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1 Summary
This report presents key findings and results in the Scalable Inference for Rare Events (SIRE)
project (FA8650-16-C-7646). We achieved the following goals:

1.

Discovered deep theoretical connections between Koopman operator theory and rare event
simulation in stochastic differential equations.

Developed a generalized approach for efficient importance sampling methods for linear
stochastic differential equations using the Kolmogorov Backward (Ornstein-Uhlenbeck)
operator. This approach is a special case of the Koopman operator approach. The Koopman
operator approach demonstrated a 5000X and 1000X variance reductions on the Van der
Pol and Duffing oscillators respectively. Moreover, this approach is able to deal with
degenerate noise cases that arise in real world systems.

. Found all the eigenfunctions of the Ornstein-Uhlenbeck operator, which will be useful for

developing sampling methods.

Developed heuristics for efficient importance sampling methods for linear stochastic partial
differential equations.

. Constructed rotorcraft models that capture critical stall phenomena that was used for

computations.

Formulated and applied a new left-eigenvector based large deviations-based importance
sampling and splitting methods to rotorcraft and electrical models. The approach
demonstrated a 30X variance reduction on the electrical system model and 36X variance
reduction on the rotorcraft system. Additionally, it demonstrated a 2000X variance
reduction in non-normal dynamical systems (existing large deviations based methods did
not work in this setting). The splitting approach demonstrated a 10X variance reduction on
a simple rotorcraft model.

. Developed a new formulation for accelerating large deviations-based approaches using fast

stochastic optimal control solvers.

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 1



2 Introduction

Uncertainty is pervasive in engineering systems. Improperly treating or ignoring uncertainty
in the modeling and simulation of engineering systems may lead to costly consequences.
Uncertainty quantification for rare events is both difficult and important. Since they do not occur
very often, one cannot obtain enough data to study their mechanisms fully. However, at the same
time, rare events are often linked to the most catastrophic consequences.

In contemporary engineering design, one studies a system, its failure rates, and expectations
sensitive to rare events via computational models. These quantities of interest are relevant in a
variety of models in which the risk of failures may be tiny, but the cost of failure may be
catastrophic. Common examples include the probability of insolvency of an insurance firm [1],
the stalling and crashing of an airplane or rotorcraft in flight [2], or the loss of information packets
in communications engineering [3]. Good engineering design makes failure rates rare, and to
study them properly in computational models requires efficient rare event simulation.

Stochastic differential equations are useful for modeling uncertain dynamics or systems that
are influenced by noise. Often, the evolution of the state itself is not the main object of interest;
rather, quantities of interest called observables of the system are more important. These quantities
may be the reliability of a system, or its average operating conditions over a fixed period of time.

Due to the stochastic nature of the dynamics, these observables are often probabilities or
expectations taken with respect to the probability measure induced by the stochastic dynamical
system. However, these probability measures are intractable to work with exactly, so uncertainty
quantification via sampling is often considered instead. Sampling methods, known as Monte
Carlo methods, involve simulating many sample trajectories of the dynamical system and then
computing expectations of interest by taking sample averages. These methods rely the law of
large numbers, which allows exact expectations to be approximated by sample averages.

Observables of interest that are sensitive to rare events are of utmost importance as they are
often consequential for the design and optimization of engineering systems. For example, in
aerospace systems, one wants to choose design parameters such that the probability that the state
enters some dangerous region does not exceed some threshold. Or, one may wish to study the
probability measure conditioned on a rare event, which is relevant for studying mechanisms that
lead to the rare event. Simple Monte Carlo methods become prohibitively expensive when
expectations of interest are sensitive to rare events. Without many samples from the event of
interest, the errors of these Monte Carlo estimators can be orders of magnitudes larger than the
quantity of interest, thereby making the approximation useless. For this reason, there exists a
large body of literature on variance reduction which seeks to make sampling methods more
efficient. These methods include importance sampling, particle splitting, subset simulation,
control variates, etc [1]. To attain variance reduction using these methods successfully, one
typically uses theoretic and heuristic tools to gain some insight into the nature of the rare events
of interest, and then use the insight to devise more efficient sampling methods.

Rare event analysis and simulation is well-studied in chemical and industrial system. Here,
the rare events involve studying the probability of transitioning from one metastable state to
another, or the probability that the buffer in a queuing system overflows. What is lacking is the
study of rare event systems exclusively for physical and engineering systems — which may not be
adequately described by established analyses.

In this project, we focus on importance sampling and splitting for stochastic differential
equations. Importance sampling involves sampling from an alternative probability measure so that

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 2



more samples that reach the relevant parts of the state space can be obtained. One hopes to reduce
the variance of the Monte Carlo estimator by using an appropriately chosen alternative measure.
Systematic approaches to finding an alternative measure for stochastic dynamical systems include
the cross-entropy method [4, 5] and large deviations-based methods. For stochastic differential
equations, the Kolmogorov equations arising from stochastic calculus provides another way to
characterize certain expectations of the system. In particular, a linear partial differential equation
called the Kolmogorov Backward Equation (KBE) describes the evolution of expectations of the
system over time. If one could solve the KBE exactly, no sampling would be necessary. Given the
solution to the KBE, however, one can devise a zero-variance importance sampling estimator.
Cross-entropy based approaches attempt to approximate the optimal measure by solving an
optimization problem that minimizes the Kullbeck-Leibler divergence between the optimal
measure and a parametrized family of probability measures.

Sequential Monte Carlo methods have been developed as an alternative to importance
sampling. In these methods, one pushes samples towards regions of interest in an iterative
fashion. Subset simulation [6] is one approach that is used in the engineering reliability
community. They consider estimating tail probabilities of a high-dimensional distribution by
sequentially pushing samples into the tails. The method involves expressing rare event
probabilities as a product of conditional probabilities. These less rare conditional probabilities are
found by using Markov chain Monte Carlo. However, to apply the method for stochastic
differntial equations, one needs to discretize the system to obtain a high-dimensional distribution.
This method is discretization-dependent, which makes the method difficult to analyze for infinite
dimensional systems.

Particle splitting is another sequential Monte Carlo method. Like subset simulation, the
philosophy is to partition the state space into a sequence of nested sets, so that rare event
probabilities can be computed as a product of conditional probabilities. The method creates a
branching process in which samples that reach rarer sets are split into child samples. However,
one would need to choose the placement of the nested sets wisely for the method to be
computationally worthwhile. Systematic approaches to finding the levels are have been found to
have connection with large deviations-based sampling approaches [7].

No matter what approach one uses to create efficient estimators for SDEs, they are all directly
or indirectly approximating the zero-variance estimator when it exists. It is often stated in
literature that solving the KBE exactly is not a wise task to pursue as the dimension of the PDE
scales with the dimension of the state space. In this paper, we show that a direct spectral solution
to the KBE is possible for linear systems, known as Ornstein-Uhlenbeck processes. While the
Kolmogorov Forward Equation (KFE) (also known as the Fokker-Planck equations), which
describes the evolution of the probability distribution of the state over time, can be solved easily
for linear systems in arbitrary dimension by a system ODEs, the KBE has only been solved in one
dimension or under restrictive assumptions. To find a spectral solution to the KBE, we show how
one can find all the eigenfunctions of the KBE evolution operator for linear systems in arbitrary
dimension. Using the spectral approximation, we devise and efficient importance sampling
estimators for Ornstein-Uhlenbeck processes.

While the framework developed in this paper is most relevant to linear stochastic dynamical
systems in finite-dimensional state space, intuition drawn from the finite-dimensional case can be
extended to linear stochastic partial differential equations and even to nonlinear systems. We
explore these in the numerical examples.

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 3



We also explore large deviations-based importance sampling uses insight from large
deviations theory for dynamical systems, known as the Freidlin-Wentzell theory, to construct
efficient estimators. This approach converts this optimal sampling problem into a stochastic
dynamic programming problem, which one opts to solve instead [8, 9].

Using the rich set of theoretical techniques from large deviations, past research has provided a
computational paradigm for constructing good importance sampling estimators for rare event
simulation. For example, one of the ways the exponentially tilted biasing distribution was
introduced came from the proofs in Cramér’s theorem. Later on, it was found to also be an
efficient importance sampling distribution for certain problems [10].

One of the key insights that allowed large deviations to provide a unifying framework for rare
event simulation is through a control-theoretic approach to the classical theory. The proofs
provided computational methods to constructing good biasing distributions for importance
sampling. Recent work in dynamic importance sampling [11] showed a way of finding good
importance sampling distributions through a differential game theoretic interpretation which
amounts to finding the solution to an Isaacs partial differential equation. For rare event simulation,
this equation was shown to be equivalent to solving a Hamilton-Jacobi PDE or a sequence of
variational problems. While many past methods were restricted certain classes of problems, this
control theoretic approach to large deviations and rare event simulation admitted a general
framework that easily adapted to problems as broad as queues [12] and small noise diffusions [8].
At the same time, [7] showed that that this approach also results in provably good level sets for
particle splitting algorithms, thus unifying importance sampling and particle splitting methods.

Our goal under the SIRE program was to construct novel algorithmic approaches for
predicting rare events in engineering systems. Real world systems, also present degenerate noise
situations that can be challenging for current approaches. Under Phase I of the program, UTRC
and MIT developed an large deviations theory based methodology that demonstrated 36X
variance reduction in the rotorcraft system. This approach extends current rare event sampling
methods to non-normal dynamic systems by biasing the system using the left eigenvector of the
system. Under Phase II of the program, the team constructed an electrical system model to further
challenge the algorithm construction. We developed an splitting approach that exploits the
importance functions of the left eigenvector biasing to demonstrate 10X variance reduction on the
smaller version of the rotorcraft model. To address degenerate noise, a challenge that spans
multiple areas of rare events application, we developed a novel theory of Koopman operator based
importance sampling. This approach can deal with nonlinearities, non-normality, degenerate
noise situations, and black box systems in one framework. In fact, the left eigenvector biasing
approach can be motivated using the Koopman operator framework. The approach was
demonstrated on wide variety of problems including a formulation of the electrical system.

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 4



3 Background and Preliminaries
Here we review background information on stochastic dynamical models for physical
systems. We also review efficient Monte Carlo methods for stochastic differential equations.

3.1 Stochastic Differential Equations and Kolmogorov Equations

We study dynamical models whose uncertainties come from external sources such as
environmental factors or thermal noise, as opposed to parametric uncertainties. For this reason,
we focus on rare event simulation for stochastic differential equation (SDE) models. Here, we
review some basic tools used to describe and analyze SDEs following [13-15]. An SDE is a
continuous time stochastic process defined on continuous state space. The system is typically
written as a dynamical system that is driven by Brownian motion

{dx, = A(X,)dt +B(X,)dW, (1)

Xo ~ po

where the state, X;, evolves on RY, the drift, A, is a mapping from R4 to itself, and the diffusion
matrix, B, is a mapping from R to the space of real-valued d x r matrices, and W, is a standard
r-dimensional Brownian motion. The initial condition X is distributed according to an initial
probability density po on R?. Often, the initial condition may be deterministic, in which the
density is a delta function. The quantities of interest relating to this system are expectations and
probabilities, which are taken with respect to some probability measure. The probability measure
IP induced by the SDE system is a path-space defined measure on the set of functions from [0, T']
to RY. Define E* [f(X;)] = E[f(X;)|Xo = x|, where the expectations is taken with respect to IP.
One of the main tools for studying Markov processes is the infinitesimal generator, <7, defined as

Ay — lim = VX =¥ )

t—0 t

2

where y € 9(7) are functions for which the limit is defined. For SDEs, the generator can be
written in a closed form in terms of the drift and diffusion terms

Ay = (Ax),Vy) + %Tr [B(x)B(x)*V2y] . 3)

The infinitesimal generator is related to two partial differential equations that describe the
evolution of densities and statistics of a given SDE known as the Kolmogorov equations. The
Kolmogorov backward equation describes the evolution of statistics, namely expectations of
functions with respect to the density of states over time. Define ®(7,x) = E*[f(X;)], then

oD(t,x)
Era o/ P(t,x) “4)

D(0,x) = f(x). (5)

The Kolmogorov forward equation, also commonly known as the Fokker-Planck equation,
describes the evolution of the probability density function of the state in R¢. The equation is
found by considering the L? adjoint of the infinitesimal generator:

d
E (tvx) = éZ{*p(l,)C) (6)

p(0,x) = po(x) (7

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 5



where
d*T=V. (—A(x)ﬂ+ %V- (B(x)B* (x)ﬂ)) . (8)

Here 7 must be a probability density function on R, that is, £(x) > 0 for all x € R and the
integral of 7 over R¢ must equal one.

In theory, rare event simulation can be solved by solving either of these equations. In practice
solving either of these equations exactly is intractable when the dimension of the state space is
large. Instead, researchers approximate the quantities of interest by using Monte Carlo methods.

3.2 Monte Carlo Methods

Monte Carlo methods are a broad class of algorithms that estimate integrals and expectations
via sampling. The methods are remarkable robust and applicable to a wide range of applications.
The methods rely on the fact that in stochastic systems sample averages tend to converge to their
theoretical expectations, a property known as the law of large numbers. Here we give a general
overview and basic notions of Monte Carlo methods based on [1, 16].

3.2.1 Simple Monte Carlo for Rare Event Simulation

Suppose we are given an SDE as presented in Equation 1. An event of interest may be, for
example, the state of the system X; visiting some region E C R at time 7'. This event would be
rare if the state does not visit the region very often. Denote p = P(Xr € E) given the system starts
at some fixed initial condition Xy = x. A Monte Carlo estimator for p is

: f
M= e

where X' are M independent simulations of the SDE, and 1,c4 is an indicator function that
returns 1 if x € A, and 0 otherwise. The typical metric for evaluating the quality of a Monte Carlo
estimator is the mean-squared error £ [(p — f))z] , which can be decomposed as the sum of the
squared bias and the variance. We only consider unbiased estimators, so the variance is of utmost
importance. The variance of this simple estimator is

p—p?

M

For rare event probabilities, p < 1, so we may approximate Var[p] ~ A%. While typically we say
an estimator is good when the variance is small, for rare event probabilities, the absolute variance
is misleading as a small variance may not necessarily reflect an efficient estimator. Instead, the
relative error (or coefficient of variation), which is the ratio between the standard error and the
quantity of interest, is a better metric as it compares the variance of the estimator with the

magnitude of the quantity of interest:
/ Var|p 1

p VMp

From this, we see that with this simple Monte Carlo estimator, the number of samples required to
keep the relative error at a reasonable level (around one) is equal to 1/p. If p were a rare event
probability, this number may be very large, and the estimator will be prohibitively expensive for
large models.

