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AFRL

MOTIVATION

Large Eddy Simulations (LES)
 calculate large scales

 model influence of non-resolved modes

Filter-to-grid ratio (FGR): A/Ax

THE AIR FORCE RESEARCH LABORATORY

separation via low-pass filter

Energy

-> modeled

resolved

k,. k

spatial wavenumber
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MOTIVATION
Temperature (K)
m &(‘JQHWHLZ‘OQH HHLéEL
Temperature (K)
400 800 1200 1600
[ R S
288 1784

LESLIE3D +MUSCLE-,
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|

Figure 13 from [1]

Cocks et al. (Combust. Flame, 2015) [1]

- similar grid resolutions, closure
models, chemistry etc.

- different codes (i.e., numerics)

Vast disagreements for reactive flow

Increased sensitivity wrt errors
-> discretization scheme

Mitigate numerical artifacts in order to
properly evaluate/develop models

THE AIR FORCE RESEARCH LABORATORY
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MOTIVATION

» Reduce influence of numerical error in LES calculations
* improved solution accuracy
» objective model assessment/development

Only a subset of grid-resolved modes are
“trustable”

=» constrain the calculation via explicit filtering
(i.e., non-unity FGR)

Energy

Oyt + 30yt + 5 Oy [un — ur] = 0

7

~

+SFS

NGy resolved &8 -> modeled
TSFS | |
Byt + L0, 0t + L O, [t — tt] 41 0, [T — ) = k, K ky
~ ~~ - ~ ~~ - spatial wavenumber
+RSFS ~5Gs
A: grid filter
A: explicit LES filter
THE AIR FORCE RESEARCH LABORATORY 4
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OBJECTIVES

« Understand the systematic construction of discrete filters (and artificial dissipation)
« scale separation, stencil-order, monotonicity, invertibility, etc...

 Formalize extensions to bounded domains

—2N =2

—2N =4
1 2N =6 [ _ _ _
—92N =8 u; + 2521 aé(ui—ﬁ + ui+€) = bOUi + Zer br(ui—r + ui-l—r)
—2N =10
0.8 i R R
{1 + Zﬁ 625(526} U; = {1 + Zr 62r52T] U;
0.6
0.4+ 2 2\ 92 4
0 u; = (Ax*)0iu; + O(Azx*)
0.2 = Ui41 — 2U1 + Uj41
52n — (52)71

0.2 0.4 0.6 0.8 1
Normalized wavenumber: (kAz)/7
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OUTLINE

» Discrete Purser filters
« classic formulation
« explicit and implicit generalizations
« Energy-stability and conservation on bounded domains

 Filter-based artificial dissipation

THE AIR FORCE RESEARCH LABORATORY 6
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Purser Filters (Classic) - Identify spectral response as the complement

, to a Cumulative Distribution Function (CDF)
Purser (J. Appl. Meteorol. Climatol., 1987) [2]

= [ p(2)dz, z €[0,1]

T §(k) =1-C(k) =1+D(k)

—2N =4

+ Make CDF a function of wavenumber via the
response of a finite difference (FD) stencil

= §(k) = sin? (kgm) = —2F{6%*}

» Recover stencil from response
Beta distribution:

(R+S+1)!
RIS ©

0.2 0.4 0.6 0.8 1 p(z) (1—2)° with z€[0,1]

Normalized wavenumber: (kAx)/m

|I<— ]

R4+S+1 n
|:1+Zn Ri1€2n0° }

N! S! (—1)"R 1\"
€EF2n = : : i e
R!S! (n—R—1)![S—(n—R—1)]! n 4

THE AIR FORCE RESEARCH LABORATORY
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Purser Filters (Classic)

_[075]
_[174]
1 (2,3]]1
_[372]
_[47 1]
08 [ [5,0] b
S 0.6
0.4r
0.2r
0.2 0.4 0.6 0.8 1

Normalized wavenumber: (kAz)/m

10°

1075°F

14|

10710

107 107 10 10°
Normalized wavenumber: (kAz)/m

THE AIR FORCE RESEARCH LABORATORY

* The response shape is easily parameterized
via statistical characterization of the CDF

o Rr23 o REDEHD
V2= RyS+4/37 °  (R+S+2)2(R+S5+3)
1

0.8/ | | :

