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FOREWORD 

This Final Progress Report provides a comprehensive summary of the work accomplished under 

Contract Number W911NF-14-1-0210. Following the statement of the problem studied (section 

I) and the summary of the most important results (section II), the report describes in detail the 

fundamentals of the thermal discrete dipole approximation (T-DDA) developed, implemented, 

and tested during the period covered by this grant. Afterwards, specific results obtained with the 

T-DDA are discussed. The complete list of publications produced under ARO sponsorship is 

provided in the Appendix for convenience.  
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I. STATEMENT OF THE PROBLEM STUDIED 

The objective of this project was to establish a computational framework for solving near-field 

thermal radiation problems in three-dimensional (3D) complex geometries. The computational 

framework developed, implemented, and tested in this project is called the thermal discrete 

dipole approximation (T-DDA). The T-DDA is based on fluctuational electrodynamics, where a 

fluctuating current representing thermal emission is added to Maxwell’s equations. The research 

activities were divided into three main tasks: 

(1) Implementation of the T-DDA for modeling near-field radiative heat transfer in 3D complex 

geometries;  

(2) Application of the T-DDA for predicting near-field heat radiative transfer between 

arbitrarily-shaped materials and near-field thermal emission by metamaterials; 

(3) Design of thermal emission spectra (i.e., metamaterials) maximizing thermophotovoltaic 

(TPV) energy conversion.  

This research provided for the first time a computational framework for calculating near-field 

radiative heat transfer and near-field thermal emission with complex materials beyond the 

effective medium theory. The outcome of this project will accelerate the implementation of TPV 

energy converters via the design, fabrication and testing of metamaterials selectively emitting 

thermal radiation. In addition, this research will impact other technologies capitalizing on near-

field thermal radiation such as infrared cloaking and heat flow regulation via photonic thermal 

diodes through metamaterial design.  
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II. SUMMARY OF THE MOST IMPORTANT RESULTS 

The accomplishments are broadly summarized in the next three paragraphs, corresponding to the 

three tasks of the project listed in section I. Details of the accomplishments and main results are 

provided in section III.  

In Task 1, a novel computational method called the thermal discrete dipole approximation (T-

DDA) has been developed, implemented, and tested. The T-DDA is based on the fluctuational 

electrodynamics framework, where the Maxwell equations are augmented by a fluctuating 

current representing thermal emission (stochastic Maxwell equations). In the T-DDA, objects are 

discretized into cubical sub-volumes conceptualized as electric point dipoles. Full 

electromagnetic interactions between the sub-volumes are taken into account via dyadic Green’s 

functions. The accuracy of the T-DDA has been thoroughly investigated via a convergence 

analysis for the case of two spheres exchanging thermal radiation, a problem for which exact 

results are available. The convergence analysis showed that the T-DDA can accurately model 

near-field thermal radiation problems, and can thus be safely applied to 3D complex geometries 

and materials (e.g., metamaterials).  

In Task 2, the T-DDA has been applied to predicting near-field radiative heat transfer between 

complex-shaped bodies for which no analytical solution exists. In particular, the case of a probe 

interacting with a surface has been studied in the context of spectroscopic analysis of near-field 

thermal emission (i.e., near-field thermal spectroscopy). The T-DDA allowed answering a long-

standing question in near-field thermal spectroscopy related to spectral redshift of resonance of 

the thermal near field scattered in the far zone. In addition, the T-DDA has been applied to 

directly calculate thermal emission from structures made of multiple inclusions (i.e., 

metamaterials). As computational resources associated with the T-DDA substantially increase 
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with increasing the number of sub-volumes, a periodic formulation of the T-DDA has been 

designed, implemented, and succesfully tested.  

In Task 3, a genetic algorithm has been coupled to a thermophotovoltaic (TPV) energy 

conversion model for determining metamaterial thermal spectra maximizing TPV performances 

(i.e., output power density and conversion efficiency). The analysis demonstrated that 

maximization of TPV performances must be done by accounting for all losses in the cell, namely 

radiative, electrical, and thermal losses. In addition, metamaterial thermal spectra determined 

using the coupled genetic algorithm-TPV model are a strong function of the parameter to be 

maximized (conversion efficiency or output power density) when thermal losses in the cell are 

taken into account.   
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III. DETAILS OF SCIENTIFIC PROGRESS AND ACCOMPLISHMENTS  

III.A. Description of the thermal discrete dipole approximation (T-DDA) 

The key result of this project is the development, implementation, and testing of the thermal 

discrete dipole approximation (T-DDA). The T-DDA is a numerical method, based on 

fluctuational electrodynamics, used for solving near-field radiative heat transfer problems in 

three-dimensional (3D) complex geometries. In this section, a comprehensive description of the 

T-DDA is provided. 

The general problem under consideration is shown in Fig. 1, where radiative heat transfer 

between objects in vacuum and an infinite surface is to be calculated. The vacuum, the surface, 

and the objects are referred to as medium 0, 1, and 2, respectively. It is assumed that the objects 

of arbitrary number, shape, and size occupy a total volume V2 and are isotropic, linear, and non-

magnetic. The surface, of volume V1 and uniform temperature T1, is assumed to be isotropic, 

linear, non-magnetic, and is characterized by a homogeneous dielectric function ε1 local in space. 

