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ABSTRACT 

Space-based ground-imaging ladar has become more feasible with recent technological advances. 
Compact fiber-optic lasers and single-photon-sensitive Geiger-mode detector arrays push the design 
towards low pulse energies and high pulse rates. A challenge in implementing such a system is imperfect 
pointing knowledge caused by angular jitter, exacerbated by long distances between satellite and ground. 
Without mitigation, angular jitter would cause significant blurring of the 3D data products. Reducing 
angular jitter to avoid such problems might require extreme mechanical isolation, advanced inertial 
measurement units (IMUs), star trackers, or auxiliary passive optical sensors. These mitigations can 
increase cost and size, weight, and power (SWaP) considerably. An alternative approach is demonstrated 
that uses only the ladar data to mitigate the unknown jitter, similar to blind deconvolution. Expectation 
Maximization is used to jointly estimate the 2-axis-jitter time series and the 2D ground surface. Reasonable 
assumptions about the jitter spectrum and the spatial-frequency spectrum of the ground are incorporated as 
prior distributions in a way consistent with Bayes’ rule.  
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1. INTRODUCTION 

MIT Lincoln Laboratory has pioneered the development of high-performance 3D-ladar systems using 
photon-counting avalanche photodiode (APD) arrays. We have successfully fielded several airborne 3D-
ladar systems.1 Currently, we are designing a space-based 3D ladar to go on a small-sat bus. 

The basic concept of the ground-imaging ladar is shown in Figure 1. A short-pulse (~1 ns) high-
repetition-rate laser illuminates a small patch on the ground (of order 70 m × 70 m). The backscattered light 
is imaged on a moderate-sized (128 × 128 pixel) APD array. The APD pixels make precise timing 
measurements, from which surface heights can be calculated. To generate a surface-height map over a large 
area (of order 10 km2), the laser beam and APD-array field of view are rapidly scanned across the ground. 

 

Figure 1. Nominal concept for space-based ground-imaging 3D ladar. 

                                                      

1 Laser Radar, Progress and Opportunities in Active Electro-Optical Sensing, The National Academies 
Press (2014). 
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A requirement for developing an accurate surface-height map over a large area is that the majority of 
the individual height measurements are registered to a small fraction of a pixel (say <1/3 pixel). We have 
achieved this registration accuracy for airborne systems, but achieving it in a space-based system is much 
more challenging for three reasons. 

First, the airborne systems did not need to operate diffraction limited, whereas the much longer-range 
space ladar will need to operate close to the diffraction limit to get adequate cross-range resolution. For the 
airborne systems, the Ground Sampling Distance (GSD) was greater than the diffraction-limited Ground 
Resolved Distance (GRD). For the space-based system, on the other hand, we need to have ܦܵܩ ≲  .ܦܴܩ 

Second, for the airborne systems, the range was a few kilometers; for a space-based system, the range 
will be a few hundred kilometers. This difference in range means that, for equivalent ground resolution, a 
space-based system will be 100 times more sensitive to jitter than an airborne system. For an airborne 
system, a pointing jitter of 100 µrad might be adequate; a space-based system may need a pointing jitter  
<1 µrad. 

Third, for our airborne systems, the pointing knowledge was provided by highly precise, pointing 
mirrors, but for the small-sat system, it would be desirable to eliminate the need for large, heavy, expensive 
pointing mirrors. 

To achieve the required registration accuracy, we have been investigating image-based registration—
that is, using the ladar measurements themselves to estimate the jitter. Image-based registration has its own 
challenges. A particular problem for our scenario is that the relatively low-pulse-energy, high-repetition-
rate laser (which is selected to maximize laser power efficiency) means that there are very few detections 
(~10) across the entire APD array per laser pulse. Thus, measurements from many pulses need to be 
integrated to make one height measurement. 

In this report, we describe the development and initial testing of a novel algorithm to concurrently 
solve for both the pulse-by-pulse angle jitter and the pixel-by-pixel true heights of the scene.  
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2. DESIGN CONSIDERATIONS 

As the satellite passes over a region of interest, the ladar will do a raster scan over the region. The 
transmitted beam will illuminate the whole field of view (FOV) of the receive array. A narrower beam 
would make the signal less challenging to integrate, but would increase the system complexity and 
mechanical requirements. The raster scan can be divided into multiple horizontal sweeps that can be 
processed independently. This report will focus on the processing of one horizontal sweep or the sensor 
staring at one location, both of which can be handled similarly.  

TABLE 1 

Example Parameters of Small-Sat Ladar  

Parameter Value 

Array size (fully illuminated) 128 × 128 pixels 

PRF 1 MHz 

Pulsewidth (FWHM) 0.5 ns 

Pulse energy 0.2 mJ 

Wavelength 1 µm 

Receive aperture diameter 1 m 

Receive efficiency 0.2 

Oversampling factor, Q 1 (GSD = GRD) 

Background count rate 2 kHz 

Surface reflectivity 0.1 

Altitude 440 km 

Jitter correlation time 10 ms 

Jitter variance 50 µrad2 

Integration time per FOV 12.5 ms 

Table 1 lists the parameters of the current system design. Based on these parameters, the ground 
sampling distance (GSD) at zenith is  1.22ܦߣ ܴܳ = 0.57 ݉, 
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where ߣ is the wavelength, ܦ is the aperture diameter, ܴ is the range, and ܳ is the oversampling factor. The 
per-pulse photoelectron (PE) return rate across the whole array is  

௣௨௟௦௘ܧ ߣ݄ܿ ଶܴߨ2ߩ ߨ ൬2ܦ൰ଶ ߛ ൌ  ,݁ݏ݈ݑ݌/ܧܲ	13.8
where additionally, ܧ௣௨௟௦௘ is the pulse energy in Joules, ݄ is Planck’s constant, ܿ is the speed of light, ߩ is 
the target reflectivity, and ߛ is the receive efficiency, which combines quantum and optical efficiency. 
When distributed over 1282 pixels, this return rate becomes 8.4*10-4 PE/pixel/pulse, which is very low, 
especially compared to noise rates. The low return rate necessitates long integration times, which makes it 
necessary to compensate for jitter to avoid smearing.  

Since the system is still in the early design stage, the angular jitter characteristics are not known. As 
a reference, Figure 2 shows sample power spectral densities (PSDs) for angular jitter for various spacecraft. 
A conservative baseline PSD for angular jitter was determined based on these spectra. The second largest 
of the PSDs (the ICD system) was selected and reduced by a factor of two based on engineering judgement. 
The parameters of a random process were then determined from this baseline PSD, such that the new PSD 
matches the baseline at frequencies above the reciprocal of the integration time, but flattens out at lower 
frequencies, which would be indistinguishable from DC. The random process is a 1st order Gauss-Markov 
process, and its associated parameters are listed in Table 1. 

