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ABSTRACT

A three-dimensional discrete element model has been developed to investigate the
evolution of particular aspects of pressure ridges in thin, first-year, sea ice. The primary
goal of this work is to test one facet of recent theoretical advances in the representation of
sea ice thickness in Earth System Models that advocates for the introduction of
macro-porosity, ¢R, to the state space of basin-scale sea ice models. Macro-porosity is
caused by cavities between fractured sea ice blocks created during the formation of ridges
during convergence of ice floes in the Southern and Arctic Oceans. Previously, sea ice
thickness in basin-scale sea ice models has been represented by a real thickness
distribution, g(h), but new mathematical derivations suggest that this should be replaced
in predictive models with a bivariate distribution, g(h, ¢R). In this thesis, a discrete
element model of sea ice is described and then used to investigate the evolution of ¢R in
three-dimensional ridges. Changes in ¢R over time are extremely difficult to measure in
the Arctic, and therefore this research bridges observational constraints and theoretical
assumptions. The final results suggest that, within the constraints of the given discrete
element model, a more sudden change in macro-porosity occurs at the initial creation of a
ridge than current theory suggests, but thereafter evolution of macro-porosity follows a
path similar to what a Coulombic friction model predicts.
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CHAPTER 1

Introduction

Polar sea ice is a thin, Kwok and Cunningham (2008) estimate mean sea ice thickness in
the Arctic to be 2-2.5 m, layer of frozen sea water that is found at the ocean-atmosphere
interface of the Arctic and Southern Oceans. This ice forms as sea water freezes during
the winter and moves in response to the whims of atmospheric and oceanic currents. In
the arctic, sea ice covers roughly 7 million km?, summer minimum, to 14 million km?, the
winter maximum, and shows strong inter-annual variability (Cavalieri and Parkinson 2012).
This ice extent, though, measured as the area of open water covered by at least 15% of sea
ice, is retreating. Cavalieri and Parkinson (2012) shows that Arctic sea ice is retreating at
approximately -51.5 thousand km? yr~! (-4.1% decade™'), indicating the sensitivity of this
ice cover to the warming climate. As shown in Figure 1.1, the National Snow and Ice Data

Center (NSIDC) show this trend in sea ice extent retreat is closer to -2.6% decade™".

This retreat represents a significant change to the Arctic climate. One of the mechanisms
for this change is the changing Arctic Ocean sea ice albedo, or the ability of the Arctic
Ocean to reflect sun light. Sea ice albedo plays an important role in climate regulation
through the ice-albedo feedback mechanism (Perovich and Richter-Menge 2009). During
the northern hemisphere summer, the albedo of the Arctic serves to reduce the absorption
of solar radiation by reflecting a portion of the incoming radiation back into the atmosphere,
and thereafter space. Melting of perennial, or thick multi-year, Arctic sea ice, is causing
the pack to become more sensitive to small changes in atmospheric temperature (Perovich
and Richter-Menge 2009). This transition to thin, first-year, sea ice in the Arctic is reducing
the total albedo of the Arctic as more of the Arctic Ocean becomes sea ice free in summer
and with the reduction, its ability to reflect incoming solar radiation during the peak solar
period. This reduction in the Arctic’s ability to reflect solar radiation leads to increased
temperatures in the Arctic, which in turn will enhance the retreat of Arctic sea ice. This
positive feedback mechanism must be properly accounted for in global climate models to

accurately predict the changing climate.

In addition to the ice-albedo feedback mechanism, there are a number of other thermody-

namic processes which contribute to the response of the pack to the changing Arctic climate
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Northern Hemisphere Extent Anomalies Apr 1979 - 2019

1981-2010 mean = 14.7 million sq km
1980 1985 1990 1995 2000 2005 2010 2015 2020

National Snow and Ice Data Center, University of Colorado, Boulder

slope =-2.6 £ 0.5 % per decade

The monthly sea ice anomaly for the northern hemisphere shows a strong
negative trend showing a trend of sea ice loss in the Arctic. Accessed 22
May 2019 from https://nsidc.org/data/seaice index.

Figure 1.1. NSIDC Monthly Sea Ice Extent Anomaly

that are not discussed in this work; thermal conductivity of snow cover and brine pocket
inclusion melt rate dependence, for example. In addition to these thermodynamic factors,
there are other mechanisms which serve to modify the pack. Sea ice responds dynamically
to the motion of the ocean and atmosphere on whose interface it exists. The relative mo-
tion of these two bodies of fluid serve to force the sea ice to deform and flex in response.
Hutchings et al. (2009) show the distribution of these deformation zones in the Arctic and
demonstrate that this deformation is highly localized. This focusing of deformation creates
ridges, under convergence, and leads, under divergence, and are a unique characteristic of

sea ice marking an irregular distribution of open ocean and sea ice.

Brassington and Coauthors (2015), in a summary of the development of earth system
models (ESMs), highlight the reliance on accurate prediction of the distribution of sea ice

mass to model the Earth’s climate.



1.1 Ridging in Arctic Sea Ice and in Earth System Models
Pressure ridging has long been the subject of study due to its importance in the generation of
multi-year sea ice and distribution of sea ice mass in basin scale sea ice simulations. Figure
1.2 shows only the uppermost portion of a ridge, or its sail. Below the ice surface the ridge
extends into the water forming a keel that is larger than the sail. The ridge is composed of
fractured sea ice rubble, apparent in Figure 1.2, which does not pack as efficiently as the

undeformed pack and possesses void regions, or macro-porosity, ¢g.

A pressure ridge identified during the Sea Ice Experiment - Dynamic Nature
of the Arctic (SEDNA) field expedition. Visible is the sail portion of the
ridged ice and the irregular, rubble, generated in the ridging process. Photo
courtesy of Andrew Roberts, Los Alamos National Laboratory.

Figure 1.2. In-situ Pressure Ridge. Source: SEDNA (2008).

Campaigns to observe pressure ridges in-situ have provided valuable insight into the basin
distribution of sea ice ridges (Davis and Wadhams 1995; Melling and Riedel 1995, 1996;
Melling et al. 1993; Wadhams and Davy 1986), pressure ridge morphology (Ekeberg et al.
2015; Johnston and Barker 2000; Strub-Klein and Sudom 2012; Tan and Coauthors 2012;
Timco and Burden 1997; Timco et al. 2000; Tucker and Govoni 1981), and the process of
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pressure ridge formation (Hopkins 1994, 1998; Weeks 2010; Zubov 1945).

Incorporation of the conclusions and observations made in each of the previous studies
have informed sea ice modelers for years. Models developed by Rothrock (1975) and Hibler
(1980) were able to predict well the redistribution of sea ice during convergence and the
change in mechanical strength of the pack as thicker ice is formed. These models were
further improved as research was done on the effect of ridge formation on form drag of
ice floes. With the development of a ridge, its sail presents an increasingly large aspect to
wind. The increased aspect serves to enhance the pack’s response to forcing. Garbrecht
et al. (1999) studied the effect of the presence of a single large pressure ridge on the form

drag finding that the ridged ice contributes significantly to increased drag in the pack.

Roberts and Coauthors (2019) developed a coarse-grained technique to estimate the distri-
bution of sea ice ridges within a region of strained ice. This effort enables prediction of the
compressive strength and mass distribution critical to global sea ice models which are in
turn used in fully coupled ESMs. The analytic solution developed, however, is theoretical
and requires corroboration. To substantiate the solution presented by Roberts and Coauthors
(2019), the model presented in this thesis has been developed to evaluate the development
of a pressure ridge in first-year sea ice. This modeling work has been undertaken due to
the difficulty in measuring the transition of several state variables during ridging events in
real sea ice, including macro-porosity, which is typically evaluated only after a ridge has
formed. To allay this observational deficit, the model developed in this thesis generates
simulated ridge states which can then be easily compared to the analytic solution recently
derived by Roberts and Coauthors (2019).

1.2 U.S. Navy (USN) Relevance

The Arctic is home to millions of people and, established in the Ottawa Declaration of 1996,
eight Arctic nations comprising the Arctic Council. This council, of which the United States
is a member, represents the diversity of the region and highlights the complexity of Arctic
economic and territorial claims. While the council was created to harbor cooperation and
effective stewardship in the region, the emergence of Russian adventurism threatens the
long-held international order in the Arctic (Secretary of Defense 2018). The eight Arctic

nations have complex claims to the region’s economic resources. This complexity is typified



by the competing Canadian, Danish, and Russian claims to the north pole. Russia claims
the region as an extension of its continental shelf extending from its northern coast while
Denmark claims the Lomonosov Ridge, which itself extends across the Arctic and through
the north pole (British Broadcasting Corporation 2014; Kramer 2016). With the backdrop
of competing territorial claims, an emboldened Russia is seeking to assert its influence in
the region. Furthermore, with the retreat of summer sea ice extent, China is seeking to
capitalize on the newly open trans-arctic shipping routes that will form the backbone of its
"Polar Silk Road" to European markets (Wen 2019).

