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Title: Frameworks for Analysis of Regional, Concurrent, Conditional and Non-Stationary
Extremes in Geosciences
PI: Amir AghaKouchak, University of California-Irvine, Irvine, CA, Email: amir.a@uci.edu

Executive Summary

The objective of this project was to assess the merit and potential applications of inno-
vative new statistical concepts for analysis of extremes in geosciences. Specifically, the
proposed study investigated merits of the following model concepts:

e Objective A: A model for regional non-stationary analysis of extremes with con-
stant and time-varying exceedance probability concepts. This will allow analysis of
extremes in geosciences across different spatial scales under non-stationary assump-
tion. The model is named Process-informed Nonstationary Extreme Value Analy-
sis (ProNEVA) and can integrate time or a physically-based covariate to describe
change in statistics of extremes. The source code of the toolbox along with a Graph-
ical User Interface (GUI) is already freely available to the public.

e Objective B: A comprehensive and generalized framework for uncertainty assess-
ment of extremes using the concept of Differential Evolution Markov Chain (DE-
MC). This model will allow deriving quantitative uncertainty estimates for extremes
in a non-stationary world.

e Objective C: An empirical Bayesian-based extreme value model for assessing con-
current and conditional extremes. This will allow deriving and assessing the full
distribution functions of concurrent (joint) extremes in a changing environment.

In this report, Section [I| summarizes our findings and results for Objectives A and B,
whereas Section [2| describes our findings for Objective C.

This project led to 3 published peer-reviewed publications and 2 manuscripts in prepa-
ration fully /partially supported by ARL. The report summarizes the developed method-
ologies, results and conclusions of the project presented in the following publications:

Cheng L., AghaKouchak A., 2014, Precipitation Intensity-Duration-Frequency Curves for
Infrastructure Design in a Changing Climate, Scientific Reports, 4, 7093, doi: 10.1038/srep07093.

Cheng L., Gilleland E., Heaton M.]., AghaKouchak A., 2014, Empirical Bayes estimation
for the conditional extreme value model, Stat, 3, 391-406, doi: 10.1002/sta4.71.



Cheng L., AghaKouchak A., Phillips T., 2015, Non-stationary Return Levels of CMIP5
Multi-Model Temperature Extremes, Climate Dynamics, 44(11), 2947-2963, doi: 10.1007 /s00382-
015-2625-y

This project focused more on the theoretical aspects. We are now using the method de-
veloped in Cheng and AghaKouchak, 2014 and Cheng et al., 2015 for analyzing precipi-
tation extremes under different future emission scenarios. Furthermore, we are applying
the method developed in Cheng et al., 2014 for assessing concurrent and conditional ex-
tremes in joint precipitation-temperature records.



1 Non-Stationary Analysis of Extremes

Abstract: The evolving climate conditions and anthropogenic factors, such as CO, emis-
sions, urbanization and population growth, can cause changes in weather and climate ex-
tremes. Most current risk assessment models rely on the assumption of stationarity (i.e.,
no temporal change in statistics of extremes). A number of nonstationary models have
been developed with a focus on temporal changes in extremes, ignoring the underlying
physical driver. Here, we present Process-based Nonstationary Extreme Value Analy-
sis (ProNEVA) as a generalized tool for incorporating different types of physical drivers
(i.e., underlying processes), stationary and nonstationary concepts, and extreme value
analysis methods (i.e., annual maxima, peak-over-threshold). ProNEVA builds upon a
newly-developed hybrid evolution Markov Chain Monte Carlo (MCMC) approach for
numerical parameters estimation and uncertainty assessment. This offers more robust
uncertainty estimates of return periods of climatic extremes under both stationary and
nonstationary assumptions. ProNEVA is designed as a generalized tool allowing using
different types of data and nonstationarity concepts (e.g., physical-based or purely sta-
tistical) into account. In this report, we show a wide range of applications describing
changes in: annual maxima river discharge in response to urbanization, annual maxima
sea levels over time, annual maxima temperatures in response to CO;, emissions in the
atmosphere, and precipitation with a peak-over-threshold approach. ProNEVA is freely
available to the public and includes a user-friendly Graphical User Interface (GUI) to en-
hance its implementation.

1.1 Introduction

Natural hazards pose significant threats to public safety, infrastructure integrity, natural
resources, and economic development around the globe. In recent years, the frequency
and impacts of extremes have increased substantially in many parts of the world (e.g.,
Melillo et al., 2014; Coumou and Rahmstorf, [2012; |Alexander et al., [2006b; Mazdiyasni
et al., 2017; Mallakpour and Villarini, 2017; Hallegatte et al., 2013; Wahl et al., 2015} |Va-
hedifard et al., 2016; Jongman et al., 2014;|/Aghakouchak et al., 2014). For this reason, there
is a great deal of interest in understanding how extreme events will change in the future.
Historical observations are the main source of information on extremes (Klemes, [1974;
Koutsoyiannis and Montanari, 2007) and stochastic models are used to infer frequency
and variability of extremes based on historical records (e.g., Katz et al., 2002).

Stochastic models used to study extremes can be broadly categorized into two groups:
stationary and nonstationary (e.g., Salas and Pielke Sr, 2002; Coles and Pericchi, 2003;
Griffis and Stedinger, 2007} Obeysekera and Salas, 2013} Serinaldi and Kilsby, 2015; Mad-
sen et al., 2013; Koutsoyiannis and Montanari, 2015). In a stationary model, the obser-



vations are assumed to be drawn from a probability distribution function with constant
parameters (i.e., statistics of extremes do not change over time). In a nonstationary model,
however, the parameters of the underlying probability distribution function change over
time or in response to a given covariate (i.e., model accounts for changes in statistics of
extremes) (Sadegh et al., 2015).

Water resources practices (e.g., flood and precipitation frequency analysis) have tradi-
tionally adopted stationary models primarily for the sake of simplicity (Milly et al., 2008),
though changes in the water cycle and Earth system processes are inherent (Montanari
et al., 2013). Over the past decades, increasing surface temperatures (e.g., Barnett et al.,
1999; |Villarini et al., 2010; Melillo et al.,2014; Ditfenbaugh et al.,2015; Fischer and Knutti,
2015; Mazdiyasni and AghaKouchak)2015), more intense rainfall events (e.g., Zhang and
L1, 2007;|Villarini et al., 2010; Min et al., 2011; Marvel and Bonfils| 2013;(Westra et al., 2013;
Cheng et al., 2014b; [Fischer and Knutti, 2016; Mallakpour and Villarini, 2017), changes
in river discharge (e.g., Villarini et al., 2009a/b; Hurkmans et al., 2009; Stahl et al., 2010),
and sea level rise (e.g., [Holgate, 2007; Haigh et al., 2010; Wahl et al., 2011) have been ob-
served and to a great extent attributed to anthropogenic activities (e.g., human-caused
climate change, urbanization). The observed hydrologic trends, which can be in response
to a physical process (e.g., changes in emissions, temperatures, climatic cycles) or only
perceived (statistical) (Matalas, [1997), have challenged the stationary assumption (Milly
et al., 2008).

Several studies have promoted the idea of moving away from stationary models to
ensure capturing the changing properties of extremes (Milly et al., 2008). However, some
have criticized this viewpoint particularly because the assumption of nonstationarity im-
plies adding a deterministic component in the stochastic process, which must be justified
by a well-understood process (Koutsoyiannis, 2011; Matalas| 2012; |Lins and Cohn, 2011;
Koutsoyiannis and Montanari, 2015). Montanari and Koutsoyiannis (2014) noted that
more efforts should focus on including relevant physical processes in stochastic mod-
els, and suggested stochastic-process-based models as a way to bridge the gap between
physically-based models without statistics and statistical models without physics.

Following the recommendation by Montanari and Koutsoyiannis (2014), we propose a
generalized framework named Process-based Nonstationary Extreme Value Analysis (ProNEVA)
in which the nonstationarity component is defined by a temporal or process-based depen-
dence of the observed extremes on an explanatory variable (i.e., a physical driver). Here,
process-based dependence corresponds to a process or driver that can alter the statistics
of extremes. For example, ProNEVA can be used for analyzing changes in extreme tem-
peratures as a function of CO, emissions as the covariate. It is widely recognized that
higher amount of CO; in the atmosphere results in a warmer climate (e.g., Zwiers et al.,
2011} [Fischer and Knutti, 2015; [Barnett et al.,[1999). For this reason, CO, emissions can be
considered a process-based covariate for explaining temperature extremes. Other exam-



ples include temperature or large scale climatic circulations as covariates for rainfall, and
CO, concentration or temperature as covariates for sea level rise.

1.2 Background and Method
1.2.1 Process-Based Nonstationarity Extreme Value Analysis

Extreme Value Theory (EVT) provides the bases for estimating the magnitude and fre-
quency of hazardous events (including natural and non-natural extreme events) (Coles,
2001). Most applications utilize either the Generalized Extreme Value distribution (GEV)
or the Generalized Pareto distribution (GP) for describing the behavior of extremes. The
former is applied to the annual maxima of a variable (e.g., a time series consisting of
the most extreme daily rainfall from each year of the record), while the latter is used to
describe extremes above a predefined threshold (e.g., all independent river flow values
above the flood stage). Both GEV and GP allow incorporating nonstationarity through
varying parameters. Several studies have investigated methodologies for testing the as-
sumptions of stationarity and nonstationarity in hydrology, climatology, and earth sys-
tem sciences (e.g., Katz et al., 2002; Sankarasubramanian and Lall, 2003; Cooley et al.,
2007; Mailhot et al., 2007; Huard et al., 2009; Villarini et al., 2009a, [2010; [Vogel et al., 2011}
Zhu et al., 2012; |Willems et al., 2012} Katz, 2013; Obeysekera and Salas, 2013} |Salas and
Obeysekera|, 2014; Rosner et al., 2014; Yilmaz and Perera, 2014; Mirhosseini et al., 2014;
Cheng and AghaKouchak; 20144} |Volpi et al., [2015; Read and Vogel, 2015; Sadegh et al.,
2015; Krishnaswamy et al., 2015; Mirhosseini et al., 2015; Mondal and Mujumdar, 2015;
Lima et al., 2016;|Sarhadi and Soulis, 2017; Salas et al., 2018; Yan et al.,[2018; Bracken et al.,
2018; Ragno et al., 2018).

