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1. Introduction

The motivation for this report is navigating low-cost guided projectiles. Recently, the global
positioning system (GPS) has been successfully integrated into gun-launched munitions (1-6).
GPS components may be a significant portion of the overall system cost. Furthermore, GPS
technology requires an infrastructure that adds to the burden on an already uncertain battlefield.
Terrain masking and active threats also influence the tactical operation of GPS navigation for
precision munitions. Thus, GPS-denied navigation technologies are of great military interest.

Technologies for guiding fin-stabilized (1, 4, 5, 7, 8) and spin-stabilized (6, 9, 10-12) projectiles
from a gun-launched platform are available in the literature. Feedback measurements required
for guidance are often difficult to collect in the gun-launched environment. Sensors must survive
the gun launch event (13-17). Additionally, gun launch may alter the basic functionality of
sensor devices, which obfuscates ground calibration. Spin-stabilized projectiles rotate hundreds
or thousands of times per second, which severely stresses the dynamic range and integration of
sensors such as accelerometers and gyroscopes. Affordability is a major concern for any military
application. Micro-electromechanical (MEM) accelerometers are relatively inexpensive but often
feature higher noise characteristics than alternate accelerometer technologies. Unduly high labor
cost is sometimes required to calibrate these measurement technologies into the final integrated
flight vehicle.

This report overcomes some of these technical challenges for using accelerometers to navigate
precision munitions. In-flight nuisance parameter estimation (18-21) is used to compensate for
low-cost accelerometer measurement errors in the ballistic environment. A comprehensive body
of work in launch and flight sciences (22—-26) may be applied to underpin measurement modeling
and estimation algorithms. High-fidelity flight modeling has been used in the past for aircraft
(27) and fin-stabilized projectile (28) navigation. The goal of this work is simple accelerometer
nuisance parameter estimation algorithms to enable inertial navigation of spin-stabilized
projectiles with low-cost devices.

This report presents the nonlinear model of in-flight accelerometer measurements. Next,
practical simplifications to the in-flight measurement model for guided spin-stabilized projectiles
with limited control authority are outlined. Nuisance parameter estimation algorithms are
developed and inertial navigation is reviewed. Monte Carlo launch and flight simulation results
of a guided spin-stabilized projectile are described.



2. In-Flight Measurement Modeling

Accelerometers mounted in a projectile in atmospheric flight measure the specific aerodynamic
force in the body frame. The aerodynamic forces encountered during flight depend on the
atmosphere (e.g., density, wind) and flow around the projectile (e.g., Mach number, angle of
attack). An expression for ideal accelerometer measurements located at an arbitrary point in the
projectile body follows (29).

~B __ 1 = - - N N -
ay = Fy + 0p/1 X Tegom + Wpy1 X Opj X Tegom (1)

Ideal accelerometer signals are corrupted in practical transduction devices by errors in scale
factor, misalignment, cross axis sensitivity, misplacement, bias, and noise. Modeling these terms
provides the following relationship for the specific force at the center of gravity (CG) measured
by a real-world accelerometer.

- == [12 = - = — —
ace = SuTus [EFA + wp X (Feom + €rCG_,M) + wp/ X wp/y
(2)

X (Tegom + Erpgy) + 65 + SN]

MEM accelerometers offer enormous advantages in terms of device size, gun-launched
survivability, and cost due to economies of scale. These devices are improving performance
drastically but still often fall short of guided-projectile requirements for inertial navigation.

After neglecting scale factor, misalignment, and nonorthogonality errors, an expression for the
error in the accelerometer measurement at the CG may be obtained through a simple difference:

eagc = CUB/I X SrCG—>M + CUB/I X (,L)B/I X SrCG—>M + &Ep + En (3)

The measurement error in equation 3 can be manipulated for the spin-stabilized projectile
application. Gyroscopic action is used to stabilize statically unstable projectiles. High projectile
spin rates are necessary for achieving gyroscopic stability. Therefore, the spin rate is much
higher than pitch and yaw rates (p > g, r) and dominates the centripetal acceleration term in
equation 3. In contrast, the spin rate deceleration is very small compared with the other
components of angular acceleration. However, the radial components are perfectly periodic with
roll rate, and therefore have no net effect on accelerometer integration, so the tangential
acceleration term is neglected. Using these assumptions, the equation for the error in the
accelerometer measurement at the CG may be simplified to the following form.

