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ABSTRACT 

Optimization of multiple time-varying objective functions was investigated, with a goal of adapting 
currently known theoretical results and numerical algorithms to better fit real-world scenarios. A 
significant body of mathematical frameworks and algorithms designed to handle multiple different 
scenarios based on as additional structural information as possible were formulated. More specifically, 
novel research directions that will be of significant interest for the foreseeable future were proposed, 
multiple new performance measures for optimization in time-varying scenarios were developed, and 
new algorithms as modifications of previously existing algorithms to handle such scenarios were 
developed. All numerical methods developed were tested on both synthetic and real data. By the end of 
the performance period, it was made clear that time-varying optimization remains a rich area with 
significant theoretical and practical contributions for scientific interests inside and outside the 
Department of Defense remaining to be made. 
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1 SUMMARY 

The Duke University group for the Defense Advanced Research Projects Agency (DARPA) Lagrange 
program was tasked with investigating optimization problems in time-varying scenarios in situations 
where multiple objective functions may be present. Their literature came to a number of conclusions 
concerning previously developed theoretical and practical methods in the literature: outside of, e.g. [1], 
there was a surprising lack of work related to situations where time-varying objective functions came 
from stochastic dependent processes (though both stochastic independent processes [2, 3, 4] and 
deterministic dependent processes [5, 6, 7] were considered); performance measures previously studied 
were focused on situations and goals not sufficiently broad enough to encompass all situations of 
practical interest; the theoretical performance guarantees of the online distributed optimization 
literature [8] did not match those for online centralized optimization [9]; and, that the data-driven 
distributionally robust optimization literature had very little work in terms of adaptations to time-
varying scenarios (though a model based solution was considered [10]). The goal of this group was to 
address each of these issues. 

In addressing the lack of stochastic dependence in the time-varying optimization literature, the group 
approached the problem from two standpoints: when the objective functions are over a continuous 
domain, and when the objective functions are over a discrete domain. In the case that the objective 
functions were continuous, they investigated the manner in which accurate prediction of future events 
affected total algorithmic performance, where performance is measured in a quantity known as 
dynamic regret. They came to the conclusion that potentially significant increases in performance could 
be made by predicting correctly in contrast to traditional approaches in the literature which do not 
consider predictable scenarios [9, 11]. Furthermore, the performance guarantees are proved in a 
method that is readily adaptable to those of other optimization, thus can easily be adapted for further 
work. Considering specific time-varying scenarios, where objective functions either correspond to 
conditional expectations or smoothly varying functions results in specific theoretical bounds that are 
easily interpretable both theoretically and practically. Since the stochastic process governing the 
objective functions was assumed to be stochastic and dependent, an algorithm was developed using 
Gibbs posterior inference/expert learning in a manner similar to those in meta-learning, where the 
algorithm would learn the future objective function before making an optimization step [12, 13]. 

From the standpoint of continuous objectives over a discrete domain, the team also investigated bandit 
optimization in the case of stochastically dependent availability, specifically if the available options 
depended on the immediate past, whereas then previously existing literature only considered the case 
that the actions available at each point and time were independent of the past [2, 3]. They developed an 
adaptation of the state-of-the-art algorithm for the dependent case, where the goal was to learn 
marginals of the Markov chain, and then base algorithmic decisions on those marginals. They chose to 
learn marginals rather than the entire Markov chain due to memory constraints. They showed via 
numerical experiment over a short amount of time steps, their algorithm outperformed that of the 
optimal algorithm for the adversarial case, which is the only one that could be immediately adapted in 
this scenario. 

The team’s work on performance measures focused on two areas. In online scenarios, performance 
measures are usually given by the performance of an online optimization algorithm by considering the 
cumulative objective value of all points versus some optimal choice. This does not adapt well to 
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nonconvex problems or problems with constraints. The team proposed a new performance measure 
known as the Karush-Kuhn-Tucker (KKT) Regret, named after the corresponding optimality conditions on 
the time-invariant setting [14], that adapts known optimality conditions in the time-invariant setting to 
the time-varying one. As a sample calculation, we evaluated the performance of a standard adaptation 
of the well-studied primal dual algorithm for constrained optimization under the general prediction 
regime mentioned above, and showed that the KKT regret depends on a number of different regularities 
of the dynamical system governing the objective function. 

Then, going back to the stochastic case, they considered a practical problem for time-varying 
optimization problems: if the true process governing the objective function is not known, what is a good 
performance measure that reflects the best possible performance based on a number of candidate 
models and not the true process? This led them to formulate the notion of asymptotically efficient 
optimization, directly analogous to that due to Shibata in the time series literature [15]. The definition 
then immediately adapts to a measurable performance measure provided sufficient computational 
resources. They showed that a minor adaptation of the proposed expert learning algorithm mentioned 
above achieves this in practice on a multi-regime process. 

Their focus in online distributed optimization concerned the lack of similar performance guarantees for 
online optimization algorithms if dynamic regret is the desired benchmark. Previously, the best known 
bound in the literature for general convex problems depended explicitly on time [8]. Taking motivation 
from other works in the online optimization literature [9], they wished to see if there were additional 
assumptions such that an algorithm would have performance bounds without this explicit time 
dependence. They successfully showed that such an algorithm existed but removed the time 
dependence at the cost of introducing a new term that is negligible in many practical situations. 
Furthermore, they showed via a target tracking example that this quantity cannot be improved on for 
this algorithm in general.  

Finally, they focused on robust optimization, where the focus is on minimizing the maximal possible loss 
if many different objective functions are feasible. Recent work developed a feasible, data-driven way to 
solve this problem under several different practical scenarios, though the methodology developed did 
not focus on time-varying scenarios [16]. One work released in early 2019 proposed a solution [10], but 
it was based on choosing a model class that may not hold in practice. To avoid this model dependence, 
combining well-understood methodologies in statistics for bootstrapping time dependent data to 
accurately estimate a sample of future data without explicitly choosing a model class; such methodology 
is guaranteed to sample the true distribution in a wide variety of cases. They then showed similar 
performance of this procedure to that if they would have known the true distribution in the future. 
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2 INTRODUCTION 

Optimization research exploded in recent years due to increased computational power allowing for 
training of statistical models never before possible. Much recent work focused on the case where the 
objective function does not change over time, though some work focused on the time-varying setting. 
The researchers in this setting considered two particular settings. The first scenario assumed that the 
changes in objective functions were smooth in time. Using this smoothness, researchers developed 
techniques for predicting future stationary points by using predictor-corrector methods on a 
constructed differential equation that approximated the evolution of a stationary point; this allowed for 
reasonable prediction of future stationary points if already close to one. The second scenario 
investigated concerned the situation where the dynamical system of objective functions was adversarial 
(non-predictable). In this setting, researchers focused on deriving worst-case performance guarantees 
using adaptations of standard optimization algorithms. Works in both directions were extended to cover 
cases involving time-varying constrained problems (though often operated under the assumption that 
the constraints and problems were convex), as well as multiple objective functions through the online 
distributed optimization literature 

The Duke University team was tasked with continuing the time-varying optimization literature. They 
focused on the development of methods and concepts that better dealt with real-world situations, 
which included: factoring in more realistic assumptions on the dynamical systems underlying the 
objective functions and constraints, nonconvexity of objectives, reasonability of currently existing 
performance measures, time-varying constraints, and situations where the true objective function is 
unknown. The problems considered in the body of work span a large number of subfields of 
optimization and are summarized in the remainder of the report. As applicable, all numerical methods 
developed were tested on financial data obtained from the New York Stock Exchange.  
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3 MAJOR GOALS 

The goals of the Duke University team were quite ambitious and are summarized as: 

1. Determine the minimal number of assumptions needed in order obtain theoretical and practical 
performance improvements using algorithms that were built by minimally adapting previous 
ones in the literature. 

2. Define performance metrics for online optimization that were more suitable for optimization 
problems encountered in practice that received little to no attention in the literature 

3. Construct algorithms for online optimization that provided performance guarantees where few 
assumptions are reasonable. 
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4 METHODS, ASSUMPTIONS, AND PROCEDURES 

The general methods, assumptions, and procedures of the work are not dissimilar to other standard 
procedures utilized in the development of computational mathematics. The primary tool used to read 
and derive new mathematics consisted of standard writing implements and surfaces, as well as a 
personal computer and tablet. Given the subject matter, no additional facilities were used. 
Computational experiments were developed in MATLAB and Python developed on an Acer Predator 
laptop running the Windows 10 operating system. Financial data obtained was obtained from historical 
daily New York Stock Exchange returns.  

4.1 Goal 1 

4.1.1 Parametrizability and Predictability of Continuous Objectives in Online 
Optimization 

4.1.1.1 Problem Statement and Assumptions 
The following online optimization problem was considered: given a sequence of objective functions 
𝑓𝑓1, … ,𝑓𝑓𝑇𝑇 defined on a continuous domain, construct a sequence of candidate optima 𝑥𝑥1, … , 𝑥𝑥𝑇𝑇 such that 
𝑥𝑥𝑇𝑇 is only selected based on the objective functions received up until time 𝑡𝑡 − 1. The goal was to 
minimize the following quantity known as dynamic regret, where the algorithm’s performance was 
compared to that of the optimal point of the objective at each time. 

 𝑅𝑅𝑇𝑇𝑑𝑑 = ∑ (𝑓𝑓𝑡𝑡(𝑥𝑥𝑡𝑡) −  min
𝑥𝑥𝑡𝑡∗

𝑓𝑓𝑡𝑡(𝑥𝑥𝑡𝑡∗))𝑇𝑇
𝑡𝑡=1  (1) 

The team assumed that the objective function at each time was of the form 𝑓𝑓𝑡𝑡(𝑥𝑥) = 𝑓𝑓(𝑥𝑥,𝜃𝜃𝑡𝑡), where 𝜃𝜃𝑡𝑡 
is some finite dimensional parameter governing the objective function of interest. To understand the 
role of accurate prediction of 𝜃𝜃𝑡𝑡 in minimizing the dynamic regret, the following assumptions were 
made: the domain of the objective functions was assumed to be convex, the objectives were assumed to 
be strongly convex in 𝑥𝑥 with strong convexity parameter 𝜆𝜆, and the objective functions and both their 
gradients in both 𝑥𝑥 and 𝜃𝜃 were assumed to be Lipschitz continuous with constants 𝐺𝐺, 𝐿𝐿𝑥𝑥 ,𝐿𝐿𝜃𝜃 respectively. 

4.1.1.2 Performance of Predictive Gradient Descent 
Under the above assumptions, the dynamic regret obtained by performing 𝑘𝑘 gradient descent steps with 
step size 𝜂𝜂 at each time based on the predicted values of 𝜃𝜃𝑡𝑡 satisfies the following bound 

 𝑅𝑅𝑇𝑇𝑑𝑑 ≤
𝐺𝐺 ‖𝑥𝑥1−𝑥𝑥1∗‖
1−𝐶𝐶𝑘𝑘

+ 𝐺𝐺𝐶𝐶𝑘𝑘

1−𝐶𝐶𝑘𝑘
 ∑ ‖𝑥𝑥𝑡𝑡−1∗𝑇𝑇

𝑡𝑡=2 − 𝑥𝑥𝑡𝑡∗‖ + 𝐺𝐺𝐺𝐺𝐿𝐿𝜃𝜃
1−𝐶𝐶𝑘𝑘

∑ ‖𝑇𝑇
𝑡𝑡=2 𝜃𝜃�𝑡𝑡  − 𝜃𝜃𝑡𝑡‖ (2) 

where 𝐶𝐶 is a positive constant depending on 𝐿𝐿𝑥𝑥 and 𝜆𝜆 that is smaller than 1. 
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4.1.1.3 Simultaneous Modeling and Descent (SMAD) Algorithm 
 

 

Figure 1: Details of the SMAD Algorithm 

4.1.1.4 Performance of SMAD 
If the if-statement is ignored in Figure 1, SMAD has the following upper bound on dynamic regret 

 𝑅𝑅𝑇𝑇𝑑𝑑 ≤
𝐺𝐺 ‖𝑥𝑥1−𝑥𝑥1∗‖
1−𝐶𝐶𝑘𝑘

+ 𝐺𝐺𝐶𝐶𝑘𝑘

1−𝐶𝐶𝑘𝑘
 ∑ ‖𝑥𝑥𝑡𝑡−1∗𝑇𝑇

𝑡𝑡=2 − 𝑥𝑥𝑡𝑡∗‖ + 𝐺𝐺𝐺𝐺𝐿𝐿𝜃𝜃
1−𝐶𝐶𝑘𝑘

min
1≤𝑛𝑛≤𝑁𝑁

∑ ‖𝑇𝑇
𝑡𝑡=2 𝜃𝜃�𝑡𝑡𝑛𝑛  − 𝜃𝜃𝑡𝑡‖+ 𝐷𝐷√2𝑇𝑇

4
 (1 + ln𝑁𝑁) (3) 

where 𝐷𝐷 is the difference between the largest and smallest possible values of the objective function and 
𝜃𝜃�𝑡𝑡𝑛𝑛 denotes the prediction of 𝜃𝜃𝑡𝑡 by model 𝑛𝑛. 

4.1.2 Markovian Availability in Bandit Optimization 

4.1.2.1 Problem Statement and Assumptions 
Assume that in total, a user has access to a collection 𝑏𝑏1, … , 𝑏𝑏𝑛𝑛 of possible actions. At each time 𝑡𝑡 =
1, … ,𝑇𝑇, a nonempty subset of this total collection of actions is available. From this subset of actions, a 
user must select one of them to perform at each time. Denoting the selected action by 𝑎𝑎𝑡𝑡, the user 
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receives a reward 𝑟𝑟𝑡𝑡(𝑎𝑎𝑡𝑡). No assumptions on the structure of 𝑟𝑟𝑡𝑡 were made. The actions available at 
each time were assumed to be Markovian in the following sense: the probability that a given subset of 
actions is available at time 𝑡𝑡 depends directly on the actions available at time 𝑡𝑡 − 1 and nothing else. 
The goal in this setting was to minimize the following notion of regret.  

 𝑅𝑅𝑇𝑇𝑑𝑑 = ∑ (𝑟𝑟𝑡𝑡(𝑎𝑎𝑡𝑡)− 𝔼𝔼𝑡𝑡𝑟𝑟𝑡𝑡(𝑎𝑎𝑡𝑡∗))𝑇𝑇
𝑡𝑡=1  (4) 

Here, 𝔼𝔼𝑡𝑡 denotes expectation with respect to the distribution of available subsets of actions at time 𝑡𝑡, 
and 𝑎𝑎𝑡𝑡∗ is the best action in hindsight at time 𝑡𝑡 with respect to the available set of actions (note that 𝑎𝑎𝑡𝑡∗ is 
a random variable with respect to the distribution of subsets of available actions at time 𝑡𝑡). 
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4.1.2.2 Algorithm for Optimizing Regret for Bandits with Markovian Availability 
 

 

Figure 2: Exploration-Exploitation Algorithm for Bandits with Markovian Availability 

4.1.3 Improved Dynamic Regret in Distributed Optimization 

4.1.3.1 Problem Statement and Assumptions 
The following distributed optimization scenario was considered. There are 𝑛𝑛 agents whose goal is to 
optimize a sequence of time-varying objective functions 𝑓𝑓0, … ,𝑓𝑓𝑇𝑇 over a continuous domain. The 
objective functions are of the form 𝑓𝑓𝑡𝑡 = ∑ 𝑓𝑓𝑖𝑖,𝑡𝑡𝑛𝑛

𝑖𝑖=1  The agents are decentralized and agent 𝑖𝑖 only has 
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access to 𝑓𝑓𝑖𝑖,0, … ,𝑓𝑓𝑖𝑖,𝑡𝑡−1 at time 𝑡𝑡. Each agent must choose an action 𝑥𝑥𝑖𝑖,𝑡𝑡 such that the following notion of 
dynamic regret is minimized. 

 𝑅𝑅𝑇𝑇𝑑𝑑 = 1
𝑛𝑛
∑ ∑ (𝑓𝑓𝑡𝑡(𝑥𝑥𝑖𝑖,𝑡𝑡) −∑ min

𝑥𝑥𝑡𝑡∗
𝑓𝑓𝑡𝑡(𝑥𝑥𝑡𝑡∗)𝑇𝑇

𝑡𝑡=0 )𝑇𝑇
𝑡𝑡=0

𝑛𝑛
𝑖𝑖=1  (5) 

For the purposes of theoretical analysis and algorithm development, the following assumptions were 
made: the 𝑓𝑓𝑡𝑡 are strongly convex over a continuous, convex domain with strong convexity parameter 𝜇𝜇, 
the 𝑓𝑓𝑖𝑖,𝑡𝑡 and their gradients are Lipschitz continuous with constants 𝐿𝐿𝑓𝑓 and 𝐿𝐿𝑔𝑔 respectively for all 𝑖𝑖 and 𝑡𝑡, 
and the matrix 𝑊𝑊 referenced below is symmetric and doubly stochastic. This implies that 𝜎𝜎𝑊𝑊 =
�𝑊𝑊 − 1

𝑛𝑛
𝟏𝟏𝟏𝟏𝑇𝑇� < 1, where 𝟏𝟏 denotes the column vector of all 1’s. 

4.1.3.2 Online Push-Pull Algorithm 

 

Figure 3: Push-Pull Gradient Tracking Algorithm for Online Distributed Optimization 

4.1.3.3 Performance of Online Push-Pull Algorithm 
Define the following quantities:  

 𝑃𝑃𝑇𝑇 = ∑ ‖𝑥𝑥𝑡𝑡+1∗ − 𝑥𝑥𝑡𝑡∗𝑇𝑇−1
𝑡𝑡=0 ‖ (6) 

  𝑔𝑔𝑡𝑡(𝑥𝑥) = [∇𝑓𝑓1,𝑡𝑡(𝑥𝑥), … ,∇𝑓𝑓𝑛𝑛,𝑡𝑡(𝑥𝑥)] (7) 

 𝑉𝑉𝑇𝑇 = ∑ ‖𝑔𝑔𝑡𝑡+1(𝑥𝑥𝑡𝑡+1∗ ) − 𝑔𝑔𝑡𝑡(𝑥𝑥𝑡𝑡∗)𝑇𝑇−1
𝑡𝑡=0 ‖ (8) 

Under the assumptions above, if the 𝛼𝛼𝑗𝑗 are chosen uniformly such that       

 𝛼𝛼𝑗𝑗 = min� (1−𝜎𝜎𝑊𝑊)2

3𝜎𝜎𝑊𝑊�
𝐿𝐿𝑔𝑔
𝜇𝜇 𝑛𝑛+1�+(1−𝜎𝜎𝑊𝑊)𝜎𝜎𝑊𝑊

1
𝐿𝐿𝑔𝑔

, 1
𝐿𝐿𝑔𝑔
�  (9) 

Then the dynamic regret is bounded by 

 𝑅𝑅𝑇𝑇𝑑𝑑 ≤ 𝑂𝑂(𝐶𝐶1 + 𝐶𝐶2 + 𝐶𝐶3 + 𝑃𝑃𝑇𝑇 + 𝑉𝑉𝑇𝑇) (10) 

where the 𝐶𝐶𝑖𝑖 are all constants depending on the initial guesses 𝑥𝑥0 and 𝑦𝑦0. 
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4.2 Goal 2 

4.2.1 KKT Regret: An Alternative Performance Measure 

4.2.1.1 Definition of KKT Regret 
For objectives 𝑓𝑓𝑡𝑡 with inequality constraints 𝑔𝑔𝑡𝑡 ≤ 0 and equality constraints ℎ𝑡𝑡 = 0 (in the vector sense), 
the KKT regret for an algorithm outputting a sequence {(𝑥𝑥𝑡𝑡, 𝜉𝜉𝑡𝑡 ,𝜇𝜇𝑡𝑡)}𝑡𝑡=0𝑇𝑇  is: 

 𝑅𝑅𝐾𝐾𝐾𝐾𝐾𝐾𝑇𝑇 ({(𝑥𝑥𝑡𝑡, 𝜉𝜉𝑡𝑡 ,𝜇𝜇𝑡𝑡)}𝑡𝑡=0𝑇𝑇 ) = ∑ �‖∇𝐿𝐿(𝑥𝑥𝑡𝑡 , 𝜉𝜉𝑡𝑡 ,𝜇𝜇𝑡𝑡)‖2,  𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚�∇2𝐿𝐿(𝑥𝑥𝑡𝑡 , 𝜉𝜉𝑡𝑡 ,𝜇𝜇𝑡𝑡)��𝑇𝑇
𝑡𝑡=0  (11) 

Here, 𝐿𝐿(𝑥𝑥𝑡𝑡, 𝜉𝜉𝑡𝑡 , 𝜇𝜇𝑡𝑡) = 𝑓𝑓𝑡𝑡(𝑥𝑥𝑡𝑡) + 𝜉𝜉𝑡𝑡 ⋅ 𝑔𝑔𝑡𝑡(𝑥𝑥𝑡𝑡) + 𝜇𝜇𝑡𝑡ℎ𝑡𝑡(𝑥𝑥𝑡𝑡) and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚denotes the minimum eigenvalue of a 
matrix. 

