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Major Goals:  The ARO grant entitled “Distributed Consensus Learning for Geometric and Abstract Surfaces ” 
(ARO Grant #W911NF-13-1-0407) has extended the results of the recent theory and algorithms developed in [1] 
under the ARO MURI entitled “Model Classes, Approximation, Metrics for Dynamic Processing of Urban Terrain 
Data” (ARO Grant #W911NF-07-1-0185) to consider the distributed, sparse or scattered observations from a large 
numbers sensors in decentralized sensor vehicle networks. The overall goals of the research program can be 
organized in three major objectives. (1) One goal of this program of research has been to extend the semi-optimal 
rates of convergence that have been obtained for nonparametric estimation in statistics and approximation to the 
case of multiple learning agents. This approach is novel in that it provides a characterization of rates of 
convergence in space of a class of distribution free learning problems cast in appropriate infinite dimensional state 
smoothness spaces.

This result should be contrasted with the large collection of papers and approaches that derive rates of 
convergence in time for states that evolve in finite dimensional spaces. The convergence rates in [1] are 
characterized by upper bounds that hold in probability, as is commonly encountered in the statistical learning theory 
literature. (2) A second goal of the proposed program of research has been to extend adaptive estimation 
methodologies to treat problems where observations are collected by multiple distributed observers and where the 
observations take the form of scattered data. (3) Finally, a primary goal of the research program has be to develop 
further a high throughput vehicle network that can be used to verify and validate the rates of

approximation and estimate convergence under typical operating conditions.

Accomplishments:  The discussion here is a short summary of the numerous accomplishments of the award. See 
the attached pdf file for the complete description of the major accomplishments. Here, we summarize three key 
categories of major accomplishments in the areas of discrete consensus learning, reproducing kernel Hilbert (RKH) 
space embedding, and approximation of Koopman operators using approximation space.  In the first topic, the error 
estimate for two stage learning is the first of its kind in the study of consensus estimation of functions by networks 
of agents. A method for constructing approximations where the mesh dimension depends on the number of 
samples yields an error rate that holds with overwhelming (geometrically increasing) probability as the number of 
samples increase. This error bound has no counterpart in the existing theory of consensus estimation. 

The second major accomplishment of this award is the introduction of reproducing kernel Hilbert (RKH) space 
embedding for (continuous time) consensus estimation of unknown functions by agent teams. This method 
generalizes a host of approaches for conventional continuous time adaptive estimation in $\mathbb{R}^d$ to 
consensus estimates of functions in $\mathbb{H}^N$ with $H$ a RKH space. In particular, the definition of

a new notion of persistency of excitation is introduced in RKH embedding that  has the potential to be 
transformative and constitutes a third major result.  It introduces insights regarding persistence in signals that take 
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values in function spaces that are not possible via the conventional definition for signals that take values in 
$\mathbb{R}^d$. 

A final major accomplishment of this research program is the development  of rates of convergence for Koopman 
operators and Frobenius-Perron operators associated with dependent processes governed by Markov chains. The 
analysis breaks down the study of such approximations depending on whether the problem data is known, partially 
unknown, or unknown, and numerous error bounds are derived. New error bounds for Koopman and Frobenius-
Perron operators are derived, which induce cor- responding error bounds for consensus estimation of functions.
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Training Opportunities:  Over the course of this award, opportunities for training included acting as primary 
advisors to three graduate students working on different aspects of this research. These students included 



1) Ms. Jessica Gregory, MS Thesis, ``A Rate of Convergence for Learning Theory with Consensus,'' Department of 
Mechanical Engineering, Virginia Tech, 2015.



2) Mr. Adam Shoemaker, MS Thesis, ``Nonholonomic Control Utilizing Kinematic Constraints of Differential and 
Ackermann Steering Based Platforms,'' Virginia Tech, 2015.



3) Dr. Parag Bobade, PhD Dissertation, ``Modeling, Approximation, and Control for a Class of Nonlinear Systems,'' 
Virginia Tech, 2017.



Ms. Jessica Gregory worked on consensus learning, which was studied mostly during the first year of the grant, 
while Adam Shoemaker worked on the development of the hardware testbed to be used in the award. Dr. Parag 
Bobade began the development of the RKH embedding method for adaptive estimation, and has played a critical 
role in the subsequent refinement of the method for consensus estimation.

Results Dissemination:  Over the duration of this award, the results have been disseminated  through a number 
of publications at conferences, through journal publications, online, theses, and a PhD dissertation.  The primary 
dissemination of the results from the first year, as well as select subtopics from the previous two years, has been 
through the open defense at Virginia Tech and electronic publication of the MS Thesis entitled "A Rate of 
Convergence for Learning Theory with Consensus,” Jessica Gray Gregory, Masters Thesis, Virginia Tech, 
December, 2014. This thesis considers a set of agents or nodes whose communication is designed in terms of a 
communication network. This network is a connected undirected graph. Communication between a node and its 
neighbors flows in both directions and that there are no isolated nodes or islands of nodes. During the second and 
third years, the research under the grant resulted in  the open defense of an MS thesis at Virginia Tech, as well as 
the subsequent electronic publication  entitled "Nonholonomic Control Utilizing Kinematic Constraints of Differential 
and Ackermann Steering Based Platforms"  by Adam Shoemaker during July, 2016. This research effort 
summarizes many of the hardware developments carried out over the award. The dissertation entitled "Modeling, 
Approximation, and Control for a Class of Nonlinear Systems," by Parag Bobade was defended in 2017.  This 
dissertation outlines the extension of classical adaptive estimation theory, in finite dimensional state spaces, to 
adaptive estimation in reproducing kernel Hilbert spaces (RKHS). Rates of approximation in abstract approximation 
spaces are presented and numerical experiments are summarized. The emphasis and motivation for this research 
has been to establish a theory that naturally accommodates distributed, scattered measurements. In addition, the 
following two publications make use of some of the theory summarized in the PhD dissertation above and are a by-
product of the analysis. Shirin Dadashi, Parag Bobade, Andrew J. Kurdila, "Error estimates for multiwavelet 
approximations of a class of history dependent operators" IEEE Conference on Decision and Control (CDC), Las 
Vegas, 2016. Shirin Dadashi, Hunter G. McClelland, and Andrew Kurdila, "Learning Theory and Empirical 
Potentials for Modeling Discrete Mechanics," American Control Conference (ACC), 2017. The research carried out 
under the final year of the grant have been uploaded to the report website. These have been uploaded to the ARO 
reporting web site as products of the research.

Honors and Awards:  Nothing to Report

Protocol Activity Status: 

Technology Transfer:  There is nothing to report in technology transfer over the final reporting period.
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1 Goals

The ARO grant entitled “Distributed Consensus Learning for Geometric and
Abstract Surfaces ” (ARO Grant #W911NF-13-1-0407) considers abstract sur-
face approximation using distributed, sparse, or scattered observations obtained
from a large class of sensors that are used by decentralized sensor vehicle net-
works. The overall goals of the research program can be organized in three
major objectives. (1) One goal of this program of research has been to study
and derive rates of convergence for (discrete time) consensus function estimates
obtained from collectives of multiple learning agents. One topic under this
objective is to study rates of convergence in appropriate infinite dimensional
approximation or smoothness spaces. This goal should be contrasted with the
large body of literature that derives rates of convergence in time for states that
evolve in some fixed, low dimensional spaces Rd. We find that the convergence
results derived in this research program are characterized by upper bounds that
hold in probability, as is commonly encountered in the approximation theory,
distribution-free learning theory, and the theory of nonlinear regression. In one
sense this grant has studied methods to endow consensus estimation with such
an associated framework. (2) A second goal of the proposed program of re-
search has been to extend adaptive (continuous time) estimation methodologies
to treat problems where observations are collectedalong trajectories of multi-
ple distributed observers and where the observations take the form of scattered
data. This has culminated in the development of the method of reproducing
Hilbert (RKH) space embedding. This technique subsumes the conventional
theory of adaptive estimation that forms the grounding for numerous adaptive
estimation and control strategies. (3) Finally, a goal of the research program
has been to develop further a vehicle sensor network that can be used to study
such estimation algorithms under typical operating conditions.

2 Outline

The number and breadth of new results, methods, and algorithms derived under
this grant is substantial. We carefully present a narrative in this document
that is reasonably self-contained and outlines the primary contributions of this
award to the scientific community. The program of research has the potential
to be transformative for those in the scientific community that use or will use
sensor vehicle networks for consensus estimation of unknown abstract functions
or fields.

This document begins in Section 3 with an executive summary of the major
accomplishments of this research award. We provide a succinct technical de-
scription of the formulations, theory, and algorithms derived under the grant in
Section 4 through Section 8. The discussion is necessarily brief, and the reader
is referred in the discussion to the details in either [78, 39, 88, 89, 90], which
have been uploaded to the report website, or the MS thesis [79] and Dissertation
[78] also available online.
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We begin with an introduction to the open problem in consensus estimation
via sensor vehicle teams that is addressed in this report in Section 4. The chal-
lenges that are faced in solving this problem are discussed in detail. Following
this introduction, we present our first formulation that yields an initial solution
to the problem. We define a new, general statement of learning theory with con-
sensus in Section 5. This section formulates the problem of estimation using
sensor networks and multiagent teams as a foundational problem of learning
theory. We derive a realizable algorithm for the joint estimation by a sensor
vehicle team of an abstract surface or function in a reproducing kernel Hilbert
(RKH) space using this approach. This algorithm is referred to as the two-stage
learning dynamic for consensus estimation.

The error results obtained for the two-stage learning dynamic are unique
among existing consensus estimation and control approaches. Also, this first
approach, among many new conclusions regarding errors in consensus estima-
tion derived in this award, illustrates the importance and the role of approx-
imation spaces in estimation methods for general dynamical systems. This is
a topic the investigators focus on toward the end of the award. We return to
this topic shortly. In addition, one of the underlying assumptions that plays a
critical role in this analysis is that each agent collects samples of the unknown
field that are independent and identically distributed. This assumption is quite
strong which allows for correspondingly strong conclusions about error rates.
It is not generally applicable when the samples are collected by agents in the
network along a particular vehicle path. See [90] for a detailed discussion of
how independence and dependence can manifest for various system models and
experimental setups.

With this latter limitation in mind, in the next Section 6 we discuss the con-
tributions to consensus estimation using the techniques of reproducing kernel
Hilbert (RKH) space embedding. This is an entirely new formulation of adap-
tive consensus estimation, one that subsumes many of the standard approaches
to adaptive estimation in finite dimensions. Excellent references on such “canon-
ical structure” of adaptive estimation in Rd include [55, 62, 61, 67, 63], among
others. The embedding approach extends the hypotheses that underly Section
4 in several respects. We cast the consensus estimation problem from vehicle
teams as an (infinite dimensional) distributed parameter estimation problem in
a RKH space. We derive sufficient conditions for the solution of the consensus
estimation problem in continuous time. We introduce a new notion of persis-
tency of excitation that is expressed in terms of evaluation operators acting on
a RKH space. This condition has no precedent in adaptive estimation from ve-
hicle sensor networks and enables strong conclusions about the convergence of
multiagent estimators. The results of the research have the potential to induce
a fundamental change how modeling within the sensor network and estimation
community is carried out for consensus estimation.

As noted above, one of the ingredients in the study of the two-stage learning
dynamic is that the rates of convergence rely on membership in an approx-
imation space. In the last part of the grant, this topic has been studied in
great detail. The results of the analysis are mostly contained in the research
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manuscript [90], which has been uploaded to the report website. In Section 7
we introduce several new results that characterize rates of approximations for
quite general dynamical systems, including the special case of joint estimation
using vehicle teams.

