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Aerospace & Energetics Research Program
University of Washington

Abstract

A physics-based-adaptive plasma model and an appropriate computational algo-
rithm are developed to numerically simulate plasma phenomena in high-fidelity. The
plasma model [1] is “refined” or “coarsened” based on the local physical plasma pa-
rameters to provide adequate model fidelity throughout the domain at all times of the
simulation. The plasma model uses continuum representations of the plasma, which
include a kinetic description for the highest fidelity, multi-fluid plasma models (13N-
moment [2] and 5N-moment [3]), and single-fluid MHD models for the lowest fidelity.
The models include evolution equations for the electromagnetic fields, electron fluid,
ion fluid, neutral fluid, and any additional species. The continuum kinetic model is
developed in a conservative form [4] that exploits geometric symmetries of the physical
domain. The large mass difference between electrons and ions introduces disparate
time and spatial scales and requires a numerical algorithm with sufficient accuracy to
capture the multiple scales. In addition, the characteristic timescales for the electro-
magnetic fields is much shorter than the timescales of the ion and neutral fluids, so
a blended finite element method [5] is developed to implicitly treat the fastest phys-
ical phenomena (electron fluid and electromagnetic field evolution) and to explicitly
treat the slower physical phenomena (ion and neutral fluid evolution). The solution
approach provides high-order accuracy and computational efficiency.

1 Project Description

Many existing and emerging technologies that are important to the U. S. Air Force,
industry, and general science rely on plasmas and plasma applications. These appli-
cations include high power microwave devices, plasma actuation of airstreams, drag
reduction for hypersonic vehicles, advanced space propulsion, weapons effects simula-
tions, radiation production from fusion, etc. Advancing plasma technologies requires
a fundamental and accurate understanding of the underlying physical effects and the
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resulting plasma dynamics. Plasma dynamics inherently involve complex physical phe-
nomena because the dynamics are affected by short-range (collisions) and long-range
(electromagnetic fields) forces. The great utility of plasmas stems from these multi-scale
forces. In general, plasmas fall into a density regime where they exhibit both collective
(fluid) behavior and individual (particle) behavior. The intermediate regime compli-
cates the analytical and computational modeling of plasmas. Accurate numerical sim-
ulations requires high-fidelity plasma models and innovative numerical algorithms that
are tuned to solve the specific physical models that capture the multi-scale and multi-
physics phenomena that are present in plasmas. Developing a physics-based-adaptive
plasma model facilitates high-fidelity numerical simulations while making efficient use
of the available computational resources.

This final technical report describes the primary research accomplishments per-
formed during this project. The accomplishments include developing consitituent
plasma models of varying degrees of fidelity: multi-species continuum kinetic plasma
model [4], multi-fluid plasma models (13 N-moment [2] and 5 N-moment [3]), and single-
fluid MHD models for the lowest fidelity. Novel and efficient methods to spatially dis-
cretize and temporally advance the governing equations were also developed, such as
the blended finite element method [5]. Initial investigations were performed to couple
the constituent plasma models into a domain-hybridized plasma model [1]. This report
highlights the research, which are described in more detail in the associated journal
publications.

1.1 Continuum Plasma Models

Plasma behavior prediction and understanding have been significantly advanced through
the development of reduced plasma models and their numerical solution. The most
complete continuum model for plasma is described using kinetic theory where each
species « of a plasma is described by a time-dependent distribution function f,(x,v,t)
in physical and velocity space. The evolution of the distribution functions is described
by the Boltzmann equation

%+V~%+£(E+VXB)-%:%‘%C. (1)
The plasma is composed of ion and electron species and possibly additional species for
neutrals or impurity ions.

The Boltzmann equation coupled with Maxwell’s equations for electromagnetic
fields completely describe the plasma dynamics. Plasmas have been simulated using
this model with specific forms of the collision operator (e.g. Vlasov equation and Fokker-
Planck equation). [4,6-16] However, the Boltzmann equation spans six dimensions cor-
responding to spatial position and velocity, in addtion to time. As a consequence of the
large dimensionality plasmas are simulated using the Boltzmann equation only when
required to capture the essential physics. The applications are generally limited to
plasmas with narrow distributions, small spatial extent, and short time durations.
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The continuum kinetic model is implemented on a mixed structured/unstructured
phase space finite element mesh to be able to handle complex physical space geometry
while maintaining the computational efficiency of a rectilinear mesh in velocity space.

