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1. Summary 
Linear, convex optimization is an economically and strategically critical industry whose efficient 
solutions impact every aspect of modern transportation, commerce, communication, and 
prediction. Current demands – from artificial intelligence (AI) to robotics, autonomous vehicles, 
networks, neuroscience, and more – prompt increasingly high-dimensional, non-linear, and non-
convex problems with an urgency that outstrips our present growth rate in computational 
abilities.  
 
1.1 Three Themes 
The project involved development of new methods in optimization theory along three 
components of a unified whole: 
 
1) Homological Programming : injecting homological algebra as a tool to constrain or collate 

optimization problems; 
2) Spectral Sheaf Theory : lifting spectral graph theory from networks to sheaves and 

balancing geometric, homological, and spectral data of sheaf Laplacians; and 
3) Cubification and Curvature : adapting geometric group theory and CAT(0) cubical 

complexes to quickly solve optimization problems on complex nonconvex domains. 
 
These represent distinct aspects of a unified revolution in optimization based on homological-
algebraic methods in geometric, combinatorial, and analytic emanations.  
 
1.2 Goals 
This project consisted of fundamental research. The goal of this project was to produce a 
revolutionary set of tools and perspectives with which to address optimization problems that are 
potentially high-dimensional, distributed, and/or involving nonstandard data types. 
 
The approach of this project was not in the direction of a generalization of existing methods; 
rather, the work here summarized pushed out into new and revolutionary methods that have 
previously had little to no impact in optimization theory (such as homological algebra, geometric 
group theory, and sheaf theory). 
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2. Homological Programming 
 
2.1 Distributed Optimization and Homological Constraints  
Our goal of defining homological programs as a globally constrained set of distributed 
optimization problems with homological constraints evolved to the following general 
framework. Consider an undirected graph 𝐺𝐺 with sheaf ℋ of vector spaces over vertices and 
edges of 𝐺𝐺. Consider a set of convex optimization problems indexed by vertices 𝑣𝑣 of 𝐺𝐺; that is, 
𝐹𝐹 = {𝑓𝑓𝑣𝑣}, where each 𝑓𝑓𝑣𝑣 is a convex functional on the stalk ℋ𝑣𝑣.  
 
Problem: ([HG19-1] §II) Minimize 𝐹𝐹(𝑥𝑥) = ∑ 𝑓𝑓𝑣𝑣(𝑥𝑥𝑣𝑣)𝑣𝑣  subject to the global constraint that 𝑥𝑥 is a 
global section of the sheaf ℋ.  
 
We used a primal-dual method with the sheaf Laplacian 𝐿𝐿ℋ to descend on the primal variable 𝑥𝑥 
and ascend on the dual variable 𝑧𝑧. This led to the following general result: 
 
Theorem: (cf. [HG19-1] §IV) Flowing according to the sheaf Laplacian via the dynamical 
system 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝛻𝛻𝛻𝛻(𝑥𝑥) − 2𝐿𝐿ℋ(𝑥𝑥) − 𝐿𝐿ℋ(𝑧𝑧)       ∶         
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐿𝐿ℋ(𝑥𝑥) 
converges to the Karush-Kuhn-Tucker [KKT] points of the optimization problem above.  
 
We generated several applications of this new technique: see [HG19-1] §V, which established 
the theory and outlined applications to:  
1. Distributed optimal control of linear systems 
2. Distributed optimal signal reconstruction on graphs 
 
2.2 Application: Linear Optimal Controls 
One application to a classical setting is in linear control systems. Consider the following standard 
time-dependent linear system with controls on ℝ𝑛𝑛: 
 

𝑥𝑥𝑡𝑡+1 = 𝐴𝐴𝑡𝑡𝑥𝑥𝑡𝑡 + 𝐵𝐵𝑡𝑡𝑢𝑢𝑡𝑡  ;  𝑦𝑦𝑡𝑡 = 𝐶𝐶𝑡𝑡𝑥𝑥𝑡𝑡 + 𝐷𝐷𝑡𝑡𝑢𝑢𝑡𝑡 
 
This can be represented as a sheaf over a tree as in Figure 1. 
 

 
Figure 1: A linear control system is realized as a sheaf of vector spaces over a tree. 
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Here, 𝑖𝑖𝑖𝑖 means the identity map and Π means projection onto the appropriate factor. The sheaf 
Laplacian 𝐿𝐿ℱ then converges to 𝐻𝐻0(ℱ), the global-in-time solutions to the system. Fitting this 
into the framework of homological programming, we can implement sheaf Laplacian evolution 
to find global solutions to the linear system which optimize (time-dependent) functions.  
 