Illumination by external sources (e.g., laser irradiation, thermal emission by the surroundings) is 

modeled via an incident electric field Einc. The electric field thermal emitted by the surface into 

the vacuum of volume V0 is denoted by Esur.  
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FIG. 1 | Schematic representation of the problem under consideration. Objects (medium 2) are submerged in 

vacuum (medium 0) above an infinite surface (medium 1). The incident electric field Einc accounts for illumination 

by external sources, while the surface field Esur is the electric field due to thermal emission by the surface.  

The net radiative heat rate between the objects and the surface is derived from the stochastic 

Maxwell equations, where a fluctuating current Jfl is added to Ampère’s law: 

   ∇×E(r,ω ) = iωµ0H(r,ω )   (1) 

   ∇× H(r,ω ) = −iωεε0E(r,ω )+ J fl (r,ω )   (2) 

where E and H are the electric and magnetic field intensities, ε is the dielectric function, ε0 and 

µ0 are respectively the permittivity and permeability of vacuum, i is the complex constant, r is 

the position vector where the fields are observed, and ω is the angular frequency. The ensemble 

average of the fluctuating current is zero, while the ensemble average of the spatial correlation 
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function of the fluctuating current is related to the local temperature of a thermal source via the 

fluctuation-dissipation theorem [1]:  

J fl ′r ,ω( )⊗ J fl ′′r , ′ω( ) =
4ωε0 ′′ε

π
Θ ω ,T( )δ ′r − ′′r( )δ ω − ′ω( )I   (3) 

where ⊗  denotes the outer product, I  is the unit dyadic, ′′ε  is the imaginary part of the 

dielectric function of the thermal source and Θ(ω,T) is the mean energy of an electromagnetic 

state given by Θ(ω ,T ) = !ω / [exp(!ω / kBT ) −1] .  

The electric field everywhere above the surface satisfies the following vector wave equation 

derived from the stochastic Maxwell equations:  

200
2
0 ),      ,(),(),( VVik ∪∈=−×∇×∇ rrJrErE ωωµωω  (4) 

where k0 is the magnitude of the wavevector in vacuum. The current J in Eq. (4) is an equivalent 

source function generating fluctuating and scattered electric fields:  

   J(r,ω ) = J2
fl (r,ω )− iωε0 ε2(r)−1⎡⎣ ⎤⎦E(r,ω ),      r ∈V2   (5) 

where the subscript 2 in    J2
fl  specifies that the fluctuating current is in V2.  

The solution of the inhomogeneous linear differential Eq. (4) is the sum of the solution of the 

homogeneous equation and a particular solution of the inhomogeneous equation. The 

homogeneous vector wave equation is given by:  

   
∇×∇× Einc(r,ω )+Esur (r,ω )⎡⎣ ⎤⎦ − k0

2 Einc(r,ω )+Esur (r,ω )⎡⎣ ⎤⎦ = 0,      r ∈V0 ∪V2   (6) 
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The solution of Eq. (6) provides the electric field that would exist above the surface in the 

absence of objects. This electric field is comprised of two components, namely the incident field 

Einc and the surface field Esur. The surface field is generated by fluctuating currents in V1,    J1
fl , 

and its expression is given by: 

   
Esur (r,ω ) = iωµ0 G

T
(r, ′r ,ω ) ⋅J1

fl ( ′r ,ω )d 3 ′r
V1

∫ ,      r ∈V0 ∪V2   (7) 

where   G
T

 is the transmission dyadic Green’s function (DGF) relating the field observed at r  in 

V0∪ V2 to a source point ′r  located in V1 [2]. The expression for the incident field satisfies Eq. 

(6) and depends on the specific external radiation source.  

The particular solution of Eq. (4) is the sum of the fluctuating and scattered electric fields 

generated by the current J. The fluctuating and scattered fields are obtained using DGFs relating 

the electric field observed at r to a source located at r′ , as shown in Fig. 2, when both r and r′  

are located above the surface in V0∪ V2:  

Esca (r,ω ) +E fl (r,ω ) = iωµ0 G(r, ′r ,ω ) ⋅J( ′r ,ω )d 3 ′r
V2

∫ ,      r ∈V0 ∪V2   (8) 

The DGF G  is comprised of two components. The first component is the free space DGF, G
0

, 

that accounts for the electric field generated at r due to direct radiation by the source J located at 

r′  in the absence of the surface. The second component is the reflection DGF, G
R

, representing 

the electric field generated at r due to radiation by the source J located at r′  after reflection by 

the surface. 
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FIG. 2 | Dyadic Green’s function (DGF) relating the electric field at r to a source located at  ′r  in the presence of a 

surface. 

The volume integral equation for the total electric field in V0∪ V2 is obtained by adding the 

incident and surface fields to Eq. (8): 

E(r,ω ) = iωµ0 G
0

(r, ′r ,ω ) +G
R
(r, ′r ,ω )⎛

⎝⎜
⎞
⎠⎟
⋅J( ′r ,ω )

V2

∫ d 3 ′r

                                                            +Einc (r,ω ) +Esur (r,ω ),      r ∈V0 ∪V2

 (9) 

Solution of Eq. (9) provides the electric field in V2 from which heat transfer can be calculated. 

