
Naval Research Laboratory 
Washington, DC 20375-5320 

NRL/MR/5344--19-9896

An Approximate Bayesian Extended 
Target Tracking Algorithm

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.

David F. Crouse

Surveillance Technology Branch
Radar Division

December 10, 2019



i

 REPORT DOCUMENTATION PAGE Form Approved
OMB No. 0704-0188

3. DATES COVERED (From - To)

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39.18

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and 
maintaining the data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including 
suggestions for reducing this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, 
Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of 
information if it does not display a currently valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

5a. CONTRACT NUMBER

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

5d. PROJECT NUMBER
      53-1J47-09

5e. TASK NUMBER

5f. WORK UNIT NUMBER

2. REPORT TYPE1. REPORT DATE (DD-MM-YYYY)

4. TITLE AND SUBTITLE

6. AUTHOR(S)

8. PERFORMING ORGANIZATION REPORT
	 NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

10. SPONSOR / MONITOR’S ACRONYM(S)9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES)

11. SPONSOR / MONITOR’S REPORT
	 NUMBER(S)

12. DISTRIBUTION / AVAILABILITY STATEMENT

13. SUPPLEMENTARY NOTES

14. ABSTRACT

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF:

a. REPORT

19a. NAME OF RESPONSIBLE PERSON

19b. TELEPHONE NUMBER (include area
code)

b. ABSTRACT c. THIS PAGE

18. NUMBER
OF PAGES

17. LIMITATION
OF ABSTRACT

An Approximate Bayesian Extended Target Tracking Algorithm

David F. Crouse

	
Naval Research Laboratory
4555 Overlook Avenue, SW
Washington, DC 20375-5320

NRL/MR/5344--19-9896

ONR

DISTRIBUTION STATEMENT A: Approved for public release; distribution is unlimited.

Unclassified
Unlimited

Unclassified
Unlimited

Unclassified
Unlimited

14

David F. Crouse

(202) 404-8106

Extended target tracking treats clusters of detections from one or more targets as one large entity to be tracked. The simplest algorithms 
approximate the shape of the extended target using an ellipsoid. Modern algorithms for filtering measurements for extended target tracks are 
based on approximations to Bayes’ theorem. This memo presents a new, simple approximation to the measurement-update step of an extended 
target-tracking filter as well as a heuristic for track initialization. Like previous work, the filter uses a Gaussian approximation for the center of 
the target ellipsoid and an inverse-Wishart distribution to represent the uncertainty in the shape of the ellipsoid.

10-12-2019 NRL Memorandum Report

Extended target tracking         Group tracking              Cluster tracking
Bayesian estimation                Kalman filter

1J47

Office of Naval Research 
One Liberty Center
875 North Randolph Street, Suite 1425
Arlington, VA 22203

Unclassified
Unlimited



This page intentionally left blank.

ii



1

An Approximate Bayesian Extended
Target-Tracking Algorithm

David Frederic Crouse∗

Abstract

Extended target tracking treats clusters of detections from one or more targets as one large entity to be tracked. The simplest
algorithms approximate the shape of the extended target using an ellipsoid. Modern algorithms for filtering measurements for
extended target tracks are based on approximations to Bayes’ theorem. This memo presents a new, simple approximation to the
measurement-update step of an extended target-tracking filter as well as a heuristic for track initialization. Like previous work,
the filter uses a Gaussian approximation for the center of the target ellipsoid and an inverse-Wishart distribution to represent the
uncertainty in the shape of the ellipsoid.

I. INTRODUCTION

EXTENDED target tracking, also known as “group tracking,” “centroid group tracking,” and “formation group tracking,”
is an approach to tracking large targets that produce multiple detections or for tracking multiple small targets that travel

in a group and are simpler to track collectively than individually. Such algorithms were considered as an important part of the
Strategic Defense Initiative’s tracking system in the 1980s [11]. The algorithms are often broken into different categories as
listed in [3, Ch. 6.9]:

1) Group tracking without individual tracks.
2) Group tracking with simplified individual tracks.
3) Individual tracking supplemented by group information.

This memo only considers the first type of extended target tracking.
Much of the work on extended target tracking prior to 2005 is summarized in the survey paper [25] and is covered in the

monograph [12]. More recent work is covered in the survey [13] and end-to-end algorithms demonstrated on real data are
described in [24], [14]. Extended target tracking was once again considered in a missile-tracking context in the conference
paper (in Turkish) [21].