Formulating Eq. (1) in conservation form has been shown [16] to improve the numer-
ical properties of the solutions. An outcome of the present research project expands
on this concept for axisymmetric geometries [4]. The performance is demonstrated
through analysis of benchmark problems.

Particle in cell (PIC) plasma models apply the Boltzmann equation to represen-
tative superparticles, which are far fewer than the number of particles in the actual
plasma. [17] In this manner, PIC methods provide a statistical sampling of phase space.
While PIC methods have been successful in modeling many physical effects [18-20],
they are not universally applicable due to grid effects and statistical errors or particle
noise, which scales with the number of particles as N~1/2 [21]. PIC simulations have
similar limitations as simulations using kinetic theory.

The particle in cell (PIC) plasma models have successfully solved the Boltzmann
equation with representative superparticles, which are far fewer than the number of
particles in the actual plasma [17]. However, PIC methods are not universally ap-
plicable due to grid effects and statistical errors or particle noise, which scales with
the number of particles as N—1/2 [21]. Another approach to capture more complete
physics is to generalize the single-fluid MHD model that results from moments of the
Boltzmann equation, Eq. (1). The generalization described here allows for multiple
species, and the resulting model is the multi-fluid plasma model. Assumptions about
the lowest-order velocity distribution function determines the number of moments that
must be evolved: five moments for perturbations about a Maxwellian distribution and
thirteen moments for perturbations about a Pearson-type-IV distribution [2,22]. Fur-
thermore, the moment equations can include higher moments to more accurately model
the evolution of plasmas that deviate from thermodynamic equilibrium.

1.1.1 Moment Method to Yield Fluid Plasma Models

Moments of the Boltzmann equation, Eq. (1), provide equations that govern the evo-
lution of the moment variables. The moment variables are defined from moments of
the distribution function. For example,

o= [ falv)iv, (2)
N, — / Vi fa(V)dV, (3)

where the integrals are performed over all velocity space and i represents the spatial
coordinate index. The resulting fluid variables are number density n,, velocity uq,,
etc. Moments of the Boltzmann equation provide evolution equations for these moment
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variables. The governing equations for the limiting case of a collisionless plasma with
only two species, ions and electrons, the two-fluid plasma model is presented in Ref. [23].

The governing equations of the two-fluid plasma model can be combined to form
the single-fluid MHD model [24]. In the derivation of the MHD model several ap-
proximations are made, which limit its applicability to low frequency phenomena and
ignores potentially significant finite electron mass and charge separation effects. These
limitations are not present in the multi-fluid plasma model.

Generalizing the moment approach to include an arbitrary number of species and
to include atomic reactions yields the multi-fluid plasma model. The derivation follows
that presented, for example, by Braginskii in Ref. [25]. However, the form of the
equations are derived here for the conservation variables in flux/source form where
hyperbolic and parabolic fluxes are in balance with source terms. The equation systems
can be expressed as

0 0

a(ﬂx"‘aixk

where ¢, is the vector of conservation variables of species «, F, is the tensor of hyper-
bolic fluxes for a;, and S, is the source vector for a. Note that throughout this proposal
vectors and tensors are represented in bold, and their components are represented in
italics with subscript indices (1, j, k,1). Repeated indices of the spatial coordinate are
summed in the usual convention of Einstein notation. The source vector includes the
coupling to the other fluid species and to the electromagnetic fields. For example, the
electric and magnetic fields appear in the source terms of any charged-fluid equations.
The field dynamics are governed by Maxwell’s equations, which have source terms that
contain the charged-fluid variables. See Sec. ??7. Maxwell’s equations can be expressed
in the form given by Eq. (4) where a« = EM.

Since each evolution equation derived from the moment approach introduces the
next higher moment, the series continues indefinitely. The equation system must be
terminated and closure relations must be specified that relate the higher moment vari-
ables to the lower moment variables in the system. The complete multi-fluid model
and its extensions are presented in Sec. 1.1.2.

