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Overview 

Acoustically coupled combustion instabilities can result in large scale, potentially catastrophic pressure 
oscillations in a range of propulsion systems, including both liquid rocket engines (LREs) and gas turbine 
engines. Such combustion instabilities are characterized by self-sustaining, generally spontaneously 
excited, large amplitude oscillations associated with natural acoustic modes established within a 
combustion chamber.  New methods of analysis, measurement, prediction and design/development are 
required to make progress toward a detailed understanding of the interactions among hydrodynamics, 
acoustics, turbulent mixing, and chemical kinetics that control whether a combustor will be stable or 
unstable.  Our team has undertaken a collaborative research project in which researchers at both Purdue and 
UCLA pursue the study of reactive flowfields that can shed light on greater understanding of these 
instabilities and the ability to control them in practical propulsion systems.  Research at UCLA during the 
funding period has involved fundamental experimental studies on acoustically-coupled, condensed phase 
combustion processes, with a major focus on exploration of: (1) newly-discovered periodic partial flame 
extinction as a coupling mode for acoustically-driven non-premixed combustion; (2) the effects of 
nanoparticulate additives (both energetic and inert) on liquid fuel droplet combustion in quiescent 
surroundings, including model comparisons; (3) the effects of nanoparticulates on fuel droplet combustion 
in the presence of chamber-based acoustic perturbations; (4) periodic partial extinction and full extinction 
strain rates for nanofuels; and (5) initiation of alternative combustion configurations for further studies, 
especially in the gas phase.  The research at Purdue has encompassed concurrent high-fidelity simulations 
and experimental tests of a model combustor that exhibits self-excited instabilities that are dependent on 
flow and geometric parameters. Experimental observations are used to motivate a detailed study of results 
from validated simulations for further fundamental understanding, with a focus on a single element shear 
coaxial injector with a propellant combination of subcritical gaseous methane and warm oxygen. The 
Purdue experimental design and operating conditions are well-controlled so that they can be accurately and 
precisely represented in concurrent simulations. 
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Final Report: UCLA Research Activities on Combustion Instabilities in Liquid Nanofuels 
AFOSR Award FA 9550-15-1-0339, 8/1/2015-1/31/2019 

A. R. Karagoziana, O. I. Smithb, H. S. Simc, J. Bennewitzd, A. Vargase, and M. Plascencia Quiroze 

Research at UCLA during the past several years, under support from AFOSR, has primarily involved 
fundamental experimental studies on acoustically-coupled fuel droplet combustion processes, with a major 
focus on exploration of the effects of nanoparticulate additives (both energetic and inert) on alternative 
liquid fuels during combustion, on the effects of nanoparticulates on droplet combustion in the presence of 
chamber-based acoustic perturbations, and on periodic partial extinction and full extinction strain rates for 
neat fuels and nanofuels.  These studies employ a closed, atmospheric pressure acoustic waveguide in which 
standing acoustic waves may be created for a range of frequencies and amplitudes; because of the nature of 
flame perturbations via local flame straining, focus has been placed in these studies on combustion near a 
pressure node (PN) or velocity antinode (VAN).  In these experiments, burning fuel droplets may be either 
suspended from a fiber (Case I) or fine capillary (Case II), or continuously “fed” fuel via a fine capillary 
(Case III), the latter being required for acoustically-coupled droplet combustion experiments and phase-
locked imaging.  A schematic for the experiment is shown in Figure 1(a), with alternative droplet 
suspension methods shown in Figure 1(b).  Details on its operation, whereby burning droplets may be 
situated at various locations relative to the standing acoustic waves, are available in Sevilla, et al.1 and in a 
more recent paper by Bennewitz, et al.2  The flexibly designed facility here involves the ability to move the 
speakers bounding the waveguide so that the fuel droplet (or other reactive structure) can be studied at 
positions relative to the PN/VAN, of importance in practical systems. 

  

Figure 1.  (a) Acoustically-coupled combustion test facility at UCLA, consisting of the acoustic waveguide, 
droplet feed system, measurement diagnostics (for simultaneous OH* chemiluminescence and visible 
imaging) and data acquisition system. Sample waveforms for the acoustic pressure and velocity are depicted 
for the droplet located at the pressure node (PN). (b) Three different droplet delivery systems; only Case III 
has continuous fuel delivery via the syringe pump. 

                                                           
a Professor, UCLA Department of Mechanical and Aerospace Engineering 
b Professor Emeritus, UCLA Department of Mechanical and Aerospace Engineering 
c Former UCLA Postdoctoral Scholar; currently Postdoctoral Scholar, Sandia National Laboratory Combustion 
Research Facility (Livermore, CA) 
d Former UCLA Postdoctoral Scholar; currently Research Scientist, Air Force Research Laboratory, AFRL/RQRC 
e Graduate student, UCLA Department of Mechanical and Aerospace Engineering 
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It should be noted that in the droplet combustion experiments, the value of the burning rate constant K was 
calculated on the basis of the experimental fuel delivery method. For the “non-fed” cases (I and II), the 
continuity equation yields K based on the “d-squared” law3: 

𝐾𝐾𝑛𝑛𝑛𝑛𝑛𝑛−𝑓𝑓𝑓𝑓𝑓𝑓 = −𝑑𝑑(𝑑𝑑2)
𝑑𝑑𝑑𝑑

= −2𝑑𝑑𝑑̇𝑑                           (1) 

For “fed” droplets with continuous fuel delivery (case III), continuity accounts for this fuel delivery at 
volume flow rate, Qv: 

𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓 = 4𝑄𝑄𝑣𝑣
𝜋𝜋𝜋𝜋

− 2𝑑𝑑𝑑̇𝑑                               (2) 

In Eqn. (1), K values were extracted as the linear slope of measured d2 vs. time plots via least squares linear 
regression, using the middle 80% of the data range, excluding the transient regimes at the beginning and 
end of the combustion process. For the fed droplet (eqn. (2)), the rate of change in the diameter of the 
droplet (ḋ) was calculated using moving average smoothing. The average initial droplet diameter measured 
from the high speed camera for non-fed, fiber-supported droplets was 1.291 mm. For fed droplets, the 
average diameter during quasi-steady state combustion was 1.889 mm; the droplet diameter was larger than 
for fiber-suspended non-fed droplets because of the larger quartz capillary size. The measured initial and 
average droplet diameters were found to be unchanged with different particle loading concentrations, 
particle type, and droplet imaging techniques.  

Periodic Partial Extinction Exploration 
Prior experimental studies by our group1,4 have focused on neat fuel droplet combustion characteristics for 
alternative liquid fuels during exposure to standing acoustic waves.  In response to such acoustic excitation, 
the flame surrounding the droplet is observed to be deflected, on average, with an orientation depending on 
the droplet’s relative position with respect to the PN, qualitatively consistent with the sign of a theoretical 
bulk acoustic acceleration or acoustic radiation force, analogous to a buoyancy force5.  Phase-locked OH* 
chemiluminescence imaging is used to quantify temporal, periodic oscillations in flame standoff distance 
as well as chemiluminescent intensity, which, coupled to local measurements of the oscillatory pressure 
perturbations, enables the well-known Rayleigh index G(x) to be quantified at various locations x within 
the waveguide: 

𝐺𝐺(𝑥𝑥) = 1
𝑇𝑇 ∫ 𝑝𝑝′(𝑥𝑥, 𝑡𝑡)𝑞𝑞′(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑 

𝑇𝑇                             (3) 

Here a positive G value denotes in-phase fluctuations of pressure and heat release and hence instability, 
while out-of-phase p' and q' lead to a negative G value and presumably stable combustion, consistent with 
the classical Rayleigh criterion6.  For low and moderate amplitudes of excitation, the OH* 
chemiluminescence intensity I’ always increases as the flame approaches the droplet and decreases as it 
periodically withdraws from the droplet. This causes I’ and p’ to oscillate in phase, thus creating a positive 
Rayleigh Index G(x). The magnitude of the Rayleigh index is dependent on fuel, and tends to be larger for 
lower excitation frequencies and for droplets situated near (but not precisely at) a PN.  Details on these 
findings may be found in Sevilla, et al.1 

A discovery by our group early in this AFOSR grant period is that, while at moderate amplitudes of acoustic 
excitation the deflected, perturbed diffusion flames surrounding the burning droplet in the vicinity of a PN 
undergo Sustained Oscillatory Combustion (SOC), at higher amplitudes of acoustic excitation the flames 
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can experience periodic partial extinction and reignition (PPER).  PPER can actually persist for long periods 
of time, for many minutes during exposure to acoustic perturbations, depending on the fuel and other 
specific features.  Details on these experiments are documented in a recent journal paper2 as well as an 
earlier conference paper7.  PPER phenomena are apparent through the above-noted phase-locked OH* 
chemiluminescence imaging, and cause a local (spatial and temporal) minimum in I’ to occur at temporal 
peaks in pressure, resulting from the periodic extinction.  CH* chemiluminescence imaging has provided 
the same qualitative results.  As an example, oscillatory flame and droplet images for pure ethanol fuel 
situated near a pressure node (wavelength-based location x/λ = -0.029), for excitation at 332 hz and at two 
different amplitudes of excitation, are shown in Figures 2ab.  For this particular set of excitation conditions 
for ethanol, a maximum pressure amplitude of 150 Pa (Fig. 2a) creates continuously burning, oscillatory 
flames (hence SOC) over many acoustic cycles, while a maximum amplitude of 222 Pa (Fig. 2b) creates 
repeatable cycles whereby the flame periodically locally extinguishes in the vicinity of the stagnation 
region, but then reignites at a different portion of the cycle (hence PPER).  As noted above, the cyclical 
variation in I’ and p’ (as well as the horizontal flame standoff distance, δf), will be different between the 
SOC conditions and PPER conditions, as shown in corresponding plots over 3 phase-locked cycles in Figs. 
2c and 2d, respectively.  As noted above and in Sevilla, et al.1, at the moderate excitation amplitude 
resulting in flame oscillations shown in Fig. 2a, I’ and p’ oscillate in phase (Fig. 2c), creating a positive 
Rayleigh index for the conditions shown.  But clearly, when the flame is locally extinguished during a 
portion of the acoustic cycle at high amplitude excitation (e.g., acoustic phases 72o and 144o in Fig. 2b), 
the periodic reduction in OH* chemiluminescence intensity, coinciding nearly with a peak in the pressure 
perturbation causes I’ and p’ to oscillate at least partly out of phase (Fig. 2d).   

 

Figure 2: Instantaneous OH* chemiluminescence images of burning ethanol droplets situated at 0.029 
wavelengths to the left of the PN during acoustic forcing at 332 Hz for (a) p’max = 150 Pa and (b) 222 Pa. 
Nondimensionalized measurements of local p’, integrated chemiluminescent intensity I’ and local flame 
standoff distance δf are plotted as a function of the acoustic phase for the same forcing conditions, at (c) p’max 
= 150 Pa and (d) 222 Pa. 
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The differences in cyclical variation in I’ and p’ between conditions creating continual oscillatory 
combustion and PPER naturally create differences in the Rayleigh index G(x).  Our group has quantified a 
variety of features associated with PPER, including regimes in which it is observed (for ethanol and for 
other fuels such as JP-8), and implications for variations in burning rates and Rayleigh indices.  Variations 
in G(x) for ethanol droplet combustion, for example, for a range of amplitudes of excitation and scaled 
locations x/λ relative to the pressure node, for three different applied frequencies, are shown in Figure 3.  
While for 332 Hz forcing, pressure perturbation amplitudes above 200 Pa create PPER (denoted by the 
negative values of G(x) shown by the x’s in Fig. 3a), at 586 Hz, the amplitude has to rise to 235 Pa to create 
conditions where PPER is observed (seen in Fig. 3b), and at 898 Hz, the amplitude must be at 275 Pa or 
above (Fig. 3c).  Clearly, for a given fuel the PPER phenomenon has a strong dependence on acoustic time 
scales in terms of the flame response to applied forcing.  Subsequent studies with JP-8 and liquid synthetic 
fuel derived via the Fischer-Tropsch (FT) process indicate the presence of PPER, but at lower pressure 
amplitudes than are observed for ethanol.   