In 2005, Koch and Saul published a paper offering a rigorously Bayesian approach to estimating an extended target state
represented as an ellipsoid [18]. The notion of representing a target in terms of ellipsoid parameters goes as far back as 1990
[7]. The algorithms prior to 2005 were somewhat more ad-hoc in their derivations. Koch and Saul’s work is further developed
in the 2008 journal article by Koch [17]. However, the algorithm is limited, because it requires the target state to take a
particular restrictive format. One could not, for example, have a target state with a turn-rate component. The subsequent work
of Feldmann, Fränken, and Koch in [9], [8] eliminates this restriction, but the derivation is an ad-hoc extension of Koch’s
work, rather than making clear approximations from an ideal Bayesian update.

The algorithm presented in this memo is a Bayesian derivation of an extended target-tracking update routine algorithm that
has a form similar to that of Feldmann, Fränken, and Koch. However, approximations are made in clear positions. Simulations
in Section VII provide an example where the algorithm of this work outperforms that of [9] and a related algorithm in [20].

Section II describes the probability distribution functions (PDFs) that will be used in the derivation of the filter and it lists
a number of identities of the PDFs. Section III then discusses the definition of the target ellipsoid, which is consistent with
previous models in the literature. The new Bayesian extended target-tracking algorithm is described in Section IV. An approach
to initialize the filter is given in Section V. A simulation example is given in Section VII and the results are presented in
Section VIII.

II. PRELIMINARY IDENTITIES FROM THE LITERATURE

A. PDFs

The derivations utilize the multivariate normal distribution as well as the Wishart and inverse Wishart distributions. The
d−dimensional multivariate normal PDF evaluated at x with mean µ̂ and covariance matrix Σ is

Nd {x; µ̂,Σ} = |Σ|− 1
2 e−

1
2 (x−µ̂)TΣ−1(x−µ̂). (1)

*The author is employed by the Naval Research Laboratory, Attn: Code 5344, 4555 Overlook Ave., SW, Washington DC 20375. (e-mail: 
david.crouse@nrl.navy.mil)
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The d-dimensional Wishart distribution [15, Ch. 3.2] with n > d− 1 degrees of freedom and (d× d) dimensional positive
definite symmetric scale matrix V is:

Wd {X;n,V} =
|X|

n−d−1
2

2
np
2 |V|n2 Γd

(
n
2

) etr

{
−1

2
V−1X

}
(2)

where Γd(x) is the multivariate gamma function given by

Γd(x) = π
d(d−1)

4

d∏

i=1

Γ

(
a− i− 1

2

)
. (3)

The mean of the Wishart distribution is
E {X} = nV. (4)

Given N samples, x1, . . . ,xN of a multivariate d-dimensional Gaussian distribution with mean µ and covariance matrix Σ,
the sample mean x̄ and the sample scatter matrix (non-normalized sample covariance matrix) are given by

x̄ =
1

N

N∑

i=1

xi X̄ =

N∑

i=1

(xi − x̄) (xi − x̄)
T
. (5)

As noted in [6, Ch. 5.5], x̄ and X̄ are independent. Additionally, x̄ ∼ N {µ,Σ} and X̄ ∼ Wd {N − 1,Σ}. The notation ∼
here means “is distributed as” and the PDFs are shown with the parameters but omitting the argument. On the other hand,
if xi are samples of a multivariate d-dimensional zero-mean Gaussian distribution with covariance matrix Σ, then it can be
shown that

N∑

i=1

xix
T
i ∼ Wd {N,Σ} . (6)

That is, knowing the mean of the underling normal distribution leads to having one more degree of freedom in the Wishart
distribution for the scatter matrix.

Generation of Wishart random variables by summing normal outer products as in (6) is inefficient for large N . Also,
one cannot generate Wishart random variables with non-integer degrees of freedom using such a technique. The Bartlett
decomposition is a technique for generating Wishart random variables that scales in complexity with d2, not N . It is described
in [19] and in [16], with the derivation done in such a manner that it is clear that it works for non-integer degrees of freedom.

If X ∼ Wd {n,V}, then X−1 ∼ IWd

{
n,V−1

}
, where IWd refers to the inverse Wishart (inverted Wishart) distribution

[15, Ch. 3.4]. The d-dimensional inverse Wishart distribution with n > d− 1 degrees of freedom and (d× d) positive-definite,
symmetric precision matrix Ψ is

IWd {X;n,Ψ} =
|Ψ|n2

2
np
2 |X|

n+p+1
2 Γp

(
n
2

) etr

{
−1

2
ΨX−1

}
. (7)

The mean of the inverse Wishart distribution is

E {X} =
Ψ

n− p− 1
. (8)

A definition of the covariance of an inverse-Wishart distribution is (α > 2)

E

{(
Xk − X̂

)(
Xk − X̂

)T}
=
α trace

{
X̂
}

X̂ + (α+ 2)X̂2

(α+ 1)(α− 2)
(9)

α ,n− d− 1. (10)

Note that the covariance of the inverse Wishart distribution diverges as α→ 2.
The inverse Wishart distribution is often used as a conjugate-prior PDF for estimating the covariance matrix of a multivariate

normal distribution given samples and the Wishart distribution is often used as a conjugate-prior PDF for a precision matrix
(an inverse covariance matrix) of a multivariate normal distribution.