F,, = Sa, (4)

1.1.2 The 5N-Moment Multi-Fluid Plasma Model

The governing equations for multi-fluid plasma models are derived by taking moments
of the Boltzmann equation, Eq. (1), for each species, as briefly introduced in Sec. 1.1.1.
The multi-fluid plasma model (including the electromagnetic equations) are expressed
in divergence form as in Eq. (4). Each fluid is assumed to be sufficiently close to
thermodynamic equilibrium that its velocity distribution function is well approximated
by a limited expansion about a Maxwellian distribution. The fluid variables are derived
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by taking moments of the distribution function.
Po = ma/fa(v)dv, (5)
Palle; = ma/vifa(v)dva (6)

1
Pa = pala = Ma / §w2fa(w)dw, (7)

where m,, is the mass of species «, and the distribution function is expressed equiv-
alently as a function of either the velocity v or the random velocity about the mean
fluid velocity w = v — u,. The fluid variables for each species are mass density p, (1
component), velocity u, (3 components), and pressure p, (1 component). Ty is the
temperature associated with species . The model has a total of five fluid variables or
components for each species and is called the 5 N-moment fluid model.

An evolution equation for the mass density of each species is given by the zeroth
moment of the Boltzmann equation.

0 0 0
el + orr (Patiay,) = P - (8)

The net mass production rate of species o due to atomic reactions is denoted on
the right-hand side of the equation with a subscript I'. Contributions due to atomic
reactions are described later in Sec. 77.

The first moment of the Boltzmann equation yields momentum equations and de-
scribes the evolution of the momentum density for each species.

0 0 0
a (pau(xi)"_ajxk (pau(xiuak +palik) = JaNa (Ez + €ijkUa; Bk) _zﬁ: Raﬁi—’_ a (pauai) -

9)
where E and B are the electric and magnetic fields and R, is the momentum transfer
vector from species « to species 5 due to collisions. I is the identity tensor. The number
density has been introduced and is defined by ny, = po/meq. The net momentum
production rate of species o due to atomic reactions is denoted on the right-hand side
of the equation with a subscript I'.

The second moment of the Boltzmann equation yields an energy equation for each
species, which is expressed in divergence form for the total energy.

0 ) 0
550 g (o + Do) oy + o] = damotio, B + 25: Ua, Rag; + zﬁ: Qap ++ 5.€a )

(10)
where h,, is the heat flux vector, (), is the heat generated in species o due to collisions
with species 5, and the total energy is defined by

1 1 9

€a = ﬁpa + 5 Patla; (11)
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and ~ is the ratio of specific heats. The evolution equation for the total energy can
be combined with the previous two moment equations to provide an expression for the
evolution of pressure. The energy addition rate of species o due to atomic reactions is
denoted on the right-hand side of the equation with a subscript I'.

Since the heat flux represents a higher moment of the distribution function, a closure
relation must be specified that relates it to the lower moment variables. Fourier’s law
is a commonly used relation, which gives the i component of the heat flux as

0

By = —Kgy, ——
1 1] .
Ox;

Ty, (12)
where £q,; is the ij component of the thermal conductivity tensor which, in general,
depends on the strength and relative orientation of the magnetic field. Additional
closure relations are needed if a pressure tensor is used instead of the scalar pressure
used in the momentum and energy evolution equations.

The 5N-moment model and appropriate closures are derived using a Chapman-
Enskog expansion of the distribution function. The distribution function is assumed to
be a Maxwellian (thermodynamic equilibrium) distribution with an expansion in pow-
ers of a small parameter given by the Knudsen number, the ratio of the mean free path
to the characteristic plasma size. Closure relations for the transport coefficients are
found by retaining only the linear terms of the expansion. For examples of calculations
of transport coefficients, see Ref. [25,26].