 

Figure 2. Angular jitter power spectral densities for various spacecraft. 
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A small angle approximation is used to translate the angular jitter into lateral motion of the boresight 
on the surface, i.e., ∆ݔ ≈  Using the parameters from Table 1, the per-axis RMS jitter at the surface .ߠܴ
would be  ∆ݔ ≈ 440 ∙ 10ଷඥ50 ∙ 10ିଵଶ ݉ = 3.1 ݉ 

Actually, because the variance is defined as a long-term average, but the integration time is limited, 
AC fluctuation in the jitter is only about half of that value, at 1.5 meters. This is still multiple GSDs.  
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3. PROBLEM FORMULATION 

3.1 PHYSICAL MODELING 

The problem has been modeled in a way that is simplified, but retains the most important physical 
characteristics. As the satellite passes over the region of interest, it adjusts its attitude to scan the field of 
view over the area. The satellite trajectory and attitude are both known to limited precision from inertial 
measurement unit (IMU) measurements. The combination of the trajectory and attitude determines the 
projection of the field of view onto the ground. To simplify the problem, an orthographic projection model 
is used, which assumes that the change in angular pointing is small. The region of interest can be divided 
into sufficiently small pieces that this assumption is valid. With the orthographic projection model, angles 
are replaced by their projection onto the observed scene.  

The satellite position and the pointing, as reported by the IMU, are combined into a single 3D vector 
function of time:  

(ݐ)݃ = ቎݃௫(ݐ)݃௬(ݐ)݃௭(ݐ)቏ (1) 

The coordinate frame is fixed relative to the ground, with the x-y plane orthogonal to the line of sight, 
and the z axis pointing along the line of sight towards the satellite. The z component can be considered the 
range, due to the orthographic projection approximation. The x-y plane, also called the reference plane, is 
defined such that it is close to the surface, notionally at the average surface level. The pixels of the detector 
array will project onto the reference plane in a grid with spacing equal to 1 GSD.  

The 3D scene is modeled as a surface height relative to the reference plane, as a function of the lateral 
coordinates, that is:  ℎ(ݔ,  (2) (ݕ

This is sometimes referred to as a 2.5D image. Real 3D scenes can of course be more complex than 
this, with multiple hard surfaces per GSD and fine-grained structure such as foliage, that allows ladar returns 
from a variety of ranges over a small line-of-sight change. Nevertheless, we believe this model to be a good 
approximation, as there is often a strong return from the first surface, and it is likely that a large portion of 
the scene will be well-represented by the model. The goal is to represent the surface accurately enough to 
facilitate the estimation of the jitter.  

The jitter is modeled as a 2D function of time that represents a lateral shift of the boresight along the 
reference plane:  
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(ݐ)݆ = ൤݆௫(ݐ)݆௬(ݐ)൨ (3) 

The x and y jitter functions are assumed to be independent 1st order Gauss-Markov random processes. 
This type of process has a power spectral density (PSD) that decreases proportionally to the square of 
frequency, which is typical of many real systems. This random process is equivalent to Gaussian white 
noise passed through a single-pole low pass filter.  

Figure 3 illustrates the surface height with the projected pixel grid, and the jitter path. Over the 
integration time interval, the center of the pixel grid would traverse the jitter path.  

 

Figure 3. Surface height, pixel grid, and jitter path. 

3.2 TRANSMITTED PULSES 

The ladar transmits pulses that are assumed to have a large enough angular divergence that the whole 
field of view is illuminated. The pulse shape is assumed to be Gaussian in time. The transmit time of each 
pulse is recorded, which represents the center of the pulse. If the pulse energy is varied, then this is also 
recorded.  
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A transmitted pulse travels at the speed of light towards the surface, reflects off the surface, and 
returns towards the ladar. It is convenient to define the time and range at which a pulse would reflect off 
the reference plane. We will call them the nominal reflection time and nominal reflection range. These are 
found by taking the intersection of the outgoing pulse’s range vs. time curve and ݃௭(ݐ), the range vs. time 
of the reference plane. This is shown in Figure 4. It is valid to treat the problem as if the satellite is stationary 
and the ground is moving. The intersection can be computed by the following steps:  

1. Define a rotated coordinate frame such that the range vs. time trajectory of an outgoing pulse is 
a vertical line. This rotation will be 1/8 of a cycle (45 degrees) if the units of range are chosen to 
be the distance that light travels in one unit of time.  

2. Convert the range vs. time function ݃௭(ݐ) into a function of the abscissa variable of the rotated 
frame. This is guaranteed to be a proper function because the range rate must be less than the 
speed of light.  

3. Interpolate the rotated range vs. time function at the abscissa values of the vertical lines of the 
outgoing pulses.  

4. Rotate each ordinate-abscissa pair back to the original frame to get the time and range of 
reflection.  

 

Figure 4. Determination of reflection range and time via interpolation in rotated frame. 

  



 

 

10 

The nominal reflection time and range for the ith pulse are related by  ݐோாி ௜ = ௑ ௜்ݐ + ோாி ௜ܿݎ  (4) 

where ܿ is the speed of light, and the remaining variables are defined in Table 2. Given the nominal 
reflection time, the nominal receive time is  ݐோ௑ ௜ = ௑ ௜்ݐ + ோாி ௜ݐ)2 −  ௑ ௜) (5)்ݐ

The nominal receive energy is  

݁ோ௑ ௜ = ߨோ௑2ߛோ௑ܣߩ ்݁௑ ௜ݎோாி ௜ଶ  (6) 

where ߩ is the surface reflectivity (assumed constant), ܣோ௑ is the receive aperture area, and ߛோ௑ is the 
combined optical efficiency and quantum efficiency. It is assumed here that the transmitted energy is 
distributed uniformly over the scene, and that the return energy spreads uniformly over a hemisphere. If ݁ோ௑ ௜ is expressed in units of counts, then it is the expected number of detections for the ith pulse, across all 
pixels.  

In simulating measurement data, a binary indicator variable is randomly generated, which represents 
whether each pulse generates a detection – called a hit – in a particular pixel. This variable has a Bernoulli 
distribution, with parameter ݁ோ௑ ௜/ ௣ܰ௜௫௘௟௦ expressed in units of counts. Low per pixel signal hit rate is 
assumed here, i.e., ݁ோ௑ ௜/ ௣ܰ௜௫௘௟௦ ≪ 1 .  

