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Efficient and Robust High-Order Methods for Fluid and Solid Mechanics
P.-O. Persson, Dept. of Mathematics, University of California, Berkeley

Objectives

The goal of the project was to develop new numerical schemes and solvers for high-order accurate
simulations of problems in fluid and solid mechanics. Three main areas were addressed – space-
time methods for domains with large deformations, implicit matrix-free solvers for sparse line-
based discretizations, and applications to problems with highly turbulent flow. The project has
led to significant developments in space-time mesh generation for complex flow problems, entropy
stable line-based discontinuous Galerkin discretizations, low-memory Kronecker SVD factorizations
applied to preconditioning, practical solvers for fully implicit Runge-Kutta methods, partitioned
multiphysics solvers based on IMEX schemes, and new high-order schemes for shock tracking. The
results were applied to important real-world problems, such as the high-order simulation of shock
boundary-layer interaction. The findings were disseminated through a wide range of publications,
presentations, and public domain software.

Accomplishments

During the award period, we have conducted several significant research efforts in the general area
of high-order accurate numerical methods for solving partial differential equations on unstructured
meshes. It is widely believed that these new methods will eventually replace the more traditional
simulation techniques for challenging problems in fluid and solid mechanics, for example with
propagating waves, turbulent flow, nonlinear interactions, and multiple scales. However, several
new developments are required to make high-order methods competitive, such as more efficient
numerical solvers and increased robustness. Our work has addressed many of these issues, and
below we summarize the research that we have carried out.

High-Order Space-Time Discontinuous Galerkin Methods for Moving Domains

Here, we give a concise summary of our work on space-time meshes and discontinuous Galerkin
methods. For more details, see [2, 4, 3].

Motivation

A challenging problem in the numerical solution of PDEs is how to obtain high-order accuracy
in the presence of moving domains with large deformations. The popular Arbitrary Lagrangian-
Eulerian (ALE) method can be viewed as a mapping-based approach which, together with appro-
priate treatment of the Geometric Conservation Law (GCL), allows for arbitrarily high orders of
accuracy in both space and time. However, the method requires smooth mappings between the ini-
tial (or reference) frame and the actual physical configuration. These can be generated for domains
undergoing moderate deformations, such as pitching and heaving airfoils, or structures with small
deformations. But many other applications require topological changes to maintain a well-shaped
mesh/transformation, e.g. rotating machinery or configurations involving multiple moving objects.

In our work [4, 3], we proposed a framework for solving systems of conservation laws on moving
meshes to an arbitrary degree of accuracy in both space and time. The method is based on
the assumption that the unstructured moving meshes can be produced by a sequence of entirely
local operations. This produces high-quality meshes throughout the simulation, and provides a
simple description of the mesh changes between each timestep. Using this information we can
construct efficient numerical schemes based on high-order discontinuous Galerkin formulations,
and we consider both space-time and ALE/projection-based methods in 2D and 3D.

1
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The DistMesh mesh generator

The so-called DistMesh method is based on iterative updates of the positions of the N interior
mesh nodes p(n), n = 1, . . . , N , driven by spring-based forces Fi for each edge i adjacent to node
n, of the form:

p(n+1) = p(n) + δ
∑

i

Fi, |Fi(l)| =
{
k(l − l0) if l ≥ l0,
0 if l < l0.

(1)

Here, δ is a pseudo-timestep, k is the spring constant, l0 is the desired edge length, and l is the
actual edge length. In addition, the mesh generator employs local element topology modifications,
such as the simple edge flipping in 2D or more complex operations in 3D. Here, we assume that
each element can be flipped once during each sweep, but multiple rounds during each time step.

Space-Time mesh generation

Noting that our moving meshes are defined by entirely local operations (node movements and
element flips), we are able to define provably good space-time meshes. These are based on fully
unstructured simplex elements, that is, tetrahedra in 2D+time and 4D simplices in 3D+time. We
restrict our method to slab-based space-time meshing, that is, all elements have uniform size in the
temporal direction. However, extending this to adaptivity in time using local refinement should be
straight-forward, even for the 4D elements.

