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1. Introduction 

Past work has focused on guided munition dynamic modeling and control at lower 

altitude, with constant atmospheric conditions. Some guided munitions are limited 

in control authority. As a result, existing control methods use the munition flight 

dynamics to nudge the munition throughout flight toward a target, azimuth angle, 

impact velocity, or maximal range (Fresconi 2011; Fresconi et al. 2015). The 

impact point predictor (Cooper et al. 2012) solves for time-to-go by assuming 

constant aerodynamic and atmospheric conditions. It then calculates a ballistic 

estimate of the impact point to determine the best time to transition from gliding to 

terminal guidance. For terminal guidance, the Generalized Vector Explicit 

Guidance (GENEX) law has been developed. GENEX improves miss distance by 

customizing design cost functions (Ohlmeyer and Phillips 2006) to balance miss 

distance against impact angle requirements.  

Past work has also eliminated phugoid oscillations in shuttle and other entry 

vehicles (Lu et al. 2013; Lu 2014). An equilibrium glide command is performed 

based on the first-order solution of the vertical plane motion for reentry. 

Eliminating the trajectory oscillations successfully decreased the heating rate, load 

factor, and dynamic pressure, which would spike due to the trajectory oscillation 

motion. Existing literature does not discuss quasi-equilibrium glide or damping the 

phugoid in high-altitude flight for guided munitions.  

The goal of this report is to develop quasi-equilibrium glide commands in the 

guided munitions to smooth dynamic loading and heating conditions and to 

improve target miss distance. Additionally, quasi-equilibrium glide commands alter 

the time-of-fight to enable multiple munitions to be shot out of the same gun with 

the same arrival time. The change in atmospheric conditions and reduced air density 

cause the phugoid oscillations. The maximum altitude at which sufficient control 

authority exists for equilibrium glide is calculated. The contribution of this report 

is a guided munition glide and terminal guidance algorithm that smooths heating 

and dynamic loading, reduces miss distance, and enables multiple rounds to be 

delivered simultaneously to the target from the same gun. The report is organized 

as follows: in Section 2, the governing equations are introduced; in Section 3, the 

GENEX baseline glide and terminal guidance algorithm is discussed. Section 4 

discusses the maximum glide height.  Section 5 details trajectory shaping. The 

evaluation is in Section 6, and Section 7 concludes the report.  
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2. Governing Equations 

The munition dynamics are modeled using the point mass model (Fresconi 2011; 

McCoy 2012; Fresconi et al. 2015). The states are positions and velocities oriented 

north (toward the target), east and down as shown: 

 𝑋 = [𝑥, 𝑦, 𝑧, 𝑥 ̇ , 𝑦̇, 𝑧̇]𝑇. (1) 

The spherical earth model is used, and z is then the height minus the earth’s radius. 

The point mass dynamic equations are as shown in Eqs. 2–5, 

 𝐶𝐷̂ =
1

8𝑚
𝜌𝜋𝐷2𝐶𝐷, (2) 

 𝑥̈ = −𝐶𝐷̂ 𝑉𝑥̇ +
𝐿𝑥+𝑇𝑥

𝑚
− 𝑔⃑ + 2𝑣⃑𝑇 × 𝜔⃑⃑⃑𝐸, (3) 

 𝑦̈ = −𝐶𝐷̂𝑉 𝑦̇ +
𝐿𝑦+𝑇𝑦   

𝑚
− 𝑔⃑ + 2𝑣⃑𝑇 × 𝜔⃑⃑⃑𝐸, (4) 

 𝑧̈ =  −𝐶𝐷̂ 𝑉𝑧̇ +
𝐿𝑧+𝑇𝑧

𝑚
− 𝑔⃑ + 2𝑣⃑𝑇 × 𝜔⃑⃑⃑𝐸, (5) 

where 𝐶𝐷 is the aerodynamic drag coefficient, 𝑉 is the total munition velocity, m is 

the munition mass, D is the munition diameter, 𝜌 is the atmospheric pressure, 𝐿𝑖 is 

the lift in the i = x, y, z directions, 𝑇𝑖 is the thrust in the i = x, y, z directions, 𝑔⃑ is 

the acceleration due to gravity, 𝑣𝑇 = [𝑥̇ 𝑦̇ 𝑧̇]𝑇, and 𝜔⃑⃑⃑𝐸 is the Earth’s rotation 

rate. A spherical earth model is used. The 1976 standard atmosphere array is used.  