Var[p] = (10)

Relative error =

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 6



3.2.2 Importance Sampling and the Zero-Variance Estimator

Importance sampling is a generic variance reduction method for improving the efficiency of
Monte Carlo methods. Let’s consider the finite dimensional case first. Let X be an R?-valued
random variable distributed according to probability density 1 (x) and suppose we wish to
estimate

p=ELF() = [ flom) dx (12)

R4

A simple Monte Carlo estimator for this integral is

L1y
p= M;f(X) (13)
X' ~niid.. (14)

With some algebra, one can show that the estimator variance is

Var(f(X)]
M
which implies, as noted earlier that the only way to reduce the variance in simple Monte Carlo
estimators is to use more samples. Importance sampling involves sampling from an alternative
density 7(x) such that variance of the corresponding importance sampling estimator. Since the
samples are not drawn from true distribution, each sample must be weighted to reflect its relative
importance with respect to the nominal distribution 1. We require that the support of f(x)n(x) be
contained in the support of f(x)m(x). Importance sampling works because of the following
identity

Var[p] = (15)

p =B = [ s av= [ FIT () 16

An importance sampling estimator is then

L o X
O1s = — X' — 17
Prs Mizzif( )n(Xl) (17)
X'~ riid. (18)
The variance of the importance sampling estimator is
. 1 X)n(X
Var|pis] = A—4Varn [%] ) (19)

Here, we see that the variance of the estimator can be reduced by either increasing the number of
samples used, M, or by judiciously choosing an importance sampling estimator 7. In fact, as long
as f(x) > 0, there exists a closed form expression for the optimal importance sampling
distribution. The so-called optimal importance sampling distribution

f)n(x)

= TN & 0

Toopt ()
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results in a zero-variance importance sampling estimator meaning that a single sample will
produce the true value p exactly. However, the issue with this is that to sample from the optimal
distribution, one needs to know the quantity of interest exactly, which makes the original task
moot. Therefore, most efficient implementations of importance sampling involve characterizing
the zero-variance estimator in other ways in an attempt to approximate sampling from it. These
approaches include the cross-entropy method [4], subset simulation [6], and large
deviations-based methods [10].

Importance sampling can also be applied to infinite-dimensional distributions, such as
path-space defined measures induced by SDEs. Denote [P to be the probability measure induced
by the stochastic process in Equation 1. Importance sampling involves constructing a new
stochastic process {X} that induces a different measure Q such that the rare event of interest
occurs more often. Since the rare event occurs more often, each sample must be reweighed
according to their relative importance. That is, we construct an estimator

s =¥ 1, 21
Pls—Mi:Zi X’TeE'd_@( ) 2D
where X' are independently sampled from Q. The variance of this estimator is dependent on the
choice of Q:
) 1 Pl 1 P>
Var[pys| = 7 Var {ﬂfreEd_@] =7 |Ee (ﬂireEd—@) ] —P2] : (22)

From here, we see that we can construct QQ so that the variance of the estimator is reduced and the
importance weight is easy to compute. We also require that PP is absolutely continuous with
respect to Q. Generally, the construction of Q is quite difficult, however, for stochastic differential
equations, the alternative stochastic process X and the importance weights can be found by
Girsanov’s theorem. Suppose X is given by the SDE

d% = [A(%)+B(X)u(r,X)] dr+B(X,) dW, o)
X() = X.
Then P is absolutely continuous with respect to Q and the importance weight is
dP r ~ 1T -
—— =exp {—/ (u(t,X;), dW;) — = Hu(z‘,X,)H2 dt} . (24)
dQ 0 2 Jo

We can see that the problem of constructing a good probability measure (Q for importance
sampling can be parametrized in terms of finding the relevant function u(z,x). For SDEs, much of
the literature for importance sampling boils down to finding a good u(z,x) so that the variance of
the resulting estimator is small, or better yet, zero. Much of the rare event simulation literature is
devoted to using other tools to construct a good estimator.

Here we discuss a choice of u(z,x) so that the resulting importance sampling estimator will
have zero variance. The biasing function comes from the Doob transform

L VO(1,x)

u(s,x) =B(x)*Vlogd(z,x) = B(x) () (25)
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where (¢, x) is the solution to the Kolmogorov backward equation given as follows
9 4 AP =0
B(T,x) = f(x).

We provide a proof for this fact in the following proposition:

Proposition 3.1. Let ®(t,x) = E[f(X7)|X; = x| be the solution to the KBE. Then the biasing
function

(26)

u(t,x) = B*(x)[Vlog®(t,x)] (27)
will satisfy

F(Rr)exp {— /0 (s %), aw) —% /O " s %) ds] — 1(0,) (28)

with probability one.

Proof. We compute the stochastic integral
T
/O (u(s,Xy), dW,).
Let g(7,x) =log®(t,x), we apply 1t6’s formula:

dg :%logcb(t,x) dt + (Vlog®(t,x), dX;) + %Tr [Vz[logcb(t,x)](dX,)(dXt)*}

:é%cp dr + <éV<I>,A()?,) +BB*%D> dr + <§,Bth>
+ %Tr {BB*?} dr — %Tr {BBk (ti)z} dr

:é (%qwr (V®,A) + %Tr [BB*VZCD]) dr + % <B*(§q), B*;q)> dr
(22

1 ~ -
= lluCe, X dr + (u(t, %), dW)

This implies that

r - I -
| s %) awe) = togh(T.2) ~togh(0.0) = 5 [ [u(s. %) ds.
0 0

Plugging this into the above statement, we have

f(Xr)exp {— JA (s %), aw) -5 / THM(S,XS)Hst} — f(Rr)exp logh(0,x) — logh(T,x)]

e 2 h(0,x)
_f(XT)f(XT)

= h(0,x).
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This result should not be surprising — the zero-variance estimator is just alternative way for
writing the quantity of interest. Any good variance reduction method typically tries to
approximate the zero-variance estimator in an indirect way even if it is not a direct
approximation. Again, we state that typically one does not directly pursue solving the KBE even
though the PDE is linear.

3.2.3 Splitting Methods
In splitting methods, we create a series of nested super sets of the rare events, i.e.,

Ci CCi—1,i=1,...,M, where Cy represents the set of rare events. Particularly, the probability of
event C; is defined as follows: P(C;) = P(T, < T), where T, = inf(¢|X (¢) € C;), where T is given
as the terminal time. Equivalently, the state space is partitioned into a sequence of differences of
nested subsets C; — C;_1,i = 0, .., M. Intuitively, the supersets of the rare events are less and less
rare and the conditional entering probabilities of the subset from its superset is not “small”. The
splitting methods are based on the following decomposition of the probability of the rare events:

P(Cym) = P(Cv,Crm—1) = P(Cy|Cy—1)P(Cy—1)

M
=..=P(C)[]P(CiICi-1) (29)
=1

~.

where P(C;|C;_1) is the conditional probability of the events where the dynamic path firstly
enters set C; before the terminal time 7 given that the initial state of the particle is on the
threshold of C;_;. Consequently, we estimate P(C;|C;_) separately and multiply the estimations
together to obtain the estimation of the probability of the rare event - P(Cyy).

The importance function, ¢ (X) : R" — R, is used to define the interfaces between the sets
Ci,i=1,...,M, n is the dimension of the state space. The fact that the number of particles which
start from Cy would decrease dramatically towards the direction of Cy; motivates the splitting of
the particles. Specifically, we clone R; — 1 particles as the particle reaches C; from C;_.

We can estimate the conditional entrance probability of C; by

N;
NiiRi—1’

where N;_; is the number of particles which entered C;_1, R;_ is the splitting ratio on level i — 1,
N; is the number of particles which entered C;. The estimation of the rare event probability is then

P(C,'|Ci_1) ~

Nu

P(Cu) = Nr’

with r = Hﬁ‘i ]1 R; and N is the number of initial particles, Ny is the number of particles which
reach Cy, in the simulations.

There are several numerical parameters which can be tuned to obtain the optimal performance
of the above estimator, for instance, the number of levels (thresholds) and the importance
function. The choices of these parameters affect the performance of the estimator. For example, if
the R; is too small, there might be no trajectories which can reach the rare events. If the R; is too
big, the number of particles can explode which causes numerical instability. The threshold is
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commonly chosen as follows

_ logR

Ay (30)

n

where n defines the rareness of the events, specifically, it can be the magnitude of the reciprocal of
the random perturbation in the system. A heuristic argument is the following [7]:

P(particle born at threshold j reaches j— 1) &~ e ""f/a(9)
~ e—nianA(r(C;-’)—r(C;Ll))
= e—nlogR/n _ l
R
Hence, only one particle will make it to the next level in a probability sense.

In our study, we apply one of the popular methods — RESTART (REpetitive Simulation Trials
After Reaching Thresholds)[17—-19]. In RESTART, the initial particles split when they reach any
threshold C; and the particles get terminated when they reach the threshold where they were born,
so that most of the particles get terminated prematurely once they are identified as moving away
from the direction of the rare events. The original particles never get prematurely terminated until
the ending time of the simulation. It can be shown that the estimator is unbiased [18, 19].

In RESTART, we define two extra events: B;: events at which the particle enters C; from its
complement C;; D;: events at which the particle reaches C; from C;. If events B; happen, R; — 1
copies of the path are saved, while each copy is tagged using integer i, meaning that it is born on
level i. The seeds are terminated when D; happens or the simulation time ends.

3.3 Discretization of Stochastic Ordinary and Partial Differential Equations

Some methods for thoughtful discretization of stochastic ODEs and PDEs. Numerical
methods for deterministic ordinary and stochastic differential equations cannot be applied to
SODE:s or SPDEs without care — one cannot simply apply the standard Euler or Runge-Kutta
methods to stochastic equations. Discretizing SODEs and SPDE:s is a fundamentally different
problem and deriving numerical schemes that approximate their solutions must done with caution.

The main schemes we use to approximate solutions of SODEs are the Euler-Maruyama
scheme, Milstein scheme [20] and the Runge-Kutta schemes as described by Rossler [21].

The main scheme we use to approximate solutions of SPDE:s is the exponential Euler scheme,
and its variants. Typically, one considers stochastic PDEs as an abstract stochastic evolution
equation [22] of the form

{dX, = [AX, + F(X,)] dr+ dw;? 31)

X() =X

where X; evolves on some Hilbert space H with inner product (-,-)g (e.g. L? with the standard
inner product), A is a self-adjoint linear operator from H to H, F is a nonlinear term on H, and
WtQ is a standard O-Wiener process in which Q is a positive-definite self-adjoint operator on H.
Let {e; }re v be the eigenvectors of Q with eigenvalues g; > 0. A Q-Wiener process can be
expressed as

W2 =Y VaBu(t)er (32)
k=1
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where f3(¢) are independent real-valued Wiener processes. Often, the solution to this SPDE will
not be differentiable in the classical sense due to the rough nature of the forcing. Therefore,
existance of a solution is usually treated in the mild sense in the form of an integral equation

t t
X, =eMx+ / AUIF(X) ds+ / AUS) aw,. (33)
0 0

The SPDEs we study in this report are semilinear as the drift term can be typically written as
the sum of a Laplacian and a nonlinear term

du oW
u(0,x) = up(x) (35)
u(t,0) =u(t,1) =0. (36)

For example, if F (1) = du/dx, then we have the linear stochastic advection-diffusion equations.
If F(u) = —4w(1 — w?), then we have the stochastic Allen-Cahn equations. For our purposes, we
typically assume that the systems are driven by spacetime White noise, meaning that Q is the
identity operator, so that any orthonormal basis would constitute an eigenbasis of Q. For
simplicity of notation, we write W = W/,

The abstract stochastic evolution equations are still generally infinite-dimensional, therefore,
typically one studies the evolution of the solution on a finite-dimensional subspace. Let {ej }ren
be an orthonormal basis of H which are eigenfunctions of A with eigenvalues A;. Define the
projection operator Py : H — H to be

N
Pvf =Y (f ex)nex (37
k=1

Applying the projection operator on the abstract evolution equation gives us the semidiscrete form

dXN (1) = [ANXN (1) + Fy (XN (1))] dr+ dWN(r) (38)
XN(0) = Pyx =2V
where XV = PyX, and WY
N
W) = Y, B(t)ex(x). (39)
k=1
The integral form of the solution is then
t t
XN = AN / AN Fy (XN ds + / ANE=S) W, (40)
0 0
The exponential Euler scheme uses the integral form of the semidiscrete form to devise a
numerical scheme. Let ¥; = X"V (#;) and At to be the temporal step size. We have
Tkt
Yi1 = VY + AN @Y — DEy(X) + [ M=) gy 1)

Tk
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Let Y ; = (e;, Yx)u. By projecting the approximate solution at time # onto the orthonormal basis
{ex }ken, we have the equation

1— e—;l.,'Al‘

Vg = e Y, 4 L T B () 4y [ (1 - e 2R (“2)
’ ’ A 2A;
where R}; are i.i.d. standard normal random variables.

Given certain regularity conditions on F (u) (typically globally Lipschitz), the scheme can be
proven to be strongly convergent with order 1/3. However, when F () has nonlinearities that
grow superlinearly, this scheme is provably divergent [23]. This is an issue when trying to solve
equations such as the stochastic Allen-Cahn. There are two main approaches to fixing the
convergence issue. The first is to use an implicit exponential Euler scheme — in this case, for each
time step, one would need to perform a nonlinear solve. This added computational cost is not
appealing for practical purposes. The other approach is to somehow mollify the nonlinearity, for
example by truncating it outside some ball so that the truncated nonlinearity is globally Lipschitz
[24].

We consider the tamed exponential Euler method, in which the nonlinearity is scaled down
depending on the discretization level and size of the nonlinearity [25]. We have

1_e—l,'At
Ai(1+ A || Fy (Ye) || &)

| 4 i -
Yk+1,i = €7A'AIY]€7Z' + F]f]<Yk) + \/ﬁ(l - eizlim)R;c (43)

This method is explicit and is shown to converge for equations with cubic nonlinearities, e.g., the
stochastic Allen-Cahn.
For the case where A = YA, we have

ex(x) = V/2sin (kmx) (44)

with eigenvalues A; = y(kx)? for k € N.

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 13



4 Engineering Models

Before we discuss the methodological contributions of this project, we discuss the rotorcraft
and electrical models that were used for some of the computational results.

In this section, we formulate the rotorcraft model. We use a rigid beam rotor analysis code
called GENTRIM [26]. It is designed for fast rotor performance analysis based on blade element
methods (BEM) and includes a trim control solver. Airfoil tables are used for section
aerodynamics. We use the publicly available NACAOO12 airfoil data for the airfoil table. For high
fidelity aerodynamics, the model can be coupled with computational fluid dynamics code. In this
paper, the aerodynamics is only based on airfoil table data and surrogate models. Typically, a
uniform induced velocity is used and blade flapping dynamics can easily be included. With given
flight (ambient) and rotor conditions (such as RPM, desired thrust and hub moments), GENTRIM
trims the rotor with cyclic control inputs (6y, 0;¢, 815), and outputs corresponding performance
metrics (such as rotor torque, propulsive force, and lift over drag ratio). A summary of its input
and output variables are given in Table 1.

When the aerodynamics of the model is based on airfoil tables, the fidelity of the aerodynamic
forces depend on the airfoil table resolution. Fine resolution of the Mach number and angle of
attack lead to more accurate predictions of aerodynamic forces. Additionally, stall characteristics
can also be included in the airfoil tables. While GENTRIM does not include aeroelastic
modeling, the source code is fully accessible to the user. Therefore any necessary modifications to
the states for performing online updates can be made relatively easily.

