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1. INTRODUCTION

Global Positioning System (GPS), with its worldwide coverage [1] and its infrequent need for 
receiver calibration, has found widespread application acceptance in the aviation community [2, 
3]. Conventional receiver architectures, such as the scalar tracking loop (STL) [4, 5] and the 
vector tracking loop (VTL) [6], are based on the two-step approach. That is, a receiver measures 
its ranges to the visible GPS satellites before triangulating a position- velocity-time (PVT) 
solution. 

Popular for its simplicity and its proven service record, this two-step approach is nonetheless 
vulnerable in degraded signal environments [7]. More specifically, during episodes of signal 
multipath [8–10] or signal masking [11, 12], the signal-to-noise ratio (SNR) is reduced, 
rendering the range measurements unreliable or undetectable. These degrading effects often 
occur during critical flight phases, such as take-off and landing, due to their proximity to ground 
obstacles. 

To address these challenges, a new GPS receiver architecture, built on the Direct Position 
Estimation (DPE) algorithm, has been introduced and shown to succeed in signal environments 
where scalar tracking-based receivers have failed [13-15]. While two-step methods such as scalar 
tracking generate intermediate measurements before computing navigation solutions, DPE-based 
approaches are one-step, directly estimating the state in the domain of navigation solutions. This 
is accomplished by finding the navigation-domain state whose expected signal most closely 
matches the signal actually received. DPE facilitates a deep coupling of the signals from 
different satellites, increases the effective signal power [16, 17], and utilizes weak signals that 
would have otherwise been discarded [7, 15]. 

This one-step approach is the solution of the maximum-likelihood objective function: 

(1) 

where  and  are the maximum likelihood state and amplitudes,  is the received signal, 
and  is the matrix of the signal expected to be received from each visible satellite at the state  
with amplitude . Using the orthogonality property between different GPS Pseudo Random 
Noise (PRN) codes, this simplifies to finding the maximum value of the cross-correlation 
function  between the received signal and the superposition of the superposition of all 
expected satellite transmissions for the state :     

(2) 

Solving this objective function for  is the basis for single-receiver DPE (SR-DPE). 
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This effort will look at three new DPE based approaches: Multi-Receiver Direct Position 
Estimation (MR-DPE), GPU based Single Receiver Direct Position Estimation (SR-DPE) and a 
Sequential Multi-Receiver Direct Position Estimation (MR-DPE).   

2. BACKGROUND AND PRIOR WORK IN DIRECT POSITION
ESTIMATION

Existing works have identified the improved accuracy of DPE in degraded signal environments, 
using the Cramér-Rao lower bound [18] to prove the higher achievable accuracy of DPE when 
compared with the two-step approach. Software simulations under various propagation models 
have also indicated an improved accuracy performance of DPE in noisy signal environments 
[19–23]. These improvements have been corroborated through live-data experiments, including 
stationary ground stations [15, 24], a hand-held device near a residential structure [25] and 
receivers mounted on automobiles [26]. 

In addition to DPE, multi-receiver architectures have also been discussed [27–29] as means to 
improve GPS receiver accuracy by installing multiple receivers and their corresponding antennas 
on a single, rigid platform to increase effective signal power and geometric redundancy, as 
illustrated in Fig. 1.1. Existing works have experimented such architectures on small unmanned 
aircraft systems (sUAS) [27] and automobiles [28, 29], respectively using STL and VTL 
receivers as the constituent receivers of their networks. 

However, the improved acquisition and tracking afforded by DPE comes at a cost. Solving an 
objective function to find the maximum likelihood state is computationally expensive [13]. This 
expense has been addressed by a variety of approaches ranging from more efficient navigation-
domain searching to making educated approximations. Yet, the runtime expense of DPE remains 
a barrier to broader usage of the DPE algorithm. 

3. METHODS, ASSUMPTIONS, AND PROCEDURES

This section breaks down the three methods for Multi-Receiver Direct Position Estimation (MR-
DPE) and the GPU based Single Receiver Direct Position Estimation (SR-DPE).   

3.1  Improved MR-DPE Fusion 

In this work, we propose Multi-Receiver Direct Position Estimation (MR-DPE) to improve the 
measurement certainty of airborne GPS receivers in degraded signal environments by leveraging 
the benefits of both DPE and the multi-receiver architecture. MR-DPE uses multiple DPE 
receivers with known antenna baselines to form a receiver network. MR-DPE fuses the signal 
measurements from different receivers across the network (i.e. their likelihood functions with 
respect to the PVT domain) to generate a likelihood function for the network. An MLE for the 
navigation solution of the network then ensues.  