B. PDF Relations

Given an inverse-Wishart prior, if µ is a constant (i.e. Bayesian update with a normal likelihood), then it can be shown that

N
{
µ; µ̂,

1

κ
P

}
IWd {P; ν,V} ∝ IWd

{
P; ν + 1, κ (µ− µ̂) (µ− µ̂)

T
+ V

}
(11)
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where ∝ means “proportional to” (discarding normalizing constants). This means that the inverse Wishart distribution is
conjugate prior to the normal distribution with a known mean. Put differently, given a prior of IWd {P; ν,V} and a
measurement with known mean µ̂ and unknown covariance matrix scaled by 1

κ , the posterior distribution is Inverse-Wishart
with parameters

νposterior =ν + 1 Vposterior =κ (µ− µ̂) (µ− µ̂)
T

+ V. (12)

An estimate for the unknown scaled covariance matrix is the expected value of the inverse-Wishart distribution from (4):

E {P} =
V

ν − d− 1
. (13)

The product of N normal PDFs can be expressed in terms of a Wishart distribution as [8, Eq. 2.22]
nk∏

i=1

Nd {xi; µ̂,Σ} = |2πΣ|−
nk
2 e−

1
2

∑nk
i=1(xi−µ̂)TΣ−1(xi−µ̂) =

1

cd
(
X̄, n

)Nd
{

x̄; µ̂,
1

n
Σ

}
Wd

{
X̄;n− 1,Σ

}
(14)

where, when treating as likelihoods (xi are measurements), cd is the constant:

cd
(
X̄, nk

)−1
= Γd

(
nk − 1

2

)
π−

d
2 (nk−1)n

− 1
2d

k

∣∣X̄
∣∣− 1

2 (nk−d−2) . (15)

The transformation comes from rewriting the argument of the exponential in terms of matrix traces and rearranging the terms.
The product of the Wishart and inverse Wishart distributions is [17, Appen. B.6]

Wd {Z;n1, aX} IWd {X;n2,Ψ} =IWd

{
X;n1 + n2,

Z

a
+ Ψ

}
(16)

c1d =
a−

1
2d(d+1)Γd

(
n1+n2

2

)

∣∣Z
a

∣∣n2+d+1
2 |Ψ|

n1
2 Γd

(
n1

2

)
Γd
(
n2

2

) . (17)

The inverse-Wishart distribution is thus conjugate prior to the Wishart distribution when estimating n2 and Ψ.
The final identity that shall be used relates to the product of two normal distributions of forms arising in Kalman filtering.

Specifically [8, Append. B.4]

Nd {z; Hx,R}Np {x;µ,P} = Nd {z; Hµ,S}Np
{
x;µpost,Ppost

}
(18)

with

µpos =µ+ K (z−Hµ) (19)

Ppost =−KSKT = (I−KH) P (I−KH)
T

+ KRKT (20)

S =HPHT + R (21)

K =PHTS−1. (22)

These are the identities making up the Kalman filter. The expression in (20) is the Joseph form of the covariance update [1,
Ch. 5.2.3]. A derivation of the product is given in [8, Appendix B.4]. However, it can be obtained in a number of ways. Note
that the dimensionalities d and p can be different. H is a (d× p)-dimensional matrix.

The identities of this section shall play a role in the derivation of a recursive Bayesian extended target-tracking algorithm.

III. THE DEFINITION OF THE ELLIPSOID

The ellipsoidal approximation for the target extent is developed here in a manner similar to [10], [8]. The shape of an extended
target is approximated as an ellipse in 2D or an ellipsoids in 3D. It is assumed that detections are uniformly distributed over
the ellipsoidal region. An ellipse or ellipsoid is defined to be the set of all points p such that

(p− p0) Σ−1 (p− p0) ≤ 1 (23)

where p0 is the center of the ellipsoid and positive-definite matrix Σ defines the shape of the ellipsoid.
It is known [2, Ch. 2.3.2] that the volume of a d-dimensional ellipsoid defined as above is

Vd =
|Σ| 12 π d2
Γ(d2 + 1)

. (24)
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Fig. 1. 104 uniform random samples from a 2D ellipse. The blue line is the ellipse boundary; the dashed red line is the normal approximation to the boundary
using the sample mean and covariance with zd = 1/4.