For theoretical analysis, only the case of linear equality constraints was considered, implying that 𝑔𝑔𝑡𝑡 = 0 
and ℎ𝑡𝑡 = 𝐴𝐴𝑡𝑡 is a matrix. The restriction to equality constraints only implies that 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚�∇2𝐿𝐿(𝑥𝑥𝑡𝑡 , 𝜉𝜉𝑡𝑡 ,𝜇𝜇𝑡𝑡)� 
can be safely ignored as this condition (i.e. minimum eigenvalues only matter for inequality constraints). 
The same assumptions as in 4.1.1 were made. Specifically, the team assumed that the objective function 
at each time was of the form 𝑓𝑓𝑡𝑡(𝑥𝑥) = 𝑓𝑓(𝑥𝑥,𝜃𝜃𝑡𝑡), where 𝜃𝜃𝑡𝑡 is some finite dimensional parameter governing 
the objective function of interest. To understand the role of accurate prediction of 𝜃𝜃𝑡𝑡 in minimizing the 
dynamic regret, the following assumptions were made: the domain of the objective functions was 
assumed to be convex, the objectives were assumed to be strongly convex in 𝑥𝑥 with strong convexity 
parameter 𝜆𝜆, and the objective functions and both their gradients in both 𝑥𝑥 and 𝜃𝜃 were assumed to be 
Lipschitz continuous with constants 𝐺𝐺, 𝐿𝐿𝑥𝑥, 𝐿𝐿𝜃𝜃 respectively. In addition, the possible values of 𝜇𝜇𝑡𝑡at each 
time were assumed to be bounded for all time, and the 𝐴𝐴𝑡𝑡 were assumed to have bounded operator 
norm for all time. 

4.2.1.2 Predictive Primal-Dual Algorithm 
 

 

Figure 4: Predictive Primal-Dual Algorithm 

4.2.1.3 Analysis of KKT Regret for Equality Constrained Case 
 
For 𝜂𝜂 sufficiently small, the proposed predictive primal-dual algorithm achieves KKT regret bounded by 
sums of constant multiples (depending on 𝜂𝜂 and the other constants in the assumption) of the following 
terms 
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‖𝑥𝑥1 − 𝑥𝑥1∗‖,‖𝜇𝜇1∗‖,∑‖𝜃𝜃𝑡𝑡 − 𝜃𝜃�𝑡𝑡‖,∑‖𝜇𝜇𝑡𝑡 − 𝜇̂𝜇𝑡𝑡‖,∑‖𝜇𝜇𝑡𝑡−1‖‖𝐴𝐴𝑡𝑡 − 𝐴̂𝐴𝑡𝑡‖,∑‖𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡� ‖2,
∑‖𝜃𝜃𝑡𝑡 − 𝜃𝜃�𝑡𝑡|‖�‖𝜇𝜇𝑡𝑡−1 − 𝜇̂𝜇𝑡𝑡−1‖+ ‖𝜇𝜇𝑡𝑡−1‖‖𝐴𝐴𝑡𝑡 − 𝐴̂𝐴𝑡𝑡‖�,

∑‖𝜇𝜇𝑡𝑡−1‖2‖𝐴̂𝐴𝑡𝑡 − 𝐴𝐴𝑡𝑡‖,2∑‖𝜇𝜇𝑡𝑡−1‖‖𝜇𝜇𝑡𝑡−1 − 𝜇̂𝜇𝑡𝑡−1‖‖𝐴𝐴𝑡𝑡 − 𝐴̂𝐴𝑡𝑡‖,∑‖𝜇𝜇𝑡𝑡−1 − 𝜇̂𝜇𝑡𝑡−1‖2,
∑‖𝑥𝑥𝑡𝑡∗ − 𝑥𝑥𝑡𝑡−1∗ ‖,∑‖𝑥𝑥𝑡𝑡∗ − 𝑥𝑥𝑡𝑡−1∗ ‖2,∑‖𝜇𝜇𝑡𝑡∗ − 𝜇𝜇𝑡𝑡−1∗ ‖,∑‖𝜇𝜇𝑡𝑡∗ − 𝜇𝜇𝑡𝑡−1∗ ‖2

 (12) 

In the above, 𝜇̂𝜇𝑡𝑡 is the value of the 𝜇𝜇 parameter assuming perfect knowledge of the future at time 𝑡𝑡, and 
both 𝑥𝑥𝑡𝑡∗ and 𝜇𝜇𝑡𝑡∗ are the optimal 𝑥𝑥 and 𝜇𝜇 at time 𝑡𝑡 

4.2.2 Asymptotically Efficient Optimization 

4.2.2.1 Definition of Feasible Regret 
Let 𝑔𝑔𝑡𝑡 be a sequence of possibly nonconvex objective functions. Given a sequence of decisions 
𝑥𝑥1, … , 𝑥𝑥𝑡𝑡−1 and a subset 𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1) of possible decisions depending on 𝑥𝑥𝑡𝑡−1, the feasible regret at time 𝒕𝒕 
is given by 

 𝑅𝑅𝑡𝑡
𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1)(𝑥𝑥𝑡𝑡) = 𝑔𝑔𝑡𝑡(𝑥𝑥𝑡𝑡)−  min

𝑥𝑥𝑡𝑡∗∈𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1)
𝑔𝑔𝑡𝑡(𝑥𝑥𝑡𝑡∗) (13) 

4.2.2.2 Definition of Asymptotically Efficient Optimization 
Given a collection of objective functions 𝑔𝑔𝑡𝑡(𝑥𝑥) = ℎ(𝑥𝑥,𝜃𝜃𝑡𝑡), indexed starting from 1, where 𝜃𝜃𝑡𝑡 is a 
stochastic process, let 𝑥𝑥1 be an initial guess of a solution, and let 𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1) be a (defined) sequence of 
possible values of 𝑥𝑥𝑡𝑡 given 𝑥𝑥𝑡𝑡−1. Letting 𝒙𝒙𝒕𝒕−𝟏𝟏 and 𝜽𝜽𝒕𝒕−𝟏𝟏 be the vectors of the entire history of 𝑥𝑥 and 𝜃𝜃 up 
until time 𝑡𝑡 − 1. Given a statistical model 𝛼𝛼 of 𝜃𝜃𝑡𝑡 given 𝜽𝜽𝒕𝒕−𝟏𝟏, let 𝑨𝑨 be an algorithm that maps the formal 
quadruple (ℎ, 𝒙𝒙𝒕𝒕−𝟏𝟏,𝜽𝜽𝒕𝒕−𝟏𝟏,𝛼𝛼) to some point 𝑥𝑥𝑡𝑡 ∈ 𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1). Let 𝛼𝛼1, … ,𝛼𝛼𝑛𝑛 be a collection of statistical 
models and let 𝑥𝑥𝑡𝑡𝑖𝑖 = 𝑨𝑨(ℎ,𝒙𝒙𝒕𝒕−𝟏𝟏,𝜽𝜽𝒕𝒕−𝟏𝟏,𝛼𝛼). A model selection procedure 𝑴𝑴 for 𝜃𝜃𝑡𝑡 is an asymptotically 
efficient optimizer for the sequence of optimization problems of minimizing 𝑔𝑔𝑡𝑡 via the algorithm 𝑨𝑨 if, as 
𝑡𝑡 → ∞, we have the following convergence in probability. 

 
𝔼𝔼�𝑅𝑅𝑡𝑡

𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1)�𝑥𝑥𝑡𝑡
𝑀𝑀�𝜽𝜽𝒕𝒕−𝟏𝟏��|𝜽𝜽𝒕𝒕−𝟏𝟏 � 

min
1≤𝑘𝑘≤𝑛𝑛

𝔼𝔼�𝑅𝑅𝑡𝑡
𝐷𝐷𝑡𝑡(𝑥𝑥𝑡𝑡−1)�𝑥𝑥𝑡𝑡

𝑘𝑘�|𝜽𝜽𝒕𝒕−𝟏𝟏 �
→ 1 (14) 

4.3 Goal 3 

4.3.1 Bootstrapping for Time-Varying Distributionally Robust Optimization 

4.3.1.1 Problem Statement and Assumptions 
Assume that at each time 𝑡𝑡, a user receives samples 𝜃𝜃𝑡𝑡1, … ,𝜃𝜃𝑡𝑡𝑘𝑘 of a stochastic parameter 𝜃𝜃𝑡𝑡 governing an 
objective function of interest. It is assumed that the 𝜃𝜃𝑡𝑡 are not independent of one another and come 
from an ultimately unknown distribution. The original goal is to solve the following optimization 
problem of the future. 

 min
𝑥𝑥
𝔼𝔼𝑓𝑓(𝑥𝑥,𝜃𝜃𝑡𝑡+1) (15) 

If no reasonable models for the future parameter 𝜃𝜃𝑡𝑡+1 known a priori, an alternative is to solve the 
following robust optimization problem for a set 𝔹𝔹 of potential probability distributions: 

 min
𝑥𝑥

max
𝜃𝜃𝑡𝑡+1∈𝔹𝔹

𝔼𝔼𝑓𝑓(𝑥𝑥,𝜃𝜃𝑡𝑡+1) (16) 
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Work prior to the Lagrange period of performance established a principled way to do this if one did not 
require predicting the future: if one received samples 𝜃𝜃𝑡𝑡+11 , … ,𝜃𝜃𝑡𝑡+1𝑘𝑘  of 𝜃𝜃𝑡𝑡+1, one could consider the 
empirical distribution of 𝜃𝜃𝑡𝑡+1given the samples, denoted 𝜃𝜃�𝑡𝑡+1, and solve the following robust 
optimization for fixed 𝜀𝜀 > 0: 

 min
𝑥𝑥

max
�𝜃𝜃:𝑑𝑑𝕎𝕎�𝜃𝜃,𝜃𝜃�𝑡𝑡+1�≤𝜀𝜀�

𝔼𝔼𝑓𝑓(𝑥𝑥,𝜃𝜃) (17) 

Here, 𝑑𝑑𝕎𝕎 denotes the Wasserstein distance between two probability distributions. In this setting, 
optimization problems have a tractable reformulation due to a combination of standard duality 
conditions and properties of Wasserstein distance. The goal is to develop an algorithm to adapt this to 
the proposed problem by using available data to generate an approximate sample of 𝜃𝜃𝑡𝑡+1with minimal 
assumptions, and then employ the methodologies for the non-predictive case. 

The only assumption on distributions we assume are that the 𝜃𝜃𝑡𝑡 are infinite order autoregressive 
processes, i.e. for 𝜀𝜀𝑡𝑡 independent and identically distributed with mean zero and finite variance. 

 𝜃𝜃𝑡𝑡 =  ∑ 𝑎𝑎𝑖𝑖𝜃𝜃𝑡𝑡−𝑖𝑖∞
𝑖𝑖=1 + 𝜀𝜀𝑡𝑡 (18) 

4.3.1.2 Bootstrap Algorithm for Time-Varying Distributionally Robust Optimization 
 

 

Figure 5: Bootstrap Algorithm for Time-Varying Distributionally Robust Optimization  
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5 ACCOMPLISHMENT UNDER GOALS 

5.1 Goal 1 
Invented adaptation of gradient tracking methods to online distributed optimization problems that gave 
improved theoretical dynamic regret bounds under additional but standard assumption on curvature of 
objectives, more robust performance with respect to step-size choices than previous state of the art, 
and empirically showed that achieved bounds cannot be significantly improved in general. 

Proposed combining online optimization research with time series research, showed theoretically and 
empirically by simple but powerful example analyses that performance gains can be significantly 
improved, and developed quickly adaptable optimization algorithms for both discrete and continuously 
parametrized cases to simultaneously predict and optimize. 

5.2 Goal 2 
Developed the KKT Regret as an alternative performance measure suitable for general non-convex, 
time-varying constrained optimization problems, analyzed standard primal-dual algorithm to illustrate 
the types of quantities that will come up in theoretical analysis, and showed that predictability of 
objective functions can significantly improve performance of algorithms with respect to KKT Regret 

Defined the notion of asymptotically efficient optimization, extending that of Shibata originally 
proposed for model selection, and showed that a standard adaptation of the prominent expert learning 
algorithm can be used to achieve this in practice. 

5.3 Goal 3 
Adapted methodology developed for distributionally robust, fully data-driven optimization, that 
provided worst-case performance guarantees for stochastic optimization problems in time-invariant, 
independent data setting to time-varying, dependent data setting valid for a large number of stochastic 
processes encountered in practice by novel application of bootstrap 
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6 RESULTS AND DISCUSSION 

The results below were in general not developed with respect to satisfying one particular goal. 
Applicable goal will be mentioned in each subsection. 

6.1 Goal 1 

6.1.1 Parametrizability and Predictability of Continuous Objectives in Online 
Optimization 

As discussed above, the literature prior to the beginning of the contract was concerned with two main 
ways in which objective functions could change: smoothly in time, and adversarially in time. The team 
found this surprising given that many data-generating processes observed do not fit either assumption. 
Furthermore, given that objective functions in time-varying of practical interest depended on these 
processes (e.g. target tracking, finance), the team was interested in understanding the extent at which 
one could improve results in the adversarial setting if one assumed that the objective functions were 
generated from a stochastic dependent process, which allowed for considering the ability to predict the 
future in a more general case than one given by the smoothly time-varying setting. 

The main performance measure of interest was dynamic regret: the sum of the algorithm’s performance 
versus that of the true optimal value of the objective at each time. In the general case of prediction (i.e. 
not appealing to expectations), we proved that any algorithm developed in the adversarial setting could 
have its bounds on dynamic regret lowered if they factored in prediction provided that the prediction of 
the future objective function was cumulatively sufficiently accurate, specifically by decreasing values of 
constants in the bounds in the adversarial setting. The bounds in question suggested a lack of ability to 
further improve these bounds in general given that the bounds mimicked those found in time-invariant 
settings. The assumptions used for these bounds were standard in the optimization literature: the 
objectives were differentiable, and both the objectives and their gradients were assumed to be Lipschitz 
continuous. The objectives were also assumed to be strongly convex:  convexity or something very close 
to convexity was required as otherwise dynamic regret would not have made sense (see below for a 
subsection addressing this); therefore, strong convexity was chosen to provide better intuition and allow 
for comparison with other bounds in the literature. 

The result above was not of sufficient practical interest on its own accord as objective functions 
naturally live in infinite dimensional spaces. However, as previously discussed, the objective function of 
interest at each time step generally only depends on a finite dimensional process (such as stock returns). 
This allowed an additional minor assumption. More specifically, they assumed that the time-varying 
portion of the objective function is contained within an explicit parameter that is finite-dimensional in 
practice. Provided that the objective function was uniformly dependent on the parameter, the above 
bounds could be written explicitly in terms of the data, suggesting that the performance of an 
optimization algorithm could be directly estimated from the quality of estimation for the data 
generating process. Though seemingly strong, it was found to be difficult to relax this assumption 
without further complicating the bounds, as the natural language for optimization in terms of 
epiconvergence required some degree of uniformity. Connections with these bounds to the smoothly 
time-varying case and the case that the objective functions of interest were conditional expectations 
were discussed, strengthening the idea that optimal optimization was given by optimal prediction. The 
assumption that the data generating process was finite dimensional allowed for the development of a 
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practical algorithm for learning how to optimize. Specifically, an algorithm based on expert learning was 
proposed. Given a collection of candidate models of the data generating process, each expert 
represented the performance of some model class. For a new sequence of optimization problems, each 
model is initially assigned uniform weight, reflective of an adversarial setting. An initial point in the 
domain of the objectives was also given. At each time, each model attempted to predict the future.  

 

Figure 6: Performance of the proposed expert learning method in portfolio optimization using incorrect prediction models versus 
no prediction 

Based on the prediction, the expert ran a prescribed optimization based on the prediction and the 
previous sequence of candidate optimal points in the domain. After the actual data value was observed, 
each model was reweighted to reflect its performance on optimization, which allowed the algorithm to 
automatically tune itself based on data observations. 

An experiment in portfolio optimization was performed and output in Figure 6. This experiment 
considered the prediction of someone’s optimal portfolio in the sense of Markowitz using the proposed 
algorithm with incorrect models. Daily stock returns from the NYSE were used. Their risk was observed 
each month and was modeled as autoregressive process of lags 1 month through six months; the true 
process was assumed to be the same as the previous month with probability 0.9 and a uniformly chosen 
random integer between 1 and 20 otherwise after an initial period of 8 months being 4 plus a Gaussian 
random vector with mean zero and covariance 0.64. The average stock performance used to evaluate 
their optimal portfolio was assumed to be between 15 and 90 days in increments of 15; the actual 
window was 50 days. The average difference in cumulative regret between the proposed algorithm and 
an adversarial, non-predictive algorithm in Figure 6 showed that the proposed algorithm could provide 
benefits despite the lack of correctness of the models used. 

6.1.2 Markovian Availability in Bandit Optimization 

The team also considered the problem of bandit optimization: an algorithm was tasked with choosing 
one of several abstract actions known as bandits. The bandits rewarded the algorithm with some 

Lower scores favor 
proposed algorithm 

(Months) 
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numeric award, where larger positive numbers were favorable. The goal was to maximize total reward. 
In contrast to the previous subsection, the domain of possible options was discrete, so the above was 
not applicable. The problem of time-varying awards had been discussed in varying degrees within the 
literature for a number of years. 

The problem of time-varying availability of bandits, however, had been very limited. At the beginning of 
the program, works had considered time-varying availability of bandits, but assumed that the collection 
of bandits available at each individual round was adversarial, which was not reflective of many real 
world scenarios where availability of future actions depended directly on the availability of actions in the 
past. Analysis was restricted to the case that the dynamics of the available actions were given by a 
Markov chain defined on the collection of all subsets of available actions. By Markov chain, we mean 
that the probability that a given collection of actions is available depends only on the actions that were 
available in the immediate past. We assumed no structure on available rewards, though experimentally 
they were randomly generated between 0 and 1. 

The naïve adaptation of previous methods, which involved learning the dynamics of the change in 
availability before making any choices, became computationally infeasible due to the size of the number 
of subsets of available actions; in the case of 14 total bandits, the number of possible subsets exceeded 
the population of Earth as of 2017. Adaptations were needed to make any such algorithm feasible. We 
proposed improper estimation of the Markov chain; rather than concern ourselves with the whole chain, 
our algorithm only kept track of marginals of each individual bandit being available or unavailable rather 
than the actual transition probabilities. This process was equivalent to modeling each bandit’s 
availability as an independent 2 x 2 Markov chain, which drastically reduced the computational 
resources required. After sufficient time passed, upon which the algorithm would deem that the 
marginals had been learned, each bandit was classified into one of four categories based on their 
marginal probabilities. The algorithm then chose bandits in an exploration-exploitation fashion via coin 
flip. If exploitation was chosen, the algorithm chose the best-known available action based on average 
reward received prior. If it chose exploration, the algorithm chose one of the four classifications based 
on predefined weights, and then chose uniformly at random one of the bandits belonging to the chosen 
class. 