݈݈݅ݑ݋݊ݎ݁ܤ ~ ோ௑ ௜ ௞ݍ ቆ ݁ோ௑ ௜௣ܰ௜௫௘௟௦ቇ (7) 

This indicator variable is generated for every pixel (index k) and for every pulse (index i). The set of 
variables associated with each pulse is listed in Table 2.  
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TABLE 2 

Properties of Pulses 

Variable Description ்ݐ௑ ௜ transmit time (center of pulse) ்݁௑ ௜ transmit energy ݐோாி ௜ nominal reflection time (center of pulse) ݎோாி ௜ nominal reflection range ݐோ௑ ௜ nominal receive time (center of pulse) ݁ோ௑ ௜ nominal receive energy ݍோ௑ ௜ ௞ hit indicator for pixel k 

3.3 MEASUREMENT DATA 

Measurements are taken over the time interval [0, T]. The sensor data contains the time and pixel 
number of each hit, which may arise from signal or background noise. For simulation of signal hits for pixel ݇, the hit indicator variable ݍோ௑ ௜ ௞ determines whether pulse ݅ causes a hit. For each of these pulses with ݍோ௑ ௜ ௞ = 1, the hit time is modeled as  

௝ | ௦௜௚௡௔௟ߞ = ோ௑ ௜(௝)ݐ − 2ܿ ℎ൫ݔ௝, ௝൯ݕ +  ௝ (8)ݒ

where ݆ is the hit index and ݅(݆) is the corresponding pulse index. ݒ௝ represents when the received photon 
was emitted relative to the center of the pulse, which is distributed as  ݒ௝ ~ 0)݊ܽ݅ݏݏݑܽܩ, ௉ௐଶߪ ) (9) 

where ߪ௉ௐଶ  is the variance representing the Gaussian pulse. Low per pixel signal hit rate is assumed here, 
i.e., ݁ோ௑ ௜/ ௣ܰ௜௫௘௟௦ ≪ 1, to avoid blocking-induced skewing of the pdf relative to the pulse shape.  

The reflection coordinates at which the surface height is evaluated are defined as  ݔ௝ = ݃௫൫ݐோ௑ ௜(௝)൯ + ݆௫൫ݐோ௑ ௜(௝)൯ + ܿ௫൫ ௝݊൯ + ܽ௫ ௝ + ܾ௫ ௝ (10) 
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௝ݕ = ݃௬൫ݐோ௑ ௜(௝)൯ + ݆௬൫ݐோ௑ ௜(௝)൯ + ܿ௬൫ ௝݊൯ + ܽ௬ ௝ + ܾ௬ ௝ (11) 

Both of these equations are the sum of the following five terms:  

• Reported boresight projection at the nominal receive time (݃௫൫ݐோ௑ ௜(௝)൯ and ݃௬൫ݐோ௑ ௜(௝)൯) 

• Jitter at the nominal receive time (݆௫൫ݐோ௑ ௜(௝)൯ and ݆௬൫ݐோ௑ ௜(௝)൯) 

• Offset of the pixel center relative to the boresight (ܿ௫൫ ௝݊൯ and ܿ௬൫ ௝݊൯) 

• Random location of arrival within the pixel (ܽ௫ ௝ and ܽ௬ ௝) 

• Optical blur (ܾ௫ ௝ and ܾ௬ ௝) 

The functions ܿ௫൫ ௝݊൯ and ܿ௬൫ ௝݊൯ return the x and y coordinates, respectively, of the center of pixel ௝݊ relative to the boresight. ܽ௫ ௝ and ܽ௬ ௝ are uniformly distributed random variables for the location of 
photon arrival within the pixel, relative to its center.  

ܽ௫ ௝ ~ ܷ݂݊݅݉ݎ݋ ൬−∆ݔ௣௜௫௘௟2 , ௣௜௫௘௟2ݔ∆+ ൰ (12) 

ܽ௬ ௝ ~ ܷ݂݊݅݉ݎ݋ ൬−∆ݕ௣௜௫௘௟2 , ௣௜௫௘௟2ݕ∆+ ൰ (13) 

where ∆ݔ௣௜௫௘௟ and ∆ݕ௣௜௫௘௟ are the pixel widths, which will be equal for square pixels. ܾ௫ ௝ and ܾ௬ ௝ are 
Gaussian-distributed random variables representing optical blur. The Gaussian distribution is an 
approximation to an Airy function.  ܾ௫ ௝ ~ ݊ܽ݅ݏݏݑܽܩ൫0, ௕௟௨௥ଶߪ ൯ (14) ܾ௬ ௝ ~ ݊ܽ݅ݏݏݑܽܩ൫0, ௕௟௨௥ଶߪ ൯ (15) 

Background noise can come from dark counts or from sources outside the sensor that are uncorrelated 
with the pulses. Background noise is modeled as a Poisson point process, so the number of hits within the 
integration time for a given pixel is Poisson distributed:  

௡ܰ௢௜௦௘ ௞ ~ ܲ݊݋ݏݏ݅݋( ௡݂௢௜௦௘ ௞ܶ) (16) 

where ݂ ௡௢௜௦௘ ௞ is the background count rate for pixel ݇ , and ܶ  is the integration time. The ܰ ௡௢௜௦௘ ௞ individual 
hit times are each independent and uniformly distributed over the integration time.  ߞ௝ | ௡௢௜௦௘ ~ ܷ݂݊݅0)݉ݎ݋, ܶ) (17) 

This is repeated to generate the noise hits for all pixels.  
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Once all signal and noise hits have been generated, they are merged by concatenating the two 
sequences, and then sorting into time order. The measurement data is the sequence of pixel number – hit 
time pairs for all hits within the integration time:  ൛ ௝݊,  ௝ൟ௝ୀଵ:ேߞ

TABLE 3 

Properties of Hits 

Variable Description ߞ௝ hit time (time of detection of a photoelectron) 

௝݊ pixel number ݏ௝ source indicator (noise or signal) ݔ௝ x coordinate of surface reflection of photon (valid only for signal hits) ݕ௝ y coordinate of surface reflection of photon (valid only for signal hits) 
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4. ESTIMATION APPROACH 

4.1 STATE REPRESENTATION 

The state is defined as a vector with three parts, representing the x jitter, y jitter, and surface height:  

ߠ = ቎ߠ௫ߠ௬ߠ௛቏ 
(18) 

The jitter and surface height functions are defined in a parametric form as the weighted sum of 
regularly spaced kernel functions, with the state vector containing the weights. The x and y jitter functions 
are  

݆௫(ݐ; (௫ߠ = ෍ ௫(݅)߮௝௜௧௧௘௥ߠ ቆݐ − ௚௥௜ௗݐ∆(݅)௚௥௜ௗݐ ቇ௜  (19) 

݆௬൫ݐ; ௬൯ߠ = ෍ ௬(݅)߮௝௜௧௧௘௥ߠ ቆݐ − ௚௥௜ௗݐ∆(݅)௚௥௜ௗݐ ቇ௜  (20) 

where ݐ௚௥௜ௗ is a vector of uniformly spaced times with interval ∆ݐ௚௥௜ௗ. The jitter kernel is the triangle 
function, which makes the jitter functions equivalent to linear interpolation of the state vector elements.  ߮௝௜௧௧௘௥(ݐ) = tri(ݐ) = ൜1 − |ݐ| |ݐ| < 10  (21) ݁ݏ݅ݓݎℎ݁ݐ݋

The sampling interval for defining the jitter sequences is chosen to be 10 pulses. At this time scale, the 
variation of the jitter random processes is very small, allowing accurate representation.  

