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Major Goals:  The overall research thrust of the proposed research is the study of heterostructures formed by a 
system in a topologically nontrivial state and a superconductor. Via the proximity effect the superconductor induces 
superconducting pairing correlations in the topological material giving rise to novel electronic states with unusual 
properties. We plan to focus specifically on two types of heterostructures: (i) WSM-superconductor 
heterostructures, (ii) heterostructures formed by graphene (or bilayer graphene) in the QH regime and a 
superconductor. The specific objectives of the proposed research are:



Develop the theoretical foundations to describe the electronic properties of WSM-superconductor heterostructures, 
considering in particular how such properties depend on the topological class to which the WSM belongs and on 
the symmetries of the superconducting pairing in the superconductor;



Develop a quantitative theory of the proximity effect between the quantum Hall edge states of graphene and a 
superconductor and in general identify graphene-based structure that would be able to support electronic non-
abelian electronic states such as Majorans and, more in general, parafermions;



Understand quantitatively topological the quasi one-dimensional semiconductor/superconductor structures in which 
signature of Majorana zero modes have been observed;



Understand the role of disorder in topological heterostructures.

Accomplishments:  During the course of the project we have developed the theory and the numerical approaches 
to describe junctions formed by superconductors (SCs) and nodal ring Weyl semimetals (WSMs). In particular, we 
have focused on developing the theoretical and numerical tools to obtain the Josephson current in SC-WSM-SC 
junctions. One of the key property of nodal ring WSMs is to have surface states, so called "drumhead states", with 
an almost flat dispersion (i.e. with a very large effective mass). Such surface states are extremely interesting 
because they are a clear signature of the nodal ring character of the WSM, they are expected to give rise to 
anomalous transport properties, and be susceptible to strong correlation effects. We have carefully characterized 
the nodal rings and the corresponding bands. In real systems it is expected that the drumhead states will have 
some finite dispersion. We showed how SC-WSM junctions can be used to detect the effective mass (flatness) of 
the drumhead states. Our results suggest that a measurement of the Andreev reflection can be used to detect the 
polarization and the effective mass of drumhead states. We then developed the approach to calculate the 
Josephson current for SC-WSM-SC junctions.
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The ideal 2D nature of graphene and its high mobility make graphene-based heterostructures very promising 
systems for the realization of ideal topological states able to support Majorana modes and more in general 
parafermions. One of the limitations of graphene is the lack of significant spin-orbit coupling (SOC).  The SOC of 
graphene can be greatly enhanced via the proximity effect in graphene--topological-insulator (TI) heterostructures. 
We have obtained the current-spin response of graphene-TI heterostructures and shown that this response is much 
larger in these heterostructures than in TIs alone. In particular we have found that such response is very large in 
heterostructures formed by bilayer graphene and a TI in the tetradymite family.



Quasi 1D confinement favors the establishment of superconducting topological phases with Majorana modes. This 
fact motivated us to consider the possibility to use graphene nanoribbons (GNR) as a platform to realize Majorana 
states given their quasi 1D nature and potentially high mobility. As for graphene, however, GNRs have very small 
SOC. To enhance the SOC in GNRs we have studied the effect of placing them in proximity of a monolayer of a 
transition metal dichalcogenide (TMD) in which the SOC is very strong. Due to the large mismatch between 
graphene and TMDs we first had to identify the GNR-TMD structures that minimize strain. For these structure using 
density functional theory we obtained the band structure and the spin-dependent splitting of the bands due to SOC. 
In the last part of the project we have completed this study by considering the case of NbSe2. NbSe2 is a special 
TMD because it becomes superconducting at low temperature. In addition, the strong SOC induces an Ising 
superconducting pairing that makes superconductivity in NbSe2 very robust against in-plane magnetic fields: the 
superconducting pairing survives for magnetic fields an order of magnitude larger than the one corresponding to 
the Pauli limit. These facts make GNR-NbSe2 heterostructures very promising for the realization of Majorana 
modes.



Heterostructures based on graphene layers in the quantum Hall regime and superconductors are expected to be 
able to support parafermions.  In realistic conditions the graphene layers could be in FQHS with different filling 
factor "nu".  For this reason we have generalized the construction of the parafermion operators to the case when 
the graphene layers have filling factors that are different. We have found the commutation relation for the 
parafermion operators for this case. Motivated by the recent experimental observation of chiral Majorana modes in 
quantum anomalous Hall (QAH) systems we have recently realized that the non-abelian states that can be realized 
in graphene FQHS systems can be most easily probed using similar setups to the ones recently used to probe the 
chiral Majoranas in QAH systems. The project has then evolved to understand this type of setup.



We have developed a theoretical and numerical approach to obtain the electronic properties and the topological 
phase diagram of semiconductor-SC (SM-SC) nanowires taking into account the presence of gate-induced electric 
fields, fields that are using experimentally to control the phase (topological or trivial) of the wire and to perform 
various measurements. The approach we developed is based on the self-consistent solution of the Schrodinger-
Poisson equations. We have been able to understand the conditions necessary to achieve a strong coupling 
regime between the SC and the SM. We have found that the band bending "W" at the interface between the SM 
and the SC plays an essential role in determining the strength of the hybridization between SM and SC. The main 
results of this work are: (i) Full topological phase diagram as a function of magnetic field "B" and external gate 
voltage; (ii) Dependence of the system's g-factor on the external gate voltage.  This result is important because it 
explains the decrease of the range of values of B for which the system is in the topological phase as the coupling 
between the SM and the SC increases. One important outcome of our work is that it shows that the optimal 
operating regime to realize Majorana states in SM-SC heterostructures in general is not the one that maximizes the 
induced gap given that an increase of the induced gap is associated with a decrease of the effective g-factor. For 
each SM-SC heterostructure there is an optimal hybridization strength that maximizes the region in parameter's 
space for which the system is in the topological phase supporting Majorana modes.



The unavoidable presence of impurities in SM-SC heterostructure can significantly affect the realization and 
manipulation of Majorana modes. In the most recent experimental devices the SM and the SM/SC interface are of 
very high quality and expected to have a very low density of impurities. However, the SC itself and the top surface 
of the SC are expected to have a non negligible number of defects. For this reason we have studied the issue of 
``if'' and ``how'' defects in the SC alone can affect the realization and observation of Majorana modes in SM-SC 
heterostructures. Given that no magnetic impurities are expected to be present, we considered the case in which 
the impurities are scalar. We have obtained the general formalism to address the problem of a single impurity in 
SC-based heterostructures and studied in detail the case of quasi 1D nanowires formed by a SC and SM with 
SOC. We have found that, due the interplay between tunneling and scattering processes in these structure we can 
have impurity-induced bound states even when the SC is purely s-wave. In addition we found that the ratio 
between the Fermi wave vector of the SM, and the Fermi wave vector of the SC largely controls if the impurity 
bound states will occur in the topological or trivial phase of the nanowire. The other key parameters are Zeeman 
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splitting and the SM-SC coupling strength. The results of this part of the project provide guidance for the 
optimization of superconductor-semiconductor heterostructures: although a strong tunneling is beneficial to obtain a 
large gap it also enhances the effect of the impurities located in the s-wave superconductor on the superconducting 
state induced in the semiconductor. Therefore, we find that, when the effect of impurities is included, the optimal 
coupling to the superconductor is not strong but intermediate.
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Training Opportunities:  During the course of the project a Graduate student was involved and supported full time 
by the grant and received training in the field of condensed matter via one-on-one meetings with the PI and group 
meetings with other members of the PI's group. Two other graduate students have been involved with the project 
and have received partial support.



An undergraduate was involved in the research but not supported directly by the grant, and received training in the 
physics and condensed matter via one-on-one meetings.

Results Dissemination:  An article has been published in Physical Review B, rapid communications.



An article has been published in Physical Review B.



A manuscript has been posted on the arXiv and is currently under review at Phys. Rev. X.



Five contributed talks based on the research carried out during the project have been presented at the 2018 APS 
March Meeting.



Results obtained during the project have been presented at the Spring 2018 "Q-Meeting", Station-Q, Santa Barbara 
CA (March 2018).



Results obtained during the project have been presented at the Spring 2017 "Q-Meeting", Station-Q, Santa Barbara 
CA (June 2017).



Results obtained during the project have been presented at the  "Majorana states in condensed matter: towards 
topological quantum computation" conference, Institute for Cross-Disciplinary Physics and Complex Systems, 
Mallorca Spain (May 2017).



Results obtained during the project have been presented at the Spring 2017 "Numerics Meeting", Niels Bohr 
Institute, Copenhagen, Denmark (May 2017).



Results obtained during the project have been presented at the 2017 APS March meeting in contributed talks, New 
Orleans LA (March 2017).



Results obtained during the project have been presented at the "Topological States of Matter Conference", 
International Institute of Physics, Natal, Brazil (March, 2017).



