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ABSTRACT

The free electron laser (FEL) is a new generation of laser whose development motivates
further research in basic and applied physics. Unlike a conventional laser that uses a gas
or solid state gain medium, the FEL gain medium is a relativistic electron beam produced
by a particle accelerator. This thesis will explore electron beam dynamics in an FEL,
including the beam envelope equation, which will help us understand the evolution of
electron betatron motion in the undulator. Dipole magnets, quadrupoles, and solenoids
play important roles in transporting and focusing in an FEL beamline. The dipole
magnets redirect the electron beam to a beam dump or recirculate the electrons for energy
recovery. The quadrupoles and solenoids collimate and focus the electron beam.

Simulations and theory are used to model and study a simple FEL beamline.
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l. INTRODUCTION

Compared to conventional lasers, the free electron laser (FEL) is a new generation
of laser developed in the mid-1970s by John Madey. Its development not only motivates
further research in basic and applied physics (such as accelerator physics), but also

broadens the horizon of laser applications in science, medicine, industry, military, etc.

For a traditional laser, the gain medium, pumping mechanism and resonant cavity
are the key components. Once the electrons of the gain medium interact with the
pumping mechanism, they will be elevated from the ground state to a higher energy
(excited) state. The electrons in the excited state then will fall back to the ground state,
emitting photons in a process called “spontaneous emission.” Stimulated emission occurs
when the excited electrons emit in the presence of photons. Net light amplification can
occur when there are more electrons in the excited state than the lower energy state, a
condition called “population inversion.” A resonant cavity has mirrors at both ends
whose function is to reflect and outcouple the light. One of the mirrors is highly reflective,
and the other is partially transparent. The photons generated by spontaneous, or
stimulated emission, travel back and forth between the mirrors, which creates more
chances to interact with other excited state electrons yielding more and more photons in
the cavity. A laser beam is produced as a portion of this amplified light escapes from the

partially transparent mirror [1].

In an FEL, a highly-relativistic free electron beam generated by and accelerated
from an electron gun and a radio frequency accelerator, respectively, passes through an
array of alternating magnets called an undulator. The magnetic fields in the undulator
cause the electrons to wiggle and emit photons (spontaneous emission). The function of
the optical resonator in an FEL is the same as in a traditional laser, which is to store the
photons, provide feedback for stimulated emission, and outcouple the laser beam. The
reflected photons interact with the wiggling electrons to produce more light via
stimulated emission. The wavelength of FEL radiation depends on the period and
strength of the magnetic field in the undulator and the energy of the electrons. By varying

any, or all of, these parameters, the wavelength of the laser beam is continuously tunable
1



over a broad spectrum. Tunable wavelength is an attractive attribute for many FEL

applications [2].

The concept of utilizing an FEL as a shipboard weapon brought attention from the
United States Navy several decades ago. One of the advantages of an FEL weapon is the
energy delivery speed. It can destroy or disable surface and air threats at ranges of ~5
kilometers, delivering the energy at the speed of light. The low cost per shot is another
advantage of an FEL over conventional weapons. The cost is only a few dollars for a ~5s
FEL engagement. Moreover, an FEL provides a naval ship with a deep magazine. A
naval surface ship only can carry and store a finite number of missiles in the launcher and
magazine. On the contrary, an FEL is limited only by the amount of power that a ship can

provide [2].

In Chapter 11, we introduce two types of FELS, an oscillator and an amplifier, as
well as their key components. Then, we also discuss the FEL theory which contains the
electron equations of motion, pendulum equation, and resonance condition. Electron
motion is further explored, including betatron motion in the undulator, focusing by
solenoids and quadrupole magnets, bending by dipole magnets, and the beam envelope

equation.

Chapter 111 demonstrates the results of simulations for electron motion passing
through dipole magnets, solenoids, quadrupole magnets, and an undulator. In addition, a
simulation of the beam envelope shows the evolution of an electron beam through a

simple beamline.

Chapter 1V summarizes the results found in the present study and suggests future

work.



Il.  FREE ELECTRON LASER OVERVIEW

A. CONFIGURATIONS AND COMPONENTS OF FELs

The oscillator and amplifier are two configurations of an FEL; both types contain
an injector, a linear accelerator, an undulator, and a beam dump. Similar to a traditional
laser design, an oscillator configuration has an optical resonator consisting of mirrors at
both ends in which photons can bounce back and forth to produce more photons (Figure
1). In contrast to an oscillator, an amplifier configuration has no optical resonator. Instead,
a seed laser is amplified in a single pass through a longer undulator to generate the laser

beam. The following discussion describes the major components of an FEL.

RF accelerator cavities

cathode

injector

bending magnets

electron beam
undulatorf
o e ey )

resonator mirror

Figure 1. FEL oscillator configuration. The red line indicates the electrons’ path starting
from the injector to the resonator via the accelerator. Blue wedges are bending
magnets used to redirect the electron beam. Alternating magnets in the undulator
(green arrows) cause the electrons to wiggle and emit photons, which are stored in
the resonator between the mirrors (blue). In the FEL amplifier configuration (not
shown in the figure), a seed laser is amplified over a single pass through a longer
undulator without the use of a resonator. From [3].



1. Injector

The source of the free electrons in an FEL is an injector (also called an electron
gun). An injector consists of a cathode and an anode with a high voltage across them. By
either the thermionic or photoelectric effect, electrons can overcome the work function of
the material and escape from the cathode into vacuum. An accelerating cavity in the

injector may increase the electrons’ energy up to ~5 million electron volts (MeV).

2. Accelerator

The well-developed radio frequency linear accelerator (RF linac) is commonly
used in FELs. The RF linac consists of a series of cavities in which alternating electric
fields are stored at radio frequencies (typically ~300 MHz to ~1 GHz). The low energy
electrons (~5 MeV) from the injector passing through the alternating electric fields in the
cavities will be repeatedly accelerated to high energies (~100 MeV). The increase of
temperature in copper cavities due to the wall currents is an important issue. To reduce
wall losses, superconducting cavities made of niobium are immersed in liquid helium at

2-4 K. Figure 2 shows a niobium accelerator cavity.

Figure 2. A niobium accelerator cavity. The function of the accelerator cavity is to
increase electrons’ energy from low (~5 MeV) to high (~100 MeV) through the
alternating electric fields. From [4].

3. Undulator

After leaving the accelerator and entering an undulator, highly-relativistic free

electrons undergo two types of wiggling motion due to the transverse periodic magnetic
4



field of the alternating magnets. One type of motion is the fast wiggling motion in each
period and the other is the slow betatron motion over many periods. The fast wiggling
motion causes electrons to emit photons via spontaneous emission and facilitates
coupling between the electron beam and laser light. There are several types of undulators,
such as electromagnetic or permanent magnet undulators with helical or linear
polarizations. Permanent magnet undulators are now widely used because of their rigid
composition and strong magnetic fields. Figure 3 shows a sketch of linearly polarized

undulator.

Figure 3. Undulator. The alternating dipole magnet sets (red and green blocks) in an
undulator create a periodic magnetic field. The yellow zigzagged line is the

electron beam trajectory and the orange cones indicate emitted light. 4, is one
undulator period. After [5].

4, Resonator

An FEL oscillator has an optical resonator consisting of two mirrors enclosing the
undulator in order to store and amplify photons. One of the mirrors is highly reflective
and the other is partially transmitting. The amplified, coherent, and collimated light
generated by spontaneous and stimulated emission outcouples from the partially

transmitting mirror for further use.



B. FEL THEORY
1. Electron Equations of Motion

To understand FEL physics, the transverse and longitudinal motion of electrons in
an undulator is an essential topic. To begin the derivation of the electron equations of

motion, we first introduce the relativistic Lorentz force equations in cgs units that are

given by [2]
d(f) __e (= 5.5
= mC(E+p’ B), (2.1)
y=-— -, (22)
mc

where y =1//1- S is the Lorentz factor, g = v/ c is the electron relativistic velocity, m
is the electron mass, C is the speed of light, E is the electric field, and B is the magnetic
field. Equation (2.2) shows how the electric field can do work on the electrons, increasing

or decreasing their energy (ymc?).