The electromagnetic fields influence the motion of the plasma fluid through the
Lorentz force, which appears in all plasma models. The motion of the plasma influences
the evolution of the electromagnetic fields through the redistribution of charge density
and current density. Maxwell’s equations govern the evolution of the electromagnetic
fields. The net charge density and total current density are calculated directly from
the plasma state, i.e. the distribution functions or the multi-fluid plasma variables, as

Pc = ZQana = an/fa(v)dv (13)
i= 3 tanatio; = Y ao [ wifa(viav. (14)

These terms appear as source terms in Maxwell’s equations, which can be expressed as

0 0

0 0

B = eijp By, — poji 1
€005, €isk g P~ HoJ (16)

(17)

Mathematically, if the initial fields satisfy the divergence constraints, then the field
evolution maintains the constraints. Numerically, the divergence constraints must be
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explicitly enforced by “cleaning” the fields with either an elliptic method [27], a hyper-
bolic method [28], or a parabolic method [29].

The Jacobians of the hyperbolic fluxes 0F,/Jq, of the governing equations are
constructed in the usual way from Eq. (4). The eigenvalues of the flux Jacobians give
the characteristic velocities. In one dimension, the eigenvalues of the fluid equations
are

Aﬂuid = {'Uamv'vocx + Csa} (18)

where the acoustic speed for species « is defined as

T,
Cop = 1] 2. (19)
Ma

The electron acoustic speed is larger than the ion acoustic speed for the same fluid
temperatures due to the large ion to electron mass ratio. The electron acoustic speed
can be larger than the Alfvén speed, which is a component of the eigenvalues of MHD.
The Alfvén speed for an ion/electron plasma is defined as

B B
\/,ug (min; + mene)

VA (20)

where B is the magnitude of the magnetic field and pg is the permeability of free space
(47 x 1077 H/m). The eigenvalues of the field equations are

Nfield = {*£c}, (21)

where ¢ is the speed of light. Therefore, the eigenvalues of the multi-fluid plasma
model are generally not bounded by the eigenvalues of the MHD model. In general, the
fastest times that must be resolved in the multi-fluid plasma model are the timescales
associated with the electromagnetic fields and the electron fluid, namely, the light
transit time and the electron plasma oscillation period.

1.1.3 The 13N-Moment Multi-Fluid Plasma Model

The 5N-moment multi-fluid plasma model presented above provides an adequate de-
scription for many plasmas that remain sufficiently close to thermodynamic equilib-
rium. For truly non-equilibrium plasmas, the kinetic model described at the beginning
of Sec. 1.1 is needed. Generalizations of the moment method (higher moment mod-
els) extend the applicability of fluid models to non-equilibrium plasmas. The higher
moments extend the ability to characterize the distribution function with averaged or
moment variables.

The 13 N-moment multi-fluid plasma model provides a logical extension of the 5N-
moment plasma model. The model as first introduced by Grad [30] and has since been
refined by many others, for example Refs. [2,22,31-34]. Specifically, Ref. [22] provides
a derivation for gas dynamics using a Pearson-type-IV distribution for the velocity
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distribution function that better matches experimental measurements and improves
the hyperbolicity of the resulting evolution equations. These are important advantages
over Grad’s initial method. The results are only briefly presented here for a neutral gas.
We have extend the model to derive a 13 N-moment fluid model for a multicomponent
plasma.

As before, moments of the distribution function provide the fundamental fluid vari-
ables. Consistent with the original derivation by Grad [30], only the variables with an
explicit physical meaning are retained. For each species fluid the density and velocity
is defined as in Egs. (5) and (6). The scalar pressure is replaced with the pressure
tensor and the heat flux vector is also defined as a solution variable. These variables
are defined as

Pij = m/wiwjf(w)dw, (22)

hi = m / %w%i F(w)dw, (23)

where the species subscript a has been dropped for clarity. In addition to the 4 com-
ponents of density and velocity, the model has a total of thirteen fluid variables or
components for each fluid. The pressure tensor p has 6 components, since p;; = pj;
and heat flux h has 3 components. Note the scalar pressure is the trace of the pressure
tensor, and is given by

p= T =m [ g flw)dw, (24)

which is consistent with the definition from Eq. (7).
Taking moments of the Boltzmann equation provides the evolution equations for
the moment variables.

