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Introduction 

    Previous studies introduced and demonstrated inverse thermal analysis of heat-deposition processes using a 

methodology based on numerical-analytical basis functions and equivalent source distributions [1-8]. These 

studies discuss aspects of the methodology concerning parameter optimization, properties related to signal-

processing, and the ability of inverse models to compensate for lack of information concerning material 

properties. Reference [1] discusses historical classification of this methodology with respect to the general inverse 

heat transfer problem (IHTP). In particular, that inverse thermal analysis of energy deposition in plate structures, 

may be classified as the IHTP of either boundary conditions or source terms. This follows in that selection of a 

parameterized source function is actually equivalent to selection of a surface generator for a temperature-field 

boundary within the bounded spatial domain defined by the workpiece. A general approach for inverse thermal 

analysis follows from observations that material response to energy deposition may be encoded onto parameters 

associated with discrete energy-source distributions in space. These spatial distributions of discrete sources do 

not represent “local” parameterization of the energy coupling, but rather the integrated power deposition, which 

is with respect to space and time, within specified boundaries, e.g., solidification boundaries (in general, 

transformation boundaries) or isothermal boundaries that are defined by temperature measurements, e.g., 

thermocouple measurements.  

     As discussed previously [1-8], the formal structure underlying the methodology is that of parametric modeling 

of temperature fields using numerical-analytical basis functions (NABFs) and equivalent source distributions 

(ESDs). This methodology is motivated by references [9-11], and provides reduction of model complexity for 

purposes of inverse thermal analysis. This report presents extension of the methodology for inverse thermal 

analysis of energy-deposition processes with respect to its formulation. The extension is by inclusion of 

generalized numerical-analytical basis functions.  

  For processes involving energy deposition within finite volumes of material, parametric representations of 

temperature fields are linear combinations of NABFs given by 

___________
Manuscript approved August 5, 2019. 1
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where  

																																									𝐹)(𝑥$, 𝑥$-, 𝜅̂, 𝑡, 𝑉) = ,                  (Eq 2) 

the functions FB are analytical solutions of the steady-state heat conduction equation, and 

                                                                                                                                                 (Eq 3) 

The basis functions making up the linear combination defined by Eq.(1) include dependence on the effective-

diffusion vector . The temperature fields Ti (i=1,2,3) of Eqs. (2) are solutions of the one-

dimensional heat conduction equation  

                                                                     ,                                                            (Eq 4) 

for initial conditions 

                                                                    ,                                                (Eq 5) 

The basis functions FB are solutions of the three-dimensional steady-state heat conduction equation 

																																																														𝜅∇A𝑇 + 𝑉
𝜕𝑇
𝜕𝑥 	= 0,																																																										(Eq	6) 

for initial conditions 

																																																																															𝑇(𝑥$, 𝑥$-, 𝜅̂) = 𝛿(𝑥$ − 𝑥$-),                                            (Eq 7 ) 

where the heat source is moving along the x-coordinate in the positive direction with velocity V. 

        The discrete equivalent source distribution given in Eqs. (1) are such that for constraint conditions 

                                                                                 ,                                               (Eq 8) 

T1(x −Vt, xk,κ1, t)T2 (y, yk,κ2, t)T3(z, zk,κ3, t)

t = x
V

κ̂ = (κ1,κ2,κ3)

∂Ti
∂t

=κ i
∂2Ti
∂xi

2

Ti (xi, xi,k,κ i, 0) = δ(xi − xi,k )

€ 

C( ˆ x k )

€ 

T ( ˆ x n
c ,tn

c ) = Tn
c



3 

values of the objective function 

 (Eq 9) 

satisfy the condition                                                         (Eq 10) 

for a specified value of . The qunatity  is the target temperature for position  = . The quantities 

 (n=1,…,N) are weight coefficients that specify relative levels of influence associated with constraint 

conditions . It follows that  can constructed using combinations of general forms of the solution to 

the heat conduction equation, which are as follows. 

       First, the heat kernel and the Fourier series solutions of Eq. (4) for an unbounded region and region having 

nonconduction boundaries [12], given by 

 ,   (Eq 11) 

and   
,                 (Eq 12)  

respectively. Although given in many studies, for completeness with respect to development of the methodology 

considered here, differents forms of solutions to the heat conduction equation are given in Appendix 1, which 

include a Fourier-series solution that is equivalent to Eq.(11). 