Approved for public release: distribution is unlimited.
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3.1.1  Improved MR-DPE Fusion Motivation 

In existing works that discussed multi-receiver networks [27, 29, 32-34], the SNR of each 
constituent receiver has not been quantitatively involved in the fusion process. In contrast, MR-
DPE estimates the noise level in each constituent receiver using MLE and assigns weights to the 
measurements of the receiver accordingly. Therefore, a constituent receiver with decreasing 
SNR, which can be symptomatic of the presence of signal challenges, will have a reduced 
influence over the estimation of the navigation solution of the MR-DPE network. 

The orientation (i.e. the attitude) of the network is essential for the fusion process as the antenna 
baselines are determined in the network coordinate frame (e.g. the body frame of the platform 
onto which the MR-DPE network is installed) rather than the global frame in which the GPS 
signals are measured. Multi-receiver architectures that have thus far been proposed do not 
consider the attitude of the platform as their operation was constrained to shorter antenna 
baselines [27, 29], or they have employed schemes that are ill-adapted for aerial environments 
[28]. Following the principle of DPE, we present a new, MLE-based algorithm that is capable of 
estimating the orientation of an aerial platform. 

3.1.2  Formulation: State Estimation of Receivers with Respect to the 
Centroid 

One of the key premises of MR-DPE is that the antenna baseline information is readily available 
to the network. For instance, a rigid platform, such as a fixed wing aircraft, would provide 
stationary antenna baselines that can be surveyed beforehand and known to the MR-DPE 
network. This assumption of known antenna baselines facilitates the coupling of the PVT 
coordinates of the constituent receivers via linear transformations, to wit: 
where 

• is the PVT coordinate of the -th constituent receiver.

• is the PVT coordinate of a predetermined reference point  for the network (e.g. the
network centroid).

• is the antenna baseline of the -th constituent receiver with respect to , as defined in
the local frame (“ ”-frame) of the network (e.g. the body frame of the platform on which the
MR-DPE network is installed).

• is the Euler angles (yaw, pitch, roll) and its first derivative (i.e. the angular rate) of the
network with respect to the local tangent plane (i.e. the East-North-Up plane, ENU).

•  is the baseline projection matrix that rotates the -frame such that its 

axes are aligned with the global Earth-Centered Earth-Fixed (ECEF) coordinate frame. 

Then, applying this state model to the objective function of SR-DPE given in the introduction 
leads to the following formulation for MR-DPE: 
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(4) 

(5) 

(6) 

where  is the reconstructed signal for the -th receiver at the maximum likelihood state 
 and  is the Moore-Penrose pseudoinverse matrix of . These 

equations highlight the ability of MR-DPE to simultaneously optimize the PVT coordinate and 
the orientation of the network, a capability not found in prior works [27-29]. 

Approved for public release: distribution is unlimited.



5 

3.1.3 MR-PDE Algorithm 

MR-DPE deploys  DPE receivers as its constituent receivers and organizes them into a receiver 
network. This network aggregates the measurements of the constituent receivers, i.e. their 
respective correlation manifolds , and derives a joint, network-level navigation solution 
accordingly. Note that it is assumed in this work, without loss of generality, that the constituent 
receivers are driven by a common clock. 

Figure 1.  MR-DPE Algorithm Flow 

The above figure depicts the iterative procedure of estimating the PVT coordinate of the MR-
DPE network. For the purpose of clarity, the step-wise insets (i)-(iv) use an example where four 
color-coded antennas are positioned on the wing tips (left-red, right-green), the nose (orange) 
and the tail (blue) of a fixed-wing aircraft, and the centroid  is defined at the center of the 
fuselage. The candidate grids depicted are only in the position domain  for a more 
intuitive visualization. An iterative algorithm is devised to estimate the PVT solution of the 
network, as shown above. Each iteration consists of the following steps:  

1. An iteration begins with the population of the zero-th and the first-order candidate grids,
grids,  and , where
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•  is the -th candidate for the network position/clock 

bias. 

•  is the -th candidate for the network velocity/clock 

drift. 

This is shown in step (i) of the architecture, in which the network candidates are depicted 
as black discs surrounding the center of the fuselage. Each candidate is unique and 
represents a potential solution in its corresponding subspace [14, 23, 24]. MR-DPE then 
seeks the candidates that maximize the objective function of DPE. This numerical 
approach is preferred over an analytic approach as the objective function of DPE lacks 
closed-form solutions [13–15]. 

2. By the relationship between the PVT coordinates of the constituent receivers, the
candidate grids  and  are projected to the mounting points of the antennas of
the constituent receivers. This creates  candidate grids for both the zeroth-order and the
first-order terms:

(7) 

Note that this equation does not imply dependence between -th zeroth-order candidate 
and the -th first-order candidate. This step is depicted in step (ii) of the architecture. The 
corresponding inset shows that the black candidate grid near the center of the fuselage is 
now replaced by the four color-coded grids, each surrounding one of the antenna 
mounting points. 