Next, we need to determine the magnetic field in the undulator. As mentioned
previously, an undulator has either linear or helical polarizations whose magnetic fields
are respectively defined as

B, = B, [sin(k,z) cosh(k,Y) ¥ + cos(k,z) sinh(k,y)Z], (2.3)
B, = B, [cos(k,2)X+sin(k,2)¥], (2.4)

where subscripts | and h stand for linear and helical, B, is the magnetic field strength,
k, =27 14, is the undulator wave number, and 4, is the undulator period. Electrons

complete one wiggle period as they pass through one undulator period A,. Figure 4

shows the fields for a linear undulator where the alternating magnets face in the y
direction and electrons oscillate in the x direction as they propagate in the z direction.
Since the resulting equations of motion for a helical magnetic field in Equation (2.3) are
simpler than for a linear one in Equation (2.4), we will assume a helical undulator for the

following derivation.



BS
/ /

electron

Figure 4. Electric and magnetic fields for a linear undulator. An electron (red dot) starts
wiggling motion from the entrance of the undulator, the origin of the coordinate
system, travels along the z axis, and produces photons. B and Es are the
corresponding electric and magnetic fields. B, is the magnetic field in the
undulator. From [3].

The fast-wiggling electrons emit light with electric and magnetic fields given by
E, = E(cosyX—sinyy), (2.5)
B, = E(siny X +cosyy), (2.6)
where E is the electric field strength, v =kz—-wt+¢, k=27z/4 is the optical wave
number, A is the optical wavelength, @ = kc is the optical frequency, and ¢ is the optical

phase. Combining Equations (2.4), (2.5), and (2.6), the relativistic Lorentz force equation
in Equation (2.1) becomes

- _%{E (cosyX—siny §)+ B x| B, (cos(k,2)%+sin(k,2) )+ E (sin y/>?+cosw9)]},

and after expansion we obtain the electron’s transverse and longitudinal equations of

motion:
i(yﬁx)=—i[Ecosw(l—ﬂz)—ﬂzssin(koz)], (27)
(m)— —[-Esiny(1-4,) - B,Beos(k,2)]. (2.8)
—(7ﬂ)———{E(ﬁ cosy — 3, siny) + B[ B sin(k,2) B, cos(k,2) |} (2.9)

7



Because the relativistic electrons travel at approximately the speed of light, Equations

(2.7) and (2.8) can be solved by assuming that there is no light in the undulator (7 =0),

setting S, =1, and integrating with respect to time which yields

/%z—ﬁﬁmwﬂx (2.10)
Y
ﬁyz—EsmWﬂx (2.11)
4
/ﬁ-+ﬁ§2=j§;, (2.12)
y

where we define the dimensionless undulator parameter K =eB, 4, /2zmc? and B, is

the root-mean-square (rms) magnetic field of the undulator. The value of B, in the

helical undulator is equal to B, while the counterpart in the linear undulator is B, /2.

In addition, we ignored an integration constant in Equations (2.7) and (2.8) by assuming
that electrons are injected into the undulator to propagate along a perfect helical path.
Using z = ct and integrating again, we obtain the transverse position as a function of time
from Equations (2.10) and (2.11):
X(t) ~ ——sin(k,ct)  y(t) ~ ———cos(k.ct)
Koy Koy

~_ K4 sin(aw,t) z—%COS(CO t) (2.13)
0 0
2my 21y

where @, =K,C is the undulator angular frequency. Note that both relativistic electrons in

Equations (2.13) and the electric field of the light in Equation (2.5) have transverse
components. Therefore, some electrons move in the same direction as the electric field
and some electrons move in the opposite direction to the electric field. Since electrons
carry negative charges, the speeds of electrons moving in the same direction as the
electric field will decrease. On the other hand, the speeds of electrons moving in the
opposite direction to the electric field will increase. Increasing speeds of electrons means
they acquire energy and decreasing speeds of electrons means they lose energy to the
electric field. Thus, some electrons gain energy and some lose energy due to the random

distribution of electrons. This phenomenon of energy exchange causes electrons to bunch.

8



To understand energy exchange between the electrons and the electric field, we
can insert Equations (2.5), (2.10) and (2.11) into Equation (2.2) and get

dy . e K . K. N A A
—— =y =——-| ——cos(k,z)X——sin(k,z)Vy | E(coswX—sin
=7 mc[ p (ko2) p (o)y}[ (cosyX—siny )]

= ﬁcos(koz +y)
ymc

= ﬁcos(koz +kz — wt + @)
ymc

:ﬁcos(é”-q-@, (2.14)
ymc

where ¢ = (k, +k)z—at is the electron phase which represents the electron microscopic
position in an optical wavelength. If y is greater than zero, electrons increase energy and

if y is less than zero electrons lose energy.

2. Resonance

Based on the previous discussion, the fast-wiggling electrons in the undulator
moving in the same direction as the electric field lose energy and those moving in the
opposite direction to the electric field gain energy. Due to the speed difference between
the electron and photon, the photon will advance ahead of the electron a distance of one
wavelength A over one undulator period (Figure 5). This will result in optimum energy

exchange between the electrons and the light, a condition known as resonance.

VT Ry

Ao A

Figure 5. The electron-photon race. As the electron (red dot) completes one oscillation
(the orange path) in one undulator period 4,, a photon (blue) passes over the

electron, winning the “race” over the electron by a distance of one wavelength of
light 4. From [3].

9



The resonance condition is a significant concept of an FEL and can be expressed
mathematically as

[ijc:zom. (2.15)

v
Using S, =v/c and Equation (2.12), we can write the FEL resonance condition in a

more practical form as
L _Al-5,)
B,

éd%;ii, (2.16)

~
~

where g, =\/1—(1+ K®)/y* =1-(1+K?)/2y* by binomial expansion. Equation (2.16)
illustrates that the wavelength A of an FEL is tunable over a broad spectrum by adjusting

the undulator period 4,, the undulator parameter K, or the electron energy ymc®.

3. Pendulum Equation and Phase Space Evolution

To simplify the electron equations of motion, we first define the dimensionless

o

time 7 and an operator () to denote the derivative with respectto 7 :

r=ct/L, (2.17)
) _d0) L
L= “car

where L= N4, is the undulator length, which means that = goes from 0 to 1 over the

(2.18)

length of the undulator. The derivative of electron phase £ with respect to dimensionless
time 7 yields electron phase velocity v,

a¢
dr d
Ld
——|(k, +k)z— ot

= L[(k+k,) B, —k]. (2.19)

v=

10



Next, we take the derivative of electron phase velocity v with respect to dimensionless
time 7 again and get

° Ld
VZEE{L[(k+kO),BZ—k]}
_L(k+ky) dg,

T ¢ dt

_Lkd|1+K?
NTE{V}
_LINA)|  4m? (1+K?)y
R {%(HKZ)M Y’ }
L4zN .

~o AN (2.20)
c 7

where we assume k > k; near resonance and apply k = 4zy* / A,(1+ K?) from Equation
(2.16). The final step is to substitute » in Equation (2.14) into Equation (2.20) and we

can get the pendulum equation

v= g =|a|cos(¢ +¢), (2.21)
where |a| = 47NeKLE / y’mc? is the dimensionless optical field. The magnitude of the
dimensionless optical field |a| influences electron bunching. Weak fields occur when |a|

is less than 7, which causes weak electron bunching. On the other hand, |a| comparable

to or greater than 7 implies strong fields and strong electron bunching. The pendulum

equation describes the microscopic motion of electrons in terms of electron phase ¢ and

electron phase velocity v.