2.3 Scenario: Indoor Mapping through Nonco-Operative Sensing 
As a testbed for our qualitative methods, we have built the following scenario. Consider a setting 
in which control has been exerted over multiple security camera feeds in a building.  
 
2.3.1 Assumptions 
The following capabilities or sensor inputs are assumed: 

1. Target ID, locally consistent in time. Persons in view can be tracked while in-view and 
identities can be re-established when targets appear on another feed.  

2. Consistent timing between feeds, so that it is known how much time has passed between 
targets entering and exiting field-of-view. 

3. Local clustering of target entrance/exit regions within a camera’s field of view. 
 
Things that are not assumed include building layout data, location or bearing of cameras, 
distribution or density of cameras, or any other geographic data.  
 

 

 
From this data, the goal is to build: 1) a topologically-accurate map of the interior layout of the 
building, getting details like hallway configuration correct up to homology; 2) a geometric 
relaxation based on average transit times, as an approximation to the domain geometry.  
 
2.3.2 Technique 
Our technique involved the following ingredients: 

1. Clustering entrance/exit domains in camera fields-of-view. These clusters will form the 
vertex set 𝑉𝑉of a combinatorial model of the domain topology. 

2. Use of average minimal transit times between elements in 𝑉𝑉 to generate a weighted 
transit matrix 𝑇𝑇.  

3. Building a modified Dowker complex of 𝑇𝑇 as a simplicial cell complex model of the 
domain, with guarantees on homological accuracy.  

4. Augmenting the model with refinements of the transit time distributions in order to 
determine “hidden hallways” that no camera has knowledge of.  

5. Setting up an SDP whose solution gives the topological model a geometric approximant. 

Figure 2: Agents are tracked in time according to visibility in-field. 
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This can be seen in the following simple example, where a simple floor plan is surveilled with 
three cameras. Agents moving in and out of the field of view are tracked on a time line [Figure 
2]. Clustering entrance and exit regions and building the Dowker complex of the transit matrix 
yields a simplicial cell complex which captures the correct homotopy type of the floorplan 
[Figure 3]. 
 

 

 
Even in situations where the floorplan is fairly complicated and the systems of sensors is sparse, 
one can still provably reconstruct the proper topology of the floorplan. Figure 4 gives an example 
of two cameras which suffice to reconstruct a complex floorplan. The key is to control the 
contractability of the complement of the covered region.  
 
With the ability to approximate indoor map topology and geometry of a single floor, we turned 
to the multi-floor setting. Assume the following constraints: floors are connected by elevators 
(perhaps in various locations) and the elevators are covered – there are cameras (whether inside 
the elevators or at entrance/exit doors) which indicate who gets in/out when.  
 
The problem is to infer 1) the number of floors; 2) the total ordering of the floors; and 3) an 
identification of which cameras are observing which floors, in order to reconstruct the entire 
building floorplan topology.  
 

𝐶𝐶1
𝐶𝐶2

𝐶𝐶3 𝐶𝐶4

𝐶𝐶5

𝐶𝐶1

𝐶𝐶2

𝐶𝐶3 𝐶𝐶4

𝐶𝐶5
𝐶𝐶1

𝐶𝐶2

𝐶𝐶3 𝐶𝐶4

𝐶𝐶5

Index-1

𝐶𝐶1

𝐶𝐶2

𝐶𝐶3 𝐶𝐶4

𝐶𝐶5

Step 1 & 2 Step 3 – 6 

Figure 3: Topological reconstruction of floorplan is obtained. 

Figure 4: Floorplan reconstruction is possible from sparsely-placed cameras. 
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With assumptions as stated, along with a “efficient rider” assumption (people take the shortest 
elevator path when changing floors and, e.g., do not go in an up elevator when they meant to go 
down), these problems are solvable.  
 

• Step 1 is to use the elevator coverage assumption to partition all remaining cameras into 
connected floors (with unknown floor numbers).  

• Step 2 is to use accumulated observations about entrances/exits from elevators along with 
the no-idiots assumption to determine the terminal floors (top/bottom). Top can be 
distinguished from bottom based on circadian patterns (when most people arrive or depart 
for the day).  