The height function is  

ℎ(ݔ, ;ݕ (௛ߠ = ෍ ,݅)௛ߠ ݆)߮௦௨௥௙௔௖௘ ቆݔ − ௚௥௜ௗݔ∆(݅)௚௥௜ௗݔ , ݕ − ௚௥௜ௗݕ∆(݆)௚௥௜ௗݕ ቇ௜,௝  (22) 

where ݔ௚௥௜ௗ and ݕ௚௥௜ௗ are uniformly spaced distance vectors with intervals ∆ݔ௚௥௜ௗ and ∆ݕ௚௥௜ௗ, respectively. 
The double indexing of the state vector should be interpreted as if the vector were reshaped into the size of 
the 2D grid. The surface kernel is a 2D Gaussian function, which can be expressed as the product of two 
1D Gaussian functions:  ߮௦௨௥௙௔௖௘(ݔ, (ݕ =  (23) (ݕ)ீ߮(ݔ)ீ߮
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(ݓ)ீ߮ = exp ൬− 12 ቀߪݓቁଶ൰ (24) 

The kernel width is determined by the standard deviation, which is chosen to be  

ߪ = 12 (25) 

The lateral sampling interval for defining the surface is chosen to be 3 GSDs. This represents a 
compromise between good performance and fast/reliable convergence. A finer sampling grid would allow 
more accurate representation of the surface, which would potentially improve estimation performance at 
the expense of increased compute time. However, it has been observed that too fine of a sampling grid can 
greatly hinder algorithm convergence. Limitations on the lateral sampling interval are related to the size of 
the jitter and the spatial frequency content of the scene. Table 4 describes the size and spacing of the 
sampling grids, and therefore the sizes of the state vector components. The state vector is quite large, with 
multiple thousands of elements, so care must be taken in the algorithm implementation.  

TABLE 4 

Sampling Grids and Interpolation Kernels 

 Dimension Sampling 
interval 

Kernel 

x jitter 1401 10 pulses triangular (linear interpolation) 

y jitter 1401 10 pulses triangular (linear interpolation) 

surface 70 × 70 3 GSDs 2D Gaussian (1/2 = ߪ sampling interval) 

4.2 PRIORS 

The jitter and surface height functions are expected to be slowly varying, and this represents prior 
information that can be exploited. The jitter functions are modeled as two independent uniformly sampled 
1st order Gauss-Markov processes, so the ߠ௫ and ߠ௬ parts of the state vector are i.i.d. (independent, 
identically distributed) Gaussian random vectors with zero mean.  ߠ௫ ~ 0)݊ܽ݅ݏݏݑܽܩ, ܳ௫) (26) ߠ௬ ~ ݊ܽ݅ݏݏݑܽܩ൫0, ܳ௬൯ (27) ܳ௫ = ܳ௬ (28) 
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The covariance matrix is large and non-sparse, but its inverse is conveniently sparse. It is a tridiagonal 
matrix with only three unique non-zero values, given by  

ܳ௫ି ଵ = ܳ௬ି ଵ =
ەۖۖ
۔ۖ
ۓۖ 1(1 − ଶߪ(ଶߩ 1ݏݐ݈݊݁݉݁݁ ݈ܽ݊݋݃ܽ݅݀ ݐݏ݈ܽ ݀݊ܽ ݐݏݎ݂݅ + ଶ(1ߩ − ଶߪ(ଶߩ 1)ߩ−݈ܽ݊݋݃ܽ݅݀ ݊݋ ݁ݎℎ݁ݓ݁ݏ݈݁                       − ଶߪ(ଶߩ ݂݂݋ ݐݏݎ݂݅ ݊݋                   − 0ݏ݈ܽ݊݋݃ܽ݅݀ ݁ݎℎ݁ݓ݁ݏ݈݁                                                  

 (29) 

where ߩ is the correlation coefficient between adjacent samples, given by  

ߩ = exp ቆ−ห∆ݐ௚௥௜ௗห߬ ቇ (30) 

The variance ߪଶ and correlation time ߬ are chosen to match the expected PSD of the jitter.  

 

Figure 5. Covariance (left) and inverse covariance (right) of 10 samples of a 1D 1st order Gauss-Markov process. 

The surface height function is modeled as a 2D uniformly sampled 1st order Gauss-Markov process 
(Markov random field). The vectorized array of height coefficients ߠ௛ is also a Gaussian random vector.  ߠ௛ ~ ߠ̅)݊ܽ݅ݏݏݑܽܩ௛, ܳ௛) (31) 

The mean, ̅ߠ௛, might be set by some preexisting knowledge of the surface, such as a digital elevation 
model (DEM), or it might be zero. The covariance is the Kronecker product of two matrices:  
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ܳ௛ = ൬1ߪ ܳ௛௬൰ ⊗ ൬1ߪ ܳ௛௫൰ (32) 

Here, ܳ௛௫ and ܳ௛௬ are the covariance matrices of 1D slices of the height coefficient array along the 
x and y directions, respectively. They have the same form as the jitter prior covariances ܳ௫ and ܳ௬ but 
different values for ߪଶ and ߩ. The variance is chosen to match the expected height variation in the scene. 
The correlation coefficient is computed in a similar way as for the jitter, except using a distance interval 
and correlation distance rather than a time interval and correlation time. The correlation distance is also 
chosen to represent the expected scene. ܳ௛௫ and ܳ௛௬ should share the same parameters (ߪଶ and ߩ), but will 
differ in size if the height coefficient array is not square. The composite covariance ܳ௛ is again non-sparse, 
but its inverse is sparse. ܳ௛ି ଵ is a 9-banded array with six unique non-zero values. Since the inverse of a 
Kronecker product is the Kronecker product of the inverses, the inverse covariance can be written as  ܳ௛ି ଵ = ൫ܳߪ௛௬ିଵ൯ ⊗ ൫ܳߪ௛௫ିଵ൯ (33) 