The T-DDA is based on solving Eq. (9) derived from the stochastic Maxwell equations.   

The T-DDA formulation is initiated by discretizing V2 into N cubical sub-volumes. The size of 

the sub-volumes must be smaller than all characteristic lengths of the problem, namely the 

wavelength in V2 and vacuum as well as the object-object and object-surface separation 

distances. In addition, the sub-volume size must be small enough to represent accurately the 

object shape via a cubical lattice. When these conditions are fulfilled, the electric field, the DGFs 

and the electromagnetic properties can be assumed uniform inside a given sub-volume. Under 

the approximation of uniform electric field, it is possible to conceptualize the sub-volumes as 
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electric point dipoles. The total dipole moment associated with a sub-volume i of volume ΔVi is 

related to the equivalent current via pi = (i /ω ) J( ′r ,ω )d 3 ′r
ΔVi
∫ . The discretized volume integral 

equation for the electric field (9) is written in terms of dipole moments as follows:  

1
α i

pi −
k0
2

ε0
Gij

0

⋅p j
j≠i
∑ −

k0
2

ε0
Gij

R
⋅p j

j
∑ = 3

(ε2,i + 2)
1

α i
CM pi

fl +Ei
inc +Ei

sur  (10) 

where the DGFs Gij

0

 and Gij

R

 are evaluated between the center points of sub-volumes i and j. The 

total dipole moment pi is the sum of two contributions, namely an induced dipole moment 

pi
ind = ΔViε0 (ε2,i −1)Ei  and a thermally fluctuating dipole moment fl

ip  = (i /ω ) J2
fl ( ′r ,ω )d 3 ′r

ΔVi
∫ . 

Using this last expression in combination with the fluctuation-dissipation theorem (3), the 

ensemble average of the spatial correlation function of fluctuating dipole moments can be 

expressed in terms of the local temperature of the medium [3]. The terms α i
CM  and α i  are 

respectively the Clausius-Mossotti and radiative polarizabilities given by: 

α i
CM = 3ε0ΔVi

ε2,i −1
ε2,i + 2

  (11) 

α i =
α i
CM

1− (α i
CM / 2πε0ai

3)[eik0ai (1− ik0ai ) −1]
  (12) 

where ai is the radius of a sphere of volume ΔVi. The application of Eq. (10) to all N sub-

volumes in V2 results in a system of equations that can be written in a compact matrix form as 

follows:  

A +R( ) ⋅P = E
fdt
+E

inc
+E

sur  (13) 
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where 
fdt

E  and sur
E  are 3N stochastic column vectors containing the first term on the right-hand 

side of Eq. (10) and the surface field, respectively, while inc
E  is the 3N deterministic column 

vector containing the incident field. The term P 	is the 3N stochastic column vector containing 

the unknown total dipole moments of the sub-volumes. The matrix A  is the 3N by 3N 

deterministic interaction matrix which is composed of sub-matrices ijA  representing the direct 

interaction between sub-volumes i and j in the absence of the surface. For brevity, the content of 

the sub-matrices ijA  is not provided here and can be found in Ref. [4]. The term R  is the 3N by 

3N deterministic reflection-interaction matrix that contains sub-matrices ijR  representing the 

interaction between sub-volumes i and j due to reflection by the surface. For brevity, the content 

of the sub-matrices ijR  is not provided here and can be found in Ref. [4]. 

The net spectral heat rate between the surface and the objects is defined as   
Qnet ,ω  = 

  
Qabs,ω ,1i −

i
∑ Qabs,ω ,i1

i
∑ , where   

Qabs,ω ,1i  is the spectral power absorbed by subvolume i due 

to thermal emission by the surface and vice-versa for   
Qabs,ω ,i1 , while  denotes a time 

average. Using reciprocity, the net spectral heat rate can be expressed solely in terms of 

  
Qabs,ω ,1i : 

  
Qnet ,ω = Qabs,ω ,1i

Θ ω ,T2i( )
Θ ω ,T1( ) −1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥i

∑  (14) 

where T2i is the temperature of sub-volume i. The power absorbed   
Qabs,ω ,1i  is calculated from 

the induced dipole moments as follows: 
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ind
i

ind
iiiabs kQ pp ⊗⎟

⎠
⎞⎜

⎝
⎛ −= − tr

3
2])Im[(

2
3
0

*1
1,, αω

ω  (15) 

where ergodicity is assumed. Note that when calculating the power absorbed, it is assumed that 

the objects described by V2 are non-emitting and purely absorbing (T2i = 0 K). Yet, thermal 

emission by V2 is accounted for by capitalizing on reciprocity, as shown by Eq. (14). Therefore, 

fl
ip = 0 and pi = ind

ip  for all sub-volumes contained in V2. The trace of the autocorrelation 

function of the induced dipole moments in Eq. (15) is obtained directly from the system of 

equations (13): 

   
P⊗P = (A + R)−1 ⋅ (E

inc
⊗E

inc
)+ (E

sur
⊗E

sur
) ⋅ (A + R)−1( )†

 (16) 

where the superscript † indicates the Hermitian operator defined as the conjugate transpose. For 

brevity, the ensemble average of the spatial correlation function of the surface fields,   E
sur

⊗E
sur

, 

is not provided here and can be found in Ref. [4].  