A number of packages and software tools are currently available including the R-
package ismev (Gilleland et al., 2013} [Gilleland and Katz, 2016) where nonstationarity
is modeled as a linear regression function of generic covariates (Gilleland et al., 2013).
extRemes offers EVA capability and evaluates the underlying uncertainties with respect
to parameters (Gilleland and Katz, 2016). extRemes also allows tail-dependence analysis
and a declustering technique for peak over threshold analysis. The package climextRemes
(available also in Python) builds upon extRemes and includes an estimate of the risk ra-
tio for event attribution analyses. R packages vgam and gamlss are available for model-
ing nonstationarity through generalized additive models (see for example Villarini et al.
(2009a)). The package GEVcdn estimates the parameters of a nonstationary GEV distribu-
tion using a conditional density method (Cannon, [2010).

Cheng et al| (2014b) developed a Bayesian-based framework, Nonstationary Extreme
Value Analysis (NEVA) toolbox that estimates the parameters of GEV and GP distribu-
tions and their associated uncertainty for time-dependent extremes (available in Matlab).
In the nonstationary case, the parameters are modeled as a linear function of time. NEVA



also includes return level curves based on the concept of expected waiting time (Wigley,
2009; Olsen et al., 1998;|Salas and Obeysekera, 2014) and effective return level (Katz et al.,
2002). The package nonstationary Flood Frequency Analysis estimates the parameters of the
Log-Pearson Type III distribution as a linear function of time, based on Bayesian inference
approach (Luke et al., 2017). The tsEVA toolbox implements the Transformed-Stationary
(TS) methodology described in Mentaschi et al.| (2016), which comprises of, first, a trans-
formation of a nonstationary time series into a stationary one, so that the stationary EVA
theory can be applied, and then a reverse-transformation of the results to include the
nonstationary components in the GEV and the GP distributions.

However, the existing tools for implementing EVA under the nonstationary assump-
tion have a number of limitations, mainly lack of a generalized framework for incor-
porating physical-based covariates. Moreover, most existing tools are incapable of han-
dling parameter estimation in response to a physical covariate (e.g., when the parameters
are estimated as a non-linear function of a covariate). To address these limitations, we
present ProNEVA, which builds upon NEVA package (Cheng et al.,, 2014b)) but expands
to process-based nonstationary extreme value analysis. In addition to stationary EVA,
ProNEVA allows nonstationary analyses using user-defined co-variates, which could be
time or a physical-based variable. Figure 1| depicts the core structure of ProNEVA.

ProNEVA offers parameter estimation, uncertainty quantification, and a comprehen-
sive assessment of the goodness of fit. The key features of ProNEVA are described as
follows: (a) the model includes the most common distribution functions used for ex-
treme value analysis including the GEV, GP, and LP3 distributions; (b) for nonstationary
analysis, the users can select both the covariate and the choice of function for describing
change in parameters; (c) the covariate can be any user-defined physical covariate; (d) the
model also includes a default time-covariate (i.e., describing change over time without a
physical covariate); (e) the function describing change in parameters with respect to the
covariate can be linear, exponential, or quadratic; (f) the users can select the GP distribu-
tion threshold (peak-over-threshold) as a constant value or as a linear quantile regression
function of the choice covariate; (g) ProNEVA estimates the distribution parameters based
on a Bayesian inference approach; (h) the model allows using a wide range of priors for
parameters including the uniform, normal, and gamma distributions; (i) ProNEVA sam-
ples from the posterior distribution function of the parameters using a newly-developed
hybrid evolution Markov Chain Monte Carlo (MCMC) approach (Sadegh et al., 2017),
which provides a more robust numerical parameter estimation and uncertainty quantifi-
cation; (j) different model diagnostics and model selection indices (e.g., RMSE, AIC, BIC)
are implemented to provide supporting information; (k) ProNEVA includes additional
exploratory data analysis tools such as the Mann-Kendall test for monotonic trends and
the White test for homoscedasticity in time series; (1) in addition to the source code, a
Graphical User Interface (GUI) for ProNEVA is also available for easier implementation



(see Supplementary Material); finally, (m) ProNEVA is intended for a broad audience and
hence, it is structured such that users can easily customize and modify it based on their
needs.

In the reminder of the report, a detailed description of ProNEVA is provided. Four
different example application are presented with different variables (e.g., precipitation,
sea level, temperature, river discharge) and different covariates (time, CO; emissions in
the atmosphere, urbanization). ProNEVA can be used for analyzing annual maxima (also
known as block maxima) using the GEV and LP3 distributions, and peaks over threshold
(POT) or partial duration series using the GP distribution. In the following, we provide a
brief overview of the extreme value models and their parameters.

1.2.2 Generalized Extreme Value (GEV)

The GEV function is used to model maxima time series. The National Oceanic and Atmo-
spheric Administration (NOAA), for example, derives precipitation Intensity-Duration-
Frequency (IDF) curves based on the GEV distribution. GEV is also widely used in other
tields including finance, seismology, reliability assessment (bridge performance assess-
ment (e.g., Ming et al., 2009)). The GEV cumulative distribution function is (Coles| 2001):

Yooy () = expf - (142 (X)) ) W

for ¢ - (X;” ) > 0. u, 0, and ¢ are the parameters of the distribution: yu is the location
parameter and represents the center of the distribution; ¢ > 0 is the scale parameter and
describes the distribution of the data around y; ¢ is the shape parameter and defines the
tail behavior of the distribution.

The stationary GEV model can be extended for dependent series by letting the param-
eters of the distribution be a function of a general covariate X, i.e., u(Xc), 0(X¢), E(X,),

(Coles, 2001). Hence, the nonstationary form of eq. [1]is described as:

1
Forv(X|X) = exp{ — (14 8(x0)) - (XS D)) 0y @
o(Xe)

For each of the three parameters, the users can select a function to describe change in
parameters with respect to time or a covariate (Table S1). The function for each parameter
does not constrain the functional relationship used for the other parameters. To ensure
the positivity of the scale parameter, 0(X,) is modeled in the log-scale, (Coles| [2001; Katz,
2013). Consequently, the exponential function is not available for o(X;). Moreover, the
shape parameter ¢(X,) is known to be a difficult parameter to precisely estimate even in
the stationary case, (Coles, 2001), especially for short time series, (Papalexiou and Kout-
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soyiannis, 2013). For this reason, only the linear function is included for &(X,).

1.2.3 Generalized Pareto (GP)

The GP distribution is used for time series sampled based on the POT method. The
GP distribution has been applied to precipitation (e.g.,[De Michele and Salvadori, 2003),
earthquake data (e.g., Pisarenko and Sornette, [2003), wind speed (Holmes and Moriarty,
1999), and economic data (e.g., Gengay and Selcuk, 2004), among others. The GP cumu-
lative distribution function is as follows (Coles| 2001):

TGP(X):1—<1+§~<X_L[>>% 3)

o

for a large enough threshold, u, such that X > u, ¢ > 0 and (1 +C- (%)) > 0. In
particular, if X is a block maxima series following a GEV distribution, then the threshold
excesses { X > u} have a GP distribution. The parameter ¢ of the GP distribution is equal
to the parameter ¢ of the corresponding GEV distribution (Coles, 2001).

In the nonstationary model of the GP distribution, both the threshold value and the pa-
rameters of the distribution can be modeled as a function of the user-covariate, (Coles,

2001).

¥op(X|Xe) =1 (1+E(X0) (%)SC)))_“}“ @

Analogous to the GEV case, ProNEVA allows incorporating different functional forms for
describing change in parameters over time or with respect to a covariate (Table 52). The
same considerations for the GEV parameter functional forms are applied to GP distribu-
tion too. In addition, the users can specify the type of threshold u. Two quantile-based
options are available: constant or linear. In the case of a linear threshold, a linear re-
gression quantile model is adopted. The a-regression quantile function is (Koenker and
Bassett, 1978} Kysely et al., 2010)

Y=X-Ula) +r" —1~ (5)

where 0 < a < 1 is the quantile, Y is the column vector of n-observations, X = [X, I ]
with X being the column vector of covariance and I, the n-identity vector, U = [u; ug]’
is the vector of the regression coefficients, and r* and r~ are respectively the positive and
negative parts of the residuals. Then, U(ff) is calculated as the optimal solution to eq. [f]
(Koenker and Bassett, 1978; Kysely et al., 2010).

a-Iy) T+ (1—a) Iy -1 = min (6)



1.2.4 Log-Pearson Type III (LP3)

The LP3 distribution has been widely used in hydrology for flood frequency analysis par-
ticularly after the release of the USGS Bulletin 17B (U.S. Water Resources Council, [1982).
However, it has been applied to other studies, such as design magnitude of earthquakes
(Gupta and Deshpande, (1994) and evaluation of apple bud burst time and frost risk (Fara-
jzadeh et al. 2010).

The LP3 distribution characterizes the random variable Q = In(X), given that X fol-
lows a Pearson type III (P3) distribution (Gritfis et al.,2007). Hereafter, the natural loga-
rithm is used, however any base can be implemented, such as base-10 as in Bulletin 17B
(Grittis et al., 2007). The P3 probability density function is

%)= o () ree (- 55) g

defined for « > 0, (X — 7)/B > 0, and I'(x) being a complete gamma function (Griffis

et al 2007). The parameters «, B, and T are functions of the first three moments, ux, o,
vx, (Griftis et al., 2007):

a = 4/7% (8)
= (ox-vx)/2 )
T = pux—2-(ox/7x) (10)

In the case of nonstationary analysis, the first three moments are modeled as a function
of the user-defined covariate X, (Table S3). The GEV and GP considerations mentioned
above hold for the functions to describe change in parameters.

¢P3(X|Xc) =

1 ' <x - T(xc))o«xc)—l a

X — T(XC))
BXe)|-T(a(Xe)) N B(Xe)

P (T

1.2.5 Parameter Estimation: Bayesian Analysis and Markov Chain Monte Carlo Sam-
pling

ProNEVA estimates the parameters of the selected (non)stationary EVA distribution using
a Bayesian approach, which provides a robust characterization of the underlying uncer-
tainty derived from both input errors and model selection. Bayesian analysis has been
widely implemented for parameter inference and uncertainty quantification (e.g. Thie-
mann et al., 2001; Gupta et al 2008; Cheng et al., 2014b; Kwon and Lall, 2016} Sarhadi
et al., 2016} Sadegh et al., 2017} Luke et al., 2017) (Sadegh et al., 2018).