The PI has given a Colloquium presenting results obtained during the project at the University of Texas at Dallas 
(September 2016).



The PI has given an invited talk presenting results obtained during the project at  Radboud University, Nijmegen 
The Netherlands (October 2016).



Results obtained during the project have been presented at the Fall 2016 "Numerics Meeting", TU Delft, Delft The 
Netherlands (October 2016).



Results obtained during the project have been presented at the Fall 2016 "Q-Meeting", Station-Q, Santa Barbara 
CA (December 2016).



The PI has given an invited talk presenting results obtained during the project at the "The electronic and optical 
properties of 2D and Dirac Materials Workshop", Jacksonville FL (December 2016)

Honors and Awards:  The PI received the "Plumeri Award" for Faculty Excellence (William & Mary).
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magnetic structure greatly enhances the current-induced spin-density accumulation and significantly reduces the 
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FIG. 9. The energy bands of the slab in the time-reversal symmetry breaking case with kx = 0.2, N = 400, Zτ = 2 ∗ 0.287/c2.
The Zeeman terms (a) g = 0.000; (b) g = 0.005; (c) g = 0.008. (d) shows the surface localization of states when g = 0.005,
where the surface localization is represented by the size of the circle. (e) g = 0.005 with the particle-hole symmetry breaking
term where ν0 = −0.993, ν|| = 4.34, νz = 2.50, k0 = 0.206. (f) shows the surface localization of states when g = 0.005 and
ν0 = −0.993.
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The Zeeman terms (a) g = 0.000; (b) g = 0.005; (c) g = 0.008. (d) shows the surface localization of states when g = 0.005,
where the surface localization is represented by the size of the circle. (e) g = 0.005 with the particle-hole symmetry breaking
term where ν0 = −0.993, ν|| = 4.34, νz = 2.50, k0 = 0.206. (f) shows the surface localization of states when g = 0.005 and
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superconductors
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FIG. 4: Nodal-line fermions and “drumhead” surface states of TlTaSe2. (a) (001)-projected bulk

bands of TlTaSe2. (b) Bulk and surface band structure of Se-terminated surface of TlTaSe2. The surface

bands are marked by the arrows. (c) Same as b but for Tl-terminated surface of TlTaSe2. (d) Iso-energy

band contour at E = -0.25 eV of Se-terminated surface. The “drumhead” surface states overlap with the

bulk nodal rings. (e) The spin polarization of surface bands of Tl-terminated surface. (f) Iso-energy band

contour at E = -0.25 eV (top), -0.22 eV (middle), and -0.18 eV (bottom) of Tl-terminated surface. The

arrows indicate the spin texture of the surface bands.
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Figure 2: Sketch of the low energy band structure of dif-
ferent types of Weyl semimetals. (a) Degenerate nodal Weyl
semimetal: the low energy Dirac cone is doubly degenerate.
(b) Nodal line Weyl semimetal: the bulk conduction and va-
lence band touch along lines, nodal lines, denoted here as
“NL”. In this figure the “drumhead” surface states, denoted
by “SS” overlap with the bulk nodal lines. Adapted from [16].
(c) Nodal Weyl semimetals with broken time reversal symme-
try. (d) Sketch showing the Fermi arcs for the surface states.

In general, WSMs are three di-
mensional (3D) crystals in which
the valence band and the con-
duction band “intersect” (touch)
and in which such intersection
is topologically protected [3–6].
In nodal WSMs the conduc-
tion and the valence band touch
at isolated points, Weyl Nodes
(WNs) (or Dirac points, DPs) in
the Brillouin zone (BZ). Around
these points the bands can be
well approximated as linear and
the fermionic states are well de-
scribed by the Dirac Hamiltonian
H = ±vFk · �, where, vF is the
Fermi velocity close to the WN,
k is the momentum, measured
from the WN, and � is the vector
formed by the 2x2 Pauli matrices
(�x, �y, �z) acting in spin space.
The sign of the product k · � is
the chirality � of the electrons
close to the WN. The ± sign in
the expression of the Hamilto-
nian determines the chirality of the Weyl node. In the presence of both time reversal
(T) and inversion (P) symmetry, Kramers’ theorem requires the bands to be doubly
degenerate. In this case we can have Weyl nodes with opposite chirality coexisting at
T- and P-invariant momenta, e.g. at k=0, see Fig. 2 (a). We refer to this WSMs as
“degenerate WSMs”. Recent experiments [17–20] have shown that Na3Bi and Cd2As3

are “degenerate WSMs”, i.e. 3D Dirac semimetal materials. Very recently it has been
pointed out [21–23] that when both T and P are preserved and the spin-orbit coupling
is vanishing another class of WSMs can be realized in which instead of isolated WNs
we have lines of WNs, i.e. the conduction and valence band intersect along lines rather
than at isolated points see Fig. 2 (b). We refer to this type of WSMs as “nodal line
WSMs”. If the time reversal symmetry is broken, as in magnetic materials, but the
inversion symmetry is preserved, if a Weyl node is present at momentum +k, another
Weyl node, with the same chirality, will be present at momentum �k, see Fig. 2 (c). So
when the T symmetry is broken the minimal number of WNs is 2. When the inversion

D-2

(a) (b) (c)

Figure 1: (a) Sketch of low energy Fermi surface of a nodal ring WSM. (b) Band structure
of a nodal ring WSM in which spin-rotation and time reversal symmetry are broken. (c) Detail
of (b) that shows that, due to the reduced symmetry, for ky . −0.2/a some of the surface
states merge into the bulk bands. The different color denote different spin polarizations.

During the course of the
project we have developed
the theory and the numer-
ical approaches to describe
junctions formed by supercon-
ductors (SCs) and nodal ring
Weyl semimetals (WSMs). In
particular, we have focused
on developing the theoretical
and numerical tools to ob-
tain the Josephson current in
SC-WSM-SC junctions. One
of the key property of nodal
ring WSMs is to have sur-
face states, so called drum-
head states, with an almost flat dispersion (i.e. with a very large effective mass). Such surface states are
extremely interesting because they are a clear signature of the nodal ring character of the WSM, they are
expected to give rise to anomalous transport properties, and be susceptible to strong correlation effects. We
have three possible situations in which the nodal ring, Fig. 1 (a), is preserved:

i. fully symmetric case for which the ring is fourfold degenerate;
ii. spin-rotation and time reversal symmetry broken case in which the ring is splitted into two twofold degen-

erate rings;
iii. spin-rotation and inversion symmetry broken case in which the ring is also splitted into two twofold

degenerate rings.

m/mSC

1.

2

3

5

1

210

m/mSC(a) (b)

Figure 2: (a) Magnitude of the Andreev reflection, |ra|2, as a function of the
quasiparticle energy ε for a junction between an s-wave SC and the surface of a nodal
ring WSM with unpolarized drumhead states. (b) Magnitude of the Andreev reflection,
|ra|2, as a function of the quasiparticle energy ε for a junction between a p-wave SC
and the surface of a nodal ring WSM with spin-polarized drumhead states.

We have carefully characterized
the nodal rings and the correspond-
ing bands of cases (ii) and (iii).
Fig. 1 (b) show the spectrum of
a finite thickness slab of a nodal
ring WSM in which both the spin-
rotation and time reversal symmetry
have been broken (case (ii)). The
zoomed-in plot of Fig. 1 (c) shows
how, as consequence of the low-
ered symmetry, some of the surface
states that are degenerate in case (i)
start merging with the bulk states.
In addition it shows the spin polar-
ization of the states. A symmetry
analysis of the surface states allows
us to identify which of the surface
states are expected to be robust, i.e.
insensitive to local perturbations. The combination of such symmetry analysis with the type of results shown
in Fig. 1 allows the identification of which states will pair via the proximity effect due to the presence of a
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superconductor placed on the surface of the WSM.
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Figure 3: (a) Spectrum of Andreev bound states as a function of
φ for a SC-WSM-SC junction assuming p-wave pairing in the SC
and realistic dispersion for the WSM including both surface and
bulk states (limit W → 0). µ = 1.32∆. (b) Josephson current I
as function of φ corresponding to spectrum shown in (a).

