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1. SUMMARY

The traditional boundary layer model used in describing laminar and turbulent flow along a wall
does not work for unbounded flow along a wall or airfoil. The traditional boundary layer model
only describes the flow that is normally obtained in a wind tunnel or a two-dimensional (2-D)
closed channel with a large gap separation. For these cases, the boundary layer is considered to
be the region bounded by the boundary layer edge where the boundary layer edge is defined as
the point above the plate where the velocity in the flow direction asymptotes to a velocity that, in
general, is different than the inlet free stream velocity. However, for flow along a plate without
an upper or lower wall boundary, this model does not work. For unbounded flows, the flow
above the traditional viscous boundary layer must gradually return to the free stream inlet
velocity value. To correct this deficiency, we define a new boundary layer model for the
unbounded case. The main feature of the new model is a new region located just above the
traditional viscous boundary layer region. We call this new region the inertial boundary layer
region since viscous affects are mostly absent. Using the moment method approach, new
thickness and shape parameters are defined to describe this region. The new model is
demonstrated by applying it to computer simulation results for air flow over a NACA0012
airfoil. The boundary layer thickness for the inertial boundary layer region is calculated to be
about 10 cords for a flow with 0.5 Mach inlet flow velocity. This means the traditional viscous
boundary layer thickness is only about 0.5% of the total boundary layer thickness for flow along
an airfoil. It is shown that this new region has similarity solutions to the flow governing
equations. This means that it should be possible to cobble together a complete theory for
lift/drag on an airfoil using the new boundary layer model.
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2. INTRODUCTION

The boundary layer concept was first developed by Ludwig Prandtl' as a means to describe fluid
flow along a wall. The traditional interpretation of this concept for 2-D flow is depicted in Fig. 1
for laminar flow along a flat plate at zero-degree inclination (assume the flow and the plate
extends to infinity in the positive/negative direction perpendicular to the X-y plane). The velocity
profile is defined as the velocity U(X,Y) viewed in the direction normal to the wall at a point X

for all y where U(X,Y) is the velocity in the flow direction along the wall. Due to viscosity

effects, the velocity at the wall surface is zero and gradually increases until it asymptotes at the
boundary layer edge to u,(X). The boundary layer thickness, J(X), (dashed line) is described as

the point where the velocity U(X, Y) reaches the asymptotic boundary layer edge velocity U, (X).

The traditional boundary layer description has worked well for the past 100 years. Velocity
profiles similar to those depicted in Fig. 1 are routinely measured in wind tunnels around the
world. Many traditional wind tunnels all have a common feature in their implementation that
allows the pressure gradient in the flow direction to be manipulated by adjusting the upper
surface height of the wind tunnel. Indeed, in most wind tunnels, one can construct flows along
the plate with a zero-pressure gradient (ZPQG), a favorable pressure gradient (FPG), and an
adverse pressure gradient (APG) by adjusting the ceiling height along the flow direction. For
what seems to be expediency, the traditional depiction in Fig. 1 has not included the presence of
the upper wall or some indication of the presence of the upper surface pressure gradient due to
the upper wall. Hence, the traditional depiction of what one would expect for flow along a wall
in a wind tunnel is not complete. When the boundary layer along the plate interacts with the top
surface’s boundary layer then what we have is 2-D channel flow with a large gad separation.
This is what appears to be the case in most wind tunnel experiments.

Figure 1: The Traditional, but incomplete, Rendering of 2D Laminar
Boundary Layer Flow over a Semi-infinite Flat Plate

The boundary layer story becomes more complicated for the case of airflow over an airfoil.
What is depicted in Fig. 1 is not what one would expect for flow over a plate-airfoil in an
unbounded uniformly moving airmass. For what we will call the “unbounded boundary layer”
case, the velocity normal to the airfoil must eventually return to this free stream velocity at some
point above the plate-airfoil. This means that the boundary layer does not stop at the traditional
viscous boundary layer edge but continues until the velocity above the plate returns to the free

2
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stream inlet flow velocity u_ . Thus, the traditional boundary layer model depicted in Fig. 1 is

also not correct for a plate-airfoil in an unbounded uniformly moving airmass. In what follows,
we remedy the situation by adding a second region above the traditional viscous boundary layer
region. We call this the inertial boundary layer region since viscous forces are mostly absent.

The new model for flow along a plate-airfoil is depicted in Fig. 2. The boundary layer thickness
next to the plate-airfoil becomes J,,, and this region is characterized by the presence of viscous

effects. Above this region, the new inertial boundary layer is characterized by the thickness o;
such that above §; the velocity is essentially the free steam velocity u,. These terms will be

explored in more detail below. What is NOT shown in Fig. 2 is the case for turbulent boundary
layer flow on an airfoil. What we can say is that if turbulence is present than an additional
region would be needed to be added between the viscous and inertial boundary layer regions at
some point along the plate. For clarity, we will ignore the turbulent region for now.