 

Figure 6. Covariance (left) and inverse covariance (right) of a 10 × 10 sample array of a 2D 1st order Gauss-Markov 
process 

Since the three parts of the state vector are independent (in the absence of measurements), the total 
prior can be written as a product:  (ߠ)݌  =  (34) (௛ߠ)݌௬൯ߠ൫݌(௫ߠ)݌

The product and each of the three terms is a multivariate Gaussian with the form  
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(ߠ)݌  = ,ߠ̅)݊ܽ݅ݏݏݑܽܩ ܳ) 

= exp ൬− 12 ሾlog(|2ܳߨ|) + ߠ) − ߠ)ଵି்ܳ(ߠ̅ −  ሿ൰(ߠ̅

(35) 

 
4.3 EM ALGORITHM 

The state estimation uses the Expectation Maximization (EM) algorithm to deal with the uncertainty 
of whether each hit arose from noise or signal, in a robust way. “Noise” and “signal” are considered to be 
two components in a mixture pdf. The EM algorithm estimates the weights (prior probabilities) of the 
components and the parameters of each component. For this application, only the signal component has 
parameters to estimate, since the pdf for the noise component is uniform over a predefined interval. A key 
aspect of EM is the estimation of the “membership” of each measurement. This is a probability vector for 
each hit, representing whether it is noise or signal.  

The steps in EM are  ሼݓ, ሽߠ = )݁ݖ݈݅ܽ݅ݐ݅݊݅ ) ݉ = ,ݓ)݌݁ݐݏ_ܧ ,ݓሼ (ߠ ሽߠ = ,݉)݌݁ݐݏ_ܯ  (ߠ

Here, ݓ is the estimated prior probability vector of the components, ߠ is the estimated state vector, 
and ݉ is the estimated membership array. All three steps have access to the measurements and assorted 
parameters. After initialization, the E and M steps are cycled through repeatedly until a stopping criterion 
is met. Given enough iterations, the EM algorithm is guaranteed to converge to a local maximum of the 
likelihood function. In many applications of EM, the M step has a simple closed-form solution for 
minimizing its cost function. When this is not the case, as in this application, Generalized Expectation 
Maximization (GEM) can be used, which settles for a mere reduction in the cost function. GEM does not 
have the local maximum guarantee, but still has good convergence properties. To determine when to stop 
iterating, any of the following criteria or a combination of them can be used:  

• Change in ߠ 

• Change in ݉ 

• Change in total likelihood of data (available in E step) 

• Number of iterations 
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Figure 7. EM algorithm flow. 

4.4 INITIALIZATION 

Algorithm performance and speed are both improved by a careful initialization. The jitter states 𝜃𝜃𝑥𝑥 
and 𝜃𝜃𝑦𝑦 are initialized as zeros. The height states 𝜃𝜃ℎ are initialized by forming a height image without jitter 
compensation, and doing a least squares fit to the image.  

For each hit, the measured height is calculated as  

ℎ𝑗𝑗 = −
𝑐𝑐
2
�𝜁𝜁𝑗𝑗 − 𝑡𝑡𝑅𝑅𝑅𝑅 𝑖𝑖(𝑗𝑗)� (36) 

𝑖𝑖(𝑗𝑗) is defined here as the index of the nearest pulse to the observed hit time, that is:  

𝑖𝑖(𝑗𝑗) = argmin
𝑖𝑖

��𝜁𝜁𝑗𝑗 − 𝑡𝑡𝑅𝑅𝑅𝑅 𝑖𝑖�� (37) 
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The expected ground sample coordinates are calculated as:  ̅ݔ௝ = ݃௫൫ݐோ௑ ௜(௝)൯ + ܿ௫൫ ௝݊൯ (38) ݕത௝ = ݃௬൫ݐோ௑ ௜(௝)൯ + ܿ௬൫ ௝݊൯ (39) 

Next, a 3D histogram of the (̅ݔ௝, ݕത௝, ℎ௝) triplets is made. The “measured” height image is formed by 
taking the height bin with the most counts for each x,y bin. The choice of bin sizes is affected by signal-to-
noise ratio (SNR). If the SNR is very low, larger bins can be used to improve the peak finding, at the 
expense of resolution.  

The height function from equation (22) can be rewritten as a dot product, and then used to write a set 
of measurement equations. The scalar measurement equation for the kth element of the measured height 
image is:  ℎ௞ = ൫Φ௬(ݕ௞)⨂Φ௫(ݔ௞)൯்ߠ௛ +  ௞ (40)ݒ

where the functions Φ௫(ݔ) and Φ௬(ݕ) are vectors of shifted 1D kernel functions given in the appendix. 
These functions are evaluated at ݔ௞ and ݕ௞, which are the x,y coordinates of the center of element k of the 
height image. ݒ௞ represents measurement noise, which can be assumed i.i.d. unless there are reasons for it 
to be otherwise:  ݒ௞ ~ 0)݊ܽ݅ݏݏݑܽܩ,  ଶ) (41)ߪ

The variance ߪଶ represents the error of the measured height image, and is related to the bin size.  

The prior information about the surface can be easily incorporated into the initialization. This has the 
added benefit of ensuring that the system of equations is fully determined. The prior provides one equation 
for each element of the state vector to be estimated. In vector form, the equation for the prior is:  ̅ߠ௛ = ௛ߠܫ +  (42) ݓ

where ݓ represents Gaussian noise distributed as  0)݊ܽ݅ݏݏݑܽܩ ~ ݓ, ܳ௛) (43) 

The combined set of equations (with noise statistics) representing the measurements and prior 
information can now be solved using linear least squares to get the initial estimate of ߠ௛. This set of 
equations can be large, so it may be helpful to exploit the (approximate) sparsity of the measurements, and 
to use reduced precision arithmetic.  
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4.5 E STEP 

The purpose of the E step is to update the membership of each hit. To define membership, first 
consider a discrete variable ݏ௝ that indicates whether a particular hit arose from noise or signal.  ݏ௝ ∈ ሼ݊݁ݏ݅݋,  ሽ (44)݈ܽ݊݃݅ݏ

This indicator variable is not known, but can be estimated. Define the membership of hit j as a vector ௝݉ 
that represents the conditional probability distribution of ݏ௝:  

௝݉ = ቂ ݉௡௢௜௦௘ ௝݉௦௜௚௡௔௟ ௝ቃ = ቈ ܲ൫ݏ௝ = ௝ݏ௝൯ܲ൫ߞ|݁ݏ݅݋݊ =  ௝൯቉ (45)ߞ|݈ܽ݊݃݅ݏ

The elements of the membership vector are given by Bayes’ rule:  