 

Figure 3: Rayleigh index G as a function of the ethanol droplet displacement x/λ at forcing frequencies (a) 332 
Hz, (b) 586 Hz and (c) 898 Hz. Depending on the acoustic forcing conditions (frequency and amplitude), the 
burning fuel droplet is characterized by weakly oscillating flame behavior (open circles), oscillatory flame 
motion (filled circles) or periodic partial extinction (x). 
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Other features of droplet combustion characteristics during oscillatory flame motion vs. PPER have been 
quantified, for example, burning rate constants K, which are generally observed to increase with the 
amplitude of excitation, even in the presence of PPER (again, due to timescales associated with evaporative 
processes as compared with acoustic timescales).  The phenomena associated with PPER are interpreted in 
terms of mean and oscillatory strain rates that impact the behavior of the deflected flame.  It appears that a 
necessary but perhaps not sufficient condition for PPER to occur is for the oscillatory component of the 
normal strain field to exceed the mean component of strain.  Again, this feature is dependent on the fuel 
(and hence reaction timescales) and is still under exploration.  But overall we are able to determine maps 
of the sort shown in Figure 4, where there are excitation conditions for which the flame can undergo PPER 
before being forced at so high an amplitude that full extinction takes place.  As indicated in Fig. 3, at lower 
applied frequencies of excitation in the waveguide, PPER first occurs at a lower amplitude than at higher 
frequencies, and this behavior is quantitatively somewhat different for different fuels.  A remarkable 
observation from Figure 4 is that JP-8 and FT fuels are not only less resistant to PPER and extinction via 
acoustic perturbation, but they produce nearly identical results to one another, suggesting that their 
thermodynamic similarity as well as the dynamics associated with their combustion processes renders the 
same type of response to acoustic perturbation.  This is a useful finding when examining the replacement 
of kerosene-types of fuels in propulsion systems with a synthetic fuel such as FT.  Details on these and 
related features of PPER phenomena may be found in Bennewitz, et al.2. 

 

Figure 4: Periodic partial extinction boundary for ethanol, JP-8, and FT fuels. The burning droplet 
considered here was situated at similar relative positions close to the PN, i.e., x/λ = -0.029 for 332 Hz and 
x/λ = -0.026 for 586 Hz and 898 Hz. 

Effects of Nano Aluminum and Nano Silica Additives on Quiescent Droplet Combustion 
Another focus of our experiments under AFOSR support has been on the effect of particulate additives on 
liquid fuel combustion, in the absence of acoustic perturbations, in order to quantify baseline combustion 
behavior for nanofuels.  The early part of these studies focused on ethanol fuel with either energetic particles 
(nano Aluminum, nAl) or inert particles (nano Silica, nSiO2), and on several alternative fuel delivery 
methods shown in Figure 1(b), as a means of comparing results from continuous fuel delivery experiments 
(necessary for acoustically-coupled, phase-locked imaging over relatively long periods of time) with more 
commonly performed fiber-suspended8,9 or falling10 non-fed droplet combustion experiments.  These 
extensive studies on nanofuel droplet combustion in a quiescent environment were recently documented in 
a recent journal paper11.  These studies have been particularly valuable in that other groups’ experiments 
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on the influence of nanoparticle additives on burning fuel droplets demonstrate somewhat differing trends.  
While there are studies showing substantial increases in droplet burning rate constant K with nAl additives9, 
other studies show much more modest increases7 or even reductions in K with the addition of nAl12.  The 
present studies of burning nanofuel droplets in a quiescent environment are designed to be systematic, 
controlled studies such that differences in burning characteristics could be accurately quantified.   

Simultaneous visible and intensified UV images enable us to determine the burning rate constant (K) as 
well as flame dynamics via OH* chemiluminescence imaging. Sample results for these simultaneous 
images as a function of time are shown in Figure 5, for the two different particle additives and for two 
sample fuel delivery methods (Case I, non-fed, and Case III, fed).  There is evidence of particulate 
agglomeration and expulsion from the droplet at later times in the combustion process for both non-fed and 
continuously fed droplets, and in both cases data taken after these expulsion events are not included in the 
determination of burning rate constant. 

    

(a) Case I, 3 wt.% nAl 

 

(b) Case I, 3 wt.% nSiO2 

 

(c) Case III, 3 wt.% nAl 

Figure 5. Burning sequences from visible and OH* chemiluminescence imaging for a single ethanol droplet 
with various loading concentrations of particles and two different methods for fuel delivery. 
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A simple droplet combustion model was developed to better understand the mechanisms for enhancement 
in K for nanofuels.  We incorporate the theoretical burning rate constant (K0) for a single droplet from the 
following relation3: 

𝐾𝐾0=
8𝜆𝜆g
𝐶𝐶p,g𝜌𝜌𝑙𝑙

ln (1 + 𝐵𝐵)                            (4) 

where λg, Cp,g, and ρl denote the average thermal conductivity, specific heat of the fuel and oxidizer in the 
gas phase, and the density of fuel (here, ethanol) at the boiling point, respectively. B is the transfer number 
given by 

𝐵𝐵 = 𝐶𝐶𝑝𝑝,𝑔𝑔(𝑇𝑇∞−𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)+𝑞𝑞/𝑖𝑖
ℎ𝑓𝑓𝑓𝑓

                           (5) 

in which hfg is the latent heat of vaporization of the fuel at the boiling point, T∞ is the ambient temperature, 
Tboil is the boiling temperature of the ethanol droplet, q is the heat of combustion of fuel, and i is the 
stoichiometric oxygen to fuel mass ratio. To incorporate the effects of nanoparticulates in this droplet 
combustion model, all properties in eqn. (3) were determined for the present nanofuels with various 
nanoparticle types and loading concentrations using the following equations13: 

𝜆𝜆𝑛𝑛𝑛𝑛
𝜆𝜆𝑏𝑏𝑏𝑏

 = 1 + 3(𝛼𝛼−1)𝜑𝜑
(𝛼𝛼+2)−(𝛼𝛼−1)𝜑𝜑

                         (6) 

𝜌𝜌𝑛𝑛𝑛𝑛 = (1 − 𝜑𝜑)𝜌𝜌𝑏𝑏𝑏𝑏 + 𝜑𝜑𝜌𝜌𝑛𝑛𝑛𝑛                        (7) 

𝐶𝐶𝑝𝑝,   𝑛𝑛𝑛𝑛 =
(1−𝜑𝜑)𝜌𝜌𝑏𝑏𝑏𝑏𝐶𝐶𝑝𝑝,   𝑏𝑏𝑏𝑏+𝜑𝜑𝜌𝜌𝑛𝑛𝑛𝑛𝐶𝐶𝑝𝑝, 𝑛𝑛𝑛𝑛

𝜌𝜌𝑛𝑛𝑛𝑛
                    (8) 

Here α is the thermal conductivity ratio between the NP and the base fuel, while φ is the volume fraction 
of NP within the liquid.. 

From the experimental imaging such as those shown in Figure 5, one can extract, prior to significant 
disruption, average burning rates K for a range of experimental conditions involving ethanol nanofuels.  
Figure 6 provides a systematic summary of the variation in K as a function of particulate loading 
concentration for both nAl and nSiO2, and for several alternative experimental methods.  While the fed 
droplet experiments (Case III) did appear to have systematically higher burning rate constants with nAl 
additives than for non-fed cases, the effects of continual fuel delivery were not significantly different from 
theoretical predictions for variation in K with nAl loading concentration. 

The addition of nAl appeared to yield a systematic increase in K, by up to 13%, and increasing loading 
concentrations led to changes in droplet combustion dynamics. As observed in Figure 5, flow instabilities, 
including liquid jetting and altered droplet deformation, were observed, creating unsteady combustion when 
the nAl-laden droplet was continuously fed via a quartz capillary. In contrast, the addition of nSiO2 showed 
relatively small changes in K, possibly only as large an increase as 5%, with a lack of consistent trends for 
increasing nSiO2 concentration for different fuel delivery methods, in part due to formation of large residual 
shell-like structures in the later stages of combustion. The nanofuel droplet combustion model suggests that 
possible enhancement mechanisms for K are related to alterations in thermal conductivity with different 
particles as well as flame temperature with the additives. SEM and TEM images of particulate residue 
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revealed further differences in morphology and residue constituents after combustion; combustion 
completeness increased for higher nAl loading concentrations, as documented in detail in the paper11.  

 

Figure 6. Comparison of K values for theoretical calculations and experimental measurements (from cases I-
III) for burning nAl- and nSiO2-laden ethanol droplets at various particle concentrations. 

Effects of Energetic Nanoparticulates on Acoustically-Coupled Liquid Fuel Droplet Combustion 
A main emphasis in recent experiments with nAl particulates has been on the acoustically coupled nanofuel 
droplet combustion problem, where flame response, burning rates, and flame dynamics have a dependence 
on not only applied acoustics but also on the particle loading concentration.  For nAl-laden ethanol droplets, 
extensive results for the influence on flame response to acoustic excitation are documented in a recent 
journal paper14.  A separate study on sooting liquid fuels (n-dodecane and FT fuels), which require 
surfactants in suspending nanoparticulates, has also been conducted and is documented in a recent 
conference paper15.  These results are summarized here. 

Figure 7a shows simultaneous phase-locked OH* and visible imaging of 3.0 wt% nAl-laden ethanol fuel 
droplet combustion during acoustic forcing at a moderate pressure amplitude (that is, the pressure amplitude 
measured at the closest pressure antinode to the waveguide center), 167 Pa, demonstrating sustained 
oscillatory combustion (SOC). In contrast, Figure 7b shows the same kind of images but at a higher 
amplitude of excitation, 222 Pa, creating conditions for PPER.  Remarkably, during exposure to acoustic 
excitation at either amplitude, the ethanol droplets with  nAl additives burned for much longer periods of 
time (over 100 seconds) than in the absence of acoustics (around 20 seconds). For the former, there was a 
clear delay in particle expulsions, likely resulting from delays in the aggregation of particulates.  As with 
neat fuels1,2, increasing acoustic excitation amplitude is documented to increase burning rate constants K, 
and as shown in Figures 8ab for two different forcing frequencies, there can be a small increase in K when 
there is nAl present, especially at low loading concentrations, e.g., 1 wt.%.  But more interesting is the fact 
that the presence of energetic nanoparticles actually increases the Rayleigh index as compared with neat 
fuels under the same forcing conditions, as shown in Figures 9ab.  In the case of forcing conditions that 
create PPER conditions with neat fuels, the additives can increase I’ and delay the onset of PPER, to the 
extent that the Rayleigh index becomes positive and full extinction is delayed.   

Loading Concentration, wt.%

K
/K

no
ad

di
tiv

e

0 1 2 3 4 5 60.95

1

1.05

1.1

1.15

1.2

1.25

1.3
w/ nAl_Theoretical
w/ nAl_Experimental (case 1)
w/ nAl_Experimental (case 2)
w/ nAl_Experimental (case 3)
w/ nSiO2_Theoretical
w/ nSiO2_Experimental (case 1)
w/ nSiO2_Experimental (case 3)

DISTRIBUTION A: Distribution approved for public release



9 
 

 

(a) Pressure amplitude p’max = 167 Pa 

 

(b) Pressure amplitude p’max = 222 Pa 

Figure 7. Phase-locked OH* chemiluminescent and visible images of ethanol with 3wt% nAl: (a) Sustained 
Oscillatory Combustion (SOC) at p’max =167 Pa; (b) Periodic Partial Extinction and Reignition (PPER) at 
p’max =222 Pa (forcing frequency fa=332 Hz, location x=-3 cm). 