Figure 2: Schematic Drawing depicting new Model for Laminar Flow over a Plate
Airfoil
Drawing is not to scale since, in general, 5,>> ¢,

max *

In order to mathematically describe the new unbounded boundary layer inertial region, we will
adopt the central moment method developed by Weyburne** for mathematically describing the
thickness and shape of the tradition wind tunnel boundary layer. In those papers, it was found
that laminar and turbulent boundary layers along a wall in a wind tunnel could be described by
the central moment method traditionally used in statistical analysis to describe a random
variables probability distribution. With the moment method, Weyburne® showed that it is
possible to describe both the outer inertial turbulent region and the inner viscous region of a
turbulent boundary layer flow along a wall using simple integrals of the velocity profile. It was
found that the ratio of the turbulent boundary layer outer region thickness to the viscous
boundary layer inner thickness ranged from 4-5 at low Reynolds number to something like 35 at
high Reynolds number.® In contrast, in what follows, we show that the thickness ratio of the
inertial region to the viscous region for laminar flow along an airfoil is more like 200 for the
laminar flow case. The main reason for this appears to be very slow decay of the peak velocity
to the free stream flow velocity.

3
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In what follows, we undertake a full description for laminar flow over a plate-airfoil in an
unbounded moving airmass. This includes not only a physical description based on the moment
method but also a look at the behavior of the plate-airfoil boundary layer as it pertains to
theoretical solutions to the flow governing equations. We show that the new inertial boundary
layer is amendable to similarity solutions.

4
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3. VELOCITY PROFILE BOUNDARY LAYER MODEL
3.1 Large Gap 2-D Channel Model

A boundary layer model needs to describe the behavior of the velocity profile as one moves
down the wall in the flow direction. The model for boundary layer flow along a wall is often
depicted as shown in Fig. 1. The no-slip boundary condition at the wall means that the velocity
at the wall is zero. The velocity profile monotonically increases to a velocity at the boundary
layer edge at which point the velocity asymptotes to a velocity u,(X). This boundary layer edge

velocity U, (X) changes along the wall depending on the pressure gradient along the wall in the
flow direction. The boundary layer thickness 0(X) is considered to be the point where the
velocity reaches the asymptotic velocity at the boundary layer edge u,(X). The boundary layer
quantities like the displacement thickness and momentum thickness are all calculated relative to
this boundary layer edge velocity. Although not usually acknowledged as a 2-D channel model

with a large gap separation, this is the model that has been used since the introduction of the
boundary layer concept by Ludwig Prandtl' over a hundred years ago.

3.2 Proposed New Unbounded Boundary Layer Model

The description above applies to flow normally encountered in most wind tunnels. However, for
flow over a plate-airfoil in an unbounded moving airmass, this model does not work. For the
unbounded case, the velocity normal to the plate-airfoil must eventually return to this free stream
inlet velocity U, at some point above the plate-airfoil. This means that the boundary layer does

not end at the traditional boundary layer edge but continues until the velocity above the plate
returns to the free stream inlet flow velocity. Hence, the boundary layer does NOT end at the
point where the viscous (or turbulent) effects are absent. There has to be a region further out
from the viscous (or turbulent) boundary layer edge where the velocity returns to the free stream
velocity u,,. We will refer to this region as the inertial boundary layer region since in this region

the viscous contributions are mostly absent.

The boundary layer model depicted in Fig. 2 can be demonstrated by examining computer
simulation results. In Fig. 3 we show the 4096 by 2048 mesh simulation result for the x-velocity
(flow direction) around a NACAO0012 airfoil obtained by Swanson and Langer.* The flow
corresponds to the full Navier-Stokes compressible (mostly laminar flow) case with a small
amount of trailing edge separation beginning at approximately the x/c=0.8 (C is the cord length).

5
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Figure 3: Swanson and Langer? 2-D Simulation of Laminar Flow over a NACA0012 Wing
with M = 0.5, oo = 0, and Re = 5000

The flow conditions are Mach (M)= 0.5, airfoil inclination angle & = 0, and Re =5000. In Fig. 4a
we show a normal to the wall velocity profile (X-direction velocity looking in the y-direction)
taken at x/c = 0.3. In Fig. 4b we show the same profile but using a logarithmic scale. In Fig. 4b
we also show a number of relevant thickness markers. The maximum U(X, Y) profile value

given by U, islocated at J,,, . It is a thickness measure that we will show below that is

related to the viscous boundary layer thickness. It will be used interchangeably with the viscous
boundary layer thickness &, which has a directly identifiable relation to the physics of the flow.

The o, value is the inertial boundary layer thickness value. It is evident from Fig. 4b that the
inertial thickness is much larger than J,,,, (or &, ). For the example shown in Fig. 4, the ratio

6;/ 6, is about 220. It is a given that, in general, o,

max *

d; , and O, change with the distance
along the wing cord x/c.

6
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Figure 4a: Velocity Profile Normal to the  Figure 4b: Same as Figure 4a but with a
Airfoil at x/c = 0.3 from Swanson and Log Scale
Langer* o, 0,,and ¢, are the length scales

3.2.1 Calculating Omax and S,

Determining the value of o,,,, is straightforward and needs no further explanation.