A simplified theoretical analysis was employed to estimate the aerodynamic 

heating of the munition during flight. As derived by Allen and Eggers (1953), and 

outlined by Jerger (1960) and Fleeman (2012), the heat transfer coefficient for a 

given nose tip bluntness at stagnation and temperature gradient at the nose were 

computed using Eqs. 6–13. The analysis assumes 1-D conduction heat transfer, a 

laminar boundary layer at the nose, stagnation heating, and negligible radiation.  

 𝑇𝑅𝑠𝑡𝑎𝑔
= 𝑇0 (1 +

𝛾−1

2
𝑀2), 𝛾 = 1.4, (6) 

 𝜇𝑎𝑖𝑟𝑠𝑡𝑎𝑔
= 1.147 × 10−6 (

708

(𝑇𝑅𝑠𝑡𝑎𝑔+216)
 ∙ (

𝑇𝑅𝑠𝑡𝑎𝑔

492
)

3
2⁄

), (7) 

 𝑘𝑎𝑖𝑟𝑠𝑡𝑎𝑔
= 3.58 × 10−6 (

717

(𝑇𝑅𝑠𝑡𝑎𝑔+225)
 ∙ (

𝑇𝑅𝑠𝑡𝑎𝑔

492
)

3
2⁄

), (8) 

 𝑃𝑟 =
𝑐𝑝∙𝜇𝑎𝑖𝑟𝑠𝑡𝑎𝑔

𝑘𝑎𝑖𝑟𝑠𝑡𝑎𝑔

, (9) 
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 𝑅𝑒𝑑𝑁𝑜𝑠𝑒
=

𝜌0𝑉0𝑑𝑁𝑜𝑠𝑒

𝜇𝑎𝑖𝑟𝑠𝑡𝑎𝑔

, (10) 

 𝑁𝑁𝑈 = 1.321 ∙ 𝑅𝑒𝑑𝑁𝑜𝑠𝑒

0.5 ∙ 𝑃𝑟
0.4, (11) 

 ℎ𝑟 = 𝑁𝑁𝑈 ∙
𝑘𝑎𝑖𝑟𝑠𝑡𝑎𝑔

𝑑𝑁𝑜𝑠𝑒
, (12) 

 
𝑑𝑇

𝑑𝑡
=

ℎ𝑟∙(𝑇𝑅𝑠𝑡𝑎𝑔−𝑇0)

𝑐𝑠𝑡𝑟𝑢𝑐𝑡∙𝜌𝑠𝑡𝑟𝑢𝑐𝑡∙𝑧𝑠𝑡𝑟𝑢𝑐𝑡
, (13) 

where 𝑇𝑅𝑠𝑡𝑎𝑔
 (°R) is the stagnation recovery temperature, or the temperature of the 

boundary layer at the nose surface, and 𝑇0 is the temperature at sea level. 𝜇𝑎𝑖𝑟𝑠𝑡𝑎𝑔
 