— 2
egs. = Cp +b 4)
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This equation lumps some individual error parameters (e.g., scale factor, misalignment, bias)
together into two separate terms, and uses an estimate of spin rate to model critical features of
accelerometer errors for spin-stabilized projectiles.

Spin-stabilized flight dynamics may also be leveraged in modeling lateral accelerometers.

Figure 1 provides the body-fixed coordinate system. Triaxial accelerometers are often mounted
orthogonally with the principal axis of one accelerometer along the spin axis of the projectile
(axial accelerometer), and the principal axes of the other two accelerometers are oriented to
complete a right-hand coordinate system (lateral accelerometers). For right-hand-spun
projectiles, the lateral accelerometer signals resemble sine waves with the J-axis measurement
lagging the K-axis measurement by 90°. Over one revolution of spin the lateral accelerations
have zero mean during the ballistic portion of flight. Lateral accelerometers were modeled with a
parameter for the amplitude and using the appropriate sine/cosine function of spin rate since spin
rate does not change appreciably over a revolution.
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Figure 1. Body-fixed
coordinate
system.

Axial acceleration is driven by drag. Flight mechanics (22, 23, 26) and high-fidelity aerodynamic
characterization (25) can be applied to estimate the specific axial force to within yaw-dependent
axial force (usually small), manufacturing tolerances (e.g., mass, drag coefficient), and
atmospheric uncertainties (e.g., density, wind) when velocity is obtained in flight.

a; = =g pD?CxV? (5)

This expression provides a heuristic-based calculation for using in the nuisance parameter
estimation of the axial accelerometer.



3. Estimator Design

To perform the nuisance parameter estimation, an extended Kalman filter was created (30). The

accelerometer model development for the spin-stabilized projectile environment outlined
previously was incorporated into the estimator design. The state vector for the nuisance
parameters are therefore the lateral accelerations, constant biases, and biases related to the roll

rate squared, as shown:

i

a; sin(pt)
a, cos(pt)
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(cp?),
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The measurements are the triaxial accelerometers.

Y =ag,

The nuisance parameter state propagation equations are as follows:
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Projectile roll dynamics (22-24, 26) may be applied to obtain spin acceleration (p = ————).
In discrete time, the state propagation matrix is
F=eM (10)
[ cos(pAt) sin(pAt) 0 0 O 0 0 0 |
—sin(pAt) cos(pAt) 0 0 O 0 0 0
0 0 100 0 0 0
0 0 010 0 0 0
_ 0 0 0 01 0 0 0
F~ 2p
0 0 000 1+?At 0 0 (11)
0 0 0 0O 0 1+QAt 0
P
0 0 0 0O 0 0 1+2—ppAt

Between measurement updates, the state and covariance are propagated according to the
following expressions.

X =FRuX (12)
P =FaRLFL+Qu (13)

A simplified model of the accelerometers is proposed based on modeling of the aforementioned
in-flight measurements.

a +b + (sz)i

Y™ =] a;sin(pt)+b, +(cp?), (14)
a, cos(pt) +b, +(cp?),

The relationship between the measurement model and the nuisance parameter states can be
obtained from a partial derivative.

H
oY’ oY’ oY) [aY"| (ov') [ oY oY” oy’ (15)
d(a,sin(pt))) | a(a, cos(pt)) ) | b, ob; | ab, ) (aep), ) (a(ep); ) | a(ep),

And the resulting measurement matrix is

00100100
H=/1 0010010 (16)
01001001



The Kalman gain, state, and covariance, respectively, are updated at each measurement.

K,=P H(HP,H+R)™ (17)
ai

X=X +K |Y~| HX, +| 0 (18)
0

P =(I-KH)P (19)

Finally, the accelerometer measurement is compensated using these nuisance parameters.
8% =YY" (20)

The body acceleration of the CG is transformed into the inertial frame and the force of gravity is
added for inertial navigation.

acIG = -I:B| ége +0 (21)

A trapezoidal numerical integration scheme is applied to obtain inertial velocity and position
from this acceleration. Initial velocity and position are necessary.