 Next, solution of Eq. (6) for an unbounded system and heat source of unit strength, at (xk, yk, zk), is given 
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and k is the thermal conductivity. And finally, solution of Eq.(6) for a line-source of unit strength at (xk, yk) moving 

along the x-coordinate in the positive direction with velocity V, within a workpiece of thickness d (having 

nonconducting surface boundaries), is given by  

																																												𝑇(𝑥, 𝑥-, 𝑦, 𝑦-) =
1

2𝜋𝑘𝑑 	exp M−
𝑉
2𝜅
(𝑥 − 𝑥-)O𝐾V W

𝑉𝑟
2𝜅X																												(Eq	15) 

where 

																																																									𝑟 = Q(𝑥 − 𝑥-)A + (𝑦 − 𝑦-)A																																																											(Eq	16) 

and K0 is the modified bessel function of the second kind. Given in the appendix for completeness, is the Fourier-

series solution of Eq.(4) that is equivalent to Eq.(11), from which Eq. (12) is derived. In what follows, the terms 

of Eq.(1) defined by Eqs. (11)-(16) are extended parametrically to include dependence on the effective-diffusion 

vector  and the effective-advection vector V = (V1,V2,V3). 

            The quantity TA is the ambient temperature of the workpiece and the locations  and temperature values 

 specify constraint conditions on the temperature field. Constraint conditions are imposed on the temperature 

field spanning the spatial domain of interest within the workpiece by minimization of the objective function 

defined by Eq. (9), where  is the target temperature for position  = . The input of information into 

the inverse model defined by Eqs. (1)-(3), (8) and (9) is effected by the assignment of individual constraint values 

to the quantities  and the form of the basis functions adopted for parametric representation, which include 

boundary conditions. The constraint conditions, i.e., , and basis functions provide for the inclusion 

of information from both laboratory and numerical experiments. Equations (1)-(3), (8) and (9) specify a general 

procedure for inverse thermal analysis.  

              As emphasized in reference [1], inverse thermal analysis using NABFs and ESDs adopts the analysis 

approach of signal processing, where a system’s response, no matter how complex, is decomposed using linear 

combinations of component contributions, whose formal structure are characteristic modes of that system. For 

κ̂ = (κ1,κ2,κ3)
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the case of inverse thermal analysis, these characteristic modes are the solutions to the heat condunction equation, 

representing the simplest parametrization in terms of basis functions.  

     Reference [1] presents a rigorous analysis of local-to-far field filtering associated with heat diffusion. In 

particular, that a fundamental property of source distributions C(xk) is that their detailed structure has essentially 

no influence on the calculated temperature field for spatial locations sufficiently far field relative to the energy-

source location. In that calculated temperature fields are insensitive to details of source distributions at sufficiently 

far field, source distributions can be of minimal complexity, thus conveniently adjustable. Further, one can 

calculate temperature fields using different types of numerical-analytical basis functions. In particular, parametric 

modeling of steady-state heat deposition within plate structures entails using local-to-far field mappings of 

upstream source distributions to downstream temperature fields. Accordingly, temperature fields within plate 

structures, characterized by finite thickness, become independent of the z-coordinate within downstream regions, 

as well as details of source distributions transverse to their motion. 

           The methodology applies two types of ESDs (see Fig. 1). One is that of discrete sources distributed 

volumetrically, having specified strengths, and the other of discrete sources distributed volumetrically, having 

both specified strengths and effective-diffusion vectors. Which of these ESDs is more convenient for inverse 

thermal analysis, as well as ESDs combining the two types, should depend on the heat deposition process 

considered for inverse thermal analysis. For heat-deposition characterized volumetrically by relatively simple 

shapes, e.g., laser and electron beam welding, ESDs having specified strengths alone should be sufficiently 

convenient for parametric modeling. In constrast, for heat-deposition processes, where energy deposition is 

characterized by complex shapes, ESDs having specified strengths and effective-diffusion vectors should be more 

convenient for parametric modeling. The basis functions are for frames of reference that are fixed to moving 

source distributions, representing the quasi-steady-state condition for energy deposition (see Fig. 2 top). Another 

set of basis functions considers energy deposition for frames of reference that are fixed to the workpiece (see Fig. 
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2 bottom). As described below, the concept of effective-diffusion vectors can be extended to that of effective-

advection vectors. 

        Energy-deposition characterized by complex shapes, which can include combinations of heat sources and 

complex material flow patterns, can be modeled by NABFs and ESDs whose parameterizations include effective-

diffusion vectors . This parameterization is based on replacing the advection-diffusion operator 

with an effective-diffusion operator, i.e., 

                                                                                           (Eq 17) 

where the velocity vector 𝑢$  specifies the material flow field. NABF and ESD parameterization using this 

representation was applied in reference [13] for modeling friction stir welding processes.  