Once the dipole moment correlation matrix is computed with Eq. (16), the power absorbed in 

sub-volume i ,   
Qabs,ω ,1i , and the net heat rate between the objects and the surface,   

Qnet ,ω , are 

respectively calculated with Eqs. (15) and (14). 

The T-DDA formalism only involves numerical approximations. Therefore, the T-DDA can be 

considered as numerically exact since the results obtained from this method converge to the 

exact solution in the limit that N → ∞, where N is the number of sub-volumes conceptualized as 

electric point dipoles.  
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As a final remark, it is worth mentioning that the T-DDA is a numerical approach entirely 

developed, implemented, and tested in PI Francoeur’s group. The T-DDA has already been 

adopted by other researchers for computing near-field radiative heat transfer and thermal 

emission based on the fluctuational electrodynamics framework [5].  

III.B. Convergence analysis of the thermal discrete dipole approximation (T-DDA)  

The convergence and the accuracy of the T-DDA have been studied for the case of two spheres 

submerged in vacuum. This choice is motivated by the fact that an analytical solution for near-

field radiative heat transfer between two spheres is available in the literature [6]. As such, the 

convergence analysis has been performed by comparing the spectral thermal conductance 

obtained with the T-DDA against exact results. All computations have been performed with a 

hybrid OpenMP-MPI parallel T-DDA FORTRAN code utilizing the SCALAPACK library. A 

schematic representation of this benchmark problem is shown in Fig. 3. 

 

FIG. 3 | Schematic representation of the problem used to analyze the convergence and accuracy of the T-DDA: two 

spheres of diameter D separated by a distance X(y,z) are exchanging thermal radiation. The minimum distance 

between the spheres is d = X(0,0).  

The spectral thermal conductance is calculated by assuming that sphere 1 is at a temperature T + 

δT, while sphere 2 is maintained at a temperature T:  

Gω (T ) = limδT→0

Qnet ,ω
δT

  (17) 



	 17 

where Qnet ,ω  is the net spectral heat rate between the spheres. The accuracy of the T-DDA has 

been evaluated for three sizes, k0D << 1, k0D ≈ 1 and k0D >> 1. For each size, various gap 

distances d in the near-field regime of thermal radiation (i.e., d < λ, where λ is the wavelength in 

vacuum) have been considered (see Table 1). For each case listed in Table 1, the convergence of 

the T-DDA has been analyzed for six representative refractive indices (see Table 2), including 

high and low real and imaginary parts, and a refractive index corresponding to surface phonon-

polariton (SPhP) resonance of a silica sphere (refractive index mf). A total of 42 cases have been 

investigated, and the results of the convergence analysis are summarized in Table 3. 

TABLE 1 | Cases investigated in the convergence analysis. 

 k0D (D) d/λ (d) 
Case 1 0.00628 (10 nm) 0.00100 (10 nm) 
Case 2	 0.0943 (150 nm)	 0.00100 (10 nm)	
Case 3	 0.0943 (150 nm)	 0.0150 (150 nm)	
Case 4 1.01 (1.6 µm) 0.00100 (10 nm) 
Case 5 1.01 (1.6 µm) 0.100 (1 µm) 
Case 6 5.03 (8 µm) 0.0100 (100 nm) 
Case 7 5.03 (8 µm) 0.500 (5 µm) 

 

TABLE 2 | Refractive indices investigated in the convergence analysis. 

ma (εa)	 1.33+0.01i (1.77+0.0266i)	
mb (εb)	 1.33+1i (0.769+2.66i)	
mc (εc)	 3+0.01i (9+0.06i)	
md (εd) 3+1i (8+6i)	
me (εe) 3+3i (0+18i)	
mf (εf) 0.53+1.28i (-1.36+1.36i)	
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TABLE 3 | Smallest relative error of the thermal conductance obtained for all cases considered in the convergence 

analysis (N: number of sub-volumes per sphere; U: uniform discretization; NU: non-uniform discretization). 

 

The main conclusions of the convergence analysis are: 

a) An error less than 5% was obtained for 74% of the cases studied using up to 82712 sub-

volumes per sphere. For all sizes, the accuracy of the T-DDA decreases as both the real and the 

imaginary parts of the refractive index increase. For all seven cases, the error is maximum for the 

refractive index me having the largest real and imaginary parts (me = 3 + 3i). However, as shown 

in Fig. 4 for case 2, there is a converging trend suggesting that the accuracy of the T-DDA is 

improved by increasing the number of sub-volumes.  
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FIG. 4 | Absolute value of the relative error of the thermal conductance as a function of the number of sub-volumes 

and the refractive index for case 2. Open and filled symbols denote the error for uniform and non-uniform 

discretizations, respectively. 

b) A non-uniform discretization scheme has been implemented (i.e., sub-volumes of different 

sizes). The results suggest that non-uniform discretization is useful when the sphere to gap ratio, 

D/d, is large, when d << λ, and D < λ, such that significant absorption occurs within a small 

portion of the sphere (e.g., case 1; see Fig. 5).  