Simple vehicle dynamics can be included for angle of attack stability analysis. Typically,
helicopters are unstable in response to upward gusts during forward flight. The upward gusts (V)
cause a higher angle of attack, which increases rotor thrust. If the thrust vector is located ahead of
the fuselage CG point, the increased thrust produces a nose-up pitching moment. The noise-up
attitude further increases the rotor disk angle of attack, hence leading to an instability. Even if the
thrust vector 1is located behind the fuselage CG point, the rotor flapping dynamics makes the high
angle of attack lead blade to tilt backwards due to the asymmetry in dynamic pressure in the
advancing and retreating sides. This effect also contributes to destabilization. To mitigate stability
issues, we require the net pitching moment (Mcg) to be such that IMcg/dV; < 0. To this end, a
horizontal tail with an airfoil is introduced to balance the pitching moment of the rotor. The
simplified equations of motion can be expressed as:

6=q,
. _ Mcc
Iy ’
Mcg = Mg+ Tdsg — Lydsy.

(45)

In the above equations, 0 is the pitch of the rotorcraft, g is the pitch rate, Mg is the moment
around the rotor hub, T'dsg is the moment due to rotor thrust, and Lydsy is the moment due to lift
from the horizontal tail. Thus, depending on the size of the horizontal tail, rotor characteristics,
and flight conditions, a vehicle can, under certain conditions, encounter instabilities and
potentially crash. To convey the complexity of the model and the variables we are considering, we
refer the reader to Table 1 and to Figure 1. Figure 1 pictorially shows how the model parameters
and variables depend on each other.
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Figure 1: Schematic of rotorcraft model and their interdependencies.

Table 1: Parameters of the rotorcraft and trim model. The input and output variables of the trim control are labeled

accordingly.
1/0 Variable Type Variable Description
Radius Blade radius
Geometry Twist distribution Blade twist distribution
Chord distribution Blade chord length distribution
Aerodynamics Airfoil table | C81 table for each airfoil, containing C; and Cy
(C1,Cq = f(Myip, o)) | as function of Mach number and angle of attack
Inputs My, Tip Mach number
p Cr Rotor thrust coefficient
. .. Cyr—x Hub roll moment (+ starboard up)
Operating Condition Cy—y Hub pitching moment (+ nose up)
Pressure Ambient pressure
Temperature Ambient temperature
Flight Condition | M Advance ratio z
O Shaft angle of attack
Co Torque
Forces/Moments Cx Drag or propulsive Force
Outputs| Blade Pitch Control | 6y, 0;c, 015 6y = 6y + O COS(I//) + 015 Sin(l[/)
Blade Flapping Po; Bic, Bis B = Bo+ Biccos(y) + Bissin(y)
L _ __C
Rotor Performance | L/D, b= m
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Figure 2: Airfoil section pitching.

4.1 Rotor Blade Element Method (BEM)

The GENTRIM code evaluates rotor thrust, torque, horizontal force, roll and pitch hub
moments, and rotor lift over drag ratio L/D, with given input parameters using the blade element
method (BEM). It can also trim the rotor for specified thrust and hub moments, and outputs pitch
control settings. The blade element method is used to compute integrated hub forces and
moments. At a given blade section (Figure 2), the normal and tangential forces are computed as
follows,

o=0-9,
U, = Vicos(B) 4 rB + Vycos(ay) sin(B) cos(w) — Vysin( o) cos(B) — V, cos( o) cos(B),
U, = Qrcos(B) + Vicos(a) sin(y) — V, sin( o) sin(y),
G, Cy = f(a,M, ac, o,),
Fy = Cycos(9) —Cysin(¢),
F, =Csin(¢) 4 Cycos(9).

(46)

Here, « is the angle of attack, V; is the induced velocity, f is the blade flapping angle, v is the
azimuth angle, o is the shaft angle of attack, M,, is the Mach number, Q is the blade rotational
speed, r is the section radial location, V, and V; are freestream velocity components, and @¢, and
oc, are uncertainty weighting factor. In this paper, there is no uncertainty when computing the
coefficients of lift and drag. This model feature may be considered for future research. The blade
pitch angle is described using the following equation,

6 =6+ (% - 0.75> O+ O155in() + B10 cos(W) + 0,1, 47)

where, 6 is the collective pitch angle, 6;,, is the twist angle, 0, and 0. are the cyclic pitch
angles, and 6,; is the elastic deflection. Once section F; and F; forces are computed, integrated
hub loadings at a given azimuth angle are computed as

Tip
Thrust:/ Fycos(B)dr,

o

Tip (48)
Torque:/ Fyrcos(B)dr.

F

0
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To compute the induced velocity on the rotor blades, a linear inflow model is used as shown in
following expressions

i

= Xo(1 +kycos(y) + kyrsin(y)),

Vi
tip c ( 4 9)
Do = =
2/ + (an(a) + 20)%
where Cr 1s the thrust coefficient and u is the advance ratio which is given as,
_ Voocos(ocs). (50)
Vtip

The second equation for A is solved using Newton iterations for given thrust and advance ratio
conditions. The lift from the horizontal tail is computed as

Ly = %(sz +V2AC, 0, (51)
where A; is the area of the tail airfoil. To determine the lift coefficient of the tail airfoil, we use an
affine model C; = Cy, + C;, 0, where Cg, is the lift coefficient when the angle of attack is zero.
We model stall of the airfoil by cutting off the lift coefficient past £15°. That is, any angle of
attack outside +15° has zero lift coefficient. While in reality, the angle of attack does not go to
zero immediately outside this region, we model it as described since we do not simulate the
rotorcraft for angles of attack outside this range. For an approximation to the NACA0012 airfoil
we have C;, = 27x. For detailed equations for rotor blade element method we refer the reader to
[27, 28].

4.2 Aircraft Electric Model

Collins Aerospace, a business unit of UTC, is a leading supplier of aerospace electric systems
for both commercial and military platforms, and supports the aerospace industry initiative
towards more electric and all-electric aircraft, optimizing performance, decreasing operating and
maintenance costs, increasing dispatch reliability, and reducing gas emissions. To realize such
aircraft benefits, UTRC is supporting Collins Aerospace to develop disruptive change in
technologies that address reduction of volume and weight while increased reliability of the
electric system, goals which align closely with the SIRE program.

A typical airplane electric power system comprises of distributed power generators and loads
including energy storage on an electric network. Some of the loads operate continuously while
others operate intermittently depending on the flight mission. There are multiple power
generators to increase redundancy and improve availability of the system under fault condition.
The power distribution system has the ability to route the electric power from various sources to
the loads through contactor switches. Such a system with distributed sources and dynamic loads
is complex and requires significant integration and testing effort to qualify for flightworthiness.

In emerging and future aircraft platforms the electrical power required during a flight mission
will continue to grow (from the KiloWatt to MegaWatt range); while the system must be robust
and should maintain power to flight critical loads. The demand for higher electric power implies
lower source and distribution impedance resulting in potential for increased fault energy. Also the
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loads in such an electric system are dynamic and exhibit transient constant power characteristics
which translate into negative dynamic resistances. This results in dynamic coupling between
power electronics loads and sources which can potentially destabilize or create resonances in the
power system. The dynamic loads could also exceed the power generator capability in certain
mode of operation. In addition, the electric sub-components have potential failure modes when
exposed to electrical power quality non-compliance. The components will operate effectively
only if its input power quality is within specification limits. Some other examples of issues
related to the electric system are harmonic distortion in current and voltages resulting in stress on
the system, EMI/EMC, environmental effect causing material properties break-down, corona or
partial discharge.

Given the aforementioned challenges, design for higher efficiency, reliability and reduced
weight system requires a strong capability in electric power system component modeling, fault
analysis and design in compliance with the aircraft system requirements. Of which, electric
system stability is one of the predominant issues that should be addressed at an earlier stage in the
design without resorting to extensive hardware testing and hence taken for study in this effort.

We will address the stability concerns of a representative electrical system. The system
comprises of a three phase AC source (generator) feeding an active rectifier (AC/DC converter)
which provides a common DC bus voltage for a motor driven load and a battery based energy
storage system. There are three main modes of operation with respect to the power flow. During
normal operation, the power flows from the generator to the motor through the rectifier and the
inverter. During regeneration mode, the power flows from the motor to the battery through the
inverter and DC/DC converter. During high transient load condition, the power flows from battery
to the motor through the DC/DC converter and inverter. The design goal is to guarantee stable
operation during all three modes of operation. The electric system architecture chosen for
analysis is fundamental to different aircraft platforms, consequently the results from this work
will be broadly applicable. The first step in analyzing the system using SIRE method is to develop
appropriate models.

To start the computations we have constructed the model described below (for testing).

4.2.1 Simple Model

To emulate the rare event behavioral characteristics of the electric system and its loads, a
preliminary non-linear model of a Buck Converter is made. The Buck converter as shown in
Figure 3 is representative of several aircraft system converters and can be used as a test case to
model the rare event dynamics. It is a DC-DC converter that steps input voltage down to a desired
output voltage. It comprises of aircraft DC source Vs, switch S, diode D, inductor L, output
capacitor C, and variable load R. The assumption is that the DC source is fixed in amplitude and
the loads are linear in nature. A switching model is made in the MATLAB Simulink environment
where in the initial conditions of the state variables can be updated dynamically during a
simulation run. The state variables in this model are the inductor current and capacitor voltage
and the simplified model is expressed as:

l:L o R = ir Vs 1 .
) =L Bl e (5] <o o) w

where the switching function §,, takes the values of 1 and 0 when the switch S is on or off
respectively. The critical inductance for continuous conduction of the Buck converter is

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 18



Figure 3: Buck Converter circuit.

Leyir = (1 —D)TR/2, where D is the average duty cycle for with the switch S is ON, and 7 is the
total switching period. The inductor is also modeled as a nonlinear element as it is subject to
saturation of the core at higher flux densities. Thus during dynamic mode of operation, if the
critical condition for continuous conduction (L..;), or flux saturation of inductor occurs, the
performance of buck converter is compromised and can be considered as rare event failure.
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5 The Koopman Operator and Rare Event Simulation

One of the major contributions of this project makes the connection between the Koopman
operator, specifically its stochastic version, and efficient rare event simulation algorithms. From
an intuitive standpoint, existing rare event simulation methods are often concerned with the
dynamics of the state in that methods try to find clever ways of pushing the state of a system into
its rare regions in some direct fashion. On the other hand, the Koopman operator deliberately
avoids this focus, rather it studies dynamical systems by looking at the dynamics of the
observables. The key insight of our new approach is treating rare event probabilities as
observables and seeing how they evolve through the lens of the Koopman operator. Doing so
allows the Koopman operator to inform how a system evolves towards rare events.

In this section, we first review the theoretical properties of the Koopman operator and its
implications for the analysis of nonlinear dynamical systems. Next, we review a class of
numerical methods called dynamic mode decomposition (DMD) that allow one to practically
study the Koopman operator. Afterwards, we explain the connection between the Koopman
operator and the Kolmogorov backward equations, and present the new strategy for rare event
simulation in general SDE systems. We present a special case of our method to linear SDE
systems and describe how this can provide intuition on designing better estimator for linear
stochastic PDEs.

5.1 The Koopman Operator and the Dynamics of Observables
We begin by discussing the Koopman operator of a deterministic continuous-time dynamical
system. This review is based on [29]. Consider an autonomous differential equation on state

space S C R?
{x[ Y (53)

Xg =X

where g is a function from S to itself and x € § is the initial condition. This dynamical system
induces a flow map F’ : § — § such that x; = F’(xo) is a solution to the differential equation.
The traditional way of studying dynamical systems is to characterize the flow map, and therefore,
the solution paths of the dynamical system. An alternative way of studying dynamical systems is
to study the dynamics of the observables of the system. An observable is a function s that maps
from the state space to the real numbers. This a natural perspective to study dynamical systems,
for example, in computational fluid dynamics, the state x; is a very high dimensional
discretization of a solution to the Navier-Stokes equation, while an observable may be the
velocity of the fluid at a particular point. While the evolution of the state is given by the flow map,
the evolution of the observable is given by the Koopman operator.

Let 27 be the space of admissable observables, which we may assume is some Hilbert space
of functions (typically L?). The Koopman operator describes the evolution of observables on .77.

Definition 5.1. The Koopman operator #"' : 7 — H is defined as
H'h=hoF! (54)

The key feature of the Koopman operator is that it is always linear even if the underlying
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dynamical system is nonlinear. Observe that if &1,hy € ¢ and ¢ € R, then

:%/l(hl +Ch2) = (l’ll —f-chz)oFl
=h OFt—f—C(hzOF[)
= %thl +C¢%/th2.

The tradeoff for obtaining this linear relationship is that the Koopman operator is fundamentally
infinite dimensional even if the dimension of the state space of the nominal dynamical system is
finite.

Note that for any given dynamical system, there is not a single Koopman operator, rather there
is a so-called one-parameter semigroup of Koopman operator. This means that for any 7,5 € R,
we have that ¢S = ¢ o ¢, This fact is crucial for relating the stochastic Koopman operator
with the Kolmogorov equations.

The Koopman operator enables spectral analysis for nonlinear dynamical systems. Since ¢’
is a linear operator, we may ask for its eigenvalues and eigenfunctions. Specifically, we are
interested in the case where the Koopman operator has discrete spectra, so that one can express
observables in terms of the eigenfunctions. Let (A;, ¢;(x)) be an eigenvalue-eigenfunction pair
where

A 9i(x) = M i (x). (55)

Here, ¢x) is called the Koopman eigenfunction and 4; is the Koopman eigenvalue. If the set of
Koopman eigenfunctions form a complete set, one can write evolution of any observable in a
closed expression. Express the observable £ as a linear combination of the Koopman
eigenfunctions

h(x) =) 1 gi(x).
i=1
Then the evolution of 4(x) can be expressed as
hoF'=_"h

="y ulei(x)
i=1

ut o ¢i(x)

I

8

=Y ute gi(x).

1

Il
—_

Furthermore, this allows us to write the flow map in terms of the Koopman eigenfunctions as
well. Let x : RY — R? be the full state observable. Then assuming that it can be written as a
linear combination of the Koopman eigenfunctions,

X = Z .ui(Pi(x)?
i=1
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we can write the flow map as
x = F'(x0) = 2 "x

=" Z 1 9i(xo)

i=1

lvlie/lit¢i(x0)~

|
s

1

Having the eigenfunctions of the Koopman operator is very useful. Naturally, one may ask if
stochastic dynamical systems have an analogous operator. We discuss the stochastic Koopman
operator and show, for the SDE case, that it is closely related to the generator of the SDE.
Suppose we have an autonomous stochastic differential equation as given in Equation 1.

Definition 5.2. The stochastic Koopman operator, denoted as %5 is defined as
A f(x) = B[f(X)[X0 =2 (56)
where the expectation is evaluated over the distribution of the process at time t.

Again, we do not have a single Koopman operator, rather we have a semigroup of Koopman
operators indexed by . In semigroup theory, it is standard to study the infinitesimal generator of
the semigroup by evaluating

%Sf = lim :%/S’tf(x) _f(x) — lim ]E[f(XI)|X0 = X] - f(x) .

t—0 t t—0 t

(57)

Compare this expression with Equation 2. One can see that the generator of the stochastic
Koopman operator semigroup is identical to the infinitesimal generator of the stochastic
differential equation. By the spectral mapping theorem [29], the elements of the Koopman
operator semigroup share the same eigenfunctions and eigenvalues as their generator. Now recall
that the Kolmogorov backwards equation’s evolution operator is exactly the infintesimal generator
of the SDE. Therefore, we can find approximate solutions of the KBE if we can find the
eigenfunctions of the stochastic Koopman operator.