002 03 04 05 06 07 08

(k1/282) /7

A 1 " " A
filter width: k&, suchthat G(k) = 3 m]?x{g} —mkin{g} +rr5{in{g}

transition width: Ay = ko.o05 — ko.95
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Purser Filters (Generalizations)
Edoh (UCLA Thesis, 2017) [3]

u; + ZéZl ag(ﬂi_g + fbi_f_g) = bou; + Zrzl br(ui_T + ui—l—r)

14D,
[1 + Zf 625526} U; = [1 + Zf 62715271} U; Em—— g(k) =1 + D(k) — 1162
« Consider alternate distribution functions, for example:
Beta: p(z) = gtz (1 - 2)% with 2 € [0, 1]
Kumaraswamy: p(2) = (R+1)(S+1)- 21 — 2B+1)5 with 2 € [0, 1]

Log-logistic: p(z) = (BEH)(2)" - [1+ (2)] 72 with 2z € [0, 00)
- Consider modifying the initial transformation: = = —D(k) € [0, 1]

“embedded”: i = [1 F e e ( b mé”) ] u

THE AIR FORCE RESEARCH LABORATORY
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Purser Filters (Generalizations)

u; + Z£21 aé(ﬂz’—e + ﬁz‘+£) = bou; + Zrzl br(ui—r + ui—l—r)

eyl =145 a]u  ——>  G(k)=1+D(k) = HE:

« Consider spectral manipulations to build implicit schemes from explicit ones

1
Butterworth-style filters: ———=—
;QN =2
—2N =4
1 2N =6
—2N =8
0l —2N =10 |
> 0.6
04r-
0.2r
° 0.2 0.4 0.6 0.8 1 | | | |
. . : . 0.2 0.4 0.6 0.8
Normalized wavenumber: (kAzx)/m (k1 pA2) /0

THE AIR FORCE RESEARCH LABORATORY
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AFRL

Purser Filters (Generalizations)

u; + Z£21 ag(Ui—p + Uiye) = bou; + Zrzl by (Wi—yr + Ujtr)

eyl =145 a]u  ——>  G(k)=1+D(k) = HE:

« Consider spectral manipulations to build implicit schemes from explicit ones

1+D,.
1+(1_5A)Dr

Long-style filters:

;QN =2 1
—2N =4
1 2N =6 [
—9N =8 0.8r
—2N =10
0.8¢ ’
> 0.6
04r- R
0.2+ : %
° 02 04 06 08 1 0 ‘ | ‘ ‘
. . . . 0.2 0.4 0.6 0.8
Normalized wavenumber: (kAzx)/m (k1 pA2) /0
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AFRL

Purser Filters (Generalizations)

u; + Z£21 aé(ﬁz’—e + ﬁz‘+£) = bou; + Zrzl br(ui—r + ui—l—r)

eyl =145 a]u  ——>  G(k)=1+D(k) = HE:

« Consider spectral manipulations to build implicit schemes from explicit ones

1+D,.
1—|—(1—5A)D,~

Tangent-style filters:

—9ON =2 1
—9N =4
1 2N =6 |1
—9N = 8§ 0.8
—2N =10
0.8r .
‘> 0.6
04r
0.2r
0

0.2 0.4 0.6 0.8 1
Normalized wavenumber: (kAzx)/m
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Monotonicity

Ui + D g5y @e(Wimp + Uite) = boti + D2 51 Or(Wimy + Witr)

1) stencils on RHS

R
b0+2Zbr = 1 b, >0

Normalization

N+ /S

Local Extrema Diminishing (LED)

- N0 new extrema are created, wrt stencil width

bo > QZbr
r=1

Diagonal dominance

/I

“Total Variation Diminishing”

- strongest weighting on current node

= 1 ar <0 for ¢£>1

Normalization

Gii=G,u — G=Gu=G,'G,u with Gyq1=G,1=1

THE AIR FORCE RESEARCH LABORATORY
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Monotonicity Preserving Explicit Stencils

Purser Filters

stencil widthw =2N+1 (N=R+S + 1)