An experiment testing the algorithm was conducted, with results in Figure 7, to investigate the 
performance of this method. The awards were generated for each bandit (five in total) by independent 
Brownian motions that, for each bandit, started at some uniformly random point chosen on the unit 
interval that proceeded as Brownian motions with variance 0.02. The bandits were independently 
available with transition matrices given in Table 1. The performance of this algorithm was compared to 
that of EXP4, the only other available algorithm capable of handling the Markov case, but suffers from 
high memory costs and results. The experiment occurred for 500 time iterations after learning the 
Markov chain marginals for 100 time steps, and the per round regret with respect to the post-factor 
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best decision was measured. The results in Figure 7 showed the superiority of the proposed method by 
plotting average results after repeating the experiment 1000 times. 

Figure 7: Performance of the proposed learn then exploit/explore algorithm versus EXP4 

Table 1: Transition Probabilities for Experiment in Figure 7 

 

 

 

 

6.1.3 Improved Dynamic Regret in Distributed Optimization 

The team also studied distributed optimization problems, where multiple agents participated in 
optimizing a joint function, which was assumed to be the sample averages of individual functions the 
agents had access to, in a decentralized measure. This meant that agents could communicate with one 
another as to their predicted optimal point, but had no access to the other agents’ objective functions. 
Previous work in this area before the period of performance showed that a distributed adaptation of the 
mirror descent algorithm for time-varying convex functions achieved a theoretical regret bound that 
explicitly depended on the time horizon of the problem at hand, as was true of the centralized setting. 
However, in the centralized setting, it was also known that such explicit dependence could be removed 
provided that the objective functions at each time were strongly convex, a condition giving a lower 
bound on the curvature of the objectives at each point. It was thus natural to ask whether such result 
held in the distributed setting, or whether the required communication intrinsically prevented that. 

A modified version of the push-pull algorithm in time-invariant distributed optimization answered this 
question in the affirmative. At each time, each agent performed a descent step on their individual 
objective functions, and then communicated time-corrected gradients to the other agents. It was shown 
that this algorithm had theoretical regret bounds without explicit dependence on the time horizon, 
though at the cost of adding a term involving the sum of the magnitude of the differences in the 
gradients at the optimal points at each time. This quantity did not appear in the centralized bound, 

 Bandit 1 Bandit 2 Bandit 3 Bandit 4 Bandit 5 
Available-Available 0.1 0.15 0.5 0.7 0.9 
Available-Unavailable 0.9 0.85 0.5 0.3 0.1 
Unavailable-Available 0.9 0.1 0.5 0.3 0.7 
Unavailable-Unavailable 0.1 0.9 0.5 0.7 0.4 
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however, it turned out to be negligible in practice, as the quantity was provably zero in practice 
provided that the optimal points were inside the constraint set. Furthermore, empirical results validated 
that this gradient term could not in general be removed in any bound for the proposed algorithm, which 
suggested that the bound for the proposed algorithm was in a sense optimal. The key in generating this 
example involved creating a situation where the optimal point at each time was the same, but the 
constraints were time-varying. 

 

Figure 8: Comparison of the cumulative regret of the proposed push-pull online distributed optimization method with online 
mirror descent. 

It was natural to compare the proposed push-pull algorithm with the previously proposed mirror 
descent-based algorithm. This was done for a gradient tracking example detailed in the paper section of 
the Appendix. The results are posted in Figure 8, where the solid lines indicate the performance of the 
proposed algorithm and the dashed lines indicate the performance of the mirror descent method for 
various step sizes. Not only was the proposed method superior at each step size, it was also more stable 
for larger step sizes, which was not true of the mirror descent algorithm.  

6.2 Goal 2 

6.2.1 KKT Regret: An Alternative Performance Measure 

As previously mentioned, almost every paper on online optimization measured algorithm performance 
with respect to that of a particular optimal value. Though time-varying constraints were factored in if 
necessary, the analysis of the theoretical performance of these algorithms treated objective and 
constraint regret as two separate quantities, which ignored well-known mathematical language 
developed in the past on these subjects. Furthermore, these performance measures were unable to 
adapt to many scenarios of practical interest, where functions of interest were non-convex (analysis had 
been performed on certain cases of non-convexity but could not be adapted in general). 

The team formulated the notion of KKT regret, based on previously developed measures for non-
convexity. This regret measured performance in a manner based on the well-known KKT conditions in 
classical optimization theory, and allowed for the performance of any algorithm that outputted 

Superior Performance 
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candidate evaluation points as well as dual coefficients for the KKT conditions to be evaluated. At each 
time, the KKT regret collects a vector of nonnegative numbers that details exactly how much the output 
of the algorithm deviated from those required of the KKT conditions at each individual time.  The total 
KKT regret is the sum of these conditions. In addition, the proposed regret also measured the deviation 
from satisfaction of the well-known second order sufficient conditions that the Hessian of the 
Lagrangian is positive definite by observing the deviation from positivity of the smallest eigenvalue of 
the Hessian. 

As in the section on predictability, analysis could be conducted on any algorithm that solved a time-
varying constrained optimization problem. For purposes of illustration of the types of quantities present 
in the resulting performance bounds on the proposed measure, a simple case of time-varying linear 
constraints was analyzed under a parameter predictive scenario as was mentioned in the previous 
sections. The resulting bounds obtained were complicated but the dependencies on quantities 
pertaining to the dynamical system were unsurprising based on previous quantities considered in the 
online optimization literature and included: changes in location of optimal point, changes in linear 
constraint, and quality of prediction of the true optimal values. 

It was difficult to conduct any experiment illustrating that the KKT regret proposed was superior to 
previous performance metrics; its benefits lie in its generalizability, not that it necessarily captured 
something better than other proposed metrics (at least for convex and nearly convex objectives as 
previously discussed). Nevertheless, relating back to a previous section, it was useful to determine 
whether prediction of future objective functions made a difference in terms regret for practical 
purposes; given that the performance metric changed from objective values to norm of gradients, this 
was not immediately clear. To test this, the following portfolio optimization problem was considered. 

The same NYSE data as previously mentioned was used. At each time, the objective function used was 
the squared norm generated by the stock covariance matrix, which was estimated using a 30 day 
window. The time-varying constraints used were lower bounds on the expected return by constants, 
with the average return of each stock again estimated using a 30 day window. The constants in the 
lower bound alternated between -0.1, -0.05, 0.05, and 0.1 every 90 days, simulating desires to be greedy 
and focus more so on returns than safety before ultimately having a change of heart and returning to 
safe again, and repeating this as long as desired. Two models of the constraint were considered: one 
that was aware of the cyclic nature of the constraints and accurately knows future constraints, and one 
that never picks up on this and always used the currently known constraints. The difference in KKT 
regret for this experiment was plotted in Figure 9. It was easily shown that accurate prediction was 
beneficial for minimizing the KKT regret. 
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Figure 9: Difference in cumulative KKT regret between perfect predictive and nonpredictive methods.  

6.2.2 Asymptotically Efficient Optimization 

Even though the KKT regret proposed helped address issues related to performance metrics in terms of 
generalizability, there remained intuitive properties to be satisfied. It has been well observed that 
models rarely captured actual processes; they just approximated them well. Given a collection of 
dynamical models that approximated (but not fully) a particular process governing objective functions, it 
was natural to ask which of the models led to the best optimizers of the dynamical process given 
whatever constraints on computational resources existed. Such optimizers could have involved full 
optimizations of a predicted function if possible but did not have to; it was also feasible to only have a 
few (gradient) descent steps at each iteration. It was natural to ask whether it was possible to formulate 
such a question rigorously, as well as whether a practical method existed in order to solve it. 

To make this formulation, it was natural to recall past work on time series concerning asymptotically 
efficient model selection. A model selection process for a given (possibly dependent) stochastic process 
was asymptotically efficient in the sense of Shibata if, given reasonable stationarity of the process, the 
model selection process eventually chose the model that achieved minimal expected loss with 
probability 1 as the amount of observed data points became infinite. This definition was naturally 
generalizable to the problem of online optimization provided that the process was not-adversarial: the 
definitions readily generalize to functional data, hence can generalize to optimization. It was clear that 
this property was desirable, though as with time series, difficult to show theoretically due to various 
algebraic properties used in proofs of the classical case. 

From a practical perspective, it was interesting to determine whether an algorithm existed that was an 
asymptotically efficient optimizer in practice. It was natural to consider the same basic algorithm 
considered in the first section of this report in this more general context: the modelling aspect stayed 
the same, but optimization algorithms other than gradient steps were allowed, such as full optimizations 
via standard algorithms. As a demonstration, portfolio optimization was once again considered in an 
example very similar to that in the first section of this report. This experiment considered the prediction 
of someone’s optimal portfolio in the sense of Markowitz when all models considered were incorrect. 

Higher values favor the 
predictive methods 
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Daily stock returns from the NYSE were used. Their risk was observed each month and was modeled as 
autoregressive process of lags 1 month through six months; the true recursion was generated in this 
simulation by letting the risk parameter be .5 for the first 240 days followed by a recursion generated by 
multiplying a uniformly randomly generated point on the eight dimensional unit simplex by 0.75. To 
simulate uncertainty in risk at any particular time, each computed risk parameter is perturbed by 
independent exponentially distributed noise with parameter 10. The average stock performance used to 
evaluate their optimal portfolio was assumed to be between 15 and 90 days in increments of 15; the 
actual window was 150 days. The results plotted in Figure 10 showed that the proposed exponential 
weight algorithm in the first section achieved asymptotically efficient optimization even though the 
governing process of the stock prices was multiregime. 

 
Figure 10: An example of asymptotically efficient optimization on portfolio optimization.  

6.3 Goal 3 

6.3.1 Bootstrapping for Time-Varying Distributionally Robust Optimization 

The Duke University team finally considered the case where the process generating the observed data 
was not only unknown, but was also dfficult or near impossible to model. Without a model for the data 
generating process, all of the above no longer applied. Nevertheless, good performance was still 
desirable; this naturally led to the notion of robustness with respect to the distribution of the data, 
which could be thought of as optimizing with respect to the worst case of a potentially infinite number 
of objective functions. This problem was studied under the notion of data-driven distributionally robust 
optimization. 

Though traditionally studied via divergence measures between distributions, recent work investigated 
distributionally robust optimization with respect to Wasserstein balls centered at the empirical 
distribution of the observed data. Wasserstein distances had the advantage of being able to 
meaningfully compare discrete empirical distributions with continuous distributions, whereas 
divergence measures were not able to by definition. It was shown that robust programs in the 
Wasserstein sense could be reformulated in tractable manners that were applicable to a wide variety of 
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objectives occurring in practice, hence allowing for a way to robustly optimize without assuming any 
model of distribution for the observed data. 

The programs previously studied had by and large only been applicable for situations where available 
data were assumed to be independently sampled from an identical distribution, an assumption well 
known to be restrictive in practice. Furthermore, this independent, identically distributed (i.i.d.) 
assumption was not directly applicable for problems in practice where the distribution of the data, and 
hence the optimization problem of interest, was time-varying. It was thus of interest to determine if this 
framework was somehow adaptable to the time-varying setting. The literature review conducted 
revealed only one work that had considered applying this Wasserstein methodology to the time-varying 
setting specifically for vector autoregressive models. Though the use of a particular dynamical model 
was understandable, as some amount of structure was required in order to adapt the methodology, it 
was natural to ask whether the i.i.d. formulations could be utilized under reasonably general 
assumptions of the data distribution without directly incorporating the model assumptions into the 
optimization problems. 

A natural solution to this problem came via the sieve bootstrap. The sieve bootstrap was originally 
proposed as one of a number of methods to bootstrap statistics involving time series data. The sieve 
bootstrap was immediately adaptable to predicting future distributions given only currently available 
data: under reasonable assumptions concerning the moments of the innovations of the time series, it 
was known that the sieve bootstrap procedure could be used to estimate a sample of the future 
distribution of a time series representable by an autoregressive process of infinite order provided 
enough data points of the time series were previously observed. This case covered a large number of 
models studied in practice, such as autoregressive moving average models. This led to a natural 
algorithm that could be utilized under reasonable assumptions: given realizations of the observed time 
series, bootstrap a sample of the future, and use this sample to solve the applicable robust program for 
the time-invariant setting already developed. 

 

The proposed algorithm was evaluated by considering a synthetic and real data example based off of 
those in the original paper Data-driven Distributionally Robust Optimization Using the Wasserstein 
Metric: Performance Guarantees and Tractable Reformulations by Eshafani and Kuhn (2018). The 
objective function considered was the conditional value at risk with the same parameters detailed in the 
above paper. For the synthetic example, ten assets were used with returns independently following 
autoregressive processes of lag 2 with average returns between 2% and 20% in increasing increments of 
2%. The lag 2 coefficient was equal to 0.1 for all assets, and the lag 1 coefficient was equal to, assuming 
the assets are ordered by their average return -0.8, -0.6, -0.4, -0.2, 0, 0, 0.2, 0.4, 0.6, 0.8. The following 
experiment was repeated 100 times. Given 15 observations of the returns, the process for the returns of 
each asset were modeled separately in four ways: using the Yule-Walker equations to estimate lag 1 and 
lag 2 autoregressive models, the sieve bootstrap, and assuming the true distribution of the future was  

 

Figure 11: The performance of time-varying robust optimization for different estimations of the future distribution using: 
(a) the synthetic experiment; and, (b) real stock data 

 

(a) (b) 
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The proposed algorithm was evaluated by considering a synthetic and real data example based off of 
those in the original paper Data-driven Distributionally Robust Optimization Using the Wasserstein 
Metric: Performance Guarantees and Tractable Reformulations by Eshafani and Kuhn (2018). The 
objective function considered was the conditional value at risk with the same parameters detailed in the 
above paper. For the synthetic example, ten assets were used with returns independently following 
autoregressive processes of lag 2 with average returns between 2% and 20% in increasing increments of 
2%. The lag 2 coefficient was equal to 0.1 for all assets, and the lag 1 coefficient was equal to, assuming 
the assets are ordered by their average return -0.8, -0.6, -0.4, -0.2, 0, 0, 0.2, 0.4, 0.6, 0.8. The following 
experiment was repeated 100 times. Given 15 observations of the returns, the process for the returns of 
each asset were modeled separately in four ways: using the Yule-Walker equations to estimate lag 1 and 
lag 2 autoregressive models, the sieve bootstrap, and assuming the true distribution of the future was 
known. 200 samples of the future were generated for each asset using each model. These samples were 
then used to solve the program given in Eshafani and Kuhn (2018) given a value of the Wasserstein 
radius, and out of sample performance was measured using the next realization of the time series of 
returns. The average out of sample performance plus and minus one standard deviation was plotted for 
each Wasserstein radius used for each method used to estimate the future distribution. The lag 2 
autoregressive estimation performed the worst (here, more negative is preferable) as expected whereas 
the other three methods performed similarly, with the sieve bootstrap generally performing the same or 
better than the lag 1 autoregressive model on average for Wasserstein balls of sufficiently large radius. 

A similar experiment was performed on the same NYSE dataset with the same objective function as 
previous using the Yule-Walker equations with lags 1 and 2 as well as the sieve bootstrap. 300 samples 
of the estimated future were generated based on 15 days of stock data to solve the robust program, and 
out of sample performance is based on the returns the following day. The 15 day intervals used were 
separated by 30 day periods. The results were plotted on the right side of Figure 11 in the same manner 
as the synthetic example. All estimation methods used generated similar results on average, with the 
sieve bootstrap having higher variance for small Wasserstein radius but similar overall performance for 
sufficiently large enough radius but still reasonably small radius.  
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7 CONCLUSION 

Over the course of the performance period, the Duke University team investigated optimization of 
(potentially multiple) time-varying objective functions, where methods were developed based on 
available data as much as possible. The main contributions can be fit into three categories: 
improvements to theoretical performance guarantees were made provided sufficient assumptions 
concerning the regularity of the objectives, constraints, and dynamics of the sequence of optimization 
problems at hand, new performance measures more suitable for real-world problems were proposed 
and analyzed, and interpretable algorithms for solving real-world optimization problems of interest not 
previously considered in the literature were developed.  

Though the investigations made over the course of the period of performance offered a lot of insight 
into potential directions, there remains a plethora of items left to be investigated. From a theoretical 
perspective, dynamical systems of optimization problems are still poorly understood, in large part 
thanks to the natural topology of the space of objective functions being not amenable to analogous 
constructions commonly used in understanding other dynamical systems of practical interest. It is not 
immediately obvious as to what implications such theory would be applicable towards the goals of the 
Department of Defense. Nevertheless, several directions are of clear interest to the DoD, DARPA, and 
many branches of science as a whole. These include and are not limited to: computational methods for 
learning dynamical systems and a theoretical understanding of any fundamental limits of learning in this 
regard, leveraging knowledge of the structure of dynamical systems to develop new optimization 
methods that achieve superior performance guarantees in theory and practice, time-varying 
optimization problems with additional structural assumptions, and data-driven distributionally robust 
optimization in time-varying scenarios. In particular, the latter is of immense interest, as such 
optimization problems provide theoretical guarantees regard using only observed data and no other 
assumptions by virtue of the use of Wasserstein distance in their formulation. Significant work outside 
of this realm, however, would need to be done in better understanding the spaces of observed data 
before one could readily make progress in this area. 
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8 RESULTS DISSEMINATION 

Results were presented at  

1- 2019 International Conference on Stochastic Programming (ICSP) in Trondheim, Norway. 
2- 2019 International Conference on Continuous Optimization (ICCOPT) in Berlin, Germany. 
3- Future presentations at MIDAS Data Science Symposium in Ann Arbor, MI (11/13/19-11/15/19)  
4- 2019 IEEE Conference on Decision and Control (CDC) in Nice, France. 
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Prediction in Online Convex Optimization for Parametrizable
Objective Functions


Robert J. Ravier , A. R. Calderbank, Vahid Tarokh


Abstract—Many techniques for online optimization problems
involve making decisions based solely on presently available infor-
mation: fewer works take advantage of potential predictions. In
this paper, we discuss the problem of online convex optimization
for parametrizable objectives, i.e. optimization problems that
depend solely on the value of a parameter at a given time. We
introduce a new regularity for dynamic regret based on the accu-
racy of predicted values of the parameters and show that, under
mild assumptions, accurate prediction can yield tighter bounds
on dynamic regret. Inspired by recent advances on learning how
to optimize, we also propose a novel algorithm to simultaneously
predict and optimize for parametrizable objectives and study its
performance using numerical experiments.


I. INTRODUCTION


Online convex optimization (OCO) has received significant
attention in recent years due to its wide range of applicability.
These applications include ad selection [10], video streaming
[13], power scheduling [18] among many others. We refer the
reader to [10], [20] for a more rigorous introduction, but we
briefly summarize below.