The U.S. Joint Chiefs of Staff are pivoting their efforts to meeting the threat to the United
States from great power competition, specifically the emergence of increased Chinese and
Russian belligerence. In Chief of Naval Operations, USN (2018), the Chief of Naval
Operations (CNO) outlines the threats to national security posed by these nations. As China
and Russia assert influence along critical sea lines of communication, the USN must rise
to meet this emerging world order with assertive near-peer competitors. The CNO asserts
that Chinese and Russian actions are "frequently confrontational." Shea (2019) discuss the
emerging Arctic, with its complex political landscape and untapped bounty, as a region

where a potential new Cold War could begin.

According to Melia et al. (2016), the disappearance of multi-year sea ice and the emergence
of seasonal (forming in the winter months and melting completely by the end of summer) sea
ice coverage in the Arctic is likely to open the region to enhanced commercial utilization,
particularly trans-Arctic shipping. Figure 1.3 shows two scenarios and their effect on
shipping route availability. The figure shows two climate model simulations; one predicting
moderate and the other extreme carbon emissions. The conclude that ships that re not
ice-hardened will be able to regularly take the more direct trans-Arctic route within the next

50 years, which until recently has been too dangerous a voyage for them.

Furthermore, Francis and Skific (2015) put forward the idea that as sea ice extent retreats,
mid-latitude weather patterns could have become more variable, leading to more extreme
weather events. It is this dynamism in the Arctic region that necessitates the development of
accurate sea ice prediction tools to support informed decisions on the protection of National
interests, resource exploitation operations, and environmental climate prediction. A new

generation of global, high resolution, and fully coupled ESMs are under development which



The replacement of multi-year sea ice with seasonal first-year sea ice across
the Arctic basin will enable greater access to trans-arctic shipping routes as
their shorter distances realize greater cost efficiency in comparison to typical
routes through the Suez and Panama canals.

Figure 1.3. Predicted Trans-Arctic Shipping Routes. Source: Melia et al.
(2016).

promise to bring better, and more reliable, climate prediction products to decision makers

giving the Nation the tools necessary to cope with this new and emerging environment.



1.3 Motivation for Study

Work presented in this thesis complements the creation of the Discrete Element Model
for Sea Ice (DEMSI), a new sea ice model developed by Los Alamos National Laboratory
(LANL) and Sandia National Laboratories (SNL). At low resolution (approximately 100
km), sea ice behavior is able to be simulated as a continuum material. Models developed by
Hibler (1979) and those in its lineage rely on this simplification to solve sea ice dynamics
for use in climate models. However, as addressed by Coon et al. (2007), these continuum
models are limited by the resolution of the model physics accurate to scales of about 10 km,
even if the numerical resolution of the model is much less. Figure 1.4 further illustrates the
conclusions reached by Coon et al. (2007). This limitation is at a resolution much lower
than is required by the new generation of ESMs, necessitating the development of a new
generation of sea ice models. At high resolution sea ice must be modeled using discrete

elements (Herman 2016).

DEMSI is currently under development, and when it is complete will use two-dimensional,
circular elements that will have an approximate diameter of 1 km. However, at this scale
a typical assumption of discrete element models (DEMs), that all elements are rigid, fails.
Ridges in sea ice often have a horizontal scale on the order of 1-50 m (Weeks 2010), which
is much smaller than the size of an individual DEMSI floe. This scale discrepancy means
that the emergent features caused by sea ice convergence are not able to be modeled by
the simple rearrangement of the model elements, which may represent collections of floes
rather than just individual floes. Therefore, internal yielding of individual elements is
required to capture pressure ridging events; a requirement not typically included in basic
DEM modeling. To allay this limitation in the model, DEMSI will implement internal
element deformation consistent with ridging dynamics outlined in Roberts and Coauthors
(2019). While the equations developed by Roberts and Coauthors (2019) are able to
generate distributions of sea ice thickness for ridged ice, there is a paucity of observations
with which to ensure that the scheme is an accurate representation of ridge states. In order
to address the lack of data, the model presented in this thesis has been developed to create
a system by which the ridge state distributions can be generated and compared to those
produced in the aforementioned theoretical study. The discrete element model developed
in this thesis generates virtual ridge states that are created using a three-dimensional, high

resolution, granular material that produces ridge features subject only to a defined ridge



Pictured is the marginal ice zone sea ice near Prudhoe Bay, Alaska. The
irregular distribution of floes and their sizes corroborates the conclusions of
Coon et al. (2007). In this region and at this resolution, the sea ice is clearly
not a continuum material. Reproduced from https://www.ospo.noaa.gov/
data/ocean/sar/sarwinds 20190506.html.

Figure 1.4. Visible Irregularity in Arctic Sea Ice

strain, initial spatial distribution of particles, and simple boundary forcing. The model
has been developed to extract critical ridge variables, including keel depth, sail height,
and macro-porosity distributions as functions of location in space and time within a ridge.
The ensuing simulations are compared to the analytic solutions developed by Roberts and

Coauthors (2019).


https://www.ospo.noaa.gov/data/ocean/sar/sarwinds_20190506.html
https://www.ospo.noaa.gov/data/ocean/sar/sarwinds_20190506.html

CHAPTER 2:
Background

In pursuit of a theoretically-based approach to thickness redistribution during ridging events,
Roberts and Coauthors (2019) developed an analytic solution for the trajectory through ridge
state space for sea ice undergoing ridging. Their mathematical solution to the co-evolution
of thickness, macro-porosity and strain indicates that the thickness distribution of sea ice,
which has historically been a simple distribution of thickness, g(/), must be expanded to
include a dependence on macro-porosity, g(h, ¢g). More information about g(%), and how
it is modeled, is available in Thorndike and Coauthors (1975) and Lipscomb and Coauthors
(2007). There is, however, little observational data associating ridge thickness with its
macro-porosity for use in validating the solution. Data is required that ties the current strain
of a ridge, a function of the amount of ice that has been converged into the ridge, and the
macro-porosity, and their interrelationship through the entire formation event. Investigation
of the evolution of a pressure-ridge from undeformed sea-ice to a mature ridge is difficult to
measure. Therefore, the development of a technique to create these ridges in a controlled,
easily repeated and modified way has typically been approached with the use of models
(Hopkins 1994, 1998; Parmerter and Coauthors 1972).

2.1 Anatomy of a Sea Ice Pressure Ridge

This study follows from previous models of individual ridges, and will focus on the gener-
ation of a simulated sea ice pressure ridge from first year sea ice using the discrete element
method. Figure 2.1 shows a cross section of an idealized pressure ridge. Apparent in the
figure are its sail height, Hy, and its keel depth, Hy. Figure 2.1 shows the primary features
of most pressure ridges and serves as the template for algorithms to identify, in the model
output, the formed ridge. Pressure ridges form at the boundaries of convergence between
two sheets, or floes, of sea ice. This study is limited to the assessment of only first year
ice with the two feed sheets of the same thickness, but the general shape is similar for all
pressure ridges in this research, as in a large portion of previous ridging studies. Ridging
generates sea ice rubble between converging floes. This rubble is the fractured pieces of sea

ice that have been broken from the parent sheets and become part of a rubble pile subject to



sideways pressure from the floes and buoyancy due to its density deficit relative to sea water.
With continued convergence, more rubble is generated and is forced into the characteristic

quasi-triangular ridge shape.

Sail Undeformed
< Floe Ice
H A W
Sy ' ' 4 L 2=0

Hk Keel

_

An idealized ridge profile including the undeformed floe ice, sail and keel.
The deformed region is characterized by increased macro-porosity and po-
tential energy density. With the measured ridge strain, a function of the
total convergence, these three variables define the ridge state. The ridge
properties are primarily defined by the sail height, Hy, the keel depth, Hy,
and the macro-porosity, ¢g.