 

FIG. 5 | Spatial distribution of the normalized volumetric power absorbed for case 1 (refractive index mc). 
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c) Fast convergence is achieved when dealing with resonant modes (refractive index mf). The T-

DDA is therefore extremely accurate for predicting SPhP mediated near-field radiative heat 

transfer. This is important since the total thermal conductance (i.e., conductance integrated over 

the entire spectrum) is largely dominated by the contribution of SPhP in the near field.  

d) The conclusions of the convergence analysis are applicable to geometries other than spheres, 

except that the error is likely to be smaller due to a weaker shape error. The shape error is the 

error introduced in the T-DDA formalism when discretizing the objects into cubical sub-

volumes.  

e) The T-DDA is suitable for objects with sizes smaller than, or of the same order of magnitude 

as, the wavelength λ. For larger objects, it is not necessary to account for the wave nature of 

thermal radiation. As such, the classical theory of thermal radiation based on Planck’s theory can 

be used for solving such problems instead of fluctuational electrodynamics.  

III.C. Verification of the thermal discrete dipole approximation (T-DDA) with surface 

interaction 

The T-DDA in the presence of a surface, as described in section III.A of this report, has been 

verified by comparison against the exact solution of heat rate between a 1.6-µm-diameter sphere 

and a surface [7]. The surface and the sphere are both made of silica and are maintained at 

temperatures T1 = 300 K and T2 = 400 K, respectively. It is assumed that there is no incident 

electric field. Figure 6 shows the net spectral heat rate obtained from the exact solution and the 

T-DDA for separation gaps d of 100 nm and 100 µm. 
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FIG. 6 | Net spectral heat rate between a sphere and a surface for separation gaps d of 100 nm and 100 µm obtained 

with the T-DDA and the exact solution.  

The T-DDA with surface interaction and the exact results are in excellent agreement. The 

locations of the resonances and their magnitudes are predicted accurately via the T-DDA. The 

small discrepancy observed for frequencies ranging from 0.1300 eV to 0.1375 eV is due to the 

fact that the dielectric function of silica is large within that spectral band. A better accuracy 

could be obtained by employing a larger number of sub-volumes, since the accuracy of the T-

DDA increases as the sub-volume size decreases [3]. Yet, increasing the number of sub-volumes 

within the 0.1300-0.1375 eV spectral band is not necessary as its contribution to the net total heat 

rate is negligible. The excellent results obtained for the case of a sphere, which is one of the most 

difficult shapes to model with a cubical lattice, demonstrates that the T-DDA can accurately be 

used for modeling arbitrarily-shaped objects. As an illustrative example, the T-DDA with surface 

interaction has been applied for predicting the net spectral heat rate between a complex-shaped 

probe and a surface, as shown in Fig. 7. Note that exact calculation of near-field radiative heat 

transfer between a probe and a surface is impossible. 
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FIG. 7 | Net spectral heat rate between a probe and a surface for separation gaps d of 10 nm, 100 nm and 100 µm. 

III.D. Spectroscopic analysis of near-field thermal emission 

The T-DDA has been applied to spectroscopic analysis of near-field thermal emission. The 

ability to probe near-field thermal spectra is of critical importance because several potential 

applications, such as thermophotovoltaics (TPVs) and thermal rectification, capitalize on 

spectrally selective near-field radiative exchange via metamaterials. Yet, to date, only a handful 

of articles have reported spectroscopic measurements of near-field thermal emission by planar 

heat sources [8-13]. In near-field thermal spectroscopy, the evanescent component of the thermal 

field is scattered in the far zone using a probing tip brought within a sub-wavelength distance 

from a heat source. The far-zone scattered field is guided to a Fourier-transform infrared 

spectrometer, where its spectral distribution is extracted. The collected signal is interpreted as a 

measurement of the spectral near-field energy density of the heat source. However, all near-field 

thermal spectroscopy experiments performed with heat sources supporting SPhPs in the infrared 

(SiC, silicon dioxide, hexagonal boron nitride) have reported resonance redshifts of varying 



	 23 

magnitude, from ~ 5 cm-1 to ~ 65 cm-1, using probing tips made of intrinsic Si [9,11], tungsten 

[10] and platinum-iridium [12]. Using the T-DDA, a critical knowledge gap has been addressed 

by analyzing the physics of resonance redshift in near-field thermal spectroscopy.  

The problem under consideration is shown in Fig. 8(a), where a probe of intrinsic Si couples 

evanescent modes emitted by a planar heat source of SiC into propagating modes detectable in 

the far zone. This choice is motivated by the experiments reported in Ref. [11] where spectral 

redshifts varying from 5 cm-1 to 50 cm-1 with respect to SPhP resonance of a SiC-vacuum 

interface were observed on the field scattered by different intrinsic Si probes. In all simulations, 

the vacuum gap d is fixed at 10 nm, and the surface (Ts) and probe (Tp) temperatures are 

respectively 573 K and 0 K. Two probe geometries are considered in the simulations (see Fig. 