Let 6 be the parameter of a given distribution and let Y = {y1,...,y.} be the set of n
observations. Following Bayes theorem, the probability of 6 given Y (posterior) is pro-
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portional to the product of the probability of 6 (prior) and the probability of Y given 6
(likelihood function). Assuming independence between the observations Y:

p(0]Y) ﬁp(f?) - p(vil0) (12)

The prior brings priori information, which do not depend on the observed data, into
the parameter estimation process. The choice of the prior distribution, then, is somehow
subjective, and it is based on prior beliefs about the system of interest (Sadegh et al.,
2018). The available prior options in ProNEVA include the uniform, normal, and gamma
distributions, providing a variety of possibilities. ProNEVA assumes independence of
parameters and hence, each parameter requires its own prior.

The likelihood function coincides with the probability density function of the distri-
bution family (i.e. GEV, GP, or LP3) as representative of the data.

In the case of a nonstationary analysis, the vector of parameters * includes a higher
number of elements than in the stationary case, depending on the functional form selected
for each of the distribution’s parameters.

The posterior distribution is then delineated using a hybrid-evolution MCMC ap-
proach proposed by Sadegh et al.| (2017). The MCMC simulation searches for the region
of interest with multiple chains running in parallel, which share information on the fly.
Moreover, the hybrid-evolution MCMC benefits from an intelligent starting point selec-
tion (Duan et al.,[1993) and employs Adaptive Metropolis (AM) (Roberts and Sahu, (1997}
Haario et al., (1999, 2001; Roberts and Rosenthal, 2009), differential evolution (DE) (Storn
and Price, 1997} Ter Braak and Vrugt, 2008; Vrugt et al., 2009), and snooker update (Gilks
et al.,[1994; Ter Braak and Vrugt, 2008) (Sadegh and Vrugt, 2014) algorithms to search the
teasible space. The Metropolis ratio is selected to accept/reject the proposed sample, and
the R informs on the convergence of the chains, which should remain below the criti-
cal threshold of 1.2 (Gelman and Shirley, 2011; |(Cheng et al., 2014b). For a more detailed
description of the algorithm, the reader is referred to Sadegh et al.|(2017).

1.2.6 Model Diagnostics and Selection

The purpose of fitting a statistical model, whether it is stationary or nonstationary, is to
characterize the population from which the data was drawn for further analysis/inference
(Coles, 2001). Hence, it is necessary to check the performance of the fitted model to the
data (Coles| 2001). We implemented different matrices in the ProNEVA for goodness
of fit (GOF) assessment and model selection including: quantile and probability plots
for a graphical assessment, two-sample Kolmogorov-Smirnov (KS) test, Aikaike Informa-
tion Content (AIC), Baysian Information Critiria (BIC), Maximum Likelihhod (ML), Root
Mean Square Error (RMSE), and Nash-Sutcliff Efficiency (NSE) coefficient. The hybrid-

11



evolution MCMC approach (Sadegh et al., |2017) within the Bayesian framework pro-
vides an ensemble of solutions for the (non)stationary statistical model fitted to the data.
ProNEVA uses the best set of parameters, ¢ which maximizes the posterior distribution.
Marginal posteriors will then provide uncertainty estimates of the estimated parameters.

1.2.7 Standard Transformation

When applied to nonstationary applications, the homogeneity in the distributional as-
sumption requires an adjustment to the traditional GOF techniques (Coles, 2001). Con-
sequently, ProNEVA standardizes the observations based on the underlying distribution
family such that the GOF tests can be performed. Table S4 provides information on the
transformation methods in ProNEVA. However, it is worth noting that the choice of the
reference distribution is arbitrary (Coles| 2001). Here, we selected those transformations
that are widely accepted in the literature (Coles, 2001; Koutrouvelis and Canavos} 1999).
In the case of a LP3 distribution, the transformation can only be applied when the param-
eter « is constant (Koutrouvelis and Canavos, [1999). Based on Equation (8} this implies
that the transformation can be performed only in the case of constant skewness yx.

1.2.8 Probability and Quantile Plots

The probability plot and quantile plot are graphical techniques for evaluating the goodness-
of-fit of models. Given an ordered set of n random observations z(y < o < Z(y), the
empirical estimate of the probability of z(; is F; = i/(n + 1), where (n + 1) guarantees
F; # 1 (Coles, 2001). Assuming F as the estimated unknown distribution function of the
population, the probability plot consists of the points (Coles, 2001)

. i .
{(Few) )t i=1-nf (13)
Analogously, the quantile plot contains the points (Coles, 2001)
a1 1Y, .=
{Faa) =) 1=t (14

In both the probability and quantile plots, F is a reasonable fit if the points are close
along the unit diagonal (Coles| 2001). Moreover, both plots provide the same information,
however on a different scale. Indeed, it is important to investigate both scales, because
what seems an acceptable fit in one scale could be a poor fit in the other (Coles, 2001).
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1.2.9 Kolmogorov-Smirnov Test

The two-sample Kolmogorov-Smirnov (KS) test is a non-parametric hypothesis testing
technique which compares two samples, Z(1) and Z(?), to assess whether they belong to
the same population (Massey, 1951). Being F,)(z) and F, () (z) the (unknown) statistical
distributions of Z(!) and Z(?) respectively, the null-hypothesis Hy is F,1)(z) = F,(2),
against alternatives. The KS test statistics D* is:

D" = max(|Fn)(2)) = Fze) (2)]) (15)

Hyj is rejected when the p,,,, of the test is equal to or exceeds the selected a-level of sig-
nificance, e.g., 5%. We implemented the KS test in ProNEVA as one of the methods to
test the goodness-of-fit of the model. Specifically, ProNEVA generates 1000 random sam-
ples from the fitted statistical distribution or, in the case of a nonstationary analysis, from
the reference distribution. Then, the KS test is performed between the random samples
and the input (original or transformed) data. Finally, the rejection rate (RR), eq. is

provided as a GOF index.
Y.(Hy rejected)
1000

RR — (16)

1.2.10 Model Selection based on Model Complexity

A Model showing desirable level of performance efficiency with the minimum number
of parameters, i.e., a parsimonious model (Serago and Vogel, 2018), is usually preferred
over a model with similar performance but more parameters - e.g, a nonstationary with
more parameters relative to a simpler stationary model (Serinaldi and Kilsby, |2015; [Luke
et al., [2017). Consequently, ProNEVA evaluates different GOF matrices (i.e., AIC, BIC),
which account for the number of parameters within the numerical model.
The Akaike Information Criterion (AIC) (Akaike, (1974, [1998; |Aho et al., 2014) is formu-
lated as follows

AIC=2-(D—-1L) (17)

where D is the number of parameters of the statistical model and L is the log-likelihood
function evaluated at *. The model associated with a lower AIC is considered a better fit.
The Bayesian Information Content (BIC) (Schwarz, 1978) is defined as

BIC=D-In(N)—-2-L (18)

where N is the length of records. Similar to AIC, the model with lower BIC results a better
fit.
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1.2.11 Model Selection based on Minimum Residual

Root Mean Square Error (RMSE) and Nash-Sutcliff Efficiency (NSE) coefficient are two
matrices widely used in hydrology and climatology as GOF measurements (Sadegh et al.,
2018). The focus of both is to minimize the residuals. The vector of residual RES is

defined as
. 1 A i A n
p— —1 _ DY _1 _ . DY _1 _ M
RES = (' (;51) ~=0) o (P i) —20) - (1 () Z(’”>(>1’9)
following the same notation used for defining the quantile plot. Hence,
i1 RES?
RMSE = L (20)
n—1
7, RES?
NSE=1- Li-1 (21)

Y (zg) — meﬂn(z))2

A perfect fit is associated with RMSE = 0 and NSE = 1, given RMSE € [0, inf) and NSE
€ [—inf,1).

1.2.12 Predictive Distribution

The primary objective of a statistical inference is to predict unobserved events (Renard
et al.,2013a). EVA, for example, provides the basis for estimating loads for infrastructure
design and risk assessment of natural hazards (e.g., floods, extreme rainfall events). Con-
sidering a Bayesian viewpoint, the predictive distribution can be written as (Renard et al.,
2013a):

(2IX) = [ f(2,61%)-d0 = [ £(zl6) - £(6IX) - do @)

where X is the observed data, z is a grid at which f(z|X) will be evaluated, 6 is the
vector of parameters, f(z|6) is the pdf of the selected distribution (i.e., GEV, GP, LP3),
and f(0|X) is the posterior distribution function. The predictive distribution function
relies on the fitted distribution function over the parameter space, and uses the posterior
distribution for uncertainty estimation (Renard et al., 2013a)). In practice, eq. often
cannot be derived analytically. Therefore, Renard et al.|(2013a) suggest to numerically
evaluate it using the MCMC-derived ensemble of solutions sampled from the posterior
distribution. The probability density of the k;,-element of the vector z is:

stm

Y f(zd6)) (23)

szm i=1

flzilX) =
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In the nonstationary case, the predictive pdf is a function of the covariate, since the dis-
tribution parameters depend on the covariates. For this reason, ProNEVA provides the
predictive pdf for a number of predefined values of the covariates.

1.3 Return Level Curves under Nonstationarity

Given a time series of annual maxima, the Return Level (RL) is defined as the quantile
Q; for which the probability of an annual maximum exceeding the selected quantile is
gi (Cooley, 2013). Under the stationary assumption, the characteristics of the statistical
model are constant over time, meaning that the probability g does not change on a yearly
basis. The concept of Return Period (RP) is defined as the inverse of the probability of
exceedance, T; = % in years. For example, assuming T;=100 year for an event indicates
that the event has 0.01 probability of occurrence in each year (Cooley, [2013). Under the
stationary assumption, there is a one-to-one relationship between RL and RP (Cooley,

2013). Therefore, the RL curves are defined by the following points:

((Ti;Qi), T; > 1yr, i:1,---) (24)

RL curves are traditionally used for defining extreme design loads for infrastructure de-
sign and risk assessment of natural hazards. However, in a nonstationary context both RP
and RL terms become ambiguous (Cooley, 2013) and numerous studies have attempted
to address the issue. For nonstationary analysis, ProNEVA integrates two different pro-
posed concept: the expected waiting time (Salas and Obeysekera, 2014), for default time-
covariate only, and the effective RL curves Katz et al. (2002).

1.3.1 Effective Return Level

Katz et al. (2002) proposed the concept of effective design value (or effective return level),
which is defined as g-quantile, Q varying as a function of the covariate (i.e, time or phys-
ical). Therefore, for a constant value of RP = 1/4, where g is the yearly exceedance
probability, the effective RL curves is defined by the points

(e Qi(x)), g€l01]) 25)

where x. is the covariate, and Qg(x.) is the g-quantile.

