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awarded by New Mexico State University. Current research interests include 
atomistic simulations of surfaces and interfaces via classical molecular dynamics 
and density functional theory for the design of novel materials exhibiting enhanced 
chemical, electronic, and mechanical properties. Likewise, the application of 
machine learning and deep learning techniques for materials discovery and 
computer vision problems is of great interest and the subject of multiple concurrent 
studies conducted by Trujillo. Trujillo intends to complete his PhD in December 
2020 and afterward will pursue a postdoctoral position that matches his research 
interests.  

This work serves as a proof of concept for the design of a machine-learning-based 
framework for the prediction of energetic properties of bicrystal interfaces. This is 
one of the first attempts made to predict energetic properties of a grain boundary 
interface in a multi-element system, as known to the authors at the time of writing. 
Implementing these models in a Monte Carlo framework to sample the microscopic 
degrees of freedom in a grain boundary interface (replacing the standard energy-
based partition function) is a novel application of a machine-learning-derived 
model. This work stands as a successful application of descriptor-based machine 
learning models in a novel and relevant engineering problem. This work fulfills the 
original project goals, which included deriving a machine-learning-based approach 
to optimizing Monte Carlo‒based site selection for silicon carbide grain 
boundaries.  

This internship has provided Trujillo the ability to combine machine learning 
models and experiment with his own ideas regarding structural descriptors for 
predicting energetic properties of materials. The skills expanded on through this 
project will aid the remainder of his PhD, as well as potential postdoc or 
employment opportunities.  



 

vi 

Acknowledgments 

This research was sponsored by the High-Performance Computing Modernization 
Program (HPCMP) and the HPC Internship Program (HIP-19-009). Dennis Trujillo 
acknowledges Shawn Coleman and Matt Guziewski for their mentorship. 

 

 



 

1 

1. Introduction 

Designing ceramic composite systems that exhibit enhanced hardness and fracture 
toughness is a key consideration in creating next-generation armor systems. 
Interfaces (e.g., grain boundaries and phase boundaries) are one component of the 
material design space due to their effects on the macroscopic mechanical 
properties.1 Atomistic simulations are often exploited to investigate the structure‒
property relationships in individual interfaces constructed from bicrystal models. 
Many prior works have limited their studies to thermodynamic stable interface 
structures as they are more likely to occur naturally or with a greater frequency in 
experimental growth conditions.2 However, in designing ceramic composites, both 
thermodynamically stable and metastable states must be considered due to their 
active role in brittle fracture and failure.3 Srolovitz et al. determined via Monte 
Carlo methods that the multiplicity of metastable grain boundaries is indeed 
extensive and employed a statistical mechanics framework to predict finite 
temperature equilibrium and nonequilibrium physical properties.4 Therefore, an 
improved method to systematically study interfaces using atomistic simulations is 
needed in order to design ceramic composite.  

Grain boundary orientations are generally described by five macroscopic degrees 
of freedom that illustrate the relative orientation of the grains and the alignment of 
the interface plane. However, at the microscale, there are countless microscopic 
degrees of freedom that can result in different local atomic interface structures. As 
a result, the sampling of all combinations of these microscopic degrees of freedom 
can rapidly increase the computational cost for even a single grain boundary. Prior 
researchers have approached the local optimization of interfaces using translational 
search techniques,5 evolutionary/genetic algorithms,6 and Monte Carlo‒based 
sampling.7 While each of these methods proved useful for their associated studies, 
the scope of these works was often limited to studying single-component metals or 
only exploring ideal thermodynamically stable interfaces. Monte Carlo‒based 
optimization, however, has recently shown promise in both exploring multi-
element ceramics and extracting relevant metastable interface structures.8  

During Monte Carlo‒based optimization of ceramic interfaces,8 structures are 
probed by pseudo-randomly inserting, removing, or replacing individual atoms 
within the interface regions. To more efficiently probe likely favorable states, the 
randomness of these operations is biased based on probabilities tuned by the user 
at the start of the search. Once an operation type is chosen, the location of the 
operation is determined based on probabilities defined by the local structure. After 
each operation, the interface structure is relaxed using a three-step process of 
quenching, equilibration, and minimization within the framework of classical 
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molecular dynamics. Energetically favorable operations are accepted using a 
Boltzmann weighted probability, which enables efficient sampling of metastable 
interface structures along the way to the energetic minimum. Monte Carlo 
optimization of a single interface structure will often involve thousands of interface 
operations and produce hundreds of accepted metastable states. The amount of data 
generated in these studies opens up opportunities for using machine learning 
methods to accelerate sampling.  

