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Large Eddy Simulations (LES) 

• calculate large scales 

• model influence of non-resolved modes 
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1. deconvolve solution

2. form and scale dissipation

3. form standard residual

4. filter total RHS

5. time advance
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[uu� ūū]| {z }
⌧

SFS

= 0

@

t

ˆ̄
u+ 1

2

@

x

ˆ̄
u

ˆ̄
u+ 1

2

@

x

⇣
c
uu� ˆ̄

u

ˆ̄
u

⌘

| {z }
⌧

SFS

= 0

1

Scratch Notes

April 25, 2019

1. deconvolve solution

2. form and scale dissipation

3. form standard residual

4. filter total RHS

5. time advance

v =
q

1

V ol

R
⌦

(ˆ̄u
i

� ū
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Filter-to-grid ratio (FGR): 
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Cocks et al. (Combust. Flame, 2015) [1] 
- similar grid resolutions, closure

models, chemistry etc.
- different codes (i.e., numerics)

Increased sensitivity wrt errors 
-> discretization scheme 

Mitigate numerical artifacts in order to 
properly evaluate/develop models 

This switching in direction of rotation is also demonstrated
by the mean z-vorticity contours presented in Fig. 16, where a
switch in the sign of this quantity can clearly be seen in each
half of the domain. Studying these mean fields also demon-
strates that this is a persistent phenomenon, not simply an

occurrence in a particular instantaneous image. It can also be
seen from Fig. 16 that the levels of mean z-vorticity are
weaker in the Fluent solution, as might be expected from
the lack of clear vortex motion in the instantaneous contour
of Fig. 12.

Fig. 11. Isosurfaces of vorticity magnitude at level 2000 s!1 for the reacting simulation from CHARLES, colored by the Z component of vorticity. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Instantaneous temperature contours. Top to bottom: CHARLES, LESLIE3D, OpenFOAM and Fluent.

4mm Resolution 2mm Resolution 

Fig. 10. Instantaneous contours of percent of resolved kinetic energy, on both the 4 mm and 2 mm resolution grids, for the non-reacting simulations from (top to bottom):
CHARLES, LESLIE3D, OpenFOAM and Fluent.

3404 P.A.T. Cocks et al. / Combustion and Flame 162 (2015) 3394–3411

CHARLES	
  

LESLIE3D	
  

OpenFOAM	
  

Fluent	
  

Figure	
  12	
  from	
  [1]	
  Figure	
  15	
  from	
  [1]	
  

It can also be seen from Fig. 16 that LESLIE3D predicts a differ-
ent flow field immediately downstream of the bluff body, when
compared to CHARLES and Fluent. LESLIE3D predicts the presence
of a re-circulation zone, with two regions of circulation with oppo-
site sign, whereas CHARLES and Fluent both predict a dead region
behind the bluff body. LESLIE3D is in better agreement with theory

[42] and it will be shown that the presence of such a re-circulation
zone is also consistent with experimental data. This analysis is sup-
ported by Fig. 17, where the scale for the z-vorticity contours has
been reduced by a factor of ten to ensure a weak re-circulation
region is not predicted by CHARLES or Fluent. The mean axial
velocity contours behind the bluff body demonstrate the shallow
re-circulation regions predicted by CHARLES and Fluent. Such
behavior is also supported by the instantaneous temperature plots
in Fig. 12, where LESLIE3D exhibits significantly more rotation in
the shear layer immediately downstream of the bluff body, corre-
sponding to the higher levels of z-vorticity in this region.

CHARLES, LESLIE3D and Fluent have been shown to be in
approximate qualitative agreement with respect to flame shape,
although some differences in the predicted flow field have already
been identified. However, it is important to compare the mean and
fluctuating statistics profiles to experimental data in order to
investigate the quantitative validity of each solution.

Figure 18 compares centerline profiles for the mean axial
velocity, anisotropy and fluctuation level for CHARLES, LESLIE3D
and Fluent. Studying the mean axial velocity profile, it is clear that
none of the codes are capable of quantitatively re-producing the
re-circulation region downstream of the bluff-body. It should be
noted that this re-circulation region is important in combustion,
since this negative velocity region facilitates flame-holding.
Hence, its accurate prediction is a first order requirement in react-
ing simulations. Both CHARLES and Fluent predict a re-circulation
region which is too shallow with respect to the velocity magnitude

Fig. 14. Instantaneous temperature contours showing sinusoidal motion. Top to bottom: CHARLES, LESLIE3D, and Fluent.
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Fig. 13. Mean centerline axial velocity profile on the 2 mm grid for the reacting
solution from OpenFOAM.

Fig. 15. Instantaneous temperature contours from LESLIE3D simulations that utilize a MUSCL scheme (top) and a central scheme (bottom).

P.A.T. Cocks et al. / Combustion and Flame 162 (2015) 3394–3411 3405
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• Reduce influence of numerical error in LES calculations
• improved solution accuracy 
• objective model assessment/development 
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Only a subset of grid-resolved modes are 
“trustable” 
è constrain the calculation via explicit filtering
(i.e., non-unity FGR) 
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i

)(

ˆū
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cuu� ˆūˆū]| {z }
⌧

SFS

= 0

1

	
  
	
  
	
  

Scratch Notes

April 25, 2019

ū
i

+

P
`�1

a
`

(ū
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k{ū}

˜G1 = 1 ! 1 =

˜G�11

G�1

= [I +D]

�1 ! ˜G = [I + |µ||{z}
1

D] s.t.

˜G ⇡ G and

˜G�1

exists

@
t

ˆ

¯Q =

\R(

¯Q)| {z }
⇠RF

+

1

⌧
D(

ˆ

¯Q)

| {z }
AD

⇡ \R(

¯Q) +

1

⌧
\D(

¯Q)

filter-to-grid ratio (FGR): �/�x

G
¯

�

�
@
t

u+

1

2

@
x

u2

= 0

@
t

ū+
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cuu� ˆūˆū]| {z }
⌧

SFS

= 0

1

Scratch Notes

April 25, 2019

ū
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ūū+

1

2

@
x
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•  Make CDF a function of wavenumber via the 
response of a finite difference (FD) stencil 

 

•  Recover stencil from response 

Purser Filters (Classic) 

7 

Scratch Notes

April 26, 2019

C(x) =
R
x

0

p(z)dz, x 2 [0, 1]

bG(k) = 1� C(k)

ū
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i

)d⌦

D = !
MP

D
2

+ !
SD

D
SD

u ⇡ u⇤
=

˜G�1{ū}
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Spectrally-tunable Attenuation via Generalizations to the Class
of Discrete Purser Filters
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I. Introduction

Contributions

• generalizations of the traditional Purser schemes

• procedure for generating new implicit operators

• spectral and conditioning characterization of the schemes

• application to iterative acceleration / scheme stabilization

• application to monotonicity preserving filtering

II. The Classical Purser Filters

The original idea proposed by Purser? seeks to characterize the spectral response of a filter scheme as the comple-
ment to a cumulative distribution function (CDF),