Finally, we conclude with a description of the experimental testbed in Section
8.

3 Major Accomplishments

The ARO grant entitled ”Distributed Consensus Learning for Geometric and
Abstract Surfaces, “Grant #W911NF-13-1-0407 has been successful in develop-
ing new and general theoretical methods, as well as realizable algorithms, for
posing and solving problems of consensus function estimation by vehicle teams.
The overall strategy constitutes a broad method of problem formulation that
implies several distinct and specific results that are unprecedented in sensor
vehicle estimation research. These results should have a profound impact on
those researchers and developers working on multiagent estimation problems
for vehicle sensor networks and multiagent teams.

3.1 An Overview of the Principal Results

Since there are actually quite a few new results in this report, we briefly outline
the principal results. We have restricted the discussion to those results that
have the greatest potential to have a profound impact on future research and
applications of vehicle sensor teams.

3.1.1 Discrete, Two-Stage Learning with Consensus

The general setup of a discrete, two stage learning dynamic for consensus es-
timation was initially studied in [44], and it was later refined in the Master’s
Thesis entitled A Rate of Convergence for Learning Theory with Consensus in
[78] by Ms. Jessica Gregory in 2015. The initial year of the grant studied and
refined this result as described in the annual reports.

The error estimate for two stage learning is the first of its kind in the
study of consensus estimation of functions by networks of agents. A
method for constructing approximations where the mesh dimension
depends on the number of samples yields an error rate that holds with
overwhelming (geometrically increasing) probability as the number of
samples increase. This error bound has no counterpart in the existing
theory of consensus estimation.

It is derived by extending the foundations of statistical learning theory, which
treats a single agent constructing an estimate of an unknown function from
samples, to consensus estimation of a function by a team of agents. We refer to
this general topic as “learning theory with consensus.” The error rates for the
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consensus learning algorithms described in this section are based on strategies
rooted in approximation spaces and distribution-free learning theory. [102, 98,
99, 105, 104, 103, 100, 101]

In this formulation, each agent i in a team of N agents makes estimates f̂i,j
at the end of epoch j of an unknown function f∗ : X → Y . An epoch is an
organization of the measurements into blocks each of length mj , and the total
number of samples collected by each agent through epoch j is m(j) :=

∑
jmj .

The construction of the estimates is carried out on a grid whose refinement level
is determined by the number of samples collected. The new result states that,
provided the hypotheses summarized in [44, 78] hold, it is with probability at
least

∏
j(1 − (Cmj)

−β) in the collective sample space ZNm(j) that the error
in the approximation of the unknown functions decreases geometrically with
the number of epochs for some fixed constants β,C > 0. The most important
feature of this result is that the unknown regressor function has a certain degree
of smoothness s, the number of samples and the dimension of the approximant
space increase in a coupled fashion, and the rate of their increase depends on this
smoothness. This notion of smoothness is expressed in terms of membership in
an approximation space of order s, a topic that is considered in much more depth
in the following years of the award. See Section 7 and the references therein.
This subsequent development, the role of approximation spaces in equations of
evolution, is described in the context of Koopman theory in Section 7.

While the details of the derivation and its refinements in [78] far exceed
the limits of this report, a summary of the general strategy is given in Section
5 below to make this report self-contained. The interested reader is referred
[44, 78] for the details. These manuscripts have been uploaded to the report
website also.

3.1.2 RKH Space Embedding for Consensus

Even though the two stage learning dynamic described above is the first result
of its kind for consensus estimation in discrete time, it assumes that samples
collected by each agent are independent and identically distributed. A stand-
ing assumption is that observations made by each agent over discrete time are
independent and identically distributed according to some unknown probability
measure. One important goal of the program has been to allow measurements
that are taken along the path of a dynamic system. Samples along such a path
are generally not independent. In addition, there is a large and well-documented
collection of continuous time adaptive estimation methods that form the foun-
dation of numerous estimation and control problems in Rd for systems governed
by ordinary differential equations (ODEs).

The second major accomplishment of this award is the introduction of
reproducing kernel Hilbert (RKH) space embedding for (continuous
time) consensus estimation of unknown functions by agent teams.
This method generalizes a host of approaches for conventional (con-
tinuous time) adaptive estimation in Rd to consensus estimates of

6



functions in H := HN with H an RKH space.

The development of the RKH embedding method for adaptive estimation began
with a discussion of a single agent and was initially studied in [39]. Further
discussion of the approach is documented in [79], the PhD dissertation entitled
Modeling, Approximation, and Control for a Class of Nonlinear Systems by Dr.
Parag Bobade who graduated in 2017. Ongoing work on the extension of this
work to multiagent consensus estimation is documented in [88, 89].

In the derivation to the final result of consensus RKH embedding, there are
again intermediate results that are noteworthy. In particular, the definition of

a new notion of persistency of excitation again has the potential to
be transformative and constitutes a third major result: it introduces
insights regarding persistence in signals that take values in function
spaces that are not possible via the conventional definition for signals
that take values in Rd.

As in the last section, the details of this formulation far exceed the limi-
tations of this report. We give a survey of the general strategy in Section 5
below. From [89] the overview in Section 5 starts with “... the introduction of a
new persistency of excitation condition in Definitions 2 and 3 for semidynamical
systems that feature a state that evolves in a RKH space H := HN . In contrast
to the persistency condition for conventional collections of ODEs, the new con-
dition is cast in terms of the evaluation operator Ex on the RKH space H, and
it adjoint E∗x. Theorem 3 demonstrates that the new definition of persistency
gives a succinct condition under which trajectories t 7→ G(t) ∈ H converge to
zero in the norm on the vector-valued RKH space H := HN . This theorem
requires that G ∈ L∞((0,∞),H) and that each agent trajectory t 7→ xi(t) satis-
fies K(xi(·), xi(·)) ∈ L1((0,∞),R) with K the kernel for H. This theorem shows
that the new definition of persistency for the RKH space gives an intuitive gen-
eralization of persistency over a finite dimensional vector space. In fact, it is
possible to interpret the new condition as a novel type of “partial persistence of
excitation” either over an indexing set Ω or a restricted domain Ω.

The method of RKH embedding for consensus estimation constructs esti-
mates as follows. At time t each agent i shares its local function estimate
f̂i ∈ H with all its neighbors j ∈ N (i), with N (i) equal to the set of neighbors
of node i. Neighbors are defined in terms of an undirected, connected, time-
invariant graph having a graph Laplacian L. The graph Laplacian is used to
lift the notion of conventional agreement Ha and disagreement spaces Hd with
RN ≡ Ha⊕Hd to corresponding spaces of functions, Ha and Hd, that induce an
orthogonal decomposition of H := HN := Ha ⊕ Hd of vector-valued functions.
The estimator in Equation 12 and the learning law in Equation 13 is used so
that each agent constructs at time t its own local estimate x̂i(t) of its state and a

local function approximation f̂i(t) of the unknown function f from its own local
state xi(t) and the shared knowledge of the estimates of its neighbors. Theorem
4 shows that the state error x̃(t) := xi(t) − x̂i(t) approaches zero as t → ∞,

but also that the the vector of function estimates F̂(t) at time t approaches the
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agreement subspace of functions Ha ⊆ H as t→∞. Finally, it is proven that if
the system is persistently excited in the sense of either Definition 2 or 3, then
the total error F̃j(t) := F− F̂j(t) approaches zero as t→∞. ”

Again, while the details of the approach exceed the scope of this report,
a summary of the overall strategy is given in Section 5. The discussion in
the section extracts and summarizes many of the details in [39, 79, 88, 89].
References [39, 88, 89] have been uploaded to the report website and the MS
thesis [79] is also available online.

3.1.3 Koopman Theory and Approximation Spaces

The final major theoretical accomplishment of this report has been to construct
a theory for the estimation of the dynamics of a family of discrete, but generally
nonlinear, systems in terms of linear approximation spaces. This line of research
addresses the primary objective of investigating the role of smoothness or ap-
proximation spaces in defining priors for adaptive estimation and in particular
consensus estimation. In Section 5 it has been noted that one of the underly-
ing assumptions of consensus estimation using the two-stage learning dynamic is
that the observations {(xi,k, yi,k)}k≥0 collected by agent i are independently and
identically distributed according to an unknown probability measure ρi defined
over the sample space Z := X × Y . While this assumption facilitates intuitive
and precise derivation of rates of convergence for the consensus learning theory
methods in Section 5, this assumption does not hold, strictly speaking, for most
detailed models of vehicle team dynamics. Rather, discrete and nonlinear mod-
els of the motion of vehicle teams are most frequently understood as generating
dependent observations along the sample path of the agents.

The major accomplishments in this portion of the research seek to lay the
foundation for a more general theory of consensus approximation from sensor
vehicle networks, and to do so with a careful study of rates of approximation in
terms of approximation spaces.

A final major accomplishment of this research program is the de-
velopment as outlined in the research manuscript [90] of rates of
convergence for Koopman operators and Frobenius-Perron operators
associated with dependent processes governed by Markov chains. The
analysis breaks down the study of such approximations depending on
whether the problem data is known, partially unknown, or unknown,
and numerous error bounds are derived. New error bounds for Koop-
man and Frobenius-Perron operators are derived, which induce cor-
responding error bounds for consensus estimation of functions.

The research monograph [90] includes 1) estimates of error bounds for Koopman
and Perron-Frobenius operators that establish a bias versus variance tradeoff
for consensus estimation, 2) improvements of existing convergence results for
the well-known and popular extended dynamic mode decomposition (EDMD)
method, and 3) new error bounds for dynamical systems that collect samples
along the sample path. These results are summarized in Section 7 in this report

8



and the details can be found in [90]. Reference [90] has been uploaded to the
report web site and is also available online.

4 The Open Problem

Consensus in multiagent networks has been studied carefully over last few
decades. References [41, 42, 54] provide a good survey of the state of the art in
this sub-discipline of dynamical systems theory in Rd, as does the recent book
[108]. The report reviews the overall recent trends in this research in Section
4.2. In this report we are specifically interested in the problem of achieving con-
sensus and convergence of estimates of an unknown function that are generated
by multiple agents of a sensor network. The unknown function f is assumed
to be contained in a Banach space B. In discussions of the two-stage learning
dynamic of Section 4 the function is assumed to lie in the approximation space
Ar,2. In the discussion of the RKH space embedding method discussed in Sec-
tion 6, the unknown function is assumed to be an element of the RKH space H.
In the description of the approximation techniques based on Koopman theory in
Section 7, the unknown function is assumed to be an element of either a spectral
approximation space Ar,qλ or more generally the approximation space Ar,q.

4.1 Motivation

The motivation for studying the consensus estimation problem problem stems
from explosion of growth in networked sensor vehicle applications that enable
distributed sensing. The systems in this report include some canonical examples.
The methods here can be used to study cases when the agents seek to estimate
some unknown function that determines their uncertain or unknown governing
equations of motion, or when they seek to estimate jointly some unknown field
defined over their domain of operation.

As noted in [88, 89], “... in the case of applications in wind estimation
[46, 47], the mobile sensors could be unmanned autonomous air vehicles (UAVs).
In such a case we desire to estimate the unknown or uncertain wind velocity
using a team of such UAVs soaring over particular region in the atmosphere.
In marine applications teams of surface or underwater vehicles can be used
to measure chemical plumes in an ocean region. Often, due to the size of
the region, it is computationally inefficient or just infeasible to visit a densely
scattered collection of points throughout the domain of interest to collect data
and build estimates. In a related problem, it may be that the actual equations
of motion governing the vehicle dynamics of the multiagent team are uncertain
or unknown. Then it can be of interest for the team to estimate jointly the
unknown function that determines their motion.