 

      

                          (a)                                                          (b)                                                         (c)           

Figure 8: Variation in combustion parameters with pressure excitation amplitude p’max: (a) average K at 
forcing frequency fa = 332 Hz; (b) average K at forcing frequency fa = 898 Hz.  Results for neat ethanol and 
ethanol with 1 wt% and 3 wt% nAl, with the droplet located at x = -3 cm, are shown.   
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                          (a)                                                          (b)                                                         (c)           

Figure 9: Local Rayleigh index G(x) variation with pressure excitation amplitude p’max for: (a) fa = 332 Hz 
and (b) fa = 898 Hz.  Results for neat ethanol and ethanol with 1 wt% and 3 wt% nAl, with the droplet located 
at x = -3 cm, are shown.  Here positive values of G(x) correspond to sustained oscillatory combustion (SOC) 
and those with negative values generally correspond to PPER phenomena. 

Improved resistance to high amplitude acoustic perturbations and the associated oscillations in flame strain 
for nanofuels as compared with neat fuel can further be quantified in studies focusing on extinction.  
Nanofuel droplet experiments with systematic increases in forcing amplitude for a fixed frequency have 
been performed, and the conditions for which the initiation of complete flame extinction have been 
documented.  Local strain rates experienced by the flame in the vicinity of the stagnation region may be 
estimated from local acoustic conditions as described in Sevilla, et al.1 and Bennewitz, et al.2   The estimated 
variation in mean extinction strain rate for ethanol with increasing nAl loading concentration is shown, for 
example, in Figure 10.  There is not as significant a change in the oscillatory strain rate, however, also as 
shown.  Yet increases in mean extinction strain rate are quite remarkable, and could have attendant benefits 
in LRE applications. 

    

Figure 10. Estimated extinction strain rate as a function of wt% of nAl additive in the nanofuels, for 332 Hz 
acoustic excitation of burning droplets in the vicinity of the pressure node (velocity antinode). 

Finally, additional experiments have been performed in the past year on alternative sooting hydrocarbon 
fuels, n-dodecane and Fischer-Tropsch (FT) liquid synfuel, with 80 nm reactive nAl partible additives.  For 
these fuels, surfactant (Span80) was required to maintain a uniform dispersion of nanoparticles.  Both 
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Span80 and nAl concentrations impacted droplet combustion behavior, with and without the application of 
acoustic excitation.  For example, burning rate constants for nanofuel dodecane in the absence of acoustics 
can increase with increasing Span80 or nAl concentration, as shown in Figure 11.   

 

Figure 11. Variation in burning rate constants for n-dodecane with various concentrations of Span80 and 
nAl. 

There are additional differences in the behavior of these acoustically-coupled nanofuel combustion 
processes and the earlier studies with ethanol.  For example, for the case with 1 wt% Span-80 and 3 wt% 
nAl, visible images in Figure 12 show occasional particle ejection and burning at early times, and in 
some instances the intensity and frequency of these events becomes more severe as the droplet shrinks 
because the effective additive concentration increases. Vigorous microexplosions were observed near the 
end of droplet combustion and residue buildup was often seen after burnout. 

 

Figure 12. High-speed visible imaging of nanofuel droplet combustion: (a) neat dodecane; (b) dodecane with 4 
wt% Span-80 only, where liquid beading forms above the droplet; (c) dodecane with 1 wt% Span-80 and 3 
wt% nAl, where microexplosions and solid particulate residue were observed at the end of combustion.  

Finally, Figure 13 shows the results of the variation in burning rate constant for the Fischer-Tropsch 
nanofuel droplets, with and without acoustic excitation. Here the droplets could experience sustained 
combustion even at forcing amplitudes of 150 Pa, the case shown in Figure 5. While there are similar overall 
behaviors noted for FT fuels with Span-80 and nAl additives as compared with dodecane, there was always 
a systematic increase in K with acoustic excitation over the quiescent cases, whether one examined neat 
fuel, FT with Span-80 alone, or FT with Span-80 and nAl. The slightly higher K values observed for FT 
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droplets situated closer to the pressure node (x/λ = 0:0097) that further away from the PN (x/λ = 0:029) 
was consistent with the fact that a higher velocity perturbation altering flame dynamics and strain rates 
occurs near a PN.  These and other findings are documented in Vargas, et al.15 

 

Figure 13. Burning rate constant for Fischer-Tropsch nanofuel droplets with acoustic forcing amplitude 
corresponding to p’ max = 150Pa, fa = 332 Hz and droplet locations x/λ = 0.0097 and 0.029.  

A new direction in our research has involved exploration of single and multiple gaseous fuel injectors in 
our acoustic waveguide, where flame structures experience natural interactions and instabilities and where 
these instabilities can be altered in response to applied acoustic disturbances.  Additional recent experiments 
have explored the effect of acoustics on reactive flow emanating from multiple (three) fuel injectors 
adjacent to one another within the waveguide, in addition to a coaxial injection configuration.  In the 
presence of a standing acoustic wave near a pressure node (velocity antinode), because of the long 
wavelength acoustic disturbance in relation to the sizes of the injectors, there appears to be relatively limited 
coupling or interaction at all among the reactive shear layers in the 3-injector case in response to transverse 
acoustic perturbations.  Ongoing experiments at UCLA and at AFRL seek to understand the dynamics of 
this and other configurations involving gaseous reactants, in both atmospheric and elevated pressure 
chambers, as a baseline for future multiphase flow reactive experiments relevant to combustion instabilities 
in LREs. 
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Introduction
The prediction of combustion instability is very complex due to the nonlinear coupling of physical phenomena at

different temporal and spatial scales such as acoustics, hydrodynamics, turbulence, and chemical kinetics. The problem
becomes even more difficult in liquid rocket combustors due to unmixed propellants operating at near-stoichiometry
with no diluents and high pressure. This leads to high-amplitude pressure pulses and local rates of energy addition
that can approach TW/m3 that can strongly affect the flow dynamics. This project aims to deepen our quantitative
understanding of combustion instability with the ultimate goal of a-priori prediction. The present study encompasses
concurrent high-fidelity simulations and experimental tests of a model combustor that exhibits self-excited instabilities
that are dependent on flow and geometric parameters. Experimental observations are used to motivate a detailed study of
results from validated simulations for further fundamental understanding. The primary study configuration uses a single
element shear coaxial injector similar to those found in modern high-performance rocket engines, with a propellant
combination of subcritical gaseous methane and warm oxygen. All experimental design and operating conditions are
well-controlled so that they can be accurately and precisely represented in a simulation. The model combustor was
designed to produce self-excited combustion dynamics, which is critical for representing the pressure and heat release
coupling mechanics in real devices. As a part of the project experimental data were obtained from 42 test firings in
which the oxidizer temperature was varied from 440 to 800 K. This report first introduces the study configuration,
experiment, and the high-fidelity computational model. The experimental results and their comparisons with results
from the high-fidelity CFD simulations are presented next, followed by a study on the pressure response to unsteady
heat release events.

Overview of the Study Configuration

Experimental Configuration
The experiment is a model rocket combustor emulating the stability characteristics associated with a single element

of an oxidizer-rich staged combustion shear coaxial injector. The core of the injector is fed by an oxidizer rich preburner,
while the fuel is delivered through an annular passage concentric to the core oxidizer flow. The experimental hardware is
compressed together by a hydraulic jack to allow efficient testing of model geometry changes. The propellant manifolds
and injector were designed to provide injection boundary conditions with the highest confidence, while allowing for
high modularity to enable studies at isolated system and flow parameters. While the preburner is ignited with a torch,
the main chamber is ignited with a laser pulse at 532nm. Ignition with a laser has a number of advantages, but to name a
few: no larger orifice at wall disrupting acoustics and flow, precise ignition location, robust ignition and reduced system
complexity. Figure 1 is the cross-sectional view of the combustor with the acronym HAMSTER.

The preburner combusts oxygen and hydrogen at a low equivalence ratio to produce warm oxygen-rich gas with
minimal amounts of water vapor. Choking the flow allows for a more accurate reproduction of the boundary conditions
set in the CFD simulations and facilitates the validation of high-fidelity simulation models. The flow from the preburner
is choked at the inlet to the oxidizer manifold using a plate with 169 equidistant, equally sized small holes; the plate is
designed to ensure a well distributed, well formed flow. The fuel flow can be choked upstream of either manifold; the
presence of a modular choke ring allows the study of the impact of the response of the fuel manifold on combustion
stability in the chamber. In the current configuration, the fuel flow is choked such that the fuel manifold is isolated from
downstream perturbations. The nominal design conditions for HAMSTER are shown in Table 1.

The chamber and injection recess were designed to provide high fidelity measurements in key areas within the
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Fig. 1 Experimental setup of HAMSTER, a single shear coaxial injector element model rocket combustor.

Table 1 Main experimental parameters for HAMSTER.

Parameter Value Comments
Propellant Combination CH4/O2 Both gaseous
Equivalence Ratio φ = 0.8 Predictable and repeatable

Propellant Temperature
Oxidizer: 440-800 K
Fuel: 290-310 K

700 K nominal

Mass flow rate
Oxidizer: 0.87 lbm/s
Fuel: 0.17 lbm/s

Constant for all tests at φ = 0.8

Mean Oxidizer Post Mach No. M = 0.4
Chamber Diameter ID = 2” = 50.8 mm For PIV, PLIF measurements
Chamber Pressure 1.172 MPa (170 psi) Ideal gas conditions

combustion zone, with emphasis on probing of the hydrodynamic and mixing effects on combustion and their response to
acoustic perturbation. Figure 2 depicts a detailed view of the injector displaying the main locations and instrumentation
in this critical area. High frequency pressure transducers were placed at axial locations spanning the distance between
the oxidizer manifold distribution plate to the main chamber exhaust nozzle. More pressure transducers were placed
near the head end of the chamber to better resolve the acoustic and general pressure fluctuations near the combustion
zone. Additionally a high frequency pressure transducer was located azimuthally clocked 135◦ from another pressure
transducer at the same axial location; both signals from the transducers were in phase exactly (not shown), which
supports the assumption of axisymmetric behavior.

To investigate the relationship of the hydrodynamics to the injection and acoustic coupling behavior, PMTs were
employed to complement the high frequency pressure transducers. The PMTs were located at the same axial locations
as the high frequency pressure transducer at the head end of the combustor, as shown in Figure 2. At each axial location
at the head end of the combustion chamber were a set of PMT probes: one cutting across the diameter of the chamber
and two orthogonal to the first, but cutting different chords across the chamber. This is represented in Figure 3. The
chord cutting probes have a number of purposes:

1) Gather information about the recirculation zone
2) Provide correlation data for the diameter cutting probe in order to determine distribution of emitters within

line-of-sight integrated domain
3) Attempt to determine spatial limits of shear location, especially in the radial direction

2
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Fig. 2 Detail view of the injector design of the HAMSTER combustor. 1) Oxidizer manifold; 2) Oxidizer
post inlet; 3) Oxidizer post; 4) Fuel choke ring; 5) Fuel inner manifold; 6) Fuel outer manifold; 7) Fuel collar;
8) Injector recess; 9) Dump plane; 10) Combustion chamber. In the figure “PT” refers to a high-frequency
pressure transducer, and “PMT” refers to a fiber optically coupled photomultiplier detector.

Fig. 3 Cross-sectional view of combustion chamber showing PMT probe arrangement.