Ĝ(x) = 1−C(x) , (1)

where C(x) is the CDF defined relative to an independent variable x. Such a formulation is intriguing as it produces a
response function that is unity at a set origin and decreases monotonically towards zero while also remaining bounded.
Each of these properties may be summarized by the following normalized conditions:

Ĝ(0) = 1, dxĜ ≤ 0, Ĝ ∈ [0,1] (2)

The CDF is then defined by a probability distribution function (PDF) such that

C(x) =
∫ x

xo
p(z) dz , (3)

where p(z) is the PDF. Thus the proposed response shape has its slope intrinsically defined by the PDF function.
By considering statistical characterizations of the PDF (e.g., mean, median, mode, variance, skewness, etc) useful
information about the final response shape can be calculated. Purser thus considers the beta distribution,? which
consists of a polynomial PDF defined on a bounded interval:

p(z) =
(R+S+1)!

R!S!
zR(1− z)S with z ∈ [0,1] (4)
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Beta distribution: 

PDF: p(z) CDF: C(x) =
∫ x

0 p(z)dz

(R+S+1)!
R!S! zR(1− z)S (R+S+1)!

R!S! ∑S
p=0

{
S!

p!(S−p)!
(−1)p

q xq
}

Table 1. CDF and PDF information for the beta? probability distribution function, where z ∈ [0,1], q = R+ p+1, and R,S ≥ 0 ∈ Z.

The beta distribution is a two parameter family based on the integer pair [R,S]; these may be used to specify properties
of the CDF. For example, R influences roll-off while S communicates smoothness of the CDF. For a given polynomial
of order (N −1), the two parameters are complementary and satisfy N = R+S+1.

In order to produce a filter spectral response that is a function of spatial wavenumber, Purser employs a transfor-
mation to the integral limits of Equation ??, substituting in

x = ĝ(k) = sin2
(

k∆x
2

)
∈ [0,1] , (5)

where k is the wavenumber and ∆x is the grid spacing. This admissible transformation for the variable x then induces
a filter response

Ĝ(k) = 1−
[
C(x)|g(k)0

]
(6)

= 1+ D̂(k) . (7)

The filter is then naturally decomposed into a preserving and an attenuating component. Substituting in Equation ??
for the beta distribution then gives

Ĝ(k) = 1−
[

N!
R!S!

] S

∑
p=0

{
S!

p!(S− p)!
(−1)p

q
sin2q

(
k∆x

2

)}
, with

⎧
⎪⎨

⎪⎩

q = p+R+1
N = R+S+1
R,S ≥ 0 ∈ Z

. (8)

The resulting response is then effectively parameterized by a non-dimensional wavenumber, where (k∆x) ∈ [−π,π].
The final connection to a discrete stencil then comes from the fact that ĝ(k) is the spectral response to a known
difference operator,

F
{

δ2}=−4sin2
(

k∆x
2

)
, where δ2ui = [ui+1 −2ui +ui−1] = (∆x)2∂2

xui +O(∆x4) . (9)

Further note that the discrete operator satisfies δ2n = (δ2)n to second order and with a minimal stencil width. These
relationships then allow to translate the resulting spectral response into a symmetric discrete filter stencil

ūi = b0ui + ∑
n≥1

bn(ui+n +ui−n) (10)

=

[
1+

N

∑
n=R+1

εEF,2nδ2n

]
{ui} , (11)

where ū is the filtered variable, and the stencil coefficients bn are translated into coefficients εEF,2n of the dissipative
difference operators,

εEF,2n =
N!

R!S!
· S!
(n−R−1)![S− (n−R−1)]!

· (−1)n−R

n
·
(
−1
4

)n

. (12)

For a given filter featuring a maximum derivative 2N, the stencil is of width (2N + 1) and is known to be of order
2(N − S) = 2(R+ 1). Example of the resulting stencil coefficients is presented in Table ?? (see also Table 1 in the
original Purser publication?).
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With respect to the difference operator form of Equation ??, the resulting discrete Purser filters are then com-
prised of a sum of dissipative operators with non-trivial coefficientsa. Useful response properties such as cut-off?

(i.e., Ĝ(k1/2) = 0.5) or and transition width (i.e., spectral sharpness or scale-discriminant attenuation) may in turn be
informed by statistical measures of the PDF such as its median and variance, respectively:

z1/2 ≈
R+2/3

R+S+4/3
, σ2 =

(R+1)(S+1)
(R+S+2)2(R+S+3)

(13)

Such statistical measures are furthermore parametrized by the pair [R,S] and have analytical expressions that hold
reasonably well when the transformation x → g(k) is near-linearb, as is the case for the current case of g(k) in Equation
??.

It should further be noted that the resulting schemes feature Ĝ(kmax) = 0 and thus will completely remove the
Nyquist mode. The amount of damping administered at this smallest grid scale can be manipulated, however, by
simply rescaling the D̂(k) function (or alternatively C(x)) in Equation ?? by a parameter µ ∈ [0,1]c. This will preserve
the general spectral shape of the filter but will simply diminish the level of attenuation at all scales by a constant factor
of µ. In the case where µ < 1 then Ĝ(k) ̸= 0 and the filter response is invertible. Filters with this property may be
particularly attractive for deconvolution purposes,?, ? for example.

Other multi-derivative dissipative operators have been developed via optimization efforts in the realm of artificial
dissipation schemes,? and these can be re-formulated as filters.?, ? The Purser schemes, however, naturally produce an
assembly of multi-derivative expressions for a desired spectral response without the need for optimization techniques.
This spectral tuning is done relative to the parameters [R,S] and can be characterized by statistical definitions of the
PDF (see Equation ??), which translate into properties of the resulting response function. Although the parameters
[R,S] are discrete, intermediate responses may also be constructed by forming convex combinations of the different
filters. Therefore, the Purser schemes provide a tractable means by which to design discrete filters with tunable
attenuation.

It should further be noted that two important classes of filter schemes are featured as subsets of the Purser stencils.
The first are the Shapiro filters? which yield optimal low-pass responses for a given stencil width while also completely
removing odd-even (i.e., Nyquist) modes. Such schemes correspond to Purser stencils with S = 0, are of order 2N,
and are ideal for preserving low wavenumbers content. The other family of schemes featured in the Purser class are
the binomial filters, which occur for Purser stencils with R = 0. These schemes are second-order schemes and have
D̂(k) that is an optimal high-pass responses for a given stencil width (i.e., selective removal of the constant mode).
The binomial stencils also have the special property of being monotone preservingd. This latter fact is a consequence
of the stencil coefficients being both consistent and positive semi-definite (i.e., ∑n bn = 1 and bn ≥ 0, respectively).
Monotonicity preservation, for example, is essential in context of filtering sharp gradients and avoiding the generation
of new extrema.