Consequently, the uniform distribution over a d dimensional ellipsoid is:

Ud {p; Σ} =





Γ(n2 + 1)

|Σ| 12 π d2
If (p− p0)

T
Σ (p− p0) ≤ 1

0 Otherwise
. (25)

As derived in Appendix A, the covariance matrix of the uniform distribution over a d-dimensional ellipsoid is

E
{

(p− p0) (p− p0)
T
}

=
1

d+ 2
Σ (26)

Despite the appeal of modeling detections from an extended target as coming from a uniformly distributed ellipsoid,
Gaussian approximations tend to be more amenable to the derivation of recursive estimation algorithms. Consequently, ignoring
measurement noise, we approximate the measurement from a target as

p ∼ N {p0, zdΣ} (27)

with
zd =

1

d+ 2
. (28)

The zd scaling makes the second moment of the normal distribution match that of the uniform distribution. This type of
moment matching was first introduced in [10].

To get an idea of the validity of the normal approximation in an ideal case, Fig. 1 plots 104 random samples from a 2D
uniform ellipse distribution. The function randPointInEllipsoid in the Tracker Component Library (TCL) [5], [26],
which implements the algorithm of [23, Sec. 3.1.3], was used to generate the uniformly distributed points.. The ellipsoid center
was set to p00 and the spread term is

Σ =

[
10 6

6 10

]
. (29)

The normal approximation plots the ellipse with

(p− p̂)

(
1

zd
P

)−1
(p− p̂) ≤ 1 (30)

where p̂ and P are the sample mean and the sample covariance matrix. The dashed red line in Fig. 1 is the normal approximation
to the shape and the blue line is the actual outer extent of the ellipsoid (plotted using drawEllipse in the TCL). It can be
seen that the fit of the normal approximation to the uniform samples is good.

IV. A BAYESIAN DERIVATION

Consistent with Section III, the extended target is modeled approximately as an ellipsoidal region in position. In this section,
an approximate Bayesian method for updating the target position and extent information is derived. Only linear measurements
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are considered. At time k, one estimates the (dx × 1) state vector xk. The (dz × dx) linear measurement matrix H extracts
the position components of the target state. For example, for a state consisting of position and velocity in 3D space consisting
of [x, y, z, ẋ, ẏ, ż]T , one would use

H =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0


 . (31)

Given the center of the ellipsoid, Hxk, the shape is modeled as the region defined by a matrix Xk such that a point p is
within the target extent if

(p−Hxk)
T

X−1k (p−Hxk) ≤ 1. (32)

However, this definition does not lend itself to a convenient formulation of the measurement-update equation. Consequently,
the target extent is modeled as a modification of the measurement covariance, with a scale parameter zd chosen so that the
expected value of this covariance matrix equals the covariance matrix of the uniform distribution. This model is consistent with
the extent representation of (30). The distribution of the ith measurement conditioned on the state xk and the target-extent
parameter Xk is thus modeled as:

p (zi|xk,Xk) = N {zi; Hxk, zdXk + Rk} (33)

where Rk is a covariance matrix for measurement noise due to receiver noise and interference. This model is the same as (27) but
with the additional of the measurement noise parameter and is the model used in [9], [8]. Note that while no real measurements
will be given in Cartesian coordinates, unbiased measurement-conversion algorithms, such as the cubature methods mentioned
in [4] can be used for unbiased measurement conversion. In the simulations here, the pol2CartCubature function in the
TCL is used.

Measurements are assumed to be independent and no model is given for the number of measurements at a particular time
from a target (i.e. assume a uniform [constant, uninformative] prior). The PDF of nk measurements, with Zk = {z1, . . . , znk}
is thus:

p
(
Zk
∣∣xk,Xk, nk

)
=

nk∏

i=1

N {zi; Hxk, zdXk + Rk} (34)

=
1

cd
(
Z̄, n

)Nd
{

z̄; Hxk,
1

nk
(zdXk + Rk)

}
Wd

{
Z̄;nk − 1, zdXk + Rk

}
(35)

where the identity in (14) was used and where

z̄ =
1

nk

nk∑

i=1

zi Z̄ = (z̄− zi) (z̄− zi)
T
. (36)

This is a linear model:
zki = Hxk + vk (37)

where vk is zero-mean Gaussian with covariance matrix zdXk + Rk.
Equation (33) is the measurement likelihood. The prior target state at time k, which includes information through time k−1,

is taken to be a Gaussian distribution with mean x̂k|k−1. The distribution of the target-extent variable Xk is taken to be an
inverse-Wishart distribution with ν − k|k − 1 degrees of freedom and scale matrix X̃k|k−1. This means that the joint prior
distribution is a term related to the center of the ellipsoid and a term related to the extent of the ellipsoid:

p(xk,Xk) =p (xk|Xk) p (Xk) (38)