3. Following the projection of the candidate grids, each constituent receiver evaluates two

(8) 

and one for the velocity/clock drift candidates: 

(9) 

Approved for public release: distribution is unlimited.



7 

where  is the cross-correlation manifold for receiver . Step (iii) in the architecture 
provides visualization for the evaluation of these receiver-level correlation manifolds. 

4. The MR-DPE network then aggregates the receiver-level manifolds, as shown in step
(iv) of the architecture. The resulting manifolds are the network position/clock bias
manifold manifold  and the network velocity/clock drift manifold :

(8) 

(9) 

where the noise level in each constituent receiver is approximated as constant 
given any two consecutive signal snapshots,  and .  

5. Lastly, the PVT solution, , is determined using maximum-likelihood estimation 
namely,

(10) 

3.1.4.  Expansion: Noise Weighting 

Note that the noise  of each constituent receiver is integrated into the fusion of the correlation 
manifolds  and . That is, the higher the noise level is in one receiver, the less the receiver 
contributes to the estimation of the network PVT solution . Therefore, the fusion process 
not only utilizes the information redundancy gained by the additional signal observation, but 
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intelligently considers the quality of the signal from each receiver before its measurements are 
fused into the network. This approach is particularly important for scenarios when signal 
challenges are limited to certain constituent receivers within the network. In this case, the 
network is able to reduce the influence of these affected receivers on its navigation solution.  

3.1.5  Expansion: Attitude Estimation 

It is worth noting that the algorithm presented in this section requires the presence of the attitude 
information  to complete the estimation for the PVT coordinate of the network. Therefore, 
during each complete iteration of MR-DPE execution, the PVT estimation algorithm and the 
attitude estimation algorithm (presented below) proceed sequentially to supply essential 
information to each other. Similar to the PVT estimation algorithm introduced for the 
formulation of the MR-DPE algorithm, the orientation estimation algorithm for MR-DPE 
executes iteratively using a grid of orientation candidates, each representing a unique 
combination of angles and angular velocities.   

First, two three-dimensional orientation candidate grids,  and , are populated, where 

(11) 

(12) 

and (11) is the -th attitude candidate and (12) is the -th angular-rate candidate.  These two 
grids are centered at an initializing value, which may be obtained from various sources, e.g. the 
prediction  based on the previous iteration.   

Next, two correlation manifolds,  and , are then evaluated in a fashion similar to the position 
and velocity manifolds: 

(13) 

(14) 
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That is, instead of projecting a PVT candidate grid to the antenna mounting points with the same 
network orientation, a single PVT coordinate is projected with different orientation values, and 
the correlation values resulting from these different projections are subsequently assessed. 

Lastly, the candidates that respectively yield the highest  and  values are selected as the 
estimate for the network orientation, namely: 

(15) 

To better understand the functioning of the orientation estimation algorithm, the following figure 
provides a visualization for the orientation manifold using three orientation candidates with 
different yaw values . When the values provided to the orientation candidate diverge from the 
true orientation of the network, as in the cases on the left and on the right of the following figure, 
the position of the propagated candidate drifts off the true position of the antenna. The 
correlation  will thus decrease accordingly.   

Figure 2.  Candidate Yaw versus Yaw and Impact on Projections. 
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Figure 3.  Matched and Unmatched Yaw Candidate and Manifold Picture.  

The manifold pictured above is constructed from real-world data. The heading of the network 
was at 225°, and the figure on the left depicts the case when the correct orientation value is 
applied when computing . Higher correlation values along with a sharper manifold peak are 
observed when compared with the figure on the right, where the orientation candidate is set with 
the heading of 45°. This results in much lower correlation values and a rounded appearance of 
the correlation manifold.  

3.1.6  Theoretical Benefits: Cramér-Rao Bound Analysis 

The following statements can be made both on the theoretical benefits from a Cramér-Rao 
Bound Analysis standpoint.  Recall that for any distribution of the exponential family (e.g. the 
Gaussian distribution), the maximum-likelihood estimator and the minimum-variance unbiased 
estimator (MVUE) are identical for a given distribution parameter . The estimators of the MR-
DPE formulation are therefore MVUE estimators to the parameter set 

, and their covariance is bounded by the Cramér-Rao lower 
bound: 

(16) 
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where  is the Fisher Information matrix of . Under the 
assumption of independent Gaussian processes for the noise in each constituent receiver, the 
conditional distribution of the received signal snapshot  at the -th receiver for all receivers in 

 is: 

(17) 

which leads to the conclusion that 

(18) 

where . That is, an increasing number of constituent receivers in the MR-
DPE network will result in a corresponding lowering of the Cramér-Rao bound and, therefore, an 
improvement on the attainable accuracy. 