1(b)).  
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FIG. 8 | (a) Schematic representation of the problem under consideration. The intrinsic Si probe couples evanescent 

modes emitted by the SiC surface into propagating modes detectable in the far zone. (b) Discretized probes used in 

T-DDA simulations. Probe A is 1.98-µm-long, has an opening angle of 19°, and a 200-nm-diameter hemispherical 

tip. Probe B is 2.68-µm-long, has an opening angle of 12°, and a sharp conical tip having a size of 7.2 nm. 

The scattered electric field (magnitude squared) in the far zone is obtained from the ensemble 

average of the induced dipole moments (see Eq. (16)) as follows:  

   
EFF(r)

2
=

k0
4

16π 2r 2 tr F ⋅ P⊗P ⋅F
†⎛

⎝⎜
⎞
⎠⎟

  (18) 

In Eq. (18), F  is the 3 by 3N deterministic matrix accounting for direct emission by the induced 

dipoles in the far zone (direct component) as well as radiation in the far zone after reflection of 

dipole emission at the vacuum-SiC interface (indirect component). The matrix F , obtained using 

the far-zone approximation of the free space and reflection dyadic Green’s functions [14], 

consists of N 3 by 3 sub-matrices Fi given by:  

    
Fi = ai

TM e1 ⊗ e1( ) + ai
TE e2 ⊗ e2( ), i = 1,2,…, N   (19) 
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In Eq. (19), e1 and e2 are unit vectors oriented along the transverse magnetic (TM) and transverse 

electric (TE) polarizations, respectively, and the coefficient ia
γ  (γ = TM or TE) is defined as: 

   
ai
γ = exp −ik sca ⋅ri( ) + Rγ exp −ik sca ⋅rI,i( )   (20) 

where ri is the position vector of sub-volume i, rI,i is the position vector of the image of sub-

volume i with respect to the vacuum-SiC interface, ksca is the wavevector in the far zone, and  Rγ  

is the Fresnel reflection coefficient for γ-polarized radiation incident from vacuum. 

The scattered electric field in the far zone by probes A and B is shown in Fig. 9 at an angle θ of 

45° with respect to the surface normal and at a radial distance r of 1 m away from the surface. 

The near-field thermal energy density in vacuum at a distance Δ of 10 nm above the SiC surface, 

plotted for comparison, is quasi-monochromatic at a frequency of 948 cm-1 (corresponds to SPhP 

resonance of a SiC-vacuum interface).  
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FIG. 9 | Spectral distribution of scattered electric field (magnitude squared) in the far zone at an angle of 45°, with 

respect to the surface normal, and at a distance of 1 m: (a) Probe A, and (b) Probe B. The spectral distribution of 

energy density in vacuum in the absence of the probe at a distance of 10 nm with respect to the surface is plotted in 

both panels for comparison. All curves are normalized by their own maximum. 

The spectral distribution of the field scattered by probe A is drastically different from the energy 

density spectrum. Indeed, the scattered field exhibits a resonance at a frequency of 929 cm-1, 

which represents a redshift of 19 cm-1 with respect to SPhP resonance. A local maximum at a 

frequency of 940 cm-1 is also visible on the scattered field spectrum. The physics underlying 

SPhP resonance redshift is explained by analyzing gap modes, which are electromagnetic modes 

existing in the vacuum gap separating the probe and the surface. The eigenfrequencies of gap 

modes, predicted by Mal’shukov for a lossless sphere-surface configuration under the 

assumption that that D >> d, where D is the sphere diameter, are given by [15]:  

  

1
′ε p (ω )

+ 1
′ε s(ω )

= −(2m+1) d
D

, m = 0,1,2,...   (21) 
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where pε ′  and sε ′  are the real parts of the dielectric function of the surface and the spherical 

probe, respectively, while m is the order of the gap mode. As probe A is characterized by a 200-

nm-diameter hemispherical tip, Eq. (21) is used for predicting gap modes with D = 200 nm. The 

resulting gap mode eigenfrequencies are 915 cm-1, 942 cm-1 and 951 cm-1 for the zeroth, first and 

second order, respectively. Only the zeroth and first order gap modes are visible on the scattered 

field spectrum, and the predictions made with Eq. (21) are in reasonable agreement with the T-

DDA simulations. Conversely, the scattered field spectrum of probe B characterized by a sharp 

tip with size approximately equal to the vacuum gap thickness d is not greatly impacted by gap 

modes. As such, a minor redshift of 4 cm-1 is observed on the field scattered by probe B.  

In summary, the application of the T-DDA to spectroscopic analysis of near-field thermal 

emission has demonstrated that resonance redshift reported in near-field thermal spectroscopy is 

mediated by electromagnetic gap modes induced when the probing tip size is much larger than 

the vacuum gap size. These gap modes affect the scattered field in the far zone even if the probe 

is non-resonant. The measured signals in near-field thermal spectroscopy experiments should 

therefore be analyzed using the T-DDA. This analysis has shown unambiguously that the far-

zone scattered field cannot be interpreted as a direct measurement of the spectral distribution of 

near-field thermal energy density.  