Figure 2.1. Pressure Ridge Profile Schematic

The keel, or the portion of the ridge beneath the water line, is larger than the sail, the part
above the water line, because it is the most efficient conversion of kinetic energy of the
converging floes to potential energy stored in the ridge. It takes less work to force a piece
of ice rubble beneath the surface of the water than it does to force the same piece of rubble
above the water line. The macro-porosity, ¢g, of this ridge state is the fraction of void space
in the rubble region of the ridge and represents a critical, missing, component to dynamic
sea ice models. Porous sea ice ridges are less resilient to melting because of their increased
surface area exposed to water and air and occupy more volume thus increasing their cross

section for aerodynamic and hydrodynamic drag than if ¢ = 0.

2.2 Basin Scale Continuum Sea Ice Models
Early sea-ice modeling work done by Coon and Coauthors (1974), in conjunction with

the Arctic Ice Dynamics Joint Experiment (AIDJEX), created an early sea ice model

10



that treated sea ice as a continuous elastic-plastic solid. The elastic-plastic assumption
states that the floe interactions can be modeled by two types of deformation: those that
occur at a stress state within the plastic deformation envelope and those that occur on the
plastic deformation envelope. Deformations that occur within are elastic and are therefore
reversible. Conversely, those that occur on the envelope are plastic or completely irreversible
and permanent. It is in these permanent deformations that the model developed in Coon

and Coauthors (1974) addressed ridging and cracking of sea ice.

Under convergent conditions, and at the failure limit, the ice becomes thicker. Equation
2.1, from Lipscomb and Coauthors (2007), describes the evolution of the sea ice thickness
distribution. The rate of change in the distribution is dependent upon three factors. The
first term on the right-hand side is the convergence of the ice, the second term is the
change in thickness due to melt and thaw by thermodynamic processes, and the final term
is a mechanical redistribution term. This treatment of sea ice thickness evolution in time
enables the development of realistic sea ice extent and thickness distributions across the
Arctic, further allowing for a more rigorous treatment of thermodynamic and dynamic
processes affecting the Arctic climate system. At the core of continuum type models that
simulate sea ice deformation on ocean basin scales, are the conservation of momentum,
a constitutive law, an ice thickness distribution evolution relationship, and an ice strength

equation to solve for sea ice dynamics and continuity (Hibler 1979).

99 _

0
5 =V - (ug) - ﬁ(fg) +y (2.1

The momentum balance solves for the material acceleration (or deceleration) of sea ice
due to contributions by the Coriolis force, atmospheric drag stress, oceanic drag stress, sea

surface height gradient, and internal forces within the ice. Application of Newton’s second

law yields
Du
mE:—mkau+Ta+‘rw—mgVH+F (2.2)
where,
Ty = CaPa|Ua|(Ug cos ¢ + k X Uy sin ¢) (2.3)

11



and

Ty = Cppw|Uy —u|[(U, —u)cos + kx (U, —u)sinb]. 2.4)

For definitions of the symbols used in Equation 2.2, and those following, see Table 2.1.

The final term in the equation, F = V - o, requires a constitutive law to relate the internal
forces to the stress state of the material, o;;. Coon and Coauthors (1974) used an elastic-
plastic constitutive law wherein any stress states that occur within the yield curve are elastic

and those occurring on the yield curve are plastic.

Table 2.1. Symbol Definitions for Continuum Dynamics Equations

m  mass per unit area u ice velocity

o;; internal stress tensor H  dynamic sea surface height
T, oOcean stress vector T, wind stress vector

U, geostrophic ocean current U, geostrophic wind

F  Internal Force (V - o) € strain rate tensor

n shear viscosity {  bulk viscosity

e elliptic yield curve eccentricity P  Pressure

6;j Kronecker Delta i,j tensor indices (1,2)

While the justification for this assumption is well defended, it leads to the unfortunate aspect
of the AIDJEX era model in which strains are effectively stored indefinitely to reverse elastic
deformations. Hibler (1979) notes that this is a computational inefficiency that leads to the

model being ineffective for long time scale (climatology) modeling.

To address this, and other computational concerns, Hibler (1979) developed a sea ice model
based on a similar continuum assumption. However, he made the further assumption that
the ice has no elastic deformation mode, but rather deforms as a highly viscous material
undergoing plastic deformation. This assumption removed the requirement to store strains
indefinitely and allowed for even greater simplification. By making the viscous-plastic
assumption, the model approximates sea ice as a slowly creeping fluid over top the ocean.

This type of flow is parameterized by confining the local stress states within the modeled
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sea ice to an elliptic yield curve where the nonlinear bulk and shear viscosities, { and 7,

respectively, are dependent on the local strain rate, ¢;;, through the following relationships:

= 2né; 6 — 200 25
gij = 7761]+(€_77)6kk IJ_T (2.5)

where, = P/2A, n = P/2Ae?, and

A= \/(élzl + é222) (1 + 6_2) + 6_2é122 + 2é11é22(1 - 8_2). (2.6)

Equations 2.5 and 2.6 are functions of the local strain rate tensor, §;, indicating that the
internal stress state is itself a function of the tensile and shear modes of deformation and are
proportional to the rates at which the material is deforming. These relationships produce
the characteristic elliptic yield curve of Hibler’s model, see Figure 2.2. For comparison, a
Newtonian viscous fluid yield curve is also included to demonstrate the difference in the
ability of the non-linear viscous plastic rheology (VP) and Newtonian material to sustain

stresses at equilibrium.

From these equations, the zonal (x) and meridional (y) internal force components are

computed as

0 ou v P 0 ou Ov
O G R K 2% o I
and
0 P 0 ou Ov
fegglorogreng-gl o nb(m ) e

The rheology of the material though, is highly dependent on the local mechanical character-
istics of the sea ice. The VP model assumes that it is largely a function of sea ice thickness
and uses simple mass conservation arguments to develop the thickness distribution on which

n and ¢ are based. This formulation is a simple model tuning factor reliant on an isotropic
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Presentation of the principal stress states (o7, 0»), as derived from equations
presented in Hibler, 1979, produced for a Viscous Plastic Rheology. The
figure shows the full set of potential stress states the VP material is sustaining
dependent upon the local strain rate tensor.

Figure 2.2. Elliptic Yield Curve for Viscous Plastic Rheology

assumption and has little physical basis.

2.3 Sea Ice Anisotropy

While significant computational improvements have been made to continuum sea ice models
allowing for gains in model resolution, this lineage of modeling still assumes that sea ice
is isotropic. The isotropic assumption allows for the treatment of sea ice as a homogenous
material with variable spatial extent. Many of the unique characteristics of sea ice, its motion
and spatial variability particularly, owe their existence to sea ice’s severe anisotropy. Figure
2.3 shows an aerial view of typical sea ice cover showing clearly the consistent orientations
of faults in the material. Isotropic materials do not have preferred failure orientations.
However, sea ice, an anisotropic material, clearly fails along preferred orientations. As
sea ice model resolution has improved, the isotropic limitation of AIDJEX era models

has been addressed in a number of novel ways. Most of this work has been done by
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attempting to parameterize at sub-grid scales the anisotropy’s effect on the modeled grid-
scale motions and behaviors of the sea ice. Wilchinsky et al. (2011) included effects on the
pack from sea ice fault reorientation. Tsamados et al. (2013) accounted for the orientation
and configuration of sea ice elements. Tsamados and Coauthors (2014) parameterized the

pack’s environmental drag characteristics due to ridge and lead formation.

Pictured is an aerial photograph of sea ice. The apparent preferential orien-
tation of fractures generated in the ice field show the inapplicability of the
isotropic assumption to high resolution sea ice modeling. Reproduced from
https://gfl.usgs.gov/gallery _main.shtml?current=4.

Figure 2.3. Visible Anisotropy in Arctic Sea Ice

Each of these techniques seek to accomplish the same goal, parameterize a continuum
model to modify the behavior to be more consistent with real ice. For instance, Tsamados
and Coauthors (2014) seek to parameterize the highly anisotropic distribution of ridges and
leads within grid cells. The environmental drag coefficients in equations 2.3 and 2.4 are
highly dependent on boundary layer roughness and require precise estimations of the ridge
state of a sea ice grid point to accurately model the dynamics of the system. The technique
outlined in Tsamados and Coauthors (2014) develops more representative environmental

momentum flux by including variations in the ice roughness allowing for better simulations
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of sea ice dynamics. However, these parameterizations ultimately are attempts to extend the
life of models developed with limited computational capability and adherence to continuum
modeling schemes for sea ice. The modifications included previously provide valuable
insight into the behavior of sea-ice. However, these parameterizations tend to constrain the

system and dissuade the development of emergent mechanical features of the pack.