=N
{
xk; x̂k|k−1,Pk|k−1

}
IWd

{
Xk; νk|k−1, X̃k|k−1

}
. (39)

Applying Bayes’ rule to update the prior distribution given nk measurements, one has (omitting the normalizing constants):

p
(
xk,Xk

∣∣Zk, nk
)
∝ p

(
Zk
∣∣xk,Xk, nk

)
p(xk,Xk, nk) (40)

∝ Nd
{

z̄; Hxk,
1

nk
(zdXk + Rk)

}
N
{
xk; x̂k|k−1,Pk|k−1

}
Wd

{
Z̄;nk − 1, zdXk + Rk

}
IWd

{
Xk; νk|k−1, X̃k|k−1

}
.

(41)

A. Approximation for the Ellipsoid-Center Update
The two normal distributions in (41) can be combined as in (18) to get:

p
(
xk,Xk

∣∣Zk, nk
)
∝ p

(
Zk
∣∣xk,Xk, nk

)
p(xk,Xk, nk) (42)

∝ Nd
{
z̄; Hx̂k|k−1,Sk

}
N
{
xk; x̂k|k,Pk|k

}
Wd

{
Z̄;nk − 1, zdXk + Rk

}
IWd

{
Xk; νk|k−1, X̃k|k−1

}
(43)
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where

R̃k =
1

nk
(zdXk + Rk) ≈ 1

nk

(
zd

X̃k|k−1
νk|k−1 − d− 1

+ Rk

)
(44)

Sk =R̃k + HPk|k−1H
T (45)

Kk =Pk|k−1H
TS−1k (46)

x̂k|k =x̂k|k−1 + Kk

(
z̄−Hx̂k|k−1

)
(47)

Pk|k = (I−KkH) Pk|k−1 (I−KkH)
T

+
1

nk
Kk (zdXk + Rk) KT

k . (48)

The approximation for R̃k replaces Xk with its expected value in (44). This approximation decouples the equations and allows
for a simple Kalman-filer update of the ellipsoid center.

B. Approximation for the Ellipsoid-Shape Update

To derive the update for the ellipsoid-shape parameters, we consider the case assuming that the target is large compared to
the accuracy of the sensor. Assuming that zd

X̃k|k−1

νk|k−1−d−1 � Rk, one can use the approximation that Rk ≈ 0.

p
(
xk,Xk

∣∣Zk, nk
)
∝ Nd

{
z̄k; Hx̂k|k−1,Sk

}
N
{
xk; x̂k|k,Pk|k

}
Wd

{
X̄;nk − 1, zdXk

}
IWd

{
Xk; νk|k−1, X̃k|k−1

}
(49)

= Nd
{
z̄k; Hx̂k|k−1,Sk

}
N
{
xk; x̂k|k,Pk|k

}
IW

{
Xk; νk|k−1 + nk − 1,

1

zd
Z̄k + X̃k|k−1

}
(50)

= Nd
{

z̄k; Hx̂k|k−1,
zd
nk

Xk + HPk|k−1H
T

}
N
{
xk; x̂k|k,Pk|k

}
IW

{
Xk; νk|k−1 + nk − 1,

1

zd
Z̄k + X̃k|k−1

}
(51)

where the product identity for the Wishart and inverse-Wsihart PDFs of (16) is used.
To decouple the equations, approximate xk = x̂k|k. Additionally, neglect the uncertainty in the center location of the ellipsoid

using Pk|k−1 ≈ 0. These substitutions put the equations in a form that can be simplified using (11)

Nd
{

z̄k; Hx̂k|k−1,
zd
nk

Xk

}
IW

{
Xk; νk|k−1 + nk − 1,

1

zd
Z̄k + X̃k|k−1

}
∝

IWd

{
Xk; vk|k−1 + nk,

nk
zd

(
z̄k −Hx̂k|k

) (
z̄k −Hx̂k|k

)T
+

1

zd
Z̄k + X̃k|k−1

}
. (52)

Consequently, the update is

νk|k =νk|k−1 + nk (53)

X̃k|k =X̃k|k−1 +
1

zd
Z̄k +

nk
zd

(
z̄k −Hx̂k|k

) (
z̄k −Hx̂k|k

)T
. (54)

An alternative approach to obtaining a simple update formula for the target extent could be to replace xk in the first term of
(41) with x̂k|k−1 as this decouples the estimation of the ellipsoid-shape parameters from those for its center and again neglect
Rk = 0. This leads to the update equations:

X̃k|k =X̃k|k−1 +
1

zd
Z̄ (55)

νk|k =νk|k−1 + nk − 1. (56)

However, it quickly becomes clear that this approximation to X̃k|k is only meaningful if nk > 1. If nk = 1, then X̃k|k = X̃k|k−1
and νk|k = νk|k−1, which means that the measurement has no effect. Consequently, this simpler approximation is undesirable.