The method for choosing appropriate space-time elements is mostly combinatorial, and uses
node data only to allow for choosing the highest quality configurations. For details, see [3].

Space-Time discontinuous Galerkin discretization

Using our space-time meshes, we define a high-order accurate discontinuous Galerkin (DG)
method as follows. The scheme is based on a fully consistent discretization in both space and time,
and allows for arbitrary mesh deformations and topology changes.

Consider a system of conservation laws of the form

∂u

∂t
+∇X · F inv(u) = ∇X · F vis(u,∇Xu) (2)

with appropriate initial and boundary conditions. We write this in a space-time form and use the
standard technique of splitting into a first-order system:

∇XT · F̃ inv(u) = ∇X · F vis(u, q), (3)

∇Xu = q. (4)

Next, we define the broken DG spaces VhT and Σh
T associated with a triangulation T h[0,T ] = {K}

of the space-time domain Ω[0, T ] as:

VhT = {v ∈ [L2(Ω[0, T ])]5 | v|K ∈ [Pp(K)]5 ∀K ∈ T h[0,T ]}, (5)

Σh
T = {σ ∈ [L2(Ω[0, T ])]5×3 | σ|K ∈ [Pp(K)]5×3 ∀K ∈ T h[0.T ]}, (6)

2

DISTRIBUTION A: Distribution approved for public release.



Now, discretize the first-order system using a standard DG formulation on the space-time domain
Ω[t1, t2]:

−
∫

K
F̃ inv(uh) : ∇XT vh dx+

∮

∂K
( ˜̂F inv · n) · vh ds

= −
∫

K
F vis(uh, qh) : ∇Xvh dx+

∮

∂K
( ̂F vis · ns) · vh ds, ∀vh ∈ VhT (7)

∫

K
qh : σh dx = −

∫

K
uh · (∇X · σh) dx+

∮

∂K
(ûh ⊗ ns) : σh ds, ∀σh ∈ Σh

T . (8)

For more details, including the details on how to assemble and solve the resulting nonlinear systems
of equations, see [2,3].

Results

To demonstrate the accuracy of our proposed methods, we consider the standard test problem of
an isentropic Euler vortex. We use polynomial degrees p of 1, 2, and 3, and obtain numerically the
expected optimal orders of accuracy p+1. See [2,3] for demonstrations on more complex problems,
including flow problems in both 2D and 3D which show the ability of our method to deal with
complex domain motions.
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Approximate tensor-product preconditioners for very high order DG methods

Here we provide a short overview of our work on tensor-product preconditioners. More details
are provided in [17, 21, 22].

Motivation

The goal of our work is to develop a new tensor-product based preconditioner for discontinuous
Galerkin methods with polynomial degrees higher than those typically employed. This precondi-
tioner uses an automatic, purely algebraic method to approximate the exact block Jacobi precondi-
tioner by Kronecker products of several small, one-dimensional matrices. Traditional matrix-based
preconditioners require O(p2d) storage and O(p3d) computational work, where p is the degree of
basis polynomials used, and d is the spatial dimension. Our SVD-based tensor-product precon-
ditioner requires O(pd+1) storage, O(pd+1) work in two spatial dimensions, and O(pd+2) work in
three spatial dimensions. Combined with a matrix-free Newton-Krylov solver, these preconditioners
allow for the solution of DG systems in linear time in p per degree of freedom in 2D, and reduce the
computational complexity from O(p9) to O(p5) in 3D. Numerical results are shown in 2D and 3D
for the advection, Euler, and Navier-Stokes equations, using polynomials of degree up to p = 30.
For many test cases, the preconditioner results in similar iteration counts when compared with the
exact block Jacobi preconditioner, and performance is significantly improved for high polynomial
degrees p.

3
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Figure 1: Initial conditions (density) for Euler vortex on unstructured mesh.