Electron phase space evolution in the undulator (Figure 6) can explain resonance.
Twenty sample electrons shown in red dots of Figure 6 are uniformly distributed in phase
¢ as they travel through the undulator. The phase velocity v and the electron phase ¢
represent electron energy and electron microscopic position in an optical wavelength
respectively. At resonance, electrons’ initial phase velocities are zero at the entrance of
the undulator. After entering the undulator, electrons begin fast-wiggling motion and
energy exchange with optical field. At the end of the undulator, half of the electrons’

11



phase velocities increase, which means electrons gain energy from the optical field. The
other half of the electrons’ phase velocities decrease, which means electrons lose energy
to the optical field. Although electron bunching occurs at resonance, total energy
exchange between the electrons and the optical field in the end is zero. In other words,

there is no optical gain.

electron beam

undulator
( e v e )
resonator irror
5 5
G
vl'l.l..ll..l.ll.l.ll. v -.
-
-
=
-5 =-5|
-n/2 o 3r/2 -n/2 L 3n/2
Figure 6. Electron phase space evolution at resonance (20 sample electrons). Red

arrowed line is the electron beam passing through the undulator. Bottom left
window shows initial phase velocity of each electron (red dot) is zero. Bottom
right window shows the final phase velocity and position of each electron (blue
dot). There is no net energy exchange between the electrons and the optical field
at resonance. From [3].

For achieving net gain, electrons transferring energy to the optical field should
outnumber those acquiring energy from the optical field. One method to achieve this
occasion is that electrons enter the undulator with higher energy or above resonance.
Figure 7 is an example of 200 sample electrons (blue dots) uniformly distributed in phase

¢ as they pass through the undulator. Different from Figure 6, electrons have higher

initial phase velocities since they carry higher energy at the entrance of the undulator.

Then, individual electrons will evolve in accordance with the pendulum equation in
12



Equation (2.21). The final electron positions in Figure 7 indicate that the total number of
electrons losing energy to the optical field is more than the number of electrons gaining

energy, so net gain occurs.

electron beam

undulator

( e )
resonator irror
5 5
v } v ' ;
-5 J -5 |
-n/2 = 3x/2 -n/2 g 3a/2
Figure 7. Electron phase space evolution above resonance (200 sample electrons). Red

arrowed line is the electron beam passing through the undulator. Bottom left
window shows each electron (blue dot) has higher initial phase velocity. Bottom
right window shows the final phase velocity and position of each electron (blue
dot). Above resonance, most of the electrons transfer energy to the optical field so
net gain occurs. From [3].

4. Betatron Motion

In this section, we will explore another electron motion in the undulator called
betatron motion caused by the transverse variation in the magnetic field of the undulator.
We begin the derivation by assuming that the electron is moving in a linear undulator
whose magnetic field is defined in Equation (2.3). Inserting Equation (2.3) into the
relativistic Lorentz equation, Equation (2.1), and neglecting forces due to light in the

undulator (7 =0) yields

13



ﬁ__[(ﬂsz ﬁsz)X 'BXBZy+ﬂXByZJ

From Equation (2.3), the x-component of Equation (2.22) can be written as

B=— ]

eBld

;/mc k—d—[cos(k z)cosh(k,y)].

Next, we integrate Equation (2.23) with respect to time and obtain

B, = k_e 2 cos(k,z) cosh(k,y) +C,

o/

(2.22)

(2.23)

(2.24)

where C is a constant. We assume that electrons are injected into the undulator to

propagate along a perfect sinusoidal path, which leads to C =0. Also, it is assumed that

k,y <1 so that the electrons remain near the undulator axis and cosh(k,y) ~1. With the

above assumptions and the previous definition of the dimensionless linear undulator

parameter K =¢€B, /(\/Ekomcz), Equation (2.24) is then simplified to

—eB
L

o/

/2K

cos(k,z)

cos(k,z)

4
~ V2K cos(k,,ct),
Y

where z = fSCt = ct. We can use Equation (2.26) and k, =27/ 4, to find x:

Vv, V2K

B, =—= ——cos(k ct)
v

_ﬁKc
Y

cos(k,ct)

J2Ke

o/

K
N2ry

~
~

sin(k,ct) + X,

sin(k,ct) + X,

14
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where X, is the initial displacement. We assumed that electrons inject into the undulator

perfectly, so X, =0. Therefore,

X~ — K sin(k,ct). (2.27)

27y

Equation (2.27) describes the fast wiggling motion of the electrons, with period 4, ~ few

centimeter and amplitude ~ 0.1 millimeter for a typical FEL.

Next, we use the previous method to obtain the y-component of Equation (2.22)

B, :@komos(koz)sinh(koy).

Using x=4¢, B, = —J2K cos(k,z)/ v, and a trigonometric identity, we can write

> _2CK2 2 -
B, = 7kO cos”(k,z)sinh(k,y)cosh(k,y)

_ 2
- %kocos2 (ky2)sinh(2k,Y).

The average value of cos’(k,z) over many periods is 1/2. By assuming that k,y <1 as

before, we can write the average value of By as

2

5\ —CKk, .
<ﬂy>: 2,7 %sinh(2k,y)

—CcK %k}
~ 7/2
: " 2K k?
—>c<ﬂy>:<y>z—c —2y. (2.28)

Y
Equation (2.28) is the form of simple harmonic motion. We rewrite Equation (2.28) using

dimensionless time 7 :

2
y:—(KkoLj y=—w;y (2.29)

where @, is the dimensionless betatron frequency

Kk,L 27NK
W, =—2= = id (2.30)
4 4
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Equation (2.29) describes the electrons’ slow betatron motion in the undulator. In a

typical FEL, N =100, K =1, and y~100, so w, =21, which corresponds to one

oscillation over the length of the undulator (A7 =1). Additionally, the general solution of
Equation (2.29) is

Lo

y(7) = Y, cos(w,7) + —2sin(w,7), (2.31)
w
G

where 'y, is the electron initial transverse position at z=0, 6, =y(0)/L is the initial

tilted angle of the electron velocity from the z axis at =0, and y(0) is the initial

electron velocity at = =0. Equation (2.31) will be applied to simulation program of

electron betatron motion in Chapter Il1.

5. Envelope Equation in an Undulator

In the previous section, we showed that an individual electron undergoes betatron
motion in an undulator. Another approach to study the evolution of an electron beam in a
betatron field is to consider the beam envelope. We start the derivation of the beam
envelope equation [6] from electron betatron motion defined in Equation (2.29).

Multiplying by y and averaging over the distribution, Equation (2.29) becomes
<y y>=—w§<y2> (2.32)

n

where (o)== a,. Defining the dimensionless standard deviation of the electron
)

positions as o, and the electron angular spreads as o,,, we can write aj and ajy as

o’ zlzn“ = (y?), (2.33)

N
1 o \2 02
Toy :HZM =<y > (2.34)
i=1
Using Equations (2.32), (2.33), and (2.34), we find the term di<yy> can be expressed
T
as

16



= 0'92y - a);af. (2.35)

Furthermore, from the chain rule and Equation (2.33), di<y y> can be written as
T
d o 1 d n o
E<y Y> = HEZ‘ YiYi
d> (1,
dr? [n ; % )

1

2

1 d?
“2a )

1

Pyl

0o o 2
=0, ay+[ayj : (2.36)
Combining Equations (2.35) and (2.36) results in

2
2 2 2
Ogy — W0, =0, Gy-l-((fyj ,

o,+w,0, —?: 0, (2.37)
y



where we define the dimensionless rms beam emittance ¢ = oo, — (o, o,)°. Next, we

can rewrite Equation (2.37) in term of 4-rms beam width and arrive at

oo 2
Y+ @Y —%:o (2.38)

where Y =40, and & =16¢,. Equation (2.38) is the dimensionless beam envelope

equation in an undulator and will be applied to the simulation program with electron
betatron motion in Chapter I11.
C. BEAMLINE COMPONENTS

1. Quadrupole Magnets

The function of a quadrupole magnet (Figure 8) is to focus electrons as well as to
keep the electron beam aligned before entering the undulator. Typically, pairs or triplets

of quadrupole magnets are set in the beamline of the FEL in order to focus the electrons.