S =0 (Shapiro)
R = 0 (Binomial)

THE AIR FORCE RESEARCH LABORATORY

R S| w=4rtS*1 1 woby w-by w-by by w-by w-bs
0 0 4 2 1

0 1 16 6 4 1

1 0 16 10 4 -1

0 2 64 20 15 6 1

1 1 64 32 18 0 2

2 0 64 44 15 -6 1

0 3 256 70 56 28 8 1

1 2 256 110 72 12 -8 -3

2 2 256 146 72 -12 -8 3

30 256 186 56  -28 7 -1

0 4 1024 252 210 120 45 10 1
1 3 1024 392 280 80 20  -20 -4
2 2 1024 512 300 0 -50 0 6
3 1 1024 632 280 -80  -20 20 -4
4 0 1024 772 210  -120 45  -10 1
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Monotonicity Preserving Explicit Stencils

_[070]
1 _[07 1],

Binomial filters are LED: [0,2]
O 8 L _[Oa 3] |

' —[0, 4]

0.6 [0,5]]

0.2 0.4 0.6 0.8 1

‘ e ~0.0/0.0 Normalized wavenumber: (kAzx) /7
1F ! _'[071]/[170]
©=03 _{8%%8} Convex average between Binomial and Shapiro
0.8 > 91715, Ol .
—10,4]/[4,0] stencil is LED
<S 0.6 [075]/[570]
o . Binom . Shap
04l G =wG + (1 -—w)G
0.2

0.2 0.4 0.6 0.8 1
Normalized wavenumber: (kAx)/m
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Monotonicity Preserving Implicit Filters

but why do so?

Can build MP implicit schemes from MP explicit schemes : -
-> simple spectral tunability

1) choose an MP explicit scheme w/ response: Q(k) =1+ ﬁ(k)

2) form implicit response
«  Butterworth (BW) rendition

: 1 .
Goulk) = 755y Mth %220 MP for 6, >0

 Long (LG) rendition

. 1+ D(k) .
k)= - th 0a >0
Gro(k) =~ 0 _on) D(r) i 0 MP for 6, >1
Binomial (exp.) BW (imp.) LG (imp.)
1 1—9 _ 1
2 = {1 ' Z(Axfai] w1 e a - 1 0 e (1 (aae2
THE AIR FORCE RESEARCH LABORATORY 16
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1.8

1.6/

1.4/

1.2/

AFRL

Monotonicity Preserving Implicit Filters

- BW: —u

r( \:Z EgA i }8;3 2 LG:
| il(éi —1071) 1.8
1.6/
1.4
12 k
l A i\
0 20 40 60 80 100 0 20 40 60 80 100

node |

THE AIR FORCE RESEARCH LABORATORY

node i
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Extension to Bounded Domains

* Filter schemes developed and well understood on interior w/ uniform grid

* Need proper prescription of near-boundary stencils:
* physical domain boundaries, processor blocks

e a e e
g/ \J/ g/ g/
| J1 ]
Processor 1 Processor 2

THE AIR FORCE RESEARCH LABORATORY 18
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AFRL

Extension to Bounded Domains

* Filter schemes developed and well understood on interior w/ uniform grid

* Need proper prescription of near-boundary stencils:
* physical domain boundaries, processor blocks

: A
_I hanging Mzzﬁted
| node
() 7\ A\ r)
N \/ \/ \|
| J 1 ]
Processor 1 Processor 2

THE AIR FORCE RESEARCH LABORATORY 19
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AFRL

Extension to Bounded Domains

* Filter schemes developed and well understood on interior w/ uniform grid

* Need proper prescription of near-boundary stencils:
* physical domain boundaries, processor blocks

Adapted
Mesh
Block- @ O O
localized
stencils
| J1 ]
Processor 1 Processor 2

Consider construction of filter operators that are:
1) spectrally-tunable, 2) stable, 3) conservative and 4) simple