Figure 1 shows the responses associated with the family of Purser stencils generated with N = 6 = (R+S+1). The
resulting central stencils each have a width of 11 nodes. Inspecting the growth factor |Ĝ | shows that the filter width k1/2

associated with z1/2 = sin2(k1/2∆x/2) shifts towards higher wavenumber as the parameter R increases. An associated
consequence of increasing R is the fact that the asymptotic order of the stencil, given by (2R+1), also increases. This
is highlighted by considering the growth factor error |1− Ĝ | on a logarithmic scale as shown in Figure 1(b). Overall,
one notes the improved retrieval of an ideal low pass response as S → 0, and this comes with a concomitant increase
in the filter order (and the stencil width, 2R+3).

While inspecting the responses as done in Figure 1 is insightful, one may benefit from an overall spectral char-
acterization of the Purser schemes. Useful spectral properties one might consider are the level of scale discriminant
damping as a function of the filter width. Both of these can then be tabulated relative to the scheme parameters [R,S],

aNote that sgn{εEF,2n} = (−1)n+1 is not necessarily satisfied in the case of multi-derivative terms; yet, the spectral response is known to be
stable a priori due to its relation to a CDF, which is properly bounded.

bNote that the wavenumber associated with the median would require one to solve g(k1/2) = z1/2 which is easy for the current transformation
of Equation ??.

cAlternatively, one could scale the integral limit g(k) by µ but one would need more intricate knowledge of C(x) in order to employ the desired
level of attenuation at the Nyquist mode. For example, enforcing Ĝ(kmax) = 0.5 via rescaling the entire CDF simply requires µ = 0.5; however, the
second method would have µ be dependent on the specific PDF (i.e., µ would need to be the median in this instance). Thus the technique re-scaling
relative to the entire CDF (i.e, employing µD̂(k) with µ ∈ [0,1]) is preferred and advocated hereon.

dThe binomial filters correspond to the Purser construction with R = 0, thus they can can be understood as repeated applications of the second-
order Shapiro filter (i.e. Ĝbinom = [(1− sin2(k∆x/2)]S+1 = [cos2(k∆x/2)]S+1). Therefore, the binomial filters are necessarily second oder and
monotone preserving because the second-order Shapiro has both properties.
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2 0 64 44 15 -6 1
0 3 256 70 56 28 8 1
1 2 256 110 72 12 -8 -3
2 2 256 146 72 -12 -8 3
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3 1 1024 632 280 -80 -20 20 -4
4 0 1024 772 210 -120 45 -10 1

Table 2. Stencil coefficients (see Equation ??) associated with classical Purser filter for parameter pairs [R,S] defining a stencil of width
(2N +1) with N = R+S+1. This is a partial replication of Table 1 from the original work of Purser.?
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Figure 1. Filter responses for classical Purser stencil with respect to parameters [R,S] such that N = (R+ S+ 1) = 6, with order of the
scheme given by 2(R+1) and stencil width given by (2N +1) = 2R+3: a) growth factor, and b) growth factor error.

for example. Here, the filter width k1/2 is defined most generally as

filter width: k1/2 such that Ĝ(k1/2) =
1
2

[
max

k
{Ĝ}−min

k
{Ĝ}

]
+min

k
{Ĝ} . (14)

For the Purser stencils this simplifies to Ĝ(k1/2) = 0.5, which is a common and practical definition of the filter width?

– although one may select alternate cut-off tolerances kc. As previously stated, Purser schemes have k1/2 related to the
median of the beta distribution via z1/2 = sin2(k1/2∆x/2). An approximate formula for the median is given in Equation
?? relative to the scheme parameter [R,S]. Meanwhile, in order to capturing spectral sharpness of the response, one
can consider the transition width ∆k, defined such that

transition width: ∆k = k0.05 − k0.95 , (15)
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• Consider alternate distribution functions, for example: 

• Consider modifying the initial transformation: 
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(ū
i�`

+ ū
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ˆū
i

� ū
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ū =

h
1 +

P
R+S+1

n=R+1

✏
2n

�2n
i
u
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i

)(

ˆū
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(ū
i�`

+ ū
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k{ū}

˜G1 = 1 ! 1 =

˜G�11

G�1

= [I +D]

�1 ! ˜G = [I + |µ||{z}
1

D] s.t.

˜G ⇡ G and

˜G�1

exists

1

“embedded”: 

Scratch Notes

April 26, 2019

x = � bD(k) 2 [0, 1]

p(z) = (

R+1

↵

)(

z

↵

)

R · [1 + (

z

↵

)

R+1

]

�2

with z 2 [0,1i

p(z) = (R+S+1)!

R!S!

zR(1� z)S with z 2 [0, 1]

p(z) = (R+ 1)(S + 1) · zR(1� zR+1

)

S

with z 2 [0, 1]
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k{ū}

˜G1 = 1 ! 1 =

˜G�11

G�1

= [I +D]

�1 ! ˜G = [I + |µ||{z}
1

D] s.t.

˜G ⇡ G and

˜G�1

exists

1

Scratch Notes

April 26, 2019

bG(k) = 1 +

bD(k) = 1+

bD
r

1+

bD
`

x = � bD(k) 2 [0, 1]

p(z) = (

R+1

↵

)(

z

↵

)

R · [1 + (

z

↵

)

R+1

]

�2

with z 2 [0,1i

p(z) = (R+S+1)!

R!S!

zR(1� z)S with z 2 [0, 1]

p(z) = (R+ 1)(S + 1) · zR(1� zR+1

)

S

with z 2 [0, 1]
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ˆū
i

� ū
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ū+

1

2

@
x

ūū+
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ū =

h
1 +

P
R+S+1

n=R+1

✏
2n

⇣P
r+s+1

`=r+1

✏
2`

�2`
⌘
n

i
u
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cuu� ˆūˆū]| {z }
⌧

SFS

= 0

1

Scratch Notes

April 26, 2019

bG(k) = 1 +

bD(k) = 1+

bD
r

1+

bD
`

x = � bD(k) 2 [0, 1]

p(z) = (

R+1

↵

)(

z

↵

)

R · [1 + (

z

↵

)

R+1

]

�2

with z 2 [0,1i

p(z) = (R+S+1)!