1.3.2 Expected Waiting Time

Wigley| (2009) first introduced the concept of waiting time, i.e., the expected waiting time
until an event of magnitude Q; is exceeded, in which the probability of exceedance in
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each year,q;, changes over time. |Olsen et al.| (1998) and, later, Salas and Obeysekeral (2014)
provided a comprehensive mathematical description of the suggested concept.

The event Qy, is defined as the event with the exceedance probability at time t = 0
equal to go. Under nonstationary conditions, at time ¢t = 1 the probability of exceedance
of Qg, will be g1, at time ¢t = 2, it will be g5, and so on. Given the selected statistical
model Fp with characteristics 6, ; = 1 — Fo(Qy,, 0:). Hence, the probability of the event
to exceed Qy, at time m is given by (Salas and Obeysekera, 2014):

m—1

fm) =qm-[T(1—q) (26)

t=1

where f(1) = g1 and f(m) = 1. The cumulative distribution function (cdf) of a geometri-
cal distribution (eq. [26) is:

i—1 X

Fe) =Y f0 =Y g TIA—a)=1-T]0—a) @7)

i=1 i=1 t=1 t=1

where x is the time at which the event occurs, x = 1, - - - , Xpax, Fx(1) = g1, and Fx(Xmmax) =
1. Therefore, the expected waiting time (or RP) in which for the first time the occurring
event exceeds Qo can be derived as

Xmax Xmax x—1
T=E(X)=) x flx)=) xp ][0 -pr) (28)
x=1 x=1 t=1
Cooley| (2013) simplifies eq. as:
Xmax X—1
T=EX)=1+ )Y [JQ-p:) (29)
x=1t=1

which gives the return period under nonstationary conditions, and it is consistent with
the definition of RP in the stationary case (Salas and Obeysekeral, 2014).

1.4 Explanatory Analysis: Mann-Kendall and White Tests

With the intention of providing additional explanatory data analysis, ProNEVA includes
two different tests including the Mann-Kendall (MK) monotonic trend test and the White
Test (WT) for evaluating homoscedasticity in the record. These tests can be used to decide
whether to incorporate a trend function in one or more of the model parameters or not
(i.e., deciding whether to use a stationary or nonstationary model). However, these tests
are optional and are not an integral part of ProNEVA.
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1.4.1 Mann-Kendall

MK trend test is a widely used test for detecting temporal monotonic changes in the data
(Mann, 1945; Kendall, 1955) and thus, it has been applied for detecting nonstationarity in
time series (Villarini et al., 2009a; Cheng et al., 2014b)). MK evaluates the monotonic trend
of the time series X = {x1,---,x;,- -, x,} based on the Kendall’s S-statistics, which is
the difference between the numbers of concordant and discordant pairs (Villarini et al.,
2009a),

S =) sign(x; —x;) (30)

i<j

When X is independently and randomly distributed, S = 0 (Villarini et al., 2009a). For
large samples, S tends to normality, and so it is possible to test the Null-Hypothesis (Hyp)
of no monotonic trend (S = 0) against the alternative, at the a-level of significance. This
test is most useful for temporal nonstationary analysis. When using a process-based co-
variate, however, ProNEVA replaces the MK test with the zero slope test for a linear re-
gression model between the time series of the data X and the covariate X, (Shumway and
Stoffer, 2011). Given B, the estimated slope parameter and f; the true value:

by = Pi—p1 _ A1 (31)
5B 5B

where sg, is the standard error of B1, n is the number of observations, and t,_, is a t-
distribution with n-2 degrees of freedom. Hp: B = 0 is performed at 5% level of signifi-
cance.

1.4.2 White Test

Given the regression model:
y=po+p1 -xc+u (32)

the homoscedasitcity assumption requires that var{u?|x.} = ¢?. In the case of het-

eroscedasticity then, the residuals of a linear regression model will vary with the de-
pendent variable x., (Wooldridge| 2002). White| (1980) proposed a test, the WT for het-
eroscedasticity, based on the estimation of u as (Wooldridge, 2002):

u? :50+51~§7+52~§72+er1’0r (33)

where ¥ is the fitted value ¥ = Bo + B1 - x. Hp is then §; = 0, Jo = 0. Being RiZ the
R — squared for the regression in equation 33, the Lagrange Multiplier (LM) statistic is
calculated as:

LM =n-R%, (34)
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which follow a x3 distribution. The test is performed at a 5% level of significance.

1.5 Results

As previously discussed, the changes in extremes observed over the past years can stem
from changes to different physical processes. In order to account for the observed changes,
we need statistical tools that are able to incorporate the cause of variability, which can be
represented as time-covariate or a physical-based covariate. In the following, we show
example applications of ProNEVA under both stationay and nonstationary assumptions
including modeling changes induced by different type of covariates (both temporal and
process-based changes).

In the first application, we analyze discharge data from Ferson Creek (St. Charles, IL),
which has experienced intense urban development over the years. Urbanization has a
direct effect on the amount of water discharged at the catchment outlet, since it increases
impervious surfaces. For this reason, we use a process-based nonstationary LP3 model
for fitting discharge data, in which the covariate is represented by percent of urbanized
catchment area. The second application involves temperature maxima data averaged
over the Contiguous United States. Many studies have shown that the amount of CO, in
the atmosphere causes temperatures to increase. For this reason, we fit temperature data
to a nonstationary GEV model, in which the covariate is represented by CO, emissions in
the atmosphere to include the underlying physical relationship. In the third application,
we investigate sea level in the city of Trieste (Italy), which has increased over the years. In
this case, we adopted a temporal nonstationary GEV model. The last application involves
precipitation data for New Orleans, LA in which we fit a stationary GP model, given that
there is no evidence of change in statistics of extremes.

1.5.1 Application 1: Modeling discharge with urbanization as the physical driver

Since 1980, Ferson Creek (St. Charles, IL) basin has experienced land use land cover
changes due to urbanization. The percent of urban areas within the catchment has in-
creased from 20% in 1980 to almost 65% in 2010. River discharge highly depends on the
land use and land cover of the basin as it determines the ratio of infiltration to direct
runoff (Figure2). Here, urbanization can be considered as a known physical process that
has altered the runoff in the basin. To incorporate the known physical process, we in-
vestigate annual maxima discharge of the Ferson Creek (station USGS 05551200) using a
processed-based nonstationary LP3 model, in which the covariate, X, is the percent of
urbanized area. LP3 is widely used for modeling discharge data (Bulletin 17B, U.S. Wa-
ter Resources Council| (1982)). We select a nonstationary model in which the parameter
i (mean) is an exponential function of the covariate X.. We adopt normal priors for the
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Figure 2: ProNEVA results for Application 1: Modeling discharge in Ferson Creek with
urbanization as the physical driver of change. a) Discharge data and percent of urbaniza-
tion in the basin; b) Discharge data as a function of urbanization.

LP3 parameters. Figure 3|b shows the results of the process-based nonstationary analysis
for an arbitrary value of urbanized area, here 37%. For the sake of comparison, Figure
Bla displays the results when a stationary model is implemented. It is worth noting that
the nonstationary model (Figure Blb) fits extreme discharge values (high values of return
period) better than the stationary model (Figure [3la). While based on the AIC and BIC
diagnostic tests, the stationary model and the nonstationary model perform rather simi-
larly, the RMSE of the nonstationary model (25.06 m>/s) is considerably lower than that
of the stationary model (77.58 m3/s).

Urbanization alters the runoff in the basin by reducing the amount of water that in-
filtrates and increasing the amount of direct runoff. Figure [Blc shows the ability of the
statistical model to incorporate this physical process. As anticipated, the expected (en-
semble median) nonstationary return level curve associated with a 62% of urbanized area
returns higher values of discharge than the one associated with a 37% of urbanized area.
For example, under the nonstationary assumption, the magnitude of a 50-year event is
62.47 m3/s for 37% of urbanized area, similar to the stationary case. However, the mag-
nitude of the 50-year event increases to 78.11 m3/s (25% more) for 62% of urbanized area.
On the contrary, the stationary analysis estimates a 50-year event as an event with mag-
nitude 63.74 m3/s, independent of the level of urbanization of the catchment. The result
demonstrates that a combination between statistical concepts and physical processes is
required for correctly estimating the expected magnitude of an event. Figure[3|d displays
the effective return level curves (Katz et al| (2002)) which summarize the impact of ur-
banization on discharge by describing return levels as functions of the selected covariate
(x-axis), here urbanization.

1.5.2 Application 2: Modeling temperature with CO, as the physical covariate

Over the past decades, many studies have reported higher surface temperature (e.g.:
Zhang et al., 2006; Stott et al., [2010; Melillo et al., 2014; [Zwiers et al.,, 2011), mainly due
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Figure 3: ProNEVA results for Application 1: Modeling discharge in Ferson Creek with
urbanization as the physical driver of change. a) Return Level curves based on a station-
ary model; b) Return Level base on a nonstationary model considering an urbanization
area equal to 37% of the catchment area; c) Expected return level curves, i.e. ensemble
medians, under stationary and nonstationary assumption; d) Effective return period, i.e.
return period as a function of the percent of urbanized area.

to anthropogenic activities as a consequence of increase in greenhouse gasses concen-
tration in the atmosphere. Therefore, we investigate annual maxima surface tempera-
ture for the Contiguous United States available from NOAA (NCDC archive - https:
//wuw.ncdc.noaa.gov/cag/national/time-series) using a process-based nonstationary
GEV model in which the user-covariate is represented by CO, emissions over the US
(Figure @a). Territorial fossil fuel CO, emissions data are available on Global Carbon At-
lashttp://www.globalcarbonatlas.org/en/C02-emissions (Boden et al.,2017; BP, 2017;
UNFCCC, 2017). To incorporate the observed relationship between temperature and CO;
in the statistical model (Figure [d]b), we select a model in which the location and the scale
parameters of the GEV distribution are linear functions of the covariate, while the shape
parameter is constant. We assume normal priors. Figure 5lb shows the results of the non-
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Figure 4: ProNEVA results for Application 2: Modeling temperature maxima with CO,
emissions as the physical covariate. a) Temperature and CO, time series; b) Annual tem-
perature maxima as a function of CO, emissions in the atmosphere

stationary model for a value of CO; equal to 4.9 GtCO,. For comparison, we also plot
the results when a stationary model is selected in Figure 5la. One can see that the nonsta-
tionary model better captures the observed extreme events, particularly events associated
with higher values of CO,. Moreover, the diagnostics tests confirm that the nonstation-
ary model is a better fit. For the nonstationary model, the AIC and the BIC are 93.91
and 104.13, respectively. When the stationary model is considered, both the AIC and BIC
increase to 104.98 and 111.11, respectively. Lower values of AIC and BIC indicate a a
superior model performance. The advantage of the AIC and BIC for model selection is
their ability to account for the number of model parameters: models with higher number
of parameters are penalized. Figure S1 shows the effective return level as a function of
CO; emissions. The results show how temperature extremes change in response to the
increasing CO, emissions (here, the physical co-variate). For example, looking at the ex-
pected magnitude of a 50-year event, the temperature increases of about 4%, from 18.79
°C to 19.5 °C, when the CO, emissions increase from 4.49 GtCO, to 5.51 GtCO,. The
results are consistent with the expectation that higher CO, leads to a warmer climate, in-
dicating that the statistical nonstationary model is able to model the observed physical
relationship between temperature and CO,.