In a general sense, the goal of the finite collection of agents i = 1, . . . , N in
this report can be defined easily. Each agent i must use measurements of their
local full state xi(t) ∈ Rs available at time t ≥ 0 and certain shared information

about the family of function estimates in F̂(t) := {f̂1(t), . . . , f̂N (t)} to build
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a local estimate f̂i(t) of the unknown, uncertain function f at time t. If the
construction of the estimates is carried out at discrete times {tk}k≥0 we write

f̂i,k := f̂i(tk). Of course, consensus estimation can include the case when all
agents act in complete independence, but most frequently some information
sharing is assumed in consensus estimation. The problem is most interesting of
course when the shared information available to agent i refers only to estimates
from its neighborsN (i). In some sense the notion of neighbors gives the function

update the character of local approximations. Consensus is achieved if f̂i(t)→ f
as t→∞ in some suitable topology on functions for each i. When samples are
restricted to some subdomain, it is of interest to understand in what sense the
resulting collection of estimates converge to the unknown function. ”

4.2 State-of-the-Art in Consensus Estimation and Control

This research grant has addressed a formidable and emerging problem in adap-
tive estimation using sensor networks, one that has received very little attention
in the recent literature on consensus estimation from sensor estimation over the
past 15 years. Since the earliest, well-cited research on consensus dynamics
of agent teams in references such as [1, 2], the extensive body of literature on
consensus estimation has primarily focused on

• models of the dynamics of agents networks in Rd,

• sufficient conditions to guarantee convergence to consensus in Rd,

• different structural assumptions about the evolution equations in Rd, and

• rates of convergence in time of agent networks to consensus in Rd.

for a fixed, relatively small, dimension d > 0. These topics are discussed in
the text [108] and many of the recent publications on the topic in the last two
decades. For instance, models of the dynamics are mostly linear systems that
evolve in Rd as in References [1, 2, 3, 4, 5, 7, 8, 12, 19]. Some nonlinear evolution
equations in Rd are also considered, but these appear much less frequently, as in
[6, 33]. Examples of how the evolution equations can vary structurally include
references [2, 9, 34] that study discrete, switched, and hybrid systems; [30] that
study event-triggered dynamics; [17] that accounts for delay dynamics; [25] that
investigates variable connectivity; [8, 24] that accounts for types of disturbances;
[33, 35] that examines fault tolerance.

Despite the maturity of the consensus estimation field, there are emergent
problems that face the consensus estimation community, problems that are an-
ticipated to dominate questions in this area of research for years to come. As
clearly shown by the above overview, research has typically been concerned with
vehicle guidance and navigation equations in Rd with d > 0 a relatively small
fixed number. Agents usually exchange information about the state of the vehi-
cle, such as inertial locations, orientations, relative heading information, angu-
lar rates of rotation, velocities, angular velocities, accelerations, or other typical
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kinematic information. To be sure, some information regarding terrain, geog-
raphy, or geometry has been shared in some aspects of consensus estimation.
References [72, 73] specifically discuss general measurement exchange policies for
the estimation of unknown functions. These methods and algorithms are based
on exchange of raw measurement data and cast the problem of estimation in a
reproducing kernel Hilbert (RKH) space.

In addition, the large body of literature on simultaneous localization and
mapping (SLAM), and its variants, contains numerous references on map build-
ing. A good overview of this general approach can be found in [107] and the
references therein. Still, such map building is ordinarily viewed from the con-
text of a single agent or vehicle, the method largely limits agent estimates of
terrain to piecewise constant estimates of probability fields, and method does
not account for or analyze rates of approximation in the spatial domain of the
unknown field. This latter topic is a central and defining feature in modern
approaches to nonparametric regression, approximation theory, and variants of
statistical learning theory. [105, 98, 99]

This research grant has studied consensus estimation of unknown, abstract
fields or functions that are increasingly the target of interest of sensor vehicle
teams. A typical schematic of a sensor vehicle team is illustrated in Figure 1.
This network consists of several potentially autonomous agents, each of which is
equipped with a collection of high resolution, high bandwidth sensors. The sen-
sors can include visual spectrum CCD cameras, infrared CCD cameras, acous-
tic arrays, active cameras that feature arrays of lasers or acoustic sensors, and
various laser imaging systems such as scanning or flash LIDAR. Such systems
provide high resolution “point cloud” measurements at extremely high rates,
often measured in megabytes per second or minute. A schematic of such a sys-
tem is depicted in Figure 1. One common three dimensional scanner studied
at Virginia Tech generates highly dense point cloud measurements over time as
illustrated in the Figure 2. For the camera systems the point cloud measure-
ments are obtained by processing the raw CCD images via simple triangulation,
epipolar geometry, stereo imaging, structure from motion, or simultaneous lo-
calization and mapping (SLAM) algorithms. Detailed mapping exercises using
these systems can and often do require archival of gigabytes of data for hours,
or even just a few minutes, of operation.

In summary, and in view of the above review of the current state-of-the-art
in consensus estimation from vehicle teams, this report summarizes the overall
progress made during the grant to derive

• a general formulation of consensus estimation for abstract functions and
surfaces,

• sufficient conditions that guarantee convergence of agent estimates of ab-
stract functions and surfaces,

• associated realizable algorithms that generate consensus estimates, and

• convergence rates of the consensus estimates in the spatial domain.
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Figure 1: Typical Ground Vehicle Sensor Network: Proposal Document
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(a) VT Designed Laser Scanning Imager (b) Sample Urban Geometry

Figure 2: High Resolution, 3D LIDAR Imaging Sensor

These goals should be carefully contrasted with the general trends noted in the
review of the state-of-the-art in consensus estimation and control in Rd above.
The program of research described in this report seeks to synthesize dynamical
systems theory for agent teams, approximation theory, and aspects of statistical
learning theory.

5 Discrete, Two Stage Learning for Consensus

This initial phase of research in this grant is built on a general two-stage learning
dynamic first introduced by the investigators in [44], which was refined and
developed in its final form in [78] in 2015. Here we summarize the general
strategy used to derive this result, with emphasis on the limitations that were
addressed in subsequent years. We denote the number of agents by N , and
the dynamics of agent i is governed by a state vector xi that is assumed to
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evolve in the compact set X ⊂ Rs. The motion of the collective is given by
the vector X := {x1, . . . , xN} ∈ Rd := RNs. The approach in this section
alternates between periods of local estimation and information exchange. Each
agent makes an observation of its own state xi,k and a measurement of the
unknown, scalar-valued unknown yi,k ∈ R, the latter of which is a sample of
some unknown function f : X → Y , at each discrete time step k. So each pair
of samples (xi,k, yi,k) ∈ Z := X×Y , with Z the observation space of the agents.

The overall goal of the sensor team is to construct an estimate f̂i,k : X → Y
at time k that approximates the unknown function f : X → Y from its local
observations, previous function estimates, and whatever information is shared
among the agents at that step.

The goal is for the agents to reach agreement, or consensus, in their estimates
of the unknown function. At any time step k we denote Fk := (f1,k, . . . , fNk

) ∈
H := HN , and we say that consensus is reached provided

F ∈ Ha := {F ∈ H : F = (f, . . . , f) for f ∈ H} .

The set Ha is known as the agreement space. The agreement space Ha and
the disagreement space Hd are defined as in [89] by lifting the analysis for
consensus in Rd to a RKH space H := Ha ⊕ Hd. We enforce the condition
that the agents reach consensus via the introduction of a constraint operator
B ∈ L(H,H) that acts on functions and that is designed to have the property
that F ∈ Ha ↔ BF = 0. As we discuss more fully in Section 3.1.2, or in
reference [89], the operator B can be realized as the operator on H induced
by multiplication by the Laplacian of an undirected, connected, time-invariant
communication graph.

The general approach to come up with a learning law is to define a particular
quadratic cost or performance functional for the collection of estimates and
seek the best approximation from the agreement space. Let ρi be a probability
measure on Z = X × Y that is the unknown distribution of the independent
and identically distributed measurements {zi,k} collected by agent i. We define
a local cost functional Ji : H → R for each agent that depends on the measure
ρi for agent i with

Ji(f) :=
1

2

∫
Z

(f(x)− y))2ρi(dz) +
1

2
λi‖f‖2H .

for any f ∈ H. Here λi is a regularization parameter. The reader may see
[78, 89, 80] for the discussion of how this choice relates to the conventional one
used in classical learning theory and approximation. The aggregate performance
in estimation for all the agents in the team is written as the sum of the local
cost functionals, and we have J(F) :=

∑n
i=1 Ji(fi) with J : H → R for F =

(f1, . . . , fn) ∈ H. We construct the learning dynamic so that it converges to
the minimizer F∗ of the constrained optimization problem

F∗ = argmin
F∈H,BF=0

J(F) := argmin
F∈Ha

J(F). (1)
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It is well-known that the solution of this constrained optimization problem is
closely related to the solution of the saddle point problem expressed in terms of
the Lagrangian function L that maps L : H × Q defined as L(F,p) := J(F) +
(p,BF)Q with Q := range(B). It is relatively simple to show that the saddle
point of the functional L is characterized by the solution of the operator equation[

A B∗

B 0

]{
F
p

}
=

{
b
0

}
(2)

where b = (b1, . . . , bn) ∈ H, the operator A : H → H with A := diag(Ai), and
each entry Ai : H → H and bi ∈ H has the form derived in [78],

Aif :=

∫
X

Kxf(x)ρi,X(dx) + λif, (3)

bi :=

∫
Kxfρi(x)ρi,X(dx). (4)

Here K(·, ·) is the kernel of the RKH space H, the basis function Kx(·) :=
K(x, ·), λi is a regularization parameter for agent i, ρi,X is the marginal distri-
bution over X of the probability measure ρi, and fρi(x) is the regressor function
for agent i. Since the measures ρi are unknown, the above expression cannot be
used in the direct construction of estimates.

To construct the specific estimates, it it more convenient to group obser-
vations: samples are collected over some time period and then the update of
the function estimate is carried out. Each stage of data collection between the
construction of local estimates is referred to as the epoch j. Define mj to be
the number of samples collected during epoch j > 0. For notational simplicity
it is assumed that the number of samples mj is the same for all agents. In this
scenario observations by each agent i from time step k from m to n are collected
in zim:n :=

{
(xik, y

i
k)
}
k=m,n

, and we denote this block of measurements collected

by agent i during epoch j as

zim(j):n(j) ⊂ Z
mj .

The time step index is k(j) := m(j) + k for k = 0, 1, . . . , n(j) −m(j), k(j) ∈
[m(j), n(j)], and n(j) = m(j) +mj .