Computational Modeling
The combustor is simulated as an axisymmetric configuration. This choice allows the use of advanced chemical

kinetics models, which is one of the targets of the study. Computational domain representing the experimental
configuration is shown in Figure 4. The computational domain includes the oxidizer manifold, oxidizer post, annular
fuel passage, the combustion chamber and nozzle. The experimental arrangement insures that both the oxidizer and fuel
inlets are choked along with the nozzle. These are well controlled boundary conditions to be utilized for the simulations.
The nominal equivalence ratio employed in the experiments is φ = 0.8.

The choked inlets allow the use of a mass flow and total temperature boundary condition. Both the quantities
required for the specification of the boundary conditions are experimentally measured and utilized for the simulation.
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The inner walls of the oxidizer manifold and chamber are lined with a thermal barrier coating (Yttria-stabilized Zirconia).
This is consistent with an adiabatic wall condition, which is used at the wall in addition to the no-slip condition. The
operation of the combustor at a low reduced pressure and high reduced temperatures implies ideal gas behavior. The
structured mesh is composed of 108,291 nodes and 107,200 elements, with a typical resolution of 0.1 mm near the
injector. A detailed view of the mesh around the injector recess area is shown in Figure 5. Chemical kinetics are
modeled with GRI Mech 1.2 [1]. It is well suited for the purpose since the oxidizer used is pure oxygen instead of air.
Predictions of ignition delay with this mechanism closely agree with the measurements as well as predictions of other
mechanisms from literature [2]. With the detailed kinetics, the chemiluminescent species OH* and CH* are modeled.
The time scales associated with OH* require modeling as a transported species. The CH* can be considered to be in a
quasi-steady state due to its short lifespan and its concentration is calculated post-simulation.

Fig. 4 Computational domain for the simulations. All simulations are two-dimensional axisymmetric.

Fig. 5 Detail view of the mesh in the vicinity of the injector recess and dump plane.

The simulations are performed with Purdue’s in-house code GEMS. The code GEMS is a fully coupled Navier-Stokes
solver with second order accuracy in both space and time. Turbulence modeling technique- detached eddy simulations
is used, which captures large scale motions are captured up to the grid length scale, while the sub-grid turbulence is
modeled with a k −ω model due to Wilcox[3]. The experimental conditions are amenable to the ideal gas law and hence
that is used for equation of state. The thermal and transport properties are obtained using NASA polynomial coefficients
from McBride et al. [4]. The boundary conditions, fluxes and source terms are treated implicitly for the discretization.
The solution of the linearized equations is obtained using line Gauss-Seidel algorithm and the approximate factorization
errors are minimized by employing dual time stepping algorithm.

4
DISTRIBUTION A: Distribution approved for public release



Overview of Results
A primary objective of the present study is the development of accurate high-fidelity models and their use to study

the physics of combustion instability mechanisms in detail. A key step in attaining this objective is the validation of
the CFD model. The development and use of advanced analytical techniques that support meaningful comparisons is
therefore critical. In the past, many studies have only compared the pressure. Such a comparison provides a direct and
quantitative assessment, subject to the accuracy of measurements and the assumptions of the models. This, however
does not provide the assessment of the coupling between the heat release and the fluid dynamics in the combustor. It is
one of the purposes of the current study to provide another metric relevant to the reacting flow in conjunction with the
pressure for the model validation.

The oxidizer temperature is an important parameter. It affects the acoustic speed, the momentum flux ratio, injection
hydrodynamics and significantly, the chemical kinetics rates. The variation of acoustic speed determines the response of
various components such as the oxidizer manifold or the post, fuel annulus and the combustor. The momentum flux
ratio and hydrodynamics of mixing are tied together, but apart from that, presence of geometric features such as an
orifice can also affect individual propellant hydrodynamics depending on the temperature and hence momentum. The
dependence of chemical kinetics on the temperature being exponential is perhaps the most notable among these, since it
can change the ignition delay by order of magnitude for a difference of 100 K. This parameter is therefore the main
variable of interest[5].

The experiment varied oxidizer temperature in steps from 440 K to 800 K, while the simulations were conducted
for the two extremes of the oxidizer temperatures: 400 K and 730 K. The simulations were able to predict the overall
thermo-acoustic behavior of the combustor with variation of the oxidizer temperature. The detailed comparison of the
computational results is carried out using pressure and the flame emission measurements. Such a comparison is useful
for establishing confidence in the simulation results. Although the present study demonstrates the methodology for
the comparison, additional spatial resolution for the experiments and computational resources for the simulations will
greatly benefit future studies for this purpose.

A. Detailed Pressure Comparisons
Figures 6 and 8 show typical pressure waveforms measured 0.3" downstream of the dump plane at low and high

oxidizer temperatures, respectively. The pressure signal at the low oxidizer temperature indicates that both the experiment
and simulation show modulation of the primary longitudinal mode by a low frequency chug mode. One point of
difference between the experiment and the simulation is the presence of sharp spikes in the former, which are observed
randomly at this temperature. The similarity in this behavior is apparent with the Power Spectral Density (PSD) plots in
Figure 7. The low frequency bulk mode, the first acoustic mode and its first harmonic are seen for both the experiment
and simulation. The relative amplitudes of the acoustic mode peaks are also observed to be comparable between the two.
The limitation of the simulated physical time implies that the frequency resolution in the PSD plot will be lower than
that of the experiment.

The pressure signal at the higher oxidizer temperature is shown in Figure 8. It shows that there is difference between
the experiment and the simulation at this condition. The experimental pressure shows a periodic, steep fronted waveform,
whereas the corresponding simulation has modulations of a relatively moderate amplitude peak. Although the overall
pressure fluctuation magnitude is comparable, the lack of steep fronted waves in the simulations leads to difference in
the PSD plot shown in Figures 7 and 9. The amplitude and spectral content of the pressure for the 400/440K oxidizer
cases agree very well. The 730K oxidizer temperature case shows similar frequency content, but different dominant
modes and relative amplitudes.
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Fig. 6 Comparison of the pressure waveforms from the experiment at 440 K (L), and CFD simulation at 400
K (R). The pressure measurement is located at 0.3” downstream of the dump plane of the combustor.
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Fig. 7 Comparison of the pressure power spectral density from the experiment at 440K (L), andCFDsimulation
at 400 K (R). The pressure measurement is located at 0.3” downstream of the dump plane of the combustor.

The amplitudes of the time series collected from the experiments are not always so regular, and are generally
non-stationary at lower oxidizer temperatures. As the oxidizer temperature moves away from the optimal acoustic tuning
temperature for the oxidizer post, the time series of the pressure and chemiluminescence become intermittent and less
regular in shape. Because the CFD simulations are limited to about 60 ms of run time due to the computational cost, it
may be that the simulations have not had enough time to produce a behavior that better represents the measurements. In
the next sections, results from the experiments and companion simulations are discussed in more detail.
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Fig. 8 Comparison of the pressure waveforms from the experiment at 700 K (L), and CFD simulation at 700
K (R). The pressure measurement is located at 0.3” downstream of the dump plane of the combustor.
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Fig. 9 Comparison of the pressure power spectral density from the experiment at 730K (L), andCFDsimulation
at 730 K (R). The pressure measurement is located at 0.3” downstream of the dump plane of the combustor.

Experimental Results

Summary of Tests to Date
The main test variable to date has been oxidizer temperature. Before moving on to detailed results, it is useful to

first show some general effects. Figure 11 shows measured c* and c* efficiency as a function of oxidizer temperature,
and Figure 10 shows oxidizer velocity and momentum flux ratio as a function of oxidizer temperature.

The combustion dynamics, as expected, are highly dependent on how well the system is acoustically tuned. Acoustic
tuning of the system can be achieved in two simple ways: changing the acoustic length or changing the sound speed. By
changing the oxidizer temperature, the sound speed of the oxidizer in the oxidizer post is changed, but the density of the
flow changes too, and in turn changes the injection velocity. Figure 11 (L) shows how the oxidizer velocity changes
with oxidizer temperature. The injection mechanics can be characterized with momentum flux ratio, defined by the
momentum flux of the oxidizer over the momentum flux of the fuel. For various flowing conditions Figure 11 (R) shows
the relationship of the momentum flux ratio to the oxidizer temperature.

Figure 11 shows a proportional relationship between combustion performance with oxidizer temperature up until an
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Fig. 10 (L) c* of HAMSTER as a function of oxidizer temperature, (R) combustion efficiency of HAMSTER
as a function of oxidizer temperature

Fig. 11 Correlation of oxidizer velocity with respect to oxidizer temperature (L), and momentum flux ratio
with respect to oxidizer temperature (R) for the current injector configuration

oxidizer temperature of ≈ 775K , above which the combustion performance then decreases. Furthermore, it is interesting
to note that c* appears to correlate more with oxidizer velocity rather than equivalence ratio, suggesting the dominating
effect of oxidizer velocity on combustion efficiency. The increase in efficiency may also arise from stronger pressure
fluctuations giving rise to better mixing; this is a fairly well known phenomenon. A major result was the observed
coupling between the chug and acoustic instabilities, and the effect of oxidizer temperature on the coupling. At reduced
oxidizer temperatures, which had poorer combustion efficiency, tended to have a more pronounced chugging mode,
whereas thermoacoustic instability dominated at high oxidizer temperature. Figure 12 shows how the amplitude of each
mode type varied with oxidizer temperature. Figure 13 also showed that when the chugging mode was significant the
frequency at which it oscillated at appeared to be somewhat insensitive to the change in oxidizer temperature.

It should also be mentioned that each phenomenon was always present. Figure 13 shows how the frequency of each
mode also varied with oxidizer temperature, and the change in the strength of the 1L thermoacoustic mode is shown in
Figure 14. It is evident that the fundamental mode frequency (chamber sound speed) and the combustion efficiency are
linked, as one would expect, and that these behaviors are inherently linked to the oxidizer temperature. It should be
noted the oxidizer temperature also plays a major role in the ignition delay of methane; these effects may account for the
relative change in combustion performance related to the change in equivalence ratio.

Mode Analysis
From the series of data a chugging mode appears to modulate the fundamental acoustic mode. From all the tests

conducted a cross-correlation analysis of the measured pressure signals (Figure 15) shows a phase relationship or mode
shape which indicates a bulk response in the chamber.

Cold flow tests at nominal test pressure were conducted, and bulk mode frequencies similar to those experienced
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Fig. 12 (L) Chugging mode oscillation amplitude and (R) fundamental acoustic mode oscillation amplitude of
HAMSTER as a function of oxidizer temperature.

Fig. 13 (L) Chugging mode frequency and (R) fundamental acoustic mode frequency of HAMSTER as a
function of oxidizer temperature.

Fig. 14 Fundamental mode oscillation strength as a function of frequency.
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Fig. 15 Phase angle at the different pressure transducers for the chugging mode of every test.

during combustion were measured. Figure 16 shows that the bulk system response decreases in frequency with oxidizer
temperature, and effectively shows that the chugging mode originates with the flow of the oxidizer. Synchronous
combustion amplifies the oscillations.

Fig. 16 System response at different oxidizer temperatures with the same mass flow rate.

A bicoherence analysis can be used to determine whether two signals are coupled, and was applied to the low
frequency chug and higher-frequency acoustic mode instabilities. At 600K, both types of instability had relatively equal
strengths, and this test case is used to illustrate how the modes are coupled. Figure 17 show the bicoherence plot along
with the corresponding PSD over the same time window.

