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Current-constrained density-matrix theory to
calculate molecular conductivity with increased
accuracy

Manas Sajjan' & David A. Mazziotti'

Molecular conductivity is the quantum flow of electrons through a molecule. Since its con-
ception by Aviram and Ratner, molecular conductivity has been realized experimentally in
molecules and molecular-scale circuits. Significant challenges, however, remain for its pre-
diction with popular theoretical methods often overpredicting conductance by as much as an
order of magnitude. Here we report a current-constrained, electronic structure-based var-
iational principle for molecular conductivity. Unlike existing theories, which set the voltage to
compute the current, the current-constrained variational principle determines the voltage
from an electronic structure calculation in which the current is added as a constraint. We
apply the variational principle to benezenedithiol with gold and nickel leads where it matches
experimental values and trends, improving upon previous theory by as much as 1-2 orders of
magnitude. The current constraint produces a conducting steady state that includes all many-
body effects treatable by the electronic structure calculation.
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conductivity has been experimentally realized in the con-

struction of circuit elements such as conductors, diodes, and
2-4

Since its theoretical conception in the 1970s', molecular

transistors“™* as well as the exploration of quantum phenomena
including Coulomb blockade® and the Kondo effect®. Theoretical
methods for molecular conductivity have been lar§elzf constructed
using one-electron densities or Greens functions’ ™1 as the basic
variables with a few employing the full many-electron wave-
function!’. Although these methods have been successful in
predicting molecular conductivity, limitations exist in their
quantitative accuracy from variability in (1) their establishment of
voltage through a chemical potential and (2) their treatment of
electron correlation in the context of transport. The approxima-
tion of the nonequilibrium Greens functions method with density
functional theory (NEGFT-DFT) is known to overpredict the
current in some benchmark molecules by as much as an order of
magnitude!®23. Here, we propose a new theory of molecular
conductivity that uses a current-constrained variational principle
based on two-electron reduced density matrices (2-RDMs) to
address these limitations.

The current-constrained variational principle fixes the current
as a constraint within the electronic structure calculation. Upon
minimization of the energy of the molecule the current constraint
naturally mixes ground and excited stationary states to generate
the conducting steady state of the molecule. The energy of the
steady state, higher than the ground state by the variational
principle, defines a response energy of the molecule to the con-
ductance from which the required voltage can be computed. The
present approach differs sharply from most existing methods that
first define the voltage through a chemical potential and then
compute the current. Here we apply the variational principle to
computing the molecular conductivity of the benchmark mole-
cule 1,4-benzenedithiol. Although some earlier theoretical studies
of benzenedithiol with gold leads have overestimated the current
by 1-2 orders of magnitude?®?1:>4, the present theory matches
the experimental conductance of 0.01 Gy*>~%°. The theory also
predicts that changing the gold lead to a nickel lead increases the
conductance by a factor of 2 in agreement with experiment>’. We
implement the current-constrained variational Principle through
the direct variational calculation of the 2-RDM?>'~33, which allows
us to treat implicitly the correlated ground and excited states of a
molecule including correlated many-body effects while cir-
cumventing the exponential comgutational cost of a full config-
uration interaction calculation®*=%,

Results

Current-constrained variational principle. The energy of any
many-electron molecule or material may be written as a func-
tional of only two electrons

E= /ZK(IZ)ZD(IZ;ﬁ)dle (1)
where 2D is the 2-RDM
2D(12;12) = N(N — 1)/\1/(12..1\7)\1/* (12.N)d3..dN  (2)

which is normalized to N(N — 1) with N being the number of
electrons and *K the reduced Hamiltonian operator
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Each roman number denotes the spin and spatial coordinates
of an electron. If the 2-RDM is not constrained to represent at
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least one N-electron quantum system, minimization of the energy
with respect to the 2-RDM generates a ground-state energy that is
unrealististically low. This lower bound, however, can be
systematically improved through the addition of necessary
constraints for the 2-RDM to represent at least one N-electron
density matrix, known as N-representability conditions®’3°.
Important, necessary N-representability conditions are the 2-
positivity conditions®*3%38 that constrain three forms of the 2-
RDM, corresponding to two particles, two holes and a particle-
hole pair, to be positive semidefinite

2D(12;12) >0 (4)
Q(12;12) =0 (5)
*G(11;22) >=0. (6)

The notation M >0 indicates that the matrix (or kernel) M is
positive semidefinite. A matrix is positive semidefinite if and only
if its eigenvalues are nonnegative. Physically, these three
constraints ensure that the probability distributions for two
particles, two holes, and a particle-hole pair are nonnegative.
Minimization of the energy as a functional of the 2-RDM
constrained by these matrix inequalities is a special type of
optimization problem known as a semidefinite program32>340,