3.2  Efficient GPU-Based DPE Implementation 

Since each candidate PVT solution may be evaluated independently, the DPE algorithm is highly 
parallelizable. This work aims to demonstrate a real-time DPE-based receiver by exploiting its 
inherent parallelism. In this work, a software defined DPE-based GPS receiver is implemented 
using the CUDA C/C++ programming language. The DPE algorithm is parameterized in a 
manner that allows the algorithm's run speed to be tuned by a user for the hardware on which it 
runs. Additionally, to support future research, the receiver implementation is decomposed into 
seven subtasks and packaged as modules with well-defined inputs and outputs. This allows the 
researcher to abstract away parts of the DPE algorithm when modifying the receiver for a 
specific experiment. Implementation details specific to an NVIDIA Jetson TX2 GPU are 
provided to showcase the architecture being tuned for a dataset and hardware. The proposed 
architecture is evaluated for GPU usage efficiency through kernel profiling. 

3.2.1  Motivation 

To implement a DPE algorithm as a software-defined GPS receiver, the receiver must solve the 
SR-DPE objective function. Since there is no closed-form solution to this equation, the objective 
function must be solved numerically rather than analytically. This may be accomplished by 
constructing a grid of candidate receiver states and evaluating the cross-correlation between the 
received signal and reconstructed signal for that grid point's state [17]. The cross-correlations are 
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the likelihood for each grid point, meaning the grid is the discrete representation of the 
probabilistic manifold of PVT estimates for DPE.  

Under this grid-based numerical approach, principles of parallel computing can be used to 
improve the efficiency of the DPE algorithm. The scores of each candidate point can be 
computed independently and the maximum likelihood estimate from the grid can be accumulated 
additively as each point is processed. This makes DPE well-suited for implementation on a GPU, 
as each candidate state can be assessed on separate processing threads -- each thread executing 
the same instructions, but operating on different memory locations corresponding to different 
candidate points. 

3.2.2  Formulation 

To provide the researcher with the benefits of abstraction when developing a receiver 
implementation, the software segment of a software-defined GPS receiver may be decomposed 
into the following four tasks: 

• Acquire Samples: load samples for the current processing iteration
• Process Samples: generate a measurement from the samples
• Filter Measurement: generate PVT estimate from the measurement
• Prepare for Next Iteration: advance parameters

These four tasks would be executed sequentially for a set of samples; the processing of that set 
constitutes one iteration. 

Figure 4.  Generic Software-Defined Receiver Model and Flowchart 

A DPE-based receiver may be implemented directly as follows from this architecture. However, 
this work proposes an expansion to seven tasks to improve abstraction for the researcher: 

• The Process Samples task is where the DPE algorithm itself is implemented. This task is
broken into two tandem tasks due to the complexity of the DPE algorithm and to support
the objective of optimizing for GPU operation. This does not mean two steps like
pseudorange measurements in scalar tracking, but is rather to allow the researcher the
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flexibility through abstraction to make changes to the way in which the scores are batch-
calculated and the way the manifolds are assessed. The first task will compute scores 
from the samples and the second will generate the measurement from the scores.  

• The DPE algorithm must be initialized. Thus, a dedicated task is necessary to initialize
the receiver algorithm, since initialization is performed differently than the manifold-
based measurement generation.

• Result logging could be performed in the Prepare for Next Iteration task. However, due
to the channel propagation performed at the end of an iteration of DPE, a dedicated task
for data logging provides the researcher with abstraction between updating the channels
and recording data.

3.2.3  Architecture 

This leads to the seven-task decomposition implemented for this work: 
• Initialization: place the grid and load channel parameters
• Acquire Samples: load samples for the current processing iteration
• Batch Scoring: compute the cross-correlation scores for the grid
• Assess Manifold: score the grid points and generate the measurement
• Filter: filter the measurements
• Channel Propagation: update channels and satellite states
• Logging: record results

Following this seven-task decomposition, the DPEFlow software-defined receiver program was 
created by developing the seven modules depicted below: 

Figure 5.  Generic Software-Defined Receiver Software Modules 
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3.2.4  Conceptual Benefits 

The first of the two tandem SR-DPE algorithm modules developed for this work, the 
BatchCorrScores module computes the correlation scores for each point on the manifold grid by 
comparing its expected signal to the samples loaded by SampleBlock. This step could be 
implemented by constructing the expected signal for each candidate point and correlating each 
replica with the signal actually received. However, such an implementation is expensive, both in 
the amount of required operations and memory requirements. To reduce the computational 
complexity, two approximations have been implemented: 
 

1. Position and velocity manifold decoupling [35]: This is due to the scale of the GPS 
with respect to the search space of an initialized receiver. For a fixed position state, the 
shape of the cross-correlation function with respect to velocity states will not be 
significantly affected by the exact position state chosen over a range of position states on 
the order of 100 meters [35].  Similarly, for a fixed velocity state, the shape of the cross-
correlation function with respect to position states will not be significantly affected by the 
exact velocity state chosen over the range of reasonable receiver velocity changes [35]. 