2.4 Discrete Element Sea Ice Models

An alternative to the parameterization schemes discussed in Section 2.3 is to model the sea
ice system in such a way as to allow for the anisotropy to evolve naturally due to deterministic
pair interactions at small scales. DEMs simulate highly complex macroscopic behavior
through simple pair-wise interactions between a collection of rigid small-scale particles.
These small-scale particle dynamics are then constrained through fundamental relationships
and the system is allowed to evolve. These models are uniquely suited to highly anisotropic
systems and are computationally efficient at sufficient levels of processing parallelism and

small temporal and spatial scales.

An example DEM sea ice model, developed by Herman (2016), is the Discrete-Element
Bonded-Particle Sea Ice Model (DESIgn) which is two-dimensional. The dynamics of this
model are defined for the i"" element of the system. N.B.: From this point forward in this
thesis i and j will exclusively refer to the i’ and j' elements in a DEM. Definitions of the

terms used in the following equations are given in Table 2.2.

Like their continuum model counterparts, DEM models begin with a basic dynamics equa-

tion governing the motion of the sea ice elements,

d i N N A,
il = —mifkxu; + /S f,ids + /V fdo+ Y Fij (2.9)

JECi()

where the rate of change of the i"" element momentum is due to the Coriolis force, the

surface force, the body force, and the sum of contact Forces.

Unlike continuum models, where vorticity is computed from the curl of the velocity field,

DEMs require explicit treatment of angular momentum,
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An example of a DEM simulating the failure of plates of modeled sea ice
under prescribed strain rates. Figure adapted from Herman (2016).

Figure 2.4. DESIgn Simulation Example of a Discrete Element Model.
Source: Herman (2016).

2
S dw; A

miLﬁ:k- /rxfs,-ds+/r><fb,-dv+ Z rij X Fij (2.10)
2 dt s L ) |

where the rate of change of the i’ elements angular momentum, assuming the elements
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2
are cylindrical (I = %), is defined normal to the surface and is the cumulative effect of the

tangential components of the forces acting on the element.

Table 2.2. Symbol Definitions for DEM Dynamics Equations

m; element mass per unit area
u; element velocity
r element radius

Coriolis Parameter

wj element angular velocity
£ surface force

fb,,- body force

F;j, contact force

Another notable difference from the AIDJEX era model dynamics is the lack of an internal
force component that would lead to internal deformation in the particle. The continuum
internal force components find analogous DEM forces in the form of the skin and body
forces, where these forces are transmitted across a network of contacts rather than stress
fields in the material. Development of any DEM must, because the elements have spatial
scale and are forced by neighbor contact networks, handle the force network explicitly and

with great care.

2.5 Discrete Element Simulator

To handle this critical task, this research and DEMSI will use Large-Scale Atomic/Molecular
Massively Parallel Simulator (LAMMPS), a software suite developed by Sandia National
Labs and available at http://lammps.sandia.gov, which is well suited for the scale of the model
required for DEMSI and this research. LAMMPS is coded to handle granular interactions
where the rigid particle approximation is more than sufficient. It explicitly computes the
force networks for rigid elements in the simulation domain and integrates them through
time. The software is efficient, having been optimized for massively parallel systems,
open source and readily modifiable to customize to the needs of this research (Plimpton
1995). However, the rigidity assumption is insufficient for a basin scale model of sea ice

as the elements increase in scale and internal deformation must be accounted for. At the
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anticipated scaling of elements in DEMSI, 1 km diameter and 1 m thickness, the ice floe
elements will not be able to be treated as rigid and techniques are required to explicitly

describe element constitutive relationships and allow for permanent element deformation.

2.6 Thickness Distribution Generation

DEMSTI’s particle size limitation requires that a mechanism is in place to describe the re-
sizing of elements as they deform. From their characteristic roughness for use in wind and
current forcing, to thermodynamic and continuity requirements, the internal deformation
of elements must be precisely calculated. A component of this development is the imple-
mentation of an analytic solution to sea ice ridging developed by Roberts and Coauthors
(2019).

The solution argues that isostatic ridges, or those ridges that have reached maturity, can only
exist along a single trajectory through the ridge strain, eg, potential energy density, V, and
macro-porosity, ¢g, state space. The solution developed in Roberts and Coauthors (2019)
is enabled by the inclusion of Coulombic yield as the method of non-conservative energy
dissipation. This inclusion constrains the solution space to a single trajectory dependent on
the initial condition of the sea ice. From the solutions presented in Roberts and Coauthors
(2019), the compressive strength of the pack can be estimated as well as any number of
distribution dependent element properties critical to climate scale climate modeling. This
work, however, has no data set with which to corroborate its findings. This thesis seeks to
allay this deficit by generating a pressure ridge and plotting its ridge state evolution in the

Roberts and Coauthors (2019) state space to assess the analytic solution.
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CHAPTER 3:
Model Description

The model of sea ice ridging that has been developed for this thesis uses LAMMPS to
provide the underlying computational backbone and particle dynamics used. The model
simulates sea ice as a three-dimensional granular material, where the individual grains
are spherical particles. The pair-wise interactions are modeled using the Hertzian contact
model (Silbert and Coauthors 2001).

This model seeks to recreate, in three dimensions, the two-dimensional pressure ridge
model developed by Hopkins (1994). The Hopkins model simulates the generation of a
pressure ridge by driving a virtual sheet of sea ice into a thicker, and stationary, ice mass.
The moving sheet progresses through the initial buckling failure and generation of rubble
to the piling of the rubble and creation of the ridge. By extending the Hopkins model to
three-dimensions, additional degrees of freedom are gained enabling heterogeneity along
the axis of the ridge to develop. This heterogeneity should provide greater insight into the
distribution of ice thickness and mass along the ridge axis as well as the evolution of ridge

state variables from initially undeformed ice to a mature ridge.

For this model, two sea ice plates are created by first populating two regions with spherical
sea ice particles in a regular lattice structure. Next, the particles are bonded together if
they are in contact to reinforce the lattice. Once the plates are created, an initialization
integration is performed to bring the plates to hydrostatic balance at the virtual air-water
interface at z = 0. With a system kinetic energy close to zero, a LAMMPS restart file is
written to enable rapid re-initialization using different trial parameters. This restart file is
then used to begin the trial in which one plate of sea ice is given an initial velocity with the
forces of the extreme edge of the sheet set to zero. This zeroing of the force ensures that
the extreme edge continues on at a constant velocity, driving the material of the sheet of ice
into the second sheet to form the pressure ridge. For a schematic of this experiment setup

refer to Figure 3.1.
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Moving Sea Ice Floe, v = v,

Adaptive Traction Force Fast Sea Ice Floe, v=0cm s
(maintains constant edge velocity)

The simulation proceeds by driving two floes of sea ice together at constant
velocity. The floe at left is given an initial velocity to the right. To maintain
the convergence velocity, the forces at the extreme edge are set to zero.
This ensures that the edge elements experience zero acceleration (and de-
celeration) ensuring that they have a constant velocity providing an adaptive
traction force that ensure a constant convergence rate for the forming ridge.

Figure 3.1. Experiment Schematic

3.1 Particle Dynamics

There are three categories of forcing that each particle in the model is subject to: pair-wise
interactions, bonded interactions, and body forces. The body forces provide the model
gravity, buoyancy and particle drag, while the bond and pair-wise interactions define the

rules by which the particles interact with one another as a simulation progresses.
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3.1.1 Pair-wise Interactions

To simulate the interactions of unbonded particles with other particles, the model uses the
LAMMPS Hertzian pair style. The pair-wise interaction describes the forces that particles
exert on neighbors in contact. This intra-particle force, defined in Equation 3.1, includes
contributions to the pair interaction from normal (first term) and tangential (second term)

components.

RR;
F, = Vo TR [(kpom;j — mesrynVa) — (kiAS; + mer Vi) (3.1
i T

LAMMPS (2017) defines Equation 3.1 and provides the definition of each term in the
equation. Table 3.1, reproduced from LAMMPS (2017), summarizes the terms in Equation
3.1.

Table 3.1. Pair Style Definitions

0 Overlap Distance of Particles i and j

ky, Elastic Constant for Normal Contact

k; Elastic Constant for Tangential Contact

YV Viscoelastic Damping Constant for Normal Contact

Vi Viscoelastic Damping Constant for Tangential Contact

m.rr Effective mass of two particles of mass M; and M;

As,  Tangential Displacement Vector Between Two Particles

n;; Unit Vector Along the Line Connecting Centers of Two Particles
\A Normal Component of the Relative Velocity of Two Particles
v, Tangential Component of the Relative Velocity of Two Particles

Reproduced from LAMMPS (2017).