Figure 8. A quadrupole triplet. Focusing characteristic makes quadrupole magnet a
significant component in an FEL beamline. The four brown coils mounted on
yellow shell create quadrupole magnetic field to focus electrons. A long FEL

beamline consists of many sets of quadrupole doublet or triplet of quadrupole for
the sake of maintaining transporting electron within the beam pipe. From [7].
18



Figures 9 and 10 depict two configurations of quadrupole magnets, and their
magnetic fields (red arrows). The propagation direction of electrons in Figures 9 and 10
is out of the page. When passing through the quadrupole magnet in Figure 9, electrons
will be defocused in the x direction and focused in the y direction simultaneously (blue
arrows) due to the magnetic force. In contrast, electrons will be defocused in the y
direction and focused in the x direction simultaneously if we switch the positions of north
and south poles of the quadrupole magnet (Figure 10). Next, we will discuss the
equations of motion for electrons in a quadrupole magnet based on the configuration in

Figure 9.

Figure 9. Quadrupole magnet. Red arrows are the magnetic field lines and blue arrows
are the direction of force. In this configuration, an electron moving out of the page
through the quadrupole is defocused in the horizontal direction and focused in the

vertical direction. After [8].

19



Figure 10. Quadrupole magnet. Red arrows are the magnetic field lines and blue arrows

are the direction of force. In this configuration, an electron moving out of the page
through the quadrupole is focused in the horizontal direction and defocused in the
vertical direction. After [8].

The electric field in a quadrupole magnet is zero, and magnetic fields do no work

(7 =0), so the relativistic Lorentz force equation, Equation (2.1), can be written as

5=;e[(ﬂsz _ﬂsz))’z_'_(ﬂsz _ﬂsz)y'i'(ﬂxBy _ﬂyBx)z]' (239)

ymc
We simplify Equation (2.39) by assuming that electrons travel through an ideal
quadrupole magnet ( B,=0 ) at nearly the speed of the light, so g5, ~1 and

B, = B, < p,. Equation (2.39) becomes
fr~—[-BR+BJ]. (2.40)

A magnetic quadrupole field is given by
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B,=B

X q

(2.41)
B

B

y q

o x <

where a is the distance from the axis to the pole surface and B, is the maximum field

strength when x=a or y=a (Figure 9). From Equation (2.41), we can obtain the x and y

components of the relativistic Lorentz force equation:

e ; €
ﬂx z_By y __Bx
ymc ymc
%sziBy Vyz—iBX
ym ym
“ eB, y eB,
— X r—
aym y aym
- X=X y~-aly, (2.42)

where a)qzzqu/a}/m. Equation (2.42) describes the motion of electrons in the

quadrupole magnet of Figure 9. It also indicates that electrons are defocused in the X

direction and focused in the y direction, as expected. Based on these characteristics, the

quadrupole magnet can be considered as an optical thin lens, so we will continue by

deriving the equivalent lens formula.

First, we rewrite Equations (2.42) in terms of dimensionless time 7 :

© el’B, ©  el’B,
X~ By~ X y=-— >y
ymc aymc
r KX x—KY (2.43)

where KEELZBq / aymc®. When an electron passes through the quadrupole magnet, its

transverse velocity Vv, is changed according to

7, ©
vV, =V, +I vdz
2 1 7

,[200
=V, +I xdz
1 I

72
~V, +I kxdr,
1 2]
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where v, and v, stand for the electron’s velocities and 7z, and z, are the dimensionless

times at entrance and at exit of the quadrupole magnetic field. Compared to its
longitudinal velocity, the electron’s transverse velocity v, is relatively small. The length
of the quadrupole field is small, so we can assume that x is constant as the electron travels
through the quadrupole magnet. Thus,
Vv, 2V, +x(7, —7)X

2V, +(KAT)X. (2.44)
where Ar=7,-7,=L, /L and L, is the length of the quadrupole. To derive an

equivalent lens formula for a quadrupole magnet, we define 1/ f =xAz and rewrite
Equation (2.44) as

X
v zvX1+T. (2.45)

X2

where f (>0 in this case) represents the focal length of the quadrupole magnet.

Likewise,

V, &V —l. (2.46)

Y2 Y1 f

Equation (2.45) and (2.46) show that a quadrupole magnet arranged as in Figure 9 will
focus the electron in the y direction and defocus in the x direction. Next, we will discuss a
combination of two quadrupole magnets (a doublet) shown in Figure 11 and its

equivalent lens formula.

Figure 11.
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We assume f, and f, are the focal lengths of two quadrupole magnets separated

by a short distance d. The equivalent lens formula then becomes
1 1.1 d
f, f.f,

—+
F f f

, (2.47)

where F is the equivalent focal length of the doublet. If these two quadrupole magnets

have identical field strength and are arranged like Figure 11 (f,=f and f,=-f) ,
Equation (2.47) will become

é:%. (2.48)

A quadrupole triplet consists of three quadrupole magnets, where the focal length

of the second magnet is f and focal lengths of the first and third magnet is -2 f,

respectively.

2. Solenoid Lens

A solenoid is another device commonly used to focus the electron beam, due to its
axisymmetric magnetic field. Assuming electrons propagate along the z direction and
enter a solenoid magnetic field along the z-axis as shown in Figure 12, the radial component
of the field will deflect electrons azimuthally toward the z axis. Thus, like a quadrupole,

a solenoid can be treated as a focusing lens.

/mv@\

Figure 12. Schematic picture of a solenoid magnetic field. After [9].
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The relativistic Lorentz force equation in cylindrical coordinates (r, 0, z) is

S (yme) = —ef <8
(F—r6?)P+(200+1d)0+ 22 =—}/im[(r98Z — 1B, )P+ (2B, - 1B,)0+(rB, —réBr)i]
(F—r6®)F+(2r6+ ré)é+ 77 = —yim[réBzf’+(z'Br - rBz)é—réBri], (2.49)

where component B, =0 since the magnetic field of a solenoid is axially symmetric.

From Equation (2.49) the radial, azimuthal, and axial motions of an electron are

F—ro? :—i(réBz), (2.50)
ym
200 +16 =———(2B, - iB,), (2.51)
ym
7=——(r6B,). (2.52)

ym
Equation (2.50) describes how the solenoid focuses the electron. However, its expression
shows the electron radial motion with respect to time. What we actually need is the

electron radial motion related to z, so we have to rewrite Equation (2.50) in terms of

rand r'=dr/dz.
The longitudinal field B, and radial field B, in the paraxial approximation are
given by [6]
B, ~ B,(2), (2.53)
B ~ —%rBs’(z), (2.54)

where B,(z) is the longitudinal magnetic field for the solenoid and the prime denotes a
derivative with respect to z. Applying B, =Bz and Equations (2.53) and (2.54),

Equation (2.51) can be rewritten as

L(ortb+rig)=-—=(s8, - 18))
r ym

€ [uny :
= 27/—m[rzBS (2)+2rB(2)]
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e - .
= r‘B,(z)+2rrB,(z
Zymr[ ,(2)+2riB(2) ]
d, ,. e dr,
—(r°é)=———|r"B,(z)|. 2.55
_)dt( ) 2ymdt[ «{ )] (2:59)
By integrating Equation (2.55) with respect to time, we get
6=—2"B(2) (2.56)
2ym

where we set the integration constant to zero by assuming the electron trajectory is very
close to the axis. Substituting Equations (2.52), (2.53), (2.54) and (2.56) into Equation
(2.50) results in

e? )
iF=———rB:(z
47/2m2 S( )

e2

4?/2m2

2
—>r'+ £B.(2) r=0
25ymc
—>r"+k’r=0 (2.57)

.2 . 2
>r'2°+ri=- rB; (z)

where we assume Z=0 in the case of a simple magnetic field, and

k, =eB,(z)/2pymc. Equation (2.57) describes the electron motion in the solenoid

magnetic field and is known as the paraxial ray equation [6]. Integrating Equation (2.57)
with respect to z yields

r—r = —j: kZrdz, (2.58)
where 1, and ;" indicate the slope of the electron trajectory at longitudinal positions z = z,
and z =z, respectively. Assuming that the electron trajectory does not cross the z axis, the
left side term r; —r, in Equation (2.58) is negative because k? and r are positive. Hence,
the slope 1’ at position z, is greater than the slope r, at position z,, which means that the

solenoid will focus the beam. Using the thin lens approximation and assuming r=0 and

r, =r', Equation (2.58) can be rewritten as
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Z
r'=—|"k’rdz
Ll