• Step 3 is to use interleaving of elevator entrances/exits with Step 2 to obtain the ordering 
of the floors.  

 
2.3.3 Simulation Engine  
In order to test the effectiveness of the methods above, we built a simulation engine [Figures 5 
and 6]. Using a combination of python programming within the popular Unity game engine 
environment, we set up a procedurally-generated building with customizable agents wandering 
through it. Besides procedurally-generated floorplans, this simulation engine has a customizable 
set of cameras and placement parameters, adjustable speed and behaviors of agents, and variable 
time-scales (for quick-run data collection).  
 

 

 
Figure 5: Multi-floor buildings are simulated. 
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2.3.4 Analysis and Summary 
Proposition III.3 of [GS19] proves that the process described above produces a 1-d cell complex 
which, in the case of a planar domain with unimodal transit times between cameras with simply-
connected complements, returns the correct topology of the floorplan. Results in Sections IV and 
V of [GS19] detail the use of SDPs to approximate geometric information. No hard results are 
provable due to the weakness of the assumptions. As there are no other methods that work with 
the minimal-sensing model we have employed, no comparisons to existing techniques can be 
made, other than to note that the topological techniques return provably correct results with 
virtually no assumptions on the quality of sensor input.  Future work should focus on the 
geometric approximation: [GS19] indicated that adding constraints to the SDPs (such as the 
existence of known anchor points) improved results: quantifying the degree of improvement 
possible would be an avenue for future results.   
 
2.4 Learning Sheaves   
The sheaf Laplacian can be used to define a notion of consistency – or smoothness – of data on 
the vertices. In the same way that one can learn graph structures from signals over the vertices 
which are smooth with respect to the graph Laplacian, we showed how to learn a sheaf based on 
vertex-signals smooth with respect to the sheaf Laplacian [Figure 7].  
 

 

 

Figure 6: Still shots are shown from the monitored cameras in the simulation engine. 

Figure 7: Multimodal signals over a graph can be learned. 
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This is significant in that the signals can be multimodal and quite different from vertex to vertex. 
The solution technique here, as with the classical case of graph Laplacians, is to frame the 
problem as a constrained optimization problem. The unique feature here is the global constraint 
that makes this an excellent example of homological programming. This work is written up in 
[HG19-2]. 
 
2.5 Sheaves of Opinions and Opinion Dynamics on Networks   
A class of opinion sheaves meant to model how individuals negotiate ideological agreement and 
disagreement on a variety of issues that are context-dependent and mediated through a social 
network was initiated. Stalks ℱ𝑣𝑣 are represented as positive cones in a real vector space, whose 
basis vectors represent, roughly, the set of issues on which agent 𝑣𝑣 has a strongly-held opinion 
on a subject (public policy, preference, politician, etc.) with binary outcome (like/dislike) 
coupled with degree. Stalks over edges ℱ𝑒𝑒 are (large) vector spaces spanned by all possible 
issues/preference questions. The restriction maps for the sheaf are maps of positive cones into 
the net opinion vector space. These maps perform localized opinion alignment.  
 
One important feature of these sheaves are that the maps ℱ𝑣𝑣 → ℱ𝑒𝑒 are not required to be identity 
maps (composed with the standard embedding). For example, the restriction maps can reverse 
orientation along certain axes (this is, a person can lie about their opinion to certain others). This 
increases greatly the ability to model complex social interactions.  
 
It was shown that a diffusion operator built from the sheaf Laplacian suffices to bring such a 
system into global consensus, if such a consensus exists: more formally, the fixed point set of the 
diffusion operator is isomorphic to the space of global sections of the sheaf. A preliminary report 
appears in [HG18] §8.  
 
2.6 Sheaves of Lattices and Laplacians  
Work was done on the use of dynamics to compute global solutions to local systems of 
constraints. At first, this involved using dynamics on lattices of cochain complexes, but was 
generalized to the similar (but vastly broader) setting of cochain complexes of lattices. A lattice 
is a partially-ordered set (or poset) outfitted with algebraic binary operations of meet (written ∧, 
acting like an intersection or greatest lower bound) and join (written ∨, acting like a union or 
least upper bound). Specific examples include Boolean algebras and similar structures from 
logic.   
 
The goal was to prove convergence results that a given dynamical iterative scheme can be 
proven to converge to the cohomology of the underlying chain complex. This is related to the 
project on spectral sheaves, where the Laplacian and a global heat equation provides the 
canonical example of such.  
 