                                                     

Fig. 1. Equivalent-source distribution, where discrete sources are distributed volumetrically, having specified 

strengths and effective-diffusion vectors. 

 

      Calculation of temperature histories using the parametric modeling methodology defined above entails 

adjustment of parameters , , and , which define the ESD. The effective-diffusion vector is 

such that k1 is the thermal diffusivity of the workpiece, which is physically consistent with downstream heat 

κ̂ = (κ1,κ2,κ3)

κ∇2T − û ⋅∇T =κ1
∂2T
∂x2

+κ2
∂2T
∂y2

+κ3
∂2T
∂z2
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diffusion. In contrast, effective-diffusivity components k2 and k3 can be phenomenological adjustable parameters, 

which do not represent pure heat diffusion within the workpiece, but rather the combination of diffusion and 

advection.                                                       

                                     

        Fig. 2. Schematic representation of equivalent sources for steady state and time-dependent conditions. 

            

Numerical-Analytical Basis Functions (Steady-State Conditions) 

     The basis functions given in this section are for a frame of reference that is fixed to a moving source 

distribution, representing the quasi-steady-state condition for energy deposition (see Fig. 2 top). These basis 

functions are composed of various combinations of the fundamental and Fourier series solutions to the heat 

conduction equation, and numerical integrations over discrete source distributions and time. These basis functions 

extend the inverse-analysis methodology for consideration of different types of boundary conditions on the 

workpiece, as well as different volumetric characteristics of energy-deposition within a workpiece. 



 8 

      Following the inverse analysis approach [1-8], parametric models provide a means for the inclusion of 

information concerning the physical characteristics of a given energy deposition process. The process of energy 

deposition is characterized by at least one workpiece surface. Given the general trend features of temperature 

fields associated with energy-deposition processes, parametric representations of temperature fields within 

structures characterized by a surface or finite thickness and width, in terms of numerical-analytical basis 

functions, are 

                                                                     (Eq 18) 

where 

                    
           (Eq 19)
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where 
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and  is the discrete-source function value at . The quantities , V, l2 and l3 are the diffusivity 

vector, energy-deposition speed, plate width and thickness, respectively.  

        The inverse analysis methodology combines numerical integration with optimization of linear combinations 

of numerical-analytical basis functions. Equation (1) includes a discrete numerical integration over time, where 

the time step  is specified according to the average energy deposited during the time . The inverse analysis 

methodology defined above is equipped with a mathematical structure that satisfies all boundary conditions 

associated with energy-deposition within plate structures [4-11].  

        A length scale parameter lS, where lS < l1, l2, and l3, is adopted for specification of the spatial scale of the 

calculated temperature field with respect to which parameters are adjusted. This length scale parameter provides 

for inclusion of more details of shape features of measured temperature-field boundaries to be adopted as 

constraint conditions. Accordingly, the inverse analysis methodology adopts three types of length parameters lS, 

l1, l2, and l3. These are: length pararmeters corresponding to actual physical dimensions of the workpiece, length 

pararmeters specifying finite-workpiece or far-field boundary conditions; and the length parameter lS, which 

specifies the local region of the temperature field to be calculated (see reference [4]).  

      As indicated previously, different formulations of numerical-analytical basis functions are significant in that 

they provide for the inclusion of different types of workpiece boundary conditions and energy-deposition shape 

features relative to the region of interest for calculation of temperature fields. 

        In that the inverse-thermal-analysis methodology involves adjustment of equivalent source distributions, the 

linear combinations of numerical-analytical basis functions, defined for steady state and time-dependent 

processes, can be extended to include time-delay parameters td such that the time variable t is replaced by t+td. 

Following the inverse thermal analysis approach, fine details of spatial and temporal characteristics of the energy 

source are not relevant to those of the temperature field within regions of interest at far field.  
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Numerical-Analytical Basis Functions (Time-Dependent Conditions) 

      The basis functions given in this section consider energy deposition for a frame of reference that is fixed to 

the workpiece (see Fig. 2 bottom). These basis functions can be used for inverse modeling of unsteady time-

dependent heat-deposition processes. Such conditions can be associated with start-and-stop influence of energy 

deposition, as well as the finite length of a workpiece along the direction of energy deposition. For time-dependent 

energy-deposition processes, parametric representation of temperature fields within finite volumes of materials, 

in terms of numerical-analytical basis functions, are 

                                                                               (Eq 34) 

where 

𝐺s(𝑥$, 𝑥$-, 𝑡 − 𝑡-, 𝜅̂) =   

																																																																			×
1

Q(𝑡 − 𝑡-)
exp b−

(𝑧 − 𝑧-)A

4𝜅\(𝑡 − 𝑡-)
e	,																																																	(Eq	35) 