2
e Z
=—r B2(z)dz
{zmmcj | B@

:_r( eBs jLS (2'59)
2ymc

where we assume the magnetic field B (z) is constant and L, is the length of the

solenoid. Then the focal length f, of the solenoid lens is defined as [6]

i_r
f r
2
(B ),
2 8ymc
2
:(;/;nslsJ L, (2.60)
ymce

where we assume B, = u,n,I, for an ideal solenoid [10], z, is the permeability of free
space, n, is the number of turns per unit solenoid length, and I is the current. As an
example, if y=3, £=0.94, total current n,, =30kA with length L, =6.5cm of the
solenoid, Equation (2.60) yields the dimensionless focal length f, =1m. Note that the
focal length f, in Equation (2.60) is proportional to the electron energy squared, so the

solenoid lens is only suitable for focusing electrons with low energy [11]. For the

following simulation, we rewrite Equation (2.60) in terms of dimensionless focal length

f, as
ot
L
2
2 1
_|2frme | 1 (2.61)
eun.l, ) LL,

where L is the length of the undulator.
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3. Dipole Magnet

The purpose of dipole magnets in an FEL beamline is to change the direction of
the electron beam. Examples of their use are to bend the electrons around the cavity
mirrors of an undulator, to direct the beam into the beam dump, or to recirculate the beam
for energy recovery. Consider a dipole magnet (Figure 13) consisting of two bar magnets
that produce a homogenous magnetic field pointing in the positive y direction. Assume
the electron beam propagates in the positive Z direction (perpendicular to the y axis)
through the midplane of the two magnets. According to the Lorentz force equation in

Equation (2.1) and ignoring fringe effects of the dipole magnet, the magnetic field of the
dipole magnet will deflect the electron beam in the positive x direction.

Y
A

Figure 13. Dipole magnet. A dipole magnet creates a uniform magnetic field pointing in
the positive y direction. The electron beam is initially moving in the positive
z direction, perpendicular to the magnetic field, and travels through the middle of

the field. The electron beam is deflected in the positive x direction due to the
Lorentz force.
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Figure 14. Electron motion in a uniform magnetic field. An electron travels in the

positive z direction through a uniform magnetic field (into the page)
perpendicular to the electron motion. The red circular line indicates the path of the
electron due to the magnetic field. The deflection angle & of the electron is the
ratio of v, to v, .

To determine the deflection angle of the electron beam, assume an electron
initially traveling along the positive z-axis with speed Vv enters the dipole magnet where
the uniform magnetic field is perpendicular to the electron (Figure 14). The relativistic

Lorentz force on the electron is

(v, X-v, 2) (2.62)

where subscript d denotes the dipole magnet and B, is the magnetic field strength. By

taking the derivative of Equation (2.62) with respect to time t, we get

dz\*/_eBd(dvZ . dv, 2]

dt*>  ym\ dt dt

2
= —(%j (v, X+v, 2)

ym
=—; (v, X+V, 2) (2.63)
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where @, =eB, /ym is the cyclotron frequency. Equation (2.63) can be solved

analytically with the initial conditions v, (0) =0 and v, (0) = gc. The solutions are

v, = fcsinat, (2.64)
v, = fccosat, (2.65)
X= —Ecos a.t, (2.66)
a)C
z :ﬁsin o,t. (2.67)
[0

c

The ratio of v, to v, in Equations (2.64) and (2.65) determines the deflection angle &,

Vv
tan @ =—==tan o t,
Vv

z

0=awt. (2.68)
Next, assuming the electrons pass through the entire magnetic field (z =L, ) as shown in

Figure 14, and applying Equation (2.66), gives

L, :ﬁsin .t. (2.69)

Substituting Equation (2.68) into Equation (2.69), and solving for the deflection angle &,
yields

=sin™! (%J (2.70)

Equations (2.66) and (2.67) show that the electron will follow circular motion in the xz

plane. The radius of curvature r, is

r, =vx*+2°
_pc

12

_[ Bymc
() -
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Therefore, we can rewrite Equation (2.70) in terms of r, as

0 =sin"' [i] (2.72)

r-d
Equation (2.72) is valid only if the radius of curvature r, is greater than the field length
L,, i.e., if the deflection angle & <90 degrees. As an example, if =3, §=0.94, and
the magnetic field B, =0.085T with length L, =0.4m of the dipole magnet, Equation
(2.72) yields the deflection angle & = 45 degrees.
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1. SIMULATIONS

A. BETATRON MOTION WITH BEAM ENVELOPE
1. Betatron Motion Simulation

Professors J. Blau and W. B. Colson wrote the betaxy.c program using the C
programming language to simulate betatron motion of electrons in the undulator.
Equations (2.31) describing electrons trajectories are solved numerically and all

parameters used in the betaxy.c program are dimensionless. The program produces plots

of dimensionless x(r) and y(r) for sample electrons. The input parameters o, and o,

are the dimensionless standard deviation of the electron transverse position spreads in X

and y. The parameters o, and o, are the dimensionless standard deviation of the

electron angular spreads in X and y. The parameters o,, o,, o,, and o, are all

yr
defined at the beam waist, at location 7=7,, from which the simulation starts
calculating and plotting electron trajectories. The parameters o, and o, are the
dimensionless betatron frequencies in the undulator defined in Equation (2.30).

Figure 15 displays a simulation example of fifty electrons undergoing betatron
motion as 7 goes from 0 to 1 assuming that the undulator magnets are shaped for equal
focusing. Each red line indicates one sample electron trajectory. The values of
dimensionless betatron frequencies w,, = @,, =z, which means the electrons perform
one half of a betatron oscillation over the length of the undulator. The input values of
angular spread o, =0, =6, and the input of transverse spread o, =0, =0.2. In a

typical FEL oscillator, the light is focused in the center of the undulator. Therefore, the

parameter 7, =0.5 at which the electron trajectories are focused.
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Betatron Oscillations

Input Parameters

mﬁ:=3'14 c==0.2 GB:=6 tﬁ=0.5

mBY=3'14 GY=D'2 GBY=6

Figure 15. A simulation example of electron betatron motion.

2. Betatron Motion with Beam Envelope Simulation

To simulate electron betatron motion, including the envelope equation defined in
Equation (2.38), | developed the new betaxy-env.c program by modifying the betaxy.c
program. Figure 16 is a simulation output of electron betatron motion and beam envelope

as 7 goes from 0 to 1 along the length of the undulator. The input values of betatron

frequencies w,,, @, , the angular spread o,,, o, , the transverse spread o,, o,, and

v, are the same as Figure 15. The program follows the trajectories of 500 sample
electrons from 7=0—1 according to Equation (2.31) and then calculates the beam
envelope using the Euler-Cromer method. The red lines are the electrons’ betatron
trajectories and the black bold lines are the beam envelope. The graphic output shows

that electron trajectories are surrounded by the beam envelope, as expected.

To verify the betaxy-env.c program, | revised it by adding the 4-rms of the

electron beam and used the same input values in Figure 16. The program plots the beam
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envelope and the 4-rms of the electron beam trajectories as thin lines to make them
distinguishable. Figure 17 is the simulation result in which the black lines represent the
beam envelope equation and the blue lines are the 4-rms of the electron beam trajectories

sampled. The graph shows that both curves in x and y almost match. Moreover, |

conducted another simulation with 5000 sample electrons, and the output (not shown)
indicates that the beam envelope and the 4-rms of the electron beam overlap more exactly.

Betatron Oscillations and Envelope

Input Parameters
mﬁx=3'14 o==0.2 Uﬁ:=6 1:&=0.5

mﬁ1r=3 .14 0Y=0 2 CI'BY=6

Figure 16. A simulation output of electron betatron motion and the beam envelope.
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Betatron Oscillations, Envelope, and
4-rms Actual Beam

Input Parameters
mﬂ==3.14 U:=0.2 UB:::G rB=0.5

mﬂy=3 .14 GY=° .2 G'BY=5

Figure 17. Simulation example of electron betatron motion, the beam envelope, and
4-rms of the actual electron beam.