(lb/s·ft) is the viscosity of the air at the nose surface. 𝑘𝑎𝑖𝑟𝑠𝑡𝑎𝑔
 (BTU/s·ft·°R) is the 

conductivity of the air at the nose surface. 𝑃𝑟 is the Prandtl number, where 𝑐𝑝 

(BTU/lb·°R) is the constant specific heat of air. 𝑅𝑒𝑑𝑁𝑜𝑠𝑒
 is the Reynolds number 

based on the nose tip diameter, 𝑑𝑁𝑜𝑠𝑒 (ft), 𝜌0 is the freestream air density, and 𝑉0 

is the freestream velocity. As derived by Allen and Eggers (1953), 𝑁𝑁𝑈 is the 

Nusselt number of a laminar boundary layer over a blunt nose, and ℎ𝑟 

(BTU/ft2·s·°R) is the convection heat transfer coefficient of a blunt nose. The 

temperature gradient at the nose, 
𝑑𝑇

𝑑𝑡
, is estimated based on the specific heat,  

𝑐𝑠𝑡𝑟𝑢𝑐𝑡 (BTU/lb·°R), density, 𝜌𝑠𝑡𝑟𝑢𝑐𝑡(lb/ft3), and thickness, 𝑧𝑠𝑡𝑟𝑢𝑐𝑡 (ft), of the 

airframe structure, respectively.  

The temperature of the nose can be estimated based on the prediction of the heat 

transfer coefficient throughout flight. The heat transfer coefficient at the nose is 

updated throughout the flight trajectory and is used to compute the temperature 

gradient. An aluminum alloy skin without external insulation of 0.2 inches was used 

for the airframe structure. The aluminum skin was modeled as a thermally thin 

surface, exhibiting high heat transfer, where the temperature is constant through the 

thickness of the surface. The temperature gradient (Eq. 13) is based on the method 

from Jerger (1960) for a thermally thin airframe structure with “nearly perfect” 

insulation behind the airframe (i.e., adiabatic wall). The radiation from the airframe 

surface is also assumed negligible (Allen and Eggers 1953; Jerger 1960; Hale 1994; 

Fleeman 2012). 

3. GENEX: Baseline Glide and Terminal Guidance  

The baseline guidance commands are earth-fixed GENEX commands (Ohlmeyer 

and Phillips 2006). The munition is an indirect fire and is shot ballistically. At 

apogee, the munition is commanded to glide. The traditional gliding commands use 

GENEX and are given in earth acceleration x, y, z and are later transformed into 
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the body frame (Fresconi 2011). The earth-fixed GENEX commands are explained 

in detail by Ohlmeyer and Phillips (2006) and are also shown in Eqs. 14–27. The 

guidance is based on the difference between the target and the munition position 

and velocity. 

 𝑟𝑥 = 𝑥𝑇 − 𝑥, (14) 

 𝑟𝑦 = 𝑦𝑇 − 𝑦, (15) 

 𝑟𝑧 = 𝑧𝑇 − 𝑧, (16) 

 𝑟̇𝑥 = 𝑥̇𝑇 − 𝑥̇, (17) 

 𝑟̇𝑦 = 𝑦̇𝑇 − 𝑦̇, (18) 

 𝑟̇𝑧 = 𝑧̇𝑇 − 𝑧̇, (19) 

where the target position and velocity states in the earth frame are 

[𝑥𝑇 𝑦𝑇 𝑧𝑇 𝑥̇𝑇 𝑦̇𝑇 𝑧̇
𝑇]

𝑇
. The resulting radii are calculated and guidance 

gains are calculated,  

 𝑟𝑥𝑦𝑧 = √𝑟𝑥
2 + 𝑟𝑦

2 + 𝑟𝑧
2, (20) 

 𝑟̇𝑥𝑦𝑧 =
𝑟𝑥𝑟𝑥̇+𝑟𝑦𝑟̇𝑦+𝑟𝑧𝑟̇𝑧

𝑟𝑥𝑦𝑧
, (21) 

 𝐾1 = (𝑛 + 2)(𝑛 + 3), (22) 

 𝐾2 =  −(𝑛 + 1)(𝑛 + 2), (23) 

where n is the desired cost function guidance gain (and is set to 0 in this analysis). 