Eigenfunctions of the stochastic Koopman operator have the property that the evolution of
their expectations can be computed easily. Let ¢; be an eigenfunction of the generator of the
stochastic Koopman operator with eigenvalue A;. Then we have

E[¢(X,)|Xo = x] = "¢ (x). (58)

In the next section, we review dynamic mode decomposition (DMD), which is a class of methods
for finding the Koopman eigenfunctions.

However, even though a direct approach is not recommended for these equations, they can
still provide insight into how one approach characterizing rare events in dynamical systems.
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5.2 Dynamic Mode Decomposition Methods

Dynamic mode decomposition (DMD) methods are a class of numerical algorithms that
attempt to find the Koopman eigenfunctions of a dynamical system using sample paths or even
real data of the dynamical system. The method was originally developed as means of model order
reduction for complex fluid flows. Time series data of snapshots of the high-fidelity fluid
simulations were used study or find their lower dimensional behavior. The DMD method
produced modes that described global features of the flow such as coherent structures. The
corresponding eigenvalues of the modes described the growth, decay, or oscillatory behavior over
time. One of the main features of the method was that it was valid even if the flow had nonlinear
behavior. The original DMD method as described by Schmid [30] was presented as a purely
numerical linear algebra method. It was later shown in [31] that the modes produced by DMD
was related to spectral quantities of the Koopman operator.

5.2.1 Extended DMD and the Koopman operator

Extended DMD [32] is a generalization of the standard and exact DMD methods and makes
the connection to the Koopman operator more clear. Consider a discrete-time dynamical system
on S C RY ;.1 = F(zx). This dynamical system has an associated Koopman operator .#" defined
on some set of admissible observable functions 7.

Suppose we have data pairs {(x1,y1),..., (Xm,ym)} defined such that y, = F(x;). Define a
basis of K observables 7 = {y,..., Yk} C . The span of the basis is a finite-dimensional
subspace of 7#°. Extended DMD aims to directly approximate the Koopman operator on .7¢” by
finding a matrix K € RX¥*X on the subspace .7, defined by the span user-defined basis. Let ¢ be
an arbitrary element of .7. Following the notation of [32], ¢ can be expressed as

K
= Z ai Y = Ya (59)
k=1

where ¥ = [y (x) - -- Wk (x)] and a € RX is the vector of coefficients. To find the approximate
finite dimensional representation of the Koopman operator, we pose a least problem. The exact
action of the true Koopman operator on ¢ gives us

HP=0oF =(¥PoF)a. (60)

The approximate Koopman operator .#” would act on ¢ via a linear transformation of the
coefficients

A ¢ =¥ (Ka). (61)
To find K, we use the data snapshot pairs {(x;,y;} to setup a least squares problem in which we
search for the K that minimizes the residual between Equation 60 and Equation 61 on the
snapshot pairs. The cost function is
1y 2
=3 X_" (WoF)(xm) —¥(xn)K)al|". (62)

Note that since y,, = F(x;,), we may write

1 Y )
=5 L (¥ 0m) = em)K)al". (63)
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The K that minimizes this cost function is K = GTA, where

(64)

M

G= L Z W ()" (xm)

M m=1

| M
A=) Plom) P om) (65)

M m=1
and T denotes the Moore-Penrose pseudoinverse. Typically one does not need to explicitly form
K since we are interested more in the approximations of the Koopman eigenfunctions and
eigenvalues in this basis. Eigenvectors of the K correspond to approximations of the Koopman
eigenfunctions. Indeed, if & is an eigenvector with eigenvalue L, then y; = W& is the
approximate eigenfunction. If the data snapshots came from a continuous-time dynamical system
with time spacing Az, and L, is the approximate Koopman eigenvalue of the discretized system,
then A, = log () /At is the approximate Koopman eigenvalue of original system.

Extended DMD makes the connection of DMD methods to the Koopman operator more clear.
Convergence details about DMD is explored and proven in [33]. In this viewpoint, the standard
and exact DMD methods are a special case of extended DMD in which the basis of observables
are the linear monomials. In some sense, it is a linear approximation of the dynamical system via
the Koopman operator.

5.2.2  Generator extended dynamic mode decomposition

Generator extended dynamic mode decomposition (gEDMD) is another method that estimates
the Koopman eigenfunctions of a dynamical system. Here, one works with the infinitesimal
generator of the Koopman operator. It has been established that EDMD converges to a Galerkin
method with respect to some user-defined measure. In other words, gEDMD basically amounts to
a Galerkin approximation of the backward evolution operator, which we can use to find
approximate Doob transforms.

Given a fixed basis of observables {y;(x)}Y_,, the action of the generator is

A yi(x) = A(x) Vi (x) + %Tr [BB*V2y;(x)] . (66)

Define the matrices 2( and & to be
;= [ wilwil) dv ©7)
®= [ty av (68)

where Vv is some user-defined measure. Then the finite dimensional approximation to the
Koopman generator is K = &~ !2(. The Koopman eigenfunction can be found by considering the
eigenvectors of K. Let v; be the ith eigenvector of K with eigenvalue A;. Then

N
¢i(x) =Y vijw;(x) (69)
j=1

is an approximate Koopman eigenfunction with eigenvalue A;.
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5.3 Nonlinear Systems and Rare Events

As the systems are interest are always SDEs, we drop the qualifier ‘stochastic’ when
discussing the stochastic Koopman operator and its eigenfunctions. The Koopman eigenfunctions
provide a way to decompose the rare event probability according to different time scales. This is
done by expressing the indicator function over the rare event region in terms of the
eigenfunctions. Observe that we may write

]P[XT € E|X0 ZX] ZE[]lE(XT)|X0 ZX]

=FE Z C,'(Pi(XT) ‘XO =X
i=1

E[¢:(Xr)[Xo = x]

I
™
D

N
I
—_

cielit 0i(x).

I
™

~
—_

Recall that our main goal is to develop efficient importance sampling estimators for SDE
systems and that the zero-variance estimator corresponds to applying the Doob transform to the
system. Exact application of the Doob transform requires the solution of the Kolmogorov
backward equation. The KBE evolution operator’s eigenfunctions are exactly the Koopman
eigenfunctions, which can be found by applying DMD methods. We propose directly
approximating the zero-variance estimator with the Koopman eigenfunctions.

The problem involves estimating the quantity E [f(Xr)|Xo = x| for the SDE

(70)

X() =X

whose infinitesimal generator is
S 1 *\72
L%’f&):(A@LVf%+§%{BB¥7f]

Let {¢;}Y | be the eigenfunctions of %5 with eigenvalue {u;}Y |. We expand the function in
terms of the eigenfunctions

N
~ flx) = ;fi%(x)- (7D

Then an approximate solution to the KBE 5 is

N
x)=Y fiehi T (). (72)
i=1

Then the Doob transform gives us biasing function

*ZN TV y(x)

u(t,x) = B(x)*Vlog®(t,x) = B(x) lfeu’ (T—1) ¢l(x)

(73)
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5.3.1 Numerical Example

We show our approach applied on to a two-dimensional nonlinear dynamical system. The
system is a noisy gradient flow with a Rosenbrock potential, which is a non-quadratic potential
well. The equations are

dX; = —VV(x;) dt + /€ dW; (74)
V(x) =x3 +0.4(x; —x3)2. (75)
The probability of interest is

P sup ||X/|| >1
t€[0,T]

Xo = 0) . (76)

To find the Koopman eigenfunctions, we applied extended DMD with 103 trajectories over 10
seconds. We used 25 two-dimensional Hermite polynomials to be the basis. We only use the first
three eigenfunctions that decay to slowest in our biasing scheme. They are plotted in Figure 4.

A = 1.765255¢ — 13 A = —8.056085¢ — 01 A = —1.600184¢ + 00

3 3, 3

2 2 2

1

. r . /

-2 0 2 -2 0 2 -2 0 2

Figure 4: Koopman eigenfunctions with eigenvalues y; =0, up = —0.81, u3 = —1.60.

In Figure 5, we show the exit trajectories of simple Monte Carlo and the biased samples. In
Table 2, we show the variance and relative error of these methods. We see a variance reduction of
a factor of 10. Since variance scales inversely with the number of samples, this implies that one
can use 10 times few samples (and therefore computation time) with the Koopman biasing over
standard Monte Carlo.

Monte Carlo Biasing Exit Trajectories Koopman Biasing Exit Trajectories

2
1
S0
-1
-2
-1 0 1 2 -2 -1 0 1 2
1 1

Figure 5: Exit trajectories for simple Monte Carlo and Koopman biased samples

2

1

a0

-1

-2
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Table 2: Results for Rosenbrock potential.

Variance Relative error

Monte Carlo | 1.47 x 1078 | 1.55

Koopman IS | 1.47 x 107 | 0.51

Prrue = 7.6 X 1072, Samples per estimate: M = 5000

5.3.2  Van der Pol oscillator
Consider the noisy Van der Pol oscillator

[ b Fem (@] @

X2 1— x%)xz — X1 dW2

The deterministic version of this system is well-known since it exhibits a limit cycle, in which any
initial condition (besides the origin) will eventually converge to the limit cycle. The remnants of
the limit cycle is detectable in the stochastic case in that solutions to the stochastic Van der Pol
equation cluster in a band that is centered around the limit cycle. We consider the problem of how
does one ‘peel’ a solution of the stochastic system off of the limit cycle band. In the numerical
experiments, we let u = 0.3, € =0.01 and 7 = 10, and consider estimating

P (x1(T)* +x2(T)* > 2.7%|x1(0) = —2, x2(0) = 0) . (78)

We first find the stochastic Koopman eigenfunctions of the system. We apply gEDMD with
basis of 2D Legendre polynomials with total order equal to 10 that is orthonormal with respect to
the uniform measure on the (x1,x;) € [~6,6] x [~6,6] C R2. There are 66 elements in this basis.
In Figure 6 we show the first nine Koopman eigenfunctions.
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Figure 6: First nine stochastic Koopman eigenfunctions for the Van der Pol oscillator. Eigenfunctions are ordered
according to the magnitude of the real part of the Koopman eigenvalues.

To find the approximate Doob transform to efficiently estimate Equation 78 we project the
indicator function over the rare region of interest on to the eigenfunctions. Since the
eigenfunctions are expressed in the Legendre basis, we can easily find the Koopman modes by
first expanding the indicator function in terms of the Legendre basis, and then do a simple change
of basis.

That is, suppose we have

Ljx(ry|>2.7(x EZCAM (79)
where y;(x) are elements of the Legendre basis, and ¢; = (1(x), w;(x))y. Denote ¢ = [cy,...,cy]”.
Then the Koopman modes are

2=V 'e (80)

With the modes, the approximate Doob transform is then

nglge (T- tV‘Pl( )
vae lge th)l()

In practice, we notice that applying the resulting biasing as-is does not push the samples toward
the rare event region enough. Therefore, we typically scale u(z,x) such that approximately half of
the samples the rare event of interest.

u(,x) =

1)
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In Figure 7, we show unbiased and biased sample paths of the oscillator. In Figure 8, we show
the empirically estimated probability density of the state in phase space at time 7.

-2
Ty Ty

Figure 8: Left: empirical pdf of the state at time t = T for the unbiased system. Right: empirical pdf of the state at
time t = T for the biased system. Red line denotes the boundary of the region of interest.

The true probability is estimated via brute force Monte carlo to be p = 1.70 x 107> using two
million samples. We estimate the probability using importance sampling with only 100 samples.
We obtain a variance reduction of 5000, which means that one needs a factor of 5000 fewer
samples to estimate the probability of interest using importance sampling over simple Monte
Carlo.
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Table 3: Van der Pol oscillator results.

Variance Relative error
Monte Carlo 1.70 x 10~7 | 24.25
Importance sampling | 5.43 x 10711 | 0.43

Prrue = 1.70 X 1072, Samples per estimate M = 100

5.3.3 Duffing oscillator
Here we consider the noisy Duffing oscillator

d [’”] = { 2 ] dr+\/ﬂ{dwl} . (82)

X2 —5)62—)(1([3—1—06)(%) dw,

The Duffing oscillator has the well-known feature in which there are two basins of attraction that
the state oscillates in in phase space. In the deterministic version of the system has solution
typically decay into one of the two fixed points while oscillating in one of the basins of attraction.
In the stochastic case, small noise can perturb the state such that it can push the state from one
basin of attraction to another. We estimate the probability of transitioning into the other basin of
attraction given some initial condition:

P[x1(T) > 0lx;(0) = —1.5, x5(0) = 0] (83)

The parameters performed in the numerical experiments are « = 1, § = —1, § = 0.5, € = 0.001
and T = 10. Similar to the Van der Pol oscillator, we find the stochastic Koopman eigenfunctions
by applying gEDMD with a basis of 2D Legendre polynomials with total order equal to 12 that is
orthonormal with respect to the uniform measure on [—3,3] x [—3,3]. There are 91 total elements
in this basis.
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Figure 9: First nine stochastic Koopman eigenfunctions of the noisy Duffing oscillator. Eigenfunctions are ordered
according to the magnitude of the real parts of the Koopman eigenvalues.

In this problem, we expand the following indicator function in terms of the Koopman
eigenfunctions

1ifx(T)>0

. (84)
0 otherwise.

Ly (ry>0(x) =

Here, we only project the indicator function onto the first 8§ Koopman eigenfunctions. Similar to
the Van der Pol oscillator, we scale the biasing so that approximately half of the sample paths
reach the region of interest.

In Figure 10, we show unbiased and biased sample paths of the Duffing oscillator. In Figure
11, we show the empirically estimated probability density of the state in phase space at time 7'.
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Figure 10: Left: sample paths of unbiased Duffing oscillator. Right: sample paths of Duffing oscillator.
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Figure 11: Left: empirical pdf of the state at time r = T for the unbiased system. Right: empirical pdf of the state at
time ¢ = T for the biased system. Red circle denotes the boundary of the region of interest.

The true probability is estimated via brute force Monte carlo to be p = 1.70 x 107> using two
million samples. We estimate the probability using importance sampling with only 100 samples.
‘We obtain a variance reduction of 5000, which means that one needs a factor of 5000 fewer
samples to estimate the probability of interest using importance sampling over simple Monte
Carlo.

Table 4: Duffing oscillator results.

Variance Relative error
Monte Carlo 4.57x 1078 | 15.60
Importance sampling | 4.38 x 10711 | 0.48

Prrue = 1.37 X 1077, Samples per estimate M = 300
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5.4 Special Case: Linear Systems

In this section, we consider a special stochastic dynamical system in which the drift term is a
linear function and the diffusion matrix is constant. The reason for studying these systems,
commonly known as Ornstein-Uhlenbeck processes, is that the eigenfunctions of its infinitesimal
(Koopman) generator can be found exactly. That is, no numerical approximations are needed for
characterizing the eigenfunctions.

