature (lower row) amplitude functions of the unstable antisymmetric mode w = (0 +1 0.003634)
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Chapter 9

Summary and Future Work

Transient growth theory, underpinning non-modal (algebraic) short-time energy growth in shear flows has been
revisited and extended to address global instability of compressible flows in geometries with multiple inhomogeneous
spatial directions. It was shown that transient amplification may be mathematically associated with the non-
orthogonal eigenvector basis and can be active even though the spectrum of the eigenvalues obtained in modal
analysis of a given flow is entirely confined to the stable half-plane. Geometric and quantitative examples were
provided to describe the nature of non-normal operators. The energy norm proposed by Mack (1969) in the context
of modal instability and re-derived by Hanifi et al. (1996a) to quantify transient growth of the compressible boundary
layer was also used in the present analysis. The concept of optimal disturbances that optimize energy amplification
was introduced, alongside a detailed discussion of the linear algebra operations needed to calculate such linear
optimals. These concepts, which are independent of the dimensionality of the underlying linearized Navier-Stokes
equation, were developed in the framework of the present effort to address global linear instability of arbitrarily
complex three-dimensional flows with multiple inhomogeneous spatial directions; the algorithms developed were
then applied to analyze nonmodal instability of hypersonic flow on an elliptic cone at zero angle of attack.

The potential for transient growth on the elliptic cone was first analyzed in a local context. Parametric studies were
performed at several locations along the cone surface, varying the azimuthal direction such that physical instability
phenomena known to exist from the modal analysis (attachment-line, crossflow or centerline instabilities) could be
followed seamlessly. Nonmodal flow instability at two different altitudes, 33km and 21km at which the Reynolds
number changes by an order of magnitude, was analyzed. The results showed that multiple linear eigenmodes
indeed are present at both altitudes. Moreover, transient growth has been discovered for the first time at the cross-
flow region of the elliptic cone geometry. It was shown that an increase in altitude, with the consequent decrease in
Reynolds number, promotes transient energy growth. Conversely, at the lower altitude - higher Reynolds number,
modal instability is the predominant transition mechanism.

Qualitative comparisons with experiments were performed, monitoring the spacing between streamwise-aligned
structures appearing as result of the present non-modal analysis and the cross-flow vortices documented in previous
experiments (Borg et al. 2012). Notwithstanding the fact that the experimental Reynolds number lies between
those at the two altitudes analyzed, non-modal analysis results obtained indicate that streamwise-aligned structures
identified as linear optimal perturbations in the analysis correlate well with streamwise oriented structures found
in the experiments, the order of magnitude of the spanwise spacing of the structures in question being identical in
theory and experiment.

The compressible global non-modal analysis over the elliptic cone has been investigated for the first time in the
framework of the present effort. Its results confirmed those found in the local nonmodal analysis, without resort-
ing to the restrictive spanwise homogeneity assumption of local theory. Global linear optimal disturbances were
calculated in a temporal framework and, at the centerline region examined, were found to evolve into modal, expo-
nentially amplifying perturbations in the limit of asymptotically large time-horizon. Furthermore, the growth rate
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predicted from the logarithmic derivative of the gain function - solution of the initial value problem at asymptotic
times and the eigenvalue predicted for the most unstable eigenvalue in a modal analysis framework are in excellent
agreement with each other. This finding is a cross-validation of the global transient growth implementation and
verifies the previous investigations from a physical point of view, namely that the modal scenario dominates at the
elliptic cone centerline region. The most significant finding of the global nonmodal analysis was that an increase
in altitude and the consequent decrease in Reynolds number promote nonmodal transient growth at short time
horizons.

The nonlinear three-dimensional (plane-marching) Parabolized Stability Equations (NL-PSE3D) code has been val-
idated with well-known flow instability mechanisms, such as streamwise-oriented and crossflow linear disturbances.
Further development and exploitation of this technology by Dr. Paredes is currently underway at NASA Langley.

Finally, the limitations of the computational approach employed in our previous modal and non-modal work in
terms of its parallel (in)efficiency when applied to the solution of very large EVP and SVD problems were addressed
by the development of a new massively parallel solver for the linearized Navier-Stokes equations in generalized
three-dimensional coordinates. The LIGHT (Linear Global instability for Hypersonic Transition) code developed
has advanced to the point of being able to solve massively parallel real and complex non-symmetric matrix EVP
and SVD problems. It is expected that the LIGHT code, updates of the code are delivered to AFRL as they
become available, will set new standards in laminar-turbulent transition research by permitting addressing modal
or nonmodal flow instability in arbitrarily complex geometries from the incompressible to the hypersonic regime.
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Appendix A

Compressible Navier-Stokes equations
in generalized coordinates

The compressible Navier-Stokes equations in a general three-dimensional coordinate system are presented below.

A.1 Continuity

dp
5 HV-(V) =0, (A.1)

Applying the chain rule (2.14) to the continuity equation (A.1) leads to

Op  (9C0u Onou O60u 0COv  ndv 0Oy ODw  ndu  0ow)
ot Ord¢ Oxdn 0x 0 Oyod( Oydn 0yd¢ 9Jz0( 0z0n 0z 0&

A2
8C8p+8n8p+3§8p 8§8p+8n8p+8£8p 8C8p+8778p+8§8p —0 (4.2)
Ox d¢ Oxdn Oz O dyo¢ Oyodn 0Oy o€ 020C  0z0n 0206)
A.2 Momentum equation
The momentum equation along the x—direction is
ou 0COou Ondu 0€Ou 0Cou Onodu 0§ du
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where the three components of the stress tensor are
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Analogous expressions have been derived in the other two spatial directions.
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A.3 Energy equation
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Appendix B

Compressible BiGlobal LNSE in
Cartesian coordinates

The entries of the matrices shown in (2.11) are
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Appendix C

Compressible BiGlobal LNSE in elliptic
confocal coordinates

Recalling that the transformation from the physical coordinate system (z,y, z) into the computational coordinate system
(&,m,¢) is made using the follow orthogonal elliptic confocal transformation

x = ¢ cosh(§) cos(n), y = ¢ sinh(§) sin(n), z2=( (C.1)

where ¢ = 2/ sinh(no) sets the half angle of the cone minor-axis and 7 is a parameter controlling the Aspect Ratio (AR) of
the cone, 1o = atanh(1/AR).

In terms of the elliptic confocal coordinates, the instantaneous position vector is expressed as

7 = ¢ cosh(€)cos(n) i 4 ¢ sinh(¢)sin(n) j+ z k (C.2)

and the unit elliptic confocal vectors is expressed in terms of the Cartesian unit vector ('Z,j, l;:) as

sinh(€) cos(n)z + cosh(&) sin(n)] cosh(&) sin(n)z + sinh(€) cos(n)J

T = y=— z

V/ (sinh?(€) + sin® (1)) V/(sinh?(€) + sin® (1))

I
T
—~
Q
=

Substituting the above transformation in the generalized BiGlobal equations leads to
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C.1 Linearised continuity equation in elliptic confoal coordinates
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C.2

Linearized momentum equation along the ¢-direction in elliptic
confocal coordinates
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The equations along the other two transformed spatial directions can be obtained in an analogous manner.
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C.3 Linearized energy equation in elliptic confocal coordinates
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