B. QUADRUPOLE AND UNDULATOR WITH BEAM ENVELOPE

The quadbetaxy.c program was developed by a previous student [12] to simulate
electron motion through pairs or triplets of quadrupole magnets and then into the

undulator. The input parameters o,, o,, 0, 0©,, ®,, ®,, and z, have been

y!
introduced in the previous section. From the study in Chapter Il, a quadrupole magnet can

be treated as a thin lens. Therefore, the additional parameters f,, f,, and f, are focal
lengths for quadrupoles and z,,, z,,, and z,, are the corresponding positions of each

quadrupole. The quadbetaxy.c program simulates the electron trajectories along the
undulator (7=0—1) and then completes each trajectory by plotting backward from

7 =0 — -3 through a quadrupole doublet or triplet.

Figure 18 depicts a graphic output of 100 sample electrons through a quadrupole
triplet and an undulator. Red lines indicate electron trajectories, the green line is the

entrance of the undulator (7 =0), and the three purple lines are the positions of three
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quadrupoles. The dimensionless betatron frequencies @, =, =z so each electron

completes half of a betatron oscillation in the undulator (7 =0 —1). The angular spreads

04y = 0,, =3 and transverse spreads o, = o, =0.2. The electron trajectories are focused
in the middle of the undulator (z, =0.5). The first and third quadrupoles are arranged as

in Figure 9, where electrons are defocused in the x direction and focused in the y

direction. They are located at r,,=-1.6, and 7r,,=-1.4 with equal focal length
f, = f,=0.6. The second quadrupole is arranged as in Figure 10, where electrons are
focused in the x direction and defocused in the y direction. Its position is at 7,, =—-1.5

with focal length f, =—0.3. Note that the focal length of the second magnet is half of the

first and third magnets and also has an opposite sign. In this combination, the three

quadrupoles form a triplet.

Electron Motion Through Quadrupoles and Undulator

Input Parameters

£,=0.6 £,=-0.3 £,=0.6
Ty=-1.6 Tuz=-1.5 To=-1.4 71,~=0.5
0,=3.14 0,=0.2 0:=3
0,=3.14 0©,=0.2 Cey=3

-6

Figure 18. A simulation result of electron betatron motion through three quadrupole
magnets and an undulator.
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The quadbetaxy-env.c program was developed by modifying the quadbetaxy.c
program simulates electron trajectories and the beam envelope through a quadrupole
doublet or triplet and an undulator. Figure 19 shows a simulation result of the
guadbetaxy-env.c program with 500 sample electrons. The input values of betatron

frequencies w,,, @, , the angular spread o,,, o, the transverse spread o,, o, the
focal lengths of quadrupoles f,, f,, f,, the positions of quadrupoles z,,, 7,,, 7,, and
7,, are all the same as in Figure 18. The Euler-Cromer method is applied to calculate the

beam envelope in the undulator and through the three quadrupoles. The beam envelope
(black bold lines) are defocused in the x direction and focused in the y direction while
passing through the first and third quadrupole, and are focused in the x direction and

defocused in the y direction while passing through the second quadrupole.

To compare with the 4-rms of the electron beam trajectories sampled, | revised
the quadbetaxy-env.c program and ran it with same input values as in Figure 19. The
simulation output is shown in Figure 20. The black lines are the beam envelope and the

blue lines are the 4-rms of the electron beam. Both curves in x and y are nearly

identical. Again, another simulation with 5000 sample electrons was made, and the
output (not shown) shows that the beam envelope and the 4-rms of the electron beam

overlap more exactly.
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Electron Motion and Envelope Through
Quadrupoles and Undulator

Input Parameters
£=0.6 £=-0.3 £=0.6
1:;_1_=-1 .6 rn:-l .5 r53=-1 .4 1:|3=O .5

0;,=3.14 0,=0.2 On=3
w,=3.14 o0,~0.2 Op=3

Figure 19. A graphic output of 500 sample electrons traveling through a quadrupole
triplet, and an undulator, including the beam envelope.

Electron Motion, Envelope, and 4-rms Actual Beam
Through Quadrupoles and Undulator

Input Parameters
£,=0.6 £=-0.3 £,=0.6
Ta=-1.6 T=-1.5 T=-1.4 17=0.5
0=3.14 0,~0.2 Op=3
0,=3.14 o0,~0.2 Opy=3

Figure 20. Simulation output of the beam envelope and the 4-rms electron beam.
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C. QUADRUPOLE, UNDULATOR, AND DIPOLE MAGNET WITH BEAM
ENVELOPE

After leaving the undulator, the electron beam can be steered by dipole magnets to
a beam dump or recirculated back to the accelerator for energy recovery. In order to
simulate the electron path from an undulator through a dipole magnet as in Figure 13, |
further modified the quadbetaxy-env.c program and developed the quadbetadipole-env.c
program. It contains electron trajectories and the beam envelope through quadrupoles and
an undulator from 7 =-3—1 and extends them through a dipole magnet to 7=3. The

input parameters o,, o, Oy, O, @5, @, T, f,, f, 74, 74, 75, and 7,

yl
have been discussed in the early sections. Three parameters z,, ¢, and ¢, are added to

model the dipole magnet. The parameter z, describes the position of the dipole magnet.
The parameters ¢, and ¢, are the transverse bending angles in X and y, normalized to a
characteristic angle JAlLr.

Two simulation outputs of the quadbetadipole-env.c program are provided. Figure

21 shows the electron beam deflecting only in X but not y and Figure 22 shows the

opposite case. Both cases show 500 sample electrons propagating through a quadrupole
triplet, an undulator, and a dipole magnet. Red lines are electron trajectories, the black
bold lines are beam envelopes, the green lines are the start and end of the undulator

(z=0 and 1), the three purple lines are the positions of three quadrupoles (z,,, z,,, and
7(3), and the blue line is the position of the dipole magnet (z,). The input values wy,,
w,,, f, f,, f5, and 7, in Figures 21 and 22 are the same as Figure 18, but the values

of angular spreads o,, 0, and transverse spreads o,, o, are smaller. Hence,

y
compared to Figure 19, the electron beams in Figures 21 and 22 are narrower in both X

and Y. The position of the dipole magnet is at 7, =2 in both Figures 21 and 22. The
normalized bending angles are ¢, =1.5 and ¢, =0 in Figure 21 and ¢, =0 and ¢, =1.5

in Figure 22.
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Electron Motion and Envelope Through
Quadrupoles, Undulator, and Dipole Magnet

Input Parameters
£=0.6 £=-0.3 £=0.6
Ty=-1.6 Tp=-1.5 1To=-1.4 1,=0.5
0,=3.14 0,=0.1 Ou=2
0,=3.14 0,=0.1 Coy=2
Ta =2 9.=1.5 $,=0

-3 0 1 2 3
T
Figure 21. A simulation example of electron betatron motion through a quadrupole triplet,

an undulator, and a dipole magnet, including the beam envelope. The result
indicates that the electron beam changes direction only in X.
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Electron Motion and Envelope Through
Quadrupoles, Undulator, and Dipole Magnet

Input Parameters
£,=0.6 £=-0.3 £.=0.6
Ta=-1.6 To=-1.5 Tu=-1.4 1,=0.5
0x=3.14 0,=0.1 On=2
0,=3.14 0,=0.1 Ouy=2

T =2 $,=0 0,=1.5
5
x(T)
-5
5
yY(T)
-5
-3 0 1 2 3
T
Figure 22. A graphic output of 500 sample electrons trajectories through a quadrupole

triplet, an undulator, and a dipole magnet, including the beam envelope. The
result shows that the electron beam redirect only in .