The normalized velocity, 𝑣, desired final velocity vector, 𝑣𝐹, and normalized 

radius, 𝑟, are computed as shown, 

 𝑣 =
[𝑥̇ 𝑦̇ 𝑧̇]

|𝑟̇𝑥𝑦𝑧|
, (24) 

 𝑣𝐹 = −
[1/tan (𝐴𝑂𝐹) 0 1]

√(
1

tan(AOF)
)

2
+1,

 (25) 

 𝑟 =
[𝑟𝑥 𝑟𝑦 𝑟𝑧]

𝑟𝑥𝑦𝑧
, (26) 

where AOF is the desired angle-of-fall in radians. The command in earth 

coordinates is then as shown, 
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 𝑢 = − (
−(𝑟̇𝑥𝑦𝑧)

2

𝑟𝑥𝑦𝑧
(𝐾1(𝑟 − 𝑣) + 𝐾2(𝑣 − 𝑣𝐹))), (27) 

 𝑎𝑥𝑒 = 𝑢(1), (28) 

 𝑎𝑦𝑒 = 𝑢(2), (29) 

 𝑎𝑧𝑒 = 𝑢(3) − 𝑔. (30) 

The command is converted into munition body coordinates using the 

transformation matrix 𝑇𝐸2𝑉. The final body commands, [𝑎𝑥𝑣 𝑎𝑦𝑣 𝑎𝑧𝑣]𝑇, are 

only applied to the axial and vertical axes, 

 𝐿 = 𝑇𝐸2𝑉 [

𝑎𝑥𝑒

𝑎𝑦𝑒

𝑎𝑧𝑒

]. (31) 

For GENEX glide commands the focus is to have a large gain on the vertical up 

direction in order to extend range. GENEX glide commands are used to ensure 

cross range is kept to a minimum. The x command is left uncontrolled in order to 

maximize downrange, 

 [

𝑎𝑥𝑣

𝑎𝑦𝑣

𝑎𝑧𝑣

] = [

0
𝐿(2)

𝐿(3)
]. (32) 

And for guide-to-hit terminal commands, the x command is based on the target 

location and is as shown, 

 [

𝑎𝑥𝑣

𝑎𝑦𝑣

𝑎𝑧𝑣

] = 𝐿. (33) 

4. Maximum Glide Height 

The reason for the trajectory oscillations is the change in atmosphere at higher 

altitudes. The change in atmosphere affects the munition’s control, and at higher 

altitudes, there is less air to provide lift to the control surfaces. The munition will 

therefore be unable to perform a quasi-equilibrium glide above a certain altitude. 

The maximum glide height is calculated by balancing the forces on the munition as 

illustrated in Fig. 1 and as shown in Eq. 34,  

 𝑊 + 𝐷𝐹 sin 𝜃 ≥ 𝐿 cos 𝜃, (34) 
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 𝑚𝑔 +
1

2

𝜋

4
𝜌𝑉2𝐷2𝐶𝐷 sin 𝜃 ≥

1

2

𝜋

4
𝜌𝑉2𝐷2𝐶𝐿 cos 𝜃, (35) 

where 𝜃 is the pitch angle, D is the diameter, 𝐶𝐷 is the drag coefficient, 𝐶𝐿 is the 

lift coefficient, and 𝜌 is the air density. The air density is solved for and used to 

calculate the maximum glide height in the atmospheric model look-up table. Next, 

the trajectory-shaping command necessary to glide at the maximum glide height is 

explained. 

 

Fig. 1 Munition free body diagram where L is the lift, 𝑫𝑭 is drag force, 𝑽 is the total free 

stream velocity, and W is weight. The lift is required to be sufficient such that the munition 

can sustain semi-level flight. 