The current-constrained variational principle adds a constraint
on the current to the energy optimization within an electronic
structure method. In the variational 2-RDM method, the
following constraint can be added to the semidefinite program

/ljlm(lD(l;T))dl =1 (7)

where D is the 1-RDM, !J is the one-electron current operator
defined in the Methods, and I is the target current. The 1-RDM
depends upon two sets of spin and spatial coordinates 1 and T,
respectively. The two sets of coordinates allow the density matrix
to describe not only classical-like probabilities where 1 =1 but
also quantum effects like the coherence of the particle between
two locations 1 and 1. The symbol Im(M) denotes the imaginary
part of the matrix M. Because the current depends on the
imaginary part of the 1-RDM, the semidefinite program and the
matrices within the program must be generalized to the complex
plane (refer to Methods). The modified semidefinite program
minimizes the energy over the convex set of two-positive 2-RDMs
that support the current I. The optimal 2-RDM supports the
current I with the lowest possible energy increase from the energy
of the molecule without the current. This response energy is the
smallest energy required by the molecule to support the current.
Importantly, the steady state of the molecule with conductivity is
a complex superposition of ground and excited states. This
complex superposition, driven by the competing goals of energy
minimization and current constraint feasibility, consistently treats
both electron transport and electron correlation within a single
correlated electronic structure calculation. The constrained
minimization, balancing optimality and feasibility, generates a
unique 2-RDM (and current) at the boundary of the set. Because
the current arises from a one-body operator (or matrix), the
current at the boundary can be decomposed into contributions
from each eigenfunction (natural orbital) of the 1-RDM, which
can be interpreted as the contributions to the current from
different “energy” channels.

The solution of the current-constrained semidefinite program
generates a response energy that can be related to the electric field
and the voltage. Microscopically, the applied voltage produces an
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Fig. 1 Schematic of the 1,4-benzenedithiol molecule. The 1,4-benzenedithiol
molecule, connected to gold-atom leads, has been used extensively to
benchmark both experimental?>-2%47 and theoretical studies?0:2"24

electric field that produces the current through a charge
polarization of the molecule. Assuming a uniform electric field,
which is reasonable given the size of the leads relative to the
molecule, we can compute the voltage V from the electric field
strength €

V=¢lL (8)

where L is the length of the molecule and leads explicitly treated
in the calculation. The response energy of the molecule to the
electric field can be expressed as a quadratic function of electric
field strength

AEgy = a¢? )

where o is the molecule’s polarizability. Assuming that the
response of the molecule to the current is comparable to its
response to the electric field, which is reasonable given the
microscopic role of the charge polarization in producing the
current, we can rearrange Egs. (8) and (9) to obtain a formula for

the voltage
1/2
V — L AECUI‘I‘ /
o

as a function of AE_,,,, L, and a.

The voltage in Eq. (10) has trends with respect to changes in
length, polarizability, and current that are consistent with
expectations. The voltage, for example, increases linearly with
length L, thereby showing that it is size extensive. A property is
size extensive if it scales linearly with system size. Because both
the response energy AE_,,, and the polarization « increase linearly
with L, the ratio AE,,,/a does not scale with L, and the voltage
has a linear dependence on L. Furthermore, as the polarizability
of the molecule increases, the voltage decreases, reflecting the
microscopic origin of conductivity in charge polarization. Finally,
the energy response of the molecule to the current constraint is
computed from the solution of the semidefinite program. The
energy response can be viewed as arising from a linear but
imaginary perturbation in the Hamiltonian owing to the applied
current. Because the first-order change in energy vanishes, the
linear change in the Hamiltonian generates a second-order
change in the energy, scaling quadratically in the current. The
square root of the energy response in Eq. (10), therefore, causes
the voltage to scale linearly with the current I at low currents.
Hence, we observe the emergence of Ohm’s law directly from the
variational principle and perturbative arguments.

(10)

Application to 1,4-benzenedithiol. The current-constrained
variational principle, implemented in the variational 2-RDM
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method, was applied to computing the conductance of the 1,4-
benzenedithiol molecule, shown schematically in Fig. 1, which has
been used extensively to benchmark both experimental>>~2° and
theoretical studies!®!7-20:21:2441-43 ' Eor each target current, we
computed the response energy by the variational 2-RDM method
from which we obtained the voltage by Eq. (10). Calculations
were performed for both a gold-atom and a nickel atom lead.
Owing to the small size of the molecule a single atom lead is a
reasonable, first-order approximation to the atomistic junction
between the lead and the molecule. Although the average current
across the entire molecule and lead was constrained within the
variational calculation, we report the average current confined to
the lead, which is the location where the current is experimentally
measured. Unlike the current in a classical wire, the quantum-
mechanical current has a non-vanishing dispersion about the
average because the Hamiltonian operator and the current
operator do not typically commute. Computations with the var-
iational 2-RDM method?'3% were performed in a finite basis set
with a subset of the orbitals, known as active orbitals, being
correlated beyond mean field. Additional details including the
solution of the complex-valued semidefinite program are pro-
vided in the Methods section.