Weyburne? developed the viscous boundary layer thickness &, concept based on the viscous

term of the Xx-momentum conservation equation. The viscous forces will only contribute to the
overall flow momentum when the second derivative of the velocity is significant. This led to the
viscous boundary layer being defined in terms of central moments of the negative of the second
derivative of U(X,Y). The reasoning behind the use of the central moments was the observation

that the second derivative of the Blasius® laminar boundary layer had a distinctly Gaussian-like
appearance.’ It therefore makes sense to adopt the moment method used to describe probability
density functions for this case.

However, in looking at some of the second derivatives of the velocity profiles for the
NACAO0012 airfoil, we found that the APG region (~x/c=0.3 to ~x/c=0.8) had noticeable
nonprobability density function like behavior in that the near wall region takes on negative
values. An example is plotted in Fig. 5a for the profile at x/c=0.5 (note that the moment method
is based on the negative of the second derivative). Probability density functions cannot take on
negative values. This negative behavior observed in Fig. 5a means that the standard moment
method for the viscous region employed by Weyburne** for ZPG cases will not work for the

APG cases.

7
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Figure 5a: Scaled Second Derivative of the Figure Sb: A Gaussian Fit to the truncated
x-velocity at x/c=0.5 Second Derivative Data at x/c=0.5

It will not work in the sense that the calculated boundary layer thickness will not correctly
identify the point where the viscous forces are no longer significant. By observing Fig. 5a, it is
apparent that a simple work around for the APG cases is to just ignore the second derivative data
for y/c less than second derivative maximum located at about y/c = 0.036 for the x/c=0.5 case
(note that the y/c=0 corresponds to the airfoil surface). The result of the truncation is shown in
Fig. 5b. This leaves us with a proper probability density function like curve. We can therefore
modify the standard moment method and define the viscous velocity boundary layer nth central
moment, &, for APG based wall-bounded 2-D laminar flow over an airfoil as

h

1
{y = —;idy(y—w) &

» dutxy) M

2 3

where y=h is deep into the free stream, where we take @ as the y-value at the second derivatives
negative maximum, and where the normalizing parameter is

d’u(x,y)
a = —J.dyT . (2)
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The viscous boundary layer width, o, , is defined in terms of the second central moment as
oy =2, /¢ ,. The four-sigma viscous boundary layer thickness &, is then defined as

8, =w+40, . For the curve in Fig. 5b, the estimated the four-sigma viscous boundary layer

thickness is 0, = 0.0815/c. The central moments can be used to define shape parameters based
on the third and fourth moments in a fashion similar to the method described by Weyburne.?

Although primarily intended for the APG region, the above method should work for the ZPG and
FPG regions as well.

The physics of this truncated second derivative region in Fig. 5b is interesting. We found that
the Gaussian-like behavior observed for the ZPG case? also applies in this truncated APG region.
As confirmation, we show the Gaussian fit to the truncated section in Fig. 5b. The fit is excellent
with an adjusted R squared value of 0.9996. The fit essentially overlaps the experimental data.
The o, (= sigma) values from the fit are a close match to the Eq. 1 moment-based values (see

Fig. 5b inset).

The viscous thickness 0, is easily calculated for simulation data where high quality second
derivative data is readily available. That is not the case for wind tunnel type experimental data,
in general, where experimental measurement noise can make the second derivative data
unusable. Weyburne® also showed that &, can be determined if the skin friction is known or

measurable. However, this option does not seem to be something easily accomplished in an
airfoil experiment. This makes determining o, for the non-computer-based airfoil case

problematic. Given the problem of calculating &, , we examine 0,,,, as a possible substitute.

X
The computer simulation data allows us to examine both quantities. We found that the
maximum velocity located at ,,, correlates well with the 2.6 sigma thickness given by

5\,2‘6 =®+2.6 0. This result is illustrated in Fig. 6 for a range of X/C values spanning most of

the airfoils cord. The correlation is only slightly worse in the vicinity of the trailing edge

separation point. The implication of this result is that U _,, (X) is a reasonable substitute for the

boundary layer edge velocity U,(X) and 0, (X) is a reasonable substitute for o, (X).

9
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Location

The displacement thickness for the viscous region can be defined in a number of ways. For
simplicity, we choose to define the displacement thickness as

dy
o = Idy(l——u(x’y)J . (3)
0

Ug (X)

For cases where ¢, is not easily calculated, then J_,, and u_,. (X) can be used instead.

X max

3.2.2 Calculating 0,

To mathematically define the inertial boundary thickness o;(X) we cast the velocity profile into
a probability density function moment framework. To do this we define velocity profiles central
moments of (U(Y)/u,)—1 as

h

_ o Luly) (4)
2 ﬁixdy(y K) 5{{% 1} ,

10
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where Y =h is deep into the free stream, where the mean location x is given by

o 1 fu(y)
<= g @

51’\’1 ax

and where the modified inertial displacement thickness is

h
5 = de{%—l} - ©)

0
51’1’13X

At this point we can go ahead and construct the various thickness and shape parameters in terms
of the mean location and higher order moments of 7, as was demonstrated by Weyburne.® The

four-sigma &;(X) =« + 4\/2 value, for example, corresponds to the point where U(X, Y)
essentially becomes the free stream velocity u_, . It is important to point out that we could have
made the above definitions with J,(X) in place of o, ,, (X). We opted for the J,,, (X) based

definition since &, (X) is only easily calculated for computer simulation data where the second
derivative data is readily available and free of experimental measurement noise.