In this work, a machine learning model is constructed to cheaply predict the change 
in the interface energy after an individual Monte Carlo operation. This prediction 
can help accelerate the overall interface optimization by replacing the hand-tuned 
operation probabilities with one that takes into account the current system 
configuration. This work focuses on silicon carbide grain boundary data obtained 
from classical atomistic simulations coupled with descriptor-based machine 
learning. The implementation of a statistical (via Pearson correlation) and 
regression-based scheme (kernel ridge regression [KRR]) to predict the energetic 
properties of grain boundaries in silicon carbide is discussed in the remainder of 
this report.  

2. Materials and Methods 

2.1 Monte Carlo Interface Optimization 

Monte Carlo optimization routines for atomic interfaces were first developed by 
Banadaki et al. for single-element metals9 and expanded by Guziewski8 for multi-
element ceramic systems.8 In these works, the initial configuration is perturbed by 
performing an insertion, removal, or atomic species replacement operation in the 
interface region. If the operation is energetically favorable (i.e., decreases relative 
to the original state), the state is accepted as the new grain boundary. If the energy 
of the state is less energetically favorable than the initial state, then a Boltzmann 
weighted probability function is utilized to determine acceptance or rejection of the 
perturbed state.  

To more efficiently explore multi-element interfaces, Guziewski8 allowed the user 
to hand-tune the probability of each operation type based on their understanding of 
the system. For example, in the silicon carbide system used in this study, the 
insertion, removal, and replacement operation probabilities were weighted at 50%, 
25%, and 25%, respectively. Once the operation type is decided, the specific site 
for the operation to occur was chosen based on additional probability functions that 
account for the local structure. Descriptions of the probability functions that 
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Guziewski used to identify the individual operation site are included in  
Appendix A.  

After each insertion, removal, and replacement operation, the atomic structure is 
relaxed using a three-part process before evaluating its energetic favorability. The 
relaxations included a quench, equilibration, and minimization at 0 K. Quenching 
involves applying a Nose‒Hoover thermostat10 and Parrinello‒Rahman barostat11 
at 0.9 𝑇𝑇𝑚𝑚, and dropping the temperature to a minimum temperature of 5 K over 500 
time steps. Equilibration involves maintaining a 5 K thermostat and 0-Pa barostat 
over an additional 500 time steps to allow the atoms and simulation domain to 
evolve further. The final minimization procedure involves utilizing a conjugate 
gradient minimization of the atomic forces and energy at 0 K over an additional 
500 time steps. The intense 1500-step relaxation increases the overall 
computational time of each operation; however, it was determined to be necessary 
to reduce the interface energy and excess interfacial strain. 

During Monte Carlo optimization of the interface, thousands of operations are tried 
in the exhaustive search for the minimum energy structure. While costly, the 
amount of data explored makes it possible to train machine learning models, which 
can potentially accelerate the Monte Carlo‒based sampling techniques. 
Specifically, this work develops machine learning models using local structural 
descriptors near the Monte Carlo operation site to predict the final relaxed energy 
after the proposed operation. If successful, this machine learning model will 
simplify and speed up a future Monte Carlo interface optimization algorithm by 
simultaneously predicting the operation type and site of maximum likelihood to 
reduce the interface energy. 

2.2 Data Utilized 

Data for this work were obtained from individual Monte Carlo optimization steps 
examining a series of 150 silicon carbide symmetric tilt grain boundaries exhibiting 
(100) and (110) tilt axes with varying degrees of misorientation. The data contain 
specific structural information related to the region around each Monte Carlo 
operation step (insertion, removal, or replacement) and the system energies after 
the three-part relaxation. In total, 959,296 unique Monte Carlo operation steps were 
captured. For each operation step, seven atomic metrics are evaluated at the 
operation site as well as the four closest neighboring atoms to provide 35 structural 
descriptors to describe the local region. The atomic descriptors used in this study 
provide both energetic and structural information about the local environment at 
the operational site and are listed in Table 1. Because it is unlikely that one machine 
learning model would be applicable for all operations, the data set was discretized 
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based on both the operation type (insert, remove, or replace) as well as the atomic 
species operated upon (silicon [Si] or carbon [C]). These subsets are then used to 
train individual models. The subsets are separated into training and test sets with a 
0.9/0.1 split that was initially chosen at random. Throughout this study, silicon 
carbide was modeled using classical atomistic descriptions predicted by the Large-
scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)8 using the 
modified Tersoff potential developed by Kohler.12 