2. Batch correlation by FFT [36]: If the PRN code chips are retrieved from the received 
signal, the circular cross-correlation property of the PRN codes of GPS may be leveraged 
to compute the cross-correlation score for all code phases [37]. This is accomplished by 
the circular cross-correlation property of the FFT. 

To generate the position and velocity scores through batch correlation for a sample set, the 
parallelized implementation depicted on the following page was developed. This parallelization 
scheme ensures no computational work in the algorithm is redone and is parallelized through the 
use of three CUDA streams. Then, each point on the manifold can treat these batch-computed 
scores as a look-up table for different channel parameter offsets to determine the correlation 
score for that point. 
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Figure 6.  Parallelization Implementation of the Software 

The cross-correlation functions generated by the BatchCorrScores module are then passed to the 
BatchCorrManifold module. The second of the two tandem DPE algorithm modules developed 
for this work, the BatchCorrManifold module determines which PVT states will comprise the 
manifold, computes the cross-correlation score for each point, then generates a measurement 
from the manifolds.  

The position-time and velocity-drift manifolds are computed in parallel on separate CUDA 
streams. Each thread will compute the score for a state one at a time until all states have been 
scored. The states are chosen according to a grid initialization function and are oriented along the 
local ENU coordinates of the PVT state corresponding to the channel parameter estimates used 
when generating the batch correlation scores. To score a given state, the correlation score for 
each channel is found and added to a running sum for that point. Since both the position-time and 
velocity-drift manifolds are generated by looking up the batch correlation score for each state on 
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the grid, the thread-level algorithm for this underlying concept is represented in the following 
figure: 

Figure 7.  Maximum Likelihood 

Once each point is scored, the maximum likelihood state may be found. This state is the 
measurement of the software-defined DPE receiver. 

4. RESULTS AND DISCUSSION

Existing works have not explored the operation of DPE in aerial environments, which are 
characterized by a more dynamic motion profile and a more rigorous requirement for receiver 
performance [30]. In this work, full-scale flight tests were conducted on a fixed-wing aircraft 
[31] to evaluate the performance of MR-DPE in scenarios where signal multipath and masking
were prevalent. For instance, in one of the test points, the aircraft flew in a river valley, below
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the ridge lines, with the heights of the surrounding terrain exceeding the aircraft altitude by more 
than 500 meters. 

This section breaks down the results for GPU based Single Receiver Direct Position Estimation 
(SR-DPE) and the Multi-Receiver Direct Position Estimation (MR-DPE).    

4.1  Results and Discussion: GPU-DPE 

The GPU used is an NVIDIA Jetson TX2. The TX2 consists of two streaming multiprocessors 
(SMs), each supporting up to a total of 2048 threads. CUDA kernels -- functions responsible for 
executing code on the GPU -- launch a specified number of blocks, each block executing a 
specified number of threads. Each block can support up to 1024 threads, though that number may 
need to be tuned smaller depending on how many registers a thread uses, as each block has a 
maximum of 32768 registers available to it. Thus, optimizing CUDA kernel launches for the 
TX2 entails choosing the number of blocks and threads to launch for each kernel so that the GPU 
has as many threads as possible active at a time while staying under the register cap for each 
kernel block launched. 

The hardware segment consists of the pipeline shown below: 

Figure 8.  Hardware Segment 

The sequential CPU implementation used as a benchmark is PyGNSS -- a Python-based software 
defined GNSS receiver developed by our research group [38]. PyGNSS performs the same 
computations as the GPU implementation developed for this work, but with vector operations 
rather than CUDA kernels and without parallelization present in BatchCorrScores or 
BatchCorrManifold, making it a suitable candidate for comparison to the GPU implementation. 
PyGNSS is run using Python 2.7 on an Asus G75VX commercially-available laptop with an Intel 
i7-3630QM 2.4GHz CPU and 12GB of RAM. 
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Table 1.  GPU vs. CPI Processing Times 

For this case, the parallelized GPU implementation ran approximately 3.26 times faster than the 
sequential CPU implementation. Furthermore, if a 20ms target is set for the real-time operation 
objective (due to the sample set length used for this work), the existing sequential CPU approach 
is approximately 35 times that value while the parallelized GPU approach improves to 
approximately 11 times the objective. 