11
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4. THE INERTIAL BOUNDARY LAYER MOMENTUM EQUATIONS

In this Section, we examine the possibility for finding a simple theoretical representation for the
velocity and pressure fields for the inertial boundary layer. The velocity and pressure fields in
this region have been obtained by solving the inviscid flow governing equations using computer-
based packages of which a number are available. However, these computer-based numerical
solutions cannot be used to develop a theoretical treatment of lift/drag. One viable theoretical
path is to seek similarity solutions for the inertial boundary layer and combine those solutions
with the Blasius® and Falkner-Skan® solutions for the viscous boundary layer region to make a
theoretical treatment for lift/drag on an airfoil. This approach will only work if the scaled
velocity profiles are truly similar. This can never happen for U(X,y) profiles since at one

extreme U(X,0,..)=U_ (X) is a function of X but the other extreme U(X, y) becomes U, which

ax

does not change with X and is nonzero. Therefore, a simple scaling parameter that is a function
of X cannot result in similar profiles. However, for the flat plate case, u__ (X) is almost constant

max

so similar-like profiles are possible. Rather than seeking solutions for U(X, Y), we introduce the
velocity W(X,Yy) defined as

WX, y) = ux.y)-u, . (7)

We can substitute W(X, y)+U_ for Uu(x,y) into the flow governing equations which then becomes
a set of differential equations for W(X,y) and V(X,Y). The advantage of using W(X, Y) is that
W(X,Y) is the same order of magnitude as V(X, y) making the numerical solution process
straightforward.

The process of finding similar solutions begins by putting the flow governing equations into
dimensionless form. The first step in this process is to introduce length and velocity scaling
parameters. At this point in time, there is no theoretical indication as to what the correct scaling
parameter should be. Weyburne’ used an integral area treatment to prove that the displacement
thickness J,(X) and the velocity at the boundary layer edge U, (X) must be similarity scaling

parameters for wind tunnel type flow. A similar proof may be possible for the unbounded flow
case also but until then we will retain the generic unknown scaling parameter U (X) as the

velocity scaling parameter. The velocity scaling parameter u (X) must make plots of W(X, Y)

along the airfoil appear similar. In the same way, we assume a generic length scaling parameter
0,(X), so that the scaled y-variable is given by

(8)

Although we have no theoretical guidance, we can make some intelligent guesses as to the
identities of the scaling parameters J,(X) and U (X) that hopefully will collapse a set of velocity

profiles in the inertial boundary layer region to single curve. If we can do that, then we can reduce
the PDE governing equations to simple ODEs. In Section 5 below, we show that the velocity at

12
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the viscous boundary layer edge u,(x) =u__ (X) is a good velocity scale for the viscous region

max

that borders the inertial region. The two regions border each other at the point where
u(x,y)=u,, (x). It therefore makes sense that same scaling should also work in the inertial

region. Hence, we will assume U (X) in the inertial boundary layer region also scales as u_, (X).
That is,

u(x) = u_ (X)=u(xse.°%) . 9)

Although we do not have any theoretical direction for choosing the identity for J,(X), it is by

definition that the inertial displacement thickness 51i (Eq. 6) will normalize the area under all of

the scaled W(X,y)/u__(X) profiles. Weyburne’ proved that the displacement thickness must be

max

a similar scaling parameter for the 2D wind tunnel-based boundary layer. Therefore, as a first

guess, we assume that the length scaling parameter goes as the displacement thickness 51i . In
Figs. 7a and 7b, we show a plot of a range of W(X, y)/u__ (X) profiles versus y/c and y/&'. The

collapse of the curves in Fig. 7b is not exact but similar-like. The collapse is close enough to
expect good results if we go ahead and assume that similar behavior exists in this region.

max

The success of Fig. 7b gives us some reasonable expectation that the flow in the inertial boundary
layer region can be modeled using a similarity solution. The similarity solution for the inertial
boundary layer proceeds by introducing scaling parameters that reduce the set of flow governing
partial differential equations (PDEs) to a set of ordinary differential equations (ODEs). Given
that most of the same conditions apply in the inertial region as the viscous boundary layer region,
we can assume that the Prandtl boundary layer equation approximations apply in this region. In
Appendix A, B, and C we detail the process of nondimensionalizing the resulting flow governing
equations for the inertial boundary layer region.
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S. THE VISCOUS BOUNDARY LAYER

The section above indicates that similar solutions may work for the inertial boundary layer
region. This means that it may be possible to put together a complete theoretical treatment for
lift-drag on an airfoil. What we propose is to combine the similar solutions for the inertial region
along with the similar solutions for the viscous region. An energy minimization scheme would
be used to discover the unknown parameters involved in the similar solutions. Part of that
scheme relies on the assumption that the near wall viscous region is amendable to theoretical
treatment. In fact, the success of the panel solution methods, such as Drela and Gile’s® Xfoil, in
terms of predicting lift and drag profiles for various airfoils is proof that a simple
characterization of the viscous boundary layer using Blasius® and Falkner-Skan® integral
solutions may be adequate. However, to our knowledge, there has been no direct experimental
confirmation showing a comparison of experimental airfoil data in the viscous region to the
theoretical treatments.