III.E. Direct calculation of near-field thermal emission by metamaterials 

When calculating near-field thermal emission by metamaterials, it is necessary to perform 

computations for a large number of objects / inclusions. For that purpose, a periodic formulation 

of the T-DDA has been implemented and verified. This formulation capitalizes on the periodicity 

of the inclusions in metamaterials. It allows calculating near-field thermal emission by infinite 
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arrays of inclusions. The idea is to define a single inclusion as the unit cell (UC). The UC is 

discretized into N cubical sub-volumes behaving as electric point dipoles, as described in section 

III.A. The UC is on a lattice at location m, n = 0, where m and n are integers along the x- and y-

directions, respectively. An infinite number of replicas of the UC along the x- and y-directions 

are then created (i.e., m, n = -∞ to ∞). Despite the fact that the periodic T-DDA deals with 

infinite arrays of inclusions, the system of equations is solved only for the N sub-volumes located 

in the UC, thus keeping the computational cost relatively low.  

As a proof-of-concept, a problem involving a one-dimensional (1D) array of nanoparticles, 

modeled as electric point dipoles, extending to infinity is discussed hereafter (see Fig. 10). A unit 

cell (UC) is first defined and located on a lattice at m = 0, where m is an integer along the x-

direction. The UC in Fig. 10 consists of a single nanoparticle modeled as an electric point dipole 

(i.e., one sub-volume). In general, the UC may consist of one or more objects discretized into N 

sub-volumes. The physical location of a given sub-volume i in the UC is denoted by ri,0. An 

infinite number of replicas of the UC along the x-direction is generated (i.e., m = -∞ to ∞). The 

physical location of replica m of sub-volume i is given by ri,m = ri,0 + mLu, where Lu is the lattice 

vector for the array. Assuming that there is no surface and no incident field, the only source of 

excitation is the fluctuating field. The fluctuating fields in the sub-volumes located in the replicas 

are phase-shifted with respect to the fluctuating field in sub-volume i of the UC: 

   
E fl (ri,m ,ω ) = E fl (ri,0 ,ω )exp(ik0 ⋅mLu )   (22) 

As such, the replica dipole moments pi,m are also phase-shifted relative to the dipole moments 

pi,0 in the UC:  

   
pi,m = pi,0 exp(ik0 ⋅mLu )   (23) 
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In that case, the T-DDA equation (10) is modified as follows: 

   

1
α i

+ 1
α i

− 3
(ε i + 2)α i

CM

⎛

⎝⎜
⎞

⎠⎟
exp(ik0 ⋅mLu )

m≠0
∑

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
pi,0 −

k0
2

ε0

Gij ,m

0

⋅p j ,0
m≠0
∑ exp(ik0 ⋅mLu )

j≠i
∑

= 3
(ε2,i + 2)

1
α i

CM pi,0
fl

  (24) 

Solution of Eq. (24) provides the dipole moment pi,0 in the UC. The dipole moments in the 

replicas pi,m are afterwards calculated using Eq. (23).  

Figure 10 shows spectral distribution of near-field energy density of a metamaterial made of a 

1D infinite array of nanoparticles made of SiC embedded in a lossless medium having a 

dielectric function of 4. The energy density above a metamaterial is calculated as: 

   
uω (r) = ω 3

πc0
4

3α i

(ε i + 2)α i
CM

2

′′ε i
i
∑ ΔViΘ(ω ,Ti )tr[Gri ⊗Gri]  (25) 

where   Gri  is the dyadic Green’s function of the system (i.e., accounts for the presence of all 

inclusions) between sub-volume i and the location where the energy density is calculated, r. 

Results are in perfect agreement with those obtained for a finite chain of 17 nanoparticles. As 

pointed out by Tervo et al. [16], converged results of energy density are obtained for 17 

nanoparticles, which is confirmed by the periodic T-DDA.  
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FIG. 10 | Thermal emission by an array of nanoparticles extending to infinity. The results are compared against 

those for 17 nanoparticles. The diameter of the nanoparticles is 50 nm, the distance between the nanoparticles 

(center-to-center) is fixed at 75 nm, and the distance where the energy density is calculated is 25 nm. 

In summary, the results obtained with the periodic formulation show that the T-DDA can be used 

for direct calculation of near-field thermal emission by metamaterials.  

III.F. Determination of metamaterial thermal spectra maximizing thermophotovoltaic 

(TPV) energy conversion 

Metamaterial thermal spectra maximizing TPV energy conversion have been designed. More 

specifically, the publicly available genetic algorithm (GA) PIKAIA [17] has been coupled to a 

TPV code developed in PI Francoeur’s laboratory [18] in order to determine metamaterial 

thermal spectra maximizing TPV output power density (Pm) and conversion efficiency (η). 

Thermal emission spectra maximizing conversion efficiency and output power density are shown 

in Fig. 11, where the thermal spectrum of a tungsten radiator is also shown for comparison 
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purpose. In Fig. 12, the performances obtained from the optimal spectra are shown and are 

compared against the performance obtained with a tungsten and a blackbody radiator. In all 

cases, radiative, electrical and thermal losses are taken into account in the simulations. 

