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Major Goals:  The overall goal of this proposed work is to advance macroscale mathematical

models of water resources systems. The specific objectives of this work are: (1)

to formulate macroscale TCAT models for two-fluid-phase flow and species transport;

(2) to advance TCAT theory to describe land-atmosphere interactions; (3) to

advance TCAT theory to describe sediment transport in near shore surface water

environments; (4) to advance microscale computational approaches to derive closure

relations for macroscale models; (5) to implement macroscale simulators for

novel classes of macroscale models; and (6) to validate restrictions, approximations,

and overall macroscale model forms for varying classes of water resources

models.

Accomplishments:  Most objectives were accomplished and a new objective emerged during the project as a 
result of mutual interests with ERDC and unique capabilities in the area of entropy viscosity modeling.  A brief 
summary is as follows:

1. A compositional model for two phase species transport was developed and published.

2. TCAT theory was advanced to model sediment transport and a manuscript is in review.

3. A great deal of work was accomplished to advance and apply microscale computational approaches and several 
publications have resulted from this work.

4. Macroscale models for non-dilute species transport have been developed, evaluated, and published.

5. Substantial work has been accomplished and published to close, evaluate, and validate macroscale closure 
relations.

6. Entropy viscosity methods have been developed for non-dilute species transport, the work presented, and a 
manuscript is in development.



Within these general areas, the team has actively worked, presented the work at many national and international 
meetings, and published essentially all of this material.  Other publications resulting in part from this work will be 
published in the coming months.

Training Opportunities:  This project provided support for one PhD student, Tim Weigand, who is in the final 
stages of writing his dissertation.  Because of the theoretical nature of the work to derive new models, this work has 
catalyzed the research of several other students in the group as well, including a PhD student in mathematics who 
is now an employee of ERDC. The research was also used in several graduate courses populated by mathematics 
and geosciences students.
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Results Dissemination:  The results of this work have been disseminated to Army lab personnel at ERDC.  This 
has included joint work, collaborative visits, and delivery of a seminar.  Lattice Boltzmann software for simulating 
porous medium systems has been developed, run on some of the fastest computers in the world, and released as 
open source.   This work has also been presented to a variety of applied audiences through invited and contribution 
presentations intended to disseminate, and distill, the high-impact results from this research to audiences that can 
benefit from the advances.

Honors and Awards:  Co-PI William G. Gray was elected to the National Academy of Engineering based, in part, 
on his joint work with the PI on the development of the thermodynamically constrained averaging theory, which was 
further developed and applied in this grant.



Both Professors Miller and Gray delivered many invited lectures based upon the work performed on this project.  
Some examples include a lecture by Miller  at the Gordon Research Conference on permeable media in July 2018, 
and lectures by both Miller and Gray at the ALERT graduate school workshop in France in October of 2017.  
Professor Miller also delivered invited lectures in Saudi Arabia at King Fahd University of Petroleum and Minerals, 
the Institute for Advanced Study in Munich, and the Department of Mathematics at the University of Padua all in 
October of 2018.

Protocol Activity Status: 

Technology Transfer:  Substantial and ongoing interaction with the ERDC lab occurred during this project, which 
resulted in several joint publications on TCAT model development and validation. Recently this work has included 
joint work on the development of entropy viscosity methods, which combine TCAT methods with numerical 
methods work underlying Proteus, a simulation environment developed by ERDC.
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Student/Supported Personnel Metrics for This Reporting Period 
This project supported the full-time Ph.D. studies of Mr. Timothy M. Weigand.  He is a senior 
doctoral student expected graduate this calendar year.  He collaborates with Matthew Farthing 
and Chris Kees from the ERDC lab.  
 
Technology Transfer 
The PI and his research group maintain active, and productive, collaborations with Dr. Matthew 
W. Farthing and Dr. Christopher E. Kees, both from the ERDC lab in Vicksburg, Mississippi.  
Current joint work includes the development of a sediment transport model based upon the 
thermodynamically constrained averaging theory (TCAT), the evaluation and validation of a 
TCAT model for non-dilute transport in porous media, and the use of TCAT to formulate and 
compute the rate of entropy production for use in entropy-viscosity-based numerical 
approximation methods being developed at ERDC. Publications and presentations document a 
record of accomplishment along these collaborative lines. 
 