ܲ൫ݏ௝หߞ௝൯ = ∑௝൯ݏ௝൯ܲ൫ݏ|௝ߞ൫݌ ௝൯௦ݏ௝൯ܲ൫ݏ|௝ߞ൫݌  (46) 

The calculations in the E step are implicitly conditioned on the current estimate ߠ෠ of the state vector, 
and use the current values of prior probabilities ܲ൫ݏ௝൯, which are the elements of the weight vector:  

ݓ = ቂ ௦௜௚௡௔௟ቃݓ௡௢௜௦௘ݓ = ቈ ܲ൫ݏ௝ = ௝ݏ൯ܲ൫݁ݏ݅݋݊ =  ൯቉ (47)݈ܽ݊݃݅ݏ

If the source is noise, then the hit time is simply uniform over the integration time interval:  

௝ݏ|௝ߞ൫݌ = ൯݁ݏ݅݋݊ = 1ܶ
 (48) 

If the source is signal, then the hit time is distributed as a Gaussian sum, assuming that pulse shape is 
Gaussian. For pulses that are narrow relative to the pulse spacing, taking only the nearest Gaussian is a very 
good approximation:  

௝ݏ|௝ߞ൫݌ = ൯݈ܽ݊݃݅ݏ = ෍ ௜ݑ exp ൭− 12 ൥log൫2ߪߨ௧ ௜ଶ ൯ + ቆߞ௝ − ௧ ௜ߪ௜̅ݐ ቇଶ൩൱௜  

 ≈ ௜(௝)ݑ exp ൭− 12 ൥log൫2ߪߨ௧ ௜(௝)ଶ ൯ + ቆߞ௝ − ௧ ௜(௝)ߪ௜̅(௝)ݐ ቇଶ൩൱ 

(49) 
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Another assumption here is that the height variation in the scene is significantly less than the pulse spacing.  

The weights of the Gaussian sum are the normalized receive energies:  ݑ௜ = ݁ோ௑ ௜∑ ݁ோ௑ ௜௜  (50) 

If the range is not changing significantly over the integration time, and other things remain constant, then 
the weights would all be approximately equal to the reciprocal of the number of pulses within the integration 
time interval.  

The mean of the Gaussian distribution is  

௜̅(௝)ݐ = ோ௑ ௜(௝)ݐ − 2ܿ ℎ൫̅ݔ௝, ;ത௝ݕ  ത௝ are the mean coordinates of where the photon reflected off the surface (this time treating jitter asݕ ௝ andݔ̅ ௛൯ (51)ߠ
a known quantity):  ̅ݔ௝ = ݃௫൫ݐோ௑ ௜(௝)൯ + ݆௫൫ݐோ௑ ௜(௝); ௫൯ߠ + ܿ௫൫ ௝݊൯ (52) ݕത௝ = ݃௬൫ݐோ௑ ௜(௝)൯ + ݆௬൫ݐோ௑ ௜(௝); ௬൯ߠ + ܿ௬൫ ௝݊൯ (53) 

The variance of the Gaussian distribution is the sum of the variance representing the Gaussian pulse 
shape and a term representing the broadening of the pulse due to the height variation over the lateral 
uncertainty of the measurement. The effect is that of convolving the pulse with the impulse response of the 
surface. The translation of lateral uncertainty into height uncertainty uses a local linear (planar) 
approximation to the surface, as illustrated in Figure 8. Accordingly, the lateral variances are multiplied by 
the squared gradients of the height function. The resulting variance of the hit time is  

௧ ௜(௝)ଶߪ ≈ ௉ௐଶߪ + ൬2ܿ൰ଶ ൫ܪ௫ଶ൫̅ݔ௝, ;ത௝ݕ ௫ଶߪ௛൯ߠ + ,௝ݔ௬ଶ൫̅ܪ ;ത௝ݕ  ௬ଶ൯ (54)ߪ௛൯ߠ

The lateral variances are the sum of the variance of the uniform location of arrival and the variance 
of the optical blur.  

௫ଶߪ = ௣௜௫௘௟ଶ12ݔ∆ + ௕௟௨௥ଶߪ  (55) 

௬ଶߪ = ௣௜௫௘௟ଶ12ݕ∆ + ௕௟௨௥ଶߪ  (56) 
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Figure 8. Translation of lateral uncertainty into height uncertainty via linear approximation of surface. 

The pdf can alternately be expressed in terms of relative range rather than absolute time, by doing a 
change of variables:  

௝ݏ|௝ߞ൫݌ = ൯݈ܽ݊݃݅ݏ ≈ ௜(௝)ݑ 2ܿ exp ቌ− 12 ൭log൫2ߪߨ௥ ௜(௝)ଶ ൯ + ቆ  ௥ ௜(௝)ቇଶ൱ቍ (57)ߪ௝ݎ∆

which is a function of the range difference and range uncertainty, given by:  ∆ݎ௝ = 2ܿ ൫ߞ௝ − ௜̅(௝)൯ݐ = 2ܿ ൫ߞ௝ − ோ௑ ௜(௝)൯ݐ + ℎ൫̅ݔ௝, ;ത௝ݕ  ௛൯ (58)ߠ

௥ ௜(௝)ߪ = 2ܿ ௧ ௜(௝)ߪ = ඨቀ2ܿ ௉ௐቁଶߪ + ,௝ݔ௫ଶ൫̅ܪ ;ത௝ݕ ௫ଶߪ௛൯ߠ + ,௝ݔ௬ଶ൫̅ܪ ;ത௝ݕ  ௬ଶ (59)ߪ௛൯ߠ

4.6 M STEP 

The M step updates the state vector estimate and the weights that represent the prior probabilities of 
noise and signal. The weights are updated by taking the maximum likelihood estimate, which is found by 
simply averaging the membership across all measurements:  

ݓ = 1ܰ ෍ ௝݉௝  (60) 
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In EM, each measurement can come from one of multiple components of a mixture pdf. Generally, each 
component has a set of parameters that are updated in the M step. In this application, only the signal 
component has parameters (i.e., elements of the state vector) to update.  

The state vector estimate is updated by using gradient descent to reduce a weighted sum cost function, 
where the weights are the membership for the signal component. There are three reasons for settling for a 
reduction in the cost function rather than a minimization. The first is that there is no known closed-form 
solution. The second is that the cost function is relatively expensive to evaluate. The third is that the cost 
function becomes less valid as the distance from the current state estimate increases. The cost function is 
refreshed by the E step. Therefore, it makes sense to take smaller steps and update the cost function 
frequently. Reducing rather than minimizing the cost function in the M step makes this algorithm 
Generalized Expectation Maximization (GEM).  