 

𝐺u(𝑥$, 𝑥$-, 𝑡 − 𝑡-, 𝜅̂) =   

                                               ,                  (Eq 36)                                                   

 

𝐺v(𝑥$, 𝑥$-, 𝑡 − 𝑡-, 𝜅̂) =                      

                                   ,                     (Eq 37)    
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and 

              𝐺2V(𝑥$, 𝑥$-, 𝑡 − 𝑡-, 𝜅̂) =      

 

                                                              (Eq 38) 

The time-dependent source and time are given, respectively, by 

																																																										𝐶(𝑥$-, 𝑡-, 𝑡) = 𝐶(𝑥$-)𝑢(𝑡 − 𝑡-)		,																																																				(Eq 39) 

and                                                                                                                                          (Eq 40) 

The quantitie  , , V, l2 and l3 are as defined above. The quantity l1 specifies the length of the 

workpiece along the direction of energy deposition. The procedure for inverse analysis using basis functions given 

above entails adjustment of the parameters , , tk and  defined over the entire spatial region of the 

workpiece.  Formally, this procedure entails adjustment of the time-dependent temperature field defined over the 

entire spatial region of the sample volume.  

 

Numerical-Analytical Basis Functions (Advection)  

         Another set of basis functions considers parametric modeling of energy deposition by explicit 

phenomenological representation of advective influences. For the representation, the concept of effective-

diffusion vectors is extended to that of effective-advection vectors. For time-dependent energy-deposition 

processes, parametric representations using NABFs of temperature fields, characterized by advective features, are 
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where                                                              𝑉y- = (𝑉2-, 𝑉A- , 𝑉\-	),                                                      (Eq 42)                            

and 

𝐺22z𝑥,x 𝑥$-, 𝜅̂-, 𝑉y-, 𝑛∆𝑡 − 𝑡-{ = 		
1

Q(𝑡 − 𝑡-)
exp b−

(𝑥 − 𝑥- − 𝑉2-(𝑡 − 𝑡-))A

4𝜅2-(𝑡 − 𝑡-)
e 

×
1

Q(𝑡 − 𝑡-)
exp b−

(𝑦 − 𝑦- − 𝑉A-(𝑡 − 𝑡-))A

4𝜅A-(𝑡 − 𝑡-)
e 

																																																			×
1

Q(𝑡 − 𝑡-)
exp b−

(𝑧 − 𝑧- − 𝑉\-(𝑡 − 𝑡-))A

4𝜅\-(𝑡 − 𝑡-)
e																																				(Eq	43) 

                                                                                                                                                            

𝐺2Az𝑥,x 𝑥$-, 𝜅̂-, 𝑉y-, 𝑛∆𝑡 − 𝑡-{ =
1

Q(𝑡 − 𝑡-)
exp b−
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e 
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1
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exp b−
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4𝜅A-(𝑡 − 𝑡-)
e 

                                                   (Eq 44) 

 

𝐺2\z𝑥,x 𝑥$-, 𝜅̂-, 𝑉y-, 𝑛∆𝑡 − 𝑡-{ =
1

Q(𝑡 − 𝑡-)
exp b−

(𝑥 − 𝑥- − 𝑉2-(𝑡 − 𝑡-))A

4𝜅2-(𝑡 − 𝑡-)
e 

 

																																														×
1
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exp b−

(𝑧 − 𝑧- − 𝑉\-(𝑡 − 𝑡-))A

4𝜅\-(𝑡 − 𝑡-)
e																																					(Eq	45) 

Equation (42) defines the effective-advection vector. 
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Discussion 

            The NABFs defined above, for inverse thermal analysis of steady-state and time-dependent heat 

deposition, are to be applied by a general procedure that tends toward minimal complexity and computational 

cost. This procedure entails construction of ESDs with respect to specified local regions (or locations) of 

temperature-history sampling. Accordingly, computational cost scales with ESD size only, and not with spatial 

characteristics of the workpiece, as for inverse analysis procedures based on Finite Elements and Finite 