Tensor-product preconditioners

We draw inspiration from the tensor-product structure often seen in finite-difference and spectral
approximations to, e.g. the Laplacian operator on a nd cartesian grid, which can be written in one,
two, and three spatial dimensions, respectively, as

L1D = Tn, L2D = I ⊗ Tn + Tn ⊗ I, L3D = I ⊗ I ⊗ Tn + I ⊗ Tn ⊗ I + Tn ⊗ I ⊗ I, (9)

where Tn is the standard one-dimensional approximation to the Laplacian. Given a general conser-
vation law, the flux function F is not required to possess any particular structure, and thus the DG
discretization of such a function will not be exactly expressible in a similar tensor-product form.
That being said, many of the key operations in DG are expressible in a similar form. Therefore, in
order to precondition a diagonal block A of a matrix, we look for tensor-product approximations
of the form

A ≈ P =
r∑

j=1

Aj ⊗Bj in 2D, (10)

A ≈ P =
r∑

j=1

Aj ⊗Bj ⊗ Cj in 3D, (11)

for a fixed number of terms r, where each of the matrices Aj , Bj , and Cj are of size (p+1)× (p+1).
Given r, it is possible to find the best possible approximation (in the Frobenius norm) of the form
(10) to an arbitrary given matrix by means of the Kronecker-product singular value decomposition
(KSVD).

Results

As an example, we consider the compressible Euler equations of gas dynamics in two dimensions.
A typical model problem of an Euler vortex is shown in Figure 1. In our performance evaluation,
we compare the runtime of the Kronecker-product preconditioner with the exact block Jacobi
preconditioner. Although we have observed that for large time steps ∆t or polynomial degrees p,
the KSVD preconditioner requires more iterations to converge, it is also possible to compute and
apply this preconditioner much more efficiently. Here, we compare the wall-clock time required

4
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to compute and apply the preconditioner, respectively, for p = 3, 4, . . . , 15. The block Jacobi
preconditioner is computed by first assembling the diagonal block of the Jacobian matrix using
an efficient sum-factorized form, and then computing its LU factorization. The wall-clock times
for these operations are shown in Figure 2. We remark that we observe the expected asymptotic
computational complexities for each of these operations, where forming the Jacobi preconditioner
requires O(p6) operations, and applying the Jacobi preconditioner requires O(p4) operations. Both
forming and applying the approximate Kronecker-product preconditioner can be done in O(p3)
time.
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Figure 2: Wall-clock time required to form and apply the KSVD and Jacobi preconditioners

Future work for further improving the performance of this preconditioner include systematic
treatment of viscous fluxes and second-order terms, and fast inversion of sums of more than two
Kronecker products allowing for treatment of off-diagonal blocks in the context of an ILU-based
preconditioner. Also of interest is the investigation of the performance of the preconditioner when
used as a smoother in p-multigrid solvers.

Stage-Parallel Implicit Runge-Kutta Time-Integration

Here, we give a concise summary of our recent work on fully Implicit Parallel-in-Time Runge-
Kutta solvers. The details are reported in our JCP paper [16].

Motivation

Implicit time integration methods for DG have been much studied. Both the multi-step back-
ward differentiation formulas (BDF) and single-step diagonally implicit Runge-Kutta (DIRK) meth-
ods have been successfully applied to discontinuous Galerkin discretizations for fluid flow problems.
These methods have some limitations: BDF schemes can be A-stable only up to second-order (the
famous second Dahlquist barrier), a severe limitation when used in conjunction with a high-order
spatial discretization. On the other hand, there exist high-order A-stable (and even L-stable) DIRK
schemes, but these methods have a low stage-order, often resulting in order reduction when applied
to stiff problems.

The Radau IIA methods, one class of the so-called fully implicit Runge-Kutta (IRK) methods,
are high-order, L-stable, and have relatively high stage order. These methods suffer less from order
reduction when applied to stiff problems, and they require only a small number of stages s, with
the order of accuracy given by p = 2s − 1. They have the drawback that each step involves the

5
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solution of large, coupled linear systems of equations. The difficulty in efficiently implementing
such methods has caused them to remain not widely used or studied for practical applications.