THE AIR FORCE RESEARCH LABORATORY 20
Distribution Statement A: Approved for Public Release; Distribution Unlimited. PA Clearance 19274
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Required Properties of Filter Operator

i = Gu Gl=1, G'=gG, GTG<1—>,0 <1

A + IIGIIz
1) normalization

2) conservation
3) stability

1) Preservation of constant modes
Gl=1
2) Preservation of integral quantities

1Tu = 1Ta = 471 = uTGT1

3) Energy-stable wrt a general inner-norm

al Pa

Gu)'P(Gu) — P>GTPG

AVARRYS

THE AIR FORCE RESEARCH LABORATORY 21
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Further Understanding the Target Interior Stencil

Consider symmetric filter stencils on a uniform grid

_ _ _ I I
A u; + Z ag(Ui—g + Uire) = bou; + Z by (Wi—p + Uitr) | 0w = 0u;+O(Az?) I
>1 r>1 /| U1 —2u U |
| N Ax? |
B — 1+ Z EIF,Qg(AJ?)%(SiK u; = 1+ Z GEF’QT(A.T)ZT&iT U; | 65” = (62)n |
0>1 r>1 e e e e e e e e = = = = J
Per(X)
14 Z €EFarX’
, 1+ - [—4sin? (£52)]" ; ’
C —ékan) = Lo €urar [~4sin” (55 ﬂe > ~ with Ppp € [0,1],Prp € (0,1] for X € [~4,0]
14> ,0, €1p20 [—4sin® ("“gm)} 1+ Z €rr20X
R £>1 B
P[;r(X)
14 5. = 107
1ol a0 | Response features
1 % =107 polynomials that are positive
_ and positive semi-definite
0.8’ 3y .
© = over a range of input values.
0.6F =
0.4r
0.2r
0 0.2 0.4 0.6 0.8 1 10'2 10"1 100
Normalized wavenumber: (kAz)/m Normalized wavenumber: (kAx)/m
THE AIR FORCE RESEARCH LABORATORY 22
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Considering Base Operators

-1 1
I -2 1
Dz = D{Clbl — ’
I -2 1
- 1 _1 -
- _
-1 1 0
| -1 1]
Can recover (Az?")§2" on the
interior with powers of the ba "2 _
se operator: 2=

“cascading”

THE AIR FORCE RESEARCH LABORATORY

Properties:

* features (Az?)5> on the interior
* is symmetric a priori
* has eigenvalues, A € [—4,0]
* Gerschgorin Circle Theorem
eig{A} = A —au| < |ay|
i

. boundary stencils

1 generated
—4 1 automatically
6 —4 1

(Az?)d,

23
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The Cascade ldea for Designing
Energy-Stable and Conservative Filter Operators

Construct the filter by scaling and adding powers of a base operator, whose properties will yield
« the target interior stencil

« provable energy stability

« provable conservation

-1
G=G, G Inspired by difference form of interior stencil
G =G =1+) ep2D5>0 Gy =Gl =1+ epr2D5>0
>1 r>1
PEi(X)
1+ ZEEF,QTXT
= G M |ding | LTz RN LTy [—4,0]
= ia = W1 —4,
1+ Z erpae X’ 8 1+ Z£>1 €IF,2£)\£
. >
_ =t y & G1=1,G6=GT < 0,1] Identical to polynomial relations from
Fip () ’ ’ \ response of interior stencil, yielding
provable stability a priori
Edoh & Sankaran (AIAA 2170, 2019) [4]
THE AIR FORCE RESEARCH LABORATORY 24
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Filter-based Artificial Dissipation

G=1I14+D—> G{u;} = [1 +3F ezr(Ax)%agr} wi, 1G] <1

u" =y + (At) - R(u)

—adzu

un-i—l —un

Solution Filtering (SF)

Lou™h* = o + (At) - R(u)

2. untl = Gfuntte}

|

= —adzu

—a Z €or(Ax)? 62y

Az 2r—1 2
+ (At) ZEQT(Aﬁ) 5I u

At

spectrally-constraining via
dissipation

preserves phase dynamics of
the base scheme

temporally inconsistent, as-is

At

Filter-based Artificial
Dissipation (AD)

un—l—l n

A= = R(u) + 7 D{u}

|

= —ad,u

Hol Y ean(Ax)? 1620

un—i—l

» spectrally-constraining via
dissipation

* may impact phase dynamics of
base scheme

» temporally consistent

* may impact CFL limits

THE AIR FORCE RESEARCH LABORATORY

Generalized to implicit
stencils:
Edoh et al. (JCP, 2018) [5]