4. Simulation Setup

To validate the algorithm presented in the previous section, a guided artillery projectile equipped
with a GPS, course-correcting fuze, and triaxial accelerometers was simulated in a
Matlab/Simulink environment. The simulation features high-fidelity nonlinear models of flight
(11), sensors, and actuators. The projectile was nominally launched at a 45° quadrant elevation
and about 800 m/s, which resulted in flying over 20 km downrange. In the following studies, the
projectile uses GPS navigation for guidance feedback, whereas the present algorithm is run in
parallel solely to assess the effectiveness of the nuisance parameter estimation and corresponding
navigation performance. All results for the inertial navigation use perfect initialization, attitude
information, mass properties, aerodynamics, and atmosphere.

The nominal error budget for the accelerometers is shown in table 1. Note that the I-axis
accelerometer can have a much smaller noise value because a part with a lower full-scale
dynamic range, and thus higher sensitivity can be used since misposition errors are much less
likely to result in clipping than with the J/K-axis sensors.



Table 1. Accelerometer error budget.

- Value
Description Symbol (15)

Scale-factor error Sy, (diagonals) 1% full-scale value
Nonorthogonality error S, (off-diagonals) 0.5% full-scale value
Misalignment error fMB 0.5°
Turn-on bias error EpT 100 mG
Drift bias error €D 4 mG
I-axis accelerometer noise En, 4 mG
J/K-axis accelerometer Ny 150 mG
Nominal position TeGom {0.5 0 O}T m
Misplacement error Ercoam 0.5mm

5. Results

The simulation environment and algorithm implementation was first validated by turning all of
the measurement errors to zero and assessing the integration errors due to computation. The
launch conditions were randomly varied so that the projectile maneuvered differently to reach
the target. To evaluate the performance of the algorithm, the root-sum-square (RSS) of the error
between the position obtained from inertial measuring unit integration and the true position as a
function of time will be used as a measurement of performance. The RSS position error at the
time of impact provides the “miss distance” of the navigation, and the median of all miss
distances provides an estimate of the navigation circular error probable (CEP), which will be
used as a metric in the subsequent Monte Carlo experiments. A set of 100 computational error
histories shown in figure 2 displays reasonable performance and validates the accelerometer
modeling and algorithm implementation.
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Figure 2. RSS position error due to computation with no sensor errors.

Even if the nuisance parameter estimation works flawlessly, the accuracy of the inertial
navigation solution is limited by the random errors due to accelerometer noise and bias drift
since these errors cannot be compensated for. To determine a lower bound for the inertial
navigation, a set of 100 Monte Carlo flights were simulated with only the random noise and bias
drift of the accelerometers active. The scalar position variance is described by the following
function of time and integration sample time (31):"
2 2 ts 2 ts

G (t) =0 Al 3 + 0y Al PN (22)
The integration and algorithms were both run at a rate of 1 kHz. The highest frequency
component of the radial accelerometer signals corresponds to the maximum spin rate, so the
Nyquist frequency is just over 500 Hz. This must be balanced with realistic real-time processing
limitations of embedded hardware. The rate of 1 kHz is feasible on an embedded processor,
while providing some protection against aliasing. The results of the Monte Carlo analysis
demonstrate that the measured variance is close to the theoretical variance (assuming the
J/IK-axis noise dominates), with a resultant navigation CEP of about 26 m at impact,
demonstrated in figure 3.

* Even though the variance is a function of sample time, as the sample time approaches zero this approximation becomes
invalid because the real-world white noise is band-limited.
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Figure 3. RSS position error due to random sensor errors.

While the position errors due to noise are acceptable, the position errors due to the remaining
nuisance parameters are not. Another batch of 100 runs applying the full error budget in table 1
resulted in an estimated CEP of 15,535 m at impact, as shown in figure 4.
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Figure 4. RSS position error due to nuisance parameters.