R!S!

zR(1� z)S with z 2 [0, 1]

p(z) = (R+ 1)(S + 1) · zR(1� zR+1

)

S

with z 2 [0, 1]
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ū
i

=

h
1 +

P
R

r

✏
2r

�2r
i
u
i

�2u
i

= (�x2

)@2

x

u
i

+O(�x4

)

= u
i+1

� 2u
i

+ u
i+1

�2n = (�2)n

v =

q
1

V ol

R
⌦

(

ˆū
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[uu� ūū]| {z }
⌧

SFS

= 0

@
t

ˆū+
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(ū
i�`

+ ū
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unaltered. This requirement results in the following constraints on the coefficients:

1 + 2
L∑

ℓ>0

aℓ = 1 (3)

b0 + 2
R∑

r>0

br = 1 (4)

Equation 2, being symmetric in its stencil coefficients, can be re-written in terms of dissipative difference
operators,

ūi +
L∑

ℓ=1

ϵIF,2ℓ(∆x)2ℓδ2ℓx ūi = ui +
R∑

r=1

ϵEF,2r(∆x)2rδ2rx ui , (5)

where δ2nx ui = ∂2n
x u|i+O(∆x2) = 1

∆x2 [ui+1−2ui+ui−1] is the second-order narrow dissipative operator
that replicates the continuous property δ2nx = (δ2x)

n (also to second order and with minimal stencil
width). The representation given by Equation 5 more clearly shows that the filter will preserve constant
modes and will only act on spatially varying data.

The filter stencil coefficients (aℓ, br), or alternatively (ϵIF,2ℓ, ϵEF,2r), are then chosen to specify the
comportment of the filter. Useful traits one may design for include scale-discriminant damping, mono-
tonicity, invertibility of the filter operation, etc.

2.1 Explicit Stencils

In terms of explicit stencils (i.e., aℓ>0 = 0), strict local extrema diminishing (LED) of the field by the
filter is achieved by requiring

br ≥ 0 . (6)

A necessary consequence of this new constraint, seen via Taylor series expansions, is the fact that such
filters will be at most second order (i.e., ūi = ui + (∆xp≤2)).

Considering Equation 6 in conjunction with Equation 4 means that the br coefficient represent a
proper weighted average (i.e., a convex sum). Consequently, the fact that the filtered variable ūi is an
average of neighboring ui means that its value is bounded by that of its inputs. Thus one is guaranteed
not to generate new local extrema via filtering.

The LED property is essential for not generating unrealizable results. However, it is only a component
to the concept of monotonicity preservation (MP) which also suggests that “trends” in the gradient of the
data should be preserved. For example, even though the LED property may be satisfied by these explicit
stencils, the variation of the filtered field could still increase relative to the original input. In order to
retrieve MP, one may also need satisfy the more strict total variation diminishing (TVD) property [4]
which requires (i.e., diagonal dominance)

b0 ≥ 2
∑

r=1

br . (7)

For example, one can compare the performance of three-point LED versus TVD stencils, respectively
given by the coefficients [b0, b1] = [0, 1/2] and [b0, b1] = [1/2, 1/4].

Figure 1(a) shows results relating to filtering a discontinuous signal with the aforementioned LED
versus TVD filters. In this simple example, both results are MP; however, it is apparent that the LED
rendition has introduced a new stepping feature. The consequences of TVD versus LED formulations
may be more severe in other scenarios.

For the current stencils, one can also consider their respective Fourier responses as shown in Figure
1(b). The current LED scheme has a response Ĝ(k) = cos(k∆x), which has two undesirable characteris-
tics: 1) it preserves odd-even modes, and 2) it switches the sign of Fourier coefficients3 associated with
modes smaller than 4 points-per-wave (PPW), (k∆x) = π/2. On the other hand the TVD scheme has a
response Ĝ(k) = [1 − sin2(k∆x/2)], which is strictly positive, monotonic in spectral space, and removes
odd-even modes. Thus in the case of filtering a sharp gradient – which will feature spectral content at
all wavenumbers – it may also be possible to rationalize differences in the performance of the TVD and
LED stencils from considering their spectral responses.

3Filters with zero-crossings (e.g., top-hat filters) can also be problematic in time-accurate calculations [?].
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Considering Equation 6 in conjunction with Equation 4 means that the br coefficient represent a
proper weighted average (i.e., a convex sum). Consequently, the fact that the filtered variable ūi is an
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Figure 3: Filter responses associated with monotonicity-preserving schemes resulting from averaging Purser
filters [5] comprised of [R1, S1]/[R2, S2], specifically utilizing binomial (i.e., R = 0) and Shapiro (i.e. S = 0)
stencils of width (2N + 1) where N = (R+ S + 1): a) growth factor, and b) growth factor error.
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Figure 4: Affect of averaging coefficient ω on growth factor filter responses associated with monotonicity-
preserving schemes formed by a convex averaging a Binomial filter (here with [R,S] = [0, 5]) and a Shaprio
filter (here with [R,S] = [0, 5]) based on G = ωGBinom + (1− ω)GShap.

2.2 Implicit Stencils

Next, one can consider the construction of implicit stencils with the MP property. This may be done
in two steps. First one must have RHS coefficients br that are MP. Next, it is necessary for the LHS
coefficients to satisfy

aℓ ≤ 0 for ℓ ≥ 1, (9)

in addition to Equation 3. This is explained more clearly by considering the overall filter operation at
all solution nodes as a matrix-vector operation. Consider the following definitions,

Gℓū = Gru → ū = Gu = G−1
ℓ Gru with Gℓ1 = Gr1 = 1 , (10)

where Gr is assumed to be an MP operator. Desiring ū to be MP would then require G−1
ℓ to also be an

MP operator. This is then made possible by the satisfaction of two requirements: 1) that the entries of
G−1

ℓ are all positive semi-definite, and 2) that the rows of G−1
ℓ are normalized. The second requirement

is satisfied by the fact that the LHS operator is presumed invertible and that Gℓ1 = 1. Meanwhile, the
first requirement is satisfied by the special class of M -matrices (i.e., inverse-positive matrices) [?] which
are characterized as having negative semi-definite off-diagonal entries as presented by the constraint of
Equation 9.
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Purser Filters 
-  stencil width w = 2N+1 (N = R + S + 1) 
- S = 0 (Shapiro) 
- R = 0 (Binomial)

It should further be noted that the resulting schemes feature Ĝ(kmax) = 0 and thus will completely remove the
Nyquist mode. The amount of damping administered at this smallest grid scale can be manipulated, however, by
simply rescaling the D̂(k) function (or alternatively C(x)) in Equation ?? by a parameter µ ∈ [0,1]c. This will preserve
the general spectral shape of the filter but will simply diminish the level of attenuation at all scales by a constant factor
of µ. In the case where µ < 1 then Ĝ(k) ̸= 0 and the filter response is invertible. Filters with this property may be
particularly attractive for deconvolution purposes,?, ? for example.

Other multi-derivative dissipative operators have been developed via optimization efforts in the realm of artificial
dissipation schemes,? and these can be re-formulated as filters.?, ? The Purser schemes, however, naturally produce an
assembly of multi-derivative expressions for a desired spectral response without the need for optimization techniques.
This spectral tuning is done relative to the parameters [R,S] and can be characterized by statistical definitions of the
PDF (see Equation ??), which translate into properties of the resulting response function. Although the parameters
[R,S] are discrete, intermediate responses may also be constructed by forming convex combinations of the different
filters. Therefore, the Purser schemes provide a tractable means by which to design discrete filters with tunable
attenuation.