For confirmation, we examined the APG and ZPG regions of the NACA0012 simulation data
from Swanson and Langer.* For the airfoil at zero degrees, most of the airfoils surface consist of
ZPG and APG regions. From examination of the simulation data, we will assume that the ZPG
region extends from about x/c=0.12 to x/c=0.3 and the APG region from x/c=0.3 to x/c=0.6. In
Fig. 8 we show plots of the scaled velocity profiles compared to the similarly scaled Blasius
profile for the ZPG region. The scaled velocity profile plots show good overlap with the Blasius
profile. In Fig. 9 we show the set of scaled profiles constituting the approximate APG region.
The scaled velocity profiles show good overlap with the scaled Falkner-Skan profile. This
overlap was accomplished by examining the plot of the scaled profiles show in Fig. 9, and then
adjusting power law power exponent m in the Falkner-Skan solution until we obtained a good
overlap. For the APG region, we found m=-0.07 works reasonably well.
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—— Blasius Solution
xlc = 0.1261
xlc = 0.1405
xlc =0.15
xlc =0.159
xlc =0.175
xlc =0.185
xlc = 0.1984
xlc =0.209
xlc =0.224
xlc =0.23
xlc = 0.2418
xlc = 0.2708
xlc=0.3

ulu

max

Falkner Skan Solution
xlc=0.3
xlc = 0.325
x/lc = 0.35
xlc = 0.375
xlc=04
xlc =043
x/c = 0.46
xlc=05
x/lc = 0.53
x/lc = 0.56
xlc=086

ulu

max

max

72
Figure 9: APG Viscous Region Velocity Profiles from Swanson and Langer* with m=-0.07
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6. DISCUSSION

The traditional boundary layer model is obviously inadequate to fully describe unbounded flow
along a wall. The traditional boundary layer model assumes that the velocity profile at a position
X along the wall asymptotes to a constant value u,(X) whose value that may change as one

moves along the wall. This model appears to be partly driven by the theoretical approaches of
Blasius® and Falkner-Skan® (they assume an asymptotic velocity) and partly by wind tunnel
measurements. Most wind tunnel experiments do in fact show this asymptotic behavior.
However, it is also obvious that this asymptotic behavior in the wind tunnel is not what one
would expect for a boundary layer on a plate in an unbounded moving fluid mass. In the wind
tunnel, the asymptotic behavior is created by the interaction of the plate’s boundary layer and the
hydrodynamically close top and bottom walls. This type of flow is what one expects in 2-D
closed channel flow with a large gap separation. An unbounded moving fluid impacting on a
wall-plate-airfoil, on the other hand, asymptotes to the inlet free stream velocity u, . To address

this issue for the unbounded flow situation, we added an additional inertial boundary layer region
to the traditional viscous boundary layer description. The inertial boundary layer description is
depicted in Fig. 2 for our new boundary layer concept.

It is worth commenting on the traditional boundary layer model in that it brings up a disturbing
reality of the wind tunnel datasets obtained to date. If the top wall is interacting with the
boundary layer along the plate then what do we know about the boundary layer along the top
wall? The answer for many wind tunnel datasets is very little. From what I have observed, the
top and bottom wall effects in a wind tunnel are rarely discussed. To a certain extent, this is
acceptable for some purposes but it easy to imagine how the top wall could have unintended
effects on the main boundary layer measurements. For example, the laminar-turbulent transition
point on the main measurement plate-airfoil could obviously be influenced by the presence of the
laminar-turbulent transition on the top wall which could occur at a different wall location due to
a different wall roughness, for example. It is also probably true that the gap distance could have
unintended effects on the measured flow. Is there a difference in the flow when the gap distance
is just enough to affect the main measurement plate-airfoil boundary layer versus flow where the
gap is much smaller? What about the effect of turbulence on the gap distance? Are the turbulent
statistics affected by the gap distance? Unfortunately, the answer to these questions are often
unknown or unreported. This puts a cloud of uncertainty in making comparison of different
wind tunnel results in certain situations.