C. State Propagation

Given an approximation for a recursive measurement update, we need to propagate the ellipsoid center and extent forward
in time. The measurement update puts the PDF into the same decoupled form as the assumed prior PDF:

p
(
xk,Xk|Zk, nk

)
=N

{
xk; x̂k|k,Pk|k

}
IWd

{
Xk; νk|k, X̃k|k

}
. (57)

The predicted ellipsoid-center parameters, x̂k+1|k and Pk+1|k can be obtained in the same manner as any point tracker (e.g.
discrete or continuous-time Kalman-like propagation methods), because they are decoupled from the target-extent parameters.



7

To determine how to propagate the shape parameter, as in [9], [8], we look at a scalar measure of the accuracy of the inverse
Wishart distribution, the mean-squared error (MSE):

ek|k = trace

{
E

{(
Xk − X̂k|k

)(
Xk − X̂k|k

)T}}
(58)

where for αk|k > 2:

X̂k|k =
X̃k

αk|k
αk|k =νk|k − d− 1. (59)

The MSE value ek|k is the trace of the covariance previously provided for the inverse-Wishart distribution. This simplifies to

ek|k =
αk|k

(
αk|k trace

{
X̂k|k

})2
+
(
αk|k + 2

)
trace

{
X2
k|k

}

(αk|k + 1)(αk|k − 2)
(60)

and it can be seen that ek|k diverges as αk|k → 2.
We adopt the heuristics introduced in [8], [9]. The heuristics for propagating the target extent leave the expected value of

the shape unchanged, but decrease ν so as to increase the uncertainty in the state. Given νk+1|k and νk|k, X̃k+1|k is obtained
by scaling X̃k|k to ensure the expected value does not change

X̃k+1|k =
αk+1|k
αk|k

X̃k|k. (61)

An exponential propagation heuristic for a timespan of T given in [8], [9] is

νk+1|k = 3 + d+ (αk|k − 2)e−
T
τ (62)

which is equivalent to
1

αk+1|k − 2
=

e−
T
τ

αk|k − 2
(63)

where τ is a design parameter. An alternative heuristic is given in the dissertation [8]

νk|k = 3 + d+
αk|k − 2

1 +
(
T
τ

) (
αk+1|k − 2

) (64)

which is equivalent to the linear increase:
1

αk+1|k − 2
=
T

τ
+

1

αk|k − 2
. (65)

Either of those heuristics can be used to increase the uncertainty in the target extent over time.

D. Summary of the Filter

The measurement-update step of the Bayesian extended target-tracking filter is summarized in Fig. 2. The state propagation
procedure is summarized in (3). However, note that the estimation of X̃k|k−1 includes the effects of the target measurement
error Rk if X̃k|k−1 is really representing apparent target extent as effected by measurement noise. This means that the addition
of Rk in the expression for R̃k is not entirely necessary. However, in practice, if one wishes to eliminate Rk in the expression
for R̃k, then the diagonal elements of R̃k should be adjusted so that they are never smaller than those of Rk. In the simulations
in this memo, we simply use the algorithms as written in Figs. 2 and 3.

V. FILTER INITIALIZATION

To use the filter, one must be able to initialize it. The literature does not appear to describe heuristics for initialization. In
this section, we suggest a heuristic.

The simplest target-initiation heuristic for the extent is:

X̃0|0 =
1

zd

n0∑

i=1

(
z0i − z̄0

) (
z0i − z̄0

)T
ν0|0 =n0 + d z̄0 =

1

n0

n0∑

i=1

z0i (66)

because this distribution means that

zd E {X0} =
1

n0 − 1

n0∑

i=1

(
z0i − z̄0

) (
z0i − z̄

)T
(67)

which is a known-unbiased covariance estimator.
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Prior Prediction
x̂k|k−1,Pk|k−1, νk|k−1, X̃k|k−1

Degree of Freedom Update
νk|k = νk|k−1 + nk

Measurements
z1, . . . , znk

,Rk

Filter Gain
Kk = Pk|k−1HTS−1k

Updated Center Estimate
x̂k|k = x̂k|k−1 + Kk

(
z̄k −Hx̂k|k−1

)

Updated Covariance
Pk|k = (I−KkH)Pk|k−1 (I−KkH)

T
+ KkR̃kK

T
k

Innovation Covariance
Sk = R̃k + HPk|k−1HT

Measurement Mean
z̄k = 1

nk

∑nk

i=1 z
k
i

Updated Spread
X̃k|k = X̃k|k−1 + 1

zd
Z̄k + nk

zd

(
z̄k −Hx̂k|k

) (
z̄k −Hx̂k|k

)T

Extended Covariance

R̃k = 1
nk

(
zd

X̃k|k−1

νk|k−1−d−1 + Rk

)

Non-Normalized Covariance
Z̄k =

∑nk

i=1

(
zki − z̄k

) (
zki − z̄k

)T

Fig. 2. The measurement-update step of the ellipsoidal extended target tracker of this paper. One will typically use zd = 1
d+2

.