25
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Spectrally-tunable Dissipation

match dissipation to spectral
]
0.8
0.6
0.4+
—kmoa/k (CD04-7pt)
02 [ 'ﬁ,ﬁl (Shap06) \
- ﬁ,ﬂl (Tan06) \\

0.2 0.4 0.6 0.8 1

Normalized wavenumber: (kAzx)/w

THE AIR FORCE RESEARCH LABORATORY

-resolvability of underlying method

Isentropic Vortex transport:

widths traveled:0 widths traveled:0
20.5 1
0.9 .
155
08 g
=105 T
07 o
55
06 .
Shap06 05
55 105 155 20.5 0.2 0.4 06
z (kAz)/m
Ta n 0 6 widths traveled:0 widths traveled:0
20.5 1
0.9
15.5
0.8
=>105
0.7
' 06
155 20.5 035 . 0.4 06

55 10.5
z

(kAz) /7
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AFRL

SUMMARY

» Purser filters and generalizations
 spectral specification, high-order, monotonicity

« extension to operators on bounded domains via cascading procedure
* energy-stability and conservation

« filter-based artificial dissipation

Future/On-going Work

» Formulate scheme adaptivity relative to sharp and monotonic resolution of features

« Compare use of cascade-based filtering and artificial dissipation operators
(NAHOM Con, May 2019)

» Construction of Pade Summation-by-Parts operators (AIAA Aviation June 2019;
USNCCM, July 2019)

« Apply to explicitly-filtered LES methodology

THE AIR FORCE RESEARCH LABORATORY 27
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Required Properties for AD Operator

omu= (Az)- P, 'Rapu

Rapl=0, RL,1=0, Rap=RL,, Rap,RL,<0

1) nOrmaIizati/o; / \ / \

2a) global 2b) local
conservation conservation

1) Inactive for constant modes

Rapl=0

2a) Global conservation

2b) Local conservation (telescoping form)

1"Pou = 1"Rupu Rap=RLYp = Ao+ A(M[A)T + AT AA[A)T
= u'Rlp1=0 +HATAA[ATAAT +..))

3) Negative semi-definite

see Fisher et al. (JCP 2011)

de|lullp = ulPdyu+ (dsu)’ Pu
= u'[Rap + Rjplu <0

THE AIR FORCE RESEARCH LABORATORY 29
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Interior Schemes: Filter-based Artificial Dissipation

Re-use the dissipative portion of the filter as AD (Edoh et al., JCP 2018)

Gru(t) = 14D) —> Ganh) = Gpu—1

A _ D=

~ Gu(k) L+ D

14D, _ (Per—1)—(Pir—1)
B 1—|—2A)g Prr

with { Prr(X) <1for X <0

Prr(X) € (0,1] for X € [—4,0]
interpretation as undivided differences...

Rapfu} = u”
20 1" 2 20
— 1+ E €rrp200” | u” = E €EEF2r0° — E €rr,200° | w;
>1 r>1 >1

also, re-scale for dimensional consistency with gov. eq.

THE AIR FORCE RESEARCH LABORATORY 30
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Cascaded Filter-based Artificial Dissipation Operators

oyu = (A:E) . Px_lRADU_

L R L
Rap = Gy '[Dr — Dy] with |Gy =1+ Z err2¢D5,| and D, = Z exr2rDy, Do = Z err20Dy

=1 r=1 =1

operators inspired by
} ) ) . interior schemes for filter-based AD
Ds = DT[SC,|D; with ¥ = dlagtloil} [Edoh et al., JCP 2018]

max{|o;|}

modified kernel:

_ Globally conservative

7\
7 N\

Rapl=G; ' [Dr— D1 =0 1"Rapu=u'[D: — D' G, ""1=0
...but operator may not
Provably stable be symmetric for Pade
de|lullp = u'Pdiu+ (du)’ Pu schemes, thus not
= u'[Rap + R4p|u locally conservative!

= uT[Gg(DT — ﬁg) + (Dr — Dg)Gg]u < 0

THE AIR FORCE RESEARCH LABORATORY
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