0 0
FTi B (puk) =0, (25)
0 0
En (pus) + B (pusug + pir) = 0, (26)
0 0
g (pusuj + pij) + 9up (puiujug, + 3pijug + mijr) = 0, (27)
9 | pui +pj;
a -4 -2 5 ]Jui + piju; + h;| +
& | pui +pjj Piku’ Rij,
U + ——= + 2uipjkuj + 2h;uy + mijpy + ——| = 0. (28)
oxy, 2 2 2

Equations (27) and (28) provide evolution equations for the pressure tensor and heat
flux vector. The equation system must be closed for the variables corresponding to the
higher moments, namely,

m,;jk = m/wiijkf(w)dw, (29)

9
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Figure 1: Hartmann flow diagram showing geometry of shear flow and imposed magnetic
field as well as the resultant current density.

R;; = m/WQwiwjf(w)dw. (30)

Closure relations are derived by assuming a particular form of the distribution function.
For the proposed work, a Pearson-type-IV distribution will be used, as in Ref. [22].
A more complete description of the 13 N-moment multi-fluid plasma model that was
developed for this research project is described in Ref. [2].

Benchmarking magnetized plasma transport in moderately collisional systems is a
difficult process, and few test problems exist. The Hartmann flow problem is a classic
benchmark [35] for resistive, viscous MHD models near the highly collisional regime.
The multi-species Hartmann flow, discussed and derived in Ref. [2], is an extension of
the single-fluid MHD problem.

Similar to a Couette flow, the Hartmann flow problem, shown in Fig. 1, uses two
infinite conducting plates to drive shear flow along the y-direction. The shear, along
with an imposed magnetic field along = drives a current in the z-direction which is
balanced by resistive forces. The flow generated along z interacts with B, to drive a
force along y, suppressing, or flattening, the viscous boundary layer.

A viable parameter space for this simulation is v,7 = 100, w.T = 4, w,7 = 100,
wall velocity V' = 1073, and a domain of L = 1. The low wall velocity reduces
the viscous and resistive heating, while the relatively low magnetization (w. < v})
reduces the anisotropic magnetization effects that the analytical form ignores. A small
wpT allows for a larger time step. The fluid is initialized in thermal equilibrium with
Na = To = By = 1 and vy =2V, for v € [—0.5,0.5]. All other electric and magnetic
fields are initialized to zero. The boundary conditions are no-slip, adiabatic, conducting
walls.

The results shown in Fig. 2 are for a two-species plasma with masses A, = {1072, 1},
charges Z, = {—1,1}, and speed of light (¢/vg) = 100 after a normalized time of
t = 10. The 13N-moment plasma model is solved without diffusive stabilization and

10
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is shown to capture the viscous boundary layer of the Couette flow, as well as the
flattening of the internal shear profile due to the magnetic forces. The test case has
shown that at moderate to high collisionalities and low magnetization, the two-fluid
13-moment plasma model is consistent with the two-fluid 5N-moment plasma model.
The numerical results agree closely to the analytical solutions.

1.2 Computational Solution Framework: WARPXM

Our Computational Plasma Dynamics Group at the University of Washington has
developed accurate numerical algorithms for the two-fluid plasma model that are based
on finite volume [23,36] and DG methods [3,37-39]. Higher moment plasma models
(10N and 13N) have been derived and investigated [2,32-34]. Numerical formulations
have been investigated that allow for the implicit solutions of plasma models [35],
including the blended finite element method [5]. These computational advances have
been applied to study plasma phenomena with high fidelity models, e.g. Refs. [40-42].
In addition, we have developed non-reflecting open boundary conditions that allow
simulating infinite space on finite domains [43,44].

Developments of FE methods applied to continuum plasma models is the focus
of the current research project. The algorithm research and development have been
implemented in a flexible software framework called WARPXM (Washington Approx-
imate Riemann Plasma) [3,39,42], which uses C++ object oriented programming and
other modern software techniques to simplify the maintainability and extensibility of
the code and HDF5 for parallel output. WARPXM uses MPI message passing for
parallel computer architectures.