A class of cellular sheaves ℱ of lattices over graphs was considered: data structures over a 
network where to each vertex and edge is assigned an abstract lattice, and to each vertex-edge 
pair (𝑣𝑣, 𝑒𝑒) is assigned a lattice morphism ℱ𝑣𝑣≤𝑒𝑒:ℱ𝑣𝑣 → ℱ𝑒𝑒 between the corresponding lattices. 
Using the Galois correspondence leads to an adjoint lattice morphism ℱ𝑣𝑣≤𝑒𝑒∗ :ℱ𝑒𝑒 → ℱ𝑣𝑣. 
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A novel Laplacian operator acting on the union of the vertex-data lattices was discovered. This is 
defined on vertex stalks in [RG19] as follows: 
 

Δ(𝑥𝑥)𝑣𝑣 ∶=   � ℱ𝑣𝑣≤𝑒𝑒∗ �ℱ𝑣𝑣≤𝑒𝑒(𝑥𝑥𝑣𝑣) ∧ ℱ𝑤𝑤≤𝑒𝑒(𝑥𝑥𝑤𝑤)�
𝑣𝑣−𝑒𝑒−𝑤𝑤

 

 
The intuition for why this is a Laplacian stems from the flow of data up from vertices to edges, 
then back down to vertices, much like a graph Laplacian.  
 
A diffusion process using this Laplacian in a discrete-time flow was developed, much as what 
occurs when solving a heat equation on a domain, to relax an initial condition to a convergent 
solution. Using this operator, the following result was obtained: a perfect analogue of the 
discrete-time Laplacian flow converging to harmonic solutions. 
 
Theorem: ([RG19]) For ℱ a sheaf of (complete meet semi-)lattices of a graph 𝐺𝐺, then the 
discrete time Laplacian evolution operator 
 

𝛷𝛷 ≔  𝛥𝛥 ∧ 𝐼𝐼𝐼𝐼 ∶ 𝐶𝐶0(𝐺𝐺;𝐹𝐹) → 𝐶𝐶0(𝐺𝐺;𝐹𝐹) 
 
Is an endomorphism on 0-cochains with fixed point set 𝐹𝐹𝐹𝐹𝐹𝐹(𝛷𝛷) = 𝐻𝐻0(𝐺𝐺;ℱ) the space of global 
sections of the sheaf. Moreover, if the stalks of ℱ are finite, then 𝛷𝛷 converges to global sections 
in a finite number of iterations. 
 
This has as immediate corollary the ability to do distributed consensus on networks of fixed 
lattices. This in itself is interesting, but is not nearly as powerful as the ability to evolve over a 
sheaf of lattices. This work is currently being extended and written up for publication [RG19].  
 
2.7 Application: Wireless Communication Networks 
An interesting application of sheaves of lattices was found for a classical problem in wireless 
communications. The typical (conservative) protocol for wireless network communications 
follows these steps: 
 

1. RTS : Request To Send : node A broadcasts “Request to talk to B!” 
2. CTS : Clear To Send : when everyone goes silent, B says “OK!” 
3. DAT : Data transfer : A broadcasts data read by B 
4. ACK : Acknowledgement : B says “Message received!” 

 
This is clearly over-conservative and redundant. 
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We constructed a sheaf of (meet semi-)lattices over the communication network that encodes 
legal communication protocols. For each edge 𝑒𝑒 in the graph, consider the 2-hop neighborhood 
of edges incident to 𝑒𝑒 [Figure 8]. The stalk over 𝑒𝑒 is the semi-lattice of subsets of edges in the 2-
hop neighborhood generated by sets of the form 1) any subset not containing 𝑒𝑒 (representing 
cases where 𝑒𝑒 is “off”; and 2) subsets containing 𝑒𝑒 for which communication over said edges 
does not overwhelm communication over 𝑒𝑒.  Stalks over vertices are the full lattice of subsets of 
edges incident. The restriction maps glue vertex data into edge data via embeddings.  
 
Proposition: [RG19] The zeroth cohomology 𝐻𝐻0 of this sheaf consists of all legal 
communications scenarios in which signal-interference does not impede communication. 
Much more remains to be done on this problem, including determining how to project from an 
initial, non-sectional state of communication, to a collection of legal local sections for the sheaf 
in order to apply a Laplacian smoothing to an optimal communications arrangement for 
continuous communication without interruption.  
  