In Fig. 1 (b) the surface states are assumed to
have a completely flat surface. However, in real sys-
tems it is expected that such states will have some
finite dispersion. We showed how SC-WSM junc-
tions can be used to detect the effective mass (flat-
ness) of the drumhead states. For this purpose we
have obtained the transmission and reflection coeffi-
cients for SC-WSM junction as a function of the ra-
tio, m/mSC, between the effective mass (m) of the
drumhead states and the one (mSC) of the quasipar-
ticles in the SC. Fig. 2 (a) shows how the square of
the Andreev reflection, |ra|2, depends on the energy
ε of the quasiparticle scattering at the interface for
case (i) with s-wave pairing in the SC. We see that
|ra|2 decreases as m/mSC increases. In Fig. 2 (b)
we show the results for the case in which the drumhead states are assumed to be spin-polarized, to mimic
case (ii), and the pairing in the SC is p-wave. The overall behavior is very different from the one shown in
Fig. 2 (a) but we still find that |rA|2 decreases as m/mSC increases (apart from the case when ε is equal to
the SC gap ∆). These results suggest that a measurement of |rA|2 can be used to detect the polarization and
the effective mass of drumhead states.
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(a) (b)

(d)(c)

FIG. 3: (a) Sketch showing the spin density accumulation on
the top and bottom surface of a TI induced by a current in the
y direction. (b) �sxJy as a function of ✏F for �µ = 0 and � =
20 meV (� = 0), solid (dashed) lines. (c) Enhancement of
�sxJy in a TI-BLG system compared to TI alone as a function
of ✏F and �µ for � = 0. (d) �sxJy for TI-BLG when t = 0.

We see that the insertion of a graphene layer strongly
enhances the current-induced spin density response and
therefore the SOT. In addition, we find that the strong
enhancement of �sxJy is not a↵ected significantly by the
value of � [47]. On the other hand, we find that changes
in �µ have a strong impact on �sxJy . Figure 3 (c) shows
that by increasing �µ the enhancement of the SOT can
be raised to values as high as 100 in TI-BLG heterostruc-
tures due to the flattening and consequent increase of the
DOS of the TI-like bands [47].

The results of Fig. 3 show that in TI-SLG and TI-
BLG heterostructures the current-induced SOT can be
expected to be much higher than in TI surfaces alone.
They show that for TI-BLG systems there is a large range
of values of �µ, ✏F for which the enhancement of �sxJy

due to the presence of the BLG is consistently close to
10 or larger, Fig. 3 (c). In addition, in a TI-graphene
heterostructure, by placing the source and drain on the
graphene (BLG) and taking into account the high mo-
bility of graphene (BLG), it is possible to force most of
the current to flow within graphene (BLG) and the TI’s
surface adjacent to it. Therefore we can minimize the
amount of spin-density accumulation with opposite po-
larization that a current flowing in the TI’s bottom sur-
face generates. This fact should further increase the net
SOT.

The large enhancement of the SOT in TI-graphene sys-
tems is due to two main reasons: (i) the survival, after hy-
bridization, of TI-like bands well separated from Rashba
bands; (ii) the strong enhancement of the relaxation time
⌧0 and transport time ⌧t due to the additional screening
by the graphene layer of the dominant source of disor-
der. It is important to notice that the presence of the

Rashba bands, see Fig. 1, not only is not essential for the
enhancement of the SOT but it can be detrimental given
that the Rashba bands give a SOT with opposite sign of
the TI-like bands. This fact can be seen at large Fermi
energies for BLG-TI in Fig. (3) (b): for ✏F & 140 meV
the Fermi surface intersect the Rashba bands that by giv-
ing a SOT opposite to the TI-like bands brings the net
SOT of TI-BLG to be slightly lower than the SOT of
TI-alone. Point (ii) explains the fact the SOT, at low
energies, is always larger in TI-BLG rather than TI-SLG
given that ⌧0 and ⌧t are larger in TI-BLG than in TI-
SLG. In addition, it explains the fact that even in the
limit when there is no hybridization between the TI and
the graphene bands, i.e. t=0, (due for example to a large
twist angle [47]) the SOT in TI-graphene systems is still
larger than in TIs alone as shown in Fig. 3 (d).
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a thin film of BaFe12O19, a magnetic insulator with high
Tc and large perpendicular anisotropy [31]. In the re-
mainder we will assume m̂ = ẑ.

Fig. 1 (d), (e) shows the band structure for a TI-BLG-
FM heterostructure obtained assuming t = 45 meV,
� = 20 meV, and �µ = 0, �µ = 125 meV respectively.
The hybridization of the BLG’s TI’s states gives rise to
Rashba bands that are then splitted by the exchange
term due to the finite magnetization M = M0ẑ. The
Rashba-like nature of some of the bands is evident from
Fig. 1 (f) that shows the spin texture on the Fermi sur-
faces obtained from the bands shown in panel (d) for
✏F = 100 meV, denoted by the dashed line in (d). We
see that on two of the Fermi surfaces the spins wind in
opposite directions and that on the larger (TI-like) band
the spins wind as on the surface Fermi surface of the
isolated TI.

Having obtained the bands of the TI-graphene-FM het-
erostructure we are now in a position to calculate the cur-
rent induced SOT. For the setups considered (Fig. 1 the
dominant SOT is the field-like one due to the ISGE. This
SOT can be obtained by calculating the current-induced
spin-density response function �siJj (q, !). For a charge
current in the y direction the non equilibrium spin den-
sity is polarized in the x direction, as shown schemati-
cally in Fig. 3 (a). Due to the rotational symmetry of
the system we have �sxJy = ��syJx and �sxJx = �syJy .
Without loss of generality we can assume the current
to be driven in the y direction and therefore set i = x
and j = y. In the remainder, we restrict our anal-
ysis to the case in which ✏F is such that the system
is metallic and therefore interband transitions contribu-
tions [32] can be neglected when calculating the the dc,
long-wavelength, current-induced spin density response
function, �sxJy ⌘ limq�0

��0
�sxJy (q, !).

Within the linear response regime the �siJj (q, !) can
be obtained by calculating the spin-current correlation
function. The unavoidable presence of disorder induces a
broadening of the quasiparticle states, and vertex correc-
tions that are captured by the diagrams shown in Fig. 1
in the supplementary material [33]. It is expected that in
most TI-graphene heterostructures charge impurities are
the dominant source of disorder. We therefore model the
disorder as a random potential created by an e↵ectively
2D distribution of uncorrelated charge impurities with
zero net charge placed at an e↵ective distance d below
the TI’s surface. In momentum space, the bare potential
v(q) created on the TI’s surface by a single charge impu-
rity is v(q) = 2⇡e2e�qd/(q) where  = (TI + 0)/2 is
the average dielectric constant with TI ⇡ 100 [34–38]
the dielectric constant for the TIS and 0 = 1 the dielec-
tric constant of vacuum. The screened disorder potential
is v(q)/✏(q) where ✏(q) is the 2D random phase approx-
imation dielectric function [21, 39, 40]. To obtain the
current-driven SOT in the dc limit, and for temperatures

FIG. 2: h⌧0(✏F )i, (a), h⌧(✏F )i, (b), and �yy(✏F ), (c), for TI
(dashed line), TI-SLG (dotted line), and TI-BLG (solid line).
(d) �yy(✏F ) for TI, TI-SLG, and TI-BLG systems with � =
20 meV. In all the panels t = 45 meV, �µ = 0, and nimp =
1012 cm�2.

T much lower than the Fermi temperature TF , to very
good approximation we can assume ✏(q) ⇡ 1+vc(q)⌫(✏F ),
where vc(q) = 2⇡e2/(q) and ⌫(✏F ) is the density of
states at the Fermi energy.

The lifetime ⌧0a(k) of a quasiparticle in band a with
momentum k is given by

~
⌧0a(k)

=
X

a0q

nimp

2⇡

����
v(q)

✏(q)

����
2

|ha0k+q|aki|2�(✏a,k�✏a0,k+q)

(2)
where nimp is the impurity density and |aki is the Bloch
state with momentum k and band index a. In the remain-
der, we set nimp = 1012cm�2 [37]. We can define an aver-
age single particle lifetime h⌧0(✏F )i ⌘ P

ka ⌧0a(k)�(✏F �
✏ka)/

P
ka �(✏F � ✏ka). The transport time ⌧a(k), that

renormalizes the expectation value of the velocity opera-
tor, is obtained by introducing the factor [1�k · (k+q)]
under the sum on the right hand side of Eq. (2). Given
that in the systems considered the disorder potential, in
general, is long-range, even taking into account screening
e↵ects [41–44], and the fact that the electronic states are
chiral, the transport time ⌧a(k) in general di↵ers from the
lifetime ⌧0a(k). We can then define the average transport
time h⌧(✏F )i, analogous to h⌧0(✏F )i. Figs. 2 (a), (b) show
h⌧0(✏F )i, and h⌧(✏F )i respectively for a TI’s surface, a
TI-SLG heterostructure, and a TI-BLG heterostructure,
with � = 0. We see that the presence of a graphenic layer
strongly increases both h⌧0(✏F )i, and h⌧(✏F )i, and that
such increase is dramatic for the case when the graphenic
layer is BLG. A finite value of � . 30meV has only a

(a)
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states at the Fermi energy.
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ka �(✏F � ✏ka). The transport time ⌧a(k), that

renormalizes the expectation value of the velocity opera-
tor, is obtained by introducing the factor [1�k · (k+q)]
under the sum on the right hand side of Eq. (2). Given
that in the systems considered the disorder potential, in
general, is long-range, even taking into account screening
e↵ects [41–44], and the fact that the electronic states are
chiral, the transport time ⌧a(k) in general di↵ers from the
lifetime ⌧0a(k). We can then define the average transport
time h⌧(✏F )i, analogous to h⌧0(✏F )i. Figs. 2 (a), (b) show
h⌧0(✏F )i, and h⌧(✏F )i respectively for a TI’s surface, a
TI-SLG heterostructure, and a TI-BLG heterostructure,
with � = 0. We see that the presence of a graphenic layer
strongly increases both h⌧0(✏F )i, and h⌧(✏F )i, and that
such increase is dramatic for the case when the graphenic
layer is BLG. A finite value of � . 30meV has only a

(b)

FIG. 4: �yy(✏F ), for TI (dashed line), TI-SLG (dotted line),
and TI-BLG (solid line) for � = 0, (a), and � = 20 meV (b).
t = 45 meV, �µ = 0, and nimp = 1012 cm�2.