It should further be noted that two important classes of filter schemes are featured as subsets of the Purser stencils.
The first are the Shapiro filters? which yield optimal low-pass responses for a given stencil width while also completely
removing odd-even (i.e., Nyquist) modes. Such schemes correspond to Purser stencils with S = 0, are of order 2N,
and are ideal for preserving low wavenumbers content. The other family of schemes featured in the Purser class are
the binomial filters, which occur for Purser stencils with R = 0. These schemes are second-order schemes and have
D̂(k) that is an optimal high-pass responses for a given stencil width (i.e., selective removal of the constant mode).
The binomial stencils also have the special property of being monotone preservingd. This latter fact is a consequence
of the stencil coefficients being both consistent and positive semi-definite (i.e., ∑n bn = 1 and bn ≥ 0, respectively).
Monotonicity preservation, for example, is essential in context of filtering sharp gradients and avoiding the generation
of new extrema.

R S w = 4R+S+1 w ·b0 w ·b1 w ·b2 w ·b3 w ·b4 w ·b5

0 0 4 2 1
0 1 16 6 4 1
1 0 16 10 4 -1
0 2 64 20 15 6 1
1 1 64 32 18 0 -2
2 0 64 44 15 -6 1
0 3 256 70 56 28 8 1
1 2 256 110 72 12 -8 -3
2 2 256 146 72 -12 -8 3
3 0 256 186 56 -28 7 -1
0 4 1024 252 210 120 45 10 1
1 3 1024 392 280 80 -20 -20 -4
2 2 1024 512 300 0 -50 0 6
3 1 1024 632 280 -80 -20 20 -4
4 0 1024 772 210 -120 45 -10 1

Table 2. Stencil coefficients (see Equation ??) associated with classical Purser filter for parameter pairs [R,S] defining a stencil of width
(2N +1) with N = R+S+1. This is a partial replication of Table 1 from the original work of Purser.?

Figure 1 shows the responses associated with the family of Purser stencils generated with N = 6 = (R+S+1). The
resulting central stencils each have a width of 11 nodes. Inspecting the growth factor |Ĝ | shows that the filter width k1/2

cAlternatively, one could scale the integral limit g(k) by µ but one would need more intricate knowledge of C(x) in order to employ the desired
level of attenuation at the Nyquist mode. For example, enforcing Ĝ(kmax) = 0.5 via rescaling the entire CDF simply requires µ = 0.5; however, the
second method would have µ be dependent on the specific PDF (i.e., µ would need to be the median in this instance). Thus the technique re-scaling
relative to the entire CDF (i.e, employing µD̂(k) with µ ∈ [0,1]) is preferred and advocated hereon.

dThe binomial filters correspond to the Purser construction with R = 0, thus they can can be understood as repeated applications of the second-
order Shapiro filter (i.e. Ĝbinom = [(1− sin2(k∆x/2)]S+1 = [cos2(k∆x/2)]S+1). Therefore, the binomial filters are necessarily second oder and
monotone preserving because the second-order Shapiro has both properties.
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Figure 1: Explicit stencils corresponding to LED versus TVD schemes, with coefficient [b0, b1] given as [0, 1/2]
and [1/2, 1/4] respectively: a) filtered discontinuity and b) spectral growth factor responses.

In terms of viable filter stencil families that are TVD (and thus notionally MP), one can consider
the class of binomial filters. These arise from the Purser schemes [5] with a parameter value R = 0
(see Figure 2); the stencils are second order and the coefficients br are relatable to entries from Pascal’s
triangle.
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Figure 2: Filter responses associated with monotonicity-preservering Binomial filters (i.e., Purser filters [5]
of parameters [R,S] where R = 0. Stencils are of width (2N + 1) where N = (R+ S + 1): a) growth factor,
and b) growth factor error.

Additionally, one may form customized TVD style stencils by averaging the binomial filters with
Shapiro [6] filters (i.e., Purser schemes with a parameter value S = 0). This averaging procedure, written
generally as

G = ωGBinom + (1− ω)GShap , (8)

yields an MP scheme for ω ∈ [0.5, 1], thus providing the ability to easily tune the spectral response of the
MP explicit schemes. These schemes tend to have greater diagonal dominance and thus enhanced TVD
performance [7]. Furthermore their small-scale preservation (in the spectral sense) is also improved (see
Figure 3 which considers ω = 0.5 and Figure 4 which shows varying ω values).

4

Binomial filters are LED: 
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Can build MP implicit schemes from MP explicit schemes 
 
1)  choose an MP explicit scheme w/ response: 

2)  form implicit response  
•  Butterworth (BW) rendition 

•  Long (LG)  rendition 

The simple construction of MP implicit filter stencils has been introduced in our recent work [7] and
is briefly summarized here. Starting from an MP explicit scheme, one can consider its response

Ĝ(k) = 1 + D̂(k) (11)

and then build an associated MP implicit scheme via a Butterworth-style generalization4,

ĜBw(k) =
1

1− δ∆ · D̂(k)
with δ∆ ≥ 0 , (12)

or via a Long-style generalization,

ĜLg(k) =
1 + D̂(k)

1 + (1− δ∆) · D̂(k)
with δ∆ > 0 . (13)

Various properties (e.g., spectral attenuation and monotonicity preservation) are then tunable by the
single parameter δ∆ which makes such implicit schemes attractive. For example, while explicit schemes
would require one to change stencil widths (and coefficients) in order to achieve different spectral damping
while also preserving the stencil order, implicit schemes can attain different responses just by changing
a single parameter [8] and can simultaneously maintain the original order of the scheme.