The cost function, which is proportional to the negative log of the posterior probability density given 
that the source is signal, is  Ψ(ߠ) =  − log൫(ߠ)݌൯ − ෍ ݉௦௜௚௡௔௟ ௝ log ቀ݌൫ߞ௝|ߠ, ௝ݏ = ൯ቁ௝݈ܽ݊݃݅ݏ  (61) 

,ߠ|௝ߞ൫݌ .is the Gaussian prior pdf, as described previously (ߠ)݌ ௝ݏ =  ൯ was also given݈ܽ݊݃݅ݏ
previously in equation (57), but the conditioning on the state vector was implicit. Gradient descent is used 
to take a step that reduces the cost function. This requires the partial derivatives of the cost function with 
respect to the state:  ߲Ψ߲ߠ = ߠ߲߲ ൫− log൫(ߠ)݌൯൯ + ෍ ݉௦௜௚௡௔௟ ௝ ߠ߲߲ ቀ− log ቀ݌൫ߞ௝|ߠ, ௝ݏ = ൯ቁቁ௝݈ܽ݊݃݅ݏ  (62) 

The partial derivatives of the term representing the prior are  ߲߲ߠ ൫− log൫(ߠ)݌൯൯ = ߠ) −  ଵି்ܳ(ߠ̅

 
         = ௫ߠ) − ௫)்ܳ௫ିߠ̅ ଵ డఏೣడఏ + ൫ߠ௬ − ௬൯்ܳ௬ିߠ̅ ଵ డఏ೤డఏ + ௛ߠ) − ௛)்ܳ௛ିߠ̅ ଵ డఏ೓డఏ  

(63) 

where ̅ߠ and ܳ are the mean and covariance of the prior, respectively. It should be noted that the prior and 
its partial derivatives can be evaluated without explicitly representing the covariance matrices or their 
inverses.  
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The partial derivatives in the sum are  ߲߲ߠ ቀ− log ቀ݌൫ߞ௝|ߠ, ௝ݏ = ൯ቁቁ݈ܽ݊݃݅ݏ = − ߠ߲߲ log ቀݑ௜(௝) 2ܿቁ + 12 ߠ߲߲ ൭log൫2ߪߨ௥ ௜(௝)ଶ ൯ + ቆ  ௥ ௜(௝)ቇଶ൱ߪ௝ݎ∆

= ௥ ௜(௝)ߪ1 ቌ൭1 − ቆ ௥ ௜(௝)ቇଶ൱ߪ௝ݎ∆ ߠ߲௥ ௜(௝)ߪ߲ + ௥ ௜(௝)ߪ௝ݎ∆ ߠ௝߲ݎ∆߲ ቍ 

(64) 

where the partial derivatives of the range difference and range standard deviation are  ߲∆ݎ௝߲ߠ = ߲ℎ߲ߪ߲ (65) ߠ௥ ௜(௝)߲ߠ = ௥ ௜(௝)ߪ1 ቆߪ௫ଶܪ௫ ߠ௫߲ܪ߲ + ௬ܪ௬ଶߪ ߠ௬߲ܪ߲ ቇ (66) 

The height gradients and remaining partial derivatives are given in the appendix. This completes the 
derivation of the gradient of the cost function.  

Gradient descent is used to improve the state estimate by trying various step sizes in the opposite 
direction of the gradient. A step size multiplier ߙ determines the new state vector, at which the cost function 
is evaluated.  

If the cost is improved, then the previous state estimate is replaced with the new one, and the M step is 
complete. Otherwise, the next value of ߙ in a descending logarithmically spaced list is tried.  

෠௧௘௦௧ߠ = ෠௞ߠ − ߙ ߲Ψ߲ߠ  (67) 

෠௞ାଵߠ = ෠௧௘௦௧൯ߠ෠௧௘௦௧  ݂݅  Ψ൫ߠ < Ψ൫ߠ෠௞൯ (68) 
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Figure 9. Example of cost function vs. step size multiplier. 

Normally in EM, each component has its own cost function, and each cost function can be minimized 
or reduced independently. In this implementation, because only the signal component has parameters for 
the M step to update, it is unnecessary to evaluate the M step’s cost function Ψ(ߠ). Instead, the negative 
log of the posterior pdf of the state (which is a by-product of the E step) is used in the M step to determine 
acceptance of a new state estimate. So, in the implementation, the E and M steps are effectively merged.  
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5. RESULTS 

The algorithm was tested with simulated data that was generated with the parameters listed in Table 
1. The algorithm was written in vectorized MATLAB code, using its gpuArray functionality. To drastically 
improve computation time, when evaluating the height function or its gradients, only the kernels for the 
nearest 5 by 5 array of coefficients were evaluated. This is a good approximation because of the rapid decay 
of the 2D Gaussian kernel. The code was run on an LLGrid node with an Intel Xeon E5 processor and 
NVIDIA Tesla K80 GPU. The algorithm converged after approximately 80 minutes. This is slow, 
considering that it is only processing one FOV of the scene, but there are ways in which it can be sped up.  

Figure 10 shows the output of a simple height image formation algorithm that compensates for jitter 
using the estimates from three different iterations representing initialization, partial convergence, and full 
convergence. The image formation algorithm is the same histogram approach described in the initialization 
section, except using equations (52) and (53) in place of (38) and (39). Plotted at the center of the height 
images is the residual jitter path over the integration time. The residual jitter path is roughly analogous to a 
blur function that gets convolved with the height image. Below the height images are height profiles that 
cut diagonally across the images from lower left to upper right. In the height profile images, both the 
estimate and the truth are shown. 

 

Figure 10. Surface estimation results. 
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In the first image, the residual jitter is the actual jitter (with a sign reversal), since the estimate is zero. 
The jitter spans multiple pixels, and the image is very blurred and does not have distinct edges. In the second 
image, representing partial convergence, the residual jitter has shrunk significantly, and the image is 
correspondingly less blurry. Some smaller objects appear that were not apparent before. In the third image, 
with full convergence, the residual jitter has shrunk to smaller than one GSD (pixel). Edges are distinct and 
the number of artificial holes has been reduced. The rectangular shapes and tapered roof of the building 
also stand out. The height profiles show the same progression of convergence to the true height.  

Figure 11 shows the progression of the jitter estimates as the algorithm converges. In the upper left 
corner, the standard deviation of the residual x and y jitter is shown vs. iteration number. This metric is 
representative of the amount of blur that the residual jitter will cause. Vertical lines are drawn that 
correspond to the three height images from Figure 10. The standard deviation of the residual jitter can be 
seen to decrease by about an order of magnitude in the x and y dimensions. 