The typical OCO scenario can be modeled as the following
game. At time t − 1, the player must pick a candidate point
xt for belonging to some constraint set X . At time t, the true
convex loss function ft(·) is revealed, and the player suffers
a loss ft(xt). This continues for a total of T time steps. The
general goal is to find an algorithm that performs well with
respect to some notion of regret. Historically, much focus has
been given towards the static regret, i.e. performance with
respect to the optimal fixed point in hindsight:


RegS({xt}) :=
T∑
t=1


ft(xt)− min
x∗∈X


(
T∑
t=1


ft(x
∗)


)
(1)


where {xt} is the sequence of moves played. It has been
well-established that algorithms can achieve sublinear [25] and
even logarithmic regret under suitable assumptions [9]. The
same cannot be said of the measure of regret of interest in our
paper, dynamic regret (sometimes called restricted dynamic
regret [23] or tracking regret [8]). Dynamic regret measures
the performance with respect to the optimal values of the
function at each time, i.e.:


RegD({xt}) :=
T∑
t=1


(
ft(xt)− min


x∗
t∈X


ft(x
∗
t )


)
(2)


OCO algorithms have been more frequently analyzed by
looking at their dynamic regret [12], [14], [17], [22], [24].
The analysis of these algorithms does not focus on sublinear
regret (as this is impossible to achieve in general [22]) but


rather focuses on bounding performance in terms of different
regularities depending on the specific algorithm employed.


Somewhat surprisingly, few of the algorithms for OCO
explicitly make use of predictions of future objective functions
and gradients. Indeed, OCO has historically been viewed
from an adversarial lens. This is perhaps too conservative for
many scenarios. For example, in applications related to power
allocation, frequently past information concerning usage is
indicative of the future. Leveraging accurate predictions could
better assist in many scenarios where online optimization
techniques are utilized. However, the effect of accurate pre-
dictions of relevant data points on the performance of such
online algorithms is generally not clear. Some algorithms
give bounds on regret in terms of the accuracy of blackbox
predictions of functions or gradients [12], [16], but it is not
immediately obvious as to how one can get these from data.
Other methods assume that accurate predictions are known
throughout the duration of the scenario (e.g. [14]), or assume
very particular structure of the resulting accuracy or potentially
involve unrealistic assumptions such as fully optimizing a
function at every point and time (e.g. [6]). We would like to
address these issues in our paper for a large class of objective
functions.


To this end, we make the observation that in many situa-
tions, the specific form of the objective function is known and
fixed throughout time. More specifically:


Definition I.1. Let f(·, ·) : Rn ×Rm → R be a function that
is convex in the first argument. An optimization problem is
parametric if it is of the form


min
x∈X


f(x, θ)


where X ⊆ Rn is a closed convex set for some θ in a
parameter space Θ ⊂ Rm.


This is a general form of optimization problem present in
predictive optimization problems [6], [11]. Throughout the
remainder of the paper, we assume that we are interested in
OCO problems where the cost functions ft are of the form
ft(x) = f(x, θt). We note that many important objective
functions of theoretical and practical interest are encompassed
by this specific form.


Example I.2. Let g1(x), ..., gm(x) be convex functions with
domain X ⊆ Rn and let Θ = ∆m be the standard unit m-
simplex. Then


f(x, θt) := θ1t g1(x) + · · ·+ θmt gm(x)


1 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited.







is a functional time series.


Example I.3. For a collection of assets A, let µt and Σt
be their corresponding sample mean and covariance, and let
λt > 0. For X = ∆|A| the unit simplex on the number of
assets |A|, the Markowitz optimal portfolio [15] with respect
to [µt,Σt, λt] is the argmin over X of the following function


f(x, [µt,Σt, λt]) = xTΣtx− λtxTµt (3)


For parametric optimization problems, prediction of objective
functions and relevant quantities reduces to prediction of
parameters, a much more well-studied though still difficult
problem (e.g. [2], [4]).


The main results of our paper are summarized as follows.
First, we show that, under mild regularity assumptions, gra-
dient descent using predicted objectives for parametric opti-
mization problems as defined in Definition I.1 can improve the
dynamic regret over standard online gradient descent provided
sufficient accuracy in predicted values. The method of proof
of our dynamic regret bounds is general enough to extend to
cases of where a descent algorithm yields a contraction, i.e.
we have some inequality of the form


||xt+1 − x∗t+1‖ ≤ ρ‖xt − x∗t+1‖ (4)


for some 0 < ρ < 1. Second, we provide a meta-learning
algorithm called SMAD, inspired by recent innovations in
learning how to optimize, that simultaneously learns the opti-
mal parameter prediction process from a collection of models
while performing descent.


The remainder of the paper is summarized as follows. In
Section II we further detail preliminary details and assump-
tions needed for the remainder of the paper. In Section III
we detail our theoretical results concerning the performance
of predictive online gradient descent. In Section IV we detail
our meta-learning algorithm for simultaneous modeling and
descent. In Section V we give numerical simulations to backup
our intutition and evaluate our algorithm’s performance. In
Section VI we make concluding remarks. Additional details,
experiments, and commentary can be found in the arXiv
version [19].


II. PRELIMINARIES


A. Regularities for Dynamic Regret


As discussed earlier, dynamic regret bounds for algorithms
focus on various regularities of the OCO problem of interest.
These regularities generally focus not on algorithmic decisions
but on properties of the elements of the problem outside of the
algorithm’s control. We briefly a number of these quantities.
One of the more prevalent regularities, notably appearing in
[17], [25] is the path length of the sequence of optimal points:
if x∗t = argminx∈X ft(x) for ft convex, then


P∗ :=
T−1∑
t=1


‖x∗t − x∗t+1‖


Other regularities of interest include the squared path length
introduced in [24], functional variation [1] and the gradient
variation [7], which are measurements that depend on the
sup norm of the differences between the functions and their
gradients between times t− 1 and t.


More directly relevant to our discussion are what we term
prediction regularities. These are not regularities as above
in the sense that they are within an algorithm’s purview.
Nevertheless, they have demonstrated importance for certain
regret bounds. [12] introduces a squared predictive gradient
regularity


T∑
t=1


‖Mt −∇xft(xt)‖2


where Mt is a prediction of ∇xft(xt) prior to it becoming re-
vealed. We will consider predictive regularities consistent with
the parametric optimization framework we outlined earlier.
For ft(x) = f(x, θt), we consider the parameter prediction
regularity


P θ :=
T∑
t=2


‖θt − θ̂t‖


This quantity measures cumulative prediction error respect
to the parameters (hence objective functions) and will be
important to our subsequent analysis. One can also similarly
introduced a squared parameter prediction regularity in a
manner analogous to the squared path length, obtained by
squaring the norms in the above term, but we do not pursue
this.


B. Theoretical Assumptions


We now detail the theoretical assumptions needed for the
remainder of the paper. The first few assumptions are standard
for dynamic regret analysis in OCO and can be seen in, for
example, [17], [24]. Recall that all functions we consider will
be of the form ft(x) = f(x, θt) and that our closed, convex
constraint set is given by X with corresponding projection ΠX
and the parameter set is given by Θ.


Assumption II.1. The function f(x, θ) is Lipschitz continu-
ous in x, i.e. there exists a constant G > 0 such that, for all
x, y ∈ X and θ ∈ Θ


|f(x, θ)− f(y, θ)| ≤ G‖x− y‖.


Assumption II.2. The function f(x, θ) is L-smooth in x, i.e.
there exists a constant L > 0 such that, for all x, y ∈ X and
θ ∈ Θ


f(y, θ) ≤ f(x, θ) +∇xf(x, θ)T (y − x) +
L


2
‖y − x‖2


Assumption II.3. The function f(x, θ) is λ-strongly convex in
x, i.e. there exists a constant λ > 0 such that, for all x, y ∈ X
and θ ∈ Θ
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Algorithm 1: Online Predictive Gradient Descent


1: Input: Step size η > 0, and x1 ∈ X
2: for t = 1→ T do
3: Receive parameter θt
4: Predict θ̂t+1 from θt, ..., θ1
5: Compute xt+1 = ΠX (xt − η∇xf(x, ˆθt+1)
6: end for


f(y, θ) ≥ f(x, θ) +∇xf(x, θ)T (y − x) +
λ


2
‖y − x‖2


The first two assumptions are common throughout the OCO
literature and give upper bounds on the first and second
derivatives. Assumption II.3 is a stronger assumption on the
curvature of the objective, first appearing in dynamic regret
analysis in [17], but is a common assumption for the analysis
of descent algorithms like gradient descent in both the online
and offline settings [3], [9]. Quadratic functions defined over
a compact set are examples of functions satisfying all three
assumptions.


For our analysis, we will need an additional regularity
assumption concerning the behavior of gradients with respect
to θ.


Assumption II.4. The function f(x, θ) has Lipschitz contin-
uous x-gradients in θ, i.e. there exists some Cθ > 0 such that,
for all θ1, θ2 ∈ Θ and x ∈ X , we have


|∇xf(x, θ1)−∇xf(x, θ2)| ≤ Cθ‖θ1 − θ2‖.


It is not hard to check that functional time series (Example
I.2) satisfies Assumption II.4 provided that the sum of the
∇x(g1(x) + · · · + gm(x)) is bounded. It is similarly easy
to see that the Markowitz portfolio function in Example I.3
also satisfies Assumption II.4 when viewing the collection of
parameters as a column-stacked vector.


III. THEORETICAL RESULTS FOR PREDICTION IN
DESCENT


We now analyze gradient descent when incorporating pa-
rameter prediction, though other algorithms (e.g. Newton’s
method) can be analyzed as well. See Algorithm 1 for the
pseudocode. The main difference between Algorithm 1 and
standard online gradient descent is in the prediction step in
the form of the parameter prediction. As prediction can mean
many different things depending on the situation at hand, we
avoid mentioning a particular process at this stage.


In analyzing Algorithm 1, we are specifically interested
in bounding the dynamic regret in terms of the path-length
expression P∗ as well as the parameter prediction regularity
P θ. To this end, we have the following result.


Theorem III.1. Let Assumptions 1-4 hold. If η ≤ 1/L, then
for a Cη,λ < 1 we have the following bound on regret of
Algorithm 1:


RegD({xt}) ≤
G‖x1 − x∗1‖


1− Cη,λ
+


GCη,λ
1− Cη,λ


P∗ +
GηCθ


1− Cη,λ
P θ


(5)


The following lemma, which we state without proof from
[24], makes the constant Cη,λ in the above theorem more
precise.


Lemma III.2. Let g(x) be a λ-strongly convex function and L
smooth with minimum attained at x∗. Then projected gradient
descent is a contraction provided that η ≤ 1


L : if X is the
constraint set and ΠX is the projection onto X , we have


‖ΠX (v − η∇g(v))− x∗‖ ≤ Cλ,η‖v − x∗‖


where Cλ,η :=
√


1− 2λη
1+ηλ .


The proof of the theorem is similar to other calculations
of dynamic regret with a few modifications to accommodate
the difference in descent strategy. We briefly summarize the
proof methodology and defer the exact details to the Appendix,
though the interested reader will also find the discussion in
the proof of Corollary 1 enlightening. Previous bounds on the
regret for online gradient descent were built around the fact
that the descent direction at time t for guessing xt+1 was∇xft
and not ∇xft+1. However, we are explicitly trying to descend
using a prediction of ft+1. Our error in this end will be driven
by the quality of our prediction of ∇xft+1. Assumption II.4
gives that this is controlled by the quality of the parameter
prediction. Standard bounding and rearranging then gives the
proof of the theorem.


We discuss the results of the bound. When comparing
our result to the results of [17] and [24], we notice that an
additional multiplicative constant less than 1 appears in front
of the path length P∗ at the cost of the entire P θ term. If
we have perfect prediction, or even near perfect, this allows
us to achieve a smaller regret bound, potentially significantly
so depending on the exact quantity of P∗. For imperfect
prediction, there is a tradeoff, and it is possible that previous
regret bounds are superior in some instances. We emphasize
that we are not proposing a particular prediction scheme
as different problems may require very different prediction
methodologies, thus creating sufficient interest in a general
result. We detail a few examples of interest below.


Example III.3. Assume that the actual amount of time
between θt and θt+1 is some constant ∆t > 0. Assume
that we know that θt satisfies some ordinary differential
equation θ̇t = V (θt, t). Runge-Kutta methods can be used
to numerically integrate the ODE and compute a predicted
value θ̂t+1 whose error is of the order (∆t)4. Sufficiently small
values of ∆t will thus guarantee small contribution from the
prediction regularity.


Example III.4. Following [6], we consider the case that
our predictions are accurate up to noise, i.e. θt − θ̂t =
ht1X


t
1 + · · ·htkXt


k for each t where the Xt
i are i.i.d. mean
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zero sub-Gaussian random variables with variance parameter
σ2 and the hti are constants. Though this implies that P θ


is a random variable, it is well known that such a linear
combination satisfies a high probability bound:


P


(∣∣∣∣∣
k∑
i=1


htiX
t
i


∣∣∣∣∣ > ε


)
≤ exp


− ε2


σ2
(∑k


i=1(hti)
2
)



This implies that P θ will also be small with high probability
provided that the hti and/or σ2 are sufficiently small.


It is not clear a priori that the regret bounds in Theorem III.1
will improve on the ones previously established for the naive
prediction in [17], [24] We now consider the case where we
may wish to perform multiple descent steps between each
iteration. This will inject powers of Cη,λ into the above regret
bound, potentially increasing the error bound. Surprisingly,
this does not significantly affect the constant in front of P θ.


Corollary 1. Let Assumptions 1-4 hold. Consider Algorithm
1 with the single gradient descent step replaced by k gradient
descent steps If η ≤ 1/L, then we have the following bound
on regret of this revised version Algorithm 1:


RegD({xt}) ≤
G‖x1 − x∗1‖


1− Ckη,λ
+


GCkη,λ
1− Ckη,λ


P∗ +
GηCθ


1− Cη,λ
P θ


(6)


Note that as the number of gradient steps taken goes to infinity,
the constant in front of P∗ goes to zero, leaving concentrating
the regret error in the estimation error P θ. This is suggestive
that the above bound is conservative, but we do not pursue
this here.


IV. SMAD: SIMULTANEOUS MODELING AND DESCENT


The theoretical results in the previous section are rather
general, and give regret bounds in terms of the quality of
prediction without specifying how this prediction is done
in general. Frequently we do not know the true process
generating the data we are trying to predict, but instead have
a collection of candidate models for which we hope at least
one will make accurate predictions. To this end, we would like
to develop a practical algorithm that will gradually learn the
best data generating model over which to optimize among a
predetermined collection of models.


In particular, we follow the ideas of MetaGrad and Ader
[21], [23] and employ an approach based on expert learning.
Expert learning has been well studied (see, e.g., [5]) and is
summarized as follows. Each expert corresponds to a particular
class of data-generating models (for example, each expert can
correspond to the lag of an autoregressive (AR) model). We
assume that each expert knows the specific function f(x, θ)
that we are trying to optimize. At time t − 1, each expert
makes a prediction θ̂it as to the future value of θ and uses
this prediction in order to evaluate its own predictive online
gradient descent procedure, thus giving a predicted value of
x denoted xit. Each expert suffers a loss based on evaluating


Algorithm 2: Expert Learning Algorithm for Simultaneous Descent and
Data Modeling


Input: Parameters β, η, γ > 0, initial data θ−i0 , ..., θ0
Output: pt = [pt,1, ..., pt,N ] (predictive distribution over
the collection of N models), xt (predictive points for
optimization)
Initialize w1,0 = ... = wk0,0 = 1, wk,0 = 0 for k > k0
Initialize M = k0
for t = 1→ T do


if Initializing new model then
Compute wi,t−1 = (1− β)wi,t−1 for i ≤M
Compute wM+1,t−1 = β
Compute pi,t−1 =


wi,t∑N
i=1 wi,t


Initialize xM+1
t−1 = xt−1


Compute M = M + 1
end if
Observe θt
Initialize xt = 0
for 1 ≤ i ≤M do


Receive vi = ΠX (xit−1 − η∇xf(xit−1, θ̂
i
t)) from


expert i
Compute xt = xt + pi,t−1vi
Compute li = exp[−γf(X (vi), θt)]
Compute wi,t = pi,t−1li


end for
Output xt = ΠX (xt)
Compute wi,t = pi,t−1li
Compute pi,t =


wi,t∑N
i=1 wi,t


end for


f(xit, θt), the experts are reweighted using a Gibbs posterior
update procedure, and the process is repeated until the last
time point is reached.


We briefly comment on the conditional statement in our
expert descent algorithm. From a practical standpoint, when
one wishes to start modeling data with a collection of models,
they may not have a sufficient amount of data to reliably use
a particular model. For example, if one wishes to model a
time series of data with an AR(k) process via the Yule-Walker
equations, one cannot reliably estimate a model if the number
of data points is not sufficiently large relative to k. To accom-
modate for this, we allow the user to specify whether/when
additional models are added, and do this by mixing a new
model in by reweighting the predictive distribution. When a
new model comes online, we propose to initialize its candidate
x-value at the previous point output by the algorithm. We will
make use of these procedures in our numerical examples, but
for ease of presentation avoid this in our theoretical analysis.


We present the results of our theoretical analysis below.


Theorem IV.1. Assume Assumptions 1-4 hold and that the
range of f(x, θ), D := supx,θ f(x, θ) − infx,θ f(x, θ) is
bounded. Then if Algorithm (2) introduces no additional
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models upon starting, it has regret bound


RegD({xt}) ≤
G‖x1 − x∗1‖


1− Cη,λ
+


GCη,λ
1− Cη,λ


P∗


+
GηCθ


1− Cη,λ
min
i
P θi +


D
√


2T


4
(1 + lnN)


where P θi is the parameter prediction regularity for model i
and mini is with respect to the available models.


The proof combines standard techniques for evaluating
expert learning algorithms as in [5] along with previous regret
analysis for predictive online gradient descent and is reserved
for the Appendix.


V. NUMERICAL EXPERIMENTS


We now detail numerical experiments investigating the
efficacy of prediction in OCO for parametric objectives as
well as the performance of our objective function. We will
primarily compare our prediction related results to standard
online gradient descent (OGD), where the descent direction is
fully determined by the value of the objective function at the
present. From an intuitive perspective, if the process govern-
ing the objective function is relatively stationary with small
variation between time steps, we would anticipate minimal
difference between standard OGD and the predictive version
we laid out above. The main differences should arise when
there are predictable but significant jumps in the parameter
governing the objective function for which a method with close
to accurate models will predict reasonably well, whereas OGD
will suffer a loss for not catching the jump.


A. OGD versus Prediction with Fixed Model


We consider the case where we have one reasonable can-
didate model of the objective function parameter. This first
experiment is adapted directly from [17]. We consider the
parametric objective function


ft([x1, x2]) = f([x1, x2], [at, bt, ct])


= 100(x1 − at)2 + (x2 − bt)2 + ct


where [at, bt, ct] alternates between [−100, 0, 30] + εt and
[100, 20,−50] + εt every four iterations, where εt is three-
dimensional Gaussian noise with mean zero and covariance
10I3. The constraint set is the disc centered at the origin
with radius 50. We compare the performance of OGD with
the performance of the following procedure: follow OGD
for the first 10 timesteps, then estimate a two dimensional
AR(4) model for [at, bt] using the Yule-Walker equations, and
use predictive online gradient descent. Both methods will be
initalized at [0, 40]. Following the convention in [17], we set
the step size for both methods to be 1/200.


The results of the experiment averaged over fifty repetitions
can be found in Figure 1. The main validation measure we
employ is the difference in cumulative regret between the
predictive version of OGD and the standard version of OGD.


Fig. 1: Difference in dynamic regret between Predictive OGD and OGD.
Lower numbers indicate better performance for Predictive OGD.


For this measure, lower values indicate better performance of
the predictive method. As expected, the curve remains flat
for the first 10 timesteps as the descent method is the same.
When the model estimation turn starts, the predictive method
begins to outperform the standard OGD as evidenced by the
gradually decreasing curve in the figure. The steps on the curve
is indicative of the step-like behavior of the cumulative OGD
regret as observed in [17].