Although not the original intent of this report, we found that the new inertial region could be the
key to a problem that has persisted for more than 100 years, and that is that there has yet to be a
good theoretical explanation of airfoil lift. The panel methods like the Xfoil package of Drela
and Giles® are a step in that direction but the fact that the inertial regions are handled by
numerical methods means the approach is only partially theoretical. Since we showed that the
inertial region discussed above can be approximated theoretically by similar solutions, then this
means that a complete theoretical approach may be possible. With this addition, we now have
the basis for a possible bare bones theory of lift and drag. For the viscous near wall region,
standard Falkner-Skan theory may be adequate as demonstrated by Xfoil-type lift-drag
prediction successes and by Figs. 8 and 9. For the inertial region, the new similarity formulation
appears to be adequate as indicated by Fig. 7. To tie the two regions together, we need to
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consider the boundary between the viscous and inertial regions. At the boundary, we note that
the viscous boundary layer Falkner-Skan solutions provide the necessary boundary condition
information for the inertial boundary layer solution. In particular, it provides the X-pressure
gradient boundary value and y-pressure’ gradient boundary values at the boundary between the
two regions as well as the values for the constants of the similarity scaling parameters (Eqs. A10
and A12). Matching the scaled pressure gradients boundary conditions at the viscous-inertial
boundary is one of the keys to a path to a complete theory for flow over an airfoil. The other set
of unknowns is the location of the different pressure gradient zone boundaries. What we propose
is that one way of doing this is to borrow from the panel method idea and seek energy minima to
establish pressure gradient boundaries.
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7. CONCLUSION

A new boundary layer model for describing the laminar flow along a wall in an unbounded
moving airmass is introduced. The model consists of a viscous boundary layer region and an
inertial boundary layer region. The inertial region above the viscous boundary layer is found to
be well represented by similar-like velocity profiles. A set of ODEs for the pressure gradients
are obtained. It is pointed out that by stitching together the viscous and inertial boundary layer
regions may make it possible to theoretically describe the velocity and pressure fields along an
airfoil and provide a complete theoretical treatment of airfoil lift and drag.
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APPENDIX A: THE INERTIAL BOUDARY LAYER MOMENTUM
EQUATION

For the inertial boundary layer region, conservation of momentum, energy, and mass governs the
behavior of the fluid flow. We assume that the same boundary layer equations proposed by
Ludwig Prandtl' also applies for this case since most of the same conditions that led to the
Prandtl boundary layer conservation equations apply to the inertial region as well. Thus, for an
isothermal 2-D incompressible laminar flow, we assume that the x-component of the momentum
balance (parallel to the wall) is given by

+ ( y)§U(X y) = _iﬁ_kvm , (A])

Au(X.y)
OX oy p OX y?

u(x, y) ———
where p is the density, v is the kinematic viscosity, P is the pressure, U(X, Y) is the velocity in

the x-direction, and V(X, Y) is the velocity in the y-direction. We also assume the y-component
of the momentum balance (normal to the wall) is given by

AN(X, Y) V(X Y) 1P A™(XY)
ux,y)———=+ v(X,y)———— = ——— + v———— , (A2)
ox oy p oy oy’
and the mass conservation equation is given by
Ou(X, OV(X,
Y)Y A

OX oy

In order to reduce these PDE equations to a set of ODE, we start by introducing a stream function.
We assume that a stream function (X, y) exists such that

y (%)
= 9 (A4)
I (X) U (X)
where g(77) is a dimensionless function that only depends on the scaled y-position 7 (given by
Eq. 8), and that the stream function satisfies the conditions

uxy) = PO ) =

_oy(xy) (A5)
oy

OX
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The velocity V(X,Y) can be expressed as

o 0 d{d,u, } ag (A6)
\Y Xa = - = —— 5 u = ———-(J - —_—
(%,Y) o = LU0 o,
V(xY) = (S +u/8)g -5, (a_ga_ﬂj
on ox
o ns,
V(xy) = —(ud) +u/5)g+8 ung’

where the prime indicates differentiation with respect to 7 for functions of 7 and the prime
indicates differentiation with respect to X for functions of x. Eq. A6 uses the fact that

OX &

dx 52 J,

S

on _ o y |_ d{Us} s nsl (A7)
55(X)

The velocity w(X,y), where w(X, y) =uU(X,y)—U_, becomes

01 0. A
Wy +u, = uoy) = - dLoum) (A8)
oy oy
% og on 1
W(X,y)+U, = OoU, — = Qon _ sual
(Y) ssa ssanay 35955
W(X,y)+uw = usg' R
where we have used the fact that
o _ i{ y } _ 1 (A9)
oy oy (5 5.

The velocities given by given by Egs. A6 and A8 can now be substituted into the momentum
equations (Egs. Al and A2). The term by term transformation is delineated in Appendix B and C.
The important result obtained from the transformed X-component of the momentum balance

(Eq. Al) is that

1 oP

o (A10)
puuy +uls, /68,) OX

ggn +algr2_a2gm ,
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where

a = ’usus - and @, = !vus — . (A1)
uzs, /8, +uyq 52U, /8, +uguy)

In a similar fashion (see Appendix C), the transformed y-momentum equation (Eq. A2) reduces
to

1 opP 4 ' " " m
- ——— = A99' +n9"” - Bneg"+ 49" - Bng” (A12)
p(uSuS 53 +u555 ) ay
where
2012
u 5 f
U25”+U”U5 +U'U5’—U'25 55784'[]5[]553 (A13)
ﬁl = = : S[S[ st ,,S S > aIld ﬂz = S’ - — ,
UsUg 55 +us§s ugug 55 -i-Usé‘S
and where
s y (A14)
0, 0, S
B = v ’s, s - and B, = v ’ ’s -
UsUg I +U5253 UgUg O +U525S

Similarity requires «; , «,, S, B, Ps,and f,, must be constant (no x-dependence).