Scientific Progress and Accomplishments 
Progress and accomplishments over the previous year include the following specific areas: 
single-fluid flow and transport, two-fluid flow, three-fluid flow, sediment transport, and entropy 
viscosity methods.  
 
Single-fluid flow and transport accomplishments fall into two categories: non-dilute species 
transport and non-Newtonian flow through porous media. Non-dilute species transport work has 
resulted in presentations and a paper in press that shows that a TCAT model provides an 
improved representation of observed behavior compared to all previous efforts, which have 
included a range of phenomenological and formal mathematical approaches, such as 
homogenization. Non-Newtonian work has focused on modeling the flow of shear-thinning 
fluids through a porous media and dilute species transport for such flows.  Agreement with 
experimental data is encouraging and a publication detailing this work will be submitted in the 
near future; a generalization of the results to other media is being considered; a TCAT model to 
derive closure relations from first principles is being formulated; and a microscale model 
describing species transport has been implemented and is being compared to experimental data. 
Several publications should result from this mostly finished work. 
 
Two-fluid flow accomplishments are, we believe, landmark contributions to the field that should 
greatly influence future applications in many areas of science.  The results are technical but can 
be summarized in an easily digestible form. Two-fluid flow occurs in many areas of science 
including environmental applications, petroleum recovery, carbon sequestration, soil physics, 
fluid movement in plants, and many biomedical applications. Mathematical models used to 
describe fluid flow for these applications were formulated about 50 years ago 
phenomenologically.  Closure relations are time-history dependent, or hysteretic, and variables 
known to be important at small scales are absent from commonly applied models.  A primary 



goal of this project was to resolve these issues and produce a new class of scale-consistent 
models; this has been the holy grail in this field for decades. We produced a paper in press in 
Physical Review Fluids that demonstrates using ideas from topology and extending to porous 
medium physics that a non-hysteretic state equation exists to describe capillary pressure. We 
have not only theoretically shown this, but we have also done an extensive set of very large-scale 
simulations that confirm this finding for a wide range of porous media.  One of the consequences 
of this work is that an evolution equation is needed for the Gaussian curvature at the macroscale 
to close this new class of model.  We have recently derived a candidate equation, which is the 
final major missing piece of this model.  Some other loose ends exist to tie up, but these are 
relatively straightforward. Several additional papers should result from this work.  
 
Three-fluid flow accomplishments include the extension of our lattice-Boltzmann two-fluid-flow 
model to three-fluid phases. We have documented good performance on hybrid node 
supercomputers for this work, and we have performed several validations.  This work will enable 
our continued work in this field in which the models are both extremely difficult and relatively 
poorly developed. The TCAT theory has not been done on this class of problem yet, but it could 
be, opening up another broad class of application. We will publish our computational results 
from this work and have presentations scheduled.  
 
Sediment transport accomplishments include the completion of a manuscript that 
comprehensively reviews the field, formulates a general class of three-phase models, provides 
entropy production conditions that all models must satisfy, and analyzes a leading sediment 
transport model, showing that it can violate the entropy production inequality. This 
comprehensive work required a substantial, sustained effort, but it provides a foundation for 
substantial potential future work to formulate, evaluate, and validate a new class of high-fidelity 
models of interest to ERDC researchers, and many others interested in sediment transport. 
 
Entropy viscosity method accomplishments include formulation of an approach to replace ad hoc 
formulations of entropy production with first principles, physically based methods of computing 
entropy production based upon TCAT to add the required dissipation to continuous finite 
element methods. This can be seen as an alternative to finite volume methods used to 
approximate hyperbolic conservation equations with the benefit of handling unstructured grids. 
A manuscript detailing this work will be completed in the near future and presentations of these 
results are scheduled.  
 
Plans for Next Reporting Period 
The funding for this project has been spent out. Thus, no plans are reported for the next year. Of 
course, publications in the works based upon work already accomplished will be completed. 
These include a sediment manuscript that will be submitted with the next week, and a publication 
on TCAT entropy viscosity methods, both in collaboration with ERDC researchers. Several other 
publications are in the final stages, and we will credit ARO support as applicable.  