1.5.3 Application 3: Modeling sea level rise with time as the covariate

The coastal city of Trieste (Italy) has been experiencing an increase in sea level height
over the years (Figure 52). Given the observed trend, we investigate annual maxima sea
level data from the Permanent Service for Mean Sea Level (PSMSL - station ID 154) by
adopting a temporal nonstationary GEV model. The purpose of this example is to show
that ProNEVA can also be used for traditional temoral nonstationary analysis. The loca-
tion and scale parameters of the GEV distribution are modeled as linear functions of the
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Figure 5: ProNEVA results for Application 2: Modeling temperature maxima with CO;
emissions as the physical covariate. a) Return Level curves based on a stationary model;
b) Return Level base on a nonstationary model considering CO, emissions equal to 4.9
GtCO,.

time-covarite. However, as mentioned in methodology section, different alternative are
available for users. The shape parameter is kept constant and we use normal priors for
parameter estimation. Figure [6|b shows the return level curves for a fixed value of the
time-covariate equal to 45 years from the first observation (i.e., 45 years into the future
from the beginning of the data). The nonstationary analysis in Figure [fb provides a bet-
ter performance that the stationary model in Figure[6|a. Both the AIC and the BIC values
confirm that the nonstationary model is the best choice to represent sea level observations
in a changing climate. The AIC for the nonstationary model is 976.69, while it is 992.74
for the stationary model. Similarly, the BIC for the nonstationary model is 989.08, while it
is 1000 for the stationary model. Lower values for AIC and BIC indicates a better model.
The value of the temporal covariate should be regarded as the time at which we estimate
expected values of, as in this specific case, sea level. The expected (ensemble median)
nonstationary return level curves in Figure [plc refer to three different time at which we
evaluate sea level: 45, 85, and 133 years from the first observation. Here, 133 years from
the first observation is beyond the period of observations (88 years) meaning that we
project into the future the observed trend and we infer from there. The observed increas-
ing trend in the sea level records results in increasing values of sea level for higher value
of the temporal covariate (Figure[f|c). For example, a 50 year event is equal to 7296.3 mm
for time equal to 45 years from the first observation, 7349.3 mm for 85 years, and 7410.4
mm for 133 years. We register about 2% increase in sea level when the time of the first ob-
servation changes from 45 to 133 years, confirming the ability of the nonstationary model
to reproduce the increasing trend in observations. On the contrary, the stationary analysis
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Figure 6: ProNEVA results for Application 3: Modeling sea level rise with time as the
covariate. a) Return Level curves based on a stationary model; b) Return Level base
on a nonstationary model considering equal to 45 years from the first observation; c)
Expected return level curves, i.e. ensemble medians, under stationary and nonstationary
assumption; d) Effective return period, i.e. return period as a function of the covariate,
here time.

return a 50-year sea level equal to 7314.3 mm regardless of the first observation. Figure
6ld shows the effective return level (Katz et al},2002) curves, which capture the variability
over time (here, the covariate) in the observed data. In the case of a nonstationary model
with a temporal covariate, it is possible to evaluate the expected waiting time
2009; Olsen et al., [1998; Salas and Obeysekera, 2014), which incorporates the observed
changes in the sea level over time in the estimation of return periods. Figure S3 shows

that the current return periods (lower x-axis) will change considering the observed non-
stationarity (upper x-asis). For example, the 100-year sea level estimated at ¢y (beginning
of the simulation) turns into a 40-year event when the observed trend over time in sea
level values is taken into account.
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1.5.4 Application 4: Modeling precipitation under a stationary assumption

As last example application, we focus on an example based on the Generalized Pareto
(GP) concept for peak-over-threshold extreme value analysis. We investigate a time se-
ries of precipitation from New Orleans, LA that does not exhibit changes in statistics of
extremes. We obtain daily precipitation from the National Climatic Data Center (NCDC)
archive (https://www.ncdc.noaa.gov/cdo-web/|) for the city of New Orleans, station
GHCND:USWO00012930. Given that we are interested in heavy precipitation events, we
use a GP distribution to focus on values above a high threshold (i.e., avoid including non-
extreme values). We extract precipitation excesses considering a constant threshold of the
98th-percentile of daily precipitation values (Figure S4). For this application we select a
stationary GP model, given that we do not have physical evidence to justify a more com-
plex model. However, for the sake of comparison, we perform a nonstationary analysis
considering the scale parameter as a linear function of time. Figure [7]a represents the re-
turn level curves based on a stationary model, while Figure[7]b depicts return level curves
for a value of the covariate (here time) equal to half of the period of observation. From a
comparison between the two models, the stationary model performs better. The station-
ary model returns values of the AIC and BIC equal to 713.3 and 721.14, respectively. For
the nonstationary model the values of the AIC and BIC are slightly higher (715.02 and
726.79, respectively). The results of this example application suggests that when no evi-
dence of changes due to a physical process can be identified, ProNEVA favors the simplest
form of model that represents the historical observations.
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Figure 7: ProNEVA results for Application 4: Modeling precipitation under a stationary
assumption. a) Return Level curves under the stationary assumption; b) Return Level
curves under the temporal nonstationary assumption for a value of the covariate within
the period of observation.
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1.6 Conclusion

The ability to reliably estimate the expected magnitude and frequency of extreme events
is fundamental for improving design concepts and risk assessment methods. This is
particularly important for extreme events that have significant impacts on societies, in-
frastructure and human lives, such as extreme precipitation events causing flooding and
landslides.

The observed increase in extreme events and their impacts reported from around the
world has motivated moving away from the so-called stationary approach to ensure cap-
turing the changing properties of extremes (Milly et al.,, 2008). However, there are op-
posing opinions and perspective on the need and also form of suitable nonstationary
models for extreme value analysis. Most of the existing tools for implementing extreme
value analysis under the nonstationary assumption have a number of limitations includ-
ing lack of a generalized framework for: incorporating physically based covariates; and
estimating parameters which depend on a generic physical covariate. To address the
above limitations, we propose a generalized framework entitled Process-based Nonstation-
ary Extreme Value Analysis (ProNEVA) in which the nonstationarity component is defined
by a temporal or process-based dependence of the observed extremes on a physical driver
(e.g., change in runoff in response to urbanization, or change in extreme temperatures in
response to CO, emissions). ProNEVA offers temporal and process-based stationary and
nonstationary extreme value analysis, parameter estimation, uncertainty quantification,
and a comprehensive assessment of the goodness of fit.

Here we applied ProNEVA to four different types of applications describing change
in: extreme river discharge in response to urbanization, extreme sea levels over time,
extreme temperatures in response to CO; emissions in the atmosphere. We have also
demonstrated a peak-over-threshold approach using precipitation data. The results indi-
cate that ProNEVA offers reliable estimates when considering a physical-process or time
as a covriate.

The source code of ProNEVA is freely available to the scientific community. A graph-
ical user inter face (GUI) version of the model, Figure 8 is also available to facilitate
its applications (see Supporting Information). We hope that ProNEVA motivates more
physically-based nonstationary analysis of extreme events.
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Figure 8: ProNEVA Graphical User Interface (GUI). 1) Interface for uploading data and
selecting the choice of distribution (GEV/GP/LP3) and model (stationary /nonstationary)
type; 2) Interface specific to the choice of distribution for selecting priors and nonstation-
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2 An Empirical Bayesian-Based Extreme Value Model

Abstract: A new estimation strategy for estimating the parameters of the Heffernan and
Tawn conditional extreme value model is proposed. The technique makes use of empiri-
cal Bayes estimation for the conditional likelihood that otherwise does not have a simple
closed-form expression. The approach is tested on simulations from different types of
extreme dependence (and independence) structures, as well as for two real data cases
consisting of precipitation analysis conditional on extreme temperature in Boulder, Col-
orado and Los Angeles, California, U.S.A. The strategy generally has good coverage when
informative priors are used for one of the parameters, except for the independence case
where the coverage is low until the sample size reaches about 50. Results for the pre-
cipitation and temperature data are found to be consistent with the semi non-parametric
strategy. The presented model can be potentially applied in a wide variety of science
tields, especially in earth, environment, and climate sciences.

2.1 Introduction

Heffernan and Tawn| (2004) introduced an important new methodology for modeling
multivariate extreme values through a conditional distribution framework that has cer-
tain advantages over the usual multivariate extreme value analysis techniques. For ex-
ample, it is based on threshold exceedances, rather than block maxima, thereby allow-
ing more of the available data to be used for estimation. Moreover, it enables one to
model cases whether they are asymptotically dependent or independent using one uni-
tied framework.

A drawback to the approach concerns the semi non-parametric estimation procedure
for the model as no simple, closed-form distribution exists, in general, without assuming
a specific dependence structure for the conditional distribution. The initially proposed
approach involves maximum likelihood estimation for the marginal distributions fit to
data above a high threshold, Gaussian estimation for the conditional means and standard
deviations, and pseudo-likelihood estimation for combining the conditional distributions
into a multivariate family. A relatively complicated bootstrap procedure is employed to
account for all of the levels of uncertainty in the model. While some advances have been
made to this procedure, there still lacks a more fluid estimation and inference strategy for
the conditional extreme value model.

To circumvent these issues, we propose to couch the entire estimation procedure into
a Bayesian framework. To handle the lack of a closed-form likelihood for the conditional
model, empirical Bayes techniques are used, which Owen|(1988) developed as a robust al-
ternative to classical likelihood approaches or the bootstrap (cf. Owen, 1990; Mengersen
et al., 2013). It was demonstrated that, for some categories of statistical models, when
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the likelihood function is numerically unavailable or not entirely known, empirical likeli-
hood methods can be used to bypass simulations from the model while converging in the
number of observations. Empirical likelihood has been shown in a wide range of situa-
tions to have properties analogous to a real likelihood (cf. Li, 1995; Jing), 1995; Chen, 1994;
Qin and Lawless| (1994; Hall and La Scala [1990). Although further investigation of this
methodology is needed, it appears to be a valuable approach in distribution-free contexts.