D. SOLENOID, UNDULATOR, AND DIPOLE MAGNET WITH BEAM
ENVELOPE

Regarding focusing of an electron beam, a quadrupole only has either horizontal
or vertical focusing, whereas a solenoid focuses in both directions simultaneously. In
some cases, its axial symmetric focusing behavior can be treated as a thin lens. Electron
motion in a solenoidal magnetic field and the definition of the focal length for a solenoid
were discussed in the last chapter. | rewrote the quadbetadipole-env.c program and

developed the solebetadipole-env.c program by replacing quadrupole lenses with a
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solenoid lens to simulate focusing due to a solenoid. The solebetadipole-env.c program

can simulate electron trajectories and the beam envelope through a solenoid, an undulator,
and a dipole magnet. The functions of the input parameters o,, o, 0, 0,, @,
@y, Ty T4 B, @, and p in the solebetadipole-env.c program are the same as in the

previous simulations. The focusing effect of the solenoid is modeled by two additional

parameters f, and 7. The parameter f, determines the focal length of the solenoid and
the parameter z, is the corresponding position of the solenoid.

Figure 23 is the simulation result of the solebetadipole-env.c program employing
500 sample electrons. The electron trajectories and the beam envelope cover the solenoid
region (7 =—3—0), an undulator (7 =0—1), and a dipole magnet region (7 =1— 3).
Electron trajectories are plotted in red, the start and end of the undulator (z =0 and 1) are

shown by green vertical lines, the position of the solenoid (z,) is shown by a yellow
vertical line, and the position of the dipole magnet (z,) is shown by a blue vertical line.
The input values o,, o,, Oy, Oy, @4, @4, B, 9, 74, 74,and » in Figures 23 are
the same as Figure 21. The position of the solenoid is set at 7, =—-1.5 with focal length

f, =1.5. The graphic output indicates that the electron trajectories and the beam envelope

converge both in X and y simultaneously after passing the solenoid lens.
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Electron Motion and Envelope Through
Solenoid, Undulator, and Dipole Magnet

Input Parameters
fﬂ =1 - 5 T!=-1 - 5

wx=3.14 0.=0.1 O=2 7~=0.5
w,=3.14 0,~0.1 Opy=2
Ta =2 $,=1.5 —0

Figure 23. An output of the solebetadipole-env.c program. 500 sample electrons
propagate through a solenoid, an undulator, and a dipole magnet, including the
beam envelope. The simulation depicts that the electron trajectories are focused

both in x and y by the solenoid lens.

E. GENERAL PARTICLE TRACER SIMULATION

General Particle Tracer (GPT) [13,14] is a well-developed computational tool to
track charged particles through electromagnetic fields in 2D and 3D, taking space-charge
effects into account. A fifth order Runge-Kutta method, with adaptive stepsize control, is
used in GPT to solve the particle equations of motion. GPT requires an input file to
specify the initial particle distribution, construct electromagnetic field configurations, and
define the output methods. GPT includes many common beamline elements for basic
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structures such as dipoles, quadrupoles, solenoids, and undulators. Because of its
adaptabilities and capabilities, GPT is widely used to study beam dynamics and design

beamlines for particle accelerators.

In order to compare with electron trajectories in Figures 21 and 23, | used several
GPT elements and ran two simulations. The first GPT simulation modeled electron
trajectories traveling along the z axis through a quadrupole triplet, an undulator and a
dipole magnet. By substituting a solenoid for the quadrupoles, the second GPT simulation
modeled electron trajectories through a solenoid lens, an undulator and a dipole magnet.

1. Quadrupole, Undulator, and Dipole Magnet

The first GPT simulation consists of 12 elements in the input file, Setparticles,
Setrxydist, Setphidist, SetGdist, Setgbxdist, Setgbydist, Setgbxemittance,
Setgbyemittance, Quadrupole, Unduplan, Rectmagnet, and Tout. The first eight
elements determine the number of sample electrons, initial electron distributions, and
electron emittances (i.e., angular spread). The initial electron transverse distribution in

the first simulation is set to be a Gaussian distribution in the X and y directions with

emittance. The Quadrupole element defines a quadrupole lens without fringe fields. The
orientations of three quadrupole lenses are positioned perpendicular to the electron beam
path. The Unduplan element defines a linear undulator. The Rectmagnet element
models a planar rectangular magnet with optional fringe fields. The orientation of the
planar rectangular magnet is in the xz plane with uniform magnetic field in the positive

y direction if this element is configured to have no fringe fields. Time output intervals

can be specified using the Tout element. The input values of betatron frequency and
number of sample electrons are the same as shown in Figure 21. For the other input
values in this simulation, we chose the total number of undulator periods (Nu=20) and
undulator period (lamu=0.05m) first, so that the total undulator length is 1m. Then by
applying the definitions in Chapter Il and specified values in Figure 21, the input values
of undulator field amplitude, magnetic field gradients of the quadrupoles, and magnetic
field of the dipole magnetic can be determined algebraically. The main input parameters

and values of the first simulation are given in Table 1.
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Parameter Description Value
gamma Lorentz factor 3
nps Number of electrons 500
radius Electron beam radius 3x10™*
setgbxemittance | Requested emittance in xfx-space [m-rad] 2x10°®
setgbyemittance | Requested emittance in ypy-space [m-rad] 2x107°
first 0.03
Lq Length of the quadrupoles [m] second 0.03
third 0.03
first 0.285
G mz%?ﬁg&gselﬂ /gr;a]dients of the second 057
third 0.285
Nu Total number of undulator periods 20
lamu Undulator period [m] 0.05
Bu Undulator field amplitude [T] 0.0228
Bfield Rectmagnet maximum magnetic field [T] 5x10°°
a Length of magnet in x direction [m] 0.4
b Length of magnet in z direction [m] 0.4

Table 1.

Figure 24 displays a simulation of the 500 sample electron trajectories
propagating at z=-3m — 3m through a quadrupole triplet, an undulator and a dipole
magnet. The positions of the three quadrupoles are shown as vertical purple lines. The
first and third quadrupoles are placed at z=-1.6m and —1.4m with equal focal length

0.6m. The second quadrupole is placed at z=-1.5m with focal length —0.3m. Electron
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trajectories defocus in the x direction and focus in the y direction while passing through
the first and third quadrupoles, and have reverse focusing and defocusing while passing
through the second quadrupole. The position of the undulator is from z =0 —1m, shown
by vertical green lines. Electrons perform one half betatron oscillations over the length of

the undulator and are focused at z =0.5m, confirming that the betatron frequency is 7.
The dipole magnet is placed at z=2m, shown by the vertical blue line. Simulation

output indicates that the electron beam is deflected in the positive X direction and

undeflected in the Yy direction after passing through the dipole magnet. From Equations

(2.70) and given values in Table 1, the theoretical bending angle of the electron beam in
this simulation is calculated to be 0.01 degrees. The measured bending angle of the
electron beam is 0.01 degrees. Both bending angles are so small that I conducted
additional simulations by only changing input values of the dipole magnet field in Table
1 to verify the reliability of this simulation model for predicting the deflection angle. The
results are listed in Table 2 from which all the measured angles are in good agreement
with the theoretical bending angles. The overall electron beam paths in Figures 21 and 24

are consistent with each other.
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Electron Motion Through Quadrupoles, Undulator, and Dipole Magnet
1.0 - : , .

0.5

0.5

195 2 -1 0 1 2 3
z(m)
Figure 24. GPT simulation of electron beam trajectories through a quadrupole triplet, an

undulator, and a dipole magnet, with the vertical axis in millimeters and
horizontal axis in meters. The electron beam is focused in both x and y directions
after traveling through the quadrupoles (purple lines). Betatron oscillations of the
electrons occur in the undulator (green lines). The dipole magnet (blue line)
causes the electron beam to deflect in the positive X direction but not in the y

direction.
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Rectmagnet maximum Theoretical bending angle Measured bending angle

magnetic field value [T] [deg] [deg]
8.51x10°° 45.0 44.9
7.74x10°° 40.0 39.9
6.02x10°° 30.0 30.0
4.12x10°° 20.0 20.0
2.09x10°° 10.0 10.0

Table 2. The comparison of the theoretical bending angles and measured angles by
using five values of the magnetic field of the dipole magnet. The measured
angles are close to the theoretical deflection angles.