The local approximation update for agent i that occurs on completion of
jth epoch of observations is denoted by the mapping Ti,j := T ik(j). This update

operator takes as inputs the collection of observations zim(j):n(j) from epoch j,
the previous local estimate fi,j−1 at the completion of epoch j − 1 created by
agent i, and certain information Ij−1,i shared with agent i that is defined at the
end of epoch j. The next iteration then sets

fi,j = T ij (z
i
m(j):n(j), fi,j−1, Ii,j−1)

In this equation j is the number of the epoch, and the function estimate fi,j :=
fi,k(j) with k(j) the time step between m(j) and n(j). In summary then, learn-
ing dynamic proceeds as summarized in Figure 3, which is extracted from [78].
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Initialize
Set initial estimates F0 := (f1,0, . . . , fN,0)
Set initial information I0 := (I1(F0), I2(F0), . . . , IN (F0))

For j ∈ N
Step (j.1) Update the local estimate fi,j using local mea-
surements

fi,j = T ij (z
i
m(j):n(j), fi,j−1, Ii)

Step (j.2) Exchange information

Calculate Ii(Fj) = Ii(f1,j , f2,j , . . . , fN,j)
Transmit Ii(Fj) −→ i to node i

Figure 3: Summary of learning process

The specific form of the learning dynamic above is quite general and de-
pends on the nonlinear (local) approximation operators T ij as well as the shared
information Ii. The iteration is constructed starting with the estimates and
information collected during epoch j − 1,

Fj−1 := (f1,j−1, f2,j−1, . . . , fN,j−1),

Ij−1 := (I1,j−1, . . . , IN,j−1),

as well as mj observations collected just before information exchange is to occur.
From the discussion of the consensus learning theory framework in [78], Ij is
precisely the estimate of the Lagrange multiplier p in Equation 2. See [78] for
the details. Again let K(·, ·) : X ×X → Y be the kernel of the (RKH) space H
and define Kx := K(x, ·) to be the associated basis function centered at x ∈ X.
The local learning dynamic for agent i is defined by selecting an initial function
gi0 and performing the recursion

gi,k = gi,k−1 − γk−1

{(
gi,k−1(xi,k(j))− yi,k(j)

)
Kxk(j)

+ λigi,k−1 (5)

+Ii,j−1 + fi,j−1(xk(j))Kxk(j)
+ λifi,j−1

}
(6)

for k(j) := m(j) + k, k = 0, . . . , n(j) − m(j). The the local estimates f ij for
learning stage j are then the last iteration of this iterative procedure, and local
update operators Ti,j are defined in the equation

fi,j := gi,mj
:= T ij (z

i
m(j):n(j), fi,j−1, Ii,j−1)

The initial result studied in this grant is the following theorem that characterizes
the rate of convergence
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Theorem 1 Let the hypotheses leading to Theorem 7.2 of [78] hold. Fix some
constant κ̂ < 1 and choose the number of learning steps mj in epoch j large
enough so that

log(m(j))

m(j)
≤
(

κ̂√
Nc̃

2− γλM
2 + γλM

‖F∗ij ‖V
) 2s+1

2

In this equation M is the upper bound on the Schur complement operator defined
in [78], c̃ is the approximation constant in [100], and s is the smoothness index
of the regressor function in [100]. Then there is a constant η < 1 such that
with probability at least

∏
j(1− (Cmj)

−β)) in ZNm(j) the error in the estimates

‖Ef
j ‖V and the error in the multipliers ‖Ep

j ‖§ satisfies the inequality

κ‖Ef
j ‖V + ‖Ep

j ‖
2
S ≤ η2j

(
κ̂‖Ef

0 ‖2V + ‖Ep
0 ‖2S

)
for a fixed constant κ > 0.

The errors Ef
j abd Ep

j in the above theorem are defined in terms of the operators
appearing in the Equation 2 and the theory of approximation of saddle point
equations. For the precise definition of the errors Ef

j abd Ep
j , see [78]. The

Lagrange multipliers p are used to define the information I that is exchange
among the agents.

The results in the theorem above guarantee that there is a constant η <
1 such that with overwhelming probability, that is, probability that increases
geometrically in terms of the number of samples, the errors Ef

j and Ep
j decrease

geometrically in the number of epochs. As mentioned in the summary of the
major accomplishments of the program of research, the error analysis above
for the two-stage learning dynamic 1) holds when the samples collected by the
agents are IID, and 2) requires that the grid on refinement level j is selected
based on the number of samples.

The above concise summary of the rate of convergence is given in detail in
[78]. This document has been uploaded to the reporting website and is available
online.

6 RKH Space Embedding and Consensus

In view of the standing hypotheses of the two-stage learning dynamic, years two
and three largely focussed on the method of RKH space embedding 1) to account
for a larger class of sensor network dynamics including generally nonlinear plant
models, and 2) to treat (dependent) samples collected along the sensor vehicle
network trajectories. The study of the two-stage learning dynamic in Section
5 and the approximation of Koopman operators discussed in the next Section
7 each took roughly one year. Since a longer amount of time was dedicated to
this development, its discussion below is somewhat longer.

The remainder of this section is largely an executive summary of the results
in [39, 88, 89]. These manuscripts have been uploaded to the reporting website.
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6.1 The Class of Systems

The breadth of systems represented in texts that study adaptive estimation of
linear and nonlinear ODEs is vast. [55, 62, 61, 67, 63]. In this section we review
the class of systems to which RKH embedding for consensus is applied in this
report. Both types of systems described below are associated with consensus
estimation by nonlinear multiagent systems.

6.1.1 Unknown Nonlinear Agent Dynamics

In the simplest example of this case, we assume that we are given a multia-
gent family where the dynamics of each agent i = 1, . . . , N is governed by the
nonlinear ODE

ẋi(t) = Axi(t) +Bf(xi(t)) (7)

with xi(t) ∈ Rs, A ∈ Rs×s a Hurwitz matrix, B ∈ Rs, and f : Rs → R.
Such a system can arise when the nonlinear dynamics of each agent is the
same, but unknown. A collection of identical sensor vehicles will have dynamics
governed by equations of this type. We make the following assumptions about
our estimation problem:

(A1) Each agent makes a full measurement of its own local state xi(t) ∈ Rs at
each time t ∈ [0, T ],

(A2) the matrices A,B are known,

(A3) the function f is unknown, and

(A4) information can be shared only among certain neighbors of each agent.

As discussed in Section 6.3, the information that is shared is described by a
communication graph that describes agent connectivity. We are interested in
defining rules by which agent i makes a local estimate x̂i(t) in Rs of its local state

xi(t) at time t and also constructs a function estimate f̂i(t) : Ω→ R with f̂i(t) ∈
H of the unknown function f based on its local measurements and specific types
of information shared at time t ∈ [0, T ] among the agents. The authors feel
that it is the formulation decribed in this report for the construction of the
function estimates f̂i that constitutes the primary innovation in the report, not
the manner in estimating the state x̂i. All the function estimates constructed
by the agents by the agents are collected in F̂ := {f̂1, . . . , f̂N}T , which is an
element of H := HN .

There are many alternatives of Equation 7 that also may be treated by
the approach outlined in this report with straightforward modifications. One
example is systems of the form

ẋi(t) = f0(xi(t)) + f(xi(t))

with a known function f0 : Rs → Rs and the unknown function f : Rs →
Rs. These are equally well-suited to our approach. This only requires that we

17



redefine the unknown function as f ′ with f ′(x) := f0(x) + f(x)−Ax, of course.
Estimation of f ′ is tantamount to estimation of f since f0 and A are known.
We find the explicit inclusion of the linear term leads to error equations for the
RKHS method that emphasize its close resemblance to the form of equations
that arise in the study of persistency of excitation for ODEs. [56, 66, 67]

6.1.2 Unknown Field Approximation by Agent Teams

Suppose now that the dynamics of the vehicle team has a known form, but the
goal of the team is to approximate some unknown external field. For purposes
of illustration, suppose to start that each agent has the linear dynamics

ẋi(t) = Axi(t)

for i = 1, . . . , N and xi ∈ Rs. The goal of the agent team is to approximate some
scalar, generally nonlinear field variable g : Rs → R. There are various ways to
express the dynamics of the multiagent system in this case so that the equations
have the form similar to that in Equation 8. We only mention one simple case
here. We set yi(t) = g(xi(t)), define f(x, y) = (∂g/∂x)(x) ·Ax −Ãy for a known
negative constant Ã, and subsequently define the input-output behavior of the
ith agent to be

d

dt

{
xi(t)
yi(t)

}
=

[
A 0

0 Ã

]{
xi(t)
yi(t)

}
+

{
0
1

}
f(xi(t), yi(t)).

Estimation of f is tantamount to estimation of ∂g/∂x since Ã is known. When
convergence of estimates to ∂g/∂x are established, it can be possible to conclude
convergence of estimates of g using compactness results associated with the RKH
space. (As an example, if the RKHS space H is equivalent to a Sobolev space
like H1,2, L2-boundedness of g and ∂g/∂x is sufficient to conclude convergence
of estimates in the weak topology of H. Such an analysis depends on the
specific RKH space H in which ∂g/∂x lies, and the details exceed the scope of
the current report.) Of course, this equation has the form of Equation 7 for
the augmented state x′i := {xTi , yi}T ∈ Rs+1 := Rs′ . The same assumptions
regarding measurements described in (A1) through (A4) in the last section are
made in this case also.

6.1.3 The General Form of the Agent Equations

In summary then, the system of ODEs for the collection of agents in this report
is taken to be a particular example of the evolution law

Ẋ(t) = AX(t) + BF(X(t)), X(0) = X0 (8)

with state X(t) : {xT1 (t), . . . , xTN (t)}T ∈ Rd, the known Hurwitz system ma-
trix A ∈ Rd×d, the known matrix B ∈ Rd×N , and the unknown vector-valued
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function F : Rd → RN with d = Ns. In the examples above we have

A := diag{Ai := A ∈ Rs×s | 1 ≤ i ≤ N} ∈ Rd×d

B := diag{Bi := B ∈ Rs×1 | 1 ≤ i ≤ N} ∈ Rd×N

F(X) := {f1(x1), . . . , fN (xN )} ∈ RN .

By a change of variables and a redefinition of the function F as described above,
it can be easily shown that other common or interesting equations such as

Ẋ(t) = F0(X(t)) + F(X(t))

with d = N , s = 1, the known function F0 : Rd → Rd, and the unknown
function F : Rd → Rd can be written as in Equation 8. The model in Equation
8 is selected to be typical, not to be the most general to which the methods of
this section can be applied. It has been selected to illustrate clearly the nature
of the problems that must be addressed in transitioning from an analysis state
consensus in Rd to the consensus estimation of functions in H := HN .

6.2 The Adaptive Consensus Estimation Framework

Adaptive estimation and control for systems of both linear and nonlinear ODEs
is a mature field. The general theory has given rise to numerous variants of
pragmatic algorithms that are catalogued in popular references like [55, 62, 61,
67, 63]. These books and the references therein, as well as a number of other
texts, contain excellent discussions of the wide range of classical and modern
techniques developed in this area.

To understand how our consensus estimation problem is cast, we begin by
summarizing how the RKH embedding strategy works in a general sense. In Sec-
tion 6.2.1 the “conventional” adaptive estimation problem for nonlinear ODEs is
presented, and it is contrasted with RKH adaptive estimation in Section 6.2.2.
The introductions in Sections 6.2.1 and 6.2.2 makes clear how the finite di-
mensional scenario is lifted to an infinite dimensional setting. Finally, adaptive
consensus RKH embedding is introduced in Section 6.2.3.