5. Trajectory Shaping 

The trajectory shaping was first developed for quasi-equilibrium glide in entry 

vehicles (Lu 2014). The flight path angle, 𝛾, is defined using a spherical earth model  

 𝑟̇ = 𝑉 sin 𝛾,  (36) 

in which 𝑟̇ is the change in radius from the Earth’s center. The desired glide flight 

path angle, 𝛾𝑄𝐸𝐺𝐶, is calculated as shown and is fed into the desired altitude rate, 

ℎ̇𝑄𝐸𝐺𝐶 . The desired altitude rate is then used to calculate the desired command in 

the z direction, 𝑎𝑧𝑒, 

 𝛾𝑄𝐸𝐺𝐶 =
(𝑉2+𝐿)

𝑉2

2
Β𝑟(

𝐶𝐷
𝐶𝐿

),
 (37) 

 ℎ̇𝑄𝐸𝐺𝐶 = 𝑉 sin 𝛾𝑄𝐸𝐺𝐶, (38) 

 𝑎𝑧𝑒 = 𝐿 − 𝑘(ℎ̇ − ℎ̇𝑄𝐸𝐺𝐶), (39) 

where (
∂ρ

∂r
) /ρ = Β𝑟 ≈ −900 and the equatorial radius of the Earth is 𝑅0 =

6,378,135 𝑚, L is the lift, k = 20 is the gain, and 𝐶𝐷 and 𝐶𝐿 are the drag and lift 

coefficients.  



 

7 

6. Evaluation 

Evaluation was performed on a long-range munition (Strohm 2019). The example 

munition parameters are shown in Table 1. Two cases were run. The first case was 

run for maximum range, and the second case was a guide-to-hit for a target located 

at 130 km. Two trajectory-shaping guidance methods were evaluated along with 

the baseline GENEX glide, and all methods used GENEX as the guide-to-hit 

terminal guidance. Trajectory shaping needed to be commanded within a 

percentage of the optimum glide height to ensure that the munition achieved the 

optimum glide height. Both trajectory-shaping glide commands were triggered at 

65% of the glide height. The 65% decision was developed from a sensitivity study 

(not shown) for maximum range. The trade-off was made between flying in at 

higher altitude, which is good for range, and gaining controllability earlier, which 

is also good for range. In pre-apogee trajectory shaping, glide was allowed to occur 

anytime from the beginning of flight once the minimum height was reached. For 

post-apogee trajectory shaping, trajectory shaping could occur after apogee while 

vertical acceleration was upward. This is because once the munition is 

uncontrollable at a high altitude, the munition will come down below the optimum 

glide height. It will then be commanded to fly up to the optimum glide height. Initial 

conditions were optimized for either max range or guide-to-hit using Newton’s 

method. The optimization is not unique as the problem is not concave. The 

optimization results yielded a quadrant elevation (QE) of 65° for guide-to-hit with 

a target at 130 km. For maximal range, the QE was 54° for baseline and for post-

apogee trajectory shaping. For pre-apogee trajectory shaping, the QE was 61.8°.  

Table 1 Long-range precision fires tactical parameters 

Parameter Value 

Munition diameter (mm) 105 

Munition length (m) 1.05 

Initial flight mass (kg) 27.3114 

Muzzle velocity (m/s) 1,416.2 

QE (degrees) 70.0 

Rocket engine start time (s) 10 

Rocket engine total burn time (s) 7.7681 

Rocket engine first stage thrust (N) 559.2 
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6.1 Maximal Range Results 

Example results are as shown in Fig. 2. For comparison, the baseline gliding for 

maximal range trajectory (GENEX) is shown. Trajectory oscillation-cancellation is 

shown at various altitudes. The varying ranges due to gliding altitude show that 

atmospheric density affects maximal downrange performance. Trajectory 

oscillation reduction maneuvers begin at altitude in order to increase range. The 

trajectory oscillation motion occurs because the munition cannot control at too high 

of an altitude and begins to a motion in which it bounces off of the atmosphere and 

back into a lower atmosphere. An equilibrium glide is commanded at 20,000 m 

based on the free-body diagram. The highest equilibrium glide possible produced 

the greatest range. A Monte Carlo of 100 simulations was run with varying 

aerodynamic tables and initial conditions as shown in Table 2.  