Table 1 Descriptors utilized in building predictive models via KRR 

Atomic descriptor Description 
Energy (eng) Per-atom energy of site atom (eV)  
Common-neighbor parameter (CNP) Common neighbor parameter of site atom  
Voronoi volume (vol) Voronoi volume of site atom or void (Å3) 
Si‒Si bonds Number of Si‒Si bonds on site atom 
Si‒C bonds 
C‒C bonds 

Number of Si‒C bonds on site atom 
Number of C‒C bonds on site atom 

Nearest-neighbor distance Distance to Nth nearest neighbor from site atom (Å) 
 

All structural metrics used in this study are fairly inexpensive to compute, so that 
the models built from these descriptors could potentially reduce the overall 
computational cost. Additionally, these particular metrics were also chosen to 
account for various factors that often contribute to grain boundary energy. The 
energy metric is particularly useful as it is the atomic energy metric for the local 
configuration as determined by the interatomic potential, and often the removal of 
high-energy atoms can reduce the energy of the system. The common neighbor 
parameter (CNP) can be used to identify defects and provides a measure of the 
variation of the local crystal structure around an atom to that of the bulk, which 
would be the lowest energy configuration. Voronoi volume and nearest-neighbor 
distance relate to the amount of space available, or conversely the local strain that 
can be accommodated. Nearest-neighbor distances in particular also give insight 
into bond lengths in the local neighborhood. Lastly, the total number of bonds of 
each type provides a measure of the local stoichiometry associated with each atom.  

The endpoint property being tracked for each Monte Carlo operation is the change 
in the system’s grain boundary energy after the three-part relaxation. This metric is 
used as it provides a means of deriving a probabilistic relationship based on energy 
(i.e., the probability of the operation being accepted is related to the change in 
energy associated with the operation, as described in Appendix A).  
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2.3 Pearson Correlation for Model Development 

The importance of descriptors is evaluated by its Pearson correlation with the 
endpoint variable. Perfect correlation is observed at values of 1, anticorrelation is 
observed at values of ‒1, and no correlation is observed when the value is equal to 
0. Correlation maps for each operational data set are provided in Figs. 1–3 for 
insertion, removal, and replacement operations, respectively.  

 

Fig. 1 Pearson correlation map for data representing a C atom (top) and a Si atom inserted 
(bottom) at the interface. Descriptors for the operation site do not contain values for eng or 
CNP as they are unoccupied, while the vol corresponds to the void size and the number of 
neighbors to the atomic species of the atoms at the void vertices. 

 

 

Fig. 2 Pearson correlation map for data representing a C atom (top) and a Si atom (bottom) 
removed at the interface. Descriptors for the number of Si‒Si bonds are empty for C removal 
as there are no Si‒Si bonds present. Likewise, the Si removal data contain no information 
relative to the number of C‒C bonds. 

 

Fig. 3 Pearson correlation map for data representing a C atom replaced with a Si atom 
(top) and a Si atom replaced with a C atom (bottom) at the interface. Descriptors for the 
number of Si‒Si bonds are empty for C replacement are empty as there are no Si‒Si bonds 
present. Likewise, the Si replacement data contain no information relative to the number of 
C‒C bonds as there is no C atom at the operational site to form C‒C bonds. 
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As shown, weak correlation/anti-correlation was observed between all descriptors 
and the endpoint, as all values were near zero. This could be due in part to the 
measurement of the linear relationship defined by the Pearson correlation. 
Ultimately, these results highlight the difficulty in predicting the proper operation 
and site based on just a single descriptor and suggests that utilizing a combination 
of these descriptors in the framework of a nonlinear model is needed to provide a 
useful regression-based model for predicting energetic properties.  

2.4 Kernel Ridge Regression 

A KRR technique, as implemented in the scikit-learn package13 (see Appendix B 
for a description of the derivation), is employed to develop a nonlinear model for 
the description of change in energy from an initial to a perturbed structure (deltaE) 
in the framework described by Guziewski and Banadaki et al., respectively. 