6.2.1 Conventional Adaptive Estimation

We begin with a short summary that places the problem at hand in context with
regards to techniques that have become more or less standard for adaptive esti-
mation of systems of nonlinear ODEs. As is well-known, many adaptive estima-
tion algorithms for systems of nonlinear ODEs, such as in Equations 8 construct
estimators by making a canonical a priori finite dimensional approximation as-
sumption. This assumption gives rise to the usual “linear-in-parameters” types
of adaptive estimation schemes. This assumption is so ubiquitous it is now
a part of adaptive estimation folklore: it is often taken as the starting point
of many analyses or method formulations. Suppose that we must carry out
adaptive estimation for the system governed by Equations 8. Generically, it
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is assumed that estimators are constructed in the finite dimensional subspace
HK = span{Φk | 1 ≤ k ≤ K}. The approximation assumption states that there
is a compact subset Ω containing the orbit of the governing equations and that
for some unknown constants α∗ := {α∗k}k=1,...,K ⊂ RK we have

‖F(X)− F∗K(X)‖C(Ω) := sup
X∈Ω

∥∥∥∥∥∥F(X)−
∑

1<k≤N

α∗kΦk(X)

∥∥∥∥∥∥
RK

≤ ε

with ε a maximum allowable error that is small. With this assumption in place,
one of the simplest estimator equations is taken as

˙̂
X(t) = AX̂(t) + B

K∑
i=k

α̂k(t)Φk(X(t)). (9)

where X̂(t) is an estimate of the state X(t) and F̂K(·) :=
∑

1≤k≤K α̂(t)Φk(·) is
a time-varying estimate of the unknown function F.

The full specification of an adaptive estimation algorithm then consists of
an estimator such as in Equation 9 and a learning law for the time-varying
parameters {α̂k(t)}k≤K ∈ RK . One common choice of learning law, among
many possibilities documented in classical texts, is the gradient learning law.
We consider this learning law as iconic since it is so widespread and is often
the first method introduced in introductory texts. It has a simple extension to
the scalar RKH space setting in [39, 40, 77] and to the problems in this report.
To assess the convergence of the associated adaptive estimation problem, it is
standard to define the state error X̃(t) := X(t)− X̂(t) and parameter estimate
error α̃(t) := α∗− α̂(t). Suppose for the moment that F ∈ HK . With the choice
of the gradient learning law, the equations governing the error in the estimates
can be written in the form

d

dt

{
X̃(t)
α̃(t)

}
=

[
A BΦ(X(t))

−ΓdΦ
T (X(t))BTP 0

] [
X̃(t)
α̃(t)

]
(10)

with Φ := [Φ1,Φ2, . . . ,ΦK ] ∈ RN×K and P ∈ Rd×d is the solution of an as-
sociated Lyapunov equation discussed following Equation ??. These equations
define an evolution in Rd×K . It is widely known that study of such equations is
an important ingredient in understanding many adaptive estimation problems in
the Euclidean space Rd+K . Conditions that guarantee the stability of solutions
and convergence of the state error X̃(t) → 0 are found in a number of places,
including the texts [61, 67, 66]. It is also well-known that the convergence of the
parameter error α̃(t)→ 0 ∈ RK is typically more difficult to establish, and con-
ditions of persistence of excitation as in Definition 1 below have been developed
that guarantee such parameter convergence [66, 67, 56, 68].

Generally speaking, when as in the above discussion the unknown function
F is known to be contained in the subspace HK , then the classical persistency
of excitation condition implies that the zero solution of the error equations is
asymptotically stable, and in particular α̃(t) → 0. If it is only known that the
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approximation condition holds for some ε > 0, with F 6∈ HK , then an ultimate
boundedness condition holds for the parameter errors. The ultimate bound is
typically shown to be O(ε). A good overview of these results can be found in
[55].

It should be noted that once a basis is chosen and the approximation assump-
tion is made in this strategy, in some sense any information about the topology
on the space of functions in which the unknown function F resides is lost. Since
any norm on the finite dimensional space HK is equivalent, α̃(t) → 0 implies

that ‖F̃K(t)‖HK
→ 0 where F̃K := F∗K − F̂K . For general F 6∈ HK , the question

as to whether limK→∞ F̂K → F in some appropriate or common function space
norm H often, or perhaps usually, remains unanswered. In particular, it is not
known that ‖FK − F‖C(Ω) → 0 as K →∞.

6.2.2 Adaptive Estimation in Rd ×H

To understand how our consensus estimation problem is formulated, we begin
by summarizing how the RKH embedding strategy replaces the finite dimen-
sional, approximate governing Equations 10 by an infinite dimensional DPS.
The method of RKH space embedding interprets the unknown function f as
an element of the RKH space H, without any a priori selection of the partic-
ular finite dimensional subspace used for estimation of the unknown function.
The corresponding equation of the the plant, estimator, and learning laws are
selected to be

Ẋ(t) = AX(t) + BEX(t)F, (11)

˙̂
X(t) = AX̂(t) + BEX(t)F̂(t), (12)

˙̂F(t) = Γ−1(BEX(t))
∗P(X(t)− X̂(t)), (13)

where as before X, X̂ ∈ Rd. But here F and F̂(t) ∈ H := HN , Ex : H → Rs is
the evaluation operator on H with Exf := f(x) ∈ Rs for each f ∈ H and x ∈ Rs,
and EX : H → Rd is the matrix of evaluation operators EX := diag{Exi | 1 ≤
i ≤ N} for any X := {x1, . . . , xN} ∈ Rd. In addition P ∈ Rd×d is a symmetric,
positive definite, real matrix solution of an associated matrix Lyapunov equation

PA + ATP = −Q

for some prescribed symmetric, positive definite, real matrix Q. In our model
problem, the matrices P and Q are assumed to have the same general block
structure as A. The operator Γ := diag{Γi : 1 ≤ i ≤ N} ∈ L(H,H) is a block
diagonal, self-adjoint, positive definite, linear operator. The error equation is
then given by

d

dt

{
X̃(t)

F̃(t)

}
=

[
A BEX(t)

−Γ−1(BEX(t))
∗P 0

]{
X̃(t)

F̃(t)

}
, (14)

which defines a nonautonomous evolution on Rd × H. These equations are a
generalization to vector-valued unknown functions F ∈ H of the scalar-valued
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unknown function that is studied in [39, 79] . We will find that it is informative
and useful to study this case as a special case of the more general scenario of
consensus adaptive estimation in Rd ×H discussed next.

6.2.3 Consensus Estimation in Rd ×H

If we make the standing assumptions (A1) through (A4) summarized above, and
the block diagonal assumptions described for A,B,P,Γ above, it turns out that
we can view the Equations 12 as governing the errors in a completely decentral-
ized consensus estimation problem. That is, each agent i uses observations of
only its own state xi(t) at time t > 0 to construct estimates f̂i(t) of the unknown
function f . If we can show that F̃(t) → 0 as t → ∞, each agent reaches the

consensus estimate f̂i(t)→ f(t) as t→∞.
Of course, this is not the usual sense in which consensus estimation is stud-

ied. Rather, it is characteristic of consensus estimation that some exchange of
information is used to construct estimates, controllers, or system evolution laws.
In this report we study the case when information regarding the estimates of
the unknown function are shared among neighbors in the agent network. The
learning law in Equation 13 is replaced with

˙̂F(t) = Γ−1E∗X(t)B
TP(X(t)− X̃(t))− LF̂(t)

with L : H → H the induced operator on vector-valued functions generated by
matrix multiplication by L ∈ RN . Here the real, symmetric, positive semidef-
inite matrix L is the Laplacian matrix of an undirected, connected graph that
prescribes communication and neighbors. Because of the assumed block struc-
ture of the matrices B,P, and EX , the update in the learning law for agent i
of the function F̂(t) depends only on its own state x̂i and and the estimates

F̂j generated by the neighbors j ∈ N (i) of agent i defined via the connectivity
graph. The construction and basic properties of the graph Laplacian, as well
as its role in multiagent consensus in RN is discussed in Section 6.3. With the
new learning law for consensus estimation, the error equations take the form

d

dt

{
X̃(t)

F̃(t)

}
=

[
A BEX(t)

−Γ−1(BEX(t))
∗P −L

]{
X̃(t)

F̃(t)

}
. (15)

6.3 Definitions of Consensus

This report studies estimation with consensus in vector-valued RKH spaces,
which requires a subtle generalization of some well-known results on consensus
estimation in the Euclidean space Rd. The background theory on consensus
estimation in Rd can be found in many places including the recent book [108]
or the highly cited [85]. Just over the past two years, efforts such as [84, 86]
illustrate the continued refinement of the basic theory in Rd. With respect to
this report, the development of Lyapunov-based analyses of consensus estimates
in Rd by agent teams as in [83, 82, 43] are similar in spirit to our analysis in
Hd.
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6.3.1 Consensus in RN

In this section we summarize some of the well-known, graph-theoretic construc-
tions of communication topology in multiagent systems. We make no effort
to address the most general analyses: these can include consideration of time-
varying network connectivity, time-varying channel capacity, or delays, among
other refinements. Instead, we focus on the most transparent case of the graph-
theoretic analysis so as to emphasize how the theory on RN must be extended
to study multiagent consensus estimation in the function space H := HN . It
is, of course, of interest to further extend the consensus analysis on HN to the
situation where connectivity changes with time, but we leave this task for future
study.

A (finite) graph G is defined in terms of a finite set of nodes or vertices
V := V(G) = {v1, . . . , vn} and edges E := E(G) = {e1, . . . , em} ⊂ V × V . In
this report we denote the vertex vi ∼ i and the edge ek ∼ (i, j). Intuitively, in
a directed graph, each edge ek = (i, j) is viewed as an arrow from node i to j
that denotes that node i can send information to node j. A node i is a neighbor
of node j whenever (i, j) ∈ E . In an undirected graph, (i, j) ∈ E if and only if
(j, i) ∈ E . That is, every connection between a pair of nodes is bidirectional.

There are various techniques to give a precise description of the connectivity
of a graph. One common description defines the adjacency matrix A := [Aij ]
as

Aij =

{
1 if node i is a neighbor of node j,
0 otherwise.

Alternatively, it is possible to describe connectivity in terms of the edge inci-
dence matrix B := [Bij ] defined as

Bij =

 +1 if node i is a neighbor of node j,
−1 if node j is a neighbor of node i,
0 otherwise.

For an undirected graph we always have

L = BTB = D −A

with L defined to be the Laplacian of the graph and D := diag(di) the degree
matrix. The degree matrix D = [dij ] is a diagonal matrix with the degree
di = dii of vertex i, which is the number of neighbors of node i.
In the general case, in which connectivity can be time-varying, the matrices
L,A,D,B can be time-varying. In this report we only consider the case when
these matrices are constant.

A graph G is connected if there is a path of edges that connects every
pair of its vertices. The spectral properties of the Laplacian matrix L provides
much useful information for understanding the connectivity of the graph. For an
undirected graph, the matrix L := BTB is real and symmetric, so its eigenvalues
are real and nonegative. Order the eigenvalues {λ1, . . . , λN} from minimum to
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maximum modulus. It is always that case that the vector 1N := {1, 1, . . . , 1}T
is an eigenvector of the Laplacian matrix L associated to the eigenvalue λ1 = 0.
It is known that the graph G is connected if and only if λ2 > 0. Define the
matrix

P :=
1

N
1N1TN ,

which is the orthonormal projection onto the eigenspace spanned by the eigen-
vector 1N . Following convention, we define the agreement (or consensus) space
Ha ⊂ RN and the disagreement space Hd ⊂ RN as

Ha := ran(P ) = ker(L),

Hd := ran(L) = ker(P ),

respectively.
Suppose that x(t) ∈ RN is a semiflow defined for all t ∈ [0,∞). We say

that the state converges to consensus as t → ∞ when d(x(t),Ha) → 0. In a
conventional and iconic application of these ideas, consider the linear ordinary
differential equation

ẋ(t) = −Lx(t)

subject to the intial condition x(0) = x0. If L is the Laplacian matrix generated
from an undirected, connected graph, it is now a classical result that the state
converges to the agreement space Ha ⊂ RN as t→∞.

We also note that it is not difficult to show using a spectral decomposition
that that we can define a norm ‖ · ‖RN

G
as

‖v‖2RN
G

:= ((P + L)v, v)RN ≈ ‖v‖2RN

that is equivalent to the usual Euclidean norm on RN . We will use an analogous
construction on the RKH product space H := HN .