Prior Values
x̂k−1|k−1,Pk−1|k−1, νk−1|k−1, X̃k−1|k−1

Propagate x̂k−1|k−1 and Pk−1|k−1
using any standard Kalman-filter variant.

Propagate the Degrees of Freedom
νk|k−1 = 3 + d+ (νk−1|k−1 − d− 3)e−

T
τ

or
νk|k−1 = 3 + d+

νk−1|k−1−d−3
1+(Tτ )(νk−1|k−1−d−3)

Propagate the Ellipsoid Shape
X̃k|k−1 =

νk|k−1−d−1
νk−1|k−1−d−1X̃k−1|k−1

Fig. 3. The target state prediction step of the ellipsoidal extended target tracker of this paper.

For x0|0 and P0|0, one can perform single-point initiation with z̄0 as the measurement having heuristic covariance matrix:

R̂ = clipCovMat

(
zd

n0 − 1
X̃0|0,diag (R)

)
. (68)

The heuristic “measurement” covariance matrix is the expected extent, clipped so that the diagonal elements are not less than
the diagonal elements of the individual measurements. The function clipCovMat is in the TCL. The basic notion is that
if a diagonal element of a covariance matrix exceeds a particular value, then it can be scaled. However, one cannot scale
the diagonal terms in the covariance matrix independent of the off-diagonal terms (or else the result might be non-positive
definite). Consequently, to scale the diagonal elements of some matrix P to desired values, one must multiply the covariance
matrix P by the diagonal scaling matrix S in a quadratic form: SPS. That is what the clipCovMat function does.

VI. CONTRASTING THE UPDATE WITH THE FELDMANN METHOD

The algorithm developed here is very similar to that presented by Feldmann, Fränken, and Koch [9]. Using the notion with
X̃ of this paper, Feldmann’s algorithms differ only in the target-extent update, which is

X̃k|k =X̃k|k−1 +
1

α2
k|k−1

X̃
1
2

k|k−1S
− 1

2

k Nk|k−1
(
S
− 1

2

k

)T (
X̃

1
2

k|k−1

)T
+

1

α2
k|k−1

X̃
1
2

k|k−1R̃
− 1

2

k Z̄k

(
R̃
− 1

2

k

)T (
X̃

1
2

k|k−1

)T

(69)
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Nk|k−1 ,
(
z̄k −Hx̂k|k−1

) (
z̄k −Hx̂k|k−1

)T
(70)

αk|k−1 =νk|k−1 − d− 1 (71)

whereas the target-extent update presented here is

X̃k|k =X̃k|k−1 +
1

zd
Z̄k +

nk
zd

Nk|k (72)

Nk|k =
(
z̄k −Hx̂k|k

) (
z̄k −Hx̂k|k

)T
. (73)

Feldmann’s derivation is an ad-hoc generalization of [18], [17], with modifications to obtain a rough degree of conditional
unbiasedness. In Section VII, we contrast the measurement-update method of this paper with that of Feldmann and also with
the measurement-update method of Orguner from [20] on a single simple example.

VII. SIMULATIONS

Though a thorough analysis of a Bayesian extended target-tracking algorithm would presumably consider a number of
statistics regarding the target-ellipsoid mean and covariance matrix under different performance metrics, this memo just conveys
an initial first impression, presenting an example of the performance under a single Monte Carlo run, which can be easily
visualized.

We choose a scenario that is similar to the single 2D Monte Carlo run used in [9], [8]. However, whereas the measurements
in [9], [8] were generated in Cartesian coordinates, we generate 2D polar measurements. The scenario involves five targets
flying next to each other in formation, initially 500 − m apart. Range and azimuth errors are independent with standard
deviations of 10 m and 0.2◦ and the monostatic receiver is placed at the origin. A detection probability of PD = 0.8 is used,
though on the initialization step all five detections are obtained. The trackers are run with a discretized continuous white-noise
acceleration model [1, Ch. 6.2] with power spectral density q0 = 70 m3/s2 (state transition matrix FPolyKal and covariance
matrix QPolyKal used with the discKalPred function in the TCL). A measurement is obtained every T = 10 s. The
time constant used for the target-extent propagation is τ = 5 s. The center of the target formation moves at 300 m/s. Three
maneuvers are performed, having accelerations of 1G, 1G, and 0.5G and then the targets spread out in the end.