Working from the spectral definition of the explicit scheme then allows one to specify the stencil
coefficients (aℓ, br), or alternatively (ϵIF,2ℓ, ϵEF,2r). Consider the explicit three-point binomial filter
(which is synonymous with the three-point Shapiro stencil):

Ĝ(k) = 1− sin2

(
k∆x
2

)

→ ūi =

[
1 +

1
4
(∆x)2δ2x

]
ui

→ ūi =
1
4
(ui+1 + 2ui + ui−1)

(14)

A Butterworth-style implicit rendition of the explicit scheme above gives the following:

Ĝ(k) = 1

1 + δ∆ sin2
(
k∆x
2

)

→
[
1− δ∆

4
(∆x)2δ2x

]
ūi = ui

→ 1
4
[(4 + 2δ∆) · ūi − δ∆ · (ūi+1 + ūi−1)] = ui with δ∆ > 0

(15)

Meanwhile a Long-style implicit rendition of the explicit scheme yields the following:
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4
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4
(∆x)2δ2x

]
ui

→ 1
4
[(4− 2(1− δ∆)) · ūi + (1− δ∆) · (ūi+1 + ūi−1)] =

1
4
(ui+1 + 2ui + ui−1) with δ∆ ≥ 0

(16)

Each of the schemes above is second order. Further inspecting the stencils reveals that the Butteworth-
style rendition is MP for all values of the tuning parameter δ∆ while the Long-style rendition is only
MP when δ∆ ≥ 1. In fact, the respective implicit schemes behave differently relative to the tuning
parameter, and this is in part tied to the spectral behaviors of the methods [7]. In both instances, more

4Note that the Butterworth type filters are naturally invertible, thus one can technically always “reverse” the filter operation
and retrieve the original signal – although errors relating to the potential ill-conditioning of the system may introduce introduce
some artifacts [7].
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1
4
(ui+1 + 2ui + ui−1) with δ∆ ≥ 0

(16)

Each of the schemes above is second order. Further inspecting the stencils reveals that the Butteworth-
style rendition is MP for all values of the tuning parameter δ∆ while the Long-style rendition is only
MP when δ∆ ≥ 1. In fact, the respective implicit schemes behave differently relative to the tuning
parameter, and this is in part tied to the spectral behaviors of the methods [7]. In both instances, more

4Note that the Butterworth type filters are naturally invertible, thus one can technically always “reverse” the filter operation
and retrieve the original signal – although errors relating to the potential ill-conditioning of the system may introduce introduce
some artifacts [7].

6

MP for δΔ > 0

but	
  why	
  do	
  so?	
  
-­‐>	
  simple	
  spectral	
  tunability	
  

The simple construction of MP implicit filter stencils has been introduced in our recent work [7] and
is briefly summarized here. Starting from an MP explicit scheme, one can consider its response
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ĜLg(k) =
1 + D̂(k)

1 + (1− δ∆) · D̂(k)
with δ∆ > 0 . (13)

Various properties (e.g., spectral attenuation and monotonicity preservation) are then tunable by the
single parameter δ∆ which makes such implicit schemes attractive. For example, while explicit schemes
would require one to change stencil widths (and coefficients) in order to achieve different spectral damping
while also preserving the stencil order, implicit schemes can attain different responses just by changing
a single parameter [8] and can simultaneously maintain the original order of the scheme.

Working from the spectral definition of the explicit scheme then allows one to specify the stencil
coefficients (aℓ, br), or alternatively (ϵIF,2ℓ, ϵEF,2r). Consider the explicit three-point binomial filter
(which is synonymous with the three-point Shapiro stencil):
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Ĝ(k) = 1

1 + δ∆ sin2
(
k∆x
2

)

→
[
1− δ∆

4
(∆x)2δ2x

]
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• Filter schemes developed and well understood on interior w/ uniform grid

• Need proper prescription of near-boundary stencils:
• physical domain boundaries, processor blocks

Extension to Bounded Domains 
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1) normalization
2) conservation

3) stability
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Conservation and stability are then provided by the presence of a symmetric positive-definite norm matrix W , as well
as DSBP being nearly skew-symmetric, in the W norm, and thus mimetic of integration-by-parts (IBP).

Consider the linear equation

∂tu+∂xu = 0 ! dtu+DSBP
x u = 0 . (8)

Conservation relative to the norm matrix W reads

1TWdtu = �1TWDSBP
x u

= �uT DSBP,T
x W T 1

= �uT

V T=QT HT
z}|{
QT H 1

= �uT [�HQ+2S]1
= uT HQ1�2uT S1 = u|1 �u|n , (9)

where consistency of a differentiation matrix has been used (e.g., Dx1 = P�1Q1 = 0 ! Q1 = 0). Similarly, one can
check stability by looking at the discrete energy estimate which is seen to mimic the analytic result

dtkukW = dt(uTWu)
= uTWdtu+dtuTWu
= �uT ⇥V +V T ⇤u =�

�
u2|N �u2|1

�
. (10)

B. ”Cascaded”-norm Padé SBP Operators

The SBP machinery being in place, the challenge remains to specify the boundary stencils for the operators W and Q,
their target interior stencils being already known (e.g., Equations 3 and 4). The cascading procedure – which involves
repeated applications of a base operator (the “kernel”) – is employed here in order to provide a simple way of defining
boundary stencils of W while simultaneously ensuring that the operator is symmetric positive definite a priori, as
required by the SBP definitions of Equation 7.

Consider the following symmetric operator:

D̃2 = D̂T
1 C1D̂1 =

2

6666664

�1 1
1 �2 1

. . .
1 �2 1

1 �1

3

7777775
, (11)

where

D̂1 =

2

6666664

�1 1
�1 1

0 �1 1
. . .
�1 1

3

7777775
, C1 =

2

664

0
�1

. . .

3

775 . (12)

This kernel features the desired d2 stencil on the interior. We can thus define

1
Dx

W =
1

Dx
P = I + Ầ

�1
eIF,2`D̃`

2 = M

"
diag

(
1+ Ầ

�1
eIF,2`l`

2,i

)#
M�1 , (13)

which will ensure that W has the proper stencil on the interior for the target LHS of the implicit stencil. Furthermore,
W is symmetric by virtue of D̃2 = D̃T

2 . Also note that the above implies H = I; these Padé schemes then have W = P
and V = Q and are thus structurally more similar to block- and diagonal-norm SBP operators as opposed to the dense-
norm schemes of Carpenter et al.14 But most essential, perhaps, is the fact that l2,i = eig{D̃2} 2 [0,�4] by virtue
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Can recover                on the 
interior with powers of the ba
se operator: 
“cascading” 

Continuing with the intension of replicating a desired interior stencil, we can then define the overall filter operator
as

G f il = I + Â
r�1

eEF,2r(D̃2)
r

= M

"
I + Â

r�1
eEF,2rLr

2

#
M�1 . (17)

This representation is analogous to cascade procedures used for building high-order stencils on periodic and uniform
domains.?, ? The resulting operator is indeed symmetric and normalized. Furthermore, it is guaranteed to remain
stable by the fact that its eigenvalues are semi-definite and that the coefficients eEF,2r (assumed to be scaled according
to max{li}) are properly chosen. In essence, the bracketed expression in Equation 17 is analogous to the polynomial
(1+ pEF) and thus satisfies desired bounds for stability (i.e., 0  eig{G f il} 1) by grace of Equation 9. In addition,
conservation is attained due to the operator being symmetric and preserving constant modes.

Although the operator defined in Equation 17 replicates the interior stencil correctly, it will generate first-order
derivative approximations towards the boundaries. For example,

D̃2
2 =

2

66664

2 �3 1
�3 6 �4 1

1 �4 6 �4 1
. . .