The majority of these quantities are transparent to the user and are calculated without
intervention. However, a number of the quantities are user defined in the input script for
LAMMPS. The definition of the pair style requires the user definition of &, k;, vy, vz, xmu,
and a damping flag.

The elastic constants for contact, k,, and k;, are defined for the Hertz case by Zhang and
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Makse (2005) as

4G

ky=——— 3.2
3(1-v) (3-2)
and,
4G
k; = T 3.3)

where, G and v are the shear modulus and Poisson ratio, respectively. These definitions
ensure the particles interact in a way consistent with real sea ice and are critical for the

proper formation of the ridge from sea ice rubble.

The viscoelastic damping constants, y, and vy;, are set to zero. A sensitivity analysis was
performed on both parameters and neither appear to have any qualitative effect on the
final ridge state. This finding is consistent with Silbert and Coauthors (2001). The final
ridge configuration does show differences from simulations where these terms are included,
but this is likely due only to the particle dynamics and has no bearing on the ridge state

trajectory.

For granular materials, the slip condition is set using a Coulomb friction argument relating

the maximum stable tangential force, F;, to the normal force through

F, = xmu F,. (3.4

3.1.2 Bond Forces

Bonds in the simulation are used to ensure that the initial collection of sea ice particles
maintain the initial lattice structure in their default undeformed state. The lattice structure
chosen for this simulation, as depicted in Figure 3.2, is used to minimize bond orientation

degrees of freedom and simplify bond parameterization.

To limit computational complexity, the model assumes that the bonds between particles are

elastic, to a failure limit, and can be approximated by a simple spring such that,
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The basic configuration of bonds between elements at initialization. All bond
lengths are 2 - R,.

Figure 3.2. Floe Lattice Schematic

Ebond = Kp (R, — R)? (3.5)

where, Epong is the potential energy of the bond, K, is the bond stiffness, R, is the equilibrium
bond length, and R is the instantaneous bond length. See Figure 3.3 for a schematic of an

individual bond in its equilibrium configuration and a deformed state.

Determination of the appropriate bond stiffness was accomplished empirically through use
of a virtual cantilever experiment in which a series of cantilever deflections were simulated.
The results of each trial were then compared to an analytic Timoshenko cantilever solution
which, given the same cantilever geometry, was adjusted by the elastic modulus to fit the
analytic solution to the data. For details concerning this procedure, refer to Appendix A.

The relationship of bond stiffness, Kj, to elastic modulus, E, is given by,

K, = 0.06E. (3.6)
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pA

F
k

(a) R=Re=2Ro, (b) R>Re

lllustrated are the (a) equilibrium and (b) deformed states of the bonds
between particles in the simulation. R, is chosen such that the undeformed,
or Epond = 0, state of the lattice is close packed.

Figure 3.3. Bond Schematic

3.1.3 Bond Failure

To define the maximum extension of a bond, the tensile strength of sea ice is used to
calculate the maximum bond deflection before failure. To derive a relationship between
the tensile strength, omax, and the maximum bond extension, Rp,x, the force required to
extend a region of ice by a distance Ax is first determined. The derivation begins with the

definition of the elastic modulus,

E = (3.7

o
€
where o and € are the stress and strain, respectively, of the region of ice. By applying
the definition of material strain, Equation 3.7 can be rewritten to find the maximum bond

length, R4y,

(3.8)

Riw = Re (1 + ‘Tma") .

3.1.4 Body Forces
To simulate the sea ice domain at the interface between the ocean and atmosphere, a series

of field forces are also applied to each particle: gravity, buoyancy, and drag. All particles
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are given an implicit downward gravitational acceleration of 9.8 m s~2 to approximate the

effect of gravity at sea level.

To find the buoyancy force acting on each simulation particle, the volume of water it
displaces is found as a function of the position of its centroid relative to the z = 0 plane. For

the i'” element, the displaced volume is defined as

Vi i € (=00, —R;]
)2
Vi - MBEL0R, - 2) 7 € (—R;, 0]
Viispi (Ri> zi) = r(Rimz):
—5QCRi + z) 7 € (0, Ri]
0 Zi € (Rl" OO)
The buoyant force is therefore,
Fbuoyant = Vdisp,i Psw 8. (3.9

Finally, each particle in the simulation is subjected to a damping force proportional to the

particle’s instantaneous velocity

Fdrag =MV (3.10)

This force is included to augment simulation stability and return the particles to hydrostatic
equilibrium as rapidly as possible. The damping constant is chosen such that a sphere of
a given radius, R, is nearly critically damped. This value was chosen based on a series of
numerical trials and is approximately 2 kg s~! for particles with a radius of 0.1 m and mean
density of 920 kg m?.

3.2 Model Post-Processing

The raw model output produced by the simulation is dumped to an output at predetermined
time intervals. This data is written such that the instantaneous position and particle variable

states are correlated to each particle. For this study, the model outputs the position (x, y, z);,
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Ri, pi, Vdispi and pressure. These properties only serve to provide the required input to
compute the necessary ridge state variables: mean macro-porosity, mean potential energy

density, and ridge-strain.

For sample interval (n,m), the measured free board, Hj,,, is given by the
maximum positive vertical extent in the sample region. Similarly, the mea-
sured ice depth, Hy,n, is given by the maximum negative vertical extent.
Ny is the thickness of the sample region.

Figure 3.4. Vertical Sample Interval

Following from Roberts and Coauthors (2019), this work takes the LAMMPS output and
performs procedures to compute the mean ridge state variables required to compute the
simulated ridge state evolution for comparison with the analytic solution. Roberts and
Coauthors (2019) computes the ridge state variables across the total extent of the ridge.
Finding analogous ridge state values from this model though, requires that the grain-centric
data output from LAMMPS be translated to find the same critical parameters used in the
analytic solution. To do this, the simulation output must be mapped to an Eulerian grid
on which further processing can be applied. However, because the model elements each
have volume, the computation of the ridge variables H(x, y, t), ¢g(x, y, 1), and V(x, y, 1) is

complicated. The methods by which each of these variables are computed are outlined in
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the following sub-sections.

3.2.1 Thickness, i(x, y,t)

The thickness of ice for a given sample area is the difference between the maximum and
minimum vertical extents in the area. For an illustration of this in principle, see Figure 3.4.
This defines the local ice thickness for the sample area, #,,,. This is done to approximate the
convex hull containing each of the simulated particles. Keeping the sample region relatively
small in relation to the size of the particles ensures that the error introduced to the sample

area’s thickness, A, is small.

For sample interval (n,m), particle A is fully contained within the sample
region and has a VWF of 1. Particle B is partially in the region and has a
VWEF between 0 and 1. Finally, Particle C has no portion within the sample
region and has a VWF of 0.

Figure 3.5. Horizontal Sample Interval
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3.2.2 Macro-Porosity, ¢r(x, y, )
Macro-Porosity is the volume of void space in a sample volume. It is defined as, ¢ = 0 for
undeformed ice and ¢ = 1 for a region that is devoid of sea ice. The computation of ¢g

from data first requires the calculation of the void fraction in the sample area,

‘/iCB
=1- . (3.11)
¢ Vridge
The volume of the ridge in the sample area is simply,
Vridge,nm = (Hs,nm - Hk,nm) XsYs = hnmxs.l/s (3.12)

where, x; and y, are the dimensions of the grid size in the x and y directions, respectively.

Evaluated for a sample region size of 0.5 m x 0.5 m and particle radius of 0.1
m. The heat map for Volume Weighting Function enables the computation
of ¢ and Vg within a sample region accounting for sample grid overlap.

Figure 3.6. Volume Weighting Function

As shown in Figure 3.5, particles in the sample area do not necessarily contribute their full

volume to the region. Particles near the sample area boundary partially contribute their
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volume to the sample area and neighboring areas. To account for this boundary overlap, a
VWFis derived. The VWF serves as a multiplication factor to properly distribute a particle’s
volume. The VWF is computed as a function of of xy, ys, and R,. The volume contained
within the sample area is calculated for a particle of given radius. This is computed for all
x and y on which a particle could contribute a portion of its volume to the sample area to
produce a heat map. An example of the output is shown in Figure 3.6. Therefore, V., is
defined as,

N
Vie = Z V. VWF (3.13)
i=1

where, N is the list of particles that could contribute to the volume of ice within the sample

region.