Consider the stochastic differential equation

{dXt:AXtdtJrBdW, )

Xo=x

where X; is an element of R¢, A and B are d x d and d x r real-valued matrices, respectively, and
W, is a standard r-dimensional Wiener process. Assume A is diagonalizable, and have eigenvalues
with negative real parts. To be more precise, let v; and w; be the right and left eigenvectors of A
with eigenvalues —A;, such that Re(A;) > 0. Furthermore, assume that none of the left
eigenvectors of A are contained within the kernel of B*. All these assumptions are to guarantee
the existence of a unique, nondegenerate invariant measure. The infinitesimal generator of the
Ornstein-Uhlenbeck process is given by

Y = (x,A*Vy) + %Tr (BB*V?y) (86)

where f is typically a twice continuously differentiable function from R to R. The conditions for
existence and uniqueness of the eigenfunctions of the generator, as well as their properties are
well-outlined in [34]. The authors manage to show that under conditions similar to our
assumptions above, the OU operator has eigenfunctions when considering its actions on the space
of L?(v) functions, where v is the invariant measure of the OU process. Furthermore, they show
that the basis of eigenfunctions is complete in L” (V) for p > 2, the fact that the eigenfunctions are
all polynomials, and that the eigenvalues and eigenfunctions are the identical for all p. We
summarize these facts in the following propositions (Theorem 3.1 and Proposition 3.1 in
Metafune).

Proposition 5.3. Let Ay,...,A; be the distinct eigenvalues of A. Then the spectrum of </ is given

by
l
l’lj/lj inj e No ;-
j=1

Moreover; the linear span of the eigenfunctions of <f is dense in LP (V).

Proposition 5.4. Suppose that u in the domain of </ and satisfies (Y — </ )u = 0 for some y € C.
Then u is a polynomial of degree less than or equal to |Re(y)/s(A)|, where s(A) = sup ;{Re(2;) }.

We focus on estimating the zero-variance importance sampling estimator for quantities of the
form

p =E[f(Xr)[Xo = x] 87)
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for f € €?(R?). We note, however, that the methodology we present in the following sections
may be used to estimate rare event probabilities. Indeed, if one were to choose f to be an
indicator function over some region E C R4, then we have that

p =E[1p(Xr)|Xo = x] = P(Xr € E[Xo = x). (88)

Even though the indicator function is not in €2, we may still obtain heuristics for constructing
good biasing functions for rare event simulation.

Since the KBE is a linear PDE, one can construct solutions in terms of the eigenfunctions of
the infinitesimal generator. Assume that ¢;(x) and 1; be such that .o/ ¢;(x) = u;¢;(x) exists.
Consider the Cauchy problem defined in Equation 5. Assuming that f is spanned by the
eigenfunctions ¢;(x), one can check that the solution to Equation 5 is

(1, x) = i fiet T ¢ (x) (89)
=1
where
fx) =Y fioi(x). (90)
i=1

We describe an efficient formulation to procure all the eigenfunctions of the
Ornstein-Uhlenbeck operator. While the work of [34] finds all the eigenvalues, proves the
existence of, and characterizes the properties of the eigenfunctions, it does not provide the
eigenfunctions. We show that the eigenfunctions are contained in the span of a suitably chosen
basis. We now construct the basis and the state the matrix eigenvalue problem that will result in
the eigenfunctions of the OU operator. The building blocks for the basis will come from finding
eigenfunctions defined on each of the eigenspaces of A. We first handle finding eigenfunctions of
certain eigenvalue problems and then use them to define the general eigenfunctions.

5.4.1 Case I: Eigenfunctions on Eigenspaces with Real Eigenvalues

Here, we only consider eigenfunctions corresponding to real eigenvalues. We make an ansatz
that the eigenfunctions should be of the form ¢ (x) = g((x,z)), where g is a univariate function
and z is a fixed vector in R¢. Then the eigenvalue equation is

(x,A%2) g'({x,2)) + %IIB*lezg”(@,Z)) = ug((x,z)). 91)

Notice that if one chose z to be the left eigenvector corresponding to a real eigenvalue, then we
have the following one-dimensional eigenvalue problem. That is, if z = w; with real eigenvalue
—A;, then we have

Al i (i) + 5 B w2 (i) = g w) ©2)

This differential equation is the well-known Hermite differential equation, whose solution are the
generalized Hermite polynomials. From here, we claim that the solution to this eigenvalue
problem is

2A;
¢;(x) = He; <W<xawi>) ; (93)
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with eigenvalue
Wij = —jhi. (94)

While we have written down all the eigenfunctions that lie on the eigenspaces corresponding to
real eigenvalues, these are not the eigenfunctions we will be using to construct the basis. Note that

0 (x) = He;(v/Ai(x, wi))

has gradient and Hessian equal to

\/_He (Vi (e, wi))wi = v/ A jHe 1 (v/ A, wi) Yw
V2¢( ) AijHe_ 1(\/Z'<xawi>)wiwi = Aij(j — 1)He;j o (\/ Al wi) ) wiw] .

5.4.2 Case Il: Eigenfunctions on Eigenspaces with Complex Eigenvalues
Consider the following two-dimensional OU process where the drift term has complex
eigenvalues

—d

_ba} X, ds+ V2 dW, (95)

where a,b > 0, X, € R? and W; is a standard two-dimensional Brownian motion. The eigenvalues
of the drift matrix are complex; they are A+ = —a 4 ib. In [35], the authors found that the
eigenfuctions of the associated OU operator

—a —b
<x7 |: b _a:| VJm,n> "‘AJm,n = .um,njm,n (96)
are the so-called Hermite-Itd6-Laguerre polynomials given by

ez ), m o
(— 1)z L2, p), m<n

where L% (x, p) are the generalized Laguerre polynomials, z = x| + ixp, and p = 2/a defined in

the appendix. The eigenvalues are

Ump = —(m~+n)a—i(m—n)b.

Note that these polynomials are not the same as the complex-valued 2D Hermite polynomials.

Using this as a starting point, we can find eigenfunctions of <7 corresponding to complex
eigenvalues. By Theorem 2.6 in [35], the OU eigenvalue problem for the 2D process can be
written as

(—a—ib) iJ +(—a+ib)z aJ +4=—— 82 J, (98)
ZaZ m,n a m,n a a_ = UmnImn-
Consider the eigenvalue problem

(x, A"V) +Ad = p9. (99)
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Let A, A be the complex eigenvalue pair of A with left eigenvectors w,w. To be clear, we define
the left eigenvectors to be such that

WA = Aw*, WA = AW, (100)
which implies that
Afw=2Aw A*Ww = Aw. (101)

Notice that if we let ¢ (x) = J;.1(z,Z) where z = (x,w), then

Vo (x) = 3—2% g—;w (102)
Ad(x) = ;;JZ (103)

and we have
(X, A"V (x)) +Ap (x) = <x,A (‘;—inr 3—£w> > + 2% (104)
:1<x,w>g£+l(x W>g£+28&z—28Jz (105)

This implies that J,, ,({x,w), (x,w)) is an eigenfunction of [eigenvalue equation with identity
diffusion].

5.4.3 General Eigenfunctions

We show the matrix eigenvalue problem that will lead to the eigenfunction for any eigenvalue
in the spectrum. Suppose the drift matrix A decomposes the state space into [/ eigenspaces.
Assume that there are [’ eigenspaces corresponding to real eigenvalues and [ — I’ eigenspaces
corresponding to complex eigenvalues. We define the elements of the basis to be

On _HHen, <\/_ X, Wi ) Il_IlJ - ((x wi), {x, w,>> (106)
¥

where n € Ng. To be clear, n; € Ngif 1 <i <[’ andn; € Ng if ' +1<i<|[. Notethat2] —I' =d.
We can show that this basis is closed under the action of the OU operator.

Theorem 1. Let ¢, be the eigenfunction of tensorized eigenfunctions. Let {¢,} be the basis. Then
the span of this basis is closed under the action of </. That is, 'V C V.

Proof. Let ¢; be eigenfunctions of the following operator with eigenvalue L;
S = (x,A"V9) +Ag.

Let ¢n = [1._, #i(x), where [ denotes the I eigenspaces of R¢ defined by A. We have that ¢;(x) are
the eigenfunctions on the eigenspaces, and the basis functions are defined from them. We show

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 36



that the span of this basis is invariant under the action of .o7. It suffices to show that .o7'¢ € V for
some ¢ € V. We compute:

l

)
(x,A*V¢) = ZxA*V(p, H 9;(x)

i=1 j=Li#j
[ l

Tr[QVZ¢] = Y Tr [QV2¢i(x)] J] ¢ix +ZTr[QV¢, Vo) ] TT o)
i=1 Jj=Li#j ki j

To leverage the fact that ¢; is an eigenfunction of o7, we add and subtract

l
YTV T ¢ ZA¢I 11 o9

to (x,A*V¢) to obtain

Therefore, we have
i
o Pn = <Zu1) ¢n+ZTr Q-DV2¢i(x)] ] ¢+ Y Tr[QVeix)Ve;(x)7] T ().
J=Litj i kFi#

By the properties of the trace operator, we may write the last term as

Y Tr[QVei(x)Ve; ()] [T dx(x) =2Y Tr[QVei(x)Ve;(x)"] T oe(x)
i,j,i#j k#iF# j i<j k#iF# j

We just need to show that the other two terms are written as linear combinations of basis
functions as well. Suppose we have that

On —HHen, (\/_ X, Wi ) Il_IlJ 2 <(x wi), (x, w,>> (107)
'+

where we assume we have [’ real eigenvalues and [ — I’ complex eigenvalue pairs. From this, we
may compute [the two terms above] directly. For the Hessian term, we have two cases: ¢;
corresponds to a real eigenvalue or a complex eigenvalue. If ¢;(x) = He,, (v/A;(x,w;)), then

Tr [(Q— I)qu),-(x)} = He,, <\/Z~<x, w,->> Tr[(Q— I)wiwiT]
= Aani (i — 1) ((Q — D)wy, wi)Hey, (\/Z@c, w,->> .
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If ¢;(x) = Jut 2 <<x wi), W), then

l

Tr [(Q — I)V2¢;(x)]

a21 9%J 9°%J . s
=32 Tr [(Q — Dw; ]+8—22Tr [(Q-Dww!] + aZaZTr[(Q—I)(ww + )]
9%J 9°%J 9%J

= ((Q—-Dwi,wi)=— o2 H((Q—-Dwi, i) == o2 +2((Q~— I)thl)a 07

= ((Q=Dwi,wiyn; (n] — 1)1 s 2+ (Q=Dwiywi)ni (nf = 1), 2,
+2((Q = Dwj,wi)n!n: J1 11

As for the third term, we have three cases: when ¢; and ¢; both correspond to real
eigenvalues, both have complex eigenvalues or one corresponds to a real eigenvalue, the other a
complex eigenvalue.

Case 1: both have real eigenvalues:

Tr [QVd)i(x)V(pj(x)T} = \/AidjHe), (\/Z(x,w,)) He;,j (\//'Tj@c,wj)) (Qwi,w;) (108)
Aidjninj(Qw;,wj)Hep, <\/Z~<x,wi>> He,; 1 (\/77<x w]>) (109)

Case 2: both have complex eigenvalues:

dJ; dJ; 1 0J;dJ;
Tr [QVi(x)Ve;(x)"] = Tr [Qwiw] | == 3. 90 LT [Qiaw] | =2 3597 (110)
i} dJ; dJ; aJ; dJ;
+Tr [QWiw! | =2 53, T [Qwiwl] == 5 9% (111)
_n n; <QW,,WJ>J1 lnz‘]l 1n2 —|—n n; <QW,,WJ>J11 - 1Jn; ”5 1 (112)
+n n; (Qw,,wj)J1 2 1J1 12 —I—n n; (Qw,,wj>J1 L2 oI 0y (113)

AR

Case 3: one real, one complex Since we only consider terms where i < j, ¢; corresponds to
the real eigenvalues and ¢; corresponds to the complex eigenvalue

Tr [QV§i(x) V9 (x)]
= Tr [Qw;w ]\/_He <\/_xw,>>aa—JZj+Tr[sz ]\/_He <\/_xwl>>aa_JZj
= \/)L_,inl-nj (Qwi,wj)+ \/}_aininj (Qwi, w;).

Putting everything together, this shows <7 acted on a basis function ¢y, is a linear combination
of other basis functions ¢@,>. Note that if Q = I, then the second term is equal to zero. In addition,
if A is normal, that is, AA* = A*A, then the third term is equal to zero as well. This implies that
¢ is exactly the eigenfunction of A. Note that this basis are exactly the eigenfunctions if and only
if Q = I and the matrix A is normal (i.e. AA* = A*A). [
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5.5 Numerical Examples
5.5.1 Linear 2D Systems

The eigenfunctions are difficult to visualize for more than two dimensions. In these numerical
examples, we show the eigenfunctions of two 2D systems — one normal and non-normal and
study their eigenfunctions.

-1 0
Anorm = |: 0 —0 3] (114)
-1 0
Anonnorm = [ o) _03:| (115)

Here we show eigenfunctions of normal and non-normal dynamics with a full rank diffusion
matrix.

1= 0.00

o

'
a

2 0 2 2 0 2 2 0 2

Figure 12: Eigenfunctions of normal and non-normal dynamics.

We considered the problem of estimating

P( sup [|X(r)]| >1.2 (116)
t€[0,10]

for a dynamical system with matrix Aponnorm and diffusion matrix B = 0.1 - I. To find the correct
biasing, we mollified the indicator function and projected it on the first 8 even eigenfunctions
using regression. The mollification is

1 1
Fx) = 1([Ix]| > 1.2) & 5 + 5 tanh [3(]|x[| - 1.2)].
We show the biasing over three time snapshots. Intuitively, this shows that one should bias in the

direction of the left eigenvector unless the particles are approaching the end of the simulation
time.
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Figure 13: Three time snapshots showing biasing in the direction of the left eigenvector.

We also show the histogram of the maximum norm of the samples:

_ |[ECrude Monte Carlo
[ /Importance Sampling

Frequency

Figure 14: Importance sapmling results in more samples landing in the relevant part of the state space.

Here we summarize the simulation results. Notice that the variance is reduced by more than
2000 times.

Table 5: Results for simple 2D nonnormal dynamical system.

Variance Relative error
Monte Carlo 3.99x10~7 | 15.80

Importance sampling | 1.94 x 10710 | 0.31
Prue = 4.55 x 107>, Samples per estimate M = 100

5.5.2  Stochastic Advection-Diffusion Equation

du du d%u °W

oo %0 Ve (1

The degree of non-normality is dependent on the magnitude of the advection ¢ compared to

the diffusion term «. The ratio between the two is called the Péclet number. From the numerical
examples of the simple 2D non-normal example, we saw that the biasing produced by the
eigenfunctions generally pushed in the direction of the least decaying left eigenvector. Using this
intuition, the biasing we apply on simulations of the advection-diffusion equation use
eigenfunctions of the adjoint of the advection-diffusion operator.
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Figure 15: Eigenfunctions of the advection-diffusion operator and its adjoint.

Here we show the eigenfunctions of the advection-diffusion operator and its adjoint. Here
summarize the simulation results in the following table.

Table 6: Results for stochastic advection-diffusion equation.

Variance Relative error
Monte Carlo 3.13x 1078 | 1.22
Importance sampling | 5.69 x 10~° | 0.52

Ptrue = 1.45 X 1074, Samples per estimate M = 5000

5.5.3 Nonlinear Example: Stochastic Allen-Cahn Equation
Semilinear PDE with two metastable states. This is an example of a noisy reaction-diffusion
equation. Example from [8].

duf %uf 1 *°W
— = —=V'(u® € 118
ar ~ Vo VW VeEgs: (118)
where V (w) is a double-well potential
V(w) = (1—w?)?2 (119)
Observable of interest: magnetization of a magnetic element in a memory device
1
m(u®) :/ u®(t,x) dx. (120)
0

Rare event of interest: rare transitions to solutions where m(u) > 0 starting from solutions where
m(u) =~ —1.