It is found, here, through simulation results that the approach performs fairly well for
most types of dependence structures. In some cases, strong prior information is required,
but is also readily obtained through some relatively simple techniques. Results are also
compared with the estimation strategy described in Heffernan and Tawn, (2004) using
the Laplace transformation and a constrained likelihood per Keef et al. (2013a)), and our
proposed strategy is found to yield consistent estimated parameters.

2.2 Model and Estimation Methodology

Before describing the estimation method proposed here, it is useful to give a brief back-
ground on the HT model and previous estimation approaches (section 2.3). Further, we
give an intermediate method that assumes a known extremal dependence structure and
only accounts for the uncertainty in the dependence parameters of the model in sec-
tion which we use for comparison with our main approach, which is described sub-
sequently in section

2.3 The conditional extreme value model

The model introduced by Hetfernan and Tawn| (2004, henceforth, HT) is perhaps most eas-
ily summarized by following Heffernan and Resnick|(2007). First, let X' = X/, ..., X}, and
Y =Y],..., Y] represent two series of independent and identically distributed (hence-
forth, i.i.d.) random variables that are possibly dependent on each other. Let X = X; =
hx(X1),..., Xn = hx(X})and Y = Y7 = hy(Y]),..., Yy = hy(Y;) be suitably transformed
random variables so that they have standardized marginal distributions. Heffernan and
Tawn! (2004) transformed the variables to the Gumbel scale, whereas Keef et al. (2013a) ap-
ply a Laplace transformation. Then, assume that there exist normalizing functions a(Y')
and b(Y) such that fory > 0

Pr{Y—u>y,Xb_(—§()Y) <Z|Y>u} — exp(—y)G(z) asu — oo (35)

where G is a non-degenerate distribution. Through examining a wide class of copula
dependence models, |[Heffernan and Tawn (2004) found that the forms for a(Y) and b(Y)
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tell into the simple class
a(Y) =aY and b(Y) = YP. (36)

For positively associated variables X and Y, « € [0,1] and B € (—oo,1). They also
found a slightly more complicated form for negatively associated X and Y. Keef et al.
(2013a) used a Laplace transformation to ensure Equation was valid for either case,
which then gives « € [—1,1]. The parameters a and B are interdependent and control
the dependence between the variables X and Y. With the Laplace transformation, « < 0
implies negative dependence, and &« > 0 implies positive dependence. Weakly dependent
X and Y are possible as & — 0, but it is also possible that strong dependence exists even
when a = 0 (cf. Hetfernan and Tawn, 2004). The parameter f measures the variability of
the dependence with highly negative values indicating lower variability.
To briefly describe the originally proposed estimation procedure, let

Z = (X —a(Y))/b(Y). (37)

Then, from Equations (35), and (37),
X|Y>u =aY + Y'BZ|Y>M (38)

where the subscripts emphasize the dependence on Y’s being extreme. The key role in
estimating the joint distribution function of X and Y, conditional on Y > u for u large, is
to know the parameters « and $ and the distribution function G. Equation motivates
a means for estimation of the parameters « and B, which is an active area of research (see
e.g., Keef et al., 2009a/b; Lamb et al., 2010; Jonathan et al,, 2013), and estimation of G is
performed through resampling from the empirical distribution function of the “residual”
vectors Z in the HT model after achieving reasonable estimates for x and p.

The current estimation method from the HT model is semi-parametric and involves
the following steps:

1. Estimate the marginal distribution function’s for each variable separately.

2. Transform each variable in order that they each follow a standard marginal distribution
function.

3. Estimate the parameters of the parametric model conditional on large values of the
conditioning variable.

4. Information about G (e.g., functions such as the mean and variance, etc.) can be simu-
lated using the empirical distribution function of the estimated standardized resid-
uals. Back transformation can be used to put these estimates onto the original scale.
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Heffernan and Tawn| (2004) suggested using a hybrid, semi-parametric, model for step
1 of the following form that accounts for both the extreme and non-extreme values (Coles
and Tawn, [1991). To simplify notation, let X = X; and x = x; be single instances of the
random variable and its realization, respectively.

1—(1- ?“x/ () (1 +Ex(x — uX/)/aX/)jrl/CX/ for x" > uy

- (39)
Fyr () for x' <uy

x(x') =

where F is the empirical distribution function of the X; values; {x is the (marginal) shape
parameter and oy > 0 is the (marginal) scale parameter (the subscript emphasizing they
are the parameters associated with the distribution function for X’), of the generalized
Pareto (GP) distribution function as a model for the upper tail of the univariate extremal
excesses over a high threshold (i.e., uy in Equation[39). Similarly for Y.

The Laplace transformation can be used in step 2, which is given by

log {2ﬁX/(xz/')} for x! <
—log {2(1 - Fx(x))} forx|>

By (3
i = - (40)
F'(z
where Fy is estimated according to Equation using maximum likelihood estimation
for the GP portion and empirical estimation for Fx (similarly for Y/).

Heffernan and Tawn (2004) used non-linear least squares estimation in Equation (38)
to estimate « and B for each X; under the working assumption that Z follows a normal
distribution function. Obviously, the assumption of a normal distribution function for Z
is inappropriate as it implies that Xy, is also normally distributed, which generally is
not the case. To counteract the inherent estimation bias from this approach, Keef et al.
(2013a) imposed a joint constraint on the dependence parameters («, f) in order to limit
the upper quantiles of Xy, to be less than or equal to Xy the value that would be
observed under asymptotic dependence. From the estimates in step 3, Heffernan and
Tawn| (2004) obtain new estimates Z; = (%~ — 8;(yi))/ b;(y;) from which simulations
from G are obtained.

Keef et al. (2013b) propose an alternative means for estimating « that does not involve
Z. First, different g-th quantiles of X|Y are estimated empirically from Equation for
different Y values that fall within two different intervals as Y; € (u — ¢, u+s,) and Y; €
(v — &y, v + sy), where the intervals are around the conditional threshold u#, and v > u
within the range of the observation of Y;. They then take the median of the estimated «
values as &. See Keef et al.|(2013b)) for a more thorough description of the approach. This
fast estimation procedure is used in our main method described in section [2.5/in order to
garner prior information on «, and subsequently p.
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To incorporate the uncertainty inference at each stage of the estimation procedure, a
bootstrap procedure is proposed by Hetfternan and Tawn| (2004). Although bootstrapping
is a reasonable method for inference, it can be computationally expensive for some larger
datasets. The strategy proposed here obviates the need to do any further simulations, as
the uncertainty information can be directly obtained from the simulated posterior distri-
bution, as well as the prior distribution and likelihood values.

Finally, it is important to note that the conditional HT approach differs from that of
incorporating covariates into the parameters of a univariate extreme value distribution
function in that a distribution for values of one variate is conditional on only the ex-
treme values of another variable. Therefore, the dependence is on the processes them-
selves rather than indirectly through distributional parameters (cf. Gilleland et al., 2013;
Jonathan et al., 2012).

2.4 Bayesian estimation under a known dependence structure

Following notation, and especially Equation from above, the aim is to find
Z,Y | Y > u| = [Z][Y]Y > u] (41)

where we use the bracket [] notation to denote a general distribution function.

Assuming [Y'|Y" > uys], which can be derived through back-transformation of Y, is
GP leaves only the first term in Equation to be determined. Following Heffernan and
Tawn! (2004), Z ~ Gz for some distribution function Gz, which in the known dependence
structure case has a (calculable) density gz(z1,...,zx)dz1 - - - dzx. In the examples that
follow we will assume Z ~ N (-, -) but other choices are possible.

By Equation (38), X = aY + YPZ for large values of Y. Applying rules of transforma-
tion, the density of X is,

ox(6) = | g5 |2 (B ) #2)

From Equation (40), recall that X represents a transformed variable and X' represents
the variable on the original scale. we have that

X =F 1 (Fg(x))
= hx(x") (43)
where Fy is the distribution function for X’ with density fx and F is the common (e.g.,

Laplace or Gumbel) distribution function with density f and hx is the associated transfor-
mation function. Furthermore, the conditioning variable Y is also a transformed variable
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Y = F (R (y')) = hy(y'). Substituting these into Equation and applying differenti-
ation rules, we arrive at the likelihood for observations X’ conditional on Y’ > uy,

hx(x') — ahm’))
1 ()

1 fX’(x/) ¥
[[F—l (Foy )P f (T (FX'(X’)))] e @

sx (XY =y >uy) =gz (

which can be evaluated in closed form.

The main drawback of this approach is that Gz is known and has a calculable density
gz. As stated above, we will assume G is the Gaussian distribution but, admittedly, this
is an incorrect assumption when considering extremes. However, because Heffernan and
Tawn (2004) use the Gaussian distribution to obtain initial estimate of « and j, we feel this
is a close alternative for comparison. The proposed empirical Bayes estimation procedure
(section 2.5) will circumvent the need to assume closed form for Gz.

2.5 Empirical Bayes estimation

It is desired to obtain estimates &, B and G. However, because G does not have a sim-
ple, closed-form expression and we only need to simulate from G, only the estimates &
and B are required. That is, p(a, 8) = [&, B|X,Y > uy] is sought. However, it is impor-
tant to glean uncertainty information from every component of the model, including the
marginal distributions of the untransformed variables X’ and Y’. To do so, we consider
X and Z to be two distinct, if highly dependent, random variables, despite that in the HT
model one is completely determined by the other. That is, we modify Equation to be
(dropping the |Y > uy notation)

X=aY+YPZ+5¢ (45)

where ¢ is i.i.d. noise. In fact, because G is desired to be found, Z could be considered
as additional unknown parameters to be sought. However, such a scheme would require
estimation of many parameters, which would be highly inefficient and unnecessary. In-
stead, we look on ¢ as a nuisance term, giving it zero or unity as its prior depending on
whether resulting values for X are within its range or not.

Employing the above modification and from Equation (35), and for simplicity of no-
tation, allowing 6 to represent all of the marginal distribution parameters for X’ and Y/,
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and 7] to represent any hyper parameters, we have that

I

[a/ﬁ/§|Z/X/Y>uY:| -Z/X/Y|a/ﬁ/§/Y>uY |:“/IB/§|1—7’i| [;7]

= X,Y|Z,1x,ﬁ,§,Y>uy Z | «,B,Y > uy]
ki (46)
- X|Y,z,a,/3,é’] Y|z,a,/3,§,y>uy}

Z a8 Y > uy] |aB,0| 7| 7],

where the last line is arrived at by assuming conditional independence and by Equa-
tion (35).