The points of intersection on the bispectrum plot represent a strong correlation between different frequencies within
the time series of the signal. Since this is a third order moment, the plot cannot be used as a standalone tool and needs a
corresponding second order moment correlation (PSD, FFT, etc.). The vertical and horizontal lines are correlations
between a frequency and itself (autocorrelation) and its harmonics. The diagonal lines represent a cross-frequency
correlation, which means that one or more frequencies are modulating another frequency. This plot doesn’t describe how
the modulation occurs, only that there is one, and what type of modulation. From the PSD in Figure 17, upon looking at
the fundamental mode at ≈ 1500Hz, there appears to be frequencies associated with resulting modulated frequencies
(green) corresponding to the the fundamental mode (carrier frequency) modulated by the chugging mode ≈ 170Hz
(modulating frequency). The appearance of satellite peaks on the PSD, separated from the main peak by a frequency
close to the chug frequency, was a common occurrence and will be analyzed further here with a wavelet analysis and
later using results from high-fidelity simulations of the experiment. The satellite peaks will be defined as L- or L+.
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Fig. 17 (L) Bispectrum plot and (R) PSD of a test with 600K oxidizer temperature. The red lines on the PSD
correspond to the main physical modes and the corresponding harmonics (overtones).

A wavelet analysis of the same test, during the same time window, is shown in Figure 18. It is apparent that the
fundamental mode is in fact frequency-modulated in time with a period corresponding to the chugging frequency. To
illustrate the periodicity of the frequency modulation better, a wavelet transform of a test with a more pronounced
thermoacoustic mode is shown in Figure 19; this test corresponds to a oxidizer temperature of 760K . The periodic
increase and decrease in frequency corresponds to the chugging frequency and the periodicity of the intermittent power
fluctuation corresponds to the harmonic of the chugging frequency. The frequency relationship behind this sort of
behavior is revealed in the bispectrum plot whereby there is a correlation between the chugging mode, its harmonic, the
thermoacoustic mode and its corresponding modulated frequencies.

Fig. 18 (L) Wavelet coefficient scalogram plot and (R) PSD of a test with 600K oxidizer temperature. The
yellow lines on the wavelet plot correspond to the main physical modes, while the red lines outline the frequency
band through which the fundamental mode oscillates in time. The red lines on the PSD correspond to the main
physical modes and the corresponding harmonics (overtones).

Chemiluminescence Analysis
In conjunction with the pressure measurements, high frequency (> 250 kHz) measurements of the chemiluminescent

emissions from the injector recess and chamber are obtained at several spatial locations. Chemiluminescence emissions
measurements typically target the line of sight apparent flame location. The flame location and its dynamics in this
particular case are more challenging due to the shear co-axial injection at relatively high pressure drops. The resulting
flame zones correspond to the fluctuating shear layer, recirculating flow in the corner of the head end of the combustor
and the wall interactions of the injected fuel. An important purpose of measuring chemiluminescence in the present
study is to track several of these phenomena and their comparison with the predictions of the simulation. Thus
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Fig. 19 (L) Wavelet coefficient scalogram plot and (R) PSD of a test with 760K oxidizer temperature. The
yellow line on the wavelet plot corresponds to the unaltered 1L mode of the chamber, while the red lines outline
the frequency band through which this mode oscillates in time. The red lines on the PSD correspond to the
unaltered acoustic modes and corresponding harmonics (overtones), and the green lines indicate the frequency
modulation of the acoustic modes that are separated from the main modes by a frequency equal to the chug
modes.

validated simulation can provide significant insight into the coupling of the heat release events to the fluid dynamic
phenomena under high pressure, non-premixed conditions. The design of the hardware facilitating the high frequency
chemiluminescence measurements is shown in Figure 20.

Fig. 20 (L) PMT fiber optically coupled port design with expected losses and (R) the optomechanical setup to
filter and extract the relevant portions of the spectral radiation.

Typically the frequency content of the PMT signals resembles the frequency content of the pressure signal. Figure
21 shows how the OH* emission signal in the injector recess fluctuates at the same frequencies as the pressure signal. It
is interesting that the emission signal correlates well with the pressure signal, but more interestingly is the presence of
frequencies in both signals which do not correspond to acoustic harmonics of the primary oscillation. The spectral
range of interest, though, is in the region of 7500-12000 Hz corresponds to the vortex shedding frequency from the fuel
collar [6]. Evidence of this, but still yet to be confirmed, is in the OH* spectrum, one value at ≈ 10050Hz and another
at ≈ 11500Hz. Further examination of Figure 21 accentuates the troughs in the PSD of the pressure signal. The troughs
are indicative of antiresonance in the system, which may be as important as the resonance.

The PMT probe chord locations tend to show a similar agreement with the pressure signal, except for the chord
location on the outer most edge of the chamber, nearest to the head end, where no signal is most often detected. This is
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indicative of a lack of combustion in the recirculation zone. In some cases, where there was a strong chugging mode,
there was a weak signal detected.

Fig. 21 OH* chemiluminescence and pressure PSDs at -0.35" from the dump plane of the combustor, for a
test with oxidizer temperature of 700K. The green lines highlight some frequencies that are correlated; the
frequencies in sequence are (170, 320, 1570, 3130, 4700, 5880, 7450, 9000, 10440, 11950) Hz.

By taking the cross-correlation between the signals at the -0.350" location (just downstream of the fuel collar) and
the 0.300" chord location, at the outermost edge of the chamber cross-section, of the CH* signal, and then averaging
the spectra for all the tests, Figure 22 suggests that one of the primary frequencies associated with the fluctuating
combustion dynamics appears to be around 7200Hz, regardless of oxidizer temperature.

Fig. 22 Averaged cross-spectra across all tests for the -0.350"/0.300" chord outer locations.

Whereas pressure data can be easily compared, PMT measurements cannot be directly compared to the simulation
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outputs. To reconcile the different forms of data related to the chemiluminescent radiative output, a model was developed
to produce radiative output for comparison to the data collected from the PMT probes. Since the CFD domain is
axisymmetric along the mean flow path and the PMT probe volumes are orthogonal to the line of axisymmetry, it was
necessary to construct a 3D domain from the CFD grid and then extract the relevant data within each probe volume
domain intersecting with the newly constructed 3D domain. To construct the new 3D domain, each 2D axisymmetric
element was segmented into 3600 new equiangular cells, and each new cell would adopt the information from the
original cell. Then using a ray tracing algorithm (Figure 23), based on the port design and geometry of the optics
associated with the fiber optic probe, the spatial domain of the probe volume was determined. Then only the cells from
the new 3D domain that fell within the probe volume domain would contribute to the emissions expected to reach the
PMTs.

Fig. 23 Probe volume domain determined by a ray tracing algorithm incorporating the geometric aspects of
the port and numerical aperture of the fiber optic probe. The chamber inner diameter is drawn in red, while
the rays at the extremity of the probe volume domain are drawn in blue.

Using the location of each of the cells relative to the aperture of the port, the radiative flux reaching the port from
each cell location was determined. The relative radiative flux was based on the assumption that each cell emitted in all
directions evenly. The possible fraction of light entering the port is thus based on the solid angle subtended by the port
aperture as a fraction of 4π steradians. The solid angle fraction for a typical probe volume cutting across the diameter of
the chamber is shown in Figure 24.

Fig. 24 Fraction of light entering the port aperture for each point emitter in the probe volume.

The number of photons emitted in the spectral range based on OH* and CH* was calculated using the density,
volume and mass fractions of the excited species for each cell, and the number of photons reaching the PMT was
corrected using the solid angle fraction for each cell. Figure 24 shows that the radiative contribution from emitters close
to the aperture are an order of magnitude greater than those located on the opposite side of the combustor.
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Figures 25 and 26 compare pressure and chemiluminescence from measurement and prediction over the interval
of a chug cycle. The data were normalized using maximum and minimum values within the time frame selected. In
general the CH* emission power is at least an order of magnitude lower than that produced by OH* for both experiment
and simulation. In both datasets, for both experiment and simulation, the signals from CH*, OH* and pressure do
not correspond in phase. These comparisons provide an extra level of validation and allow detailed study of how the
reacting flow evolves.

Fig. 25 Comparison of chemiluminescent data from the CFD simulation involving an oxidizer temperature of
400K and the experiment with an oxidizer temperature of 440K.
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Fig. 26 Comparison of chemiluminescent data from the CFD simulation and the experiment with an oxidizer
temperature of 700K.

Detailed Study of Computational Results
The study described here uses concurrent simulation, analysis and measurement of the self-excited combustion

instabilities that are dependent on flow and geometric parameters. Experimental observations measured over a broad
range of test conditions motivate a more detailed study of key physics. In the following sections, results from high
fidelity simulations of the study configuration are used to provide further detail on the combustion dynamics.

Simulation Results
Two computational cases are presented here with oxidizer temperatures of Tox = 400 K and Tox = 730 K . Both

cases operate with an equivalence ratio φ = 0.8 and the same mass flow rate and operating conditions detailed in Table
1. The fuel inlet uses a choked inlet, which is consistent with the experiments.

Figure 27 depicts the spectra obtained from Dynamic Mode Decomposition (DMD) analysis of the pressure and
heat release fields, showing the most dominant modes of each. Although the temperature is lower than the 440 K case,
the comparison of the simulation DMD pressure mode frequencies with the PSD of the experimental results in Fig. 7
shows a good agreement. In both the experiment and the simulation, at lower oxidizer temperature the low frequency
instability is predominant, whereas its intensity decays with increasing oxidizer temperature. As shown in Figure 7, in
the experiment at Tox = 440K , there is a dominant chugging mode at 160 Hz, and a lower power 1L mode at 1460
Hz (170 and 1450 Hz, respectively in the simulation). In contrast, for the experiment at Tox = 730K , the 1L mode
at 1610 Hz dominates the spectra and the chug mode has a lower amplitude at 200 Hz (Figure 9). In both oxidizer
temperature cases, it is also noteworthy the presence of two modes at lower and higher frequency around the 1L mode,
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henceforth referred to as 1L− and 1L+. For the case at Tox = 730K , the simulations capture the decreasing trend of
chugging intensity but overestimate it with respect to the experiment. In addition, in the simulations the 1L− mode
replaces the 1L observed in the experiment as well as the fact that the 1L+ appears to be of lower magnitude.
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Fig. 27 Dynamic mode decomposition spectra of the pressure and heat release for the case Tox = 400 K . The
1L acoustic mode at 1400 Hz has two adjacent longitudinal modes referred to as 1L− and 1L+ at 1270 Hz
and 1630 Hz, respectively. In the heat release plot, the high frequency modes at 7070 Hz and 9170 Hz do not
match with multiples of the acoustic modes harmonics suggesting that they may be related to hydrodynamics or
chemical kinetics.

In the simulations and experiments the 1L− and 1L+ have a mode shape very similar to a typical 1st longitudinal
chamber mode (Figure 28). In the experiments, the frequency difference between the 1L mode and the adjacent 1L+

corresponds to the chug mode frequency. In both cases, the 1L+ mode occurs at a frequency of f1L+ = f1L + fchug. The
relation of the frequency of the 1L and 1L+ suggests that the latter mode is related to the chug mode, and proof of this
was presented above. Since the chug period is much longer than the 1L mode, as the bulk pressure changes very slowly
when compared to the former, the 1L mode effectively sees a higher or lower chamber pressure and different mean
flow properties depending on the relative position in the chug cycle. The change in chamber pressure may affect the
dynamics of the 1L mode differently during different parts of the chug cycle. The variation of the 1L mode during
the chug mode cycle, with oscillatory changes in the mean speed of sound of the chamber, provokes the modulation
of its acoustic frequency following the chug mode oscillations. The spectrum of a signal modulated with frequency
modulation features adjacent peaks surrounding the carrier signal frequency separated by multiples of the modulation
signal frequency. Using the analogy of frequency modulation of a signal in this case, the carrier frequency would
be the 1L acoustic mode, which would be frequency modulated by the chug mode oscillations. Both the PSD and
DMD spectrum of such a frequency-modulated signal would feature a strong 1L mode frequency with adjacent peaks at
a frequency difference corresponding to the chug mode frequency. It should be noted that the time evolution of the
flow field in a realistic combustor such as the present configuration can be highly variable due to the high level of
unsteadiness. Therefore, in this case the frequency modulation would not necessarily be symmetric between the 1L−

and 1L+ frequencies.
The high-fidelity simulations presented in this section also predict this behavior of the 1L mode with its adjacent

modes. In the simulations, although the frequencies of the modes are very close to the experimental results, the
frequency difference between the 1L and 1L+ mode is not as consistent. It should be pointed out that the sampling
interval for the CFD simulation is limited compared to the experiment due to computational time constraints. in Figure
27, the heat release modes correspond to the low frequency mode (170 Hz) and harmonics of the 1L up until the 4th
longitudinal acoustic mode. The higher frequency modes at 7070 Hz and 9170 Hz are not multiples of the fundamental
acoustic mode. They may be related to natural hydrodynamic modes initiated in the reacting shear layer behind the
collar that separates the fuel and oxidizer, and at the exit of the injector tube at the inlet to the combustion chamber.
Figure 28 shows the DMD mode shapes for the chugging mode and the 1L mode for Tox = 400 K . The low frequency
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mode clearly matches the measured mode shown in Fig. 15 as the chamber shows no spatial variation in the pressure
mode. The 1L mode in Fig. 28 also follows the expected behavior and is confirmed by the mode shape of the pressure
transducers.