The module-level performance of the GPU-based SR-DPE receiver was also analyzed. The 
results presented are for the case of eight satellites being tracked in the open-sky stationary 
receiver simulated dataset. The first sixty seconds of the dataset are used to lock and track the 
eight satellites using scalar tracking and the second sixty seconds. The data set will processed by 
the DPE algorithm initialized by the channel parameters from the scalar tracking. The 
computational performance of the DPE algorithm is predominantly a function of the tunable 
parameters and less so the values of the samples, hence, cross-correlation scores need to be 
computed for each tracked channel, and the computation time will be dependent on the number 
of satellites. 

The processing time taken by each GPU operation for one iteration of the DPE algorithm is 
shown in the figure and table below. 

Figure 9.  Breakdown of Timing 

Other works have shown that a DPE receiver can maintain satellite track and accurate PVT 
estimates when duty-cycling sample-set reads [39], increasing the target time for real-time 
operation. The benefits of the speed-up from the GPU implementation can manifest in two ways 
when using this technique: 
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1. For the same duty-cycling interval, the GPU implementation may run manifolds with
more points as compared to the sequential CPU implementation, improving the resolution
of the receiver's measurements.

2. For the same number of points, the GPU implementation may run shorter duty-cycling
intervals as compared to the CPU implementation, allowing the SR-DPE receiver to track
higher-dynamic motion effects.

Additionally, the Jetson TX2 is an embedded GPU, and dedicated graphics cards such as the 
NVIDIA Titan V are significantly more powerful, and tuning the proposed architecture for such 
hardware is expected to further decrease processing time. 

4.2   Simulated and Real World Testing 

We have performed control environment and real world flight tests to verify our claim of 
improved position accuracy of MR-DPE compared to SR-DPE in GPS-degraded environments. 
We used the following candidate grid for both control environment and real-world flight tests. 
Control environment tests were performed to obtain the distribution of positioning errors 
under multiple initializations for different environments. The real-world flight tests were 
performed to test MR-DPE under real environments subject to actual physical signal effects, 
especially those prone to signal multipath and masking. 

Table 2.  Summary Real World Flight Tests 

4.2.1  Simulated Datasets: Analysis of DPE Initialization Accuracy 

We generated three synthetic multi-receiver GPS datasets emulating three different 
environmental conditions. We simulated open-sky, semi-urban and urban environments. For 
testing, we used one time sample data of 20 milliseconds and ran MR-DPE, SR-DPE algorithm 
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with multiple initial positions. These initial positions were randomly generated around ground 
truth. We performed 14,000 random initializations to obtain positioning error distribution. We 
obtained the positioning error distribution by repeating the measurement update step with 
different initial position, for same sample of the data. The details of each test are provided in the 
following sections. 

Figure 10.  GPS Simulation Toolkit View 

The NI GPS Simulation Toolkit with NI LabVIEW software is used to create synthetic GPS 
wave-forms for use with NI RF signal generators to produce customized and repeatable receiver 
tests. The toolkit provides the functionality of generating the signal received by an antenna 
subject to a given motion trajectory and adjustable satellite receive power levels.  

The baseline of simulated multi-receiver configuration is depicted below. All four receivers were 
stationary. For simplicity, these receivers are referred as Left, Right, Nose and Tail receiver. We 
used all four receivers’ location as known reference points, to generate synthetic data. Each 
receiver data was generated with a sampling frequency of  = 2.5 MHz and is 5 minutes long. 
Note that for testing, we used one time sample data of 20 milliseconds from the whole 5 minutes 
long data. In our simulation, based on the environment, Left and Right receiver’s data was 
altered in the simulator by changing the received power of visible satellites. We compared SR-
DPE solution of Left and Right receiver with MR-DPE solution. 
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4.2.2. Simulated Dataset 1: Open Sky 

In this environment, all satellites were visible to all the receivers and no satellite measurements 
were altered. There were 8 satellites visible to all the receivers at all time. The horizontal, 
vertical and geometrical RMS error obtained for this test are tabulated in the conclusion to this 
section. The following figure shows the distribution of positioning error. It is observed that SR-
DPE and MR-DPE have similar performance in open-sky environment with respect to magnitude 
of positioning error. 