To estimate the e�ciency of the current-induced SOT
in TI-graphene heterostructure we calculate the associ-
ated dc longitudinal conductivity �ii for the same param-
eters. In the linear-response, long-wavelength, regime we
have

�ii ⇡ e2

2⇡⌦
Re

X

k,a

vi
aa(k)ṽi

aa(k)GA
kaGR

ka . (4)

Fig. 4 (a) shows �yy for TI, TI-SLG, and TI-BLG as a
function of ✏F in the limit � = 0. We see that the pres-
ence of a graphene layer enhances the conductivity of
the system by an order of magnitude or more. Fig. 4 (b)
shows that the exchange term Hex does not a↵ect �yy

significantly. The results shown in Fig. 4 (b) imply that
in TI-graphene heterostroctures not only the current-
induced SOT can be much larger than in TIs alone, but
also that the generation of the SOT is much less dissipa-
tive.

In conclusion, we have shown that in magnetic TI-
graphene heterostructures the non-equilibrium uniform
spin density accumulation induced by a charge current
can be 10-100 times higher than in TIs alone giving rise
to a giant SOT. The reasons for these enhancements are
(i) the additional screening by the graphene layer of the
dominant source of disorder; (ii) the fact that graphene

Figure 4: Ratio between the current-
spin response χsxJy of a bilayer-
graphene–TI heterostructure and the
current-spin response χsxJyTI of an iso-
lated TI as a function of the Fermi en-
ergy εF and of the band mismatch δµ
between the TI and bilayer graphene.

We then developed the approach to calculate the Josephson current for
SC-WSM-SC junctions. The approach adapts to the case of SC-WSM-SC
junctions the theory that was developed to relate the Josephson current of
SC-N-SC junctions (where N denotes a normal metal) to the scattering
matrix of the normal region N. This approach is very effective and allows
to take into account efficiently the finite width, W , of the junction. We
have obtained results for finite width junctions. To be able to understand
these results and relate them to the properties of the drumhead states, we
studied in detail the case when W → 0 for a which it is possible to carry
out a semi-analytical treatment. Figure 3 (a) shows how the spectrum of
a finite size SC-WSM-SC junctions evolves as a function of the phase
difference φ between the two superconductors. The low energy states are
Majorana modes arising from the p-wave nature of the SCs. The higher
energy subgap states that don’t disperse with φ are WMS’s bulk states.
Figure 3 (b) shows the Josephson current corresponding to the spectrum
shown in Fig. (a).

The ideal 2D nature of graphene and its high mobility make graphene-
based heterostructures very promising systems for the realization of ideal
topological states able to support Majorana modes and more in general
parafermions. One of the limitations of graphene is the lack of significant spin-orbit coupling (SOC). The
SOC of graphene can be greatly enhanced via the proximity effect in graphene–topological-insulator (TI)
heterostructures. We have obtained the current-spin response of graphene-TI heterostructures and shown that
this response is much larger in these heterostructures than in TIs alone. In particular we have found that such
response is very large in heterostructures formed by bilayer graphene and a TI in the tetradymite family (such
as Sb2Te3, Bi2Se3 and Bi2Te3) as shown in Fig. 4.
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In this section, we investigated the AGNR superconductiv-
ity induced by proximity effect from NbSe2 substrate. The
NbSe2 Cooper pairs can do hopping to AGNR bands when
the momentum conservation in Eq.11 is satisfied. The hop-
ping can be neglected when the energy difference between the
states in NbSe2 and AGNR is large as the hopping probabil-
ity inversely proportional to the energy difference. Thus, we
can expect the important hoping to generate sufficient Ising
pairing occured at the band crossing. This also means that the
induced pairing will depend on the relative rotational align-
ment between ribbon and substrate. We can determine the
rotation angle between ribbon and substrate which produces
Ising pairing in ribbon by examining the Fermi surface over-
laps between these systems. To predict the rotational align-
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FIG. 23:

ment that will produce the Ising pairing in AGNR, we draw
the Fermi surface of NbSe2 and AGNR in Fig.23 and ex-
amine the rotation angle where the Fermi surface overlaps.
NbSe2 Fermi surface consist of pockets at � and valley K/K’
displayed by red circle and triangle, respectively. The black
straight line marks the orientation of ribbon where the AGNR
Fermi surface is located and shown by finite red lines. The
overlap between ribbon and NbSe2 Fermi surface occurs at
the first extended zone of ribbon which is connected to the
ribbon first Brillouin zone by reciprocal lattice vector~bR with
magnitude aS

2
p

3aR
(note that momentum is dimensionless and

normalized). We scan over all the possible alignment by ro-
tating the ribbon relative to � and .......

Total Hamiltonian that describes the heterostructure can be
written as:

H = hR
0 + hS + hT (17)

where hR
0 and hS are the pristine AGNR and NbSe2 Hamilto-

nian. We choose the AGNR width to be N = 5 similar with the
configuration that we previously studied in DFT simulation.
The hopping between ribbon and NbSe2 denoted by hT is re-
stricted only between the ribbon valence bands and Nb bands
at valley K or K’ as the ribbon become hole dopped when
it is stacked on NbSe2 confirmed by our DFT calculation.
Moreover, AGNR Hamiltonian characterizes the ribbon va-
lence band with spin orbit potential induced by the substrate.

hR
0 =

X

p,s

✏R0 (p)c†
s(p)cs(p) + Vsoc �

X

p,s

µc†
s(p)cs(p) (18)

In this equation, hR
0 comprises the kinetic term ✏R0 (p) with

parabolic momentum-dependent, spin orbit potential Vsoc,
and chemical potential µ to shift the Fermi energy of ribbon.
✏R0 (p) is formulated in Eq.10 with ~2 set to be 1 and momen-
tum p is dimensionless and normalized by 2⇡

aNbSe2
. For N =

5, the effective mass of ribbon mv and the gap Eg are equal
to 0.0025eV�1 and 384meV. We assume that the spin orbit
potential Vsoc has similar form with Eq.6 considering the low-
est approximation of SOC should be first order in momentum.
The SOC parameter of ↵i will be regarded as tunable param-
eter in which its value assessed from our DFT calculation for
AGNR on top of MoS2 or MoSe2 substrate.

The hopping between ribbon and NbSe2 is modelled as a
spin-conserved smooth function that depends on the relative
position of atoms t(~r � ~r0). In order to simplify the formu-
lation, the atoms are treated in the continuum limit without
explicit sublattice dependence. We also select the effective
Wannier function bases to represent the real space bases of
the valence electron in valley K or K’ where in general its
center is not always localized in specific atom of Nb or Se.
hT
⌧ describes the hopping Hamiltonian for the electron from

the state in ribbon to the valence band state of the substrate at
valley K or K’ corresponding to ⌧ = 1 and ⌧ = �1, respec-
tively. Thus, the hopping potential can be formulated as:

hT
⌧ =

X

~r,~r0,s

t⌧ (~r � ~r0)c†
s(~r)d⌧s(~r

0) + h.c.

=
X

p̄,k̄

c†
s(p̄)d⌧s(k̄)

X

~bR,~bS

t⌧ (p̄ +~bR)�p̄+~bR,k̄+~bS
+ h.c.

(19)

Note that this equation resembles the tunneling form in
twisted bilayer graphene10 despite without explicit sublattice
dependent phase factor. Bar notation above k and p is used to
indicate the momentum taken relative to �. We see that the
electron in ribbon with momentum p̄ can tunnel to the sub-
strate with momentum k̄ as long as the momentum conserved.
We truncate the hopping energy t⌧ (p̄+~bR) by limiting p̄+~bR

within the first extended zone of AGNR reciprocal space. We
also assume that t⌧ is real and independent of valley index ⌧
with magnitude equal to 20 meV.