3

77775
, (18)

which has the following Taylor expansions at nodes i:

i = 1 : �(Dx)∂x +
1
2 (Dx)2∂2

x +O(Dx3)

i = 2 : (Dx)∂x � 3
2 (Dx)2∂2

x +O(Dx3)

i 2 [3,N �2] : (Dx)4∂4
x +O(Dx6)

i = N �1 : �(Dx)∂x � 3
2 (Dx)2∂2

x +O(Dx3)

i = N : (Dx)∂x +
1
2 (Dx)2∂2

x +O(Dx3)

(19)

In general one can expect the first r boundary nodes of D̃r
2 to be dispersive to leading order. As such, it may be

interesting to build operators that exhibit non-dispersive boundary consistency. For instance, consider the operator

D̃6 =

2

6666664

a11 a21 a31 1
a21 a22 a23 �6 1
a13 a23 a33 15 �6 1

1 �6 15 �20 15 �6 1
. . .

3

7777775
, (20)

which features the stencil for a second-order sixth derivative on its interior. The above is pre-formulated to be sym-
metric, which is essential for enforcing strictly real eigenvalues of the matrix. Assuming this symmetry, however, six
degrees of freedom (DOF) still remain to be specified. Enforcing conservation via D̃61 = 0 provides an additional
constraint per boundary node. The three remaining DOF should then be used to first enforce the eigenvalues of the
operator to be negative semi-definite, which will be needed to prove stability for the general form of the filter given in
Equation 17. All the while, optimization of the coefficients should be done relative to the spectral radius of the oper-
ator. More specifically, we would like the eEF,nr scalings – which are valid for the interior stencil – to be applicable
for the boundary stencils as well. Thus one can once again employ the Gershgorin circle theorem and require that
abb +Â j 6=b |ab j|  ai j +Â j 6=i |ai j|, with i being an interior node and b being a boundary node. In the case additional
constraints remain, one can then also choose to manipulate the Taylor series expansions of the stencils (e.g., enforce
dispersive or dissipative behavior to leading order). When considering an arbitrary kernel D̃2k, one is faced with an
increasing number of free variables to optimize; however, the intricacies associated with such situations are not be
addressed here (see ?? for additional insights).

Mattsson et al.,? provide a general means for building such high-order kernels by considering the general form

D̃2k = D̂T
k BD̂k . (21)
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Properties: 
•  features              on the interior 
•  is symmetric a priori
•  has eigenvalues,  

• Gerschgorin Circle Theorem
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Construct the filter by scaling and adding powers of a base operator, whose properties will yield 
• the target interior stencil
• provable energy stability  
• provable conservation

Identical to polynomial relations from 
response of interior stencil, yielding 
provable stability a priori 

Edoh & Sankaran (AIAA 2170, 2019) [4] 
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•  spectrally-constraining via
dissipation 

•  preserves phase dynamics of 
the base scheme 

•  temporally inconsistent, as-is
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ū

j

�u

j

D

j

2m

0
> m� 1

G = G

T

= I +

P
n�1

✏

2n

D

n

2

D

j

= c

s

S

g

+ (1� c

s

)S

l

S

g

= u

g

max

� u

g

min

S

l

= u

l

max

� u

l

min

1

Scratch Notes

April 22, 2019

1. u

n+1,⇤
= u

n

+ (�t) ·R(u)

2. u

n+1

= G{un+1,⇤}

u

n+1

= u

n

+ (�t) · R(u)| {z }
�a

x

u

u

n+1 � u

n

�t

= G{R(u)}

= R(u) +D{R(u)}

u

n+1�u

n

t

= �a

⇥
�

x

+

P
r

✏

2r

(�x)

2r

�

2r+1

x

⇤
u

u

n+1 � u

n

�t

= �a�

x

u

�a

X

r

✏

2r

(�x)

2r

�

2r+1

x

u

u

n+1 � u

n

�t

= �a�

x

u

�a

X

r

✏

2r

(�x)

2r

�

2r+1

x

u

+

✓
�x

�t

◆X

r

✏

2r

(�x)

2r�1

�

2r

x

u

G = I +D

G{u
i

} =

h
1 +

P
R

r

✏

2r

(�x)

2r

�

2r

x

i
u

i

, | ˆG|  1

eig{PR

AD

} = eig{R
AD

} if P is SPD

eig{(D
2

)

r} = (eig{D
2

})r

R

AD

(D

2

,

˘

D

2

) with

˘

D

2

=

ˆ

D

T

1

[⌃⌦C

1

]

ˆ

D

1

, ⌦ = !

i

2 [0, 1]

!

MP

= 1� exp(�c

e

e

2

j

)

!

SD

= exp(�c

e

e

2

j

)

1

Filter-based Artificial
Dissipation (AD) 

 

 

 

 

 

 

 
•  spectrally-constraining via 

dissipation 

•  may impact phase dynamics of 
base scheme 

•  temporally consistent 

•  may impact CFL limits 
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Spectrally-tunable Dissipation 
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Isentropic Vortex transport: 
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• Purser filters and generalizations
• spectral specification, high-order, monotonicity

• extension to operators on bounded domains via cascading procedure
• energy-stability and conservation

• filter-based artificial dissipation

Future/On-going Work 

• Formulate scheme adaptivity relative to sharp and monotonic resolution of features

• Compare use of cascade-based filtering and artificial dissipation operators
(NAHOM Con, May 2019)

• Construction of Pade Summation-by-Parts operators (AIAA Aviation June 2019;
USNCCM, July 2019)

• Apply to explicitly-filtered LES methodology

SUMMARY 
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Required Properties for AD Operator 
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1) normalization
2a) global  
conservation 

+ 

2a)	
  Global	
  conserva4on 	
   	
  2b)	
  Local	
  conserva4on	
  (telescoping	
  form)	
  

2b) local  
conservation 
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Interior Schemes: Filter-based Artificial Dissipation  
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Cascaded Filter-based Artificial Dissipation Operators 
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Normalized	
   Globally	
  conserva4ve	
  

Provably	
  stable	
  

Thus the blending strategy with filtering has successfully been reformulated to be provably stable
and conservative, although the efficacy of the blending still needs to be studied since the scaling is now
based on derivatives of the detection coefficient φ(x). Note that the current blending adaptation is still
fundamentally point-wise. Unlike Section 3.2, however, it is framed in the context of provable stability
and conservation of a global block operator.

[Study how well this works.]

4.1.3 Switching

Next, the switching paradigm is presented. In the context of blocks, this results in a similar block-
adaptation that was proposed in the analogous point-wise section. One would once again identify smooth
and non-smooth regions and apply the appropriate operators as necessary:

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

...
ū
ūb

ūs

ūb

ū
...

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎣

[GSD]

[GMP ]

[GSD]

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

...
u
ub

us

ub

u
...