6.3.2 Consensus in H := HN

As opposed to the last section, the consensus analysis in this report treats the
study of trajectories t 7→ F(t) ∈ HN := H of functions for t ≥ 0. Essentially, this
requires that we “lift” the analysis of the last section over a finite dimensional
space RN to the infinite dimensional case. Much of this process is intuitive
and easily carried out, but some nuances require a bit of care in the infinite
dimensional case. The process is based on the construction operators on H
from the matrices such as L,D,B,A.

In this section let P and L be the matrices associated with a finite, time-
invariant, undirected, connected graph G. We denote N = #(V (G)) and M :=
#(E(G)). Using the same notation, we define the operators P : H → H, L :
H→ H, and B : HM → H via

(Lf)(x) := L · f(x)

(Pf)(x) := P · f(x)

(Bf)(x) := B · g(x)
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for all x ∈ Ω, f ∈ H := HN and g ∈ HM . We likewise define the agreement
and disagreement spaces Ha and Hd of functions, respectively, generalizing the
consensus space Ha ⊂ RN and disagreement space Hd ⊂ RN , from the identities

Ha := ran(P) = {f ∈ H | f = Pg, g ∈ H}

Hd := ran(L) = {f ∈ H | f = Lg, g ∈ H}

The closure (·) in the above equations is required: in the finite dimensional
situation it is automatically true that ran(P) = ran(P), but this is not generally
true in the infinite dimensional case. The definitions above for Ha,Hd ⊆ HN

should be carefully compared to those of the finite dimensional counterparts
Ha,Hd ⊆ RN , respectively. We note several properties of these operators and
spaces that will be essential to the analysis that follows.

Theorem 2 Let G be a finite, time-invariant, undirected, connected graph. The
following hold :

1. The operators L,P,B are bounded, self-adjoint operators.

2. The inner product given by

(f, g)HG
:= (Pf, f)H + (Lf, f)H

is equivalent to the usual inner product on H.

3. We have

Ha := ran(P) = ker(L),

Hd := ran(L) = ker(P).

4. The vector-valued RKH space H admits the orthogonal decomposition

H = Ha ⊕Hd.

See [89] for the proof of this theorem. It follows, for the most part, by lifting
the definitions for conventional consensus to the case of vector-valued functions.
Some of the results require the use of limits and closures in infinite dimensional
spaces, but otherwise the result is intuitive and expected.

6.4 Persistence of Excitation in the RKH Spaces

In this section we introduce a novel form of the PE condition that is appropriate
for the study of the multiagent system. This section has implications beyond
our target application problem and illustrates some general relationships among
PE systems and positive limit sets.

Recall that [53] a continuous semiflow or semidynamical system can be de-
fined in terms of a continuous semigroup {S(τ)}τ≥0 that acts on the complete

25



metric space (X , dX ). In the problem at hand it is assumed that true solutions
of the original governing ODEs in Equation 8 generate a semigroup in the usual
way via X(t) = S(t)X0. The positive orbit starting at X0 of the true system is
defined to be the set

Γ+(X0) := ∪τ≥0S(τ)X0 ⊆ X .

The positive limit set ω+(X0) associated with the initial condition X0 is defined
to be

ω+(X0) := ∩t≥0∪τ≥tS(τ)X0,

which is equivalently expressed as

ω+(X0) =

{
y ∈ X | ∃tk →∞ such that lim

k→∞
S(tk)X0 → y.

}

Notions of Persistence of Excitation

We will use these definitions to gain insight about PE conditions and note
how general the notions of PE in this definition are. The following is one of
several equivalent, alternate forms of the conventional persistency of excitation
conditions for the error in the conventional ODEs in Equations 10.

Definition 1 The trajectory X0 7→ S(t)X0 := X(t) is persistently exciting over
Rd × RK if there are positive constants γ1, γ2, T,∆ > 0 such that

γ1‖α‖2RK ≤
∫ t+∆

t

(
ΦT (X(τ))Φ(X(τ))α, α

)
RK dτ ≤ γ2‖α‖2RK

for all t ≥ T and α ∈ RK .

The generalization in this report introduces the definition of persistent ex-
citation relative to an index set Ω ⊆ X and an associated subspace HΩ ⊆ HX
of functions.

Definition 2 The trajectory X0 7→ S(t)X0 := X(t) is persistently exciting with
respect to the index set Ω ⊆ X and function space HΩ if there are positive
constants γΩ,1, γΩ,2, TΩ,∆Ω > 0 such that

γΩ,1‖F‖2HΩ
≤
∫ t+∆Ω

t

(E∗X(τ)EX(τ)F,F)HΩ
dτ ≤ γΩ,2‖F‖2HΩ

for all t ≥ TΩ and f ∈ HΩ.

The newly introduced definition of persistency, one that is suitable for the study
of consensus estimation of functions, is the following.
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Definition 3 The trajectory X0 7→ S(t)X0 := X(t) is persistently exciting with
respect to the domain Ω ⊆ X and function space RΩ(HX ) if there are positive
constants γΩ,1, γΩ,2, TΩ,∆Ω > 0 such that

γΩ,1‖F‖2RΩ(HX ) ≤
∫ t+∆Ω

t

(E∗X(τ)EX(τ)F,F)RΩ(HX )dτ ≤ γΩ,2‖F‖2RΩ(HX )

for all t ≥ TΩ and F ∈ RΩ(HX ).

We end this section with a result that can serve as the kernel of the argument
made to establish function (parameter) convergence for PE system in a RKH
space.

Theorem 3 Let HX be a RKH space of real-valued functions over the set X
generated by a kernel K, HX := HN

X , and the function G ∈ L∞((0,∞),HX ).
If the trajectory t 7→ S(t)X0 := X(t) is persistently exciting in the sense of
Definition 3 and K(xi(·), xi(·)) ∈ L1((0,∞),R) for each i = 1, . . . , N , then we
have

lim
t→∞

‖G(t)‖HΩ = 0.

This theorem is proven in [89], which has been uploaded to the report website.

6.5 Primary Result for Consensus Estimation

With the foregoing background, the primary convergence result for the RKH
embedding approach to consensus estimation is given in the following.

Theorem 4 Let H be HX , HΩ, or RΩ(HX ) and H := HN . Suppose that there
is a unique solution X ∈ C([0,∞),Rd) of the original Equation 11, and a unique
mild solution (X̃, F̃) ∈ C([0,∞),Rd × H) of the consensus error Equations 15.
Then we have

lim
t→∞

X̃(t) = 0,

lim
t→∞

d(F̃(t),Ha) = 0.

If the trajectory X0 7→ S(t)X0 := X(t) is persistently exciting in the sense of
Definition 2 or 3, and K(xi(·), xi(·)) ∈ L1((0,∞), H), then

lim
t→∞

F̃(t) = 0.

As briefly touched on in the overview of major accomplishments, this the-
orem establishes convergence of solutions of a DPS, rather than simply the
convergence of states in Rd. The approach provides a common and unifying
foundation for many of the classical or conventional approaches to adaptive es-
timation for ODEs that evolve in Rd, many of which appear in references such
as [55, 62, 61, 67, 63]. The idea of persistency as an idea about positive defi-
niteness in a RKH space over a domain Ω is also novel and extends many of the
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existing approaches to proving convergence of parameter estimates. The details
and proofs of the discussion in this section are lengthy, and the reader is again
referred to [88, 89, 39, 79] for the details of the analysis. References [88, 89, 39]
have been uploaded to the report website and [79] is also available online.

7 Approximation Spaces and Koopman Theory

The two-state learning dynamic in Section 5 made use of priors defined as mem-
bership in approximation spaces to guarantee rates of convergence of estimates
constructed from IID samples. In Section 6, a general approach to the analy-
sis of consensus estimates in a RKH space H has been discussed. This latter
strategy enables more general and realistic models of the agent dynamics and
employs samples collected along the trajectory of the sensor vehicle team. Still,
the RKH method as summarized in Section 6 does not employ approximation
spaces, at least in its current form, to assess rates of convergence.

In contrast to the situation in Section 5, where the states are assumed to be
IID, we hypothesize a discrete and dependent state process in this section. This
section likewise establishes a foundation that will be used in future research
to incorporate approximation space priors in the RKH embedding technique
for consensus estimation. One common and well accepted model, among many
possibilities outlined in [90], holds that the state X := {x1, . . . , xN} is given by
the stochastic recursion

Xn+1 = F(Xn, λn)

for some unknown, generally nonlinear function F ∈ B with B a Banach space
and {λn}n≥0 a driving stochastic process. Note that with this model the states
{Xn}n≥0 are not generally independent. In fact, the nonlinear recursion is as-
sumed to define a Markov chain with transition probability kernel P(A,X) that
is the probability that the next step in the chain is in the measurable set A given
that the current state is X. This model can drive the approximation of another
unknown, nonlinear function G via noisy observations from a measurement de-
fined as Yn = G(Xn) + wn with {wn}n≥0 another random process. As above,
many variants of the definition of the governing dynamics and measurements
are possible in addition to the above motivational example. These are discussed
in detail in the introduction to references [89] and [90].

Koopman theory is an operator theoretic approach to the study of dynam-
ical systems. This approach studies the asymptotics of a dynamical system by
studying the Koopman operator U and Perron-Frobenius operator P that are
defined as

(P)ν(dy) :=

∫
Ω

P(dy, x)ν(dx),

(Uf)dy :=

∫
Ω

P(dy, x)f(y)

for a measure ν on the domain Ω and a function f : Ω → R. To see how
Koopman theory plays a role in our problem of estimation, suppose for simplicity
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that P(A, x) := δF(X)(A), which is the transition probability kernel for the
deterministic recursion Xn+1 = F(Xn). Then we have

(UG)(X) := (G ◦ F)(X) = G(F(X)).

We see that approximations of the Koopman operator U can be used to in-
duce approximations of the function G ◦ F. But this is our original goal of
approximating an unknown function from samples. If define measurements
as Y := G(F(X)), the estimation process can use the family of observations
{(Xn, Yn)}n≥0 to estimate the function G.

As in the last two sections, the research monograph [90] describes numerous
specific cases, some far more general than that briefly summarized here, that
derive approximation rates for Koopman operators that depend on a family of
linear approximation spaces Ar,s(B).

The research manuscript in [90] gives conditions that guarantee that by
constructing estimates Uj,z of the Koopman operator U using m IID samples
described above and basis functions defined over a fixed grid having mesh reso-
lution j, errors in expectation are bounded by expressions such as

EPm

(
‖Uf − Uj,zf‖2U

)
. λrj +

j

m
. (16)

for all functions in the spectral approximation space Ar,2λ and r is a measure of
smoothness of the unknown function Uf . Here {λj}j≥1 is the sequence of posi-
tive eigenvalues converging to zero associated with an eigenfunction basis that
defines the approximation space Ar,2λ . This measure of expected error exhibits
the the bias and variance tradeoff that is familiar from modern approaches for
approximation theory and distribution free learning theory. Again, this result
has no precedent in applications to consensus estimation nor in recent treat-
ments of approximation in Koopman theory.

Of all of the methods for constructing approximations in Koopman the-
ory, one of the most popular techniques is the enhanced domain decomposition
method (EDMD). The foundations of this approach are discussed in [94, 95, 96].
Essentially, these works establish the convergence estimates of the Koopman op-
erator in a fixed finite dimensional space of functions. We obtain a much sharper
estimate of the rate of convergence. Using the strategy outlined in [90], we find
that

Eνm

(
‖Uf − Uedmdj,z f‖U

)
.