Bulk porosity, ¢, of the region normally has two contributions: micro-porosity, @micro, OF
the porosity associated with ice crystal inclusions like brine pockets, and macro-porosity,
@R, or the porosity associated with the generation of rubble in the deformation of the ice

floe. For the simulated sea ice floe, the bulk porosity is defined as,

¢ = R + Pmicro- (3.14)

Micro-Porosity, ¢icro, is an artifact of the formation of the initial ice floe and is a property
of sea ice. For purposes of this study, its contribution only manifests in the mechanical
properties of sea ice, and is assumed to be zero for these calculations. Therefore, Equation

3.14 reduces to,

¢ = ¢r. (3.15)

However, it is clear that by simulating sea-ice as a granular solid comprised of a number of
spherical grains, a third, artificial, void source is introduced. The space between particles
in the undeformed lattice represents a lower limit to which the macro-porosity can be

calculated. To correct for this source of additional void, the computed porosity values are
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interpolated to have a range between 0 and 1.

:¢_¢0
1_450

PR (3.16)

where, ¢, is the bulk porosity of the undeformed source ice and is the lower limit of ¢ for

the simulation.

3.2.3 Potential Energy Density, V(x, y, t)

The total potential energy of a sample area proceeds along similar lines as the calculation
of the total volume of ice in the sample area. A particle near the sample boundary will only
contribute a portion of its total potential energy to the sample area and must be modified by

the VWF. Therefore, the potential energy density is defined as,

N PE;VWF

Xs Ys

(3.17)

To calculate the potential energy of a particle in the simulation, PE;, the work done to

displace a particle from z = 0 to z = z;, is first calculated.

i
W= — / F.udz (3.18)
0

where, F,; is the vertical component of the field forces acting on the i’’* particle, specifically
gravity and buoyancy. Additionally, as a particle is submerged, it displaces some amount of
water vertically. The displaced sea water is assumed to lift exclusively in the sample region
and is spread evenly. This displaced water’s potential energy is computed at its center of

mass. Therefore, the total potential energy of a particle is given by

1 Vdisp,i ) (3 19)

PE, =W, + Mdisp,i 9 hdisp,i =W+ (Vdisp,i psw) g (E Xy
S S
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3.3 Ridge State Evaluation

The ridge state is a three-dimensional relationship between the ridge strain, eg, the mean
macro-porosity, ¢, and the mean potential energy density, V. In Roberts and Coauthors
(2019), coarse graining was used for mathematical expediency, but here, it is used here to
identify the ridging region and consistency with that study. Ultimately the coarse-grain
profiles are not used in any calculations for the ridge state. However, the coarse-grained
profile is less sensitive to local variability within the ridge profile. This leads to enhanced
ridge domain certainty and is effective in rejecting portions of the simulation domain that

do not contribute to the primary ridge.

(x2, ho)ni

TN

(x1, ;\1)hi (x3, ‘;13)hi
(x1, h)io (xz, ha)io

(x2, h2)io

The coarse-grained ridge shape is determined by curve fit on the mean ridge
profile as a function of time. This coarse-grained region defines the limits
over which the ridge state variables are evaluated.

Figure 3.7. Pressure Ridge Coarse Grain Schematic

Finding the coarse-grained profile is done by applying a curve fit algorithm to the mean sail,
Hi, and mean keel, Hy, profiles. This process identifies the ridge domain for evaluation of
ridge strain, ez, mean macro-porosity, ¢z, and mean potential energy density, V, for the
ridge. The coarse-grained profiles, illustrated in Figure 3.7, are both piece-wise functions
defined as,
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hy X € (=00, x1]

b+ 22 (x — x)) x o€ (x1,x0]
H(x,1) = 22_212

hy + 22 (x —x2)  x € (x2, x3]

h3 X € ()C3, OO)

The ridge domain is defined for the lower limit as the minimum of x;), and x;; and for
the upper limit as the maximum of x3), and x3pi. Ridge parallel transect means of macro

porosity and potential energy density profiles are also found and are defined as,

1 Ymax
Srmn(x.0) = ——— [ guay (3.20)
Ymax — Ymin Ymin
and
1 Ymax
Vieans (%, 1) = —————— / Vdy. (3.21)
Ymax — Ymin Ymin

The state of the simulated ridge is evaluated by first computing the ridge strain, derived by
Roberts and Coauthors (2019),

Hp — Hg
1) = ——— 3.22
€r(?) H (3.22)
where, HF is the thickness of the un-deformed ridging ice and Hp is the imporous thickness

of the ridged ice. For this work, it is defined as

HR(t) = /d (Hs - Hk) (1 - ¢R,trans)dx (3.23)
ridge

Wridge

where, Wiigge is the width of the ridge domain. Finally, ér and V are computed. Each are

mean sea ice thickness weighted averages of the transect profiles and are defined as,
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/ridge (Hy — Hi) ¢ ransdx
‘/r.idge (HS - Hk) dx

Or(r) = (3.24)

and,

./ridge (Hs - Hk) (Vtransdx
/;idge (Hs - Hk) dx

V@) = (3.25)
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CHAPTER 4:
Simulation Results

To generate a pressure ridge and evaluate its trajectory through ridge state space, an integra-
tion was completed where a 0.4 m thick sheet of ice collides with a 1 m thick sheet at 0.02
m s~!. The model was then integrated for 10 minutes of simulated time. Details of the trial
and values of the important parameters are detailed in Table 4.1. The simulation appears to
produce a reasonable facsimile of a pressure ridge, demonstrating the characteristic shape
with a large keel and small sail, orientation normal to the direction of convergence and
irregular packing that indicates the development of macro-porosity. An interesting result
of this research that was not pursued, but briefly outlined in Appendix B, is the apparent

ability of the model to generate acoustic waves in the simulated material.

Table 4.1. Simulation Configuration
Floel 100x50x04m Floe2 5x50x1m

Pice  920kg m~3 Psw 1020 kg m™3
u 2Nsm™! E 0.67 - 1.0 GPa
v 0.3 Omax 350 -750kPa
Vo 2cms”! T 600 s

dt 50 us R, 0.10 m

X 0.5m Ys 0.5m

4.1 Pressure Ridge Generation

The model is able to produce pressure ridges that are consistent with the general ridge profile
outlined in Figure 2.1. The shape is characterized by the large, pronounced keel and smaller
sail, which are clearly evident in Figure 4.1. Additionally, the ridge has heterogeneity in
aspect along the ridge axis, indicating that this modeling scheme produces a more reasonable
simulated ridge state where more natural ridging processes are allowed to progress. From
a view above the simulation, Figure 4.2 shows more clearly the final primary ridge extent.
Additionally, evident is a small secondary ridge near the center of the simulation domain.

This ridge is not included in computations of the ridge state evolution, but is important
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Pictured is the final simulation result in profile. The pronounced ridge is
apparent at the center of the frame. The ridge has the characteristic sail
and keel shape. The simulation was integrated for 10 minutes simulated
time and has 294,325 granular elements. A video of this evolution for the
duration of the integration is available at Davis (2019b).

Figure 4.1. Final Ridge, Profile View

because it shows a non-local fracture pattern and the ability of the model to create local

deformations that are semi-independent of other failure regions.

Interestingly, the field also shows two ways in which stress is transmitted through the
material. At the failure interface where piled rubble is the primary constituent, the stresses
are transmitted through highly localized stress singularities that effectively cause continuous
cracking and rubble generation. However, isolated from these rubble zones, the stress field
is diffuse, even in regions where the lattice structure is highly disrupted. This diffuse stress
indicates that even though the particles are no longer bonded, they are still behaving as a

cohesive, continuous material.
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Pictured is the final simulation result from above. The primary ridge near
the right of the plate with a pressure network emanating from the rubble
region is apparent. Near the center of the plate is a secondary ridge forming
after the primary fracture at the start of the simulation. A video of this
evolution for the duration of the integration is available at Davis (2019a).

Figure 4.2. Final Ridge, Plan View

4.2 Simulation Remapping

With a reasonable ridge’s evolution through time available, the time dependent ridge state
evolution can be computed. This computation starts with the remapping procedure, outlined
in Section 3.2, to calculate the ridge state variables as a function of a regular grid. The grid
spacing chosen is 0.5 m. Results of this remapping process are presented in Figures 4.3,
4.5, and 4.4 where the ice thickness (h(x, y, t)), macro-porosity (¢r(x, y,t)), and potential
energy density (V(x, y, t)), respectively, are shown.

Figure 4.3 shows well the initial formation of the ridge where the initial, relatively wide
fracture region is consolidated into a pressure ridge. As the ridge continues to grow, more
rubble is added, the thickness increases, and the ridge widens until it reaches maturity by the

end of the simulation. The thickness along the ridge axis is also highly variable showing the
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The ridge thickness, h, evolves from the initial fracture field evident at ¢
= 54.5 s. The primary ridge axis first consolidates then both widens and
becomes more pronounced as the ridge matures. Strong heterogeneity is
evident in each ridge state indicating the model’s ability to generate ridge
states that capture variability in all three dimensions.