Fig. 28 Dynamic mode shapes of pressure for the case Tox = 400 K . From top to bottom the modes represent
the chugging mode, 1L and 1L+ mode, respectively. The color scale is not shown because it does not represent
magnitude.

Fig. 29 Dynamicmode shapes of heat release for the caseTox = 400 K . From top to bottom themodes represent
the chugging mode, 1L and 1L+ mode, respectively. The color scale, which is exponential, is not shown because
it does not represent magnitude.
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Chug cycle analysis
Figure 29 shows the DMD mode shapes of heat release for the case Tox = 400 K . For the chug mode at 170 Hz,

there is a heat release combustion response except in the shear layer. One of the major areas of this response is in the
recirculation zone. The heat release mode propagates from the edge of the fuel collar all the way to the end of the
recirculation zone. The analysis of the chug cycle shown in Figure 30 further illustrates how the chugging mode is
related to the dynamics of the recirculation zone. In this case, the chugging instability is dominant provoking large
variations of the ox post flow velocity and mass flow rate across the injector, so that the vortex shedding dynamics
downstream of the dump plane may vary significantly during the chug mode cycle. In turn, these fluctuations in the
vortex shedding dynamics may affect the mixing process of the fuel and oxidizer with the consequent fluctuations in
heat release. On the other hand, the 1L mode shows a strong heat release response in a small area close to the dump
plane and below the recirculation area. The heat release contours of Fig. 30 show this as approximately the first large
scale vortex shed off of the dump plane.

Figure 30 shows a typical cycle during the low-frequency chug mode for the case Tox = 400 K . Chug instabilities
are in general related to mass flow fluctuations and are characterized by low frequencies and no spatial dependence
of the pressure across the chamber. At the start of the cycle, the pressure at the dump plane is at its low point of the
cycle. A large pressure difference therefore exists between the oxidizer manifold and the dump plane of the combustor,
increasing the oxidizer mass flow. The axial velocity in the oxidizer post shows acceleration, which sustains the oxidizer
jet for a greater length inside the combustor. In this portion of the cycle the higher oxidizer flow velocity appears to
promote finer mixing with smaller scale vortices that appear less perturbed by the reciculation zone than at the peak of
the cycle. The resulting heat release contour is shown in plots A) and B) of Fig. 30. As the oxidizer flow accelerates
and the mass flow rate entering the chamber increases, the pressure starts to build up thereby slowing the increase in
oxidizer mass flow rate due to the pressure differential with the oxidizer manifold decreases. At the peak of the cycle C),
with the pressure of the dump plane reaching its highest value, the mass flow rate entering the chamber starts to decrease
thereby inducing a decrease in chamber pressure. This decrease in mass flow rate entering the chamber effectively leads
to a deceleration of the ox post flow velocity so that the oxidizer jet penetrates less into the chamber. Moreover, in the
descending phase of the cycle D), the lower oxidizer velocity appears to provoke a stronger interaction between the
oxidizer jet and the recirculation zone downstream of the dump plane and features large scale vortical structures being
shed downstream. This effect promotes more mixing of the fresh propellants with the hot gas at the recirculation zone
with the consequent fluctuation in heat release which then contributes to the pressure build up for the next cycle.

The fluctuations in the fuel and oxidizer flow as they are influenced by the instability in the chamber are important
since these contribute to the fluctuations in the local mixture ratios and thus the heat release characteristics of the
combustor. The heat release is an extremely non-linear phenomena, which has several orders of magnitude fluctuations
within the flame length scales, enabling coupling with various fluid dynamic scales. Figure 31 shows the PSD of the
mass flow rate of oxidizer and fuel at the edge of the fuel collar (as shown in Figure 2). The comparison highlights that
the oxidizer mass flow rate is strongly affected by the low frequency mode, whereas the fuel mass flow rate is driven
primarily by the acoustic modes. Thus, the chug mode in this case is coupled with the oxidizer flow.

Figure 33 shows the evolution of the spatially-averaged chamber temperature over time compared to the pressure
trace close to the dump plane. The spatially-averaged chamber temperature is a good representation of the fluctuation
of the mean flow properties over time. The evolution of the chamber temperature is very smooth compared to the
pressure trace due to the spatial-averaging, which cancels out the local fluctuations and thus reveals the overall trends.
The chamber temperature clearly appears to follow the chug mode oscillations with a minor presence of the 1L mode
fluctuations. In turn, the oscillations of the chamber temperature translate into the speed of sound, which then affects
the frequencies of the acoustic modes. As the period of the chug mode is much longer than the 1L mode, the latter
mode effectively experiences different mean flow properties depending on the relative position within the chug cycle.
Thus, the fluctuation of the mean speed of sound of the chamber following the chug mode oscillations, provoke the
modulation of 1L mode acoustic frequency.

The cycle analysis and heat release DMDmodes suggested a connection between the chug mode and the recirculation
zone dynamics. In [7] Culick modeled the recirculation zone with an approximation considering it as a chemical
reactor whose behavior is known to be well-characterized by the temperature of the incoming gases entrained from the
environment, and the average temperature within the zone. Figure 33 shows the results of this simplified calculation
based on energy and mass flows considerations. In this analysis, the upper and lower branches of the hysteresis loop
represent different branches of stable combustion. Work from Knoop [9] et al and Isella [10] et al, confirmed through
high speed films that the upper branch of the loop is associated with shedding of large vortices which, causing periodic
combustion of entrained reactants sustain high amplitude pressure oscillations. In contrast, the lower branch is associated
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Fig. 30 Evolution of a typical chugging mode cycle for Tox = 400 K . The pressure trace is located at 0.3”
downstream the dump plane. The contour plots show heat release in W/m3 (top) and axial velocity in m/s
(bottom). The color scale for the axial velocity has been deliberately limited to lower bounds in order to better
appreciate the velocity fluctuations inside the ox post and chamber.
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Fig. 31 Power spectral density of the oxidizer and fuel mass flow rate, respectively, for the case Tox = 400 K .
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Fig. 32 Time evolution of the spatially-averaged chamber temperature and pressure trace at a monitor point
located 0.3” downstream the dump plane for the case Tox = 400 K .

with relatively quiet combustion in a shear layer shed from the lip at the inlet [7]. Applied to the study configuration,
faster oxidizer flows which penetrate deeper into the chamber and promote finer scale mixing with smaller vortices, are
more representative of the lower branch which exhibits quieter combustion. Effectively, a finer scale and more efficient
mixing process with smaller eddies generates a broader spectrum of oscillations that are less coherent, and hence, quieter.
Conversely, for slower oxidizer flows the increased interaction with the recirculation zone with large scale vortical
structures being shed off of the dump plane resembles more the upper branch. In this regime, the periodic entrainment
of pockets of reactants into the recirculation zone, which eventually react strongly generating large pressure fluctuations,
couples with the acoustic modes thereby closing the feedback loop that leads to stronger combustion instabilities.
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Fig. 33 L) Hysteresis loop for a recirculated zone idealized as a simple chemical reactor (from Culick [7]). R)
Sketch of a recirculation zone formed by a jet of fuel or oxidizer (adapted from Natanzon [8]) in Culick [7]).

Analysis of the Reacting Shear Layer Ignition Dynamics
Time accurate simulations allow a more detailed examination of the reacting flow field through the use of heat

release statistics. A scatter of the mean heat release and corresponding standard deviation at each discrete location
in the simulation helps identify the important features of a flame such as the flame anchoring location. For the new
experimental combustor, such a scatter at the two conditions of operation are shown in figure 34. Both plots show
a sharp peak in the mean heat release at the beginning of the injector recess. Some of the heat release at the lower
temperature is present at an upstream location. The likely reason for this is the behavior of the corner recirculation zone,
which as described before, undergoes periodic re-ignition events corresponding to the coupled fluid-dynamic instability.

Fig. 34 Heat release statistics distribution along the length of the head-end section of the combustor. Mean
heat release: color, standard deviation: black. The injector exit is located at x = 0. Tox = 400 K (L), Tox = 730K
(R).

The importance of the corner recirculation zone is also evident at the point of injector exit, where the heat release
fluctuations are the strongest. The mean heat release at this location spans more than three orders of magnitude and
the standard deviation surpasses the highest mean by an order of magnitude. Due to the relatively small length and
time scales associated with the flames, the heat release at this condition often exhibits broad band of frequencies in
the absence of a coupling with other natural modes. The instabilities generated due to a coupling, therefore appear
dominant relative to the natural modes, as seen from figure 27. In order to further understand the fraction of the heat
release associated with this region relative to the total heat release, consider the probability density of the heat release in
the entire combustor, as shown in figure 35.

The distribution overall shows two regions, a small region centered about 10GW/m3 and a lower larger region at
1MW/m3. At the lower oxidizer temperature, the two regions are distinct, separated by a small dip in the distribution.
The lower heat release region is predominantly due to relatively longer post-ignition heat release, while the highest of
the heat release occurring towards the tail at the upper range, is due to ignition events. The higher oxidizer temperature
shows a plateau for the high heat release region, supporting the broad band nature of the combustion at elevated
oxidizer temperature. The spatio-temporal heat release variations can be better illustrated than the statistics through
the reacting shear layer analysis. Compared with the prior studies with hydrogen peroxide (Smith [11], Harvazinski
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[12], Sardeshmukh [5]), the current experiment uses warm gaseous oxygen as oxidizer. The altered chemical kinetics
with gaseous methane as the fuel is the reason for the flame anchoring within the injector recess as seen from figure 30.
This location is prone to vortex shedding, which coupled with accelerating flow of hot gases, produces a thin region of
mixing before near-complete combustion. The higher temperature of the products compared to the case of hydrogen
peroxide is also conducive to the recessed flame and subsequent compact flame. Such flame is visualized by isolating
the mixtures within flammability limits that are at sufficient temperatures for ignition within an acoustic cycle.

The discrete locations thus identified are displayed as a function space and time in figure 36. The scatter generated
is sized with equivalence ratio of the mixture and colored according to the temperature. Various instances spanning a
duration longer than the cycle time of the chugging frequency are contrasted between the two oxidizer temperatures.
An important aspect identified elsewhere [5] is the interaction of the reactants exiting the injector with the combustor
wall. This interaction is closely related to the anchoring location as well as mixing of both reactants alone and with
the hot products. The lower oxidizer temperature produces a relatively smaller acceleration of the hot gases, therefore
allowing the interaction of the incoming reactants with the wall at a comparatively upstream location. The higher
oxidizer temperature leads to elongated shear layer, which is nearly independent of the corner recirculation zone.

Fig. 35 Heat release probability density distribution in the combustor. Tox = 400 K (L), Tox = 730K (R).