The results shown in Fig. 7 indicate that the velocity at the viscous boundary layer edge
U, (X)=u_. (X) is a good velocity scale for the viscous region. We can take this a step further

since we know from the Blasius and Falkner-Skan solutions for the viscous boundary layer that
the velocity at the viscous boundary layer edge u,(X) must be a simple power function of the

max

distance along the plate. Thus, we assume that the scaling in the inertial boundary layer region
must also be given by

u(x) = u,(x) = a(x—=x)" (A15)

where a,, X,, and m; are constants.
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Having assumed that the velocity scaling parameter goes as a simple power function of X, we go
ahead and assume that the length scaling parameter J; is also be a power function of X so that

5 = §(X) = b(x-x)" (A16)
where b, X,, and n, are constants.

With these assumptions, the pressure gradients, Eqs. A10 and A12, should reduce to the something
close to the well-known Falkner-Skan equations. The difference is that we make no assumptions
at this point for the behavior of the pressure gradient 0P /0X itself. If we substitute Eqs. A15 and
Al6 into Egs. Al11, A13, and A 14, then

Q = N and a, = ——— Y (X—x,) M2 (A17)
m; + 1, a,b”(m; +n;)
and
(m+n)(n-1) m+n
= ——— and = —
A n(m+n-1) % m+n-1 (A18)
and where
-m. _ —m—2n;+1 _ —m,—-2n,+1
ﬂ3 _ V2 (ni ml )(X XO) and ﬂ4 _ Vv . (X XO) (A19)
ab; n(m; +m; —1) ab’ n(m+n—1)

Notice that «; , «,, By, b5, S5, and B, must be constants (no direct X-dependence) which
means that m, +2n, —1=0. However, this condition only holds if the viscous terms in the

inertial region are important. If the solutions indicate the viscous terms are negligible, then the
condition that m; +2n, —1= 0 is no longer applicable and the constants «,, f,, and S, are

eliminated.
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APPENDIX B: X-COMPONENT OF THE INERTIAL MOMENTUM
EQUATION

In this Section, we will delineate the steps to obtain the nondimensionalized X-component of the
momentum equation by substituting the reduced velocities given by Egs. A6 and A8 into the
Prandtl x-component of the momentum equation (Eq. A1); starting on the left-hand side, we have

o{u,g’ '
wru QW) g OUOT A 2000
OX oX dx on ox
= u ' u'gr_u ﬁs’grr
- sg s s 55 (Bl)
_ uu’grz_ 5255' g!gn
STS 55 77
The next term in Eq. A1 we need to nondimensionalize is
J{w+u . : '
V{—w} = {_(usé‘s +Ug 5s)g+5s usng’}us ag 6_77
oy on 0oy
— |- +u6)g+ 6 ung | 0y~
X (B2)
- {—(us5s' +U.'8,)g +5S'u5ng’};—s "
_ _u3255' gg" _uu’gg/!+u32§s, g!g"
55 e 65 77
Combining the first two transformed terms, we have
ow+u,}  S{w+u,} NPT uso,
W+U,, 2ty 22 =uU, g ———=n99" ———=-gg9" + (B3)
WHU = % U9~ gy =0
4 " U52§s’ [~
—UsUs 99 +5—7799
S
ow+u,}  S{w+u,} Do uis) D
wW+u +V =u.u - —u.u
WU —— By U5 07 = =500 ~Ul 00
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Until we know otherwise, we will retain the viscous terms (see Discussion). The viscous term is
given by

2 0’?2 '
Vé) u(Xz,Y) —v {W‘;‘uoo} :Vusi{aia_n} (B4)
ay oy oy (on oy
2
y SUCY) =vusi{g'i}a_'7
2 on |~ o) oy
2
yOUY) s o
oy o;

This means the reduced Prandtl Xx-component of the inertial momentum balance is given by

2t
rr2 us§s " ! " 1 @P us m
uu.'g”?-—=-=g9g9" -uu,'gg" =———+v—g (BS)
sHs 5, sHs 0 O 552

_i@ _ us2 S’+U u' ggn +u u’ng_Vu_sgm
p Of,x . STS STS 552

For velocity profile similarity, we must have the Xx-dependent portion of each term change in the
same way as we move along the plate. Equivalently, if we divide through by one of the X-terms
then the resulting X-dependent ratios must be constant. Dividing Eq. A13 through by

Uug +Uud; /8, , we end up the transformed x-component of the momentum balance (Eq. A1) as

1 ﬁP n 14 n
- PR — = 99" +o9” -9 , (B6)
p(uu +uls, /6,) O
where
a = Iusus - and @, = ’vus — . (B7)
uZd, / J, +uUg S5 (Ui, /8, +uguy)
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APPENDIX C: Y-COMPONENT OF THE INERTIAL MOMENTUM
EQUATION