Figure 8: The 2-hop neighborhood of an edge in a local network is illustrated. 



10 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

3. Spectral Sheaf Theory 
 
3.1 Sheaf Laplacians and Spectra  
This project has led to the development of a vast generalization of spectral graph theory to 
cellular sheaves – data structures over cell complexes taking values in vector spaces. To such, 
one can associate Laplacians (of various sorts), the spectra of which carry information about the 
sheaf as well as the underlying complex. In spectral graph theory, one is really examining the 
spectra of the up-Laplacian of the constant sheaf over a graph. This is a huge area in applied 
mathematics, with applications to optimization, clustering, graph sparsification, and much more. 
The work done during this project greatly generalizes this subject and has opened multiple new 
directions for theoretical and applied investigations.  
 
Our inquiries led to a 35-page paper [HG18] which contained the following: 
 
1. Definitions of Laplacians (standard, up- and down-) associated to sheaves of vector spaces 

over cell complexes. 
2. Characterization of spectra of cellular sheaves under the operations of pushforwards of 

covering maps and sheaf products. 
3. Examples to demonstrate multiple non-isomorphic sheaves with the same Laplacians: i.e., 

one cannot “hear” the shape of a sheaf. 
4. Examples of obstructions to harmonic extension (cf. Kron reduction) on sheaves.  
5. Definitions of effective resistance for cycles on cosheaves over cell complexes. 
6. A theorem on computability of effective resistance in terms of the pseudo-inverse of the up-

Laplacian. 
7. A sparsification theorem for cellular sheaves. 
8. A roadmap for spectral sheaf theory applications, including synchronization, consistent 

clustering of data, sheaf approximations, and more. 
 
3.2 Effective Resistance and Sampling  
The definition of effective resistance is of importance: the idea is that the effective resistance of a 
pair of homologous cycles is the minimal cobounding chain that spans them. So, for (𝛼𝛼,𝛽𝛽) a pair 
of 𝑘𝑘-dimensional cycles in a complex, 
 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒(𝛼𝛼,𝛽𝛽) = min
𝛾𝛾

 |𝛾𝛾|   :   𝛾𝛾 ∈ 𝐶𝐶𝑘𝑘+1(𝑋𝑋;ℱ)   :  𝜕𝜕𝜕𝜕 = 𝛽𝛽 − 𝛼𝛼  
This is shown to be computable in terms of the pseudo-inverse of the up-Laplacian. 
 
The most significant theorem to come about is the sparsification theorem for sheaves, 
generalizing a well-known result in spectral graph theory due to Spielman et al. [ST11].  
 
Theorem: ([HG18]) Let 𝑋𝑋 be a regular cell complex of dimension 𝑑𝑑 and ℱ a cosheaf on 𝑋𝑋 with 
𝑑𝑑𝑑𝑑𝑑𝑑𝐶𝐶𝑑𝑑−1(𝑋𝑋;ℱ) =  𝑛𝑛. Given 𝜖𝜖 >  0 there exists a subcomplex 𝑋𝑋′ ⊂ 𝑋𝑋 with the same (𝑑𝑑 − 1)-
skeleton and 𝑂𝑂(𝜖𝜖−2𝑛𝑛 𝑙𝑙𝑙𝑙𝑙𝑙 𝑛𝑛)  𝑑𝑑-cells, together with a cosheaf ℱ′ on 𝑋𝑋′ such that the Laplacians 
are 𝜖𝜖-close: 

(1 − 𝜖𝜖)𝐿𝐿ℱ𝑑𝑑−1 ≼  𝐿𝐿ℱ′𝑑𝑑−1  ≼ (1 + 𝜖𝜖)𝐿𝐿ℱ𝑑𝑑−1 
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The proof of this works via probabilistic sampling according to effective resistance. 
 
3.3 Sheaf Approximation Theorems 
One of the issues that has arisen is the need to approximate a (high-dimensional, high-rank) sheaf 
with a simpler model that captures the “essential” information in the original sheaf. The natural 
notion in light of this program is that of a spectral approximation: the approximating sheaf has 
smaller-dimensional stalks but has nearby nonzero spectrum in its Laplacian. This leads naturally 
to questions of expanders.  
 