Figure 4.3. Thickness Plan View Evolution

presence of local ridge thickness maxima that move along the ridge axis as the additional

degree of motion enables mass redistribution along the ridge axis.

Figure 4.4 shows the evolution of V as the simulations proceeds. As the ridge forms,
particles are driven from the water interface and are given potential energy. The total
potential energy in the field clearly increases in the ridging region and is relatively unchanged
in the non-ridging regions. The regions of relatively high V near the simulation boundaries
to the left and right indicate, at right, the thick, fast ice and some local deformation at the
moving edge due to the necessary stress discontinuity required to drive the sheets together.
Note that there is a secondary ridge axis that develops near the center of the domain in this
particular simulation. This secondary ridge never reaches sufficient maturity, or size, to
be identified by the techniques outlined in Section 3.2 and is therefore not included in the

following ridge state calculations.
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The potential energy density, Vi, evolves over the course of the simulation.
A secondary ridge axis is also apparent that forms during the initial fracture
event and advects across the simulation. The frame at t = 0 s shows some
minor numerical artifacts introduced due to a type of aliasing between the
post processing scheme and the regular lattice.

Figure 4.4. Potential Energy Density Plan View Evolution

Finally, Figure 4.5 demonstrates the evolution of ¢g. Of particular note is the convergence
of the initial fracture zone where the initial source of rubble is created. Once this region is
compacted, normal ridge growth resumes and the ridge widens. The secondary ridge axis
near the center of the field is also evident. These fields are of particular use in identifying

failure regions that are not visible in figures 4.3 and 4.4.

4.3 Ridge State Evaluation

To determine the ridge state trajectory, first the mean ridge profile is evaluated. Figure 4.6
shows the development of the ridge profile through the simulation duration. Apparent at
t =545 s tot =109.0 s are the artifacts of the initial fracture of the floe. These buckles
show the divergence of the pack from a typical pressure ridge profile and do not present the
normal keel and sail structure. However, as the simulation carries on, the rubble region is

consolidated and a typical ridge profile emerges by t = 163.5 s. It is on this profile that the
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Macro porosity field as a function of simulation time. The initial fracture
event is evident in the large introduction of macro porosity at the ridge
axis. The porous region, right after fracture, is wide and somewhat diffuse.
However, like Figure 4.3, the macro-porosity is quickly consolidated and
shows the same development as the thickness field.

Figure 4.5. Macro Porosity Plan View Evolution

ridge coarse-grain profile is fit to ascertain the horizontal, along the x direction, domain of
the ridge. At every time step, the coarse-grain profile is fit to the mean ridge profile. Each

ridge state variable is then computed over the determined ridge domain.

Figure 4.7 shows the development in time of each of the ridge state variables. All three
variables show a large discontinuity at approximately ¢ = 50 s that coincides with the
large catastrophic failure of the ridging region. At this instant, the ice buckles generating
a large field of rubble on which the new ridge will begin its formation. Furthermore,
this instantaneous rubble generation is also evident in the macro-porosity signal where
the majority of the porosity is generated during the fracture event with relatively minor

contributions occurring thereafter.
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The mean ridge is indicated by the bold line. The shaded region shows the
maximum three-dimensional ridge extent in the data. The ridge appears to
reach a quasi-static state in the last quarter of the simulation where the ridge
does not appear to grow and only moves across the simulation domain.

Figure 4.6. Mean Ridge Profile Evolution

The ridge state variables of ez, ¢, and V are plotted in (a), (b), and (c),
respectively. The initial failure early in the simulation shows the rupture of

the moving ice sheet. All three variables begin to show asymptotic behavior
late in the simulation.

Figure 4.7. Ridge State Variables Evolution
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CHAPTER 5:

Discussion and Conclusions

The model developed in this thesis largely corroborates the analytic solution developed by
Roberts and Coauthors (2019) to the ridge state trajectory and demonstrates the ability to
simulate high resolution ridge formation in a virtual state. This development enables further
investigation of the mechanical response of undeformed sea ice to forcing and is valuable
in investigations requiring greater temporal granularity and scaling than is available from

ridge observations.

5.1 Comparison to Variational Ridging Solution

This model and the analytic solutions derived by Roberts and Coauthors (2019) both seek
to bridge the gap in sea ice observations for the distribution of ridge states in the pack. The
model creates a virtual ridge and calculates the evolution of its ridge state. This is done
to determine how the ridge state changes in time as well as its final isostatic configuration
to understand the redistribution of mass, under strain, of a single pressure ridge. It makes
a number of critical assumptions, chief among them is that sea ice can be modeled as a
granular material with simple elastic bonds binding the grains together into a floe, that
lead to the emergence of an isostatic ridge with a simple convergence scheme. However,
it only creates a single ridge. Natural sea ice under convergence generates many small
ridges distributed through the pack. Potentially, with sufficient scaling, this model could
generate a more representative distribution of ridges if the simulation domain is sufficiently
increased. This ability is hinted at with the apparent emergence of a secondary ridge axis

in the simulation, as shown in Figure 4.2.

Whereas the model uses element bonding and a Hertzian contact parameterization to give
the material the ability to bear internal stress states and develop into a ridged configuration,
the Roberts and Coauthors (2019) solutions use a Coulombic friction model to determine
a critical angle of repose and a coarse-grained profile to determine the isostatic shape
of a ridge. The Coulombic friction assumption constrains the solution space to a single
trajectory enabling expedient solving for use in ESMs, but potentially does not capture the

totality of valid isostatic ridge configurations (Roberts and Coauthors 2019).
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The analytic solution to the ridge state manifold for feed ice of hp = 0.4
m with simulated ridge state evolution points. The red trajectory curve is
the analytic solution that satisfies the undeformed sea ice initial condition.
The simulated ridge state values diverge from the analytic trajectory at low
strains, but converge at moderate ridge strain values as the ridge matures.
The simulated ridge state evolution is colored by quarter of simulated time;
0-150 s in blue, 150-300 s in cyan, 300-450 s in yellow and 450-600 s in red.

Figure 5.1. Ridge State Manifold. Adapted from Roberts and Coauthors
(2019).

Though the two ridging techniques presented are different, the ridge state evolution of the
model converges with the analytic ridge state trajectory when the simulated ridge reaches
maturity. The convergence of the two approaches is evident in Figure 5.1. The immature
ridge, colored in blue and cyan, is a relatively diffuse rubble field that has not yet gone
through a consolidation process caused by continued convergence of the floes. As the

ridge reaches maturity, colored in yellow and red, the evolution of the ridge converges
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The ridge state manifold is projected onto (eg,dg) space. The white lines
are the dilation field and possible ridge state trajectory solutions for different
initial conditions. The analytic solution (red line) satisfies the initial condi-
tion of undeformed ice. The modeled ridge states are plotted and show the
convergence of the simulation to the analytic solution at moderate strain
levels. The simulated ridge state evolution is colored by quarter of simulated
time; 0-150 s in blue, 150-300 s in cyan, 300-450 s in yellow and 450-600 s
in red.

Figure 5.2. Ridge State Projection. Adapted from Roberts and Coauthors
(2019).

with the theory and stops evolving with only minor fluctuations due to continued fracture
and rearrangment of the simulated elements. At low to moderate strains, the lack of
consolidation manifests as enhanced ¢g relative to the theoretical isostatic ridge state for
the same eg. This result is potentially consistent with the theory because the rubble field is

still undergoing rapid transition and cannot be considered isostatic. However, it could also
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be the result of the large difference in element sizing in this model versus the assumption
of very small rubble elements in the theory. Further work is required to determine if the
model, with smaller element sizing and very slow convergence, could track more closely
with the ridge state trajectory by allowing each point in the simulated ridge evolution to be

quasi-isostatic.

Normalized Vk for both the analytic ridge state trajectory solution derived
by Roberts and Coauthors (2019) and the simulated ridge state evolution.
The points are colored by simulation time; blue is early in the simulation
evolving to yellow. The data shows close agreement (Pearson Correlation
Coefficient of 0.988) at all states. By the end of the simulation the ridge
state evolution converges strongly with the analytic solution and represents
a quasi-isostatic mature ridge consistent with theory. Outliers are caused by
instances of mean profile coarse-graining failures.