B. Evaluation of Expert Learning Algorithm


We would now like to test out Algorithm 2 in its ability to
learn how to descend. To this end, we keep most of the same
settings as in the first experiment, but we change the switching
process: [at, bt, ct] alternates between [−100, 0, 30] + εt for
four time steps and [100, 20,−50] + εt for six time steps. The
models that we use are AR(k) for k between 1 to 5. We first
observe the process for ten time steps before using an AR(1),
and then add a new AR model every ten time steps until all
five are active. All models are again estimated by the Yule
Walker equations. For the other parameters of the algorithm,
we use β = 0.2 and γ = 5× 10−7.


The results of the experiment averaged over fifty repetitions
can be found in Figure 2. Initially, the algorithm performs
worse than OGD, which is not surprising as the initial models
are not close to the parameter process. As higher lag AR
models are added and the available models include ones closer
to the true process, the performance of the expert learning
method improves, eventually becoming the clear favorite over
standard OGD.


VI. CONCLUSION


We have discussed the problem of online convex opti-
mization for a wide class of parametric objective functions,
for which prediction of parameters subsequently gives us
predictions of objective functions. We analyzed a predictive
version of online gradient descent and showed that its dynamic
regret can improve on currently known bounds provided that
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Fig. 2: Difference in dynamic regret between our expert learning method
and OGD. Lower numbers indicate better performance for the expert learning
method.


prediction of parameters is accurate. We proposed SMAD, an
expert learning-based algorithm that allows us to simultane-
ously model the parameter process and optimize. We finally
showed via numerical examples the power of prediction in
OCO, especially in environments where sharp changes can oc-
cur, and showed that SMAD can offer better performance than
standard online gradient descent in numerical performance.
Additional details, experiments, and commentary can be found
in the arXiv version [19].
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APPENDIX


A. Proof of Theorem III.1


The dynamic regret upper bound computation is similar
to others. Recall that x∗t denotes the minimizers From the
assumption that x-gradients are bounded above by a constant
G for all θ, we have


T∑
t=1


f(xt, θt)− f(x∗t , θt) ≤ G
T∑
t=1


‖xt − x∗t ‖
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To bound the sum on the right-hand side, observe by the
definition of the algorithm and the triangle inequality, we have:


T∑
t=2


‖xt − x∗t ‖ =
T∑
t=2


‖(ΠX (xt−1 − η∇xf(xt−1, θ̂t)(−x∗t ‖


≤
T∑
t=2


‖ΠX (xt−1 − η∇xf(xt−1, θt))− x∗t ‖


+
T∑
t=2


η‖∇xf(xt−1, θt)−∇xf(xt−1, θ̂t)‖


We implicitly used the fact that the projection operator is
nonexpansive in our setting in the second inequality. So, we
have, referencing Lemma III.2:


T∑
t=2


‖xt − x∗t ‖ ≤
T∑
t=2


‖ΠX (xt−1 − η∇xf(xt−1, θt)− x∗t ‖


+ η


T∑
t=2


‖∇xf(xt−1, θt)−∇xf(xt−1, θ̂t)‖


≤
T∑
t=2


Cη,λ‖xt−1 − x∗t ‖


+ η
T∑
t=2


‖∇xf(xt−1, θt)−∇xf(xt−1, θ̂t)‖


≤
T∑
t=2


Cη,λ‖xt−1 − x∗t ‖+ η


T∑
t=2


Cθ‖θt − θ̂t‖


≤ Cη,λ
T∑
t=2


‖xt−1 − x∗t−1‖


+ Cη,λ


T∑
t=2


‖x∗t−1 − x∗t ‖+ ηCθ


T∑
t=2


‖θt − θ̂t‖


≤ Cη,λ‖x1 − x∗1‖+ Cη,λ


T∑
t=2


‖xt − x∗t ‖


+ Cη,λ


T∑
t=2


‖x∗t−1 − x∗t ‖+ ηCθ


T∑
t=2


‖θt − θ̂t‖


where the second inequality follows from Lemma III.2, the
third inequality follows from the Lipschitz continuity in θ of
the x-gradients, the fourth inequality from the triangle inequal-
ity, and the last inequality from the norm being nonnegative.
Subtracting the second term on the last line from both sides,
because Cη,λ < 1, we see that


T∑
t=2


‖xt − x∗t ‖ ≤
Cη,λ


1− Cη,λ


(
‖x1 − x∗1‖+


T−1∑
t=1


‖x∗t − x∗t+1‖


)


+
Cθη


1− Cη,λ


T∑
t=2


‖θt − θ̂t‖


Plugging this estimate into Equation A and some minor
algebra completes the proof.


B. Proof of Corollary 1


Proof. The same idea as the single gradient proof holds, but
the estimate is slightly different. Indeed, we can replace the
one step gradient descent with a k-step gradient to also get a
contraction, with Cη,λ being replaced by Ckη,λ. However, as
we are computing a gradient descent step with θ̂t and not θt,
we must use a triangle inequality at every iteration before we
can use the contractive estimate.


More precisely, let zkt be the point obtained by using k
predicted gradient descent steps from xt−1. We can repeat the
above analysis to see


‖zkt − x∗t ‖ = ‖zk−1t − η∇xf(zk−1t , θ̂t)− x∗t ‖
≤ ‖zk−1t − η∇xf(zk−1t , θt)− x∗t ‖
+ η‖∇xf(zk−1t , θt)−∇xf(zk−1t , θ̂t)‖
≤ Cη,λ‖zk−1t − x∗t ‖+ ηCθ‖θt − θ̂t‖


A routine induction gives


‖zkt − x∗t ‖ ≤ Ckη,λ‖xt−1 − x∗t ‖+ Cθη‖θt − θ̂t‖
k−1∑
i=0


Ciη,λ


≤ Ckη,λ‖xt−1 − x∗t ‖+
Cθη((1− Ckη,λ)


1− Cη,λ
‖θt − θ̂t‖


where the last inequality follows by majorizing the summation
in the first inequality by an infinite series and subsequent
summation.


C. Proof of Theorem IV.1


The basic idea of the proof is to follow the basic regret
calculation for the expert learning algorithm, and then use
the result of Theorem III.1. The expert learning calculation
is routine and adapted from [5] for the sake of completeness.
Assume that the models are indexed from 1 to N . Then for
model i,, define Lit =


∑t
k=1 fk(xik) and


Wt =
N∑
i=1


wi,0e
−γLi


t


From this, it follows that properties of the logarithm that


lnWT ≥
(


ln max
1≤i≤N


wi,0e
−γLi


T


)
= −γ


(
min


1≤i≤N


(
LiT +


1


γ
ln


1


wi,0


))
= −γ


(
min


1≤i≤N


(
LiT +


1


γ
lnN


))
(7)


By logarithm properties, we also have that lnWT = lnW1+∑T−1
i=1 ln


(
WT


WT−1


)
. It is not hard to see by the definition of


wi,t, we have


ln


(
Wt


Wt−1


)
= ln


(
N∑
i=1


wi,te
−γft(xi


t)


)
(8)
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Note that the sum on the left is an expectation of the random
variable e−γft(x


i
t), so Hoeffding’s and Jensen’s inequalities


gives


ln


(
Wt


Wt−1


)
≤ −γ


(
N∑
i=1


wi,tft(x
i
t)


)


+
γ2D2


8
≤ −γft


(
N∑
i=1


wi,tx
i
t


)
+
γ2D2


8


≤ −γf(xt) +
γ2D2


8
(9)


Combining Equations 7, 8, and 9, we have


−γ
(


min
1≤i≤N


(
LiT +


1


γ
lnN


))
≤ lnWT


≤ −γ
T∑
t=1


ft(xt)


+
γ2TD2


8
(10)


Cancelling a γ on both sides and rearranging Equation 10
gives


T∑
t=1


ft(xt)−min
i


(
T∑
t=1


ft(x
i
t)


)
≤ TγD2


8
− 1


γ
lnN (11)


Routine calculus minimizes the right hand side of Equation
11 by setting γ =


√
8/(TD2 to get


T∑
t=1


ft(xt)−


(
T∑
t=1


ft(x
i
t)


)
≤ D


√
2T


4
(1 + lnN) (12)


for every i. Since each model follows its own version of
predictive online gradient descent, each model has its own
bound according to Theorem III.1, namely:


T∑
t=1


ft(x
i
t)−


(
T∑
t=1


ft(x
∗
t )


)
≤ G‖x1 − x∗1‖


1− Cη,λ
+


GCη,λ
1− Cη,λ


P∗


+
GηCθ


1− Cη,λ
min
i
P θi (13)


Combining Equations 12 and 13 for the i with the smallest
bound for Equation 13 completes the proof.
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A Distributed Online Convex Optimization Algorithm
with Improved Dynamic Regret


Yan Zhang, Robert J. Ravier, Michael M. Zavlanos, Vahid Tarokh


Abstract— In this paper, we consider the problem of dis-
tributed online convex optimization, where a network of local
agents aim to jointly optimize a convex function over a period
of multiple time steps. The agents do not have any information
about the future. Existing algorithms have established dynamic
regret bounds that have explicit dependence on the number
of time steps. In this work, we show that we can remove
this dependence assuming that the local objective functions are
strongly convex. More precisely, we propose a gradient tracking
algorithm where agents jointly communicate and descend based
on corrected gradient steps. We verify our theoretical results
through numerical experiments.


I. INTRODUCTION


Distributed optimization has recently received consider-
able attention, particularly due to its wide applicability in
the areas of control and learning [1–4]. The goal is to
decompose large optimization problems into smaller, more
manageable subproblems that are solved iteratively and in
parallel by a group of communicating agents. As such,
distributed algorithms avoid the cost and fragility associated
with centralized coordination, and provide better privacy for
the autonomous decision makers.


In this paper, we are concerned with distributed online
convex optimization (OCO) problems, where the objective
function can vary with time and the goal is to minimize
a notion of regret. Most effort in OCO has been devoted
to analyzing algorithms using static regret, which compares
the computed candidate optima with the best fixed action in
hindsight. It is well known that the static regret of distributed
OCO algorithms grows sublinearly with the iterations; see
[5–9] for examples. Our focus is on dynamic regret, which
compares the output of the algorithm at each time with the
current optimal value at that time. Dynamic regret is of more
interest when the goal is to track a sequence of varying op-
timal solutions, as in distributed tracking of moving targets.
It is well known that, in general, sublinear dynamic regret
cannot be achieved even in the centralized case; bounds on
dynamic regret are related to problem regularities, which
are measures of how the individual optimization problems
change over time [10–12]. The distributed problem has
been analyzed in [13,14]. The work in [13] makes use
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of an online version of mirror descent, while [14] uses a
distributed variant of the celebrated ADAM algorithm [15].
In both cases, the bounds achieved depend on the path-length
regularity as well as the total number of time steps.


The dependency of dynamic regret on the number of
time steps was removed in [16] by assuming the objective
function to be strongly convex, and then in [12] under weaker
conditions than strong convexity, both in the centralized case.
The key idea is that with sufficient assumptions, the standard
offline algorithms can be shown to exhibit linear convergence
provided a small enough step size is used. In this paper, we
show that analogous results can hold in the distributed setting
by employing the gradient tracking technique in [17]. Our
main result shows that strong convexity allows us to elimi-
nate the explicit dependence on time in the regret bound. The
algorithm that we propose is an online modification of those
featured in [17,18], which themselves are corrected versions
of decentralized gradient descent [19]. In the process, we use
another regularity in OCO for variations in the gradient.


The remainder of the work is organized as follows. In
Section II, we formulate the problem and present assump-
tions necessary for the subsequent analysis. In Section III,
we present our proposed algorithm and analyze its dynamic
regret bounds. In Section IV we perform numerical experi-
ments to evaluate the quality of our bounds and algorithm.
We make concluding remarks in Section V.


II. REVIEW AND PRELIMINARIES


We briefly review necessary background for the distributed
OCO problem at hand. At each time t, we are interested
in optimizing a differentiable convex function ft(x) :=∑n
i=1 fi,t(x), where n is the size of the network and {fi,t}


are differentiable convex functions corresponding to each
agent i in a connected network. Let each agent keep a
local estimate xi,t of the global optimizer x∗t at t. At time
t = 0, the agents are initialized with starting points xi,0
and the gradients ∇fi,0(xi,0) are observed locally. Though
many notions of regret exist, there are two notions that have
historically been most popular in the OCO literature. The
static regret is a measurement of performance with respect
to the best fixed decision in hindsight and is given in the
distributed setting by


RsT :=
1


n


n∑
i=1


T∑
t=0


ft(xi,t)−min
x


T∑
t=1


ft(x). (1)


The focus of our paper is on dynamic regret. In this measure,
the performance of the algorithm is measured with respect
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to the best decision at each time. Formally, it is defined as


RdT :=
1


n


n∑
i=1


T∑
t=0


ft(xi,t)−
T∑
t=1


min
xt


ft(xt). (2)


Unlike the static regret RsT that can be shown to grow
sublinearly with T , the dynamic regret RdT depends on
problem regularities. The most common regularity is the
optimizer path-length, which is the sum of the distance
between the individual optimal points at each time, i.e.,


PT :=
T−1∑
t=0


‖x∗t+1 − x∗t ‖, (3)


where the norm is in the L2-sense. The distributed on-
line algorithms in [13,14] both have regret that is asymp-
totically O(


√
TPT ). In this paper, we will also need


what we call the gradient path-length. Let gt(xt) =
[∇f1,t(x1,t), . . . ,∇fn,t(xn,t)]T . Then, the gradient path-
length is given by


VT :=
T−1∑
t=0


‖gt+1 − gt‖∞, (4)


where ‖·‖∞ denotes the L∞ norm. A similar squared version
of VT known as the gradient variation has appeared in
regret bounds before in [11,20]. We also make the following
assumptions on the local objective function fi,t at each time.


Assumption II.1. For all i and t, the function fi,t is
Lf−Lipschitz, that is, there exists a constant Lf > 0 such
that


|fi,t(x)− fi,t(y)| ≤ Lf‖x− y‖, for all x, y.


Assumption II.2. For all i and t, the function fi,t is Lg-
smooth, i.e. there exists a constant Lg > 0 such that


‖∇fi,t(x)−∇fi,t(y)‖ ≤ Lg‖x− y‖, for all x, y.


As previously discussed, we will also make use of the
additional assumption of strong convexity on ft(x).


Assumption II.3. For all t, the global objective function ft
is µ-strongly convex.


Strong convexity is an assumption used in offline convex
optimization to prove linear convergence of gradient descent.
This is expressed formally in the following result shown in
[18], which we state without proof.


Lemma II.4. Let F (x) be µ-strongly convex and its gradient
be β-Lipschitz continuous. Moreover, let x0 ∈ Rd and 0 <
η < 2


β , and define x1 := x0 − η∇F (x). Then, for λ :=
max(|1− ηµ|, |1− ηβ|) < 1, we have ‖x1 − x∗‖ ≤ λ‖x0 −
x∗‖.


Furthermore, we introduce notations and an assumption
on the network structure. Denote the graph as G = (V, E),
where V is the agent index set {1, . . . , n} and E is the edge
set. (i, j) ∈ E if agent i can receive information from agent
j. We define a weight matrix W that encodes the topology
of graph G. Specifically, if Wij 6= 0, edge (i, j) ∈ E and


Algorithm 1: Distributed Online Optimization with Gradient Tracking


Require: The primal variable xi,0, the local gradient
∇fi,0(xi,0) and global gradient estimate yi,0 =
∇fi,0(xi,0) for all i, and the doubly stochastic matrix
W := (wi,j).


1: for 1 ≤ t ≤ T do
2: For all i = 1, . . . , n, agent i computes


xi,t+1 =
∑
j∈Ni


Wij(xj,t − αjyj,t). (5a)


3: For all i = 1, . . . , n, agent i computes


yi,t+1 =
∑
j∈Ni


Wijyj,t +∇fi,t+1(xi,t+1)


−∇fi,t(xi,t).
(5b)


4: end for


vice versa. We make the following assumption on graph G
and matrix W .


Assumption II.5. The graph G is undirected and connected.
Furthermore, W is doubly stochastic and symmetric. That
is, W1 = 1 and W = WT .


A direct consequence of Assumption II.5 is that the L2


matrix norm ‖W − 1
n11


T ‖ = σW < 1, where σW is
also called the mixing rate. When σW is small, the network
reaches consensus faster, see [21].


III. ALGORITHM AND PERFORMANCE ANALYSIS


Our proposed algorithm is detailed in Algorithm 1. With-
out loss of generality, we suppose that the iterates in Algo-
rithm 1 satisfy xi,t, yi,t ∈ R. Let α = diag(α1, . . . , αn).
The update in (5) can be written in a compact form


xt+1 = W (xt − αyt), (6a)


yt+1 = Wyt + gt+1(xt+1)− gt(xt). (6b)


The updates (6a) and (6b) are an online analogue to the
algorithm proposed in [17]. We start by assuming that the
agents have access to the local gradient at the present. The
algorithm proceeds by alternating between descent and gra-
dient computation steps, simultaneously communicating with
other agents. Rather than performing standard distributed
gradient descent, we employ a correction that corrects for
the difference in the gradient between the current points and
those in the immediate past. This technique is shown in [17]
to improve the convergence rates for the offline problem.
Denote by x̄t = 1


n


∑
i xi,t, ȳt = 1


n


∑
i yi,t the average values


of the primal variables and the gradients across the network.
We have the following lemma.


Lemma III.1. Let Assumption II.1 hold. Then, the regret
RdT is upper bounded by


RdT ≤
√
nLf


T∑
t=0


‖xt − 1x̄t‖+ nLf


T∑
t=0


‖x̄t − x?t ‖.
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Proof. Given Assumption II.1, for all i and t, we have that
ft(xi,t) − ft(x?t ) ≤ nLf‖xi,t − x?t ‖. Summing both sides
over i and t and dividing by n, we have that


RdT ≤ Lf
T∑
t=0


n∑
i=1


‖xi,t − x?t ‖. (7)


Adding and subtracting x̄t inside the norm in (7) and
applying the triangle inequality, we have that


RdT ≤ Lf
T∑
t=0


n∑
i=1


‖xi,t − x̄t‖+ nLf


T∑
t=0


‖x̄t − x?t ‖


≤
√
nLf


T∑
t=0


‖xt − 1x̄t‖+ nLf


T∑
t=0


‖x̄t − x?t ‖.


The second inequality is due to the inequality of the root
mean square and the arithmetic mean. The proof is complete.


From Lemma III.1, we observe that the regret is upper
bounded by the network error


∑T
t=0 ‖xt − 1x̄t‖ and the


tracking error
∑T
t=0 ‖x̄t − x?t ‖. Next, we shall show that


under an appropriate step size, both errors are bounded by
the regularity of the problem up to a scaling factor. Before
presenting this result, we need the following lemma


Lemma III.2. Let Assumption II.5 hold. Then, for all t, we
have 1T yt = 1T gt(xt).


Proof. According to the initialization of Algorithm 1, yi,0 =
∇fi,0(xi,0), the above equality is satisfied when t = 0.
Next, we use mathematical induction: Assuming that 1T yt =
1T gt(xt), we need to show 1T yt+1 = 1T gt+1(xt+1). Re-
calling the update in (6b), we have that 1T yt+1 = 1TWyt+
1T gt+1(xt+1) − 1T gt(xt) = 1T yt + 1T gt+1(xt+1) −
1T gt(xt) = 1T gt+1(xt+1). The proof is complete.


Lemma III.3. Let Assumptions II.2, II.3 and II.5 hold. Then,
there exist small enough step sizes [α1, . . . , αn] such that∑T
t=0 ‖x̄t−x?t ‖,


∑T
t=0 ‖xt−1x̄t‖ and


∑T
t=0 ‖yt−1ȳt‖ are


all of order O(C1 +C2 +C3 +PT +VT ), where C1 = ‖x̄0−
x?0‖, C2 = ‖x0 − 1x̄0‖ and C3 = ‖y0 − 1ȳ0‖. Furthermore,
if α1 = ... = αn, then the step sizes can be chosen as
αi <


1−σ2
W


1−σ2
W+2σW


1


1+n
Lg
µ


1
Lg


, for all i.