In matrix notation, we can write the hopping Hamiltonian
hT as:

ĥT =
h

c†
"(p̄)c†

#(p̄)
i
t̂(p̄)

2
64

dK"(k1(p̄))
dK#(k1(p̄))
dK0"(k2(p̄))
dK0#(k2(p̄))

3
75 (20)

k1(p̄) and k2(p̄) are simply the small momentum of NbSe2

bands relative to the valley K and K 0 where the momentum-
conserved hopping is satisfied. They can be written as a func-
tion of p̄ with the following transformation.

k1(p̄) = p̄ +~bR � K

k2(p̄) = p̄ �~bR � K 0 (21)
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FIG. 27: The magnitude of the s wave and p wave components
dependence on SOC parameters ↵x and ↵y are depicted in (a) and
(b), respectively. The ribbon is aligned to 850 rotation angle with the
hopping energy t set to be 20 meV. The anomalous Green function
was calculated at Fermi energy and p = �pF .
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FIG. 28: The induced pairing gap phase dependence on SOC param-
eters ↵x and ↵y are given in (a,b) and (c,d) correponding to p = �pF

and p = pF , respectively. Rotation angle ✓ and hopping energy (t)
are also set to 850 and 20 meV.

wave pairing. Thus, the gap phases were calculated and plot-
ted in Fig.28 for p = �pF and p = pF . These plots confirm
the parity of 4R has s wave or p wave symmetry.
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D. Majorana Mode in AGNR

Zero energy Majorana bound state has been proposed by
Kitaev to exist in a spinless one-dimensional chain of atom
with superconductivity pairing20. The realization of this mode
is proposed in 1D semiconductor-superconductor heterostruc-
ture with strong SOC and applied external magnetic field21–23.
The non-abelian statistic of Majorana modes were also
demonstrated by braiding in 1D T-junction nanowires23. Fur-
thermore, the discovery of zero-bias peaks in InAs nanowire
in the proximity of Al superconductor could be an indication
of Majorana modes24. In this section, we explore the possi-
bility to have topological phase that host Majorana modes in
AGNR-NbSe2 heterostructure.

FIG. 30: The figures shows the DOS of ribbon as the applied in-
plane perpendicular (y direction) magnetic field vary. The ribbon
alignment (✓), hopping energy (t) and chemical potential (µ) are set
to 840, 20meV, and �199.2meV. The values of SOC parameters
are ↵x = �7meV, ↵y = 76meV, and ↵z = �0.5meV. The value
of magnetic field (By) from Figure (a) to (f) are 0T, 0.8 T, 1.6 T, 2.4
T, 3.2 T, and 4 T.

IV. CONCLUSIONS

Conclusions: discuss main effects and selection of best con-
figuration to realize quasi 1D systems with significant SOC.
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wave pairing. Thus, the gap phases were calculated and plot-
ted in Fig.28 for p = �pF and p = pF . These plots confirm
the parity of 4R has s wave or p wave symmetry.
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D. Majorana Mode in AGNR

Zero energy Majorana bound state has been proposed by
Kitaev to exist in a spinless one-dimensional chain of atom
with superconductivity pairing20. The realization of this mode
is proposed in 1D semiconductor-superconductor heterostruc-
ture with strong SOC and applied external magnetic field21–23.
The non-abelian statistic of Majorana modes were also
demonstrated by braiding in 1D T-junction nanowires23. Fur-
thermore, the discovery of zero-bias peaks in InAs nanowire
in the proximity of Al superconductor could be an indication
of Majorana modes24. In this section, we explore the possi-
bility to have topological phase that host Majorana modes in
AGNR-NbSe2 heterostructure.

FIG. 30: The figures shows the DOS of ribbon as the applied in-
plane perpendicular (y direction) magnetic field vary. The ribbon
alignment (✓), hopping energy (t) and chemical potential (µ) are set
to 840, 20meV, and �199.2meV. The values of SOC parameters
are ↵x = �7meV, ↵y = 76meV, and ↵z = �0.5meV. The value
of magnetic field (By) from Figure (a) to (f) are 0T, 0.8 T, 1.6 T, 2.4
T, 3.2 T, and 4 T.

IV. CONCLUSIONS

Conclusions: discuss main effects and selection of best con-
figuration to realize quasi 1D systems with significant SOC.
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FIG. 26: (Color online) Results for AGNR-MoSe2, structure mp =
�2, m = �3, n = 1. Comparison of results for 3N and 3N+1.
Maybe better to have a figure that takes two columns and has 4 panels
in a row and in the top row show the result for 3N and on the botton
row the results for 3N+1 using the environment figure*.
(a) Structure for W=3N=6.
(b) Low energy Band structure for AGNR+MoSe2 with width 3N
= 6: show in dashed lines AGNR-only bands and in solid lines the
bands with MoSe2 and no SOC. The gap in the combined structure
and pristine AGNR are 820 meV and 864 meV.
(c) Band structure for 3N = 6: show in dashed lines AGNR+MoSe2

and no SOC, and with solid lines the results with SOC.
(d) Spin splitting for conduction and valence band as a function of k
for 3N, as shown for example in Fig. 12(b) of the appendix.
(e) Structure for W=3N+1=7.
(f) Same as (b) but for 3N+1. The gap in the combined structure and
pristine AGNR are 1.19 eV and 1.35 eV.
(b) Same as (c) but for 3N+1
(f) Same as (d) but for 3N+1
[Note: Understand how the structures are related, it might be
possible to move from one to the other by simply adding “rows”
of carbon atoms to get to the wider ribbon] .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

FIG. 27: Table showing the effective parameters, �, m⇤, �SOC, for
the 3 different AGNR-MoSe2 ribbons: W=3N-1, W=3N, W=3N+1.
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FIG. 28: (Color online) Results for AGNR-MoSe2, structure mp =
�2, m = �3, n = 1 where the ribbon width N = 5. We compare
the spin splitting at the valence and conduction bands calculated by
DFT and the TB model. The red lines and blue lines are calculated
using TB and DFT. (a) Energy splitting of the valence band (b) En-
ergy splitting of the conduction band
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FIG. 29: (Color online) Results for AGNR-MoSe2, structure mp =
�2, m = �3, n = 1 where the ribbon width N = 5. We compare
the spin structure calculated by DFT and the TB model for the va-
lence bands of the heterostructures. The red lines and blue dots are
calculated using TB and DFT. Note: Ev1 < Ev2. (a) Spin sx of the
valence band Ev1 (b) Spin sx of the valence band Ev2 (c) Spin sy of
the valence band Ev1 (d) Spin sy of the valence band Ev2 (e) Spin
sz of the valence band Ev1 (f) Spin sz of the valence band Ev2

(d)

Figure 5: (a) Heterostructure formed by an armchair graphene
nanoribbon (GNR) and a monolayer of MoSe2. (b) Overlap be-
tween GNR’s BZ (red segment on diagonal line) and Fermi sur-
faces of NbSe2. (c) DOS of GNR on NbSe2 forB‖ = 0. (d) DOS
of GNR on NbSe2 for when B‖ is equal to the critical value to
drive the GNR into the topological phase.

Quasi 1D confinement favors the establishment
of superconducting topological phases with Majo-
rana modes. This fact motivated us to consider the
possibility to use graphene nanoribbons (GNR) as a
platform to realize Majorana states given their quasi
1D nature and potentially high mobility. As for
graphene, however, GNRs have very small SOC. To
enhance the SOC in GNRs we have studied the ef-
fect of placing them in proximity of a monolayer of
a transition metal dichalcogenide (TMD) in which
the SOC is very strong. Due to the large mismatch
between graphene and TMDs we first had to identify
the GNR-TMD structures that minimize strain. For
these structure using density functional theory we
obtained the band structure and the spin-dependent
splitting of the bands due to SOC. In the last part of
the project we have completed this study by consid-
ering the case of NbSe2. NbSe2 is a special TMD
because it becomes superconducting at low temper-
ature. In addition, the strong SOC induces an Ising
superconducting pairing that makes superconduc-
tivity in NbSe2 very robust against in-plane mag-
netic fields: the superconducting pairing survives for
magnetic fields an order of magnitude larger than
the one corresponding to the Pauli limit. These facts
make GNR-NbSe2 heterostructures very promising for the realization of Majorana modes. Fig. 5 (a) shows
an example of the GNR-TMD structures considered. Fig. 5 (b) shows how the 1D Brillouin Zone (BZ),
shown by the small red segments, of a typical GNR intersects the Fermi surfaces of NbSe2 despite the large
lattice mismatch. Fig. 5 (c), (d) show the density of states (DOS) for a GNR proximitized to NbSe2 when the
in-plane magnetic field B‖ is zero, (c), and when B‖ is equal to the critical value that drives the GNR into the
topological phase.