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(41)

The operators can be considered either explicit or implicit and each of the sub problems is conservative
and stable. Note that the MP operator is applied across the entire capture zone (i.e., the nodes C =
([b1, bN−1], [so, sm], [b1, bN−1])). Equation 41 is very similar to Equation 20, except that the smooth zones
do not interact at all with the non-smooth zones. In other words: unlike the point-wise rendition, the
block-based implementation does not have the filtered C nodes as boundary conditions to the smooth
region filtering – things are fully decoupled.

[Study how well this works.]

4.2 Artificial Dissipation

While the previous section addressed filters, here we focus on the artificial dissipation (AD) framework
which has some minor differences. Nevertheless, much of the effort in translating knowledge from fil-
tering is eased by considering filter-based artificial dissipation formulations devised in previous work [9].
Consider an artificial dissipation operator RAD that is added to the RHS of the PDE system,

∂tu = P−1RADu . (42)

Note that P is a symmetric positive definite norm matrix arising from an SBP-type formulation and is
necessary for proving discrete conservation and stability properties of the matrix system. For now, we
may assume P = I since no SBP schemes are in use.

In the context of local stencils, we know that filter-based AD stencils can be derived by taking the
dissipative portion of the filter [9]. The same procedure can be employed relative to bounded operators.
Starting from the cascaded filter operators in Equation 24, we can then define the AD operator as

RAD = G−1
ℓ [D̃r − D̃ℓ] with Gℓ = I +

L∑

ℓ=1

ϵIF,2ℓD
ℓ
2, and D̃r =

R∑

r=1

ϵEF,2rD̆
r
2, D̃ℓ =

L∑

ℓ=1

ϵIF,2ℓD̆
ℓ
2 . (43)

Once again, we work with kernel operators D2. However, in the context of artificial dissipation, the
kernels are modified such as to enable local scaling according to the physics:

D̆2 = D̂T
1 [ΣC1]D̂1 with Σ = diag{|σi|} (44)

Traditionally, the physical scaling is linked to a characteristic wave speed vc (i.e., eigenvalues of the
system) and so σi ∼ vc/(∆x). However, this scaling will not work with cascade procedures based on D2
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modified	
  kernel:	
  

based on powers of (∆x)2nδ2nx , such as the class of embedded Purser stencils developed in recent work
[7]. However such interior stencils (and thus the resulting block operators) are inherently of order greater
than two and thus cannot be MP. Thus our current monotonicity-preserving task requires us to enable
appropriate use of dissipation operators based off of the D2 kernel.

The current formulation of Equation 43 can be shown to give a dissipation operator that is normalized
in the sense that constant fields are disregarded,

RAD1 = G−1
ℓ

=0︷ ︸︸ ︷
[D̃r − D̃ℓ]1 = 0 . (50)

Thus we get the expected result that the artificial dissipation will only act on spatially varying data (e.g.,
solution errors).

In addition, the AD term does not violate global conservation,

1TRADu = uT [D̃r − D̃ℓ]
TG−1,T

ℓ 1 = 0 . (51)

The above is true because G−1,T
ℓ 1 = G−1

ℓ 1 = 1 and [D̃r − D̃ℓ]
T1 = [D̃r − D̃ℓ]1 = 0. Note, however,

that the RAD operator may have issues with respect to local conservation properties/telescoping. More
specifically, RAD is only symmetric for explicit stencils or for Padé formulations where [ΣC1] = I; thus,
RAD cannot generally be placed in a telescoping form as suggested by the decomposition of Equation 30.
Therefore, one may encounter issues with capturing the proper shock location when employing implicit
AD formulations – another reason for needing to employ adaptation strategies. Alternately, one could
also form Gℓ based on the modified kernel D̆2 – although this would incur the computational overhead of
calculating the inverse at each time step. Employing a Pade method in a residual compact formulation
[21] may be an efficient workaround, particularly when one is using an implicit time marching scheme
(i.e., the implicit spatial terms are re-written as a explicit expression that can be iterated up on in pseudo
time fashion alongside the time iteration).

Finally, stability of the operator RAD is shown by proving that it is negative semi-definite. Looking
at the evolution of L2 (i.e., energy) estimate of Equation 42 gives

dt∥u∥2 = uT dtu+ (dtu)
Tu

= uT [RAD +RT
AD]u

= uT [Gℓ(D̃r − D̃ℓ) + (D̃r − D̃ℓ)Gℓ]u ≤ 0 . (52)

Each of the products Gℓ(D̃r − D̃ℓ) and (D̃r − D̃ℓ)Gℓ can be shown to be negative semi-definite by
evoking the fact that Gℓ is symmetric positive-definite by construction (i.e., the ϵIF coefficients used
in conjunction with powers of D2 make it such that the eigenvalues of Gℓ can be shown to be positive
definite) combined with the fact that [D̃r − D̃ℓ] is negative semi-definite13.

Having established the form and basic provable conservational and stability properties of the spectrally-
tunable artificial dissipation operator on bounded domains, we can now proceed to inspect the various
adaptation strategies.

4.2.1 Correcting

In terms of the correcting framework, Equation 32 previously presented for filtering also holds. In
the current context, however, GSD would refer to the PDE integration step that features the scale-
discriminant AD and G̃MP would be a filter operator that is ideally temporally-consistent [9].

13Consider A = AT ≤ 0 and B = BT > 0, then one can write AB = B−1/2(B1/2AB1/2)B1/2, where B1/2B1/2 = B
and B1/2 = B1/2,T [?]. Therefore AB is self-similar to (B1/2AB1/2) and has identical eigenvalues to A. By extension of
xTB1/2AB1/2x ≤ 0, one can then conclude that (AB) ≤ 0.
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based on powers of (∆x)2nδ2nx , such as the class of embedded Purser stencils developed in recent work
[7]. However such interior stencils (and thus the resulting block operators) are inherently of order greater
than two and thus cannot be MP. Thus our current monotonicity-preserving task requires us to enable
appropriate use of dissipation operators based off of the D2 kernel.

The current formulation of Equation 43 can be shown to give a dissipation operator that is normalized
in the sense that constant fields are disregarded,

RAD1 = G−1
ℓ

=0︷ ︸︸ ︷
[D̃r − D̃ℓ]1 = 0 . (50)

Thus we get the expected result that the artificial dissipation will only act on spatially varying data (e.g.,
solution errors).

In addition, the AD term does not violate global conservation,
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The above is true because G−1,T
ℓ 1 = G−1
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T1 = [D̃r − D̃ℓ]1 = 0. Note, however,
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RAD cannot generally be placed in a telescoping form as suggested by the decomposition of Equation 30.
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calculating the inverse at each time step. Employing a Pade method in a residual compact formulation
[21] may be an efficient workaround, particularly when one is using an implicit time marching scheme
(i.e., the implicit spatial terms are re-written as a explicit expression that can be iterated up on in pseudo
time fashion alongside the time iteration).
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