The first two terms [X | ...] and [Y | ...] are simply the marginal distributions defined
by Equation 39 and the GP distribution function (recalling that a back transformation
involving the conditioning arguments is first required). For simplicity, here, a, f and )
are taken to be independent and 7 is taken to be unity as long as the values fall within
their support.

In theory, the prior knowledge on parameters does not depend on the observations
Y, and should therefore be specified without using observations, but rather by using any
external source of knowledge (Renard et al., 2013b). Thus, we suppose that prior informa-
tion of parameters should not produce much effect on the simulation results. However,
we found that in this specific problem, prior information does matter. Therefore, rela-
tively informative priors are preferred here.

To obtain prior information on &, we employ the fast estimation method introduced
by Keef et al.| (2013b) and briefly described in section An initial estimate for f is
achieved through a linear regression on the log-transformed Equation (37)); namely,

Blog(Y) +log(Z) = log(X — &(Y)) given Y > u (47)

with Z some random residual, the informative initial of 3 is obtained and, subsequently,
we have some knowledge about the prior distributions for & and .

All that remains is the primary term of interest, G = [Z | «, B, Y > uy]. Because G has
no simple closed-form expression in general, we employ empirical Bayesian estimation
for this term. Empirical likelihood provides likelihood ratio statistics for parameters by
profiling a nonparametric likelihood; the approach is analoguous to that used for para-
metric models (Qin and Lawless, 1994). Owen|(1990) showed that for d-variate i.i.d. ran-
dom vectors Y (each variate as yj, ..., ), with an unknown distribution density f, mean
up and variance o7, the approach applies to quite general parameters 0(f), where 6 is
the parameter associated with f. Rather than defining the likelihood from the density f
as usual, the empirical likelihood method starts by defining parameters of interest 6 as
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functionals of f, for instance as moments of f, and then profiles a nonparametric likeli-
hood (Mengersen et al., 2013). More precisely, given a set of constraints of the form

Ef[h(Y,0)] =0 (43)

where the dimension of /1 sets the number of constraints unequivocally defining 0, the
empirical likelihood is defined as

L(8ly) max H pi 49)

for p in the set
pel0,1]") pi=1) ipih(y,0) =0 (50)

where p;...p, are nonnegative real numbers summing to unity. The validation of the
empirical likelihood approximation is also provided by Owen| (1988, 1990) He has proved
under mild conditions, if f satisfies Equation (8), then —2log( = =7 Lely) ) — x4 in distribution
when n — oo and note that n™" is the maximum of L(6|y).

In general, the basic idea in this approach is to maximize the empirical likelihood (see
Equation [49) subject to constraints provided by Equation which reflect the character-
istics of the quantity of interest. For instance, in the one-dimensional case when 6 = Ef[Y],
the empirical likelihood in 6 is the maximum of the product (p;...p,) under the constraint
p1y1 + ... + puyn = 0. Solving Equation is based on the Newton-Lagrange algorithm
and more are derived with details in Mengersen et al. (2013), Qin and Lawless (1994)
and Owen| (1990, 1988). Because of its ability to conduct a nonparametric inference with-
out knowledge of higher order moments of the distribution while implicitly taking them
into consideration (according to (Chen and Cui, 2003), when applying to the conditional
likelihood estimation in this study, the first,

E[Y — i) = 0 (51)

and second,
E[(Y — ug)>— 03] =0 (52)

statistical moments of “residual” vectors Z (in Equation and conditional vectors of
XY in the HT model are used as sufficient constraints to estimate the empirical likelihood
of G. And if Z has the mean vector y and vector of standard deviation o, the respective
conditional mean and standard deviation vectors of X|Y, for Y > u, are aY + yYﬁ and
o YP, respectively (see Keef et al.,2013b). Now we have all the components in the Bayesian
framework (see Equation (46))) to derive the empirical Bayes estimation.

To estimate the parameters using Bayesian inference, a large number of realizations
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is generated from the parameters’ posterior distributions, using the Differential Evolu-
tion Markov Chain (DE-MC; ter Braak, 2006). The DE-MC utilizes the genetic algorithm
Differential Evolution (DE; Storn and Price, 1997) for global optimization over real pa-
rameter space with Markov Chain Monte Carlo (MCMC) approach (ter Braak) 2006; Gilks
et al} [1996). The advantages of simplicity, speed of calculation and convergence makes
DE-MC favorable over the conventional MCMC (ter Braak, 2006). In this model, for ex-
ample, five Markov Chains are constructed in parallel, and are allowed to learn from each
other by generating candidate draws based on two random parent Markov chains such
that the equilibrium distribution is the target posterior distribution (see ter Braak, 2006;
Gelman and Shirley} [2011). Meanwhile, the uncertainty of each parameter in Equation 46|
is estimated. This approach has been used in extreme value analysis (Cheng and AghaK-
ouchak, 2014bj Renard et al., 2013b).

2.6 Simulation Experiment

In this study, the results of the conditional extreme value analysis (henceforth, condi-
tional EVA) simulated by the proposed empirical Bayes estimation approach are com-
pared with the originally proposed estimation strategy using the R (R Core Team, |2013)
package texmex developed by Southworth and Hefternan| (2010), which allows for the
constrained estimation of the dependence parameters with the Laplace transformation
on the marginal variables following Keef et al. (2013a)).

Ledford and Tawn (1996) identified four classes of extremal dependence. The first
class is that of asymptotically dependent distributions. The other three classes comprise
distributions with asymptotically independent dependence structures exhibiting positive
extremal dependence, near extremal independence and negative extremal dependence for
a d-dimensional variable Y. These three classes correspond respectively to joint extremes
of Y occurring more often than, approximately as often as or less often than joint extremes
if all components of the variable were independent (see Ledford and Tawn, 1996, for more
details). In this study, the focus is to clarify the performance of interpreting dependence
structure (see Equation[36) by the empirical Bayes estimation approach for different types
of dependence derived in detail in Section 8 of [ Hetfernan and Tawn! (2004). We choose the
extremal dependent types below to be simulated, which are also described in Keef et al.
(2013a).

Independence. Here &« = B = 0 and G factorizes into Laplace distribution functions.

Asymptotic dependence. Here x = £1 (with +1 indicating positive dependence and —1
implying negative dependence) and p = 0 and G takes a range of forms.

Asymptotic independence. Variable X is asymptotically independent of variable Y if
-lT<a<l.
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The simulated data for analyzing these three types are randomly generated from bi-
variate extreme value distributions using the R (R Core Team), 2013) package POT (Ribatet,
2006). Mainly two types of models are used as listed in Table I} The experiment is par-
ticularly designed to see the performance in estimating dependence parameters « and
with different exceedence sizes based on the proposed empirical Bayesian approach. Ini-
tially, sample sizes of 1000, 3000, 5000, 10000 are generated and the high threshold of 99%
quantile is selected for all cases to keep independence between Z and Y, thus exceedence
sizes of 10, 30, 50 and 100 are left to be experimented on (see an example in Figure[10jand
Laplace-transformed results in Figure @) All simulation cases are repeated for 800 trials,
to see the percentage of times (over 800 trials) that the true parameter(s) fell within the
estimated 95% credible interval (henceforth, 95% CI), and to explore how the sample sizes
(i.e., 10, 30, 50 and 100) might affect estimation inference. Ideally, the percentage of fall-in
times for the true parameter(s) should be approximately 0.95 when considering a 95% CI.
Another aspect of this experiment also compares simultions given vague priors (uniform
distributions with wide support and random initials) for dependence parameters with
relative informative ones to check the consequential effect from initials and priors.

Figure 9: Scatter plot of randomly generated data of sample size 1000. The marginal
threshold level, corresponding to the 0.99 quantile is shown in grey lines. Data are shown
on Laplace transformed scales. Asymptotic Independence (left), Independence (middle),
Asymptotic dependence (right)

The selected three different forms of dependence structures described earlier (Fig-
ures [10] and [9) are tested with the proposed empirical Bayes estimation approach. For
the simulation experiment, with exceedence sizes of 10, 30, 50 and 100, the percentage of
times that the true parameter(s) fell within the estimated 95% CI are shown for param-
eters « and B individually, as well as for when both parameters fell within the bounds
simultaneously in Tables 2l and 3| Table 2| summarizes the simulation results associated
with vague priors for dependence parameters, while Table |3 displays the results having
used informative priors. In both tables, it is clear that results improve, if only slightly, with
increasing sample sizes, except for the asymptotic dependence case, where the estimation
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Table 1: Dependence models for bivariate extreme value distributions used in this study.

Dependence Models Negative Logistic (nlog)  Logistic (log)

Formula Vixy) =1+ %— Vix,y) = (x4
(7 +y1) yy
Pickands’ Dependence A(w) = 11 - 1-w)™ "+ A:[0,1] — [0,11]; 1
(w)™ ] w = [(1-w)7 + (w)7]7
Independence vy—0 y=1
Total dependence Y — +oo ¥y—0

performs relatively poorly for the parameter, a. This inefficiency may be caused by the
fact that it is a special case of estimating a single point in a continuous parameter space

(at least for one type of exact dependence).