2. Solenoid, Undulator, and Dipole Magnet

The second GPT program is designed to simulate electron trajectories through a
solenoid lens, an undulator and a dipole magnet. The simulation program also includes
twelve elements in the input file, Setparticles, Setrxydist, Setphidist, SetGdist,
Setgbxdist, Setgbydist, Setgbxemittance, Setgbyemittance, Bzsolenoid, Unduplan,
Rectmagnet, and Tout. Among these 12 elements, the functions of eleven elements have
been introduced in last section. The Bzsolenoid element is used to model a solenoid lens.
The orientation of the loop is positioned perpendicular to the electron beam path with the
beam going through its center. The values of betatron frequency and number of sample
electrons are the same as in Figure 23. The input values of undulator field amplitude,
current of the solenoid, and magnetic field of the dipole magnetic are specified by using
the definitions in Chapter Il and values in Figure 23. The main input parameters and
values of this simulation are given in Table 3. The fringe field for the rectangular magnet

is excluded in this simulation as well.
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Parameter Description Value
gamma Lorentz factor 3
nps Number of electrons 500
radius Electron beam radius 3x10™
setgbxemittance | Requested emittance in xf#x-space [m-rad] 2x10°®
setgbyemittance | Requested emittance in ypy-space [m-rad] 2x107°
R Radius of solenoid [m] 0.02
Ls Solenoid length [m] 0.065
ni Ampere turns per meter [A] 30770
Nu Total number of undulator periods 20
lamu Undulator period [m] 0.05
Bu Undulator field amplitude [T] 0.0228
Bfield Rectmagnet maximum magnetic field [T] 5x107°
a Length of magnet in x direction [m] 0.4
b Length of magnet in z direction [m] 0.4

Table 3.

Main parameters in the second simulation.

Figure 25 depicts electron beam paths through a solenoid lens, an undulator, and a

dipole magnet. The position of the solenoid lens with focal length 1.5m is located at

z=-1.5m (yellow line). The plot shows that the electron beam is converged in both x

and y direction simultaneously after passing through the solenoid lens. Then electrons

undergo betatron motion in the undulator region (green lines) and focus in the middle of

the undulator. Electrons complete one half betatron oscillation confirming that the

betatron frequency is z. The blue line indicates the position of the dipole magnet

(z=2m) at which the electron beam is deflected in the positive X direction but not in

the y direction. The measured bending angle of the electron beam is 0.01 degrees from
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other simulation output (not shown), which is the same as the theoretical bending angle.
The simulation result of electron beam in Figure 25 is in excellent agreement with the

previous result in Figure 23.

Electron Motion Through Solenoid, Undulator, and Dipole Magnet

1.0

=3 -2 -1 0 1 2 3
o(m)
Figure 25. A plot of electron beam trajectories through a solenoid lens, an undulator and

a dipole magnet with the vertical axis in millimeters and the horizontal axis in
meters. The electron paths in Xz and yz are focused after passing through the
solenoid lens at z = —1.5m. Electrons perform betatron oscillations in the
undulator from z =0 — 1m. The dipole magnet located at z =2m causes the
electron beam to deflect only in the positive X direction.
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V. CONCLUSION

This thesis has discussed electron dynamics in major FEL components used for
transporting and focusing of the electron beam and have developed new computational
tools to simulate electron paths and the beam envelope through those components.
Results from the new programs were compared to GPT, a well-established particle
tracing program, and good agreement was found. Simulations demonstrated how
electrons experience betatron motion in an undulator and how a quadrupole doublet or
triplet provides net transverse focusing for electrons. A solenoid will focus electrons
azimuthally due to the axisymmetric magnetic field, and is typically used for focusing a
low energy electron beam (<few MeV). Simulation plots indicate both devices focus
electrons effectively, which help electrons inject into the undulator nearly collimated and
then focus in the center of the undulator. Other outputs show that dipole magnets can be
used to bend the electron beam, and the measured deflection angles of the electron beam
agree with a theoretical formula. This study will help improve the design of beamlines for
FELs. Future work could continue by including fringe effects for quadrupoles, undulators,

and dipole magnets, and considering the effects of misalignment of these elements.

51



THIS PAGE INTENTIONALLY LEFT BLANK

52



LIST OF REFERENCES

[1]  A. E. Siegman, Lasers, 1st ed. Herndon, VA: University Science Books, 1986.

[2] W. B. Colson, “Electric ship weapon systems,” class notes for PH4858,
Department of Physics, Naval Postgraduate School, Monterey, CA, Fall 2012.

[3] J. Blau, “Free electron laser physics,” class notes for PH4055, Department of
Physics, Naval Postgraduate School, Monterey, CA, Summer 2013.

[4] Jefferson Labs, “Thomas Jefferson National Accelerator Facility.” [Online].
Available: http://www.flickr.com/photos/jeffersonlab/ [Accessed: August 15,
2013].

[5] “Undulator.” [Online]. In Wikipedia.
Available: http://en.wikipedia.org/wiki/Undulator [Accessed: August 8, 2013].

[6] M. Reiser, Theory and Design of Charged Particle Beams, 2nd ed. Weinheim,
Germany: Wiley-VCH, 2008.

[7] National KR Tech, “Quadrupole magnet.” [Online].
Available: http://www.krtech.co.kr/ [Accessed: February 24, 2013].

[8] National Synchrotron Radiation Research Center. [Online].
Available: http://www.nsrrc.org.tw/ [Accessed: February 25, 2013].

[9] Physics Stack Exchange. [Online].
Available: http://physics.stackexchange.com/questions/38067/magnetic-field-
lines-can-be-entirely-confined-within-the-core-of-a-toroid-but-n [Accessed:
October 10, 2013].

[10] D.J. Griffiths, Introduction to Electrodynamics, 3rd ed. Boston: Addison Wesley,
1999.

[11] S. Humphries, Jr., Principles of Charged Particle Acceleration, 1st ed. New
York: Dover Publications, 2012.

[12] A.S. Laney, “The Effects of Accelerator Frequency and Electron Beam Focusing
in Free Electron Lasers,” M.S. thesis, Physics Department, Naval Postgraduate
School, 2012.

[13] S.B.van der Geer, and M.J. de Loos, “General Particle Tracer: A 3D Code for
Accelerator and Beamline Design,” Proc. 1998 Particle Accel. Conf., Stockholm,
Sweden (1998), pp. 1245.

53


http://www.flickr.com/photos/jeffersonlab/
http://en.wikipedia.org/wiki/Undulator
http://www.krtech.co.kr/
http://www.nsrrc.org.tw/
http://physics.stackexchange.com/questions/38067/magnetic-field-lines-can-be-entirely-confined-within-the-core-of-a-toroid-but-n
http://physics.stackexchange.com/questions/38067/magnetic-field-lines-can-be-entirely-confined-within-the-core-of-a-toroid-but-n

[14] GPT User Manual, Pulsar Physics, De Bongerd 23, 3762 XA Soest, The
Netherlands. [Online]. Available: http://www.pulsar.nl/gpt.

THIS PAGE INTENTIONALLY LEFT BLANK

54


http://www.pulsar.nl/gpt

INITIAL DISTRIBUTION LIST
Defense Technical Information Center
Ft. Belvoir, VA
Dudley Knox Library

Naval Postgraduate School
Monterey, CA

55



	NAVAL
	POSTGRADUATE
	SCHOOL
	I. INtroduction
	II. Free electron laser overview
	A. configurations and Components of fels
	1. Injector
	2. Accelerator
	3. Undulator
	4. Resonator

	B. fel theory
	1. Electron Equations of Motion
	2. Resonance
	3. Pendulum Equation and Phase Space Evolution
	4. Betatron Motion
	5. Envelope Equation in an Undulator

	C. Beamline components
	1. Quadrupole Magnets
	2. Solenoid Lens
	3. Dipole Magnet


	III. simulations
	A. betatron motion with beam envelope
	1. Betatron Motion Simulation
	2. Betatron Motion with Beam Envelope Simulation

	B. quadrupole And undulator with beam envelope
	C. QUADRUPOLE, Undulator, and dipole magnet with beam envelope
	D. solenoid, Undulator, and dipole magnet with beam envelope
	E. general particle tracer simulation
	1. Quadrupole, Undulator, and Dipole Magnet
	2. Solenoid, Undulator, and Dipole Magnet


	IV. Conclusion
	List of References
	Initial Distribution List