Hyperparameters (𝛼𝛼, 𝛾𝛾) were determined via a discrete grid search,13 which utilized 
the cross-validated mean absolute error (MAE) as the metric. The MAE is defined 
accordingly, as 

 𝑀𝑀𝑀𝑀𝑀𝑀 =  ∑ |𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖−𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖|𝑛𝑛
𝑖𝑖=1

𝑛𝑛
, (1) 

where the difference between the actual and predicted values for each sample is 
taken into consideration.  

We considered the following table of hyperparameters (Table 2) and optimized the 
models for each respective operational data set using a five-fold cross-validated 
MAE as the metric. The test set errors, however, are a measure of the ability of the 
model to predict the endpoint for a given descriptor set for samples that were not 
included in the training set. In general, the resulting models had similar error values 
when applied to both training and test set data, which indicate that overfitting is not 
an issue within the models. 

Table 2 Train and test scores for optimized models determined via a grid search over KRR 
hyperparameters (𝜶𝜶,𝜸𝜸). All models found the same set of hyperparameters to be optimal 
 (𝜶𝜶 = 𝟏𝟏𝒆𝒆−𝟔𝟔, = 𝟏𝟏𝒆𝒆−𝟔𝟔 ). 

Operation Training MAE 
(J/m2) 

Test MAE 
(J/m2) 

Insert C 0.207 0.209 
Insert Si 0.305 0.311 

Remove C 0.183 0.191 
Remove Si 0.184 0.192 
Replace C 0.257 0.264 
Replace Si 0.181 0.175 
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The plots for insertion, removal, and replacement of a C or Si atom at the interface 
(Figs. 4–6) are 2-D histogram representations of the model prediction versus actual 
value. The insertion models (Fig. 4) illustrate a particularly interesting case where 
the efficacy of model’s ability to predict values accurately was purposely 
influenced by biasing the training data set. Specifically, a greater number of training 
data were included in the range deltaE < 0.2 J/m2 to increase the ability of the model 
to predict in this domain. This was motivated after observing the poor performance 
of models built with an unbiased representation of the data relative to the 
performance of the other operational models. Despite biasing, the insertion models 
typically underpredict deltaE and had the highest MAE when compared to all other 
operations (C insert: 0.209 J/m2, Si insert: 0.311 J/m2). 

 

Fig. 4 Predicted vs. true plots illustrating the ability of the KRR model for predicting 
deltaE for data representing an atom inserted at the grain boundary. A and C correspond to 
training data, while those B and D correspond to test data. A and B are for C atoms, while C 
and D is representing Si atom insertion. 
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Fig. 5 Predicted vs. true plots illustrating the ability of the KRR model for predicting 
deltaE for data representing removal at the interface. A and C correspond to training data, 
while B and D correspond to test data. A and B are for C atoms, while C and D represent Si 
atoms removal. 

Models for predicting deltaE in removal (Fig. 5) and replacement operations  
(Fig. 6) utilize all the data in a nonbiased manner and show relatively good 
performance with a lower amount of underprediction. Models developed for 
removal operations display the greatest performance overall with a test set MAE of 
0.191 and 0.192 J/m2 for C and Si removal, respectively. Replacement models 
performed better in Si replacement as compared to C replacement operations, 
respectively (0.175 vs. 0.264 J/m2), indicating the descriptors for Si replacement 
better represent the system energetics. Replacement and removal operations used 
the full operational data set without bias as there was relatively good performance 
overall in terms of predicting deltaE over the full domain of data.  
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Fig. 6 Predicted vs. true plots illustrating the ability of the KRR model for predicting 
deltaE for data representing atom replacement at the interface. A and C correspond to 
training data, while B and D correspond to test data. A and B are for C atoms, while C and D 
represent Si atom replacement. 

2.5 Implementation of Models in Monte Carlo‒based Selection 

The KRR models were implemented into the Monte Carlo grain boundary 
optimization code in place of the user-based probability functions as a potentially 
more accurate and efficient means of determining potential low-energy operation 
sites. Initial comparison of the two approaches was performed on three silicon 
carbide tilt grain boundaries: Σ9 [110] (122), Σ7 [111] (123), and Σ5 [100] (120). 
For comparison, the Monte Carlo algorithm was run for 1500 operations using both 
the user-based and KRR model‒based operation probabilities. The resulting 
minimum grain boundary energy (GBE) was predicted, as well as any speed-up that 
accounts for the relative number of steps for the new machine language models to 
outperform the previous models. The results in Table 3 show that there is significant 
improvement using the KRR models. The KRR models were able to speed up the 
Monte Carlo optimizations by 6.79 to 9.68 times. Even more surprisingly, even 
lower GBE structures were found using the KRR models than the user-based 
probabilities. This initial implementation shows promise for extension to other 
systems with the potential for significantly minimizing the number of 
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computational steps required to minimize a system and producing a more 
energetically favorable minimized state.  