1.2.1 The Blended Finite Element Method

The blended finite element method uses an implicit-explicit to solve the multi-fluid
plasma model and Maxwell’s equations by splitting the governing equation system to
according to the expected physics. The spatial representation for all of the system
variables is based on finite element methods where the simulation domain is divided
into discrete elements, which are either quadrilaterals (2D) or hexahedrals (3D). The
variation of the solution variables within each element are modeled by projecting the
variables onto a set of spatially dependent basis functions vy, of order h, such that
within each element () variable ¢ is represented as

go(x) = 3 qo,0n(x). (31)
h

The basis functions are Legendre polynomials or Jacobi polynomials for the proposed
implementation. The finite element representation captures high-order spatial varia-
tions, which is critical when anisotropic properties exist [45] or when hyperbolic fluxes
are balanced by the fluxes from other species, which occurs at equilibrium.

11
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Figure 2: Comparison of 13N-moment plasma model solutions (dots) to analytical solutions
(lines) for a two-fluid Hartmann flow. (a) In-plane velocity and (b) out-of-plane velocity
for species Ay = 1072, Zy = —1 (red) and A; = 1, Z; = 1 (green). (c) Magnetic fields B,
(red) and B, (green). Results show good agreement between the numerical and analytical
solutions.

12
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The governing equations for the multi-fluid plasma model can be expressed as given
by Eq. (4). The equations can be grouped according to their physically characteris-
tic spatial and temporal scales, which forms the basis for selecting the appropriate
computational method. The fast temporal and short spatial dynamics of the electron
fluid and electromagnetic fields suggests solving these governing equations in a coupled

manner as 8 8
qEM Fgu, Sem
- __ — 2

Bt[qe}dl_@xk[F ] [56]’ 32

[
where the source terms, in general, depend on the solution variables of the fields and
other species, So = Sq (¢EM; Ge, ¢is qn)- The slow temporal and long spatial dynamics
of the ion and neutral fluids suggests solving these governing equations in a separately

coupled manner as
9 |q o |F, | _|Si
3 L) v L) = 5] )

where the source terms again, in general, depend on the solution variables of the fields
and other species.

A Galerkin method is used to obtain spatially discretized equations. The governing
equations are multiplied by each basis function and integrated over the element volume
to give the integral equation

’U}L@dv —i—f vpFrLdAy, — / Fkivhdv = / v SdV. (34)
o Ot o0 o Oy Q

The integrals are evaluated by Gaussian quadrature. The source terms are also pro-
jected onto the basis functions, similar to Eq. (31). The solution of Eq. (34) throughout
the spatial domain and its time advance provides the complete time-dependent solu-
tion. Both the spatial representation and time advance are optimized based on the

expected physics. The details of the blended finite element method are described in
Ref. [5].

1.3 Domain-Hybridized Plasma Model

Spatial coupling of multiple plasma models [1] offers the potential to minimize the
computational cost for the required degree of physical fidelity throughout the domain.
The investigation is performed using a high-order discontinuous Galerkin finite element
method [37, 38, 46|, specifically involving the continuum kinetic multi-species plasma
model, 5N-moment multi-fluid plasma model, and magnetohydrodynamics (MHD)
models, implemented in WARPXM. It is demonstrated that transition mixing lay-
ers do not necessarily guarantee conservation of important physical quantities such
as mass, momentum, or energy. Nevertheless, coupling between the models can be
performed consistently. Two such numerical fluxes are derived, of which one flux is
consistent with the MHD and two-fluid plasma models, and a second flux guarantees
conservation properties but without a consistent definition of the underlying variables.
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1.3.1 5N-Moment to MHD

A two-dimensional planar plasma opening switch is implemented to test the direct
variable translation method for coupling two-fluid and MHD. Five different domain
subdivisions are tested:

(a) Uniform MHD: A single MHD plasma model is used in the entire domain.
(b) Uniform two-fluid: A two-fluid plasma model is used in the entire domain.

(c) Mixed.25: A two-fluid model is used in the region z € [0,0.25], and an MHD
model is used in the region z € [0.25,1].

(d) Mixed.5: A two-fluid model plasma model is used in the region z € [0,0.5], and
an MHD model is used in the region = € [0.5, 1].

(e) Adaptive: Uses the subdivision Mixed.25 for ¢ € [0, 0.8], then switches to Mixed.5
for t > 0.8.