We consider the approximate Bayesian measurement-update algorithm of Fig. 2 as well as the measurement update of
Feldmann, which is discussed in Section VI. We also consider the measurement-update algorithm of Orguner [20], which is
summarized in a flow chart in [8]. All methods used the exponential prediction step described in Fig. 3.

The true target locations during the simulation period are shown in Fig. 4a. The detections and the connected mean estimates
(the red line) are shown in Fig. 4b. The approximate Bayesian mean and extent estimates are plotted in Fig. 4c with a close-up
of the first turn shown in Fig. 4d. The extent and mean lines of Feldmann’s algorithm and Orguner’s algorithm are respectively
plotted in Figs. 4e and 4f. It can be seen that the target-extent ellipses of the approximate Bayesian algorithm presented in
this memo are more accurate during the second turn than those of the other algorithms. Orguner’s method, being iterative, is
also slower than the approximate Bayesian estimator of this paper.

VIII. CONCLUSION

An approximate Bayesian extended target-tracking filter was presented along with a heuristic for initializing such filters.
The target’s mean location is represented as a Gaussian distribution and its extent is represented in terms of an inverse-Wishart
distribution. Two approximations were used to obtain decoupled measurement-update steps for the mean location and extent
of the target. The performance of the filter was illustrated on a simple 2D-formation tracking example in Fig. 4, where the
approximate Bayesian filter of this paper was compared with those of Feldmann [9] and Orguner [20]. On the simple example,
it was observed that the approximate Bayesian tracker better estimated target-extent during maneuvers.

Future work can more thoroughly analyze the performance of the filter in comparison to alternatives. Additionally, the filter
could be incorporated into an interacting multiple model filter (IMM) framework, as was done with Feldmann’s filter in [9],
[8]. Future work could also consider modifications to the update step such that X̃k|k is an unbiased estimate of the target
extent when Rk is large rather than incorporating the effects of Rk.
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APPENDIX A
DERIVATION OF THE COVARIANCE OF A UNIFORM ELLIPSOID

We shall compute the covariance matrix of the uniform ellipsoidal PDF in (25). First, we note that when considering an
integral over a scalar or vector function f with bijective transformation y = h (x), the Change of Variables Theorem from
multivariate calculus is ∫

x∈Sx

f(x)dx =

∫

y∈Sy

f (h(y)) |J(y)|dy (74)
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Fig. 4. Plots relating to the single Monte Carlo example of Section VII.
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where Sx and Sy are the same regions but in different coordinate systems and J is the Jacobian matrix related to the
transfromation.:

J(y) =

[
∂

∂y1
f(y),

∂

∂y2
f(y), . . . ,

∂

∂ydy
f(y)

]
(75)

where y is dy-dimensional.
Without a loss of generality, we assume that p0 = 0. The covariance matrix can thus be written as

E
{
ppT

}
=

Γ(d2 + 1)

|Σ| 12 π d2

∫

pTΣp≤1

ppT dp. (76)

Define the lower-triangular matrix C such that
Σ , CCT . (77)

In other words, C is a lower-triangular Cholesky decomposition of Σ. We wish to perform the change of variables that

v = C−1p. (78)

Consequently, noting the relation of determinants that |Σ| 12 = |C|, the Jacobian is:

|J (v)| = |C| . (79)

Using the Change of Variables Theorem of (74), the covariance matrix of the uniform distribution on an ellipsoid is thus:

E
{
ppT

}
=

Γ(d2 + 1)

π
d
2

C




∫

vTv≤1

vvT dv


CT . (80)

An explicit solution to the multivariate integral in (80)can be obtained from the generalized identity for w > −d in [22, Ch.
7.4] that

∫

xTx≤1

(
d∑

i=1

x2i

)w
2
(

d∏

i=1

xαii

)
dx =





(
2

d+ w +
∑d
i=1 αi

) ∏d
i=1 Γ

(
αi+1

2

)

Γ
(
d+

∑d
i=1 αi
2

) If all αi are even.

0 Otherwise.

(81)

Applying the formula to the problem at hand means that w = 0 and there either are two is such that αi = 1 or one such that
αi = 2. The final expression for the covariance matrix of a uniform distribution over a d-dimensional ellipsoid is thus as given
in (26).

This derivation differs slightly from [10] in that the solution is proven for all dimensions d rather than just given for
d = 1, 2, 3.
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