Table 3 Comparison of physics-based model and model developed in this work 

Grain boundary User-based GBE 
(J/m2) Speed up ML model GBE 

(J/m2) 
Σ9 [110] (122) 2.17 6.79 1.94 

Σ7 [111] (123) 2.43 8.08 2.01 

Σ5 [100] (120) 2.65 9.68 2.20 

3. Conclusions 

A descriptor-based approach to predicting energetic properties for silicon carbide 
grain boundaries was effectively designed and implemented. It was determined that 
structurally relevant descriptors can be used as a viable descriptor set within a 
nonlinear model framework to build accurate models to predict the change in 
energy given an insertion, removal, or replacement operation performed at the 
interface of a silicon carbide bicrystal.  

Even though the correlation between the descriptors and the endpoint was minimal, 
it was still possible to build representative models that exhibited an acceptable 
amount of error. The implementation of these models in place of the traditional 
probability functions has shown promise in terms of reducing the total number of 
steps necessary to minimize a grain boundary structure and has yielded lower 
energy minimized states. These results are highly encouraging and provide a proof 
of concept, which can be utilized in similar works with a comparable descriptor 
space and endpoint.  
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Appendix A. Description of Operation Probabilities 
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For insertions, the probability function deciding the insert site and inserted species 
is based on structure. The insert site location probability (𝑝𝑝𝑖𝑖𝑖𝑖,𝑖𝑖) is derived by taking 
the difference between the Delaunay polyhedral radius (𝑟𝑟𝑠𝑠) of the potential site and 
the bulk crystal (𝑟𝑟0), where the Delaunay polyhedra are generated via a Voronoi 
tessellation-based approach, where 𝑁𝑁𝑣𝑣 is the number of atoms composing the 
Voronoi tessellation:  

 𝑝𝑝𝑖𝑖𝑖𝑖,𝑖𝑖 = 𝑟𝑟𝑠𝑠,𝑖𝑖−𝑟𝑟0
∑ (𝑟𝑟𝑠𝑠,𝑗𝑗−𝑟𝑟0)𝑁𝑁𝑣𝑣
𝑗𝑗=1

. (A-1) 

From this equation, atoms the largest interstitial volume site is the highest likely 
location for an atom insertion. The species inserted is chosen using another 
probability function that ensures that the local chemistry best represents the bulk-
like structure based on its neighboring atoms. For example, in bulk silicon carbide, 
every one of the four neighbors identified by the Delaunay polyhedral should be 
the opposite chemical species. To reflect this zincblende structure, locations with 
four surrounding silicon (Si) atoms will give an 80% probability for inserting 
carbon (C) and Si 20%. On the other extreme, if the four surrounding atoms were 
C, the probability for inserting Si will be 80% and C 20%. The species probabilities 
for insertions vary linearly between these two based on the neighbors.  

For removal and replacements, two probability functions (𝑝𝑝𝑟𝑟,𝑖𝑖
𝐼𝐼  and 𝑝𝑝𝑟𝑟,𝑖𝑖

𝐼𝐼𝐼𝐼  ) were 
equally used interchangeably to determine the atomic operation site. The first is 
based on an excess energy formulation (𝑝𝑝𝑟𝑟,𝑖𝑖

𝐼𝐼 ): 

 𝑝𝑝𝑟𝑟,𝑖𝑖
𝐼𝐼 = 𝐸𝐸𝑖𝑖−𝐸𝐸0

∑ (𝐸𝐸𝑗𝑗−𝐸𝐸0)𝑁𝑁𝐺𝐺𝐺𝐺
𝑗𝑗=1

. (A-2) 

Here the individual atomic energy of the potential operation site is 𝐸𝐸𝑖𝑖, the atomic 
energy of a corresponding bulk atom is 𝐸𝐸0, and 𝑁𝑁𝐺𝐺𝐺𝐺 is the number of atoms in the 
grain boundary region. From this equation, high-energy atoms have the highest 
probability to be chosen for the removal or replacement operation. In multi-element 
systems, however, the excess energy formulation can often be biased toward one 
chemical species.  