Proof. The first step is to show the contraction of ‖x̄t−x?t ‖,
‖xt−1x̄t‖ and ‖yt−1ȳt‖ over time. According to (6a), we
have that


‖x̄t+1 − x?t+1‖ = ‖ 1


n
1Txt+1 − x?t+1‖


= ‖ 1


n
1TW (xt − αyt)− x?t + x?t − x?t+1‖


≤ ‖x̄t −
1


n
1Tαyt − x?t ‖+ ‖x?t − x?t+1‖.


(8)


Denote ȳt = 1
n1


T yt, ḡt = 1
n1


T gt(1x̄t) and α′ = 1
n1


Tα1.
Adding and subtracting α′ḡt and α′ȳt in ‖x̄t− 1


n1
Tαyt−x?t ‖


in (8) and using the triangle inequality, we have that


‖x̄t −
1


n
1Tαyt − x?t ‖ ≤ ‖x̄t − α′ḡt − x?t ‖


+ α′‖ḡt − ȳt‖+
‖1Tα‖
n
‖yt − 1ȳt‖.


(9)


According to Lemma 10 in [18] and the µ−strong convexity
of ft(x), we have that ‖x̄t−α′ḡt−x?t ‖ ≤ (1− 1


nα
′µ)‖x̄t−


x?t ‖ if the step size satisfies 1
nα
′ ∈ (0, 1


nLg
). In addition,


due to Lemma III.2 and Assumption II.2, we have that
‖ḡt − ȳt‖ = 1


n‖1
T gt(1x̄t) − 1T gt(xt)‖ ≤ Lg√


n
‖xt − 1x̄t‖.


Combining these inequalities with (8) and (9), we have that
‖x̄t+1−x?t+1‖ ≤ (1− 1


nα
′µ)‖x̄t−x?t ‖+α′


Lg√
n
‖xt−1x̄t‖+


‖1Tα‖
n ‖yt − 1ȳt‖ + ‖x?t − x?t+1‖. Adding both sides of the


above inequality from t = 0 to t = T − 1, adding ‖x̄0−x?0‖
to both sides and adding (1− 1


nα
′µ)‖x̄T −x?T ‖ on the right


hand side, and rearranging the terms, we have that
T∑
t=0


‖x̄t − x?t ‖ ≤
C1


β1
+


√
nLg
µ


T∑
t=0


‖xt − 1x̄t‖


+
‖1Tα‖
α′µ


T∑
t=0


‖yt − 1ȳt‖+
n


α′µ


T∑
t=1


‖x?t − x?t−1‖,


(10)


where C1 = ‖x̄0 − x?0‖, β1 = 1
nα
′µ. Next, we bound the


term
∑T
t=0 ‖xt − 1x̄t‖. According to (6a), we have that


‖xt+1 − 1x̄t+1‖ = ‖W (xt − αyt)−
1


n
11TW (xt − αyt)‖


≤ ‖W − 11T


n
‖‖xt − 1x̄t‖+ ‖W − 11T


n
‖‖α‖‖yt‖.


(11)


Furthermore, we get that


‖yt‖ ≤ ‖yt − 1ȳt‖+ ‖1‖‖ȳt‖


≤ ‖yt − 1ȳt‖+ ‖1‖‖ȳt − ḡt‖+ ‖1‖‖ḡt −
1


n
1T gt(1x


?
t )‖


≤ ‖yt − 1ȳt‖+ Lg‖xt − 1x̄t‖+
√
nLg‖x̄t − x?t ‖. (12)


The second inequality above is due to the fact that x?t is the
optimizer at time t and 1T gt(1x


?
t ) = 0. The last inequality


is due to the same reasoning following (9). Recalling that
‖W − 11T


n ‖ = σW < 1, and combining the inequalities (11)
and (12), we have that


‖xt+1 − 1x̄t+1‖ ≤ σW (1 + Lg‖α‖)‖xt − 1x̄t‖
+ σW ‖α‖‖yt − 1ȳt‖+ σW


√
nLg‖α‖‖x̄t − x?t ‖.


(13)


Next, we bound the network error
∑T
t=0 ‖yt − 1ȳt‖. Ac-


cording to (6b), we have that ‖yt+1 − 1ȳt+1‖ = ‖(W −
1
n11


T )(yt − 1ȳt) + (I − 1
n11


T )(gt+1(xt+1) − gt(xt))‖ ≤
‖W − 1


n11
T ‖‖yt − 1ȳt‖ + ‖I − 1


n11
T ‖‖gt+1(xt+1) −


gt(xt)‖, where the last inequality is due to the triangle and
the Cauchy-Schwartz inequalities. Adding and subtracting
gt+1(xt) in the norm ‖gt+1(xt+1) − gt(xt)‖ and using the
triangle inequality, we have that


‖yt+1 − 1ȳt+1‖ ≤ σW ‖yt − 1ȳt‖+ ‖gt+1(xt+1)


− gt+1(xt)‖+ ‖gt+1(xt)− gt(xt)‖ ≤ σW ‖yt − 1ȳt‖
+ Lg‖xt+1 − xt‖+ ‖gt+1(xt)− gt(xt)‖. (14)


3 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited.







Accoring to (6a), we have that ‖xt+1 − xt‖ = ‖W (xt −
αyt) − xt‖ = ‖(W − I)xt − Wαyt‖ ≤ ‖W − I‖‖xt −
1x̄t‖ + ‖W‖‖α‖‖yt‖. Combining this inequality with (12)
and (14), and recalling that ‖W‖ = 1, we have that


‖yt+1 − 1ȳt+1‖ ≤ (σW + Lg‖α‖)‖yt − 1ȳt‖
+ Lg(‖W − I‖+ Lg‖α‖)‖xt − 1x̄t‖ (15)


+
√
nL2


g‖α‖‖x̄t − x?t ‖+ ‖gt+1(xt)− gt(xt)‖.


Next, we telescope the inequalities (13) and (15) and
rearrange terms as how we get (10). We can obtain


T∑
t=0


‖xt − 1x̄t‖ ≤
C2


β2
+
σW ‖α‖
β2


T∑
t=0


‖yt − 1ȳt‖


+
σW
√
nLg‖α‖
β2


T∑
t=0


‖x̄t − x?t ‖,


(16)


where C2 = ‖x0 − 1x̄0‖, β2 = 1− σW (1 + Lg‖α‖), and


T∑
t=0


‖yt − 1ȳt‖ ≤
C3


β3
+
Lg(‖W − I‖+ Lg‖α‖)


β3


T∑
t=0


‖xt − 1x̄t‖+


√
nL2


g‖α‖
β3


T∑
t=0


‖x̄t − x?t ‖ (17)


+
1


β3


T∑
t=1


‖gt(xt−1)− gt−1(xt−1)‖,


where C3 = ‖y0 − 1ȳ0‖, β3 = 1− σW − Lg‖α‖.
Next, we derive the upper bound on the network errors∑T
t=0 ‖xt − 1x̄t‖ and


∑T
t=0 ‖yt − 1ȳt‖ using inequalities


(10), (16) and (17). To achieve this, we scale (16) and
(17) by positive factors M and N and add up the three
inequalities. After rearranging terms, the desired upper bound
in Lemma III.3 is derived if the following conditions are
satisfied: the term


∑T
t=0 ‖x̄t−x?t ‖ on both sides is cancelled,


the terms
∑T
t=0 ‖xt−1x̄t‖ and


∑T
t=0 ‖yt−1ȳt‖ appear on


the left hand side and the regularity terms
∑T
t=1 ‖x?t −x?t−1‖


and
∑T
t=1 ‖gt(xt−1)−gt−1(xt−1)‖ appear on the right hand


side. In the following, we show that there always exists step
size α so that positive scaling factors M and N can be found
to satisfy these conditions. To do so, we let M and N satisfy
the following conditions:


M
σW
√
nLg‖α‖
β2


+N


√
nL2


g‖α‖
β3


= 1, (18a)


M >


√
nLg
µ


+N
Lg(‖W − I‖+ Lg‖α‖)


β3
, (18b)


N >
‖1Tα‖
α′µ


+M
σW ‖α‖
β2


. (18c)


Moreover, we define M = β2


σW
√
nLg‖α‖


b and N =
β3√


nL2
g‖α‖


(1− b), where b ∈ (0, 1). Then, the condition (18a)


is automatically satisfied. Plugging the expressions of M and
N into inequalities (18b) and (18c), we have that


b <
β3 −


√
nL2


g
‖1Tα‖
α′µ ‖α‖


β3 + Lg‖α‖
< 1, (19a)


b >
(n


L2
g


µ + Lg)‖α‖+ ‖W − I‖
Lg‖α‖+ ‖W − I‖+ β2


σW


> 0. (19b)


As long as the interval of b defined in (19) is nonempty,
we can use any b in this interval to find the corresponding M
and N that satisfy the conditions in (18). When ‖α‖ goes to
zero, the upper bound of b in (19a) goes to 1 and the lower
bound of b in (19b) goes to ‖W−I‖


‖W−I‖+ 1−σW
σW


< 1. Therefore,


there always exists a step size α small enough so that b,
M and N exist to derive the desired bound on


∑T
t=0 ‖xt −


1x̄t‖ and
∑T
t=0 ‖yt−1ȳt‖ in Lemma III.3. According to the


inequality (10), using the bound on
∑T
t=0 ‖xt − 1x̄t‖ and∑T


t=0 ‖yt−1ȳt‖, it is simple to see that
∑T
t=0 ‖x̄t−x?t ‖ is


also bounded by the same order.
In the remainder of this proof, we show that if α1 = α2 =


· · · = αn and αi <
1−σ2


W


1−σ2
W+2σW


1


1+n
Lg
µ


1
Lg


for all i, then α


satisfies the sufficient decrease requirement in Lemma II.4,
the contraction requirement in (13) and (15), that is, β2, β3 >
0, and the requirement that the interval of b is nonempty in
(19). To see this, let α1 = · · · = αn = a. First, we need to
choose a such that β2, β3 > 0. Plugging a into the expression
of β2 and β3, we have that a < 1


σW
1−σW
Lg


and a < 1−σW
Lg


.
Since σW < 1, it is sufficent to choose


a <
1− σW
Lg


(20a)


to obtain β2, β3 > 0. Moreover, we need to choose a so
that the upper bound in (19a) is strictly greater than (19b).
Because α1 = · · · = αn = a, we have that ‖α‖ = a and
α′ = 1


n1
Tα1 = a. Plugging these into the bounds in (19),


we obtain that


(
nL2


g


µ + Lg)a+ ‖W − I‖
Lga+ β2


σW
+ ‖W − I‖


<
β3 − n


L2
g


µ a


β3 + Lga
.


By Assumption II.5, we have that all eigenvalues of W sat-
isfy |λ(W )| ≤ 1 due to Perron-Frobenius theory. Therefore,
‖W − I‖ ≤ 2. Therefore, to satisfy the above inequality, it
is sufficient to let


(
nL2


g


µ + Lg)a+ 2


Lga+ β2


σW
+ 2


<
β3 − n


L2
g


µ a


β3 + Lga
and β3 − n


L2
g


µ
a > 0,


due to the inequality p+m
q+m > p


q for any p > q > 0 and
m > 0. Simplifying the above two inequalities, we obtain
the following conditions on a


a <
1− σ2


W


1− σ2
W + 2σW


1


1 + n
Lg
µ


1


Lg
, (20b)


a < (1− σW )
1


1 + n
Lg
µ


1


Lg
. (20c)
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In addition, recalling the analysis after (9), we have that


a <
1


Lg
. (20d)


It is simple to see that all the step size conditions in (20)
reduce to the condition (20b). The proof is complete.


Remark III.4. Compared to existing methods in distributed
online optimization, e.g., [13], here we remove the depen-
dency of the step size on the horizon T . According to
the upper bound on the stepsize in Lemma III.3, when the
network size n becomes larger, or the mixing rate σW is
closer to 1, (that is, the mixing process is slower,) or nLg


µ
becomes larger, (that is, the central problem is more ill-
conditioned), the step size needs to be more conservative.


Theorem III.5. Let Assumptions II.1-II.5 hold. Then, there
exist small enough stepsizes [α1, . . . , αn] such that the regret
RdT is of the order O(C1 + C2 + C3 + PT + VT ), where
C1 = ‖x̄0 − x?0‖, C2 = ‖x0 − 1x̄0‖ and C3 = ‖y0 − 1ȳ0‖.
Furthermore, if α1 = ... = αn, then the step sizes can be
chosen as αi <


1−σ2
W


1−σ2
W+2σW


1


1+n
Lg
µ


1
Lg


, for all i.


Proof. This theorem is a direct result of combining
Lemma III.1 and III.3.


We conclude this section by remarking on our assumption
that W is doubly stochastic. In [17], the matrix W in
(5a) and (5b) is replaced by a row and column stochastic
matrix respectively. It is easy to see that our analysis can be
adapted to reach a similar conclusion, noting that additional
terms should be involved in our bounds related to norm
equivalence. We do not pursue this further.


IV. NUMERICAL SIMULATION


In this section, we validate our theorectical analysis using
a distributed tracking example. Furthermore, we compare Al-
gorithm 1 to the distributed online gradient descent algorithm
in [13] which does not utilize the gradient tracking technique.
Consider a sensor network of size n = 10. These sensors
collaborate to track three moving targets. Every target i has a
state variable of dimension 2, i.e. x∗i (t) = [x∗i,1(t), x∗i,2(t)]T .
The position x∗i,1(t) is tracking a sinusoidal curve x∗i,1(t) =
Ai sin(ωit+ φi) and the velocity satisfies x∗i,2(t) = ẋ∗i,1(t).
We stack all target states into one vector x(t)∗ ∈ R6.
Each sensor receives a local observation yi(t) ∈ R4, with
each entry of yi(t) being a linear combination of x(t)∗,
yi(t) = Cix


∗(t), where Ci ∈ R4×6. To estimate the state
variable x(t)∗, the local optimization problem at each sensor
is


min
x


fi,t(x) =
1


2
‖Cix(t)− yi(t)‖2,


which is under-determined, and the sensors need to com-
municate with each other to solve the global optimization
problem at each time step


min
x


ft(x) =
1


2
‖Cx(t)− y(t)‖2,


where C = [CT1 | . . . |CTn ]T and y(t) = [y1(t)T , . . . ,
yn(t)T ]T . When there are enough measurements, the above


(a)


(b)


Fig. 1: Distributed tracking using sampling interval 0.01s and step size
0.003 for all agents. (a) shows the regret of the solution and the regularity
of the optimizer path-length. (b) shows the tracking performance at agent 2
for three moving targets. The solid curves correspond to the true trajectory
of target positions {xi,1(t)} over time. The dashed curves correspond to
the estimated trajectory solved by Algorithm 1 at agent 2.


central problem is strongly convex. In this specific exam-
ple, the gradient-path regularity VT in (4) is of the same
order of PT in (3). To see this, we observe that the
norm ‖∇fi,t+1 −∇fi,t‖∞ = ‖CTi (y(t + 1) − y(t))‖ ≤
‖CTi Ci‖‖x(t + 1)∗ − x(t)∗‖. Therefore, in the following,
we compare the regret directly with PT neglecting VT .


In our simulation, the target parameters {Ai, ωi, φi} and
observation matrices {Ci} are randomly generated. In ad-
dition, the doubly stochastic weight matrix W is randomly
generated and its mixing rate is σW = 0.59. The stepsizes
αi are selected to be 0.003 according to the bound given
in Theorem III.5. Applying Algorithm 1 with this step size
and sampling from the target trajectory at frequency 100Hz,
the regret of solving the online optimization problem and
the tracking performance is presented in Figure 1. From
Figure 1(a), we observe that the regret is of the same order as
the regularity term PT , as we have shown in Theorem III.5,
and the local sensors are tracking the moving targets within
their neighborhood.


In what follows, we show that Algorithm 1 can admit
more aggressive stepsizes than the algorithm without gradient
tracking [13]. In this way, the achieved regret and tracking
performance can be further improved. Specifically, we select
the sampling frequency to be 10Hz, and present the compari-
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(a)


(b)


Fig. 2: Distributed tracking using sampling interval 0.1s. (a) shows the
comparison between the distributed online optimization with (solid lines)
and without gradient tracking (dashed lines) with different step sizes. (b)
shows the tracking performance using sampling interval 0.1s and the
stepsize 1


2Lg
.


son of the achieved regret between our algorithm and the one
without gradient tracking in [13] in Figure 2(a). We observe
that the regret of our algorithm always grows slower than the
method in [13] with the same choice of stepsize. Moreover,
the method in [13] diverges when the stepsizes are chosen to
be 1


3Lg
or 1


2Lg
while our algorithm achieves lower regrets. In


Figure 2(b), we demonstrate that such stepsizes can achieve
better tracking performance than the one obtained using the
proposed theoretical bound.


V. CONCLUSIONS


In this paper we proposed a new algorithm for distributed
online convex optimization based on recent developments
in the offline setting. We showed that under the additional
assumption of strong convexity and fixed step size, our
algorithm can achieve a bound on the dynamic regret without
explicit dependence on the number of time steps, in contrast
to existing relevant methods. We also illustrated the perfor-
mance of our algorithm on a distributed tracking example to
validate our theoretical results.
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Distributed Online Convex Optimization with
Improved Dynamic Regret


Yan Zhang, Robert J. Ravier, Vahid Tarokh, and
Michael M. Zavlanos


Abstract—We consider the problem of distributed on-
line convex optimization, where a group of agents col-
laborate to track the trajectory of the global minimizers
of sums of time-varying objective functions in an online
manner. For the general convex functions, the theoretical
upper bounds of existing methods are given in terms of
regularity measures summarizing the dynamical system
as well as the time horizon. It is thus of interest to
determine whether the explicit time horizon dependence
can be removed as is the case in centralized optimization.
In this work, we propose a novel distributed online gradi-
ent descent algorithm and show that the dynamic regret
bound of this algorithm has no explicit dependence on the
time horizon at the cost of introducing a new regularity
measure quantifying the total change in gradients at the
optimal points at each time. The main driving force of
our algorithm is an online adaptation of the gradient
tracking technique used in static optimization. Given that
many time-varying functions, and hence optimal points,
of interest follow a non-adversarial dynamical system,
we also consider the role of prediction capability for
the dynamical system by considering the case that the
optimal points evolve via a linear dynamical system.
Using numerical experiments, we show that our proposed
algorithm has more robust performance capabilities than
the previous mirror descent-based state of the art. We
also show via empirical example suggesting that the
analysis of our algorithm is optimal in the sense that
the regularity measures in the theoretical bounds cannot
be removed.


Index Terms—online convex optimization, dynamic
regret, regret rate, distributed optimization


I. INTRODUCTION


Distributed optimization has recently received con-
siderable attention, particularly due to its wide applica-
bility in the areas of control and learning [1, 2, 3]. The
goal is to decompose large optimization problems into
smaller, more manageable subproblems that are solved
iteratively and in parallel by a group of communicating
agents. As such,distributed algorithms avoid the cost
and fragility associated with centralized coordination,
and provide better privacy for the autonomous decision
makers. Popular distributed optimization methods in


Yan Zhang and Michael M. Zavlanos are with the De-
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under award number FA9550-19-1-0169 and by DARPA under grant
number FA8650-18-1-7837.


the literature include distributed subgradient methods
[4, 5], dual averaging methods [6], and augmented
Lagrangian methods [7, 8, 9, 10].


Distributed optimization methods usually assume
a static objective function, theough objectives can
be time-varying in practice. Time-varying objectives
frequently appear in online learning, where newly
observed data results in new objectives to minimize,
and in distributed tracking, where the objective is to
accurately follow the time-varying states of the targets
of interest (e.g. positions and velocities) [11, 12].