 

Figure 11. Jitter estimation results. 
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At the lower left is the estimated x jitter time sequence at the three different iterations, and the true x 
jitter. The jitter estimate starts as zero, and gradually converges to the shape of the true jitter. The truth has 
a DC offset, which is unobservable because of the limited observation time. The DC offset does not cause 
any image blurring, only an error in absolute lateral registration of the height image. It is relevant when 
trying to merge images or jitter estimates made from different integration time intervals, but it can be 
mitigated by image correlation.  

In the lower right is the residual x jitter time sequence at the three different iterations. The residual 
jitter initially matches the negative of the truth. After convergence, only the DC offset and a small amount 
of high-frequency noise remain. At the upper right, the x and y residual jitter are plotted against each other, 
showing the “blur functions” shrinking as the algorithm converges.  
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6. DISCUSSION 

Initial tests of the jitter-estimation algorithm have been promising. Using the algorithm in a scenario 
in which the RMS jitter was about triple the pixel size significantly improved the quality of the image. The 
jitter-compensated image is much clearer and would be much more valuable for object recognition, whether 
performed by humans or computers. Future work is planned to more comprehensively characterize the 
performance of the registration algorithm as functions of jitter amplitude and spectral content, SNR, and 
ground surface characteristics.  

The current implementation is still very slow; the utility would increase greatly if the algorithm could 
run faster. Future work is planned to speed the algorithm up by about an order of magnitude. Several 
possible approaches will be pursued. One is to develop an optimized implementation on a GPU. Another 
possibility is to find a better search algorithm than gradient descent or a better method for choosing step 
size. A third option is to iterate the grid sizes (and thus the state vector size) from coarse to fine, initializing 
each iteration with the result of the previous one.  
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APPENDIX 
GRADIENTS AND DERIVATIVES 

The E and M steps require the gradient of the height function, and the M step also requires partial 
derivatives of the jitter and height functions with respect to the state. The jitter and height functions can be 
written in a compact form, as inner products between a coefficient vector and part of the state vector:  

The terms in the first and second gradients of the height function are  

For the jitter functions, if the jitter time grid has L samples, the coefficient vector is  

The coefficient vector for the height function is a Kronecker product of two vectors. If the grid of 
height coefficients is M by N, the two vectors and their first and second derivatives are  

݆௫ = Φ௝் ௫ (69) ݆௬ߠ = Φ௝் ௬ (70) ℎߠ = ൫Φ௬⨂Φ௫൯்ߠ௛ (71) 

௫ܪ = ൫Φ௬⨂Φ௫ᇱ ൯்ߠ௛ (72) ܪ௬ = ൫Φ௬ᇱ ⨂Φ௫൯்ߠ௛ (73) ܪ௫௫ = ൫Φ௬⨂Φ௫ᇱᇱ൯்ߠ௛ (74) ܪ௫௬ = ൫Φ௬ᇱ ⨂Φ௫ᇱ ൯்ߠ௛ (75) ܪ௬௬ = ൫Φ௬ᇱᇱ⨂Φ௫൯்ߠ௛ (76) 

Φ௝ = ێێۏ
௝௜௧௧௘௥߮ۍێێ ቆݐ − ௚௥௜ௗݐ∆௚௥௜ௗ ଵݐ ቇ⋮߮௝௜௧௧௘௥ ቆݐ − ௚௥௜ௗݐ∆௚௥௜ௗ ௅ݐ ቇۑۑے

 (77) ېۑۑ
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Φ௫ = ێێۏ
ۍێێ ߮ீ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ଵݔ ቇ⋮߮ீ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ெݔ ቇۑۑے

 (78) ېۑۑ

Φ௫ᇱ = ௚௥௜ௗݔ∆1 ێێۏ
ۍێێ ߮ᇱீ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ଵݔ ቇ⋮߮ᇱீ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ெݔ ቇۑۑے

 (79) ېۑۑ

Φ௫ᇱᇱ = ௚௥௜ௗଶݔ∆1 ێێۏ
ۍێێ ߮ᇱீᇱ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ଵݔ ቇ⋮߮ᇱீᇱ ቆݔ − ௚௥௜ௗݔ∆௚௥௜ௗ ெݔ ቇۑۑے

 (80) ېۑۑ

Φ௬ = ێێۏ
ீ߮ۍێێ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ଵݕ ቇ⋮߮ீ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ேݕ ቇۑۑے

 (81) ېۑۑ

Φ௬ᇱ = ௚௥௜ௗݕ∆1 ێێۏ
ᇱீ߮ۍێێ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ଵݕ ቇ⋮߮ᇱீ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ேݕ ቇۑۑے

 (82) ېۑۑ
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The 1D Gaussian kernel and its first and second derivatives are  

The width of the Gaussian kernel is set by  

The required partial derivatives of the jitter functions and the height function and its gradient are  

Φ௬ᇱᇱ = ௚௥௜ௗଶݕ∆1 ێێۏ
ᇱீᇱ߮ۍێێ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ଵݕ ቇ⋮߮ᇱீᇱ ቆݕ − ௚௥௜ௗݕ∆௚௥௜ௗ ேݕ ቇۑۑے

 ېۑۑ
(83) 

(ݓ)ீ߮ = exp ൬− 12 ቀߪݓቁଶ൰ (84) 

߮ᇱீ (ݓ) = − ଶߪݓ exp ൬− 12 ቀߪݓቁଶ൰ (85) 

߮ᇱீᇱ(ݓ) = ଶݓ − ସߪଶߪ exp ൬− 12 ቀߪݓቁଶ൰ (86) 

ߪ = 12 (87) 

߲݆௫߲ߠ = Φ௝் ߠ௫߲ߠ߲  (88) ߲݆௬߲ߠ = Φ௝் ߠ௬߲ߠ߲  (89) ߲ℎ߲ߠ = ௫ܪ ߲݆௫߲ߠ + ௬ܪ ߲݆௬߲ߠ + ൫Φ௬ ⊗ Φ௫൯் ߠ௛߲ߠ߲ ߠ௫߲ܪ߲ (90)  = ௫௫ܪ ߲݆௫߲ߠ + ௫௬ܪ ߲݆௬߲ߠ + ൫Φ௬ ⊗ Φ௫ᇱ ൯் ߠ௛߲ߠ߲ ߠ௬߲ܪ߲ (91)  = ௫௬ܪ ߲݆௫߲ߠ + ௬௬ܪ ߲݆௬߲ߠ + ൫Φ௬ᇱ ⊗ Φ௫൯் ߠ௛߲ߠ߲  (92) 
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