Figure 11.  Simulation of Position Error Distribution for Open Sky Environment 

4.2.3  Simulated Dataset 2: Semi-Urban Environment 

Semi-Urban Environment: In this environment, we reduced power of satellites to simulate the 
effect of satellite power reduction due to buildings or foliage. For Left and Right receiver data, 
we reduced the power of four satellites by 15dB. The four satellites were selected based on their 
azimuth and elevation angle. The horizontal, vertical and geometric RMS error obtained for this 
test are tabulated at the conclusion of this section. The following figure shows the distribution of 
positioning error for this case. The spread of vertical and geometric error is smaller for MR-DPE 
when compared with SR-DPE. We observe more than 20% and 16% reduction in vertical and 
geometric error, respectively, for MR-DPE. 
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Figure 12.  Simulation of Position Error Distribution in Semi-Urban Environment 

4.2.4   Simulated Dataset 3: Urban Environment 

In this environment, we simulated signal blockage due to urban structures. For Left and Right 
receiver data, four satellites were omitted entirely from the reconstructed signal. The four 
satellites were selected based on their azimuth and elevation angle. The horizontal, vertical and 
geometric RMS error obtained for this test are tabulated in the conclusion of this section. The 
following figure shows the distribution of positioning error for this case. The spread of vertical 
and geometric error is smaller for MR-DPE when compared with SR-DPE. We observe more 
than 27% and 24% reduction in vertical and geometric RMS error, respectively, for MR-DPE 
solution. 
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Figure 13.  Simulation of Position Error Distribution in Urban Environment 

4.2.5. Simulated Datasets: Conclusion 

Overall, the RMS error of MR-DPE in all three environments remained similar, as shown in the 
following table. The RMS error of SR-DPE increases from open-sky environment to urban 
environment. This shows that MR-DPE is resilient to environmental changes. 

Table 3.  Overall GPS Simulation for all Environments 

4.3  Real-World Datasets: DPE Localization Under High-Dynamic Effects 

We have performed flight tests that exposes airborne GPS receivers to signal challenges. Three 
flight profiles have been explored and analyzed in depth. Our experiment platform was a twin-
engine, fixed-wing aircraft. Four GPS L1 active antennas were installed onto the aircraft, with 
one at each wingtip, one in front of the cockpit canopy and one on top of the vertical stabilizer, 
as shown in the following figure. Each antenna is connected to an Ettus Research Universal 
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Software-Radio Peripheral (USRP), a commercial off-the-shelf radio front-end, which records 
the raw RF samples. 

Figure 14.  Flight Test Configuration 

The aircraft was equipped with a Time-Space Positioning Information (TSPI) system [31], [40], 
which deployed a kinematic, differential GPS receiver and a tactical- grade IMU [31], [41], [42] 
to achieve an accuracy of ±1.5 feet in position, ±0.02 feet-per-second in velocity, and 0.1° in 
attitude. The TSPI system therefore serves as the truth source for the position, velocity and 
orientation of the aircraft during the experiments. Figure 12 shows the four USRPs and the TSPI 
system mounted in the flight test aircraft. 
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Figure 15.  Flight Hardware 

4.3.1  Real-World Dataset 1: Tower Fly-By 

The first test point (tower fly-by) was designed to replicate a signal environment that is 
commonly encountered by an aircraft in the stage of take-off and landing, namely, when the 
aircraft is traveling close to ground surface and with considerable artificial structures (e.g. 
hangars, towers, terminals) in its surroundings. During the experiment, the aircraft was initially 
positioned at 84 meters above ground level (AGL), 12 kilometers north- east to the runway, as 
depicted below. It then gradually descended toward the runway and reached a minimum height 
of 59 meters AGL, all the while traveling at approximately 108 meters per second. Upon 
crossing the east end of the runway, the aircraft initiated a climb-out, with the climb rate varying 
between 5 and 12.5 meters per second. 

Figure 16.  Tower Fly-by Route 
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The following figure depicts the error history of the test point; in addition, the true altitude 
recorded by the TSPI system is presented alongside the terrain elevation [43] to reflect the 
relationship between the flight path and the ground surface. The numerical results, tabulated at 
the conclusion of this section, indicate a 22.64% improvement over the horizontal accuracy, and 
a 41.91% improvement over the vertical accuracy. 

Figure 17.  GPS Data: Tower Fly-By 

4.3.2 Real-World Dataset 2: Bank-to-bank Maneuvers 

In this test point, the aircraft was performing successive, bank-to-bank rolling maneuvers, while 
traveling at the ground speed of approximately 330 meters per second. The ailerons were 
deflected at three-fourths of their full deflection. As shown in the following figure, this resulted 
in the aircraft swiftly alternating between 60° banking to the left (−) and to the right (+). The 
average time to roll from one side to the other was 5.10 seconds, yielding an average rolling rate 
of 23.5°/s. Such dynamic maneuvers often result in the loss of track for receivers using the two-
step approach due to the constantly changing satellite visibility [44]. To adjust for the high 
platform dynamics encountered during this test point, the candidate grid on the vertical axis is 
inflated to twice of the original spacing.  