This is a nonlinear stochastic PDE, however, as it has two metastable states, we can linearize
the system about one of the two states. Define i := ii(x) to a steady state solution to the stochastic
Allen-Cahn with € =0

% 1
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We derive the stochastic PDE governing the perturbations about this steady state solution. Let
0 > 0 be a small parameter, and u® = it + ov. Observe that

a(‘+6) 82( +6v) 1V( +5)+\/_ W (122)
— (@ i —=-V'(a .
T V) =YY= 2 v v v
Expanding V' and taking J to zero, we arrive at
v v V'(a) ’w
a_2r_ 123
ar Yo Ve o (129
5.5.4 Aircraft Electrical System: Brownian Oscillator
The aircraft electrical system as described in Section 4 can be considered as a damped
harmonic oscillator forced by Brownian motion, known as a Brownian oscillator.
X+28 ok + ofx =W, (124)
x(0) = x0,x(0) = 0.

Here, x; can be viewed as the voltage and x; as the current. In our case, the rare event occurs
when the voltage exceeds a certain threshold.
This second-order system can be decoupled into a first-order linear system

X 0 1 0
a|™ = de+ | | dw,
2
b)) —wy —28my (125)
Xo = xo
We show the eigenfunctions here.
g. 000+0001 H_—050 087z ,u——100 1731
. i N i -5 5 l H
u——050+087z p——100+0001 ,u——150 0871
-5 5‘ i i -5 55. H
u5:—100+1731 u——150+087z5 ,u5:—200+0001
Figure 16: Brownian oscillator Koopman eigenfunctions.
We want to compute the following probability:
P(||x10|| > 2.75|x0 =30 =0). (126)
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The samples paths and distribution of samples at time ¢ = 10 for simple Monte Carlo and
importance sampling are shown in the next figure:

[$)]
=4
o
=

— Crude Monte Carlo

— Importance Sampling

o o
o =)
& s

Frequency
o
o
@

0.02

|z| at t =10

Figure 17: Sample paths and distribution of samples.

The simulation results are summarized by the following table. Notice that there is a 25 times
variance reduction.

Table 7: Results for noisy Brownian oscillator.

Variance Relative error
Monte Carlo 1.04x 1077 | 3.16
Importance sampling | 3.87 x 1077 | 0.58

Prue = 1.08 x 107, M = 1000
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6 Large Deviations-based Monte Carlo Methods

In this section, we show our efforts in applying large deviations-based rare event simulation
methods for engineering systems. We first review the basic notions and concepts in large
deviations-based simulation methods and its formulation for importance sampling and particle
splitting methods. We then apply the methods on to the engineering models discussed in Section
4. Along the way, we also make connections between the large deviations-based approach and the
Koopman operator approach, namely that the former is an approximation of the latter. We
conclude the section with a new research direction relating to efficient implementation of these
methods.

6.1 Foundational Notions

Large deviations-based approaches to rare event simulation are typically presented in the
context of small noise diffusions. We consider a family of stochastic differential equations
parametrized by a noise parameter €

{ dX; =A(X,) dr +/eB(X;) dW, (127)

Xo =X.

Define p, be a rare event probability such that pe — 0 as € — 0. We first study how large
deviations theory studies rare events in dynamical system.

From a pragmatic perspective, large deviations theory is a sub-branch of probability theory
that allows one to compare the rarity of events without directly appealing to using their exact
probabilities. This alternative description to rare events provides information on how one should
construct efficient importance sampling estimators. We define some general notions from large
deviations theory before restricting our attention to a special case of the theory that applies to
stochastic dynamical systems.

Large deviations theory is structured around the existence of large deviations principles and
rate functions. Let 2~ be a complete, separable metric space.

Definition 6.1. A rate function is a mapping I from 2 to [0,0| such that for any a < oo, the
pre-image of the set [0,a| under I is a compact subset of 2.

Definition 6.2. We say a sequence of random variables {X, }ncn taking values in 2" has a large
deviations principle with rate function I if for any open set O C %,

1
o] S
h,{&lilfn logP(X, € O0) > ;ggl(x) (128)
and for any closed set C C 2,
1
limsup —logP (X, € C) < —inf I(x). (129)
n—yoo n xeC

In this abstract perspective, one can learn about the rarity a set by studying the rate function
instead of the probability itself. Large deviations theory for dynamical systems is its significant
research branch in itself, and is known as the Freidlin-Wentzell theory [36].
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Suppose we have the SDE system

dxt = A(XE)dt+/eB(XF)dw, (130)
X5 =x
The large deviations principle for this system is given by the following

Theorem 2. Let {X;} be the stochastic process defined above. Then the dynamical system satisfies
a large deviations principle on € ([0,T]), the space of continuous functions, with rate function

1 /T, . N
19() =5 [ (6=A0)) BB (§-4(6) ds. (130

Estimators for rare event probabilities are typically evaluated according to their efficiency for
an entire family of SDEs rather than one at a time. Rather than desiring the estimator to have zero
variance, we discuss two more notions of efficiency: strong and weak efficiency [37].

Definition 6.3. An unbiased estimator Z* for p¢ is called strongly efficient if
E[(ZE 2
lim —[( )2 ]
e=0 (pf)
Strong efficiency implies the estimator has bounded relative error for finite € that is going to
zero as € tends towards zero. One can observe this by some simple algebra:

=1. (132)

This implies that the square of the relative error tends towards zero as € — 0, which implies that
for finite €, the relative error is bounded.

Definition 6.4. An unbiased estimator Z¥ for p¥ is called weakly efficient (also known as
asymptotic or logarithmic efficiency) if
logE[(Z%)?
m CEELZ)T (133)
e—0 2logp?

The notion of weak efficiency takes root from the theory of large deviations, where the large
deviations decay rate of the estimator matches with twice the large deviations decay of the
probability of interest. That is,

lim elogE[(Z%)%] = —2y (134)
£—0
lim elog(p¢)? = —2y. (135)
£—0

An estimator that is weakly efficient will have the number of samples grow subexponentially to
keep the relative error constant as € — 0.
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6.2 Large Deviations-Based Importance Sampling

There are many ways of arriving at large deviations-based importance sampling, however, the
most direct way is to take the KBE and perform a variable transformation [8, 38]. Consider the
family of processes parametrized by €

dX, = A(X,)dt +VeB(X;) dW,.

The magnitude of the noise is controlled by € and will be important for large deviations
asymptotics. The KBE for a given member of this family is

98 4 (A(x), V@) + £Tr [B(x)B(x)" V2P| =0
! (136)
O(T,x) = e FW/E,
Define U®(t,x) = —elog®(t,x), then we obtain a PDE given as
U € 2
~5r +H(x,~D,U) — STrBB*[DIU] = 0. (137)

Since large deviations describes the how estimators and rare events behave as € tends towards
zero, the last term is typically dropped. After letting € tend towards zero, the resulting equation is
the Hamilton-Jacobi equation

Y H(x D) =0, (138)

where H is the Hamiltonian. This is equal to the local cumulant generating function of the SDE
1 *
H(x, o) = (Alx], @)y + 5 |[B"[a][[y- (139)

The solution of the PDE are called importance functions, and they are important for the
construction of importance sampling and splitting estimators. To obtain weakly efficient
importance sampling estimators, one should choose

u(t,x) = —-B*VU(t,x), (140)

which is consistent with the Doob transform as presented in section 3.

Furthermore, the authors in [8] prove conditions for rare event simulation for SDEs that will
result in strongly efficient estimators. While solving a Hamilton-Jacobi equation is more easier
than solving a KBE, it is still intractable to consider for more than a few dimensions. Instead, [8]
appeals to the variational formulation of the Hamilton-Jacobi PDE.

It is well known that this formulation has intimate connections with the large deviations rate
function. The local rate function (integrand of the large deviations rate function) is the Legendre
transformation of the cumulant generating function. This allows one to obtain the
Hamilton-Jacobi-Bellman (HJB) equation [8, 39]

oau .
thlrﬁlfKDxU,m—L(x»ﬁ)] =0 (141)
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which admits a variational form

oev

U(t,x) = inf UOTL(¢,<;‘>)ds:¢(t) —x,¢pcE|. (142)

One can then construct a biasing procedure that solves many optimization problems on the fly as
one is performing Monte Carlo simulation. This would require one to solve many optimal control
problems to get to the biasing of interest. While this is a more reasonable approach to the
problem, it is still very computationally expensive.

To reduce computation, one can appeal to the work on subsolutions of the Hamilton-Jacobi
equation [40]. They show that solutions of the HJB are not necessary to attain weak efficiency, as
the use of subsolutions is sufficient. A subsolution is a function U that does not solve the
Hamilton-Jacobi equation, rather it satisfies the following differential inequality:

ou —H (x,—D,U) > 0.

ot
However, weak efficiency makes no guarantees on the true performance of the estimator.A
commonly used subsolution for importance sampling in SDEs is the Freidlin-Wentzell
quasipotential, which is a standard tool in the study of rare transitions and reaction pathways in
chemistry [36]. This quasipotential can be represented in the variational form

T
Upw (x) = inf [ [ 10,615 000) = x.0 <. (143)

One should compare this to Equation 142 to see that this importance function is time independent,
and in fact solves the time-independent Hamilton-Jacobi equation

H(x,—D,Ury) = 0. (144)

However, empirical studies show that the nonasymptotic performance of the importance sampling
estimator using this quasipotential is will degrade when the problem of interest contains an
attractor. The theoretical explanation for this observation is well-documented in [38, 41, 42].

6.2.1 Large Deviations-Based Approach for Splitting Methods

As discussed above, using the Kolmogorov backward equation, it can be shown that the large
deviations decay rate of rare event probability with initial condition Xy = x is the solution of a
Hamilton-Jacobi equation

U,(t,x) — H(x,—VU(t,x)) =0 (145)
U(T,x) = f(x) (146)

1

where U (t,x) = —€logE; « [e_sF(Xn(T))} . It can be shown that if we use V (¢,x) (or a subsolution

of the HJB equation) as the importance function in a splitting scheme, a subexponential grows of
the number of actual particles can be achieved with respect to the rareness of the events and the
decay rate of the second moment is guaranteed to be better than standard Monte Carlo [19].

Consequently, constructing the splitting scheme according to the subsolution will lead to a
subexponential growth of the total number of simulated particles [7, 19].
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6.2.2 New Subsolution Ansatz

Using large deviations and a dose of stochastic calculus, [38, 41] explain the problems with
the subsolution approach for biasing SDEs in the presence of an attractor and show how the
second moment can become large when where € > 0. The authors show that the second moment
of an importance sampling estimator can be expressed as the solution to a PDE. The weak
efficiency of the subsolution can be reproduced when € = 0. However, via an asymptotic
expansion in terms of €, they showed that the first order term in the expansion can become
arbitrarily large depending on the ratio between € and the time horizon T'.

In [42], the authors use the reasoning of [38] and provide a new approach that remedies the
degrading performance of importance sampling schemes in linear self-adjoint dynamical systems.
We review their approach here. Suppose we have the /inear stochastic dynamical system

{dXEO)z;Axfaﬁh4—vEBdWQ (147,

X£(0) =0

where X(7) € V where V is a separable Hilbert space. For simplicity, assume B is the identity
operator. The matrix A is self-adjoint, with eigenvectors e; and eigenvalues —oy:

Ae, = —oyep

where | > oy. The system is assumed to have a spectral gap o < 3¢ for all £ > 2. Since A is
self-adjoint, the eigenvectors are orthogonal. The goal is to compute the probability of exit from
some ball of radius L

p=" [ sup [IX“(s)[lv > L] (148)
s€[0,T]

via importance sampling.

Having these assumptions, the authors show that the following biasing function results in an
importance sampling scheme whose second moment will be bounded for any noise level € and
time horizon T

u(x) =20 (x,61>ve1. (149)
This biasing comes from a subsolution:
U(x) = oy (L2 = (x,e1)7).- (150)

In [41, 42], the authors show that given a valid subsolution, the second moment has a
nonasymptotic bound of the form

—¢elog(Q%(0,x,u)) > inf <2U(0,x) —2EU (8", X (")) + E {/Th 8Tr(BB*D§U(XV’£(s))ds] )
0

T {witvE<T}

(151)

where Qf(0,x,u) is the second moment of the importance sampling estimator corresponding with initial conditions
X%(0) = x, and biasing function u. Here X", called the controlled process, solves

dR" (1) = [AX" (1) + Bv(r) — Bu(t, X" (1))]ds + /EBAW, (152)

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 48



where £“€ = inf{r > 0: || X"€(t)||y > L} < T almost surely. These objects come from variational representations of
the second moment [41, 43].
For the subsolution described in Equation 150, the bound reduces to

,fv,s
—elog(Qf(0,x,u)) > inf <2E<XV’£(%V’£),e1>%+E{/ ealdsD> inf <2E<)A(V’£(fv’8),el>%>.
0

{v:tv€<T} T {vitvELT}

(153)

This shows that the second moment using this biasing has the bound

2 .
O*(0.xu) exp |~ inf | E<X“<f“>7e1>%> . (154)

This bound shows that the second moment of the estimator only depends on the expected exit
direction of the controlled process. Ultimately, [42] show a result of the following form:

Theorem 3. Assuming A is self-adjoint, the eigenvalues have a spectral gap where o < o for
k > 2, for any fixed €, the second moment of the estimator is bounded above by a constant number
C(¢) for all time horizons T.

The advantages of this approach are relatively clear. The computation of this biasing approach
is fast as it only requires the computation of eigenfunctions and an inner product. Furthermore,
having nonasymptotic bounds shows that it is provably efficient. This approach is dimension
independent, meaning that the method is valid for stochastic SPDEs as well. The rationale behind
this approach is that the mode that will most likely lead to an excitation away from the
equilibrium point is the one that corresponds to the slowest decaying eigenvector. The intuitive
idea is to get a low variance estimator, one needs the main pathway to the rare event and try to
induce pathway to happen via biasing.

The disadvantages of the methods lies with its assumptions. First it requires that the system is
linear and self-adjoint. Second, it requires the existence of a spectral gap. These are luxuries that
are typically not present in a real engineering problem. For these reasons, we wish to extend this
method to nonnormal systems, which we begin in the next section.

Left eigenvector biasing In this section we propose a new biasing for linear systems based on
the left eigenvector. Our goal is to show that it is a subsolution and that its second moment is
bounded. For simplicity of presentation, assume that A is fully diagonalizable and B is the
identity matrix. We consider same setting as the problem above, except the operator A is no
longer self-adjoint. Therefore, we have left eigenvectors fi, where fA = — f 04

Observing the phase portrait of a nonnormal dynamical system can give insight on how one
should propose a biasing scheme. In Figure 18, we show phase portraits of two two-dimensional
linear dynamical systems, one with self-adjoint dynamics and the other with nonnormal
dynamics. The systems share the same real and negative eigenvalues but the eigenvectors are
different. To draw the paths, we set the initial conditions to be on the unit circle and run each path
until they are close to the origin.