Figure 5.3. Normalized Numerical and Analytic Vg Comparison

The convergence of the three ridge state variables (eg, ¢, and V) is more clearly illustrated
in Figures 5.2 and 5.3. Figure 5.2 shows well the convergence of eg and ¢g. With the same

coloration of the simulated ridge state evolution as in Figure 5.1, the convergence of the
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two solutions, once the simulated ridge reaches maturity, is illustrated. The coarse-graining
method employed in this thesis to identify the ridging region’s domain in the simulation
misses much of the evolution just after the initial fracture event because the rubble field has
not yet consolidated to a point where it has the characteristic ridge shape. However, the data
available at instances early in the simulation hint at ridge states that are undergoing rapid
transition with high ¢ for the current eg. Interestingly though, Figure 5.3 demonstrates that
at all instances in the evolution of the simulated pressure ridge, the Vi of the analytic ridge
state trajectory and the simulated ridge evolution are in close agreement. This indicates
that while the arrangement of the grains in the simulation is inconsistent with an isostatic
ridge (Figure 5.2), the potential energy of the system implies that the grain configuration
at these states is energetically stable. This provides additional evidence that the simple
thickness distribution, g(h), is insufficient to describe accurately the mass distribution in
deformed floes. While energetically stable, these ridge states are not isostatic according
to theory (Roberts and Coauthors 2019) and should be excluded from basin scale sea ice

model thickness distributions.

5.2 Simulation Irregularities

Natural pressure ridge formation is a continuous process characterized by many small-scale
failures near the convergence point, not recessed back into the colliding floe as it is in the
model. This difference is caused by the regularity, and scaling, of the particles in this model.
Natural sea ice is characterized by brine inclusions, heterogeneities in the crystal structure,
and phase state irregularities. These factors serve to provide weaknesses in the ice that
initiate fractures at much lower total strain values than elsewhere in the material. The DEM
developed in this thesis, however, does seem to show this continuous failure mechanism

once the initial failure has occurred and its associated transient in the system has dispersed.

Figure 5.4 shows the initial failure of the ice floe which is characterized by the formation of a
large truss that fails catastrophically to produce the initial ridging region. As the simulation
loads stress into the ice floe, elastic deformation forms the truss apparent in Figure 5.4. With
continued convergence, the curvature of the truss increases until a critical failure criteria
is met and inelastic, brittle failure occurs in the sheet. This catastrophic failure represents
a significant departure in the modeled sea ice pressure ridge formation from that found in

nature.
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Pictured is the progression of the initial failure. First, the simulation loads
(a) where the sheet begins to develop a bending moment evidenced by the
focusing of compressive stress at the top of the sheet. With further loading
in (b), secondary bending moments to the left and right develop with tension
stress bracketing the large compression in the truss system. Finally, (c) shows
the transient following the catastrophic failure event when the curvature in
the truss system exceeds thresholds. Ultimately, (d) shows shortly after the
transient has abated and the system has roughly returned to a hydrostatic
configuration.

Figure 5.4. Initial Failure Mode

First, the failure mode is too energetic and removed from the convergence area indicating
that the initial failure mode is incorrect. However, once initial failure occurs, the ridge
forms within the initial floe consistent with expected behavior. Second, the energetic failure
mode creates a severe transient early in the simulation where material is ejected downwards
creating an anomalous transient that takes time to dissipate. This source of error is mitigated
as the ridge matures and failure is more continuous, generating small amounts of rubble

continuously, rather than the large transient apparent at the start of the simulation.

As previously mentioned, the model makes an important assumption of spherical ice parti-
cles. This assumption necessitates many of the modifications to the calculation of ¢ and
affects the dynamics of the formation of the ridge. Furthermore, the simplified grain creates

a bond system that does not enforce bond angles. Because of this, some of the material
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failures apparent in the system are folds, where the bonds reorient allowing the floe to fold
back over on itself, rather than fracture. Inspecting the output, these instances do not appear
to impart any large-scale anomalous rubble and does not affect the final computed ridge

state.

5.3 Model Refinement

LAMMPS has a number of built in options that are well suited to the generation of large-scale
granular systems, like the one presented in this thesis. However, during the development
of this model many weaknesses for this particular application were found and further

development would ease them for application in the future.

Chief among these deficiencies is the lack of pre-built functions with which to build spatially
variable bond structures as well as the ability to break multiple bonds per time step per
atom. The first problem was mitigated through external scripting to generate .data files on
which LAMMPS populates the simulation. Further refinement to these techniques should
enable the creation of more variable bond structures that could serve to mitigate many of the
issues present in the previous section. The second of these concerns was mitigated through
the use of a bond breaking scheme that checked every ten model steps for bonds that met
the failure criteria. This periodicity amounted to quite a few checks per output step, but a
more robust solution should be implemented to delete bonds on a more reliable, physical

basis.

Finally, research should be done into a more physical bond scheme that incorporates bond
strength variability due to the inclusion of sub-grain sea ice variability. The current model
iteration only includes minor bond strength variability as a function initial depth in the floe,
low values at the bottom of the floe increasing upwards. Extension of this variability to all
directions should serve to ease the catastrophic failure and bring low strain ridge formation

more in line with natural behavior.
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APPENDIX A:

Timoshenko Cantilever Experiment

This model has been compared to an analytic Timoshenko cantilever solution to assess its
ability to simulate a solid material. A virtual cantilever using the same model scheme as
the ridge simulator is created. One end of the cantilever is held fast by setting the force
on each edge particle to zero. The other end is forced in either the —k or —j direction.
The equilibrium displacement as a function of the distance along the cantilever is measured
to provide data to generate a Timoshenko solution curve fit and find the effective Elastic
Modulus, E.

Curve fits applied to mean displacement, w(x), for trials using different values
of K},. For reference, cantilever solutions for E = 0.67 GPa are in bold. Point
load applied in (a) vertical and (b) horizontal directions. Results are different
due to differences in lattice aspect.

Figure A.1. Equilibrium Cantilever Displacement with Constant Point Load

This test was chosen because of the availability of a simple set of equations following the
application of Timoshenko Beam Theory presented in Lovell (2002). Consider a beam
with length, L, cross section area, A, and second rotational moment, /. In the limit of
quasi-static equilibrium with the simple point load applied at x = 0 and the fixed end at x =

L, the solution to the displacement of the cantilever, w(x), is
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The results of these trials are presented in Figure A.1. The curve fits are very good
indicating that the cantilever behaves as predicted for the geometry and gives reasonably
high confidence in the ability of the lattice and bond system to create a material with the
same properties as sea ice. Table A.1 summarizes the values obtained and provides the data

used to derive a relationship between the bond stiffness and elastic modulus.

Table A.1. Cantilever Bond Stiffness Experiment Summary
Ky MIm™) E, s, (GPa) R> E,z (GPa) R?

20 0.347 0.9998 0.311 0.9999
25 0.433 0.9998 0.388 0.9999
30 0.519 0.9998 0.465 0.9999
35 0.605 0.9999 0.542 0.9999
40 0.692 0.9999 0.620 0.9999
45 0.779 0.9999 0.697 0.9999
50 0.866 0.9999 0.775 0.9999
55 0.953 0.9999 0.853 0.9999
60 1.041 0.9999 0.932 0.9999

For material deflected in the k direction, the bond stiffness is,

K, =0.0577E (A.3)

such that the modeled sea ice has the same E as natural sea ice. For deflection in the j

direction, the relationship is,
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K;, = 0.0645E. (A4)

It is assumed that as the size of the particles decrease, this divergence in proportionality
constants will abate and the two solutions will converge. This assumption has not been
investigated. However, a proportionality constant value of 0.06, the average of the two
values, is used to determine the bond stiffness as a function of bond elastic modulus for this

model.
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APPENDIX B:

Acoustic Wave Generation

While not investigated in the course of this research, the model seems to be capable of
producing interesting acoustic features. Figure B.1 shows the propagation of acoustic
energy initiated by the failure of bonds at the left edge. These waves propagate at the
sound speed in a material with the same elastic modulus as sea ice. This could enable the
simulation of acoustic energy propagation within sea ice that is on the atmosphere/ocean
interface. Complex coupling schemes would need to be developed, but this model, at

sufficient resolution, seems to be capable of contributing to examination of this problem.

A simulation where the left floe overrides the right floe. The image shows
compression, red, and rarefaction, green, in the pressure field. The green
region near the center is caused by the elongation of bonds at the top of
the subducting floe. At the left, acoustic wave propagation and interference
patterns are apparent in the material initiated by bond failures near the mov-
ing edge. These pressure waves propagate in the material at the estimated
sound speed.

Figure B.1. Acoustic Signal of Failure
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