Heat Release and Fluid Response
An important and unique aspect of combustion dynamics in liquid rocket combustors is the very high rate of energy

release. This high rate is due to high operating pressure and propellant combinations at near- stoichiometric proportions
with no diluents. As a result, ignition occurs when partially premixed reactants come into contact with hot combustion
products, or are locally compressed and heated by a change in pressure. At rocket conditions, very rapid ignition of these
packets of reactants can result in a local pressure pulse with an amplitude approaching constant-volume combustion.
This section describes an analytical and computational study of the effects of high energy release rates seen in rocket
combustors. It will be shown that the amplitude of the pressure pulse, and the work done at the flow boundaries by the
energy input depends on the time- and length-scales of heat addition.

Analytical Model
The pressure response of a fluid to an unsteady heat source can be analytically studied using the inhomogeneous

acoustic wave equation. Equation 1 is the acoustic wave equation in one dimension with an unsteady heat source
considering that the mean flow speed of sound, c0, is spatially uniform.

∂2p1

∂t2 − c2
0
∂2p1

∂x2 = (γ − 1)∂q1
∂t

(1)
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Fig. 36

An acoustic wave equation with an unsteady heat source can be derived by linearizing the equations of conservation of
mass, momentum and energy (expressed in terms of entropy) by making the following assumptions and considerations
(a complete derivation is presented by Dowling in [13]):

• Inviscid flow
• Thermal conduction and body forces are neglected
• Gas mixture that acts as a perfect gas, neglecting multi-species effects. The equation of state is p = ρRT and the
gas constant R is given by R = cp − cv , where cp and cv are the specific heat capacities at constant pressure and
volume, respectively.

• The flow variables are decomposed into mean flow and fluctuation parts as φ(®x, t) = φ0(®x) + φ1(®x, t).
• Small-amplitude fluctuations, keeping only linear terms (ε = φ1

φ0
� 1)

• Zero Mach number mean flow, i.e. u0 ' 0
The analytical solution derived in this study from the acoustic wave equation with an unsteady heat source (Equation 1)
assumes that the mean flow fluid properties are temporally constant and spatially uniform. The inhomogeneous acoustic
wave equation problem can be posed as an initial value problem as presented in Equation 2. The initial conditions
correspond to a still flow with constant p = p0 across the domain. The initial conditions φ(x) and ψ(x), and the source
term f (x, t) can be expressed as 

∂2p1

∂t2 − c2
0
∂2p1

∂x2 = f (x, t)
p1(x, 0) = φ(x) = 0
∂p1
∂t
(x, 0) = ψ(x) = 0

f (x, t) = (γ − 1)∂q1
∂t

(2)

The pressure response of the fluid is composed of the mean flow pressure and its fluctuation part, i.e. p(x, t) = p0+p1(x, t).
In turn, the fluctuation part is composed of the homogeneous and particular solutions as p1(x, t) = p1,h(x, t) + p1,p(x, t).
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Applying the initial conditions φ(x) and ψ(x) on d’Alembert’s solution, the homogeneous solution equals to zero

p1,h (x, t) =
1
2
[φ(x + c0t) + φ(x − c0t)] + 1

2c0

∫ x+c0t

x−c0t
ψ(s)ds = 0 (3)

The particular solution p1,p(x, t) can be calculated by applying the Duhamel’s principle to d’Alembert’s solution, which
results in the following integral

p1,p(x, t) =
1

2c0

∫ t

0

∫ x+c0(t−s)

x−c0(t−s)
f (z, s)dzds (4)

Since p1,h(x, t) = 0 with these initial conditions, it follows that the pressure fluctuation p1(x, t) is only determined by
the particular solution p1,p(x, t), which is driven by the fluctuations of the heat source term (γ − 1) ∂q1

∂t . The present case
consists of a heat source per unit volume q1(x, t) with a Gaussian spatial distribution and a step temporal profile defined
as

q1(x, t) =


Kxexp
[
− 1

2

(
x
σx

)2
]

thab 6 t 6 thae

0 thab < t, t > thae
(5)

where thab is the time in which heat addition begins, thae is the time in which heat addition ends, and Kx is the heat
source magnitude parameter defined as

Kx =
Eha√

2πσxHhaWha(thae − thab)
=

qhaLha√
2πσx

(6)

where Eha is the total energy input, and Vha, Lha, Hha, and Wha stand for the volume, length, height, and depth of
the volume in which heat addition is applied, respectively. The standard deviation of the Gaussian spatial profile is
set to σx =

Lha

7 . The volumetric heat release qha corresponds to the equivalent flat profile heat release value, which
integrated over space and time, inputs the same total energy input as the Gaussian profile.

Eha =

∫ ∞

−∞

∫ ∞

−∞
q1(x, t) dVdt =

∫ ∞

−∞

∫ ∞

−∞
qha dVdt = qhaVha∆tha (7)

where ∆tha stands for the heat addition duration. Thus, the flat profile heat addition value, qha, is given by

qha =
Eha

Vha∆tha
=

Eha

LhaHhaWha(thae − thab)
(8)

Hereinafter, the values of heat source intensity for the study cases are reported using the equivalent flat profile value,
qha, which inputs the same heat as the Gaussian profile, as shown in Figure 37. Mathematically, the heat source function
of Equation 5 is expressed as

q1(x, t) = Kxexp

[
−1

2

(
x
σx

)2
]
(u(t − thab) − u(t − thae)) (9)

where u(t − τ) is the unit Heaviside function. Applying the temporal derivative of the heat source of Equation 9 as
stated in Equation 2 yields to

f (x, t) = (γ − 1)∂q1
∂t
= (γ − 1)Kxexp

[
−1

2

(
x
σx

)2
]
(δ(t − thab) − δ(t − thae)) (10)

where δ(t − τ) is the Dirac delta function. Substituting Equation 10 into Equation 4 provides the expression to be
integrated to solve the pressure response

p1,p(x, t) =
1

2c0

∫ t

0

∫ x+c0(t−s)

x−c0(t−s)
(γ − 1)Kxe−

1
2 (

z
σx
)2 [δ(s − thab) − δ(s − thae)]dzds (11)
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Fig. 37 Normalized Gaussian heat addition profile with respect to the flat profile heat addition intensity, qha,
and the heat addition length, Lha. The dashed line represents the equivalent flat profile, which has the same
area under the curve as the Gaussian distribution.

Integrating Equation 11 and writing x ± c0t as c0

(
x
c0
± t

)
, the final solution of the pressure response to an unsteady heat

source with Gaussian spatial distribution and step temporal profile yields to

p1,p(x, t) =
Ap1

2

[{
er f

(
c0√
2σx

(
x
c0
+ (t − thab)

))
− er f

(
c0√
2σx

(
x
c0
− (t − thab)

))}
u(t − thab)

−
{
er f

(
c0√
2σx

(
x
c0
+ (t − thae)

))
− er f

(
c0√
2σx

(
x
c0
− (t − thae)

))}
u(t − thae)

] (12)

In Equation 12 the constant multiplying all terms is precisely half the amplitude of the pressure fluctuation

Ap1 = 2
(γ − 1)Kxσx

√
2π

4c0
=

Eha(γ − 1)
2c0HhaWha(thae − thab)

=
(γ − 1)qhaLha

2c0
(13)

Characteristic Length and Time Scales
The solution of Equation 12 contains a characteristic response time that determines the behavior of the pressure

response to an unsteady heat release source with Gaussian spatial distribution and step temporal profile. From the terms
inside the error functions in Equation 12, there is a constant that represents the fluid characteristic response time τr
defined as

τr =

√
2σx

c0
(14)

For all cases studied, the standard deviation of the Gaussian heat addition profile has been set to a value of σx =
Lha

7 .
Rewriting the solution of Equation 12 in terms of the characteristic time scale τr yields to

p1,p(x, t) =
Ap1

2

[{
er f

(
x
c0
+ (t − thab)

τr

)
− er f

(
x
c0
− (t − thab)

τr

)}
u(t − thab)

−
{
er f

(
x
c0
+ (t − thae)

τr

)
− er f

(
x
c0
− (t − thae)

τr

)}
u(t − thae)

] (15)
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In turn, the velocity fluctuation can be computed from the pressure fluctuation using the linearized momentum
conservation equation

ρ0
∂ ®u1
∂t
= −∇p1 (16)

The velocity fluctuation then reads as

u1(x, t) = −
Ap1

2ρ0c0

[{
er f

(
x
c0
+ (t − thab)

τr

)
+ er f

(
x
c0
− (t − thab)

τr

)
− 2 er f

(
x

c0τr

)}
u(t − thab)

−
{
er f

(
x
c0
+ (t − thae)

τr

)
+ er f

(
x
c0
− (t − thae)

τr

)
− 2 er f

(
x

c0τr

)}
u(t − thae)

] (17)

The pν work efficiency can be defined as the pν work (also known as boundary work) generated by the pressure at
the control volume boundaries divided by the total energy addition, Q. Effectively, ηpν represents the efficiency of
converting heat addition into acoustic pressure energy. The control volume is conveniently located far away of the heat
addition zone in order to capture the far-field pressure response.

ηpν =
Wb

Q
=

∫ T

0

∮
∂Ω

p
(
®u · ®n

)
dsdt∫ T

0

∫
Ω

qdVdt
=

1
Q

∫ T

0

∮
∂Ω
(p0 + p1)

(
®u1 · ®n

)
dsdt (18)

Noting that ®u = ®u1 due to the zero Mach number assumption (®u0 = 0).
There are two distinct regimes of pressure response depending on the relation between the characteristic response

time τr and the heat addition duration ∆tha:{
∆tha > 2τr, Full amplitude response
∆tha < 2τr, Partial amplitude response

Since the pressure response of Equation 12 is defined by the error function er f , a time of 2τr corresponds to er f (2),
which implies reaching a 99.53% of the full amplitude response. Thus, er f (2) has been set as the threshold to
characterize the different regimes of the pressure response depending on the characteristic time scales.

1. Full amplitude response, ∆tha > 2τr
Under this regime, the pressure response will reach the full amplitude and propagate in both directions. Since the

model neglects viscous losses, the amplitude of the pressure response does not decay over the distance.

p1max,FR =
Eha(γ − 1)

2c0HhaWha(thae − thab)
(19)

2. Partial amplitude response, ∆tha < 2τr
If the duration of heat release is short compared to the characteristic response time, the amplitude of the pressure

response does not reach its full strength. The maximum amplitude occurs at x = 0 (center of the heat addition Gaussian
profile) but decays over the distance converging to a far field value defined in Equation 21. After reaching the far field
value amplitude, at a distance L f f the amplitude remains constant due to the absence of loss mechanisms. The far field
response occurs at a distance L f f away from the center of the heat addition Gaussian profile corresponding to

L f f = 2τrc0 = 2
√

2σx (20)

The amplitude of the far field response is given by

p1max,PA(x > L f f ) =
Eha(γ − 1)

2c0HhaWha(thae − thab)

[
er f

(
∆tha
2τr

)]
(21)

It should be noted that the heat addition profiles of Figure 38 and Figure 39 input the same total energy, i.e.
Q1 =

∫ thae

thab

∫ ∞
−∞ q dVdt = Q2.
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Fig. 38 Full amplitude response case. Pressure response of CO2 at 1 MPa and 500 K to to an unsteady heat
source; qha = 1 · 1013 W

m3 , Lha = 100 µm and tha = 0.25 µs.
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Fig. 39 Partial amplitude response case. Pressure response of CO2 at 1 MPa and 500 K to to an unsteady heat
source; qha = 2.5 · 1012 W

m3 , Lha = 400 µm and tha = 0.25 µs. The far field distance is L f f = 161.6 µm, thus at
x = 202.5 µm the pressure trace behaves with the far field response.