Figure 2a shows the I-V curves from a range of theoretical
methods?®?!4 and experiment®> as well as from the variational
2-RDM method (labeled 2-RDM). NEGF-DFT results?®2! are
shown from a range of density functionals including PZ, B3LYP,
and MO06. All three of these methods yield currents that are 1-2
orders of magnitude larger than those from the experiment. It is
well-known that DFT with NEGF tends to overpredict the
conductance by a significant amount, potentially orders of
magnitude!'®22. The overprediction has been attributed to several
factors including the energetic positioning of the Kohn-Sham
orbitals. The current-constrained 2-RDM method, in contrast,
yields currents that match the experimental results for the range
of available voltages. Although the overprediction of the current
by theory has occurred for more than one lead geometry, one
cannot exclude that differences between the experimental and
theoretical treatments of the leads contribute to the over-
prediction. Although the 2-RDM and experimental currents
appear to be zero in Fig. 2a relative to previous predictions,
Fig. 2b displays the base-10 log of the conductance as a function
of the voltage, showing that the currents from the 2-RDM
method are nonzero and essentially equivalent to those from the
experiment. Table 1 compares the computed and measured
conductances from several theories and experiments with the
conductance from the current-constrained variational 2-RDM
method. Although previous theoretical studies overpredict the
conductance as discussed above, both the 2-RDM method and the
majority of experiments predict a conductance of 0.01 G, for 1,4-
benzenedithiol with gold leads.

Chemical substitution has a large role in controlling con-
ductivity in molecular circuit design. Molecular changes can be
made not only to the molecule but also to the linkers and the
leads. Here, we explore the effect of substituting gold-atom leads
with nickel atom leads in 1,4-benzenedithiol. Figure 3 shows the
I-V curves of 1,4-benzenedithiol with the gold and nickel leads.
Benzenedithiol with the nickel leads is predicted by the 2-RDM
method to have approximately twice the conductance of the
molecule with the gold leads. This result is consistent with a
recent experiment which found that the conductivity was
enhanced by a factor of two’°.

Discussion
The current-constrained variational principle employs a current
constraint to produce a steady state for the conductivity in a
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Fig. 2 Conductivities from theory and experiment. a The [-V curve from the
constrained-current variational 2-RDM method (labeled 2-RDM) is
compared with the [-V curves for 1,4-benzenedithiol with gold leads from a
range of theoretical methods20-2124 and experiment2°. Many of the
previous theoretical calculations yield currents that are 1-2 orders of
magnitude larger than those from the experiment?>; the current-
constrained 2-RDM theory, in contrast, yields currents that match the
experimental results29-28 for the range of available voltages. b Although
the 2-RDM and experimental currents appear to be zero in a relative to
previous predictions, the graph in b displays the base-10 log of the
conductance as a function of the voltage, showing that the currents from
the 2-RDM method are nonzero and essentially equivalent to those from
the experiment

Table 1 Comparison of the computed and measured
conductances from several theories and experiments

Source Conductance (Gp)

DFT/tightbinding?4 0.058
NEGF-DFT(PZ)%0 0.57
NEGF-DFT(MO06)?! 0.25
NEGF-DFT(B3LYP)?' 0.21

Expt2> 0.011
Expt?8 0.01-0.015
Expt2® 0.01
Expt2’ 0.01
Expt2? 0.01-0.08
2-RDM(present) 0.0102

While previous theoretical studies overpredict the conductance, both the 2-RDM method and
the majority of experiments predict a conductance of ~0.011 G, for 1,4-benzenedithiol with gold

leads where 1 Go = 2e%/h
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Fig. 3 Conductivities from gold and nickel leads. a The I-V curves of 1,4-
benzenedithiol with the gold and nickel leads are compared. b The base-10
log of conductance versus V curves of 1,4-benzenedithiol with the gold and
nickel leads are compared. Benzenedithiol with the nickel leads is predicted
by the 2-RDM method to have approximately twice the conductance of the
molecule with the gold leads, which is consistent with recent experimental
observations3°