Therefore, a second probability function for removal and replacements was 
developed based on structure. In this work, the common-neighbor parameter1 
serves as a useful metric to distinguish between bulk-like atoms and atoms near the 
interface. A structural probability function for removal and replacement operations 

                                                 
1 Tsuzuki H, Branicio PS, Rino JP. Structural characterization of deformed crystals by analysis of 
common atomic neighborhood. Computer Physics Communications. 2007;177(6):518–523. 
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(𝑝𝑝𝑟𝑟,𝑖𝑖
𝐼𝐼𝐼𝐼  ) is then defined using the common-neighbor parameter for interfacial (𝑆𝑆𝑖𝑖) and 

bulk like (𝑆𝑆0) atoms: 

 𝑝𝑝𝑟𝑟,𝑖𝑖
𝐼𝐼𝐼𝐼 = 𝑆𝑆𝑖𝑖−𝑆𝑆0

∑ (𝑆𝑆𝑗𝑗−𝑆𝑆0)𝑁𝑁𝑣𝑣
𝑗𝑗=1

 (A-3) 

From this equation, atoms whose structures were furthest from bulk-like 
configurations are highest in probability for removal or replacement. To most 
effectively probe the configurational space removal and replacements operations, 
we switched between energetic and structural.
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Appendix B. Formulation of Kernel Ridge Regression 
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The generalized formulation for any kernel ridge regression (KRR) as implemented 
in our studies is discussed. The formulation of these models is similar to linear least 
squares although with nonlinear functions incorporated via a kernel function. These 
models are the simplest implementations of the “kernel trick” in machine learning 
frameworks.  

Ridge regression-based models can be expressed using a minimization of the 
following expression containing {(𝑥⃗𝑥,𝑦𝑦)}, which represents the feature space and an 
endpoint: 

 𝐽𝐽(𝑤𝑤)  =  (𝑦𝑦 − 𝑋𝑋𝑋𝑋)𝑇𝑇(𝑦𝑦 − 𝑋𝑋𝑋𝑋) + 𝜆𝜆‖𝑤𝑤‖2, (B-1) 

where the optimal solution is given as  

 𝑤𝑤 =  (𝑋𝑋𝑇𝑇𝑋𝑋 + 𝜆𝜆𝐼𝐼𝐷𝐷)−1𝑋𝑋𝑇𝑇𝑦𝑦. (B-2) 

Rewriting in terms of inner products,  

 𝑤𝑤 = 𝑋𝑋𝑇𝑇(𝑋𝑋𝑋𝑋𝑇𝑇 + 𝜆𝜆𝐼𝐼𝐷𝐷)−1𝑦𝑦. (B-3) 

Rewriting in terms of dual variables, where 𝛼𝛼 is introduced as  

 𝛼𝛼 = (𝐾𝐾 + 𝜆𝜆𝐼𝐼𝐷𝐷)−1𝑦𝑦 (B-4) 

and K is the Gram matrix replacing 𝑋𝑋𝑋𝑋𝑇𝑇, the weight vector can be written as  

 𝑤𝑤 = 𝑋𝑋𝑇𝑇𝛼𝛼 = ∑ 𝛼𝛼𝑖𝑖𝑥𝑥𝑖𝑖𝑁𝑁
𝑖𝑖=1 , (B-5) 

where the solution is a linear sum of N samples such that  

 𝑓𝑓(𝑥⃗𝑥)  = ∑ 𝛼𝛼𝑗𝑗𝜅𝜅(𝑥𝑥, 𝑥𝑥𝑖𝑖)𝑁𝑁
𝑖𝑖=1 . (B-6) 

The 𝜅𝜅(𝑥⃗𝑥𝑖𝑖, 𝑥⃗𝑥𝑗𝑗) term is the kernel function. We considered a radial basis function 
kernel defined accordingly,  

 𝐾𝐾(𝑥𝑥,𝑦𝑦) =  𝑒𝑒−𝛾𝛾‖𝑥𝑥−𝑦𝑦‖2. (B-7) 

 

 

 



 

17 

List of Symbols, Abbreviations, and Acronyms 

C  carbon 

CNP  common neighbor parameter of site atom 

eng  per-atom energy  

GBE  grain boundary energy 

HPCMP High-Performance Computing Modernization Program  

KRR  kernel ridge regression 

Si  silicon 

vol  Voronoi volume of site atom or void 
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