In our work, we have developed a new strategy for efficiently solving the resulting large linear
systems by means of the iterative preconditioned GMRES algorithm. A simple transformation of the
linear system results in a significant reduction of the cost per GMRES iteration. Furthermore, the
block ILU(0) preconditioner, used successfully with implicit time-integrators for the discontinuous
Galerkin method before, proves to be effective also for these large systems. A shifted, uncoupled,
block ILU(0) factorization is also found to be an effective preconditioner, with the advantage of
allowing parallelism in time by computing the stage solutions simultaneously.

Implicit Runge-Kutta Methods

A general s-stage Implicit Runge-Kutta (IRK) Method for the system of ODEs M ∂u
∂t = f(u)

has the form

Mki = f


t0 + ∆tci,u0 + ∆t

s∑

j=1

aijkj


 , (12)

u1 = u0 + ∆t

s∑

i=1

biki. (13)

The coefficients can be expressed compactly in the form of the Butcher tableau,

c1 a11 · · · a1s
...

...
. . .

...
cs as1 · · · ass

b1 · · · bs

=
c A

bT
. (14)

A number of well-known properties can be determined directly from this form: (i) for a general
Butcher tableau A, the method is called an Implicit Runge-Kutta method (IRK), (ii) for A lower
triangular, the method decouples into s separate implicit systems and is called a Diagonally IRK
method (DIRK), (iii), if the method is A-stable, A is invertible, and as,i = bi, then the method is
also L-stable. Here, we only consider L-stable schemes since this appears to be a requirement for
real-world CFD computations. We study a number of DIRK and Radau IIA schemes.

Efficient solution of IRK systems

For increased sparsity in the corresponding nonlinear systems, we change variables from stage
derivatives K 

Is ⊗M −∆t




a11J1 · · · a1sJ1
...

. . .
...

as1Js · · · assJs





K = R, (15)

into stage solutions W = (A⊗ In)K:


A

−1 ⊗M −∆t




J1 0 · · · 0
0 J2 · · · 0
...

...
. . .

...
0 0 · · · Js





W = R. (16)

6
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Figure 3: Stage-parallel partitioning of the ma-

trix B = A−1 ⊗M − ∆t
(
J1 0
0 J2

)
. The color of

the matrix entries indicates the node to which it
belongs.

Node 1, CPU 1

Node 1, CPU 2

Node 2, CPU 1

Node 2, CPU 2

Node 3, CPU 1

Node 3, CPU 2

Node 4, CPU 1

Node 4, CPU 2

︸ ︷︷ ︸
Stage 1

CPU 1
Nodes 1–4

︸ ︷︷ ︸
Stage 2

CPU 2
Nodes 1–4

This reduces the cost of matrix-vector multiplication, to scale almost linearly with s. Next we
introduce a stage-uncoupled shifted block ILU(0), which ignores the coupling between stages in the
preconditioner: 



L̃1Ũ1 0 · · · 0

0 L̃2Ũ2 · · · 0
...

...
. . .

...

0 0 · · · L̃sŨs


 , (17)

where L̃iŨi is the block ILU(0) factorization of a matrix of the form
(
A−1ii + αi

)
M −∆tJi. The

shifts αi compensate for the ignored mass matrices, an emperically good choice is αi =
∑

j 6=i

∣∣∣A−1ji
∣∣∣.

This stage-uncoupled preconditioner is not only efficient in serial, but also allows for perfect
parallelization across the stages. The high level of communication between the stages can be
resolved by scheduling to shared memory compute nodes, which is illustrated in Figure 3. This
effectively results in a factor of s smaller domain decompositions, with better ILU performance and
better strong scaling.