The temporal domain is discretized using Heun’s method [47]. A high density slab
of plasma is initialized with a notch perturbation in the middle. This configuration is
shown in Fig. ?7. The plasma is accelerated to the right by imposing B, = 1 on the
left boundary. This drives a current in the plasma, producing a Lorentz force. The
testing parameters used are:

w,T = 2000 (35)
Op -2
P _1
£ =10 (36)
Zi=—-7. =1 (37)
A; = 1004, = 1 (38)
5
—° 39
T=3 (39)
1
Fi=P.=3 (40)

Figure 3 shows the plasma density at ¢t = 1, shortly after the adaptive method
has remapped the domain. An instability begins developing around where the initial
perturbation was in all cases except for the uniform MHD case. At t = 2, Fig. 4 shows
that the adaptive case is capable of matching the fine-scale instability structure of the
Uniform two-fluid and Mixed.5 cases. However, the instabilities which developed on the
two-fluid side of the Mixed.25 case balloons on the MHD side and loses the fine-scale
structure. This is especially prevalent at t = 2.5 in Fig. 5. At this point the adaptive
case is still capable of maintaining fine-scale instability structures on the trailing edge of
the bulk plasma; however, the leading edge does not have similar instability structures
as the Uniform two-fluid and Mixed.5 cases. It is suspected that this is due to the
leading edge being on the MHD side initially before the adaptive method moves the
model interface ahead of the leading edge.
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) MHD (b) Two-fluid ) Mixed.25 (d) Mixed.5 Ad aptive

Figure 3: Planar plasma switch density at ¢ = 1. The adaptive method has re-partitioned
the domain variables. An instability at the density perturbation starts developing in all
models except for the Uniform MHD case.

) MHD (b) Two- (]uld ) Mixed.25 (d) Mixed.5 Adapu ve

Figure 4: Planar plasma switch density at ¢ = 2. The bulk plasma has transitioned past
x = 0.25 for all models. Some instabilities which have developed in the two-fluid region of
the Mixed.25 case balloon on the MHD side, unlike the Uniform two-fluid or Mixed.5 cases.
The adaptive method maintains similar instability structures as the Uniform two-fluid and
Mixed.5 cases.

) MHD (b) Two-fluid ) Mixed.25 (d) Mixed.5 Ad aptive

Figure 5: Planar plasma switch density at ¢ = 2.5. Ballooning of the instability in the
Mixed.25 case is significant. The adaptive case maintains most of the fine-scale structure
found in the Uniform two-fluid and Mixed.5 cases on the trailing edge, however the leading
edge has noticeable differences.
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The test cases have been run with a few different fixed timesteps using identical
initial conditions. No new numerical instabilities which result from coupling the mod-
els when the coupling assumptions are well matched was noticed. Stability appears
to be limited by the limits of the constituent models used. Additional stabilization
mechanisms such as artificial viscosity or limiters were not needed for this particular
problem.

1.4 Continuum Kinetic to 5 N-Moment

Investigations of spatial coupling of the continuum kinetic and 5 N-moment multi-fluid
plasma models have also been investigated by simulating a wall-bounded two-species
plasma.

The continuum kinetic model is used to solve this problem as described in Ref. [48]
with a domain of x € [—128\p, 128\ p] with 256 elements. The outer 32 elements from
both left and right are solved using the Vlasov-Maxwell system for ion and electron
distributions while the interior elements are solved with the 5/N-moment model for
fluid ions and electrons. A realistic mass ratio is used, such that A4; =1, A, = 1/1836,
with charges Z; = +1, Z. = —1. Phase space is spans v; € [—6uvg,, +6ve,] and
vy € [—6vyp,, +6vy,, ] for ions and electrons, respectively, using 48 square elements for
each physical element and as with the double rarefaction waves problem, first order
polynomials and second order timestepping is used.