Figure 10: Scatter plot of randomly generated data of sample size 1000. The marginal
threshold level, corresponding to the 0.99 quantile is shown in grey lines. Data are shown
on original scales. Asymptotic Independence (left), Independence (middle), Asymptotic
dependence (right)

By comparing Table 2| and Table 3| with Informative Priors, the performance of hit per-
centage (the true parameter(s) fell within the estimated 95% CI in over 800 trials) for either
« or B, or both simultaneously are much better. For example, in the Independence case,
with exceedences of 50, Table3[shows that the individual parameter as well as both simul-
taneously have the hit percentage over 0.9, while in Table [2| the inference performance is
0.5 on average. That is, over 800 trials, the true parameter(s) fell within the estimated 95%
CI with Informative Priors over 720 times, while it fell in the interval approximately only
400 times, on average, when using Vague Priors. In some cases, such as in the asymptotic
independence case with exceedences over 10 (e.g., exceedence size of 50 and 100, then the
percentage for both is around 0.914 and 0.915), or in the independence simulation with
larger sample size (e.g., same exceedence sizes, the percentage for « is about 0.961 and for
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B is approximately 0.958), the percentage even reaches over the ideal situation which is
around 0.95. The identifiability issue with f may be because the model at some point is
actually X = aY + YP (Z —vyz)/{z, where vz and (7 are the mean and standard deviation
vectors of Z, respectively, and as noticed, it is not possible to differentiate § from vz and

{7

Table 2: Results from fitting the conditional extreme value model to simulated data using
the empirical Bayes estimation approach with Vague Priors proposed here. For each (ex-
ceedence) sample size, the percentage (of 800 trials) given is the percentage of times that
the true parameter(s) fell within the estimated 95% CI’s. Results are shown for parameters
individually, as well as for when both parameters fell within the bounds simultaneously.

exceedence size 10 30 50 100

Asymptotic Independence « 0796 0.666 0.745 0.701
g 0.821 0.883 0.938 0.874
both 0.661 0.588 0.713 0.630

Independence « 0.800 0.639 0.773 0.695
B 0499 0.409 0.396 0.349
both 0.433 0.301 0.336 0.296

Asymptotic Dependence « 0674 0518 0.585 0.278
g 0.685 0.674 0.633 0.484
both 0.439 0.331 0.345 0.135

To compare the empirical Bayes approach to an approach with known dependence
structure, Table 4 shows results using informative prior distributions. Comparing Tables
and {4, the known dependence structure approach is comparable for the asymptotic
independence and independence cases. Clearly, however, for the asymptotic dependence
case assuming a known dependence structure is sub-optimal.

We feel that it is reasonable to obtain prior information for § so that this issue is not
a major concern. Overall, simulation results show that the proposed approach performs
fairly well for most types of dependence structures, but strong and reasonable prior in-
formation for B is generally necessary. And the benefit from increasing samples is not so
obvious as using Informative Priors.

2.7 Temperature and Precipitation test case

In this study, the proposed empirical Bayes estimation approach is further applied on two
real data cases, and results are compared with the (slightly modified) HT estimation strat-
egy as implemented by the R (R Core Team,| 2013) package texmex (Southworth and Hef-
ternan, 2010). Monthly observations of precipitation and temperature from the Climatic
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Table 3: Results from fitting the conditional extreme value model to simulated data using
the empirical Bayes estimation approach Informative Priors proposed here. For each (ex-
ceedence) sample size, the percentage (of 800 trials) given is the percentage of times that
the true parameter(s) fell within the estimated 95% CI’s. Results are shown for parameters
individually, as well as for when both parameters fell within the bounds simultaneously.

exceedence size 10 30 50 100

Asymptotic Independence « 0941 0.708 0.946 0.923
B 0941 0.991 0.960 0.993
both 0.890 0.704 0.914 0915

Independence a 0965 0975 0961 0.940
B 0781 0.786 0.934 0.958
both 0.764 0.768 0.901 0.905

Asymptotic Dependence « 0844 0585 0.741 0.995
g 0956 0.929 0.980 0.636
both 0.823 0.560 0.730 0.634

Research Unit (CRU; New et al., 2000; Mitchell and Jones, 2005) regridded in a common
2 2-degree spatial resolution, are used to provide the test case data. Historical monthly
precipitation and temperature records are available from 1901 to 2009. CRU observations
have been validated and used in numerous studies of historical climate variability (e.g.
Tanarhte et al.,2012; Hao et al., 2013).

To identify extreme conditions, two grid points in the central (Latitude 40.02° N, Lon-
gitude 105.27° W) and western (Latitude 34.05° N, Longitude 118.24° W) United States
are selected for conditional extreme dependence structure analysis in Figure (11} The two
locations are close to urban areas in Boulder, Colorado and Los Angeles, California where
long-term observation stations have been available. In both cases, we consider the precip-
itation conditional on the temperature’s being extreme, i.e., precip | temp > u, for u large.
The marginal threshold level (i.e., 1) of temperature at the two locations is corresponding
to the 0.97 quantile. For the upper tail of precipitation data, the threshold level for Los
Angeles is taken to be the 0.97 quantile, and for Boulder, the 0.99 quantile. The proposed
empirical Bayes approach is applied to infer the dependence structure parameters, « de-
scribing the dependence strength between precipitation and extremal temperature and p
outlining the dependence variability, along with the scale and shape parameters for the
upper tail of precipitation and temperature distributions.

Using the CRU precipitation and temperature monthly data (see Figure[I1)), analyzing
precip | temp > u, for u large, the dependence structure controlling parameters, « and §,
and distribution parameters of ¢ and ¢ fitted with the GP distribution function for each
variable at two locations (Boulder and Los Angeles) are presented in Table[5| The parame-
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Table 4: Results from fitting the conditional extreme value model to simulated data us-
ing the Bayesian approach with known dependence structure and Informative Priors. For
each (exceedence) sample size, the percentage (of 800 trials) given is the percentage of
times that the true parameter(s) fell within the estimated 95% CI’s. Results are shown
for parameters individually, as well as for when both parameters fell within the bounds
simultaneously.

exceedence size 10 30 50 100

Asymptotic Independence « 0920 0914 0923 0923
B 0845 0.871 0.911 0.943
both 0.801 0.832 0.843 0.877

Independence a 0932 0912 0926 0.953
B 0784 0.793 0.842 0.878
both 0.729 0.723 0.802 0.882

Asymptotic Dependence « 0.675 0.698 0.712 0.734
B 0.687 0.656 0.766 0.865
both 0.598 0.668 0.700 0.699

ters derived by the empirical Bayes estimation approach and the HT model are simulated
with informative priors for the a« and B. In both locations, the dependence relationship of
precipitation given extreme temperature tends to show asymptotic independence, and in
Los Angeles, it is near extremal independence, while in Boulder, it is towards negative
extremal dependence. Looking at the parameter f, it appears that the variability of the
dependence are relatively lower in Los Angeles than that in Boulder. Parameters o7 and
¢1 describe the scale and shape of temperature data which indicates a bounded upper
tail distribution, while o> and ¢, stand for the precipitation distribution. In Los Angeles,
the precipitation distribution shows a heavy tail property (indicated by ¢> > 0), while in
Boulder, it shows a bounded upper tail (see ¢, < 0). Table 5|also compares results using
the empirical Bayes estimation approach and the R (R Core Team, |2013) package texmex
for the HT method. In general, from the table, we can see that all the parameters, includ-
ing dependence structure parameters « and 3, and GP distribution function parameters o
and ¢, inferred by the two approaches are consistent with each other.

2.8 Summary, conclusions and discussion

The conditional EVA approach introduced by Heffernan and Tawn (2004) is an impor-
tant new methodology for modeling multivariate extreme values through a conditional
distribution framework. Although this approach does not require a priori knowledge of
the dependence structure nor that the variables be simultaneously extreme, a difficulty
for estimating the parameters is that no simple, closed-form distribution exists in general
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Figure 11: Scatter plot of Precipitation and Temperature data at Boulder, Colorado, U.S.A.
(left), and Los Angeles, California, U.S.A. (right). The marginal threshold level for tem-
perature, corresponding to the 0.99 quantile at both locations; quantile of 0.99 at Boulder
and quantile of 0.97 at Los Angeles for the precipitation, respectively, are shown in gray
lines.

for G. Therefore in the original approach, several estimation methods and constraints
are mixed together to evaluate the G distribution function and counteract the inherent
bias. This disadvantage motivates the development of the empirical Bayes estimation
approach proposed in this study.

Simulations are employed to reproduce known dependence structures with 800 re-
peated trials for each of three types of dependence and sample sizes, and to test how
well the estimation procedure performs. Simulations show generally good coverage of
credible intervals. However, the parameter f is relatively hard to infer precisely, and
sometimes it is not unique, so strong prior information for f is generally necessary, which
is the primary hold-back in this approach and might require further refinement.

The identifiability issue with f may result from ignoring the mean (vz) and standard
deviation ({z) vectors of Z, which are difficult to differentiate from B. To possibly solve
this issue, one may include vz and {7 as parameters of interest in the empirical likeli-
hood estimation by imposing other prior knowledge for those parameters, but still, the
identifiability problem might not disappear. Another possibility is that one may explore
and include higher order moments (other than first and second moments in this study)
of the conditional distribution as empirical likelihood constraints, which may also be dif-
ticult to identify without any additional assumption because the conditional distribution
is generally, numerically unknown.

As for the inefficiency resulting from trying to estimate a single point in a contin-
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Table 5: Comparision results from fitting the conditional extreme value model to real data
using the empirical Bayes estimation approach and texmex.

Los Angeles exceedence o B 01 ¢1 (o3 )
Empirical Bayes 40 -0.065 -0.559 0.733 -0.367 0.820 0.193
Std. Dev. 0.070 0.214 0.028 0.043 0.044 0.046

texmex 40 -0.071 -0.568 0.688 -0.338 0.849 0.140
Boulder exceedence o B log] ¢1 (o3 )
Empirical Bayes 39 -0.230 -0.270 0.683 -0.143 0.890 -0.251
Std. Dev. 0.074 0.334 0.033 0.027 0.012 0.060

texmex 39 -0.249 -0.284 0.648 -0.149 0.780 -0.143

uous parameter space, a possible extension for the estimation model would be to use
a reversible jump Markov chain to include probability terms for those particular cases,
namely « = 0,8 = 0,&4 = £1,8 = 1, analogously as proposed in the univariate setting
by Stephenson and Tawn (2004) for the shape parameter, { = 0 versus ¢ # 0. Such a
scheme might help with the estimation in the asymptotic dependence case and will be
explored in a future study.

Additionally, precipitation data conditional on having extreme temperature is also
analyzed and compared to the (slightly modified) estimation strategy proposed by |Hef-
ternan and Tawn| (2004). Resulting parameter estimates are found to be consistent with
those from the originally proposed estimation strategy from Heffernan and Tawn|(2004).

The presented model can be potentially applied in a wide variety of science fields
including finance, earth science, environmental science, and biology. Particularly, this
model can be used for assessing spatial climatic extremes (e.g. Gilleland et al., 2013). A
myriad of papers show climatic extremes have been changing and are projected to change
in the future (e.g.Wehner, 2013; Field et al., 2012} Schubert and Lim), 2013} Easterling et al.,
2000; Alexander et al., 2006a; Cheng et al., 2014a). Even concurrent extremes (e.g., joint
precipitation and temperature extremes) have been reported to have increased /changed
over time (Hao et al,, 2013). The proposed methodology allows assessing one extreme
variable conditioned on another and hence, we expect it to be a useful tool for conditional
extreme value analysis.
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