Parametric Study
This section briefly presents an analytical parametric study aimed to explore the behavior of the pressure response

to unsteady heat release addition over a wide range of length and time scales. The heat addition profile used is the
aforementioned Gaussian spatial distribution and step temporal profile. The parametric study has been carried out for a
constant total energy input Q = 250 J (considering Hha = Wha = 1 m). The heat addition band size Lha has been varied
from 10 µm to 10 cm, and the heat addition duration tha has ranged from 0.1 µs to 1 ms. CO2 has been used as the fluid
for the study, with an initial temperature and pressure of 500 K and 1 MPa, respectively. Figure 40 shows a map of the
far-field fluctuation pressure amplitude of the pulses with respect to the heat addition length and duration. Both Figure
40 and Figure 41 depict the critical line ∆tha = 2τr that separates the two distinct pressure response behaviors: full
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amplitude response above the critical line, and partial amplitude response below it. Above the critical line, in which the
heat addition duration is long with respect to the fluid characteristic response time, the amplitude of the pressure pulses
is independent of the heat addition band size and only depends on the inverse of the heat addition duration. In this
regime, shorter heat addition durations result in larger amplitude pressure fluctuations. Conversely, in the area below the
critical line, where the heat addition duration is shorter than the characteristic response time, the fluid can only reach
a partial amplitude and not reach the full potential due to its relative slow response to heat addition. In this regime,
concentrating the heat addition zone in smaller band sizes results in higher amplitude of the pressure fluctuations.
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Fig. 40 Map of the far-field amplitude of the pressure response of CO2 to different heat addition profiles. The
green lines represent lines of constant heat addition rate in W/m3, whereas the blue lines represent contours of
p f f −p0

p0
.

Figure 41 shows a map of the pν work efficiency, ηpν , as defined in Equation 18. The pν work, also known as
boundary work, Wb, represents the pressure work at the boundaries of the control volume. In this case, ηpν is a good
metric to assess the relative amount of energy from heat addition that is converted into actual pressure work. It should
be pointed out that all cases studied in this section have the exact same total energy input Q. The map of Figure 41
shows that pν work efficiency tends to increase for smaller time and length heat addition scales. The two behaviors
of full and partial amplitude response are clearly distinguished by the critical line. It is important to point out that
the pν work efficiency plateaus for large time and length heat addition scales. The addition of heat release in this
long durations (small time rate of change of heat release) over widespread areas approaches to a regime of constant
pressure combustion. On the contrary, the small time and length heat addition scales tends towards the constant volume
combustion, which has higher efficiency than the constant pressure combustion regime.

Comparison of Analytical and Numerical Results
High-fidelity simulations using Purdue’s in-house Navier-Stokes solver GEMS have been performed with the aim of

assessing the validity of the analytical models and their limitations. Since this case is a simplified representation of
an open flame, the dimensions of the domain have been set in such a way as to avoid reflected pressure waves from
reaching the zone of energy addition prior to the conclusion of the simulation. The computational domain, depicted
in Figure 42, consists of a two-dimensional cavity of 20 mm x 30 mm. The total number of cells is 75, 072 and the
mesh is divided in 96 partitions. At the zone of analysis, which comprises the heat addition events and its surroundings,
the grid is uniform with a cell size of 5 µm in the x and y directions. In order to accurately capture the transient, the
time step is limited to 2.5 ns and the simulations last for 12.5 µs. The study is carried out using CO2 as it is a pure
substance common in rocket combustion. A pressure of 1 MPa and a temperature of 500 K are chosen as the initial
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Fig. 41 Map of the pν work efficiency of the pressure response of CO2 to different heat addition profiles. The
green lines represent lines of constant heat addition rate in W/m3, whereas the blue lines represent contours of
ηpν (as defined in Equation 18).

conditions, which are representative of the interaction between hot and cold gases in the recirculation region of the
study configuration described above. All boundaries are modeled as inviscid, adiabatic walls.

The following two plots present the comparison of the analytical solution against high-fidelity numerical simulations.
The study case consists of quiescent CO2 at 1 MPa and 500 K subjected to a heat release source with spatial Gaussian
distribution and step temporal profile. The heat release flat profile value is qha = 2.5 · 1012 W

m3 , which is spanned over
a length Lha = 100 µm, and a time duration of tha = 1 µs. Figure 43 shows the comparison of the numerical and
analytical solutions of the pressure response to the unsteady heat release source. The analytical solution captures well
the dynamics of the real case with a slight overshoot in amplitude due to the assumption of constant speed of sound and
the absence of loss mechanisms (heat of conduction and viscous stresses are neglected in the analytical model).

Figure 43 and Figure 44 summarize the time evolution of the flow variables at the centerline of the Gaussian heat
source and at a distance of 52.5 µm from it (since the Gaussian heat addition length is Lha = 100 µm, the latter location
is right outside the heated band). Figure 43 shows that the temperature increases substantially at the center of the
Gaussian heat source profile but this effect mitigates the further away it is measured from the center location. Since the
speed of sound is strongly dependent on the temperature, the direct consequence of the temperature increase due to heat
addition is the increase of speed of sound. However, the analytical model assumes a uniform speed of sound so that it
does not capture this local effect of speed of sound increase. This difference in speed of sound is the major cause of the
discrepancy between the analytical model and the high-fidelity numerical simulation.

As shown in Figure 43, by the time the pressure trace reaches the maximum value (around t = 0.12 µs), the speed
of sound has already started to increase and from there it grows quickly in a close to linear fashion. Looking at the
numerical pressure solution, it is clear that this pressure relaxation after the maximum follows the same quasi-linear
trend shown by the speed of sound increase or the same trend exhibited by the density. It should be pointed out that an
increase in speed of sound decreases the effectiveness from which unsteady heat release generates acoustic pressure
waves. The characteristic impedance, ρc, follows a very similar trend to that experienced by the density, as the latter
decrease has a more dominant effect than the speed of sound increase. The comparison of Figure 43 and Figure 44
reveals that the temperature increase effects are very local and barely affect the local properties at the edge of the
Gaussian heat addition band (x = 50µm). Indeed, whereas the relation between pressure, temperature and density at the
centerline are clearly nonisentropic due to the heat addition, right outside the Gaussian heat addition band the state
variables essentially follow the isentropic gas relations. Therefore, in an unsteady heat release event, the shape of the
pressure pulse will be completely affected by the local temperature fluctuations (which in turn vary the density, speed of
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Fig. 42 Schematic of the computational domain for the heat release response simulations (L) and its computa-
tional mesh (R). The heat addition profiles are applied in the orange area.

Fig. 43 Flow field response at the center line of an unsteady heat source for CO2 at 1 MPa and 500 K . The
heat release source applies 2.5 · 1012 W

m3 spanned over a length of 100 µm and a duration of 1 µs. In the plot
legend, pan, pnum, and φ/φ0 correspond to the pressure analytical solution, and numerical solution of pressure
and the rest of flow field variables, respectively.

sound, etc.), but these will only begin to affect the surroundings much later after the pressure pulse has passed due to the
slow time scale of thermal diffusion processes compared to acoustics.
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Fig. 44 Flow field response at x = 52.5 µm of an unsteady heat source for CO2 at 1 MPa and 500 K . The heat
release source applies 2.5 · 1012 W

m3 spanned over a length of 100 µm and a duration of 1 µs. In the plot legend,
pan, pnum, and φ/φ0 correspond to the pressure analytical solution, and numerical solution of pressure and the
rest of flow field variables, respectively.

Summary of the Pressure Response to Unsteady Heat Release
The unsteady heat release that occurs during the ignition of a pocket of propellants in a combustor can be modeled

as a heat source with a Gaussian distribution. Swaminathan proved that a Gaussian profile represents fairly well the
fluctuating heat release rate and the temporal rate of change of the fluctuating heat release rate spatial correlation [14].
His analysis revealed that the planar laminar flame thermal thickness can be used as the characteristic length scale of the
unsteady heat release profile. The representation of the heat release profile as a Gaussian distribution can be then linked
to physical length and time scales of turbulent flames.

The study of the analytical solution has revealed two different pressure response behaviors depending on the length
and time scales of the heat release profile. On the one hand, for sufficiently long heat addition durations, the amplitude
of the pressure fluctuations depends only on the inverse of the heat addition duration and it is independent of the
length scale of the spatial Gaussian profile. On the other hand, for durations shorter than twice the fluid characteristic
response time, the amplitude of the pressure fluctuations converges to a far-field value which is lower than the potential
maximum. Both phenomena have been properly captured by means of analytical and numerical results, although the
analytical solutions slightly overpredict the pressure response due to the assumption of constant mean flow properties,
and neglecting heat of conduction and viscous effects in the analysis. Furthermore, high-fidelity numerical simulations
have revealed the existence of weak shock waves formed at a certain distance away from the heat addition zone due to
wave steepening. The formation of weak shocks is a nonlinear acoustic effect caused by the variation of the local speed
of sound with temperature. Based on the magnitude of heat release, which drives the amplitude of pressure fluctuations,
three different regimes can be distinguished:

• Low rates of heat release (gas turbines): isentropic compressions
• High rates of heat release (liquid rocket engines): weak shocks
• Detonations (pressure-gain combustion): strong shocks
The fluid characteristic response time is directly proportional to the heat release length scale (i.e. flame thickness)

and inversely proportional to the local speed of sound. The flame thickness decreases with the pressure whereas the
speed of sound increases with temperature. In high-performance rocket engines the pressure and temperatures are
extremely high. However, the maximum local speed of sound is bounded by the maximum temperature in the combustor,
which in turn is limited by chemical reactions and has a small dependency on the chamber pressure. In contrast, the
flame thickness continues to decrease with increasing pressure so that for higher operating pressures the characteristic
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response time will tend to shorten. Therefore, for liquid rocket engines the realization of partial or full amplitude of
pressure fluctuations due to combustion noise is mostly determined by the rate of change of unsteady heat release
since the fluid characteristic response time is very short. This rate of change is inversely proportional to the unsteady
heat release time scale. Liquid rocket engines suffer from a high level of unsteadiness and a succession of ignition
and extinction events that result in extreme time rates of change of heat release. It is expected that for slowly varying
unsteady heat release events, the pressure fluctuations will realize its full potential, and only very sharp fluctuation events
might exhibit the partial amplitude response. As shown in the analytical model, the amplitude of pressure fluctuations
is inversely proportional to the heat release time scale, so that faster unsteady heat release events will generate larger
pressure fluctuations. In a real liquid rocket engine there is a spectrum of time scales of unsteady heat release, which
will determine both the magnitude of combustion noise pressure fluctuations, and their amplitude regime (i.e. partial or
full amplitude).

Presentations and Publications during Project
• Sardeshmukh, S. V., Bedard, M. J., Pons, A., and Anderson, W. E., "Investigating Heat Release Dynamics in a
Self-Excited Unstable Combustor Using High Fidelity Chemiluminescence Measurements and Modeling", 2018
AIAA Aerospace Sciences Meeting, American Institute of Aeronautics and Astronautics, 2018.

• Sardeshmukh S., Bedard, M., and Anderson, W. “The Use of OH* and CH* as Heat Release Markers in
Combustion Dynamics,” International Journal of Spray and Combustion Dynamics, Vol. 9, issue 4, 2017, pp.
409-423.

• Pons, A., Fuller, T.L., Sardeshmukh, S., and Anderson, W. E., "Analysis of the Interactions between Acoustics and
Unsteady Heat Release in a Self-Excited Single Element Combustor", 54th AIAA/SAE/ASEE Joint Propulsion
Conference & Exhibit, American Institute of Aeronautics and Astronautics, 2018.

• Fuller, T.L., Gejji, R., Sardeshmukh, S., and Anderson, W. E., "Considerations Regarding the Use of Laser Ignition
in High-Pressure Devices", 2019 AIAA Aerospace Sciences Meeting, American Institute of Aeronautics and
Astronautics, 2019.
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