3.4 Expander Sheaves 
One of the more important tools in applications of spectral graph theory to error-correcting 
codes, embedding problems, and even Riemannian geometry comes from the notion of expander 
graphs [HLW06]. An expander in a graph is a subgraph which “feels hyperbolic” in the sense of 
being well-connected with large boundary relative to interior.   
 
Motivated by a conjectural Cheeger inequality for sheaves over graphs, we extended the notion 
of spectral expander graphs to certain classes of sheaves over graphs, namely quasi-constant 
sheaves, in which all vertex stalks are a fixed vector space and restriction maps are constant on 
each edge (but can vary from edge to edge). Among such quasi-constant sheaves, an  
𝜂𝜂-expander is 𝑘𝑘-regular (the Laplacian is block-diagonal with entries 𝑘𝑘𝑘𝑘) and whose adjacency 
matrix has spectrum bounded by 𝜂𝜂. 
 
Our principal result here is an expansion of the well-known Expander Mixing Lemma for 
expander graphs [HLW06], which says that for an 𝜂𝜂-expander graph 𝐺𝐺, the expected number of 
edges between subsets 𝑆𝑆,𝑇𝑇 ⊂ 𝑉𝑉(𝐺𝐺) differs from the known 𝑘𝑘-regular mean by 
 

�𝔼𝔼�𝐸𝐸(𝑆𝑆,𝑇𝑇)� −
𝑘𝑘|𝑆𝑆||𝑇𝑇|

|𝐺𝐺| � ≤ 𝜂𝜂�|𝑆𝑆||𝑇𝑇|�1 −
|𝑆𝑆|
|𝐺𝐺|��1 −

|𝑇𝑇|
|𝐺𝐺|�. 

 
To extend this result to sheaves, we have shown the following: 
 
Lemma: [H20] For a 𝑘𝑘-regular quasi-constant sheaf over a graph 𝐺𝐺 whose vertex stalks have 
dimension 𝑑𝑑, and for subsets 𝑆𝑆,𝑇𝑇 ⊂ 𝑉𝑉(𝐺𝐺),  

�𝑡𝑡𝑡𝑡�𝐸𝐸(𝑆𝑆,𝑇𝑇)� −
𝑘𝑘𝑘𝑘|𝑆𝑆||𝑇𝑇|

|𝐺𝐺|
� ≤ �|𝜆𝜆𝑑𝑑+𝑖𝑖|

𝑑𝑑

𝑖𝑖=1

�|𝑆𝑆||𝑇𝑇|�1 −
|𝑆𝑆|
|𝐺𝐺|��1 −

|𝑇𝑇|
|𝐺𝐺|�, 

where 𝑡𝑡𝑡𝑡 represents the traces of the appropriate blocks and the sheaf adjacency matrix has 
ordered eigenvalues 𝜆𝜆1 = ⋯ = 𝜆𝜆𝑑𝑑 ≤ 𝜆𝜆𝑑𝑑+1 ≤ ⋯ 
 
Connections between this work and the isoperimetric inequality results incident to a Cheeger 
inequality have been established.  
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3.5 Marginalization Sheaves  
As a potential application for the spectral theory of the sheaf Laplacian, a new class of cellular 
sheaves over a network was generated. Motivated by graphical models in machine learning and 
inference, we have developed the following class of marginalization sheaves.  
 
Given a collection {𝑋𝑋𝑖𝑖} of discrete random variables with factor graph 𝐺𝐺, one knows that the 
joint pdf factors according to 𝐺𝐺. The problem is, given the potential functions of the individual 
factors, compute the local marginals (without knowing the joint pdf, since there are potentially so 
many variables involved) [WJ08]. 
 
The marginalization sheaf is a sheaf over the Hasse diagram 𝐻𝐻 of the poset derived from the 
factor graph 𝐺𝐺. The stalk over a vertex/edge is the vector space of all possible probability 
distributions over the implicated variables, and the restriction maps of the sheaf are 
marginalizations. Results proved during the program imply that in the case where the base 
network 𝐻𝐻 is acyclic, then Laplacian evolution realizes a unique solution to the problem as an 
optimization involving Shannon entropy. At this time, it is not clear whether this method is 
essentially the same as the traditional message-passing techniques used to optimize in a 
distributed manner. 
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4. Cubification and Curvature 
 
4.1 Cubings 
Numerous problems in optimization (such as the shortest path problem) are sensitive to the curse 
of dimensionality: shortest path goes from complexity P to complexity NP-hard as one goes from 
polygonal domains in 2-d to 3-d. One method of attack is to restrict the geometry of the 
underlying domain. For example, in shortest path, restricting from arbitrary domains to CAT(0) 
cube complexes reduces NP-hard back to P; a truly hyperbolic geometry further reduces 
complexity to linear.  
 