(
logm

m

)2r/(2r+1)

for all functions that reside in the approximation space Ar,2. Here Eνm(·) is
the expectation over the samples z := {(xi, ỹi)}i≤m with respect to the product
measure νm on Zm. It is known that this estimate is the best possible rate
of convergence (except for the logm term), and therefore it is referred to as a
semi-optimal bound. [97]

In addition, this estimate can be extended to certain discrete nonlinear mod-
els of evolution that generate samples along a trajectory, one of the primary
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objectives of this research grant. As discussed in more detail in [106], an analo-
gous result follows for some strongly mixing Markov chains. By modifying the
rule derived in [100, 101] to employ the effective number of samples e(m) as in
Reference [106], it follows that

EPm
{z}

(
‖Uf − Uedmdj,z f‖U

)
.

(
log e(m)

e(m)

)2r/(2r+1)

.

In this equation the expectation EPm
{z}

is the expectation over the first m steps

of the Markov chain.
All of the results stated above, which extend and improve existing rates of

convergence for approximation of Koopman operators (and therefore for ap-
proximations of our category of dynamical systems) are discussed in full detail
in [90]. This long research manuscript has been uploaded to the report website.

8 Hardware Development

This research program worked on the further development of the the Terrestrial
Unmanned Robots for Teamed Learning and Exploration (TURTLEs), under
the direction of co-investigator Alex Leonessa, in addition to the theoretical work
summarized in the last three sections. The TURTLEs consist of four identical
ground robots, shown in Figure 4 Each unit has been completed to the same
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Figure 1 – Terrestrial Unmanned Robots for Teamed Learning and Exploration 

 

The base design includes a differentially steered setup with two brushless motors located in the rear. 
Each motor can continually produce 139 lbf-in of torque with peaks up to 257 lbf-in. This corresponds to a 
continuous draw of over 500 W per motor and speeds of up to 10 mph. The motors are controlled via a RoboteQ 
brushless controller that allows for RS-232, USB, and PWM signals to modulate speed. The motors and 
controller are powered by 8 LiFePO4 battery cells in series. These cells have a capacity of 100 A-hr and typically 
allow for field operation time in excess of 10 hours. The battery management system facilitates fully automated 
charging, allowing for hands off upkeep during down time. 

The batteries are also interfaced with an onboard voltage regulator that distributes 3.3V, 5V, and 12V to 
the computers and peripheral devices. This configuration allows for the quick implementation of new equipment 
to the vehicle without power configuration changes. This power supply, which can also be run on a standard 
120V outlet, currently serves to power an onboard computer, network router, GPS/INS system, and 5 GHz radio. 
The onboard computer is a Pandora Mini PC manufactured by Cappuccino PC. Each unit has an i-7 Intel 
processor, 80 GB SSD, 8 GB of RAM, and runs a Windows 7 environment. In addition to onboard sensors, the 
computers are connected to an onboard router which allows each computer to communicate with one another 
and a base station via the 5 GHz radio. 

The 5 GHz radio is part of the Rocket M series manufactured by Ubiquiti Networks. It acts as a wireless 
Ethernet bridge and has a throughput of 150+ Mbps. Moreover, each radio has a range of several miles allowing 
for efficient and wide scale implementation. Each radio automatically connects with the base station, allowing 
for communication to a base station computer or between robots using the base station as a relay. 

The GPS/INS system is the SPAN-CPT manufactured by NovAtel. This unit is rated to an accuracy of 
±1.5 m and, in practice, is generally accurate to less than ±1 m. Moreover, the units can be linked to the base 
station for RTK corrections, allowing for accuracies of ±2 cm. Heading accuracy falls within ± 0.5°. The 
GPS/INS communicates over USB or RS-232 and can relay position and IMU data up to 20 Hz and 100 Hz, 
respectively. 

In addition to these built in systems, each TURTLE has mechanical mounting points for an Ibeo Lux 4 
LIDAR, which are installed when needed. These devices, which communicate over Ethernet, collect scan data 
across 110° at up to 200m away. They have additional obstacle detection features built in. Their maximum 
scanning rate is 50 Hz. 

Any two of the four robots can optionally be fitted with Velodyne HDL-32E 3-D LIDARs as well. 
These sensors feature 32 beams spanning 40° vertically. The 32 beams rotate 360° on an axis at 10 Hz, 
producing 700,000 points per second that describe the surroundings. The beams produce distance measurements 
with accuracies of ± 2cm at a range of up to 100 m. 

In addition to the LIDARs, each robot is designed to be optionally fitted from a collection of the 
following: one Point Grey Bumblebee XB3 Stereo Camera, one Point Grey BumbleBee2 Stereo Camera, one 
Ladybug5 Spherical Camera, or four Basler Scout GigE HD Cameras. These vision systems allow for the 
variable collection of environmental data specific to the project.  

Figure 4: The TURTLEs Autonomous Vehicles Created in the MS Thesis re-
search by Adam Shoemaker, 2015
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controller that allows for RS-232, USB, and PWM signals to modulate speed.
The motors and controller are powered by 8 LiFePO4 battery cells in series.
These cells have a capacity of 100 A-hr and typically allow for field operation
time in excess of 10 hours. The battery management system facilitates fully
automated charging, allowing for hands off upkeep during down time. The
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Figure 5: Site Map of Terrain Developed in Collaboration between Adam Shoe-
maker, and Professors Alex Leonessa and Kevin Kochersburger

batteries are also interfaced with an onboard voltage regulator that distributes
3.3V, 5V, and 12V to the computers and peripheral devices. This configuration
allows for the quick implementation of new equipment to the vehicle without
power configuration changes. This power supply, which can also be run on a
standard 120V outlet, currently serves to power an onboard computer, network
router, GPS/INS system, and 5 GHz radio. The onboard computer is a Pandora
Mini PC manufactured by Cappuccino PC. Each unit has an i-7 Intel processor,
80 GB SSD, 8 GB of RAM, and runs a Windows 7 environment. In addition to
onboard sensors, the computers are connected to an onboard router which allows
each computer to communicate with one another and a base station via the 5
GHz radio. The 5 GHz radio is part of the Rocket M series manufactured by
Ubiquiti Networks. It acts as a wireless Ethernet bridge and has a throughput
of 150+ Mbps. Moreover, each radio has a range of several miles allowing for
efficient and wide scale implementation. Each radio automatically connects
with the base station, allowing for communication to a base station computer
or between robots using the base station as a relay. The GPS/INS system is
the SPAN-CPT manufactured by NovAtel. This unit is rated to an accuracy of
± 1.5 m and, in practice, is generally accurate to less than ± 1 m. Moreover,
the units can be linked to the base station for RTK corrections, allowing for
accuracies of ±2 cm. Heading accuracy falls within ± 0.5o. The GPS/INS
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communicates over USB or RS-232 and can relay position and IMU data up
to 20 Hz and 100 Hz, respectively. In addition to these built in systems, each
TURTLE has mechanical mounting points for an Ibeo Lux 4 LIDAR, which
are installed when needed. These devices, which communicate over Ethernet,
collect scan data across 110o at up to 200m away. They have additional obstacle
detection features built in. Their maximum scanning rate is 50 Hz. Any two of
the four robots can optionally be fitted with Velodyne HDL-32E 3-D LIDARs
as well. These sensors feature 32 beams spanning 40o vertically. The 32 beams
rotate 360o on an axis at 10 Hz, producing 700,000 points per second that
describe the surroundings. The beams produce distance measurements with
accuracies of ± 2cm at a range of up to 100 m. In addition to the LIDARs,
each robot is designed to be optionally fitted from a collection of the following:
one Point Grey Bumblebee XB3 Stereo Camera, one Point Grey BumbleBee2
Stereo Camera, one Ladybug5 Spherical Camera, or four Basler Scout GigE HD
Cameras. These vision systems allow for the variable collection of environmental
data specific to the project.

The TURTLEs vehicle team was used by Adam Shoemaker in collaboration
with Professor Kevin Kochersburger (VT) during field testing of collaborative
ground and air vehicle characterizations terrain and buildings. The results of
collaborative testing are depicted in Figure 5. While Mr. Adam Shoemaker
unexpectedly departed without completing his PhD, it is anticipated that the
TURTLEs team will play an key role in validating the results of the analysis
summarized in the technical descriptions above.
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9 Appendix

9.1 Reproducing Kernel Hilbert Spaces

This section presents a short overview of the background theory for reproducing
kernel Hilbert Spaces. A thorough treatment can be found in [51, 52]. This
background will enable the careful study of the above evolution problems. In
this report we make use of several properties of real reproducing kernel Hilbert
(RKH) spaces defined over a set X ⊆ Rd. First we discuss an RKH space HX of
real-valued functions and subsequently discuss a special class of vector-valued
RKH spaces. An RKH space HX of functions that map X → R is defined in
terms of a real-valued, continuous, and symmetric function K : X × X → R
of positive type that is referred to as the kernel underlying the RKH space.
When we say that K is of positive type, this means that the collocation matrix
Km := [K(xi, xj)] ∈ Rm×m is positive semidefinite for every selection of points
{xi}1≤i≤m ⊂ X with m ∈ N. The kernel is of strictly positive type if all such
collocation matrices are strictly positive definite for collections of distinct points
{xi}1≤i≤m ⊂ X . The function Kx := K(x, ·) is known as the kernel function at x,
and the inner product of two such functions Kx,Ky is defined to be (Kx,Ky)HX :=
k(x, y) for each x, y ∈ X . The RKH space HX is the closed finite linear span of
the set of functions {Kx | x ∈ X}, that is,

HX := {Kx | x ∈ X} :=

{
f : Rd → R

∣∣∣∣ f = lim
N→∞

N∑
i=1

αN,iKxN,i

with αN,i ∈ R and xN,i ∈ X
}
.

The closure in this definition is taken with respect to the norm ‖ · ‖HX :=√
(·, ·)HX . It is well-known [51, 52, 50] that with this construction the repro-

ducing property
Ex(f) := (Kx, f)HX = f(x)

holds for all f ∈ HX and x ∈ X . Here Ex : HX → R is the evaluation operator.
It is known [80, 81] that if for some positive constant K, we have supx∈X K(x, x) ≤

K̄ < ∞, then the evaluation operator Ex is a uniformly (in x) bounded linear
operator, ‖Ex‖ ≤ C, for some constant C. This results follows from the fact
that

|Exf | = |f(x)| = |(Kx, f)H | ≤ ‖Kx‖H‖f‖H =
√
k(x, x)‖f‖H ≤

√
K̄‖f‖H .

The above inequalities also imply that ‖f‖C(X ) . ‖f‖HX , and therefore HX ⊆
C(X ). We consider only kernels K on X for which such a constant K exists.
For our calculations below, the adjoint operator E∗x : R→ HX is needed, and a
quick calculation shows that

E∗x : α ∈ R 7→ αKx ∈ HX
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for each x ∈ X . Since ‖E∗x‖ = ‖Ex‖, we know that the adjoint is a uniformly

(in x) bounded linear operator, ‖E∗x‖ ≤
√
K̄.

In some examples we are interested in function spaces that are built from
the restrictions of functions in HX . We denote the set of functions

RΩ(HX ) :=

{
f : Ω→ R | f = g

∣∣∣∣
Ω

with g ∈ HX
}
.