Results

For examples of the performance of the methods, we study the LES flow around a NACA
airfoil at high angle-of-attack and Reynolds number 40,000. Figure 4 (left) shows the error vs.
computational work for two high-order IRK and DIRK methods, which shows that in general the
IRK schemes outperform the traditional DIRK schemes significantly.

To demonstrate the parallel performance, we solve a large-scale similar 3D problem. Figure 4
(right) shows the number of matrix-vector multiplications as a function of number of compute
processes, which is generally an increasing dependency because of the parallelization of the ILU
preconditioner. However, the stage-parallel solver (P) reduces this effect. In addition, although not
measured in these plots, the stage-parallelism should also increase the strong scaling by roughly a
factor of s.

IMEX-based partitioned time-integration of multiphysics problems

Here, we give a short summary of our recent work on IMEX-based partitioned time-integration
for general multiphysics problems. For more details, see [23, 31, 27].

7
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Figure 4: Log-log plots of L∞ errors vs. wall-clock time for the NACA LES test case (left). Log-log
plot of average number of equivalent multiplications vs. number of processes (right).

Motivation

We have previously proposed a high-order accurate time-integrator for coupled Fluid-Structure
Interaction (FSI) problems, based on Runge-Kutta IMEX schemes [1]. In our current work, we are
extending this method to more general multiphysics problems, and in particular to the so-called
2-field and 3-field formulations for FSI problems. The result is an efficient time-integrator that
de-couples the solution process for each physical regime, while retaining the high-order temporal
accuracy.

Overview of n-way coupled multiphysics setting

We have completed the implementation of a general n-way coupled multiphysics environment
that is being used in a 2-field and 3-field fluid-structure interaction setting. The multiphysics
environment is based on n single-physics discretizations, each of which depends on its own state as
well as a coupling term. Let ri denote the spatial discretization of the ith single physics equation,
ui and ci denote the corresponding state and coupling term, Mi is the mass matrix, and µ a vector
of parameters

Miu̇i = ri(ui, ci, µ), i = 1, . . . , n.

In general, the coupling term ci will depend on all of the state u1, . . . , un, therefore coupling all
equations

Miu̇i = ri(ui, ci(u1, . . . , un, µ), µ) = 0, i = 1, . . . , n.

In the 2-field FSI setting, the fluid, based on a Arbitrary Lagrangian-Eulerian (ALE) formula-
tion, is taken as the first single physics equation and we are currently considering a simple model
problem for the structure that consists of a mass-spring-damper system

Mf u̇f = rf (uf , cf , µ)

Msu̇s = rs(us, cs, µ).
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The fluid state, uf , is the ALE-transformed fluid state and the coupling term, cf , consists of the
fluid mesh position, x, and velocity, ẋ. The structure coupling term, cs, is the force applied to the
mass in the mass-spring-damper system. The individual physics are coupled as follows: the fluid
mesh position/velocity depends on the structure state and the force on the structure depends on
the structure’s position as well as the fluid state

cf (uf , us) = (x(us), ẋ(us))

cs(uf , us) = t(uf , us).

We have also implemented a 3-field FSI approach where the fluid, structure, and mesh deformation
are taken as separate fields.

This framework has been implemented in a modular and extensible C++ environment and
currently uses 3DG for the fluid solver and in-house structure and mesh motion solvers.

IMEX Runge-Kutta solver for high-order partitioned temporal integration

With the general form of the n-way multiphysics coupling established, we turned to a high-
order partitioned temporal solver, that is, allows the re-use of single-physics solvers while achieving
high-order accuracy and maintaining stability. For this purpose, we use an additive Implicit-
Explicit Runge-Kutta (IMEX-RK) solver with carefully chosen implicit/explicit partition that en-
sures single-physics solvers can be re-used. To demonstrate the solver, the special case of 2-field
FSI is considered

Mf u̇f = rf (uf , cf (uf , us), µ)

Msu̇s = rs(us, cs(uf , us), µ).