In the normal phase portrait, we see that all states immediately decay. In this case, if one
wished to bias out of the basin of attraction, the least steep direction one can climb is in the
direction of the least decaying eigenvector. This intuition matches the approach of [42]. However,
in the nonnormal system, one can actually identify two directions for escaping from the attractor.
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Figure 18: Phase portraits linear two dimensional dynamical systems

The first is still climbing out of the direction of the least decaying eigenvector, similar to the
normal system. However, notice that states of the nonnormal system do not immediately decay —
for certain initial conditions, the system actually escapes the unit ball without any biasing. In fact,
there are certain initial conditions inside the unit ball that will escape the ball without any biasing.
This is due to transient nonnormal growth, which is an extensively studied phenomenon in fluid
dynamics [44, 45]. To take advantage of the nonnormal growth, one can roughly see in the phase
portrait that if one biases orthogonal to the directions of the faster decaying eigenspace, then the
transient nonnormal growth in the system will carry the state out of the unit ball. Biasing in the
direction orthogonal to the faster decaying eigenmodes is equivalent to biasing in the direction of
the slowest decaying left eigenvector.

From this, one may consider three biasing approaches. Following the first approach, we bias
in the eigenspace that corresponds to the slowest decaying mode. This means that one has to first
project the state on to the first left eigenvector and then bias in the direction of the first right
eigenvector:

<x7fl>V (155)

Ugad (X) = 201 PR

This biasing is equivalent to finding the eigendecomposition of A, and flipping the sign of the
least negative eigenvalue. This approach appears in theoretical and computational chemistry
literature as the gentlest ascent dynamics (GAD) [46, 47]. This method is used to find saddle
points in potential energy fields as a way of exploring multiple minima of an energy landscape.
However, this method does not correspond to a subsolution, so it cannot even recover the baseline
results from large deviations theory.

We can also take the approach of [42], which is to project and bias in the direction of the first
eigenvector. The advantage is that this will correspond to a subsolution, and biases in the same
direction as the gentlest ascent approach. Here we have the biasing function

uright(x) =20 (x,e1>ve1. (156)

If we take the second approach, which is biasing in the direction of the first left eigenvector,
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Table 8: Summary of biasing choices.

Name Biasing u(x) | Subsolution U (x)
Gentlest Ascent 20 %fUv | None

A {er.fi)v
Right Eigenvector %(x,q)vel %Lz - %(X, e1)?
Left Eigenvector 2% (x, f1)v fi Z‘—%Lz - ;‘—15 (x, f1)?

we have the biasing function
u(x) =200 (x, f1)v f1- (157)
This does correspond to a subsolution. Choose a function
U(x) = ouLl? — au {x, f1)?, (158)

observe that

%—fﬂAx,wa —%|u<x)!2 = 204 (x, f1)(Ax, f1) — % 20 (x, fi) fi]?
=202 (x, f1)? =203 (x, f1)?
=0.

Being a subsolution to the Hamilton-Jacobi equation is a first step to finding good biasing
functions. The more involved next step is to bound the second moment of the corresponding
estimator related to the subsolution. However, recall that using the Koopman operator, the biasing
it produces for linear equations are the same as the subsolution based approach. This new ansatz
is simply an approximation to the Koopman operator approach. This leads to more interesting
questions into how one can analyze approximations of the Koopman approach by using large
deviations results.

A summary of the three possible choices of biasing is presented in Table 8.

6.3 Numerical Examples
6.3.1 Linear-Quadratic Control

We briefly review a special case of the continuous time, finite horizon linear quadratic
regulator problem and its solution. Most of these results are from [48, 49]. This will be important
for solving the variational problem in dynamic importance sampling. Suppose we have a
dynamical system where

{x(r) = Ax(t) + Bu(r)

x(t()) = X0

forx e R", A € R"", B e R"P, u € RP. Suppose we wish to minimize the following operating
cost function

1 T 1
J(t0) = 5x(ty)" Fx(ty) + | -~ Zu(t)” Ru(r)dt

Io
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where F € R"™" R € RP*P are semi-definite positive matrices. Then the control u that is optimal
in operating this system is linear with the state of the system, and the gain matrix can be found by
solving a Riccati equation backwards in time. We find S € R"*" such that

S+ATS1+SA—SBR'BTS =0
S(l‘f) =F.

Then the gain matrix is K(¢) = R~'B”S(t), and the optimal control will be u(t) = —K(t)x(t).

When we want an endpoint constraint on the control problem, we can approximate its solution
through an augmented LQR problem. Suppose we want to have a terminal constraint x(¢7) = xr.
We do this by definiting the terminal cost function differently. Suppose we have the dynamical
system as defined above, and we wish to minimize the operating cost function

r 1

J(tg) = %(x(tf) —xr) F(x(tr) —xr) + Eu(l)TRu(t)dt.

fo

Define y(t) = x(¢) — x7. Then we have the affine dynamics

y(t) = Ay(t) + Bu(t) +Axr
y(to) = xo0 — xT

with cost function

J(to) = %y(t)TFy(t) + ttf %u(t)TRu(t)a’t.

Then the optimal control to this affine system is equivalent to solving the LQR control problem
for the following augmented system

¥(t) = Ay(t) + Bu(t)
¥(t0) = [xo IxT}

where

_|A Axr ly __|B
S E e

The cost function of this LQR problem is in the form of the above equation, except with the

terminal condition matrix F is augmented: F = F([)? 8}
I N
J(to) = 5(t) Fy(0)+ | Su(t) Ru(t)a.
4 % "

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 52



6.3.2 UTRC Helicopter Model

Exploring the rare events In this section, we simulate a few model runs to qualitatively
explore conditions that may cause a helicopter in cruise to experience stall in its horizontal tail
airfoil and therefore cause the helicopter to become unstable. In following simulations, the
parameters of the rotorcraft are chosen according to the specifications of an MBB Bo 105
helicopter [50]. We first only consider rare events caused by random gusts, or noisy wind. The
noise in the wind is modeled as an Ornstein-Uhlenbeck process, which is a mean reverting
diffusion process. This is a continuous model of wind speeds where it is a constant value on
average, and noise is driven by a Brownian motion. See [51] for a more thorough discussion on
wind models. The wind is expressed as the following stochastic differential equation

dV = (Vo—V)dt +0 dW, (159)

where V = [V, V,]7, the x and z velocities of the helicopter relative to the ground, Vj is the mean
velocity, ¢ is the diffusion matrix, and W; is a standard two dimensional Brownian motion. In the
following simulations, the diffusion matrix is of the form

o, O
o= {O GJ '
Physically this models that the vertical gusts are independent of the horizontal gusts.

For all the simulations, we trim the system so that the helicopter generating enough lift to
keep it in the air while cruising horizontally at a speed of approximately 44.2 meters per second
(99 mi/hr), with zero vertical speed. That is, we desire the hub roll and pitch moments, Cy;_, and
Cu—y respectively, to be zero, while having the mean velocity to be equal to Vo = [44.2,0] m/sec.
By trimming, we mean finding the blade pitch controls 6y, 8¢, 0;s that achieve these desired
flight conditions. The pitch of the aircraft is tilted forward at 0 degrees from the horizontal, so it is
level with the ground. We show a few plots of the evolution the pitch over time under noisy wind
conditions. We numerically integrate the system forward in time using a simple Euler-Maruyama
solver [20].

In the following figures we show plots of the time evolution of the helicopter pitch under
varying noisiness in the wind and sizes of the horizontal tail. Recall that in our model, the
horizontal tail has an airfoil which stabilizes the rotorcraft, and that airfoil angle may exhibit stall
when the vehicle pitch angle is outside the range —15° < 0 < 15°. Therefore, we are looking for
environmental and design conditions such that the pitch will fall outside that value. In Figure 19,
we show the time evolution of the pitch of the helicopter system while being perturbed by the
noise from the wind. We plot 0 and the velocity profiles as functions of time with no further

trimming or other control mechanism over the course of the simulation. Here we have o, = 0.55
m/sec (1.23 mi/hr) and o, = 0.55 m/sec (1.23 mi/hr).
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Figure 19: Evolution of the pitch angle 0 over time with noise in both the horizontal and vertical velocities. We have
oy = 0.55 m/sec, 0, = 0.55 m/sec and Asy = 4.7 meters.

Figure 20 shows that with a larger entries in the diffusion matrix of the noise in the wind, the
helicopter becomes less stable. We see that the pitch angle exceed 15° and becomes unstable.
Here we have o, = 4.42 m/sec (10 mi/hr) and o, = 2.76 m/sec (6.2 mi/hr).

%510
< 0

= -10

0 50 100 150

50 100 150

0 50 100 150
t (sec)

Figure 20: Under noisier, larger variance, the helicopter has larger oscillations. We have o, = 4.42 m/sec, 0; =
2.76 m/sec and Asy = 4.7 meters.

Figure 21 shows how larger oscillations form when the tail is half the size of the usual tail
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length. Eventually the sample paths leave the region of stability. Here we have o, = 0.55 m/sec
and o, = 0.55 m/sec.
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Figure 21: The helicopter with a shorter tail has larger oscillations, so it is less stable. We have o, = 0.55 m/sec,
o; = 0.55 m/sec and Asy = 2.35 meters.

Given these simulations, a dangerous event can be defined as the helicopter pitch angle
exceeding £15°. The reasoning is that since the tail airfoil is used to stabilize the rotorcraft in
flight, it will fail produce lift beyond this range as the airfoil will stall. This will cause the
helicopter to become unstable. Realistically, a pilot cannot apply control by trimming the
helicopter continuously in time and reacting to large unexpected events. What is more likely is
that the pilot can only apply trim control to the rotorcraft once every few seconds. Therefore, the
rare event we define is that the helicopter pitch angle exceeds +15° within some fixed time
period. What makes this event rare is that usually one designs the tail such that the wind that
causes this instability does not happen often.

Applying LDT Based on the explorations of the model and its instabilities in the previous
section, we wish to estimate the probability that the vehicle pitch angle exceeds +15° within a
time window of 10 seconds, while the pilot has initially trimmed the rotorcraft so that it is level
with the ground 6(0) = 0°. This roughly corresponds to the probability that the tail fin stalls in
flight and causes instabilities within 10 seconds before the pilot can react and trim the helicopter
for stability. Note that there is no additional control applied by any autonomous system or by the
pilot in the 10 second period. The system is evolving on its own according to its dynamics under
stochastic forcing from the noisy wind. Define E to be

E=1{0(t)|3r €[0,10],|6(*)| > 15°} € &% (0, 10];R).

We model the noise in the wind as an Ornstein-Uhlenbeck process with Vo = [44.2,0]7 m/sec,
o, = 0.89 m/sec and, 0; = 1.56 m/sec. We first find the large deviations rate function of the
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system. Since the stochastic part of the model is only in the wind, the large deviations rate
function of the system is captured by the Ornstein-Uhlenbeck process alone. Therefore we have
that

ZL(V,V) = %((V—Vo)+V)T(GGT)_1((V—V0)+V) (160)

if the deterministic model is satisfied and is equal to infinity otherwise. To find the optimal
biasing for the wind at any location and time (x,7), we need to solve the following family of
variational problems

. 11 . _ . _[o] _ 4q
Ul(x,t) :VE,W‘é?[f‘.t_f];R){[ E((V—Vo)+V)T(GcT) H(V=Vo)+V)ds: [(J = l[lyMCG(B,V(t))

,0() eE}.
(161)

Via the contraction principle from large deviations theory [52], we can re-write the optimization
problem as an optimal control problem

. 0 q

| 2 .

U= int /tiHu(s)szs: q|=| tme.v0) |oweEy. a6
L, V] [(V=Vo)+ou

Intuitively, one can view this algorithm as taking control of the noise term in the model and
finding a biasing path that is the “least rare" way that will cause the dynamics to go towards the
rare event of interest. With a biasing path, we can find the importance weight between paths with
Girsanov’s theorem. Note that in this problem, we have incorporated € into o. Let the importance
weight computed from Girsanov’s theorem be

Iy 1 [
ze=exp ([ oWy - 5 [t ). (163)
Then the importance sampling estimator we obtain is
1 & i
pr = Y 1(6'())Zk (164)
i=1

where K the number of independent sample paths.

We can solve the optimization problem numerically in a brute force fashion, or we can turn
this problem into a linear quadratic regulator (LQR) problem by considering a linearization. Since
the length of the tail is usually chosen to stabilize the rotorcraft, the net pitching moment is
dominated by the moment from the tail lift. Furthermore, since the lift generated by the tail is
linear with the angle of attack, we find that a linearized model is sufficient for the purposes of
solving the optimization problem. That is, we have a simple harmonic oscillator that can model
the dynamics of the helicopter that is linearized around a stable equilibrium point. While using
this surrogate model may not exactly give us the optimal biasing, the resulting estimator will still
be unbiased. Similar approaches have been considered in [41, 53] where the authors find
near-optimal biasing for nonlinear dynamical systems by first considering a linearization. In
Figure 22, we plot the exact net pitching moment as a function of the pitch angle 6 with constant
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Figure 22: We plot the net moment as a function of the pitch angle 6 with the zero noise in the wind and assuming the
system is cruising at a velocity of V¢ = [44.2,0]” m/sec.

freestream velocity V = [44.2,0]” m/sec. We also plot a linear approximation to the model about
the equilibrium point.

Note that the resulting problem is different from the standard LQR form. Usually, one wishes
to find a control that drives the system towards zero. In our scenario, we wish to drive the system
to a particular point. To solve our optimal control problem, we use a modified LQR algorithm
presented in [49] to find the optimal biasing u = [u,,u,]” at each time step. Note that we can
replace V with the variable V=V — V. Let u = [uy, u,]”. For the model at hand, after
linearization, we can obtain an LQR problem of the following form

6 01 0 o0]7Je 0 0
q a 0 b ¢ q 0 0] [u
2 < — 2z X _
Uwn= ot [ 3 moieas: Vo =lo 0o =1 oVl T|e o M’e“) mo ek
7. 00 o0 —1]|% 0 o

where a,b,c < 0.

Since the exact time ¢* that a least rare path enters the rare event may be change as a
simulation is happening, and because the rare event region is split into two parts, there is an outer
optimization loop to the problem in Equation 165. The outer optimization loop finds ¢* and finds
which direction the method should bias towards +15° or —15°. Finally, to make our problem more
similar to the standard LQR algorithm, the endpoint constraint is replaced by a quadratic terminal
penalty with a large constant. A more precise formulation of Equation 165 is given as follows:

Ux,t) =
6 o1 0 o][6 0 0
. 1 N 2 ] 2, | 4 _la 0 b ¢ q 0 O [u
PR F LA GO R A T TR A R O o A P H ,
efe{f(1)5°,150} V. 00 0 1|1V, 0 o
0(t)=x z .
ueSECt 1*]

(166)

DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 57



where Cx > 0 is a large constant. We state the algorithm we implement in Algorithm 1.