The reduced y-component of the Prandtl momentum equations is generated in a similar fashion.
Substituting the reduced velocities given by Eqgs. A6 and A8 into the Prandtl y-component of the
momentum equation (Eq. A2); starting on the left-hand side, we have

0 {_(us5s’ —H’Is'é‘s)g + 55’ Us779 ’}

(W+u )ﬂ = u—é}V = Uug
“7OX OX ’ oX
Pt " " rat 4 ! ag
—(US 55 +u555 +u5 55 +u5 55 )g _(u855 +uS 55)8)( (Cl)
=u.g’

ong' on

+(8. u.+8/u g’ +5.'u
(S S S S)ng S S 877 ax

o)

S

—(2u, 8, +u 8, +u."8,)g — (U, +u,'5,)g’ {—ﬁ}

=Uu.9’
" re! ' 4 ' " 7755'
+(5s us+5s U )779 +5s us(g +n9g ) _T
! ! " 14 U 5’2 ! ! ’
—(2ug 0, +U5, +U, 0,)g +( 555 +U, o, )ng
=usgr s

2

" o , 55 US , ”
+(5S us+5s us )779 _T(ng +7729 )

S

n 14 u2 ’2 ! ! 1/
8, +u,'u6,)99’ ST, +Us, ng”? +

S

=—(2u.u, 8, +u?
u5255’2 ! 14
——5— (9 *+n*fg")

=—(2u s, +uls, +u'us)gg’ +(2uu,'s, +uls g +
u:55'2 Zg/g ”
—5 n

S
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The next term is

AV 8{—(us5s' +U,'8,)g + 55'U5779'}

vV— =V
ay oy
;e 09 0n o 0ng' 577}
=V _(us5s +U 55)__+5s U———— C2
{ on oy on oy €2

! ! 1 ’ 1
=v<—(uo, +u,5,)9'—+o, u {g'+ng"t—
{(ss 009 = +6,U.{9 ng}é}

S S

’ ’ ! I} usas, ! ’ 55’us ’ "
={—(u555 +U, 5,)g + 0, usng}{—( St {9'+ng }}
2a12 u2 2
= (S5 U UG +U,75,)gg" — (5 5 46, U g

S S

2o72 272

u:o, ot ' " us5s ’ [~
~(5 U8 99"+ ngg "} + == {ng” + 9’9"

S

Pt ' U25'2 rt
:(usus 55 +us 255)99’ _(Sé.—s+usus 55 )7799”

2o102
_5s'usus'ng!2+%n29!gn

S

For the purpose of finding the local energy minimum in our eventual lift/drag theory, we will
retain the viscous terms (see Discussion). The viscous term is given by

O2V(X, ) 0 a{_(usas'+u5'55)g+55’”5"g’} (C3)
V———— = V—
oy’ oy oy
2 ’
VOO 0 L) 00 g, 018 000
oy on on oy on oy ) oy
0 / / 1 / 1 1
=v—1—(U +U )9 —+ 5, U 19" +ng"t — r—
an{(ss ss)gés s Ug{g ng}és}és
usé‘s' us' " usé‘s’ " " "m
=v(———=+2)g"+v=1{g"+q9"+
5 53)9 5 {9"+9"+n9"}
US§S’ uS’ " us§s’ "
:V —_—— +V—
5 55)9 5 ng
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Combining all of the terms, we have

—(uulS, +us” +u."us, +uus, )99 +(Zuu,s +us, g +

§7Ss 7S

u5255,2 1y
- n99 +

U25 )
+H(uMs, +u.°8,)g9’ —(55—5+usus'5s')ngg”

S

4 i u5255’2 "
—5ung” +5% g

S

2

=—(uls," +u.'us, +u/us, —u?5,)9g’ +(uu, s, +uls. mg”

s7's s
2o12

u 5 rat "
_(55—5+usus 55 )7799

! !

1op u55'_u_s)g,,+vu555 g
ooy 8 o 52 !

"

— o S

Dividing through by u,u.'8, +u’6, , the y-momentum equation becomes

s7s 0

"

1 aP 4 ! " n
(uyu,'s, 25”)5=—ﬂ199 +n9"” = An9g"+ B,9" - Bng"
p usus +us S

S

where
uss, -
us. +u."u.s. +uu.s. —u.%s. FUsls 0
,B — S™S S S™'S S S™S S S and ﬂ — S
1 !5 ' 25 " 2 ¢5 ' 25 "
uSuS S +uS S USUS S +US S
and where
u555’ uS' v usé‘s’
5, & S,
’83 =V !57 25" and ﬂ4 =V /5/ 2571
USUS S +u5 S uSuS S +uS S
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LIST OF ABBREVIATIONS, ACRONYMS, AND SYMBOLS

ACRONYM DESCRIPTION

2-D Two-Dimensional

APG Adverse Pressure Gradient
FPG Favorable Pressure Gradient
ODE Ordinary Differential Equation
PDE Partial Differential Equation
ZPG Zero-Pressure Gradient
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