 

FIG. 11 | Spectral emissive power of various radiators: spectrum maximizing output power density, spectrum 

maximizing conversion efficiency, blackbody, tungsten. 

 

FIG. 12 | Output power density Pm and conversion efficiency η obtained with various radiators: spectrum 

maximizing output power density, spectrum maximizing conversion efficiency, blackbody, tungsten. 



	 32 

Figure 12 demonstrates that that metamaterial thermal spectra maximizing output power density 

and conversion efficiency largely outperform blackbody emission and a tungsten radiator 

commonly used in TPV device. In addition, it can be observed in Fig. 11 that both thermal 

emission spectra maximizing TPV performance are narrowband (i.e., blackbody emission in a 

limited spectral band). Such narrowband thermal emission spectra cannot be obtained via 

naturally occurring materials. This confirms in a rigorous manner one of the hypotheses 

underlying this research: High-performance power generation via TPV devices can be obtained 

only via man-made structures (i.e., metamaterials) selectively emitting thermal radiation. Thus, 

designer materials are necessary for the design, development and implementation of high-

performance TPV power generators. 

III.G. Design of thermal diodes 

Note that although not included in the original proposal, nanostructures and metamaterials can 

also be used in thermal diodes. A photonic thermal diode is a two-terminal device in which the 

magnitude of radiative heat flow depends on the direction of the temperature bias. The 

performance of a thermal diode is typically quantified by the rectification efficiency, defined as 

η(Th,Tl) = |Qf – Qr|/max(Qf,Qr), where Qf and Qr are heat rates for the same temperature bias ΔT 

= Th – Tl, but in different, forward and reverse, directions. An alternative and simple diode 

concept leading to high rectification efficiency has been investigated, where both terminals are 

made of the same material supporting SPhPs in the infrared. Rectification is achieved by 

switching the terminals on- and off-resonance via the direction of the temperature bias; on- and 

off-resonance is obtained by capitalizing on the temperature-dependence of coupled SPhPs in 

nanostructures.  
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The proposed rectification concept is illustrated via the photonic thermal diode shown in Fig. 13 

consisting of two planar structures, called terminals A and B, separated by a sub-wavelength 

vacuum gap of thickness d. Both terminals are made of 3C-SiC, supporting SPhPs in the 

infrared, but are structurally dissimilar in order to induce on- and off-resonance as a function of 

the temperature bias direction. Specifically, terminal A is made of a SiC thin film coated on a 

substrate. Unless otherwise mentioned, the substrate is assumed to be lossless (i.e., 2Aε  = 

2 2A Aiε ε′ ′′+ , 2 0Aε ′′ = ). Terminal A thus support two resonant modes, namely a high-frequency anti-

symmetric and a low-frequency symmetric mode, due to SPhP coupling within the thin film. 

Terminal B consists of a bulk (i.e., optically thick) layer of SiC, and therefore supports a single 

resonant mode. Rectification is achieved by tuning the antisymmetric mode of terminal A on- 

and off-resonance with the mode of terminal B as a function of the temperature bias direction. 

An advantage of using a nanostructure such as a thin film comes from the fact that non-resonant 

thermal emission of propagating and frustrated modes, detrimental to rectification efficiency, is 

greatly reduced since it is proportional to the volume of the heat source. 

 

FIG. 13 | Schematic of the photonic thermal diode under consideration, where the terminals are separated by a 

vacuum gap of size d. Terminal A is made of a film of 3C-SiC with thickness t coated on a substrate. Terminal B 

consists of a bulk of 3C-SiC. 
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The key results are summarized in Fig. 14. By analogy with electrical rectification, a current-bias 

curve (i.e., total heat flux q versus temperature bias ΔT) is plotted for D = 0.1, 2Aε ′  = 12 and d = 

10 nm in Fig. 14. Clearly, the forward flux is increasing with ΔT at a much faster rate than the 

reverse flux, since the forward flux tends to be on-resonance while the reverse heat flux is off-

resonance as ΔT increases. Starting at a temperature bias of approximately 400 K (i.e., Th = 700 

K), a large difference of approximately one order of magnitude between the forward and reverse 

fluxes is maintained. As such, high rectification efficiency between 80% and 87% is obtained for 

a wide temperature bias range.  

 

FIG. 14 | Total heat flux q and rectification efficiency η as a function of the temperature bias ΔT (= Th – Tl) for D = 

0.1, 2Aε ′  = 12 and d = 10 nm. 

This work demonstrated that high rectification efficiency can be obtained in a photonic thermal 

diode with terminals made of the same material supporting SPhPs in the infrared, but with 

dissimilar structures. It was shown that a specific diode design involving a film and a bulk of 3C-

SiC can maintain a rectification efficiency in the 80% to 87% range for a wide temperature band 

(~ 700 K to 1000 K). The upper limit of rectification efficiency can potentially be enhanced by 
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investigating different nanostructures (e.g., gratings, multilayered media, metamaterials) and 

other materials supporting SPhPs in the infrared (e.g., silicon dioxide). 
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