 

 

Fig. 2 Height vs. downrange spherical earth. Demonstrates equivalent maximum range 

among trajectory shaping and baseline GENEX gliding maneuvers. 
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Table 2 Monte Carlo simulation uncertainty parameters 1 standard deviation 

Parameter Uncertainty 

Velocity  (m/s) 3 

Pointing angle error (degrees) 0.28125 

Atmospheric density (%) 0.5 

Wind (m/s) 10 

Aerodynamic (%) 3 

Engine (%) 2 

Thrust misalignment (degrees) 0.1 

 

The results are plotted on top of each other in Fig. 2. The baseline uses GENEX 

glide commands starting at apogee. Pre-apogee trajectory shaping begins to adjust 

the trajectory into equilibrium glide at optimum glide height beginning at 65% of 

optimum glide height. Post-apogee trajectory shaping adjusts the trajectory to 

equilibrium glide beginning at 65% of optimum glide height beginning after 

apogee. Trajectory shaping reduces time-to-range. Figure 3 shows that jumps in 

velocity are reduced using trajectory shaping. Impact velocity for max range glide 

is about the same. The increase in velocity at 10 s is due to the rocket motor being 

turned on. Figure 4 shows the dynamic pressure. Dynamic pressure loading is 

decreased with pre-apogee trajectory shaping, that is turning the control on before 

apogee, when the control is typically turned on. Figure 5 shows the effect of the 

heat transfer coefficient and its integral to show the effect of heat transfer over time. 

Stress points decrease with trajectory shaping. At first, the area under the curve is 

higher due to flying in denser atmosphere, but the final area under the curve is 

equivalent due to lower time-of-flight in trajectory-shaped flights. Figure 6 shows 

the heat flux. In order to reduce heat flux at the first skip into the atmosphere, the 

shaping needs to begin before the first apogee. Figure 7 shows the temperature at 

the nose. The temperature at the nose is initially higher with trajectory shaping due 

to flying at denser atmosphere. By the end of flight, temperature decreases and 

could be beneficial for longer flights to reduce heating. Figure 8 shows the 

downrange dispersion for maximal glide commands. The maximal downrange is 

similar for trajectory shaping and baseline methods. Finally, impact velocity for 

maximal glide is shown in Fig. 9. Impact velocity for maximal glide is equivalent. 

Next, the terminal guidance results will be shown.  
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Fig. 3 Gliding velocity is equivalent among gliding trajectories 

 

Fig. 4 Gliding dynamic pressure 
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Fig. 5 Gliding heat transfer coefficient and area under the curve 

 

Fig. 6 Gliding heat flux 
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Fig. 7 Temperature at the nose where the initial temperature, 𝑻𝟎, is 288.15 K in accordance 

with the 1976 Standard Atmosphere model 

 

Fig. 8 Downrange for maximal glide commands 
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Fig. 9 Impact velocity. Maximizing for downrange produces similar impact velocity. 

6.2 Terminal Guidance 

Two terminal guidance scenarios were run. In the first scenario, the target was 

placed at 130 km, and in the second scenario, a 30% rocket was available. The 

transition to endgame is based on a modified version of the impact point predictor. 

The impact point predictor (Fresconi et al. 2015) uses the closed-form aerodynamic 

equations, which assume a ballistic flight with constant atmospheric and drag 

conditions. At high altitude, constant assumptions are violated, making the standard 

impact point predictor unable to determine the best time to transition to endgame. 