Currently two classes of systems have been proposed to realize parafermions: (i)
heterostructures formed by superconductors, ferromagnets, and a system exhibiting
fractional quantum spin Hall states [13], Fig. 6 (a); (ii) heterostructures formed by
superconductors, insulators with spin-orbit or ferromagnets, and a system in a con-
ventional fractional quantum Hall state [1], Figs. 1, 6 (b). The advantages of the first
approach is that no strong magnetic fields are necessary, and that in quantum spin
Hall states at each edge we have naturally two counter-propagating edge modes with
opposite spin. Such states can naturally pair when in proximity of a superconductor.
The problem is that, so far, no realistic system exhibiting fractional quantum spin Hall
states has been identified. The great advantage of the second approach is that we
know that two dimensional electron gases (2DEGs) can be put in a fractional quantum
Hall state by applying a perpendicular magnetic field. The challenges are: (a) for each
quantum Hall state we have only one edge state; (b) to enter the quantum Hall regime
we need to apply significant magnetic fields that are expected to strongly suppress the
superconducting pairing. We propose that these challenges can be overcome using a
device based on graphene, or bilayer graphene.

VG 

VG 

Superconductor 

Superconductor 

Top gate 

Bottom gate 

B 

Figure 7: Graphene-superconductor het-
erostructure in which the graphene layers
with counterpropagating QH edge modes are
stacked vertically. The graphene layers are
shown in red, in grey are shown the dielec-
tric films separating the gates from graphene.
By using a top and a bottom gate the dop-
ings of the two graphene layers can be tuned
independently. The presence of two supercon-
ducting contacts allows the establishment of a
Josephson current across the device.

One big advantage of graphene and bilayer
graphene is that their doping can be easily
controlled via external gates, no intrinsic dop-
ing via impurities is necessary. This implies
that in graphene (bilayer graphene) there is no
need to add impurities to dope the system and
therefore the quenched disorder can be signifi-
cantly suppressed. Not only the carriers’ den-
sity can be controlled via external gates, but
also their polarity. This opens the possibility
to replace the setup showed in Figs. 1, 6 (b) (in
which the 2DEGs are stacked laterally) with
a setup in which the graphene layers, host-
ing the 2DEGs with counter-propagating edge
modes are stacked vertically, and doping in
each layer is controlled independently via ex-
ternal gates, as shown in Fig. 7. This setup
should be easier to realize and control and it
would help to minimize the e↵ects of the mag-
netic fields on the superconductor. In addi-
tion, in this setup it should be easy to estab-
lish and measure a Josephson current across
the device. As we discuss at the end of this
section, the measurement of the Josephson current would provide a very useful way to
characterize the edge states and their pairing induced by the proximity e↵ect. Another
important feature of graphene is that, due the smallness of the dielectric constant, and
the Dirac nature of the fermionic excitations, the fractional quantum Hall states have

D-8

Figure 6: Sketch of graphene-based
heterostructure in which parafermions
can be realized.

Heterostructures based on graphene layers in the quantum Hall regime
and superconductors, such as the one shown in Fig. 6, are expected to be
able to support parafermions. In realistic conditions the graphene layers,
shown in red in Fig. 6, could be in FQHS with different filling factor ν.
For this reason we have generalized the construction of the parafermion
operators (αi) to the case when the top layer and the bottom layer of Fig. 6
have filling factors ν and ν ′ that are different. We find that when ν and ν ′

are different the parafermion operators obey the following commutation
relation

αiαj = αjαie
i 2π
m2 [m+m′+ 1

2
(m−m′)]sgn(j−i)

wherem = 1/ν (m′ = 1/ν ′) and therefore can still describe a non-abelian
ground state. Motivated by the recent experimental observation of chiral
Majorana modes in quantum anomalous Hall (QAH) systems we have recently realized that the non-abelian
states that can be realized in graphene FQHS systems can be most easily probed using similar setups to the
ones recently used to probe the chiral Majoranas in QAH systems. The project has then evolved to understand
this type of setup.

We have developed a theoretical and numerical approach to obtain the electronic properties and the topo-
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at the superconductor-semiconductor interface. Depend-
ing on the sign of the band o↵set one can have either a
Schottky barrier or an accumulation layer [71–74]. Based
on preliminary ARPES studies [75], one finds that the
band o↵set for epitaxially grown InAs/Al heterostruc-
tures is �(200 � 300)meV supporting the accumulation
layer scenario.

Proper theoretical treatment of the strong coupling
regime is also necessary to understand how external
gates a↵ect the electronic state, and in particular the
topological nature, of SM-SC heterostructures. Further-
more, recent proposals for realizing scalable architec-
tures for topological quantum computation with MZMs
rely on fine electrostatic control [76–80]. Thus, under-
standing the e↵ect of electric fields on the low-energy
properties of the proximitized nanowires is critical both
for the interpretation of the existing Majorana experi-
ments [57, 60, 62, 64, 68] as well as for the optimization
of proposed Majorana devices [9].

In order to understand the physical properties of
the proximitized nanowires, one needs to solve the
electrostatic and quantum-mechanical problems self-
consistently, i.e. perform Schrödinger-Poisson (SP) cal-
culations. Compared to the case of purely semiconduct-
ing heterostructures [81–83], the problem at hand is much
more challenging technically because it involves disparate
materials with very di↵erent e↵ective masses, Fermi en-
ergies, g-factors etc. (see Table I). In other words,
the standard numerical tools based on the continuum
mass approximation cannot be applied to semiconductor-
superconductor hydrid systems. Therefore, modeling of
the semiconductor-superconductor hybrid structures re-
quires developing numerical techniques which can e↵ec-
tively take into account di↵erent length scales in the
semiconductor and superconductor.

Previous e↵ective models for superconductor-
semiconductor hybrids [84–89] do not properly describe
the experimental system and provide only qualitative
predictions for the electric field dependence. These mod-
els rely on independent phenomenological parameters
such e↵ective masses, spin-orbit couplings, g-factors as
well as tunneling strength between semiconductor and
superconductor. While this approach may be suitable
for the weak tunneling regime, naive extensions of such
models to the strong coupling limit are inadequate. This
is because the electric field applied to the semiconductor
can drastically change the electrons’ confinement, i.e.
push or pull electron density in the semiconductor to or
away from the interface. This in turn strongly a↵ects
physical parameters of the system, including, as we will
see, the tunneling rate, e↵ective spin-orbit coupling,
g-factor as well as induced superconducting gap.

More advanced models have been introduced re-
cently [90–94] which treat the e↵ects of an electric field
within some e↵ective models where the superconductor
is taken into account via boundary conditions. This ap-
proach, while being computationally advantageous, does
not take into account the e↵ects arising from the redis-

Al Al

InAs

ba

InAs

FIG. 1. (Color online) (a) SM-SC heterostructure based on
hexagonal nanowire. 10 nm thick Al layer (blue) is deposited
on 2 facets of InAs (brown) hexagonal wire with a height of 60
nm. The back gate is shown schematically in gray. (b) Rect-
angular geometry of the wire that supports the same number
of subbands. The back gate is emulated by a boundary con-
dition at the bottom.

tribution of the wavefunction between the semiconductor
and the superconductor. In this work, we treat the su-
perconducting (SC) and semiconducting (SM) degrees of
freedom explicitly on the same footing. Using an adap-
tive discretization algorithm for the SM and SC compo-
nents, we develop an e↵ective model which is computa-
tionally tractable and allows us to adequately capture the
e↵ect of the gate-induced electric field on the heterostruc-
ture. Our results allow one to understand and interpret
recent experiments investigating electric field dependence
of the e↵ective parameters [57, 60, 62, 64, 68].

The paper is organized as follows. We begin with a
discussion of the Setup and Methods in Sec. II where
we provide technical details of the Schrödinger-Poisson
approach. In Sec. III we present our results. We first
focus on the limit of zero magnetic field and then discuss
the behavior at finite magnetic fields. We conclude the
section with the discussion of the topological phase dia-
gram. We summarize our results in Sec. IV and discuss
their relevance for current and future experiments.

II. SETUP AND METHODS

We consider the system shown in Fig. 1. The nanowires
used in current experiments typically have a hexagonal
shape as shown in Fig. 1 (a). The cross section of the
wire, which we take to be the (y, z)-plane, consists of
a 10 nm thick Al film (blue) covering 2 facets of InAs
nanowire (orange). The electrostatic environment is con-
trolled by a back-gate (gray). For practical reasons we do
not explicitly treat this gate and the separating dielectric
medium in our calculations, but rather take the gate into
account only as a boundary condition for the potential
in the wire. In order to convert this into the actual volt-
age applied to the gate (which is sample-dependent), the
distance to the gate and the dielectric constant have to
be taken into account. For the devices of interest, the
length of the wire, Lx, is much larger than its transverse
dimensions Ly,z.

4

AlInAs

FIG. 2. (Color online) The electrostatic calculation uses
Dirichlet boundary conditions at z = 0 and z = LSM

z , i.e.
the top and bottom of the semiconducting wire. At z = 0,
the boundary condition is given by the gate voltage Vg, while
at the interface to the aluminum it is given by the band o↵set
W (see also Table I). This leads to an accumulation layer at
the interface.