This can be abstracted into the following monolithic system

Mu = f(u, µ) + g(u, µ)

where the mass matrix and state vector are

M =

[
Mf

Ms

]
, u =

[
uf
us

]

and the right-hand-side has been additively split into two terms: one which will be handled im-
plicitly (g) and one explicitly (f). Let c̃s be a prediction of cs(uf , us) that depends solely on the
solution at previous timesteps. Then the following choice for the additive decomposition leads to a
partitioned method since the structure component of the implicit term is independent of the fluid

f =

[

rs(us, cs(uf , us), µ)− rs(us, c̃s, µ)

]
, g =

[
rf (uf , cf (uf , us), µ)

rs(us, c̃s, µ)

]
.

Numerous tests have shown that c̃s = cs(uf (t−∆t), us(t−∆t)) works quite well. This high-order
partitioned solver has also been extended to handle a 3-field FSI formulation. Furthermore, it has
been implemented in our C++ codebase on a number of 2-field and 3-field FSI model problems
and up to 5-order convergence rate has been verified.

Adjoint-based sensitivities for coupled multiphysics problems

The fully discrete sensitivity (forward) and adjoint (backward) methods corresponding to the
primal solver described above have been derived. As expected, these linearized approaches inherit
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Figure 5: Airfoil in isentropic, viscous flow connected to a damper with damping constant c. The
pitch of the airfoil is parametrized and the heave is determined through force balance in the vertical
direction (between the force in the damper, gravity, and the force induced on the foil by the fluid).
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Figure 6: Convergence history of optimization solver

the partitioned nature of the primal solver and do not require specialized monolithic solvers. How-
ever, they do require matrix-vector products with derivatives (and their transpose) that do not
appear in the primal solver, such as:

∂rf
∂us

v,
∂rf
∂us

T

w.

Since only matrix-vector products are required, we do not need specialized monolithic data struc-
tures that would normally be required to store ∂rf/∂us. Additionally, our extensive use of symbolic
differentiation and code generation makes such terms readily available.

The fully discrete sensitivity and adjoint methods have been implemented in our C++ codebase
for both the 2-field and 3-field FSI solvers and the resulting gradients of various quantities of interest
have been verified with finite differences.

Results

We demonstrate the fluid-structure optimization capabilities of our code by considering the
design of a fluid-mass-damper system (Figure 5) as an optimal energy harvesting mechanism. Let
Ey be the energy stored in the damper, Eθ be the energy required to drive the flapping motion,
and consider the optimization problem of maximizing Ey (the energy extracted from the system)
subject to a bound on Eθ (a fixed budget of input energy)

minimize
µ

Ey(µ)

subject to Eθ(µ) ≤ Ēθ.
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Figure 7: Flow vorticity around airfoil undergoing optimal pitching motion for energy extraction.
Snapshots are taken at six equally spaced time instances.

In this problem, the parameters µ control the trajectory of the pitching motion of the airfoil
(Figure 5) and the vertical motion is determine through a force balance (a single degree of freedom
structure in this preliminary FSI example). The convergence history of the optimization solver
(IPOPT in this case) is shown in Figure 6; the non-smooth cutoff occurs when an optimization
variable hits a bound. Within 13 iterations, the extracted energy (Ey) has increased substantially,
while staying within the input energy budget. The trajectory of the airfoil and flow vorticity
corresponding to the optimal pitching motion θ(µ∗, t) are shown in Figure 7.

Optimization-based high-order shock tracking

Here, we give a short summary of our recent work on high-order accurate curved shock tracking
schemes for the discontinuous Galerkin method. For more details, see our JCP paper [26] and
AIAA SciTech papers [30, 24].