molecule. The current constraint naturally mixes ground and
excited states to produce the steady state. Unlike methods based
on scattering theory, this theory of molecular conductivity is
more easily interfaced with electronic structure methods to
compute electron correlation. Here, we implemented the current-
constrained variational principle in the context of variational 2-
RDM calculations®! =33, which can treat strong electron correla-
tion. Application of the theory to the 1,4-benzenedithiol molecule
with gold-atom leads improves the conductances from existing
theories by 1-2 orders of magnitude?®?!?4, matching experi-
mentally measured conductances of 0.01 Gy>>~2%. Because the
theory does not set the voltage like other theories for molecular
conductivity, it can also be used to compute the conductance of a
molecule in the absence of leads, the intrinsic conductance of the
molecule. The present work shows that a current-constrained
electronic structure theory can effectively treat molecular con-
ductivity without a priori defining a voltage or invoking scattering
theory. Although we have employed the variational 2-RDM
method, the current-constrained variational principle can in
principle be combined with other electronic structure methods.
The ability to treat molecular conductivity with the framework of
correlated ab initio electronic structure methods like the varia-
tional 2-RDM method may open new possibilities for the accurate
prediction of molecular conductance and rectification in strongly
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correlated molecules as well as the study and exploitation of
purely quantum effects such as quantum interference'®

Methods

Variational 2-RDM theory. The current-constrained variational principle is
implemented through the direct variational calculation of the 2-RDM in a finite
basis set>! 33, The energy is minimized as a functional of the 2-RDM subject to N-
representability constraints®’ > as well as a current constraint. We employ a
necessary set of N-re esentablhty constraints known as the two-positivity (or
DQG) conditions®>3>38, which constrain three matrix forms of the 2-RDM to be
positive semidefinite. Because the constraints relating these forms as well as the
current constraint are linear, the minimization is a special form of optimization
known as a semidefinite program. A generalization of a linear program, a semi-
definite program minimizes a linear function of matrices subject to constraints that
the matrices are positive semidefinite as well as linear constraints relating the
elements of the matrices®>33. The semidefinite program for the resulting 2-RDM-
based optimization is given by

min Tr(*K *D) (1)
suchthat>’D>0 (12)
Q=0 (13)

2G=0 (14)
Tr('JIm('D)) =1, (15)

where 2K and ] are the matrices from the two- electron reduced Hamiltonian
operator 2K and the one-electron current operator '] in the finite ba51s set and I is
the target current. The elements of the one-electron current matrix lyare computed

from
L/2
Y
—L/2

in which « is the one-electron coordinate in the direction « of the current, s denotes
the one-electron coordinates of the surface perpendicular to %, L is the length of the
molecule, and ¢, are the real-valued basis set orbitals. An optimization problem

that is a semidefinite program has two particularly important properties: (i) it can
be solved in polynomial time, and (ii) any local minimum is the global minimum.

‘ ¢p s, K)(—‘ . k)qbq(s, x)dsdx, (16)

Complex-valued semidefinite programming. Once the current is added to the
molecule, the 2-RDM becomes Hermitian with its imaginary component con-
taining information about the current. The complex-valued semidefinite program
can be solved by mapping it to a real-valued semidefinite program. Just as a
complex number can be represented by a real 2 x 2 matrix, a Hermitian matrix M
of dimension d x d can be written as a real symmetric matrix S of dimension 2d x

24445,
s ( Re(M)

Im(M)
~tm () ) (a7)

Re(M)

The restriction that M is positive semidefinite M >0 is equivalent to the
restriction that § is positive semidefinite $>=0. With this complex-to-real mapping
the semidefinite program is solved for the molecular conductivity by an efficient
boundary-point algorithm3? for semidefinite programming.

Complete active-space and basis sets. In the results presented here the varia-
tional 2-RDM calculation is performed for a subset of r, orbitals known as the
active orbitals. A complete active-space 2-RDM calculation*® has the following
steps: (1) initial molecular orbitals are computed from a Hartree-Fock calculation,
(2) the active orbitals are correlated through a variational 2-RDM calculation, (3)
the active orbitals are mixed with the remaining (inactive) orbitals to lower the
energy, and (4) steps two and three are repeated until convergence. In the active-
space variational 2-RDM method with 2-positive (DQG) conditions, an r,f varia-
tional 2-RDM calculation takes the place of an exponentially scaling e'« config-
uration interaction calculation.

Calculations of 1,4-benzenedithiol with gold and nickel atom leads were
performed in an active-space of 16 electrons in 15 orbitals with the orbitals being of
7 symmetry. The basis set was 6-311G* for sulfur, 6-311G for carbon and
hydrogen, and LANL2TZ (with effective core potential (ECP)) for the metals. The
length of the molecule in Eq. (16) was set to the dispersion of r in the direction of
the applied current in the zero-field limit, which measures the length of the
molecule by the extent of its electron cloud. At finite fields the dispersion (length)
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of the molecule was kept fixed to its zero-field value by an additional constraint in
the semidefinite program. This constraint, however, was not found to affect the
result significantly, and in most cases it can be neglected.

Data availability. The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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