In order to enforce the closed-form constraints, an additional requirement is placed 

on the impact point predictor. A heuristically determined range requirement was 

added in order to ensure that the impact point predictor closed-form solution 

assumptions are met. 

 |𝑥𝑇 − 𝑥| <
𝑥𝑇

8
, (40) 

where 𝑥𝑇 is the target downrange and x is the munition downrange. The desired 

terminal angle of fall is set to 80° in order to increase terminal effects. In pre-apogee 

trajectory shaping, the munition maximum height is decreased. This allows the 

munition to gain control sooner and not be required to go as low in the atmosphere 

at the first perigee. The result is more control to enable a quasi-equilibrium glide at 

a higher optimum atmosphere. Figure 10 shows the height versus downrange 

spherical earth for the worst-case scenario in which the target is placed in a position 
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of the phugoid that is unreachable using the baseline glide method. The baseline 

uses GENEX glide commands starting at apogee. A pre-apogee trajectory-shaping 

command begins to shape the trajectory into equilibrium glide at optimum glide 

height beginning at 65% of optimum glide height. A post-apogee trajectory-shaping 

command shapes the trajectory to equilibrium glide beginning at 65% of optimum 

glide height beginning after apogee. Figure 11 shows the velocity. Jumps in 

velocity are reduced using trajectory shaping. The final impact velocity is the same. 

The increase in velocity at 10 s is due to the rocket motor being turned on. Figure 12 

shows the dynamic pressure. Dynamic pressure loading is decreased with pre-

apogee trajectory shaping, in which trajectory shaping is turned on immediately. 

Figure 13 shows the heat transfer coefficient. The maximal heat transfer is less with 

trajectory shaping. The final area under the curve is slightly less using pre-apogee 

trajectory shaping. Note the change in time-of-flight from pre-apogee trajectory 

shaping compared with the baseline. Figure 14 shows the heat flux over time-of-

flight. In order to reduce heat flux at the first skip into the atmosphere, the shaping 

needs to begin before the first apogee with the same trend as in the maximal range 

plot. Temperature at the nose is shown in Figure 15. Temperature at the nose is 

initially higher with trajectory shaping due to flying at a denser atmosphere and a 

faster time-of-flight. Figure 16 shows range error. Trajectory shaping, especially 

pre-apogee trajectory shaping, significantly decreases the dispersion. Figure 17 

shows the impact velocity. Impact velocities are similar and slightly higher in the 

baseline, although the baseline frequently missed the target. There is a significant 

difference in time-of-flight based on glide method. This could allow multiple 

munitions to be shot from the same gun. 

 

Fig. 10 Height vs. downrange spherical earth for worst-case terminal guidance 
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Fig. 11 Velocity 

 

Fig. 12 Terminal guidance dynamic pressure 
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Fig. 13 Heat transfer coefficient 

 

Fig. 14 Terminal guidance heat flux 
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Fig. 15 Temperature at the nose 

 

Fig. 16 Downrange error from target in kilometers 
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Fig. 17 Impact velocity 

In the next scenario, the rocket motor is increased to 50%, and the target is placed 

at 300 km. The purpose of this trajectory is to show the capabilities of the trajectory 

shaping with a target up to 300 km. Higher speed and longer time-of-flight 

conclusions could be different, and the purpose of this report is to show the 

capabilities of trajectory shaping. Baseline and pre-apogee trajectory shaping 

scenarios are run. In this flight, only 1 phugoid oscillation had time to take place. 

As a result, post-apogee trajectory shaping did not have time to diverge from the 

baseline, so it is omitted. In a longer flight with multiple oscillations, the post-

apogee trajectory shaping would diverge from the baseline. Figure 18 shows the 

munition height versus downrange trajectory, which shows an equilibrium glide at 

about 20 km. This enables gliding at a higher atmosphere. The result is that the 

munition does not fall short, can have a steeper angle of descent, and has an 

increased impact velocity. Figure 19 shows velocity over time-of-flight. Figure 20 

shows the dynamic pressure. The dynamic pressure is increased due to less time at 

very high altitudes, in which the low air density lowers the dynamic pressure. 