Now that the simulation is validated and the need for nuisance parameter estimation is clearly
demonstrated, the performance of the nuisance parameter estimation algorithm is examined. A
typical output for a radial accelerometer (the J axis in this case) is shown in figure 5. The raw
accelerometer output is being simulated with the exact error model from equation 3 alongside the
nuisance parameter state estimates. The data shows that the offset of the accelerometer is
adequately represented by a bias and centripetal acceleration term. The convergence of these
terms is dependent on filter tuning, as well as the magnitude of scale-factor errors, which were
not accounted for in the estimator design.
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Figure 5. Typical radial accelerometer nuisance parameters.

Figure 6 demonstrates the effectiveness of the nuisance parameter estimation in correcting a
typical axial accelerometer signal. The top part of the figure displays the raw output of the sensor,
as well as the output after the nuisance parameters have been estimated and compensated for.
Over the course of the trajectory, the compensated accelerometer almost perfectly matches the
error-free accelerometer signal. The lower half of the figure displays the estimates for b.and c,,

which are approximately constant as expected.
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Figure 6. Typical axial accelerations and nuisance parameters.

A Monte Carlo of 100 runs was performed. The resulting CEP for the navigation algorithm was
81 m, and the RSS error trajectories are shown in figure 7. As expected, adding the nuisance
parameter estimation dramatically reduces the navigation error when sensor errors are present,
although the error limit due to noise alone is not reached. For reference, the impact CEP for the
ballistic flight of notional artillery munitions is over 200 m at these conditions. These results
illustrate that with perfect attitude information, mass properties, aerodynamics, atmosphere, and
initialization, the inertial navigation with nuisance parameter estimation for guided spin-
stabilized projectiles provides a navigation solution that is still an improvement over ballistic
dispersion in a GPS-denied environment.

12
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Figure 7. Monte-Carlo results with nuisance parameter estimation.

6. Conclusion

Improving gun-launched munition performance is an active research area in order to reduce
munition cost, improve precision in all environments, and reduce collateral damage. Low-cost
accelerometer nuisance parameter estimation for spin-stabilized projectile navigation was
conducted, resulting in a mean position error of 81 m over an 80-s flight. This method is tolerant
to accelerometer errors due to the novel manner in which in-flight calibration is performed.
Algorithms were developed to synthesize expected launch and flight characteristics with
microelectromechanical sensor modeling. Key heuristic parameters were proposed using in-flight
measurement models to compensate for low-cost sensors in the spin-stabilized projectile
environment. Low-cost measurements required for navigation are critical to affordably guiding a
projectile to a target. This effort demonstrates that accelerometer errors in certain conditions may
be reduced to a level sufficient to improve weapon accuracy in GPS-denied environments. These
results do not address the error sources present in an inertial navigation solution not related to
accelerometers such as initialization or attitude errors.

13
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List of Symbols, Abbreviations, and Acronyms

Nomenclature

ay

Specific force at measurement location in body fixed coordinates measured by
accelerometer

Projectile mass
Aerodynamic forces
Angular acceleration of body with respect to inertial coordinates

Moment arm from accelerometer location to projectile center of gravity

Specific force at center of gravity in body fixed coordinates measured by
accelerometer

Scale factor in accelerometer measurement

Transformation from the accelerometer measurement coordinates to the body
fixed coordinates

Accelerometer misplacement error
Accelerometer bias error
Accelerometer white noise error

Error in accelerometer measurement at center of gravity

Accelerometer roll-dependent nuisance parameter
Accelerometer bias nuisance parameter

Roll rate, roll acceleration

Accelerometer amplitude heuristic nuisance parameters
Air density

Total projectile velocity with respect to surrounding air

Projectile diameter
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) X
X

T

t, At

T

Axial force coefficient
Roll-damping moment coefficient
Measurement

Predicted measurement
State vector, state vector derivative

State transition matrix in continuous time

State transition matrix in discrete time

Time, time step

Measurement matrix

Covariance matrix

Process model covariance matrix

Kalman gain

Measurement covariance matrix

Identity matrix

Compensated specific force at center of gravity in body fixed coordinates
Acceleration at the center of gravity in inertial coordinates
Transformation matrix from body fixed coordinates to inertial coordinates
Gravity vector in inertial coordinates

Position standard deviation
Accelerometer bias drift standard deviation

Accelerometer white noise standard deviation
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