Our goal was to simultaneously learn a space while optimizing a function on it. The only hope 
for doing so efficiently is to similarly restrict to the setting of nonpositively curved (NPC) or 
locally CAT(0) cubings – spaces built from cubes arranged in such a way as to eliminate any 
positive curvature. Such spaces have been shown to be common in robotics, planning, 
phylogenetics, and other reconfigurable information systems. 
 
4.2 Universal Memory Architectures  
Our work was related to an in-progress architecture for learning the NPC cubing. Such universal 
memory architectures (UMAs) are highly efficient with regards to memory allocation and can 
be used to learn the lattice (more precisely pocset) structure underlying an NPC cubing. We have 
established the preparatory results on UMAs (how they work, what they can do, comparison to 
SOA methods such as neural networks). Current results on optimization include: 
 

1. For an integer-valued function on the vertex set of an NPC cubing, a UMA can efficiently 
learn the convex hull of the optima.  

2. We have a set of conditions on convexity of intersections in a cosheaf of CAT(0) cubings 
that allows us to adapt UMAs for learning. 

 
This prerequisite background work on UMAs was written up in a 58-page manuscript [GK18]. 
We proceeded to cast the problem of cubical complex reconstruction from distributed sensor data 
as an optimization problem using generalized Laplacians. Specifically, let 𝑋𝑋 be a CAT(0) cubical 
complex and 𝐺𝐺 its 1-skeleton graph. The structure of 𝑋𝑋 is unknown: only knowledge of 𝐺𝐺 is 
available, and that only through a time-series of observations as follows.  

 
Figure 9: Shown is a split system of states on vertices of an unknown cubical complex. 
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Consider a binary functional 𝑠𝑠 from the vertex set of the graph, 𝑉𝑉(𝐺𝐺), to the set {0,1}.  A system 
𝑆𝑆 = {𝑠𝑠} of such binary functionals is said to be a split system if each 𝑠𝑠 is non-constant and if 𝑆𝑆 is 
closed under complements and distinguishes vertices.   
 
Conjecture: With 𝑆𝑆 a split system as above, the functional 
 

𝛹𝛹(𝑆𝑆) =  � |𝛿𝛿(𝑠𝑠)|
𝑠𝑠∈𝑆𝑆

−
1
2

|𝑆𝑆| 

 
acts as a weighted Laplacian whose minimizers yield the hyperplane structure for the cubical 
complex 𝑋𝑋.  
 
A partial result was proved during this program: it is a minimax theorem of the following form: 
 
Proposition: [GG19] Maximizers of |𝑆𝑆| subject to the constraint that ∑ |𝛿𝛿(𝑠𝑠)|𝑠𝑠∈𝑆𝑆  is minimized 
yields the hyperplane structure of the underlying cubical complex.  
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5. Summary and Conclusions 
Prior to this project, the applications of algebraic topology to optimization theory were virtually 
nonexistent. This program developed several novel methods for using algebraic topology in 
distributed optimization, among which included: 
 
• The first applications of the Hodge Laplacian of cellular sheaves.  
• A revolutionary extension of spectral graph theory to a spectral theory of cellular sheaves and 

cosheaves.  
• Definition of Homological Programming in terms of optimization with cohomological 

constraints. 
• Creation and analysis of Laplacian diffusion techniques for homological programs, with 

convergence results. 
• Extension of Laplacian methods to sheaves taking values in certain categories of posets and 

lattices.  
• Adoption of Laplacian optimization methods to Universal Memory Architectures and 

reconstruction of cubical configuration spaces from sampled time-series data. 
 
In addition, several applications were outlined: including to problems of control, clustering, 
network communication, indoor mapping, learning, and opinion dynamics on social networks. 
Though the focus of the project was on development of fundamental theory, several of the initial 
applications appear promising enough to warrant future attention. In particular, the indoor-
mapping problem, which utilized minimal uncooperative sensing from a set of cameras tracking 
agents, yielded topologically-inferred maps unavailable by any other known means from the 
minimal input data.  
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