Motivation

While much progress have been made in the development of high-order methods, they are
still suffering from the lack of nonlinear stability. This limits their impact on many important
applications, in particular ones involving shocks since even small oscillations in the solution can
cause non-physical results. We have developed an alternative approach for handling shocks in a
high-order DG method, which is more closely related to shock tracking and r-refinement than shock
capturing. It is based on the observations that if a (curved) face of an element is perfectly aligned
with a shock, the approximate Riemann solver will provide the appropriate stabilization and allow
for high-order approximations of the solution on both sides of the discontinuity. The difficulty with
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these methods is that the DG method without additional stabilization is highly sensitive to the
location of the elements, and a very small mismatch will in general result in oscillations and prevent
convergence. Instead we recast the nonlinear, discrete equations as a PDE-constrained optimization
problem where the objective function is an appropriate shock indicator, the constraints are the DG
discretization of the conservation law, and the optimization variables are the discrete PDE solution
and the positions of the nodes of the mesh. The mesh deformation is handled by transforming
the conservation law to a fixed reference domain through a diffeomorphism. This means the mesh
nodes will be aligned in a consistent way with the current numerical solution (and not, e.g., the
true physical position), but also that we can obtain converged solutions using efficient constrained
optimization methods.

Discontinuity tracking and mesh regularization

Our shock tracking framework is based on a PDE-constrained optimization formulation:

minimize
u,φ

fshk(u, x(φ))

subject to fKmsh(x(φ)) ≤ f̄msh, K ∈ Eh,p
r(u, x(φ)) = 0,

(18)

where fshk(u, x) is a shock-indicating objective function and fKmsh(x) is the distortion of element
K ∈ Eh,p. This optimization problem seeks to find the mesh x(φ) and solution u that minimize
fshk(u, x) while satisfying the discretized PDE and mesh quality constraints.

The indicator used in this work is the integrated deviation of the solution from the mean in
each element:

fshk(u, x) =
∑

K∈Eh,p

∫

G(K,x)

∥∥uh,p − ūKh,p
∥∥2
W

dV (19)

where the dependence of the finite dimensional solution uh,p on the discrete representation is im-
plied, ūKh,p is the mean value of uh,p over element K, and W ∈ RNc×Nc is the symmetric positive
semi-definite matrix that defines the local semi-norm,

ūKh,p =
1

|G(K, x)|

∫

G(K,x)
uh,p dV, |G(K, x)| =

∫

G(K,x)
dV. (20)

The discontinuity indicator in (19) is not well-suited as the objective function in the discontinuity-
tracking optimization setting (18) in its current form because it is agnostic to a poor quality or
inverted mesh that may arise from certain choices of x. To avoid the mesh distortion that would re-
sult from solely minimizing fshk, we include constraints on the elementwise mesh distortion in (18).
Here, we define the mesh distortion as the deviation from the uniform element in one dimension
and utilize a common mesh distortion metric in high-order mesh generation in higher dimensions

fKmsh(x) =





∣∣∣∣
h0

|G(K, x)| − 1

∣∣∣∣ d = 1

1

|G(K, x)

∫

G(K,x)

(
‖Gh,p‖2F

(detGh,p)
2/d
+

)r
otherwise,

(21)

forK ∈ Eh,p, where r = 2 is used in this work andGh,p =
∂xh,p
∂X

is the finite-dimensional deformation

gradient.
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Figure 8: Burgers’ equation with shock tracking: p = 1 ( ), p = 2 ( ), p = 3 ( ), p = 4 ( ), p = 5
( ), p = 6 ( ). Slopes: ∠ − 1.95 ( ), ∠ − 3.13 ( ), ∠ − 3.85 ( ), ∠ − 5.47 ( ), ∠ − 4.36
( ), ∠ − 8.67 ( ).

The optimization problem in (18) is solved using a full space approach that treats u and φ
as independent optimization variables and converges them simultaneously to their optimal values.
This implies the solution of the PDE is never required away from a discontinuity-aligned mesh x∗

and overcomes potential stability issues that would arise in a reduced space approach that requires
the solution of the PDE at unconverged (and therefore non-aligned) meshes.

Results

In Figure 8, we should a convergence study for a model steady-state Burgers’ equation problem
with a fully developed shock. The shock location is unknown to the solver, but found using our
full space solution approach and we obtain high-order convergence with remarkable accuracy for as
few as 10 elements.