Differences. Following the inverse-analysis approach, effective-diffusivity and effective-advection vectors are 

space-time-average quantities, representing the combined influence of diffusion, advection and energy-coupling 

characteristics associted with a given heat-deposition process, to be determined and not assumed a priori. In 

addition, influences of nonconducting boundaries (or surfaces) and far-field source distributions, whose “details” 

have no influence, are modeled parametrically. As should be emphasized, the methodology presented here seeks 

prediction of temperature fields for heat-deposition processes by inverse analysis using parametric models. This 

approach should be well posed in that heat-deposition processes, no matter their complexity, tend to fall within 

classes having associated specific characteristics, e.g., welding processes of various types. Thus, NABFs and 

ESDs should provide optimal parameterization of these characteristics, which should be for construction of 

parameters spaces, and prediction of temperature fields by interpolation within these spaces. The inverse analysis 

methodology considered here can be applied (in principle) to both laboratory measurements and results of 

numerical simulations using physics based models, i.e., computational experiments. The perspective of appying, 

in principle, inverse thermal analysis to both numerical-model simulations and laboratory measurements, 

emphasizes the distinction of this methodology with respect to approach.  

        The methodology presented here can be catergorized as based on “pure” inverse analysis, which is in terms 

of characteristic modes of heat-deposition, i.e., NABFs. It is distinct from methodologies combining inverse 

analysis with elements of direct modeling, which include detailed physical representaions, e.g., temperature 

dependence of thermal diffusivity. For this methodology, material properties are adopted as parameters only when 
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they represent well defined constraints on the calculated temperature field, e.g., effective-diffusion-vector 

component k1 representing downstream heat diffusion within a workpiece. 

                                                

Fig. 3. Equivalent source distribution applying nonconducting boundary condition at workpiece surface. 

 

       Inverse thermal analysis using NABFs described in this report assumes that temperature gradients are only 

appreciable within regions of energy deposition, no matter the size or geometric complexity of workpieces. 

Accordingly, the time-dependennt temperature field within a workpiece, having a relative complex shape, 

resulting from energy deposition at different locations and times, can be decomposed into near and far-field 

components. Near field components are modeled using NABFs, which includes the influence of boundaries within 

close proximity of deposition, while far field components are modeled as background contributions having 

relatively small gradients. Shown in Fig. 3 is representation of a procedure for applying nonconducting boundary 

conditions using the NABFs defined by Eqs. (19), (35) and (43). 

 

Conclusion 

     The objective of this report is to present a collection of basis functions extending an inverse thermal analysis 

methodology with respect to its formulation. This methodology, using numerical-analytical basis functions 

(NABFs) and equivalent source distributions (ESDs), adopts the analysis approach of signal processing [1], where 
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a system’s response is modeled using linear combinations of component contributions, which are characteristic 

modes of that system. Further analysis is needed concerning algorithm development for application of the 

parametric models described here. Finally, these models should be used for inverse thermal analysis of different 

types of energy-deposition processes.  
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Appendix 1: Solutions of Heat Conduction Equation for Numerical-Analytical Basis Functions 

      Given here are different forms of solution to the time-dependent heat conduction equation, useful for 

construction of numerical-analytical basis functions. Different forms of solution to the one-dimensional heat 

conduction equation  

                                                                                                                       (Eq 46)
 

∂T (x, t)
∂t

=κ
∂2T (x, t)
∂x2
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with initial condition
 

																																																													𝑇(𝑥, 0) = 𝐶-𝛿(𝑥 − 𝑥-)		,																																																																		(Eq 47) 

are the Fourier Series Solution (See Fig, 4A) 

                                     ,                       (Eq 48)
 

the Kernel Solution Eq. (11) (see Fig. 4B) and the Fourier Series Solution for Nonconducting Boundaries Eq.(12), 

which follows from Eq.(48). Using Eq.(48), one specifies the region of the temperature field to be within half the 

period L of the solution, where L=2l. The periodicity of this function permits construction of nonconducting 

boundary conditions at x = 0 and x = l for any given source at x = xk, by placement of image sources at x = - xk, 

L - xk and L + xk (see Fig. 4C). For this combination of source and image locations, the temperature field within 

the region [0,l] is given by 

                                                                                          (Eq. 49)
 

where                    
  

                                                                               (Eq. 50) 

Finally, noting that
 

                                                
,                                                         (Eq. 51)

 

letting L = 2l, and defining the region of the temperature field as shown in Fig. 4C, the solution for nonconducting 

boundaries follows. 
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                                                (A) 

                                             (B) 

                                  (C) 

Fig 4. Schematic representation of temperature-field regions defined according to different forms of solutions for 

the heat conduction equation. 

  