H. The e↵ects of the spin-orbit coupling and Zeeman
terms [91] on the total electron density profile n(z) are
also very small and can be neglected. Thus, to solve
the full problem we follow a two step approach: we first
solve the SP problem in the normal state taking ↵ = 0
and B = 0 to obtain the electrostatic profile. We then
use the obtained electrostatic profile to find the eigenval-
ues and the eigenstates of the system for �0 6= 0, ↵ 6= 0,
and di↵erent values of B.

The first step consists in solving self-consistently the
Schrödinger equation Hn| i = E| i, requiring  to van-
ish at the boundaries of the system, [101] and the Poisson
equation

@2
z�(z) = �n(z)

✏0✏r
, (6)

where n(z) = (2⇡Ly)�1
P

ny,E[ ]<=0

R
dkx

�� kx,ny
(z)

��2,
✏r is the relative dielectric constant of the SM, see Tab. I,
and ✏0 is the vacuum dielectric constant. The setup for
the Poisson equation is shown in Fig. 2. At z = LSM

z the
boundary condition for �(z) is given by the band o↵set W
between the SM and the SC. The boundary condition at
z = 0 is set by the back gate. The coupled Schrödinger-
Poisson equations are solved iteratively until convergence
is achieved, using Anderson’s mixing algorithm [102].

B. Band structure

The calculated electrostatic profile �(z) is inserted
into the full Hamiltonian H to obtain the band struc-
ture {"(n)(kx)} and the corresponding eigenstates of the
nanowire. Since the chemical potential is included in
the Hamiltonian, the e↵ective Fermi energy for each

band is set simply by the bottom of the band. We

can find the Fermi momentum in each band, k
(n)
F , by

solving "(n)(k
(n)
F ) = 0. The Fermi velocity is given by

vn
F = d"(n)

dk(n) |k(n)=k
(n)
F

. In addition, from the eigenstates at

k = kF we extract how strongly di↵erent subbands are
coupled to the superconductor, which we define through
the weight of the corresponding state in the supercon-
ductor

WSC = 1 �
X

ny,�

Z LSM
z

0

| (kF )|2dz (7)

We define the gap as the minimum of the energy of

the first excited state: Eg = minkx
|"(n)

BDG(kx)|. At zero
magnetic field, Eg gives an estimate for the induced gap
� = Eg(B = 0).

III. RESULTS

In this section we discuss the results of our numerical
simulations. We first discuss only the electrostatic prob-
lem for both a model of a hexagonal wire and the slab
model introduced above. We then investigate the nature
of the electronic states in a limit of strong coupling be-
tween the semiconductor and superconductor and discuss
their superconducting properties at zero magnetic field.
Then we study properties of the hybrid nanowires in a
finite magnetic field and obtain estimates for the e↵ective
g-factor in the hybrid structure. Finally, we present the
topological phase diagram and compare it with previous
results [84, 103].

A. Electrostatics and density distribution

1. Hexagonal cross section

In order to obtain the correct number of subbands for a
given gate configuration for the wire with the hexagonal
cross section it is su�cient to solve the SP problem using
the Thomas Fermi approximation and simply requiring
the wave function to vanish at the boundaries of the cross
section. The solution of the full SP problem is computa-
tionally expensive due to the shape of the cross section
and unnecessary for the purpose of simply estimating the
number of cross sectional modes. We perform this cal-
culation in COMSOL and obtain eigenstates using the
Kwant package [104].

Our results are summarized in Fig. 3, where we show
the density for all occupied modes below the Fermi en-
ergy. This calculation does not explicitly treat the alu-
minum shell; instead, it assumes that the only e↵ect of
the presence of the Al layer is to induce a band o↵set.
We set this band o↵set to W = �0.25 eV [75], see Ta-
ble I. The approximations used to obtain the results of
Fig 3 cause quantitative inaccuracies for the local density
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FIG. 3. (Color online) (a) Electronic density in the cross-
sectional cut of the nanowire for Vg = 0 obtained the Thomas
Fermi approximation. (b) Square modulus of eigenstates of
the wire in the normal state at B = 0 with energies �0.096,
�0.068, �0.052, �0.023, �0.021, and �0.006 eV for panels 1
to 6 respectively.

of states (LDOS) and the carrier density profile. How-
ever, these results are su�ciently accurate to estimate
the number of electronic cross-sectional modes below the
Fermi energy for a given Vg. In addition, the results
of Fig. 3 (a) show the qualitatively correct result that
for Vg  0 most of the charge density is localized at
the semiconductor (SM)-superconductor (SC) interface
due to the strong band o↵set between the InAs and Al.
This fact means that for the slab model, the thickness of
the SM wire in the z direction does not a↵ect the elec-
tronic properties in a significant way as long as it is few
times larger than the confinement length in the z direc-
tion (⇠ 20 nm). The e↵ective width Ly of the slab model
can then be fixed by requiring the number of subbands
to be equal to the number of cross-sectional modes ob-
tained from the hexagonal calculation, as long as Ly is
also larger than the confinement length in the z direc-
tion. For Vg = 0 the hexagonal cross section results show
that there are six modes, see Fig. 3 (b). From this we
obtain that for the slab model Ly = 52 nm, larger than
the confinement length for Vg = 0. In the remainder all
the results are obtained using the e↵ective slab model
with Ly = 52 nm width and LSM

z = 60 nm thickness for

the SM and L
(SC)
z = 10 nm for Al, as shown in Table I.

2. Slab model

We now switch to the slab model, which explicitly
treats the superconducting Al shell. We self-consistently
solve the coupled Schrödinger-Poisson (SP) equations for
three di↵erent values of Vg to obtain the electrostatic po-
tential �(z) and the density n(z), respectively shown in
panels (a) and (b) of Fig. 4. Since the Al shell is taken to
be metallic with an extremely short screening length, the
electrostatic potential is assumed to be constant through-
out the Al. The dashed line in Fig. 4 (a) shows the
Fermi level in Al. It is worth pointing out that because

�0 ⌧ ✏F , including the pairing term for the Al makes
only a negligible di↵erence to the electrostatic profile.

For Vg  0 the electrostatic potential confines the car-
rier density in a layer about 20 nm wide close to the
SM/Al interface, as shown in Fig. 4 (b). For Vg > 0 the
electrostatic potential is below the Fermi energy also on
the gate side. This allows the accumulation of charges
also near the gate, as shown by the result in Fig. 4 (b)
for Vg = 0.2 V .

B. Nature of electronic states in strong-coupling
limit

We now discuss the nature of the electronic states in
the electrostatic environment determined by the gate as
well as the band o↵set between the semiconducting wire
and the metallic shell. In particular, we will investigate
how strongly states are hybridized between the two ma-
terials depending on the gate voltage.

In the top panels of Fig. 5, we show the electrostatic
profile (cf. Fig. 4) for three values of the gate voltage.
The lower panels show the square of the wave function
| kx=0,ny (z)|2 for all occupied subbands for the corre-
sponding electrostatic profile. Here we have chosen the
momentum of the band bottom, kx = 0, so that all filled
bands are included. The color scale in Fig. 5 indicates the
weight of the wavefunctions in the superconductor (see
Eqn. (7)). In the top panels, we have also superimposed
horizontal lines showing the energy of the corresponding
subbands; furthermore, the intensity of the lines shows
the square magnitude of the wave functions, and in the
semiconducting part the color scale indicates again the
weight in the superconductor.

For the case of Vg = 0 (middle column of panels), we
find 9 hybridized subbands, some of which are mostly
localized in the SM whereas the others have large weight
in the superconductor [105].

For Vg < 0 the electrostatic potential confines the wave
function in the SM to a very narrow region close to the

FIG. 4. (Color online) (a) Electrostatic potential profile �(z)
and (b) electronic density n(z) in the semiconducting part
of the system obtained from a self-consistent Schrödinger-
Poisson calculation for three representative values of the gate
voltage.
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FIG. 12. (Color online) (a) Topological phase diagram and
magnitude of the spectral gap over a range of gate voltages
from zero to very strongly negative. Clearly, the gap at zero
field is largest for negative gate voltages where hybridization
with the Al shell is strongest. The boundaries of the topo-
logical phase are marked with solid black lines. Dependence
of the (b) gap normalized to the bare Al gap Eg/�0 and es-
timates for (c) Fermi velocity and (d) coherence length as a
function of magnetic field for the gate voltages indicated by
dashed lines in (a).

transition in this case is accompanied by a vanishing
quasiparticle gap at kx = 0 which provides another way
of determining of the phase boundary.

It is illuminating to compare the phase diagram of
Fig.12 (a) with previous studies [84, 103]. Adapting the
results of Refs. 27, 28, and 103, the critical magnetic field
for the topological transition is given by

Bc =

p
[✏(kx = 0)]2 + �2

|g| , (9)

where ✏(kx = 0) defines the position of the band bottom
at kx = 0 relative to the Fermi energy in the supercon-

ductor and g is the e↵ective g-factor. As follows from the
discussion above, the e↵ective g-factor can be obtained
by calculating Zeeman splitting at kx = 0.