A two-dimensional example is shown in Figure 9. The 2D Euler equations are solved for su-
personic flow around a cylinder at Mach 2. Already at polynomial degrees p = 2 the shock is
well-resolved by the curved elements, and again remarkable accuracy is obtained with as few as
48 high-order elements. Note that typical low-order schemes would require 10,000s of anisotropic
elements to accurately resolve this shock.

Shock boundary-layer interaction with LES

We have applied many of our techniques to a highly challenging and important problem in CFD
– the transonic buffet on an airfoil at Reynolds number 3 million. The results are presented in [28],
here we summarize the findings.

Motivation

Transonic flow over an airfoil can result in complex interactions between shock waves and
the viscous boundary layer. A particularly interesting and challenging phenomenon is that of
transonic buffet, whereby the flow separation induces instabilities, unsteady behavior and structural
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Figure 9: Resolution of 2D supersonic flow with only 48 elements. Density (ρ): Far left – initial
guess, solved with artificial viscosity and non-aligned mesh. Remaining : Solutions with shock
tracking framework, using 48 elements of degree p = 1, 2, 3, 4.

14

DISTRIBUTION A: Distribution approved for public release.



vibrations, termed buffeting. This strong phenomenon can cause dangerous vibrations leading to
the destruction of a wing or a turbomachine blade. The origin and onset of transonic buffet has
been studied experimentally, in the context of global stability theory, and computationally, using
a variety of discretizations and approaches.

The numerical simulation of transonic buffet on airfoils is highly challenging, due to its unsteady
nature, the turbulent flows, and the complex interaction between shocks and flow separation. Most
of the standard tools in computational fluid dynamics for modeling turbulence are based on the
unsteady Reynolds-averaged Navier-Stokes (URANS) equations, which are widely believed to pro-
duce unreliable results for massively separated unsteady flows. Alternative approaches such as large
eddy simulation (LES) and hybrid methods such as detached eddy simulation (DES) are typically
better at modeling these flow problems, however at several magnitudes higher computational cost.

In this work, we apply a state-of-the-art high-order DG solver to the simulation of transonic buf-
fet on the ONERA OAT15A airfoil. This is a well-studied model problem with many experimental
and numerical results to compare with. Our main focus is to evaluate our high-order methods for
modeling this phenomenon, in particular with respect to (a) the numerical stability of the solvers
and the high-order approximations, and (b) the accuracy of the resulting flow predictions. A fun-
damental difficulty with high-order methods is the treatment and stabilization of shocks and other
under-resolved features of the solution. Here, we use the artificial visocisty approach developed
previously in our group, which achieves subgrid resolution using a highly sensitive indicator based
on orthogonal polynomials.

Results

We show here some of the preliminary results of our simulations. Figure 10 shows the averaged
pressure coefficients for a range of meshes and simulation cases, together with the RMS fluctuations.
We note that this problem is highly challenging, and the DES simulations by Huang et al are
considered in fairly good agreement with experiments. Our results are similarly accurate, however
the 2D results have a secondary shock structure that is likely a non-physical phenomenon. In 3D
the results are good but likely need longer simulation times for more accurate averaging, which is
our plans for future work.

Snapshots of the 3D solution are shown in figure 11, clearly showing the oscillating shock as
well as the complex turbulent flow structures.
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Figure 10: Left: coefficient of pressure for the OAT15A airfoil using various simulation configura-
tions. Right: RMS pressure fluctuations on the suction side of the airfoil for the same configurations.
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Figure 11: Snapshots of 3D solution, showing isosurfaces of Q-criterion, colored by velocity magni-
tude. The location of the shock is visualized in green using a Mach 1 isosurface.
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solvers for fully implicit Runge-Kutta methods, partitioned multiphysics solvers based on IMEX schemes, and new high-order
schemes for shock tracking. The results were applied to important real-world
problems, such as the high-order simulation of shock boundary-layer interaction. The findings were disseminated through a
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