These problems require optimization algorithms that
naturally adapt based on the data received in real-time.


The performance of online optimization algorithms
is measured using notions of regret. Depending on the
problem setting, different notions of regret have been
proposed. For example, static regret, which measures
the additional loss caused by the online optimization
algorithm compared to the offline optimizer assuming
all loss functions are known in hindsight, is used when
the underlying parameter to be estimated is assumed to
be time invariant, as in the online learning problem in
[11]. The methods proposed in [11, 13, 14, 15] study
the growth rate of static regret of online centralized
gradient descent algorithms under different assump-
tions. For general convex problems, it can be shown
that a sublinear regret rate O(


√
T ) can be achieved


[13], which can be improved to O(log(T )) assuming
strong convexity [14]. The work in [16] extends these
results for the zeroth-order methods. Unconstrained
distributed online gradient descent algorithms are stud-
ied in [17, 18, 19, 20]. These distributed methods
deal with unconstrained problems and still have a
sublinear regret rate provided the stepsizes are chosen
appropriately and the network of agents is connected.


The works in [21, 22, 23] consider online distributed
saddle point algorithms for constrained problems and
apply the distributed online saddle point algorithms,
and show that these algorithms achieve the same regret
rate as in the unconstrained cases.


Dynamic regret is a more appropriate performance
measure when the underlying parameter of interest is
time-varying. Dynamic regret compares the loss of the
online algorithm to the optimal loss induced by the
sequence of optimizers minimizing the objective func-
tions at each time step separately. The dynamic regret
of centralized algorithms is studied in [13, 24, 25, 26].
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In contrast to the static regret, a sublinear regret
rate O(


√
T ) is not achievable; rather, the growth of


dynamic regret is related to regularity measures sum-
marizing the dynamics of the time-varying problem
[25]. Examples of these include how much the function
values change or how much the minimizers move
over time [26]. These results are extended to online
constrained problems in [27]. The dynamic regret of
distributed online optimization algorthms for uncon-
strained problems is studied in [12, 28, 29, 30, 31];
[32] considers the case of time-varying constraints.


In addition to the aforementioned regularity mea-
sures summarizing the dynamics of the sequence of
time-varying optimization problems, the above works
all have explicit dependence on the problem horizon
T. It is thus of theoretical and practical interest to
determine if there are any conditions for which this
explicit dependence is removed for the distributed
setting. The dependency of the dynamic regret on the
horizon T was originally removed in [33, 34] for
the centralized problem by assuming strong convexity
on the objective funtion, and then in [35] under less
restrictive assumptions. In the distributed setting, the
dependency on T was removed [36] provided that
the sum of the local objective functions was strongly
convex, though the regret bound achieved depended
on the gradient path-length regularity measured by the
sup norm of the time difference of gradients, similar
to [15, 26, 28]. It is clear that this term can become
quite large, and it is thus of interest to see if the regret
bound can be further reduced.


In this work, we propose a novel distributed online
gradient algorithm based on gradient trackig [37, 38],
as in [36], and show that under the same assumptions
in [36], the dynamic regret of this algorithm can be
bounded without explicit mention of T and with the
above sup-norm gradient regularity replaced by one
only depending on the change of the gradient at the
optimal points of each objective. It is clear that this
quantity is smaller than the one previously established
in[36]; it is zero provided that the optimal points of
the unconstrained problems are within the domain of
the problem.


In an effort to better understand the limits of our
proposed algorithm, we consider in our analysis the
case that the optimal points of the objective function
at each time follow a noisy linear dynamical system,
as in [12]. If an estimation of this dynamical system
is available, it can be directly incorporated within our
algorithm to improve dynamic regret bounds provided
that the estimate is sufficiently accurate. Full knowl-
edge of the dynamical system would remove estimation
error of the future from the regret bounds, thus yielding
tighter, near optimal regret bounds; such analysis will
mathematically show how the estimation error relates
to deviation from optimality of performance measures,
as investigated in, e.g., [39, 40].


The organization of the paper is as follows. We pro-
vide necessary definitions and background in Section
II. In Section III, we formally present our algorithm
and give theoretical analyze its dynamic regret. We
present numerical experiments in Section IV, and make
concluding remarks in Section V.


II. PRELIMINARIES AND PROBLEM DEFINITION


Throughout this work, we consider the following
online optimization problem:


min
x1,x2,...,xT


T∑
t=1


ft(xt), (1)


where ft(xt) is the sum of local loss functions
fi,t(xt) at time t, i.e., ft(xt) =


∑n
i=1 fi,t(xt). Let


x∗t = arg minxt


∑n
i=1 fi,t(xt) at time t. The loss


functions fi,t are assumed to be time-varying and are
not revealed to the agents until each agent has made
its decision xi,t at time t. The local loss function
fi,t can only be observed by agent i, thus requiring
communication amongst the agents in order to solve
the optimization problem.


Algorithm performance in this setting is measured
using various notions of regret. Two notions of regret
commonly considered in the literature are static regret
and dynamic regret. Static regret is defined as


RsT :=
1


n


n∑
i=1


T∑
i=0


ft(xi,t)−min
x∗


T∑
t=1


ft(x). (2)


i.e. the performance of the algorithm with respect to
the best fixed-point in hindsight. In this work, we are
primarily interested in the dynamic regret


RdT :=
1


n


n∑
i=1


T∑
i=0


ft(xi,t)−
T∑
t=1


min
x∗
t


ft(x
∗
t ) (3)


where the performance of the algorithm is compared
the optimal loss induced by the time-varying sequence
of optimizers {x∗t }. As previously mentioned, upper
bounds for the dynamic regret do not only depend on
the horizon T , but also on certain regularity properties
of the time-varying problem [25]. In this paper, we
employ two regularity measures, the path length of the
optimizer with prediction


PAT :=
T−1∑
t=0


‖x∗t+1 −Ax∗t ‖, (4)


and the path length of the gradient variation


VT :=


T∑
t=0


||gt+1(1⊗ x∗t+1)− gt(1⊗ x∗t )||, (5)


where gt([x
T
1,t, . . . , x


T
n,t]


T ) = [∇f1,t(x1,t)T , . . . ,
∇fn,t(xn,t)T ]T . When no prediction is used, i.e. A is
the identity matrix, PAT is reduced to the path length
traveled by the optimizer, the same as in [13]. When
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prediction is used, PAT accumulates the prediction
error. The gradient variation measure we propose in
(5) is novel and different from the existing one based
on the sup-norm considered in [15, 26, 28, 36]:


VT :=
T∑
t=0


max
x∈X
||gt+1(1⊗ x)− gt(1⊗ x)||.


It is easy to see that the individual terms in the sum,
and hence the entire quantity, can become arbitrarily
large in general; the case of a quadratic objective
function when X is unbounded provides a natural
example.


In the remainder of the paper, we make the following
standard assumptions on the objective functions and
their gradients.


Assumption 1. For all i and t, the function fi,t is
Lf−Lipschitz, that is, there exists a constant Lf > 0
such that


‖fi,t(x)− fi,t(y)‖ ≤ Lf‖x− y‖, for all x, y.


Assumption 2. For all i and t, the gradient of the
function fi,t is Lg-smooth, i.e. there exists a constant
Lg > 0 such that


‖∇fi,t(x)−∇fi,t(y)‖ ≤ Lg‖x− y‖, for all x, y.


As in [33, 34, 35, 36] we make the following as-
sumption on strong convexity of the objective functions
ft.


Assumption 3. For all t, the function ft is µ-strongly
convex, i.e. there exists a constant µ > 0 such that, for
all x and y, we have:


∇ft(y) ≥ ft(x) +∇ft(x)T (y − x) +
µ


2
‖y − x‖2.


It is important to note that Assumption 3 only requires
that the global loss function, ft(x), is strongly convex;
the local loss fi,t needs not. In fact, each local loss
function does not even need to be convex. Such cases
could occur if the local objective function of one agent
was strongly convex at each time and those of the
remaining agents summed together to form a convex
function, as in [41].


We also make the following assumption concerning
the underlying dynamics of the online problem.


Assumption 4. The sequence of optimizers x∗t is
known to follow the following stable, noisy linear
dynamical system


x∗t+1 = Ax∗t + wt, (6)


where ‖A‖ ≤ 1 and wt is a noise term.


For example, Assumption 4 is satisfied if the optimal
points satisfies an ordinary differential equation with
noise under appropriate time discretization.


Though we assume a dynamical system of the above
form and that the matrix A is known, this does not have


Algorithm 1 D-OCO with prediction
Input: The primal variables xi,0, the local gradients
∇fi,0(xi,0) and global gradient estimates yi,0 =
α∇fi,0(xi,0) for all i. The estimated dynamic
matrix A. t = 0.


1: Agent i computes


x̂i,t+1 =
∑
j∈Ni


Wij(xj,t − yj,t). (7a)


2: Agent i computes


xi,t+1 = Ax̂i,t+1. (7b)


3: Agent i computes


yi,t+1 =
∑
j∈Ni


Wijyj,t + α∇fi,t+1(xi,t+1)


− α∇fi,t(xi,t)
(7c)


4: k ← k + 1, go to step 1.


to be the case in general. One can replace A with an
estimate Â and still receive analogous regret bounds,
the only thing affected is resulting simplifications of
the path-length term PÂT . For example, assuming the
above linear dynamical system, if Â = A, then
PÂT = PAT simplifies down to a sum of norms of noise
terms. In general, the term would simplify down to a
combination of the sum of the norms of the noise plus
a nonnegative term that goes to zero as Â gets closer
to A.


In the distributed scenario, we let the agents com-
municate subject to the graph G := (N , E), where
N = {1, 2, . . . , N} is the set of nodes and E is the set
of edges. If (i, j) ∈ E , agent i can receive information
from its neighbor j. Moreover, let the i, j th entry of
W , Wij , represents the weight agent i allocates to the
information received from its neighbor j. Wij = 0
if (i, j) /∈ E . We make the following assumptions on
graph G and matrix W .


Assumption 5. The graph G is undirected and con-
nected, and the communication matrix W is doubly
stochastic. That is, W1 = 1 and WT1 = 1.


The assumption that W is doubly stochastic implies
that ‖W− 1


n11
T ‖ = σW < 1, where σW is the mixing


rate of the network. When σW is smaller, the agents
in the network reach consensus faster [10].


III. ONLINE DISTRIBUTED GRADIENT TRACKING


A. Algorithm


We formally present the online distributed optimiza-
tion algorithm with gradient tracking and prediction in
Algorithm 1.


Specifically, agent i keeps track of both a local
candidate optimal xi,t and a local gradient estimate
yi,t based on its present local loss function. Using
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presently information, each agent makes a prediction
for its next local candidate optimal xi,t+1, which are
then combined to predict the next point using the given
matrix A for the dynamical system.


After this, the next loss functions are revealed to
each agent. The next local loss functions (and hence
gradients) are revealed, and the agents compute their
individual yi,t+1 by adding the yi,t’s that have been
communicated and combined with the matrix W with
a scaled gradient tracking step, as is described in
Equation (7c). The gradient tracking step is employed
to correct for the change in objective function gradients
[37, 38].


B. Regret Analysis


We now theoretically bound the dynamic regret of
Algorithm 1 under the assumptions previously men-
tioned. The outline of our analysis is as follows. First,
we show that the average of the local estimators yi,t
can track the sum of the local gradients well. Then, we
present a lemma that decomposes the total regret into
two terms, the tracking error and the network error. We
then prove that both the tracking error and the network
error at each time step can by noting that the terms in-
volved are a perturbation of a contraction mapping. The
strong convexity assumption is necessary for proving
the bound on the tracking error; the network error will
be bounded via the gradient tracking employed in our
algorithm. These bounds are then used to obtain the
final result.


Define the gradient estimator yt = [yT1,t, y
T
2,t,


. . . , yTN,t]
T . Given Assumption 5, we can show the


conservation property of yt.


Lemma III.1. Assume the local estimator is initialized
as yi,0 = α∇fi,0(xi,0) for all i. Then, for all t, we have
that


(1T ⊗ I)yt = α(1T ⊗ I)gt(xt).


Proof. We prove this statement by induction. By the
initialization of yi,0, it is easy to see that


(1T ⊗ I)y0 = α(1T ⊗ I)g0(xt).


Then, assuming that the lemma is true at time t − 1,
have, according to (7c), that


(1T ⊗ I)yt = (1T ⊗ I)((W ⊗ I)


yt−1 + αgt(xt)− αgt−1(xt−1))


= α(1T ⊗ I)gt(xt),


where the second equation is due to the induction
assumption. This concludes the proof.


Let x̄t = 1
N


∑N
i=1 xi,t. The next lemma shows


that the regret consists of two terms: the tracking and
networking errors.


Lemma III.2. Let Assumption 1 hold. Then, we have
that the regret RdT is upper bounded by


RdT ≤ nLf


T∑
t=0


‖x̄t − x?t ‖︸ ︷︷ ︸ +
√
nLf


T∑
t=0


‖xt − 1x̄t‖︸ ︷︷ ︸ .
tracking error network error


Proof. The proof is the same as Lemma III.1 in [36]
and is therefore omitted.


The next lemma characterizes the dynamics of the
tracking error ‖x̄t − x∗t ‖.


Lemma III.3. Let Assumptions 2, 3, 4, and 5 hold.
Then, the tracking error ‖x̄t−x∗t ‖ satisfies the follow-
ing inequality for all t,


‖x̄t+1 − x?t+1‖ ≤ (1− α


n
µ)‖x̄t − x∗t ‖+


Lg√
n
α‖xt − 1⊗ x̄t‖+ ‖Ax?t − x?t+1‖.


(8)


Proof. First, using the definition of x̄t+1 and adding
and subtracting Ax∗t , we have that ‖x̄t+1 − x?t+1‖ =
‖ 1n (1T⊗I)xt+1−Ax?t +Ax?t−x?t+1‖. Then, according
to the updates in (7a) and (7b), we can obtain that


‖x̄t+1 − x?t+1‖ ≤ ‖
1


n
(1T ⊗ I)(W ⊗A)(xt − yt)


−Ax?t ‖ + ‖Ax?t − x?t+1‖.


According to Assumption 5 and extracting matrix A,
we get that ‖ 1n (1T ⊗ I)(W ⊗ A)(xt − yt)− Ax?t ‖ =
‖A(x̄t− 1


n (1T ⊗I)yt−x?t )‖. Therefore, we obtain that


‖x̄t+1 − x?t+1‖ ≤‖A(x̄t −
1


n
(1T ⊗ I)yt − x?t )‖


+ ‖Ax?t − x?t+1‖.
(9)


We now place an upper bound on the first term in the
right hand side of Equation (9). Since A has norm at
most 1, it follows by the definition of the matrix norm
that ‖Av‖ ≤ ‖v‖. Thus, the first term on the right hand
side of Equation (9) is bounded above by ‖x̄t− 1


n (1T⊗
I)yt−x?t ‖. Recalling Lemma III.1, we can replace the
term (1T ⊗ I)yt in the above with α(1T ⊗ I)gt(xt).
By doing this and using the triangle inequality, we can
bound the quantity ‖x̄t− 1


n (1T ⊗ I)yt−x?t ‖ by a sum
of the following two terms:


‖x̄t −
α


n
(1T ⊗ I)gt(1⊗ x̄t)− x∗t ‖ (10)


‖α
n


(1T ⊗ I)(gt(1⊗ x̄t)− gt(xt))‖ (11)


By using both Assumption 3 and Lemma 10 in [37],
we have that


‖x̄t −
1


n
(1T ⊗ I)yt − x∗t ‖ ≤ (1− α


n
µ)‖x̄t − x∗t ‖


+
Lg√
n
α‖xt − 1⊗ x̄t‖. (12)


Combining inequality (9) and (12), we obtain the
desired result in (8).
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The next lemma characterizes the dynamics of the
network errors ‖xt − 1x̄t‖ and ‖yt − 1⊗ ȳt‖.


Lemma III.4. Let Assumptions 2, 4, 3 and 5 hold.
Then, the newtork errors ‖xt−1x̄t‖ and ‖yt−1⊗ ȳt‖
satisfy the following inequalities at all t,


‖xt+1 − 1⊗ x̄t+1‖ ≤ σW ‖xt − 1⊗ x̄t‖
+ σW ‖yt − 1⊗ ȳt‖,


(13)


and


‖yt+1 − 1⊗ ȳt+1‖ ≤ σW (1 + Lgα)‖yt − 1⊗ ȳt‖
+ Lg(1 + σW + Lgα)α‖xt − 1⊗ x̄t‖
+
√
nLg(2 + Lgα)α‖x̄t − x∗t ‖ (14)


+ α‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖.


Proof. First, consider the dynamics of ‖xt − 1⊗ x̄t‖.
We have that


‖xt+1 − 1⊗ x̄t+1‖ = ‖((I − 1


n
11T )⊗ I)xt+1‖.


Recalling the updates in (7a) and (7b), as well as
Assumption 5


‖xt+1−1⊗ x̄t+1‖ = ‖((W − 1


n
11T )⊗A)(xt− yt)‖.


Using the definition of the matrix norm and Assump-
tion 4, we have that


‖xt+1 − 1⊗ x̄t+1‖ ≤ ‖((W −
1


n
11T )⊗ I)(xt − yt)‖.


By Assumption 5, we obtain that


((W − 1


n
11T )⊗ I)(1⊗ x̄t) = 0


and
((W − 1


n
11T )⊗ I)(1⊗ ȳt) = 0.


Therefore, we can add 1⊗ ȳt−1⊗ x̄t inside the term
(xt−yt) on the right hand side of the above inequality
and obtain, using the triangle inequality, that


‖xt+1 − 1⊗ x̄t+1‖ ≤ σW ‖xt − 1⊗ x̄t‖
+ σW ‖yt − 1⊗ ȳt‖.


(15)


We now consider the dynamics of ‖yt − 1 ⊗ ȳt‖. We
have that ‖yt+1−1⊗ȳt+1‖ = ‖((I− 1


n11
T )⊗I)yt+1‖.


By (7c), we know ‖yt+1 − 1⊗ ȳt+1‖ equals


‖((I− 1


n
11T )⊗I)((W⊗I)yt+αgt+1(xt+1)−αgt(xt))‖,


and another application of the triangle inequality above
shows that ‖yt+1 − 1⊗ ȳt+1‖ is bounded by the sum
of the following two terms


‖((W − 1


n
11T )⊗ I)yt‖ (16)


α‖((I − 1


n
11T )⊗ I)(gt+1(xt+1)− gt(xt))‖ (17)


Since ((W − 1
n11


T ) ⊗ I)(1 ⊗ ȳt) = 0 and, by
Assumption 5, ‖W − 1


n11
T ‖ ≤ σW , we have


‖((W − 1


n
11T )⊗ I)yt‖ ≤ σW ‖yt − 1⊗ ȳt‖.


Furthermore, since ‖I − 1
n11


T ‖ < 1, combining the
above discussion with (16) and (17), we get that


‖yt+1 − 1⊗ ȳt+1‖ ≤ σW ‖yt − 1⊗ ȳt‖
+ α‖gt+1(xt+1)− gt(xt)‖.