It is shown in [52, 51] that RΩ(HX ) is in fact a RKH in its own right, and
the kernel on this space is KRΩ(x, y) := K|Ω×Ω(x, y) for all x, y ∈ Ω where K
is the kernel that defines HX . Often we will also need to construct the closed
subspaces

HΩ := {Kx | x ∈ Ω} ⊆ HX (17)

defined in terms of the indexing subset Ω ⊆ X . We emphasize that the indexing
set is not necessarily the same as the set over which the functions in the RKH
space are defined. When the kernel K is assumed to be supported on X ×X , the
functions in HX and HΩ are supported on X , while the indexing sets are X and
Ω, respectively. Thus, in this report, the functions in such a space HΩ are not to
be interpreted as restrictions of functions in HX , that is, the spaces HΩ ⊂ HX
and RΩ(HX ) are usually not synonymous. It is, however, again a standard
construction that the subspace HΩ ⊂ HX is a RKH space in its own right. Let
ΠΩ be the HX -orthonormal projection of HX onto the closed subspace HΩ. The
inner product on HΩ is given by (·, ·)HΩ

:= (PΩ(·), (·))HX . The kernel KΩ of HΩ

is given by KΩ(x, y) := (PΩKx)(y) for all x, y ∈ X . In view of the above, we let
H be a generic RKH space, and it may be either HX , HΩ, or RΩ(HX ).

The general theory of vector-valued RKH spaces can be found in [75, ?],
and we denote H := HN . That is, in this short report we restrict attention to
product spaces such as

HX := ×
1≤i≤N

HX := HX × · · · ×HX .

Let us consider the example of H := HX in a bit more detail, since the other ex-
amples follow similarly. Since each coordinate function fi in F := {f1, . . . , fN} ∈
HX lies in the RKH space HX that has the same kernel K, the matrix of evalu-
ation operators EX := diag{Exi | 1 ≤ i ≤ N} defines the map EX : HX → RN
with EX(F) := F(X) = {Ex1

f1, . . . , ExN
fN}T for each X := {x1, . . . , xN} ∈ Rd

and F ∈ HX . To find the adjoint, for each X ∈ Ω we have

(EXF, α)RN = αTF(X) =
∑

1≤i≤N

(Exi
fi, αi)R =

∑
1≤i≤N

(Kxi
αi, fi)H = ({αiKxi

}1≤i≤N ,F)HX
,

= (E∗X ,F)HX

for all F ∈ H. Thus, the adjoint E∗X : RN → H is given by E∗Xα := KXα ∈ H
for α ∈ RN where KX := diag{Kxi

| 1 ≤ i ≤ N}. Carefully note that KX is a
square diagonal matrix with the scalar-valued kernels Kxi

on the main diagonal.
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Before concluding this section, we make one last assumption regarding the
family of kernels K in this report. We say that the RKH space HX includes a
rich family of bump functions if for any x ∈ X and any open ball Br(x) := {y ∈
X | dX (y, x) < r} there is a bump function bx,r ∈ HX such that bx,r : X → [0, 1],
bx,r(x) = 1, the support of bx,r is contained in a compact set C ⊂ Br(x). An
assumption of this type is not esoteric as it might at first seem. It is often
required in applications that use RKH spaces that the kernel exhibits good
”separation properties.” For instance, the assumption of the existence of bump
functions is similar to, but stronger than, the assumption in [76] where it is
needed to establish measurability of subsets of Ω ⊂ X in terms of the kernel. In
[76] a kernel is said to separate the closed sets if for each closed set C and point
x 6∈ C there is a function f ∈ HX such that f(x) 6= 0 and f(y) = 0 for all y ∈ C.
It is clear that if HX has a rich family of bump functions then it separates the
closed sets. The richness of bump functions condition has appeared in reports
that seek to construct best approximations by functions in an RKH space in
[74]. In this reference it is noted that any RKH space that contains C∞0 (X ),
the continuous functions on X having compact support contained in X , admits
a rich family of bump functions. Here we will see that this assumption enables
the study of the relation between a positive limit set and a persistently excited
set.

9.2 Persistence and Positive Limit Sets

The next two results illustrate simple, and intuitive relationships between per-
sistently excited sets, positive orbits Γ+(X0), and the positive limit set ω+(X0).
First we have the following relationship between the forward orbit Γ+(X0) when
the set X ≡ Ω in the PE Definition 2.

Theorem 5 Let HX be the RKH space of functions generated by a kernel K
over the domain X and suppose that this RKH space includes a rich family
of bump functions. If the PE condition in Definition 2 holds for the domain
Ω = X , then the forward orbit Γ+(X0) is dense in Ω. That is, we have

X ∈ Ω = X =⇒ ∃{tk}k∈N with lim
k→∞

S(tk)X0 → X.

Note that Theorem 5 does not require that the set of times tk →∞. Recall,
on the other hand, that the positive limit set ω+(X0) is contained in the clo-
sure of all accumulation points, of the orbit Γ+(X0) for sequences of the form
{S(τk)X0}, as τk →∞. Next, we discuss a relationship of the positive limit set
ω+(X0) and a PE set X = Ω in Definition 2.

Theorem 6 Let HX be the RKH space of functions over X generated by a ker-
nel K and suppose that this RKH space includes a rich family of bump functions.
If the PE condition in Definition 2 holds for Ω = X , then

X = ω+(X0).
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The next example shows that much more complicated systems can be studied
with Definition 2

Example 1 We now consider a case where the semigroup {S(τ)}τ≥0 defining
the true solution of the governing equations is a flow on the unit circle S1.
It is known that S1 is, of course, a compact Riemannian manifold that is an
embedded submanifold of R2. We can view this evolution as a special case of a
more general situation.

Let us set X := M with M any k− dimensional, smooth, compact, Rieman-
nian manifold. The Sobolev space Hr,2(M) of real-valued functions f : M → R
over the manifold M consists of all functions in f ∈ L2(M) such that all the
(covariant) distributional derivatives ∇sf for s ≤ r are elements in L2(M). We
assume that r > d/2, which by the Sobolev embedding theorem guarantees that
Hr,2(M) ↪→ C(M), that is, this Sobolev space is contained in the continuous
functions and the imbedding is continuous. Since we have

|EXf | = |f(X)| ≤ ‖f‖C(Ω) . ‖f‖Hr,2(M)

for each X ∈ M and f ∈ Hr,2(M), each evaluation functional EX : Hr,2(M)→
R is bounded. But Hr,2(M) is a Hilbert space; boundedness of all its evaluation
functionals implies that Hr,2(M) is a RKH space. Following the analysis in
[?, ?], it is possible to define the RKH space HK,r(M) in terms of the Matern-
Sobolev kernel KM,r of smoothness r > 0 that is the fundamental solution of
the elliptic differential operator equation

∑
1≤`≤r(∇`)∗∇`KM,r = δ where ∇ is

the covariant derivative operator over the manifold M and δ denotes the Dirac
distribution. It has been shown that HK,r(M) ≈ Hr,2(M) for the chosen range
r > d/2. See reference [74] for the case when M is a smooth Riemannian
manifold or see reference [?] for the special case M := Rd. Moreover, it is well-
known that the Sobolev space Hs,2(M) contains the space C∞0 (M). This means
that the RKH space HK,r(M) contains a rich family of bubble functions. Now
define the vector-valued function space HK,r(M) := (HK,r(M))k. We conclude
that if the motion over the manifold M satisfies the persistency condition in
Definition 2, then M := ω+(X0).

This example illustrates that the newly introduced persistency condition
can be applicable, in principal, to the study of certain evolutions over smooth
compact Riemannian manifolds. Still, the analysis in the example above is
fairly abstract. Perhaps more importantly, it is not a simple task to come up
with a closed form expression for the Sobolev-Matern kernel. Of course this
can be done for motions on S1 or S2, but is not readily accomplished for some
arbitrary manifold M. The definition of the space HK,r(M) is intrinsic in the
above example : it depends on the domain M and the family of charts used to
define the manifold.

The next example illustrates that even if the form of the manifold M is
unknown, it is possible to come up with constructions of a kernel for M that is
extrinsic in the sense that it is defined by the restriction of some known kernel
on a larger domain. This line of attack may be useful to the study of unknown
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or uncertain dynamical systems in that the persistency of excitation condition
is cast in terms of the kernel on the larger space in this case. We examine this
case in the next example.

Example 2 In this example we are interested in an evolution over the domain
Ω := M ⊆ X := Rd, where here M is a smooth, k-dimensional, compact Rie-
mannian, embedded submanifold of Rd. Suppose that we can observe the states
X(t) := S(t)X0 ⊂ Rd for each t ≥ 0 of the semiflow, we know that the orbit
Γ+(X0) is a subset of some manifold M, but we do not know the exact form of
the manifold M. Actually, in many problems of interest in deriving a “reduced
complexity” approximation of some high-dimensional model, assumptions of this
sort are common. Since the manifold M is unknown, it is not possible to derive
a closed form expression for a kernel intrinsic to M. However, the definitions
of kernels as the restrictions of kernels over a larger domain has a long history
in the theory of RkH spaces. [52, 51] There are a host of closed form expres-
sions for the kernels of RKH spaces defined over X := Rd. For instance, the
Matern-Sobolev kernels over Rd are given for r > d/2 by

K(x, y) = K(‖x− y‖Rd) = K(ξ) =
21−(r−d/2)

Γ(r − d/2)
ξr−d/2Br−d/2(ξ)

for all x, y ∈ Rd with Br−d/2 the Bessel function of order r − d/2. As in the

last example, we have HK,r(Rd) ≈ Hr,2(Rd) under the condition that r > d/2.
We can define a candidate KM for a kernel over M from the restriction

KM(x, y) := K

∣∣∣∣
M×M

(x, y)

for all x, y ∈M. Denote the RKH space generated by the kernel KM as HKM(M).
At this point we do not yet have a rigorous notion of exactly how smooth the
restricted functions in HKM(M) are. But from Lemma 4 of [?], we know that
the HKM(M) = T (HK,r(Rd)) where T is the trace operator

T : HK,r(Rd)→ HKM,r(M),

T : f → f |M.

In other words the trace operator T maps a function on Rd to its restriction to
M, and it is synonymous with the restriction operator RΩ introduced earlier. It
is more common in references on RKH spaces to refer to the restriction oper-
ator [51, 52], while in references that discuss Sobolev spaces it is much more
commonly referred to as the trace operator. From Proposition 2 of [?], under
the standing assumptions on M, the trace operator T : f → f |M is a continuous
operator from Hr,2(Rd) onto Hr−(d−k)/2,2(M) for r > (d− k)/2 and 1 ≤ k ≤ d.
In summary then, if we choose the kernel K on Rd with a sufficiently large
smoothness index r so that r > r − (d− k)/2 > d/2, we have

HKM(M) = T (HK,r(Rd) ≈ T (Hr,2(Rd)) ≈ Hr−(d−k)/2,2(M).
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This set of equivalencies gives a precise notion of the smoothness or regularity
of the restricted functions in the RKH space HKM(M): the RKH space over M is
equivalent to the Sobolev space having smoothness r−(d−k)/2 when the original
kernel K is r-regular. As in the last example, we set the vector-valued function
space HKM(M) = (HKM(M))d. Again, we see that since C∞0 (M) ⊂ Hτ,2(M) for
any τ > 0, the RKH space contains a rich set of bubble functions. If the original
semiflow is persistently exciting as in Definition 3, with

Ω := M, X := Rd, RΩ := T,

then ω+(X0) = M. Note that the statement of persistence in Definition 3 is ex-
pressed in terms of the kernel KM := K|M×M, which can be used for computations
since a closed form for K is known on X .
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based overlapping decentralized estimation with missing observations and
communication faults, Automatica, 45, 6, June, 2009, Pages 1397-1406.
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