Data: Linearized model in Equation 165, exact SDE model in Equation 162, Number of
desired samples K, Rare event of interest £

Result: Probability estimate pg
fori=11r K do

while 6 ¢ E do
Solve optimization problem in Equation 166 via an LQR algorithm, find u(7),
evaluate at 7,,.
Evolve exact SDE model one time step with biasing u(z,)

end

Compute importance weight Z% = exp (— fé* (u(t),dW;) — %fé* ||ue(t) szt).

end
return Pr =+ Y& | 12(6(1))ZL
Algorithm 1: Obtain rare event probability estimate

In Figure 23, we show seven plots relating to a biased sample of the rotorcraft model. The first
plot shows the evolution of 8 over time. We see that the path enters the rare event around
t = 8.6s. In the second and third plots, we show the corresponding noisy wind that causes the rare
event. In the fourth and fifth plots, we show the optimal control of the noise of the wind that leads
to the rare event. We see that the control is oscillatory, which makes sense. One can think of the
analogy of a playground swing, where one pushes the system at the correct times to force the 6 to
grow over time. In the sixth plot, we show the target final time, which changes over the course of
the simulation. In the seventh plot, we show which direction the biasing pushes towards, which
changes over the course of the simulation. As expected, this plot is roughly periodic as well since
the path approaches the two sides of the rare event periodically.
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Figure 23: An example of a biased sample of the rotorcraft model that reaches the rare event by time r = 8.6s. The
top three figures show the pitch angle and the velocity profile of the aircraft with noisy wind. The fourth and fifth
figures show the applied biasing through time. The sixth figure shows the estimated end time in the rare event as
the simulation is occurring. The seventh figure shows whether the algorithm is biasing towards +15° or —15°. The
simulation ends when the pitch angle reaches the rare event.

In Figure 24, we show 50 simple Monte Carlo samples of the rotorcraft system — i.e. without
biasing — including the corresponding realizations of the wind velocities. Note that no samples
reach the rare event.
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Figure 24: Simple or unbiased Monte Carlo samples of the rotorcraft model.

In Figure 25, we show 50 biased samples. It seems that all paths lead to the rare event, but not
all paths to the rare event are equally important. In Figure 26 we shade each path according to its
importance weight relative to the least rare path of the batch.
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Figure 25: Biased samples of the model.
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Figure 26: Weighted biased samples. Each path from Figure 25 is shaded according to its importance weight relative
to the path with the largest weight in the batch.

We now state the computed probabilities based on simple Monte Carlo and dynamic
importance sampling in Table 9. We take the true probability to be estimated by simple Monte

Carlo with 1.5 million sample paths, ;. = 7.83 x 1073, The probabilities in Table 9 are
computed with 100 batches of 1000 samples for each method.
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Table 9: Rotorcraft example results with o, = 0.89 m/sec, 6, = 1.56 m/sec.

Estimate p,  Std. Error 95% confidence Relative error  Rel. error per sample
MC 7.80x1073 823x107%  [0,24.3] x 1073 1.06 33.5
DIS 7.77x107% 1.33x 1073 [5.11,10.43] x 1073 0.17 5.40

Table 10: Rotorcraft example results with o, = 0.45 m/sec, o; = 0.78 m/sec.

Estimate p, Std. Error 95% confidence  Relative error Rel. error per sample

DIS 2.65x 10719 2.60x 10719 [0.05,5.25] x 10~1° 0.98 43.8

We observe significant variance reduction, as evidenced by a roughly seven-fold reduction in
relative error per sample and a narrower 95% confidence interval that places a meaningful lower
bound on the failure probability. That said, the amount of variance reduction we observe for this
problem is not as great as has been reported in other literature on dynamical importance sampling
[8, 11]. One issue that diminishes the performance of the method is identified in [41]: the
efficiency of dynamic importance sampling for small noise diffusions can deteriorate in the
presence of an attractor. Our problem has an attractor, since the system is oscillating around an
equilibrium point and because of the mean reverting nature of the wind. The authors in [41] note
an improvement of the algorithm by considering the noise level € into account when finding the
optimal biasing; however, their approach does not extend to higher dimensions. In [42], the
authors present an approach that applies to higher-dimensional problems; their algorithm,
however, requires the system dynamics to be linear and self-adjoint. The latter condition, in
particular, is not satisfied by the helicopter model considered here. Therefore, these fixes do not
yet seem theoretically viable for real engineering problems.

Finally, we perform the same experiment to the system where o, and o, are smaller than the
previous example. That is, o, = 0.45 m/sec and o, = 0.78 m/sec. The probability is computed
with 100 batches of 2000 samples. Using dynamic importance sampling, we compute that the
probability is 2.65 x 1071, It is intractable to perform crude Monte Carlo in this scenario as one
would expect to see only one instance of the rare event after ~ 10! samples. The results are
stated in Table 10. While the relative error for dynamic importance sampling is not ideal, as it has
the same order of magnitude of the estimate, it still provides a useful estimate.

Applying Splitting Methods to the Rotorcraft Models We consider a simple rotorcraft model
similar to the one in [54], which is defined by the following dynamic equations:

dx(t) = Ax(t)dt + Sf +/€X(x)dW(t), (167)
with
x| 0 1 0 0 100
x=|x |,A=| 0 —-0275 —001 |, f=|63|,2=|0 1 0|,
X3 98 —1.4 —0.02 9.8 00 1
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Table 11: Comparison of RESTART estimator and standard Monte Carlo estimator.

MC [R=2[R=3|R=4[R=10[R=14[R=20
p(x1073) | 22 [ 2.1 | 22 | 21 2.1 2.1 2.1
VV(x1073) | 1.5 | 0.66 | 04 | 032 | 0.21 | 0.194 | 0.196
relative error | 0.75 | 0.33 0.2 0.16 0.11 0.092 | 0.098
C 0.054 [ 025 | 026 | 0.28 | 049 | 0.72 | 1.24
CV(x1077) | 122 | 1.09 | 042 | 029 | 022 | 027 | 048
12 x1078 | | |
---RESTART
10 fi ——Standard MC |
> 87‘\ B
X \
(@] 6 \‘ i
4 _‘__,_——"',
2 1 --—\-—---_\ ____ j===-" \-_—--\‘ 1 1
2 4 6 8 10 12 14 16 18 20
R

Figure 27: The computational costs of MC and RESTART to reach the same statistical tolerance.

where x is the pitch angle of the helicopter, x; is the rate of change of the pitch angle, x3 is the
horizontal velocity, f is the thrust provided by the rotor, 6 = 0.1, W is a vector of standard
Brownian motion, X is the standard diffusion matrix.

We used a near optimal importance function in this example. Table 11 shows the mean value
(p), standard deviation (v/V) of the 1000-particle estimator, its relative error (standard deviation /
true value), cost of a single sample (C), and the cost of the estimator under a prescribed tolerance
(CV). Figure 27 shows the computational cost of the RESTART estimator using different splitting
ratios R. It is observed that when R = 10 we obtain the optimal complexity. The complexity is not
sensitive to the change of the splitting ratio when 4 < R < 14. In addition, we empirically
checked that the probability of reaching the next level is 10% (which matches the value of the
optimal splitting ratio) as we pre-defined 3 thresholds.

6.4 UTRC Rotorcraft
The dynamics of the fuselage can be described as

6, =q (168)
Iy
M(GV,V(I)) =Mgr+Tsg—Lysy, (170)

where 0, is the pitch angle of the fuselage, g is the rate of change of the pitch angle, M is the net
pitch moment applied to the rotorcraft, where T is the thrust, sg is the distance from the thrust to
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the center of mass. The airfoil provide lift Lg. The model is implemented in software GENTRIM
which solve for the rotor thrust, torque, horizontal force, roll, pitch, and hub moments, and rotor
lift over drag ratio given desired input parameters. More descriptions on the model can be found
in [54]. We define the absolute value of the pitch angle larger than 15° as the rare events in which
the rotor crafts become unstable and out of control.

Table 12 shows some initial results of RESTART on the UTRC rotor craft example. We
noticed significant reduction of variance even when the thresholds are chosen arbitrarily.

Table 12: Comparison of RESTART estimator and standard Monte Carlo estimator.

MC [ R=14
p(x1073) | 7.8 | 8.0
VV(x1073) | 82 | 2.6

relative error | 1.06 0.33

6.5 Future work: Alternate Solutions to the Stochastic HJB Equation

From the theory of subsolutions for rare event simulation, if we can solve exactly or satisfy
the following set of inequalities, we may obtain an asymptotically optimal importance sampling
or splitting estimator. The typical subsolutions approach to this problem is analytic as it attempts
to devise cleverly constructed ansatz that are shown to perform well using theory.

0y(1,x) + H(x, VO £,)) > O for (1,x) € [0.7) x a71)
0 (1,x) < h(x )fort<Tx€8D (172)
U(T,x) <o forx e D. (173)

Here we consider an alternative approach to solve the Hamilton-Jacobi-Bellman equation or
find their subsolutions. To this end, we consider using the Compressed Continuous Computation
for Stochastic Optimal Control Package (C3SC) presented in [55, 56]. This package can solve the
stochastic HJB equation by solving a series of stochastic optimal control problems across the
entire phase space. While this may seem inefficient, this method assumes that the value function
(solution to the HJB equation) has low tensor rank in hopes of accelerating computation of the
optimal control problem. This approach may be feasible for up to ten dimensions.

Recall that in the analysis for finding good estimators for importance sampling or splitting, a
zero variance choice of biasing or importance function is possible if one can exactly solve the
Kolmogorov Backward Equation, which is also known as the stochastic
Hamilton-Jacobi-Bellman equation in the optimal control community.

d
ot

The C3SC package solves a variant of this PDE. By finding fast solutions to the
infinite-horizon stochastic optimal control problem, we procure solutions to the following PDE
instead:

GEU)(6,0) = 2 (1,x) + Fl(x, Do (x)) + S TH(BB' DU (1,%) =0

H(x, DyU(x)) + gTr(BB*D)ZCU(t,x)) —0.
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Now, there are two tasks at hand. One is to produce solutions to this PDE via the C3SC package
and test it for importance sampling and splitting. The second is to see what sort of efficiency
guarantees that are preserved by using a solution to this PDE.

We briefly explain how the C3SC produces fast solution to stochastic optimal control
problems. Typically a stochastic optimal control problem where the system is governed by a
stochastic differential equation is solved by the Markov chain approximation method. One
construct a discrete state space, discrete-time Markov chain approximation of the system, then
formulate the optimal control problem as a Markov decision process. This problem is then solved
by methods such as value iteration or policy iteration [57]. The difficulty in applying this
approach lies with the fact that discretizing the state space for more than three or four dimensions
becomes computationally prohibitive.

The novelty of the C3SC package is that it attempts to accelerate computation of the solution
to the Markov decision process via compressed continuous computation. The basic idea is that the
algorithm expresses high dimensional functions in a low dimensional manner by constructing a
continuous version of the tensor train decomposition. The author describes the function
approximation method as the functional tensor train approximation in which rather than having
numerical entries in the tensors, one has univariate functions instead. The general functional
tensor train form is in the following [56]. Suppose we have a multivariable function f : X — R,
where X C R". Then

Fon ) =Y o Y F ) fa ()

. . 10,1
ip=1 ip=1 1

where [ are univariate scalar valued functions and r; are called the function-train ranks.
Increasing the rank increases the depth of representation the function train has with trade offs in
higher dimensional computation. This product is usually written in terms of a product of matrices
of the form

0 a0) e A ).
Then by fixing r9 = r, = 1, then the product of matrices will equal a scalar function
SO xn) = Fi(x1) -+ Fu(xn)

The package can solve high dimensional stochastic optimal control problems that do not
encounter the curse of dimensionality as quickly. The caveat to this method is that while it is
more scalable than traditional stochastic optimal control solvers, the method is still limit to
dimensions less than 10. Anything more, the curse of dimensionality may still appear.
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7 Conclusions and Future Work

The goal under the SIRE project was to develop novel rare event estimation methods for
engineering systems. Under the program, we have developed a range of approaches (importance
sampling and splitting) that extend the state-of-the-art. We applied these methods to rotorcraft
and electrical systems that we developed under the project.

Our approaches for studying and simulating rare events exploit tools from dynamical systems
theory. Our approach for dynamic systems ensures that the attracting dynamics of system
attractors do not degrade performance of the rare events scheme. We used existing rare event
simulation methodologies that leverage large deviations and showed their applicability to
restricted classes of engineering systems. While large deviations-based importance sampling and
splitting methods worked for rotorcraft and electrical systems, we reproduced difficulties of
subsolution-based methods in the presence of attracting sets. We investigated ways to circumvent
the issue by use of the left eigenvector in linear systems. This left eigenvector associated with
slowest decaying mode was shown to lead to efficient importance sampling estimators (as
summarized in the list below). We also demonstrated the splitting approach on the rotorcraft
problem and formulated a novel methodology that exploits tensor decompositions for stochastic
control problems.

The left eigenvector biasing work enabled us to make new connections to the study of the
Koopman operator. We made a clear and novel connection between the stochastic Koopman
operator and efficient importance sampling methods for stochastic differential equations. In
particular, we found that the Koopman operator can motivate the left eigenvector biasing method
and significantly improve the performance of the importance sampling methods in dynamic,
non-normal, nonlinear, degenerate noise, and black box settings.

For future work, we propose using efficient stochastic optimal control solvers for faster and
more automatic implementation of large deviations-based methods. Another route for future work
involves rigorously leveraging the theoretical results of large deviations-based methods to analyze
approximate the Koopman operator approaches. Moreover, we plan to extend the Koopman
framework to create methods that can sample from high dimensional distributions. In essence, we
can create dynamical systems that sample from arbitrary distributions. This can potentially also
be used to create new Bayesian filtering methods.

Furthermore, our developed approach can be used for estimating failure in complex
engineering systems, designing new systems to mitigate failures (catastrophes), and performing
design of experiments for information gathering. The Koopman operator method can also be used
for real time prediction by leveraging existing data driven methods for estimating the Koopman
eigenfunctions. These eigenfunctions can then be used to computationally bias existing models
for system evolution (akin to standard filtering methods). We plan to explore the above areas in
future programs.

In summary, the novel contributions of the SIRE program and associated (demonstrated)
improvements are listed below.

e Discovered deep theoretical connections between Koopman operator theory and rare event
simulation in stochastic differential equations.

e Developed a generalized approach for efficient importance sampling methods for linear
stochastic differential equations using the Kolmogorov Backward (Ornstein-Uhlenbeck)
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operator. This approach is a special case of the Koopman operator approach. The Koopman
operator approach demonstrated a 5000X and 1000X variance reductions on the Van der
Pol and Duffing oscillators respectively. Moreover, this approach is able to deal with
degenerate noise cases that arise in real world systems.

Found all the eigenfunctions of the Ornstein-Uhlenbeck operator, which will be useful for
developing sampling methods.

Developed heuristics for efficient importance sampling methods for linear stochastic partial
differential equations.

Constructed rotorcraft models that capture critical stall phenomena that was used for
computations.

Formulated and applied a left-eigenvector based large deviations-based importance
sampling and splitting methods to rotorcraft and electrical models. The approach
demonstrated a 30X variance reduction on the electrical system model and 36X variance
reduction on the rotorcraft system. Additionally, it demonstrated a 2000X variance
reduction in non-normal dynamical systems (existing large deviations based methods did
not work in this setting). The splitting approach demonstrated a 10X variance reduction on
a simple rotorcraft model.

Developed a new formulation for accelerating large deviations-based approaches using fast
stochastic optimal control solvers.
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