Simulation results comparing moments for the ion fluid are shown in Fig. 6. For
comparison, a full kinetic simulation is also performed (dashed black lines). The ion
phase space is shown in Fig. 7. The solutions for the domain-hybridized plasma model
and for the full kinetic model match closely until the electrons (not shown) deviate
significantly from a Maxwellian distribution at model boundaries. However, as long as
the 5 N-moment plasma model is physically valid at the model interface, i.e. the dis-
tribution functions remain Maxwellian, the domain-hybridized plasma model produces
accurate results with reduced computational effort. To simulate this particular problem
longer in time, one might choose to move the model boundary farther into the middle
portion of the domain where the electron distribution remains closer to a Maxwellian,
or to solve the electrons with a full kinetic model while solving the ions with the hybrid
approach, which would still reduce the computational effort. The boundary may also
be moved dynamically during a simulation using a metric determining the departure
of the distribution from a Maxwellian.

2 Project Personnel

This project was performed by Prof. Uri Shumlak, Dr. Eric Meier and graduate students
Daniel Crews, Iman Datta, Andrew Ho, Sean Miller, Noah Reddell, Eder Sousa, and
Whitney Thomas. Archival journal and conference papers were published reporting on
the work from this project:
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Figure 6: Ion sheath density, velocity, and pressure moments at t = 20/w,, with direct
variable translation. The middle domain is solved using the 5 N-moment two-fluid plasma
model while the left and right domains are solved using the continuum kinetic two-species
plasma model. Simulation results from applying the continuum kinetic model for the entire
domain are plotted in black dashed lines for comparison.
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Figure 7: Contours of the ion distribution function at ¢ = 20/w,, solved using the domain-
hybridized plasma model. The left and right subdomains x € [—128, —96] and z € [96, 12§]

are modeled with the continuum kinetic two-species plasma model, and the middle subdo-
main x € [—96, 96] is modeled with the 5N-moment two-fluid plasma model.
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A. Ho, .A.M. Datta, and U. Shumlak. “Physics-Based-Adaptive Plasma Model
for High-Fidelity Numerical Simulations.” Frontiers in Physics 6, 105 (2018).

e G.V. Vogman, U. Shumlak, and P. Colella. “Conservative fourth-order finite-
volume Vlasov—Poisson solver for axisymmetric plasmas in cylindrical (7, v, vp)
phase space coordinates.” Journal of Computational Physics 373, 877 (2018).

e S.T. Miller and U. Shumlak. “A multi-species 13-moment model for moderately
collisional plasmas.” Physics of Plasmas 23, 082303 (2016).

e E.M. Sousa and U. Shumlak. “A blended continuous—discontinuous finite element
method for solving the multi-fluid plasma model.” Journal of Computational
Physics 326, 56 (2016).

e E.M. Sousa, G. Lin, and U. Shumlak. “Uncertainty quantification of the GEM
challenge magnetic reconnection problem using the multilevel Monte Carlo method.
International Journal for Uncertainty Quantification 5, 327 (2015).

9

Dissertations and theses can be obtained from the University of Washington library
system or from the project website, http://www.aa.washington.edu/research/cpdlab/.
Archival publications can be downloaded from ResearchGate.

3 Conclusions

Simulating complicated plasma physics phenomena that are not captured in simpler
models requires the simultaneous development of high-fidelity plasma models that can
be adapted to the local plasma conditions and robust numerical algorithms that pro-
vide high accuracy solutions. The multi-fluid plasma model is proving to be a model
that is significantly more advanced and complete than the usual MHD model. Simula-
tions based on the multi-species continuum kinetic represent the highest-fidelity plasma
model. Developing numerical algorithms to solve these more complete plasma models
that exploit the different physics offers computationally efficient methods that main-
tain high order spatial accuracy. The methods have been extend to other continuum
descriptions, such as continuum kinetic plasma model and single-fluid MHD models.
Combining the constituent plasma descriptions into a domain-hybridized model that
solves a different plasma model in different portions of the domain produces numer-
ical simulations with high physical fidelity with minimal computational cost. Next
steps would include refining the constituent plasma models and improving the cou-
pling throughout the computational domain. Additional improvements would include
a dynamic adaptivity that adjusts the domain decomposition as the simulation evolves.
The algorithm developed in the project, its implementation into WARPXM, and its
application to benchmark and real experimental problems have demonstrated the ca-
pability of both the multi-fluid plasma model and the numerical techniques in the
algorithm.
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