(18)


Adding and subtracting the terms gt+1(1⊗ Ax∗t ) and
gt(1⊗x∗t ) inside the norm ‖gt+1(xt+1)−gt(xt)‖, and
using the triangle inequality, we obtain that


‖gt+1(xt+1)− gt(xt)‖
≤ ‖gt+1(xt+1)− gt+1(1⊗Ax∗t )‖
+ ‖gt(1⊗ x∗t )− gt(xt)‖
+ ‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖
≤ Lg‖xt+1 − 1⊗Ax∗t ‖+ Lg‖xt − 1⊗ x∗t ‖


+ ‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖, (19)


where the second inequality is due to Assumption 2.
Using the updates of xt+1 in (7a) and (7b), we have
that


‖xt+1 − 1⊗Ax∗t ‖ = ‖(I ⊗A)x̂t+1 − 1⊗Ax∗t ‖
≤ ‖A‖‖x̂t+1 − 1⊗ x∗t ‖
≤ ‖x̂t+1 − 1⊗ x∗t ‖


where the last two inequalies are due to the Cauchy-
Schwartz inequality and Assumption 4. Replacing x̂t+1


with (W ⊗ I)(xt− yt) according to (7a), we have that


‖xt+1 − 1⊗Ax∗t ‖ ≤ ‖(W ⊗ I)(xt − yt)− 1⊗ x∗t ‖.


Adding and subtracting the terms 1 ⊗ x̄t and 1 ⊗ ȳt
inside the norm on the right hand side of the above
inequality, and using the triangle inequality, we get that


‖xt+1 − 1⊗Ax∗t ‖ ≤ ‖(W ⊗ I)xt − 1⊗ x̄t‖
+ ‖(W ⊗ I)yt − 1⊗ ȳt‖
+ ‖1⊗ x̄t − 1⊗ x∗t ‖+ ‖1⊗ ȳt‖.


(20)


Next, we provide upper bounds on the terms on the
right hand side of (20) respectively. By Assumption 5,
we have


(W ⊗ I)xt − 1⊗ x̄t = (W ⊗ I)(xt − 1⊗ x̄t).


Moreover, since ( 1
n11


T ⊗ I)(xt − 1 ⊗ x̄t) = 0, we
have that


(W ⊗I)xt−1⊗ x̄t = ((W − 1


n
11T )⊗I)(xt−1⊗ x̄t).


By Assumption 5 and the Cauchy-Schwartz inequality,
we have that


‖(W ⊗ I)xt − 1⊗ x̄t)‖ ≤ σW ‖xt − 1⊗ x̄t‖. (21a)
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Similarly, we obtain that


‖(W ⊗ I)yt − 1⊗ ȳt)‖ ≤ σW ‖yt − 1⊗ ȳt‖. (21b)


Furthermore, we have that


‖1⊗ x̄t − 1⊗ x∗t ‖ =
√
n‖x̄t − x∗t ‖. (21c)


In addition, we have that


‖1⊗ ȳt‖ = ‖1⊗ ȳt − α(
1


n
11T ⊗ I)gt(1⊗ x∗t )‖


because of the definition of x∗t and the fact that
( 1
n11


T ⊗ I)gt(1 ⊗ x∗t ) = 0. Recalling Lemma III.1,
we have that 1⊗ ȳt = α( 1


n11
T ⊗ I)gt(xt). Therefore,


we have that


‖1⊗ ȳt‖ = ‖α(
1


n
11T ⊗ I)(gt(xt)− gt(1⊗ x∗t ))‖.


Using the Cauchy-Schwartz inequality and the fact that
‖ 1n11


T ‖ = 1, we see that


‖1⊗ ȳt‖ ≤ α‖gt(xt)− gt(1⊗ x∗t )‖.


Then, according to Assumption 2, we get that


‖1⊗ ȳt‖ ≤ αLg‖xt − 1⊗ x∗t ‖. (21d)


Combining the bounds in (21a)-(21d) with inequal-
ity (20), we obtain that


‖xt+1 − 1⊗Ax∗t ‖ ≤ σW ‖xt − 1⊗ x̄t‖
+ σW ‖yt − 1⊗ ȳt‖
+
√
n‖x̄t − x∗t ‖


+ αLg‖xt − 1⊗ x∗t ‖. (22)


Combining inequality (22) with (19), we have that


‖gt+1(xt+1)− gt(xt)‖ ≤ σWLg‖xt − 1⊗ x̄t‖
+ σWLg‖yt − 1⊗ ȳt‖+


√
nLg‖x̄t − x∗t ‖


+ Lg(1 + αLg)‖xt − 1⊗ x∗t ‖
+ ‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖.


Adding and subtracting 1 ⊗ x̄t in ‖xt − 1 ⊗ x∗t ‖ on
the right hand side of the above inequality, using the
triangle inequality, and rearranging terms, we get


‖gt+1(xt+1)− gt(xt)‖ ≤ σWLg‖yt − 1⊗ ȳt‖
+ Lg(1 + σW + αLg)‖xt − 1⊗ x̄t‖
+ σWLg‖yt − 1⊗ ȳt‖+


√
nLg(2 + αLg)‖x̄t − x∗t ‖


+ ‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖. (23)


Combining inequality (23) with (18), we obtain the
desired result in (14).


Using the above lemmas, and III.4 we finally present
our main result, which gives a theoretical upper bound
of the dynamic regret of Algorithm 1.


Theorem III.5. Let Assumption 1,2, 3, 4, and 5 hold.
Moreover, assume that the stepsize α satisfies


α = min(
(1− σW )2


3σW (Lgµ n+ 1) + (1− σW )σW


1


Lg
,


1


Lg
).


Then
O(C1 + C2 + C3 + PAT + VAT ),


where C1 = ‖x̄0 − x?0‖, C2 = ‖x0 − 1 ⊗ x̄0‖ and
C3 = ‖y0 − 1⊗ ȳ0‖.


Proof. Summing both sides of the inequality (8) from
t = 0 to T−1, adding the term ‖x̄0−x∗0‖ on both sides,
and adding (1− α


nµ)‖x̄T −x∗T ‖,
Lg√
n
α‖xT −1⊗ x̄T ‖,


and ‖Ax?T − x?T+1‖ on the right hand side, we obtain
the following inequality


T∑
t=0


‖x̄t − x?t ‖ ≤ ‖x̄0 − x?0‖+
T∑
t=0


‖Ax?t − x∗t+1‖.


+ (1− α


n
µ)


T∑
t=0


‖x̄t − x∗t ‖


+
Lg√
n
α


T∑
t=0


‖xt − 1⊗ x̄t‖


Rearranging terms in the above inequality, we get that
T∑
t=0


‖x̄t − x?t ‖ ≤
C1


β1
+
Lg
√
n


µ


T∑
t=0


‖xt − 1⊗ x̄t‖


+
n


µα


T∑
t=0


‖Ax?t − x∗t+1‖, (24)


where C1 = ‖x̄0 − x?0‖ and β1 = n
µα . Similarly, we


can manipulate the inequalies (13) and (14) to obtain
the following inequalities


T∑
t=0


‖xt−1⊗x̄t‖ ≤
C2


β2
+
σW
β2


T∑
t=0


‖yt−1⊗ȳt‖, (25)


where C2 = ‖x0 − 1⊗ x̄0‖ and β2 = 1− σW , and
T∑
t=0


‖yt − 1⊗ ȳt‖ ≤
√
nLg(2 + Lgα)α


β3


T∑
t=0


‖x̄t − x∗t ‖


+
C3


β3
+
Lg(1 + σW + Lgα)α


β3


T∑
t=0


‖xt − 1⊗ x̄t‖


+
α


β3


T−1∑
t=0


‖gt+1(1⊗Ax∗t )− gt(1⊗ x∗t )‖, (26)


where C3 = ‖y0−1⊗ ȳ0‖ and β3 = 1−σW (1+Lgα).
By adding the inequalities (24), (25) and (26) to-


gether, we are left with the sum of
∑T
t=0 ‖xt−1⊗x̄t‖,∑T


t=0 ‖yt − 1⊗ ȳt‖, and
∑T
t=0 ‖x̄t − x?t ‖ on the left


hand side, and the sum of constant multiples of these
quantities plus the other terms outlined above on the
right hand side. Recalling Lemma III.2, we observe
that by choosing the step size α sufficiently small,
we can rearrange the sum of these inequalities and
follow the methodology of [12] and [36] to obtain the
conclusion of the theorem. To do this, it suffices to
pick α small enough suc that two positive scalars M
and N exist that satisfy the following:


1 >


√
nLg(2 + Lgα)α


β3
N, (27a)
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M >
Lg
√
n


µ
+
Lg(1 + σW + Lgα)α


β3
N, (27b)


N >
σW
β2


M. (27c)


According to the inequalities (27b) and (27c), to ensure
M exists, we must have


β2
σW


N >
Lg
√
n


µ
+
Lg(1 + σW + Lgα)α


β3
N. (28)


Rearranging Equation (28), this is equivalent to


N > (
β2
σW
− Lg(1 + σW + Lgα)α


β3
)−1


Lg
√
n


µ
. (29)


assuming the inverse exists; this will be true provided
that


β2
σW
− Lg(1 + σW + Lgα)α


β3
> 0, (30)


which, assuming α ≤ 1
Lg
, will be satisfied if


α <
(1− σW )2


3σW


1


Lg
. (31)


Thus, to ensure that such a positive N exists, we must
select α such that both (29) and (27a) are satisfied in
addition to (31), which requires


β3√
nLg(2 + Lgα)α


> (
β2
σW
− Lg(1 + σW + Lgα)α


β3
)−1


Lg
√
n


µ
.


(32)


By algebraic manipulations of (32), it suffices to
choose α satisfying


α <
(1− σW )2


3σW (Lgµ n+ 1) + (1− σW )σW


1


Lg
. (33)


if α ≤ 1
Lg
. Note that is the one of the conditions on


α listed in the statement of the theorem, and that any
α satisfying (33) also satisfies (31).


IV. NUMERICAL EXPERIMENTS


In this section, we investigate the performance of our
proposed algorithm with numerical experiments based
on a target tracking example. We consider a sensor
network consisting of n = 6 nodes that collaboratively
track 3 time-varying signals of sinusoidal shape. Each
signal x∗j,t can be written following form


x∗j,t =


[
pj,t
ṗj,t


]
=


[
Aj sin(ωjt+ φj)
ωjAj cos(ωjt+ φj)


]
,


where pj,t is the position and ṗj,t is the velocity
of target j. Aj is the amplitude, ωj is the angular
frequency and φj is the phase of the signal. Each signal
is subject to an ODE with noise


ẋ∗j,t =


[
0 1
−ω2


j 0


]
x∗j,t + wj,t, (34)


where wj is a zero mean Gaussian noise. The matrix
governing the dynamical system in this example can
be estimated by discretizing the solution of the ODE
(34). In the simulation, the amplitudes {Aj} and inital
phases are uniformly generated from the intervals [0, 2]
and [0, π], respectively. The doubly stochastic matrix
W used in step (7a) is randomly generated and σW =
0.8554. The sampling frequency is set to 100Hz. The
measurement model of sensor i at time t is


yi,t = Cix
∗
t , (35)


where x∗t = [. . . ;x∗j,t; . . . ] is the true target state, yi,t ∈
R is the observation at sensor i, and Ci ∈ R1×6 is
the measurement matrix that is randomly generated.
At time t, the global problem is defined as


min
xt


1


2


6∑
i=1


|Cixt − yi,t|2 ,
1


2
‖Cxt − yt‖2, (36)


where the matrix C and the vector yt stack all mea-
surement matrices Ci and local measurements yi,t.
We assume that CTC is positive definite in order
to guarantee that the objective is strongly convex.
This guarantees that the target state xt is determined
uniquely given all local observations at time t.


A. Choice of stepsize


In this section, we track signals defined as in (34)
with periodicity 1000s and 10s using Algorithm 1 and
assuming that A is the identity matrix, i.e. we do not
take any predictability of the future into account. In
both experiments, we let the step size α = 2.45×10−5


in accordance with the assumptions of Theorem III.5.
The tracking performance is shown in Figure 1. We
observe that using this theoretical stepsize, Algorithm 1
performs better in tracking signals with periodicity
1000s than 10s. This is unsurprising; the motion of the
targets is sampled more frequently when the periodicity
is 1000s. In particular, the theoretical step size α is too
conservative, preventing our algorithm from tracking
quickly moving targets. However, we can use larger
stepsizes than the theoretical ones given in Theo-
rem III.5 and achieve better performance. In Figure 2
(a), we observe that for a more aggressive selection of
the stepsize, the accumulated regret becomes smaller,
implying better tracking performance. In Figure 2 (b),
we show that the tracking performance of Algorithm 1
for the target signal of periodicity 10s can be improved
using α = 1


2Lg
≈ 0.2.


B. Effect of prediction


We also investigated the role of the prediction step
in the empirical performance of Algorithm 1 by com-
paring numerical prediction of the dynamical system
based on discretization as mentioned above with that of
the naive prediction, i.e. where A in (7b) is the identity
matrix. The comparison was conducted by tracking


7 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited.







0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000


Time (s)


-2.5


-2


-1.5


-1


-0.5


0


0.5


1


1.5


2


2.5
104


(a) Periodicity 1000s
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(b) Periodicity 10s


Fig. 1. Tracking performance of Algorithm 1 with theoretical
stepsize bound in Theorem III.5


targets of periodicity 10s with stepsize α = 1
2Lg


. The
tracking performance and dynamic regret are presented
in Figure 3. In Figure 3(a), we observe that Algo-
rithm 1 that incorporating numerical prediction can
greatly improve the dynamic regret of an algorithm
compared to not incorporating any prediction (note that
the figure is in log-scale), though note that the shape
of both cumulative regret curves are roughly the same.
This improvement is further corroborated in Figures 3
(b) and (c); the dashed curves indicating the actual
optimal points are generally overlapped by the solid
curves of the estimated positions when prediction is
utilized, whereas there is little overlap if no prediction
is used.


C. Comparison with existing algorithms


We now compare the performance Algorithm 1
with the online distributed gradient (ODG) algorithm
studied in [12]. Both algorithms are implemented with
prediction. The regrets achieved by these algorithms
under different stepsizes are presented in Figure 4.
Though both algorithms have comparable performance
for the smaller step sizes, the behavior is wildly differ-
ent for the larger step sizes. While ODG diverges for
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(a) Regret under different stepsizes
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(b) Tracking performance when α = 1
2Lg


Fig. 2. Tracking performance of Algorithm 1 with empirical
stepsizes α = [ 1


2Lg
, 1
10Lg


, 1
100Lg


, 1
1000Lg


] and target signals are
of periodicity 10s.


stepsizes 1
Lg


and 2
Lg


, Algorithm 1 is stable using these
stepsizes and, consistent with previous observations,
the cumulative regret with these stepsizes is smaller
than the previous stepsizes for which both algorithms
successfully converged. This behavior wass also ob-
served in multiple other randomly generated examples,
and is consistent with that observed in [36].


D. Necessity of the gradient path-length regularity


Since the regret bound in [12] is only related to the
optimizer path-length regularity term PAT , it is natural
to ask whether the dependence of the theoretical regret
bound of Algorithm 1 on VT can be removed. In the
following, we empirically show that the regret bound
RdT of using Algorithm 1 not only depends on PAT
in general, but also on VT . To do this, we construct
a numerical example for which PAT = 0 for all T but
RdT grows at the same speed as the regularity term VT .


Consider the distributed estimation problem shown
in Figure 5, where two targets are moving along
circular paths around the origin. Let θ1(t) and θ2(t)
denote their angles from the horizontal axis, and let R1
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(c) Tracking performance with
prediction


Fig. 3. Comparison of regret and tracking performance of Algo-
rithm 1 with and without prediction, stepsizes α = 1


2Lg
and target


signals are of periodicity 10s.


and R2 denote the distances of the targets with from the
origin. Four sensors need to estimate these distances,
though each sensor can only measure the projected
coordinate of one target onto one axis. Letting yt
denote the collected measurement at time t, we assume
the yt received are of the following form


yt =



cos θ1(t) 0
cos θ2(t) 0


0 sin θ1(t)
0 sin θ2(t)


[R1


R2


]
+ vt


= Ct


[
R1


R2


]
+ vt,


(37)


where each entry of yt signifies one sensor’s measure-
ment and vt is a noise term at time t to be specified. We
assume that R1 and R2 are constant, so that the matrix
governing the dynamical system in Assumption 4 is
the identity matrix. We also assume that the four
sensors are connected in a cyclic graph. We wish to
investigate the performance of Algorithm 1 in tracking
the optimizer of the global estimation problem


min
xt


ft(xt) :=
1


2


4∑
i=1


‖[Ct]ixt − [yt]i‖2 (38)


where [Ct]i denotes the ith row of the matrix Ct.
We specifically design the noise terms vt in the


measurement model (37) so that the optimizer x∗t of
the objective is constant for all t, which implies that
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4


Fig. 4. Comparison of the regrets between Algorithm 1 (solid lines)
and the online distributed gradient algorithm in [12] (dashed lines).
Both algorithms are run with stepsizes α = [ 2


Lg
, 1
Lg
, 1
2Lg


, 1
10Lg


].


PAT = 0. To achieve this, observe that we can write
the first order optimality condition as


∇ft(xt)|xt=x∗
t


= CTt (Ctx
∗
t − yt) = 0. (39)


Replacing yt in (39) with (37), we have that


CTt (Ctx
∗
t − Ct


[
R1


R2


]
− vt) = 0. (40)


Thus, to ensure that x∗t = [R1, R2]T for all t, we see
that vt must lie in the kernel of the matrix CTt .


In our simulation, we let the vector vt be a unit
vector in the kernel space of CTt , guaranteeing that
x∗t = [R1, R2]T for every t and PAT = 0 for all T as
mentioned above. However, the regularity term VAT is
nonzero and grows with time because


∇fi,t(x∗t ) = [Ct]
T
i ([Ct]ix


∗
t − [yt]i) = [vt]i[Ct]


T
i


so


‖gt+1(Ax∗t )− gt(x∗t )‖


=
4∑
i=1


‖[vt+1]i[Ct+1]Ti − [vt]i[Ct]
T
i ‖2 > 0


for all t.
We run both Algorithm 1 and ODG to track the


optimizer of problem (38) for T = 1 × 104 time
steps. The regret curves together with the regularity
curve of VT are shown in Figure 6. It is clear that
the regret RTd grows at the same rate as the regularity
term VT . Similar behavior was noticed when increas-
ing T to 1 × 106. This is because of the gradient
estimator yi,t in (7c) in Algorithm 1. Each local
yi,t estimates the summation of the local gradients∑
i∇fi,t(xi,t). However, even when this term equals


0, if ∇fi,t+1(xi,t+1) − ∇fi,t(xi,t) 6= 0 for all t,
the consensus estimator yi,t is continuously perturbed
away from the correct estimate. This perturbation error
is accumulated in the regret through the gradient update
in (7a).
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Fig. 5. Estimation of the lengths of two rotating rods
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Fig. 6. The accumulation of the regret RT
d (green line) and the


gradient path-length regularity VT (red line) by running Algorithm 1
to solve problem (38).


It is interesting to note that even though ODG does
not apply the gradient estimator yi,t in Algorithm 1,
it also suffers from such perturbations as shown in
Figure 6. It is most likely that the error from the per-
turbations is accumulated directly in the local gradient
calculation, though we will not investigate this further
and will leave this for future work.


V. CONCLUSIONS


In this paper, we proposed a novel algorithm to solve
distributed online convex optimization problems with
known optimizer dynamics. Our main innovation was
to adapt a gradient tracking step previously studied in
static optimization methods to the online setting, which
tightened the bound of the network error component of
the dynamic regret of the algorithm. Assuming strong
convexity of the global objective function, we showed
that the dynamic regret is upper bounded by a quan-
tity that does not specifically depend on the problem
horizon and is tighter than previously existing bounds
in the sense that terms involving gradient variation
are provably smaller than others in existing bounds.


We also proposed a theoretical way to select the step
size used in optimization that is explicitly independent
of the problem horizon; it suffices to only consider
the objective functions and network connectivity. We
evaluated the performance of our algorithms using
extensive numerical experiments on tracking problems,
showed that our algorithm is more robust to choice
of step size than that of [12], and gave a numerical
example that gives empirical evidence suggesting that
the the gradient variation measure in our regret bound
cannot in general be removed.
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