Having obtained the dependence of ✏(kx = 0), g and �
on Vg, one can draw the boundaries in the (Vg, B) plane
of the topological phase diagram using Eq. (9). These
boundaries are shown in green in the left panels of Fig. 13.
We see that they exactly match the boundaries obtained
by identifying the value of B, Bc, where the gap is closing
�ind = 0. In particular, Eq. (9) gives the correct bound-
aries if the renormalization of the g-factor is taken into
account. On the other hand, if in Eq. (9) we use the bare
SM g-factor, Eq. (9) gives incorrect boundaries, shown
in red in the left panels of Fig. 13. The boundaries ob-
tained using the bare SM g-factor overestimate the size
of the topological region, especially when Vg is strongly
negative, as shown in the bottom left panel of Fig. 13.
As discussed above, this is due to the fact that the value
of the g-factor, in the strong coupling regime, is strongly
renormalized by the hybridization between the SM and
SC states. The right panels in Fig. 13 show the band
structure of the SM-SC nanowire close to the Fermi en-
ergy when �0 ! 0 for the appropriate values of Vg. We
see that for very negative values of Vg, bottom panel,
the SM states are very strongly hybridized with the SC
states. This result is consistent with the fact that for
this case g is much smaller than gSM and therefore the
topological region is much smaller that we would have
obtained assuming g = gSM .

Figures 12 (b)-(d) show the dependence of the gap (b),
Fermi velocity (c), and coherence length (d) on the mag-
netic field, for B > Bc, for di↵erent domes in the topolog-
ical phase diagram shown in Fig. 12 (a). To obtain these
figures we use the representative gate voltages indicated
by the white dashed lines in Fig. 12 (a). For fixed mag-
netic field, the gap decreases with the gate voltage while
the Fermi velocity increases. As a consequence, the co-
herence length increases. The results of Fig. 12 (d) show
that when the topological gap is maximal, ⇠ has values in
the 100 � 300 nm range, and that ⇠ grows linearly with
B for B > Bc. The growth of ⇠ with B is slower for
more negative gate voltages, a reflection of the fact that
for larger negative gate voltages the e↵ective g-factor is
smaller due to the stronger hybridization of the SM’s and
SC’s states. The results of Fig. 12 (d) are important for
the design of Majorana-based qubits since their topolog-
ical protection relies on the exponentially-small splitting
of Majorana zero modes which, in turn, strongly depends
on the coherence length.

IV. SUMMARY AND CONCLUSIONS

We have studied properties of SM-SC nanowires in the
presence of strong external electric fields. Our method is
based on self-consistent Schrödinger-Poisson calculations
which treat the semiconductor and the superconductor
on equal footing. This approach allows one to take into
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Figure 7: (a) Sketch of geometry of SM-SC nanowire. (b) Sketch of the effective 2D model for SM-SC nanowire. (c) Diagram
showing the electrostatic potential in the SM taking into account the band-bending W at the SM-SC interface. (d) Electronic modes
below the Fermi energy in the SM. (e) Topological phase diagram in the the (B, Vg) plane and magnitude of the spectral gap. The
boundaries of the topological phase are marked with solid black lines. (f) Dependence of the g-factor on the gate voltage Vg .

logical phase diagram of semiconductor-SC (SM-SC) nanowires, see Fig. 7 (a), (b), taking into account the
presence of gate-induced electric fields, fields that are using experimentally to control the phase (topological
or trivial) of the wire and to perform various measurements. The approach we developed is based on the
self-consistent solution of the Schrödinger-Poisson equations. The problem is computationally challenging
because the SC is typically a metal (such as Al) with a very large Fermi energy, much larger than the SM’s
Fermi surface. However, we have been able to overcome these difficulties in part taking advantage of the
approximate symmetries of the problem: we first obtained the approximate electronic modes in the fully 3D
geometry, see Fig. 7 (d), and then we used this information to obtain an effective 2D model, Fig. 7 (b), that
requires much less computational resources to model. We have been able to understand the conditions nec-
essary to achieve a strong coupling regime between the SC and the SM. We have found that the band bendin
W at the interface between the SM and the SC, Fig.. 7 (c), plays an essential role in determining the strength
of the hybridization between SM and SC and therefore the magnitude of the superconducting gap induced
(∆ind) in the SM, see. The main results of this work are:
1. Full topological phase diagram as a function of magnetic field B and external gate voltage, Vg, Fig. 7 (e).

Previous works obtained the topological phase diagram as a function of B and the chemical potential µ in
the SM. However, experimentally what is tuned is Vg, not µ, and Vg, by strongly affecting the hybridization,
modifies not just µ but also other parameters of the system such as the g-factor.

2. Dependence of the system’s g-factor on the external gate voltage Vg, Fig. 7 (f). This result is important
because it explains the decrease of the range of values ofB for which the system is in the topological phase,
see Fig. 7 (e), as the coupling between the SM and the SC increases (corresponding to large negative values
of Vg).

One important outcome of our work is that it shows that the optimal operating regime to realize Majorana
states in SM-SC heterostructures in general is not the one that maximizes ∆ind given that an increase of
∆ind is associated with a decrease of the effective g-factor. For each SM-SC heterostructure there is an
optimal hybridization strength that maximizes the region in parameter’s space for which the system is in the
topological phase supporting Majorana modes.
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Figure 8: (a) Phase diagram in the (Vx,Γt) plane identifying the regions, shown in
grey, for which there exist a finite value of uimp such that ω∗ = 0. kF,N/kF,SC = 0.1.
Here the strength of the SOC, αSOC, is such that αSOCkF,SC = 4.2∆0 where kF,SC
is the Fermi wave-vector in the SM with µ = 1.5∆0, and ∆0 is the gap of the SC.
The red dashed line shows the boundary between the trivial and the topological phases.
The dot-dash lines identify the boundaries of the yellow regions where ω∗ < 0.6∆ind,
where ∆ind is the induced gap in the SM. The horizontal dash line is placed at the
value of Γt for which the results shown in (c) were obtained. (b) Same as (a) but
for kF,N/kF,SC = 0.3. (c) Spectrum of impurity-induced bound states as a function
of the Zeeman splitting Vx for fixed uimp. All unspecified parameters values are the
same as in Fig. (a). (d) Spectrum of impurity-induced bound states as a function of the
Zeeman splitting Vx for fixed uimp. All unspecified parameters values are the same as
in Fig. (b).

The unavoidable presence of
impurities in SM-SC heterostruc-
ture can significantly affect the re-
alization and manipulation of Majo-
rana modes. In the most recent ex-
perimental devices the SM and the
SM/SC interface are of very high
quality and expected to have a very
low density of impurities. However,
the SC itself and the top surface of
the SC are expected to have a non
negligible number of defects. For
this reason we have studied the is-
sue of “if” and “how” defects in
the SC alone can affect the realiza-
tion and observation of Majorana
modes in SM-SC heterostructures.
Given that no magnetic impurities
are expected to be present, we con-
sidered the case in which the impu-
rities are scalar. We have obtained
the general formalism to address
the problem of a single impurity in
SC-based heterostructures and stud-
ied in detail the case of quasi 1D
nanowires formed by a SC and SM
with SOC. We have found that, due
the interplay between tunneling and
scattering processes in these struc-
ture we can have impurity-induced
bound states even when the SC is
purely s-wave. In addition we found
that the ratio between the Fermi
wave vector of the SM, kF,N , and
the Fermi wave vector of the SC, kF,SC , largely controls if the impurity bound states will occur in the topo-
logical or trivial phase of the nanowire. The other key parameters are Zeeman splitting Vx and the SM-SC
coupling strength Γt. Figure 8 (a) shows in grey-blue (yellow) the regions in the (Vx,Γt) plane for which
there exist a finite value of impurity strength uimp such that the energy of the bound state is equal to zero
(< 0.6∆ind). The red dashed line shows the boundary between trivial and topological regimes. As the ratio
kF,N/kF,SC increases the area where ω∗ = 0 decreases in the trivial phase and increases in the topological
phase, as shown by Fig. 8 (b). Figure 8 (c), (d) show the evolution of the energy of the impurity-induced
bound state for a fixed value of uimp and two different values of the ratio kF,N/kF,SC. The results of this
part of the project provide guidance for the optimization of superconductor-semiconductor heterostructures:
although a strong tunneling is beneficial to obtain a large gap it also enhances the effect of the impurities
located in the s-wave superconductor on the superconducting state induced in the semiconductor. Therefore,
we find that, when the effect of impurities is included, the optimal coupling to the superconductor is not
strong but intermediate, i.e. Γt ∼ ∆0.
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