Figure 18. Aircraft Data: Bank-to-Bank Maneuver 
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The time-domain error history for this test point is shown in the following figure. Statistically, 
the improvements on the horizontal and the vertical accuracy are respectively found to be 6.03% 
and 31.80%, as presented in the table at the conclusion of this section. 

Figure 19.  GPS Data: Bank-to-Bank Maneuver 

4.3.3.  Real-World Dataset 3: High-Terrain Environment 

The third test point (“Sidewinder Transition” [45]) entailed some of the most challenging 
environments in which an airborne GPS receiver could be expected to operate. The aircraft was 
traveling in Kern River Valley, California, at less than 300 meters above ground level, while on 
both sides the elevation of the mountainous terrain exceeded the altitude of the aircraft by as 
much as 1.5 kilometers. To better illustrate the signal challenges experienced in this 
environment, the SNR history of the satellites is shown in below. Most notably, the SNRs of 
PRN 4, 14, 16 and 26 experienced a simultaneous decrease around  = 120.  

An examination of the elevations and the azimuths of the four satellites at the time, as shown 
below, reveals that they were concentrated on the east side of the aircraft and their elevations 
were all below 45°. Further study to the area revealed a cluster of high-elevation geographical 
features to the east of the flight path during the same period of time, corroborating the presence 
of signal masking effects. 

The improvement enabled by the multi-receiver network is observed on the temporal scale from 
the following figure. It is worth noting that under the heavy presence of signal masking effects, 
the vertical accuracy of this test point decreased considerably compared to the previous two test 
points. This behavior is consistent with the occlusion of the low-elevation satellites discussed 
earlier in this section. Nonetheless, improvements of 5.93% and 7.74% are respectively observed 
on the horizontal plane and on the vertical axis. 
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Figure 20.  GPS SNR Data: High Terrain Environment 

Figure 21.  GPS Data: High Terrain Environment 
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Further, to emphasize the impact of the terrain on the received signal, the track of the MR-DPE 
algorithm was compared to that of a basic single-receiver scalar tracking implementation. Our 
MR-DPE implementation, shown on the left, maintained good tracking of the flight path 
throughout the test point. In contrast, three out of the four scalar tracking receivers, as shown on 
the right, lost track shortly after entering the high-terrain area, north of Kernville, CA.  

4.3.4  Real-World Datasets: Conclusion 

Overall, the RMS error of MR-DPE in all three test cases demonstrated an improvement over the 
RMS error of SR-DPE, as shown in the following table. In particular, the Tower Fly-By and the 
Bank-to-Bank Maneuver exhibited significant improvements over SR-DPE. As with the 
simulated data, this also shows that MR-DPE is resilient to environmental changes. 

Table 4.  Overall GPS Real Data for all Environments 

5. CONCLUSIONS

To summarize, we have presented a novel Multi-Receiver Direct Position Estimation (MR-DPE) 
architecture for aerial GPS receivers and highlighted the advantages of MR-DPE in degraded 
signal environments. We have formulated MR-DPE as a maximum-likelihood (ML) estimation 
problem and accordingly identified the key novelties of MR-DPE, including the ML-based 
attitude estimation algorithm and the SNR-based weighting during the fusion of the 
measurements. 

A seven-task decomposition of the SR-DPE algorithm was presented and implemented in seven 
software modules. Considerations for efficient GPU processing were also incorporated in the 
modules. The radio front-end acquires samples at precise intervals that are recorded to a data file. 
This data file is read and processed by the DPE implementation on the NVIDIA Jetson TX2 -- 
the computing hardware to which the implementation is tuned. 

Further, we have developed an efficient GPU implementation of the SR-DPE algorithm that 
leverages the inherent parallelizability of the numerical solution method of the DPE objective 
function. This implementation is developed under a modular architecture tailored to provide 
abstraction in the steps of the DPE algorithm. This implementation is tuned and evaluated for 
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time efficiency on an embedded GPU. And, while this implementation was developed and 
evaluated as a SR-DPE receiver, it performs the same processing steps as one of the constituent 
receivers of the MR-DPE algorithm introduced in this work, setting up for expansion into an 
MR-DPE implementation for future work. 

A sequential MR-DPE implementation was also developed to evaluate the performance of SR-
DPE and MR-DPE in environments experiencing a variety of signal effects. Simulated datasets 
provided a control to study the accuracy of the initialization of the SR-DPE and MR-DPE 
algorithms under open-sky, semi-urban, and urban environments. Real-world environments 
provided operation scenarios of GPS-degraded environments and various flight profiles, 
especially those where multipath and terrain masking is prevalent, effects that are commonly 
encountered during critical flight phases. The localization results of this real-world dataset 
demonstrated the improvements provided by MR-DPE in challenging environments. 
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