Figure 21 shows the heat transfer coefficient and area under the curve are 

comparable with and without trajectory shaping. However, the lower time-of-flight 

can reduce the area under the curve despite the increase in heat transfer coefficient 

at the end of flight. Figure 22 shows heat flux. The heat flux is highest at launch for 

both trajectories. The most stressful time in flight is at the lowest atmospheric point. 

Because the trajectory-shaped munition does not reach as low of an atmosphere, 

the heat flux peak (around 200 s) is lower. Figure 23 shows temperature at the nose. 
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The temperature at the nose is comparable between the baseline and shaped 

trajectories. The shaped trajectories sometimes have a higher temperature due to 

spending more time at a lower atmosphere (higher air density). The main 

contribution to temperature at the nose are velocity and height (or air density).  

 

Fig. 18 Munition height vs. downrange trajectory shows an equilibrium glide at about 

20 km  

 

Fig. 19 Velocity over time-of-flight shows a similar decrease in velocity over time 
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Fig. 20 Increased rocket motor terminal guidance dynamic pressure 

 

Fig. 21 Increased rocket motor terminal guidance heat transfer coefficient and area under 

the curve 
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Fig. 22 Increased rocket motor terminal guidance heat flux 

 

Fig. 23 Increased rocket motor terminal guidance temperature at the nose 

This is a worst-case scenario in which the target is located in such a part of the 

phugoid motion that the baseline glide cannot guide to it. If the target location were 

initially known, then the initial conditions would have been changed such that 

terminal guidance would not fly past the target in this manner. The scenario 

illustrates the effect of the phugoid motion on an imperfect target location.  
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Figure 24 shows range error. The range error is significantly decreased from a mean 

of –8.857 km (standard deviation 8.120 km) to a mean of –1.171 km (standard 

deviation 3.831) using trajectory shaping, and the munition no longer falls short. 

Without trajectory shaping, more of the munitions fall short of desired range. 

Trajectory shaping enables more rounds to be delivered to the desired range and 

target. The impact velocity is shown in Fig. 25. The impact velocity is increased 

from a mean of 147.4 m/s (34.40 m/s standard deviation) to 230.6 m/s (57.88 m/s 

standard deviation). Trajectory shaping can also decrease time-of-flight. This 

demonstrates the effect of a worst-case, imperfectly located target on the baseline 

glide, which lacks the flexibility to guide-to-target during certain points of the 

trajectory due to the phugoid oscillation. This issue is mitigated by trajectory 

shaping at a quasi-equilibrium glide and shows that trajectory shaping gives 

flexibility for imperfectly located targets. For longer time-of-flight trajectories, the 

results of altered time-of-flight could prove useful. This is an area of future 

research. Impact velocity can be increased by using trajectory shaping and guiding 

to desired range. 

 

Fig. 24 Range error for a worst-case initialization in which the target is imperfectly located 

and the quadrant elevation is not optimized, and trajectories beyond 300 km are cut off and 

not plotted 
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Fig. 25 Impact velocity for worst-case target placement 

7. Conclusion 

In this report, the phugoid motion in munitions is eliminated by gliding in a quasi-

equilibrium glide. By gliding at an optimum height, range error is decreased and 

impact velocity is increased. Monte Carlo simulations for example scenarios are 

shown for maximal range and terminal guidance scenarios. Transition from glide 

to terminal guidance is determined using the impact point predictor incremented 

with a range-to-go constraint for varied atmospheric flight. The phugoid motion 

results in unachievable target locations. To demonstrate the ability to hit 

imperfectly located targets, a Monte Carlo of a specific, worst-case target 

placement scenario is shown. In this worst-case scenario, impact velocity is 

improved by 56.47%, and range error is decreased by 86.78% over baseline gliding 

methods. Additionally, the time-of-flight is decreased using trajectory shaping. As 

a result, future research will focus on allowing multiple, simultaneous munitions to 

be delivered from the same weapon.  
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