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Major Goals:  The proposed research embarks on a systematic and coordinated analysis of nonlocal constitutive 
laws for fracture modeling. The proposed work will develop the mathematical foundations that will further the use of 
nonlocal continuum models as reliable computational tools for fracture modeling. The approach taken here is new 
and is based on a mathematically rigorous development of peridynamic models with convex-concave energies. 
These energies are well suited to nonlocal formulations of peridynamic type in both state based and bond based 
models. The thrust of the proposed research is to develop theoretical and mathematically rigorous connections 
between the new nonlocal models with convex-concave energies and classic brittle fracture models. The first goal 
will seek to show that smooth solutions of the nonlocal model converge to the solution of the linear elastic wave 
equation as the length scale of nonlocal interaction goes to zero. Here we will provide convergence rates given in 
terms of the length of nonlocal interaction. A second goal is to provide a stable and consistent numerical scheme 
for the nonlocal evolution of smooth solutions. A third goal will develop convergence rates for nonlocal evolutions to 
known fracture solutions. The fourth goal is to develop a stable and consistent numerical scheme for nonlocal 
fracture modeling. The final objective is to develop a fundamentally sound quasi-static limit of nonlocal dynamics for 
reliable modeling of quasi-static crack growth. In all cases the primary interest is to explore and rigorously 
determine the range of validity for nonlocal models contingent on the physical dimensions of the sample, length 
scale of nonlocal interaction, material properties and characteristics of the loading. The overall goal of this effort is 
to establish the theoretical foundations necessary for nonlocal models to provide reliable and predictive numerical 
fracture simulations for problems of brittle fracture.

Accomplishments:  We have accomplished the first goal of the proposed research and have theoretically 
demonstrated the convergence of smooth solutions of the nonlocal model to solutions of the linear balance of 
momentum equation for elasticity. We establish that the rate of convergence is proportional to the length scale of 
nonlocal interaction as it tends to zero. We go on to accomplish the second goal and develop a stable finite 
difference numerical method for this case. We show that if the length scale of the finite difference scheme tends to 
zero faster than the nonlocal interaction length scale we numerically recover the classic evolution given by the 
linear balance of momentum equation. This is reported in the publication written together by myself and the grant 
supported postdoc Prashant Jha, titled  “Numerical convergence of nonlinear nonlocal continuum models to local 
elastodynamics” published in the International Journal of Numerical Methods in Engineering, 114, (2018), pp. 
1389–1410.



To accomplish the third goal we have established the explicit relationship between solutions of the nonlocal models 
introduced in this proposal and the classic fracture solutions articulated in Freund (Dynamic Fracture Mechanics, 
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Cambridge Univ. Press, 1990). To understand what is going on the PI uses the nonlocal models obtained from 
double well potentials developed under this grant support. In this framework the nonlocal balance of momentum 
equation is viewed as a mesoscale model that includes details of both elastic interaction and process zone 
encoded into the force potential. It is shown mathematically by the PI that fracture appears as an emergent 
phenomena at the macroscale generated by an underlying peridynamic field theory at the mesoscale eliminating 
the need for supplemental kinetic relations describing crack growth. Methods of applied mathematics are used to 
show that the time evolution of the deformation for these models converge with vanishing non-locality to an 
evolving deformation u(x,t) crack set J(x,t) pair. The deformation u(x,t) suffers jumps across the crack set J(x,t) and 
the linear balance of momentum holds away from the crack set. Here the linear elastic tensor, energy release rate 
and strength of the material is contained inside the force potential. Under this grant support it is shown that the 
interaction between a sharp crack and intact material can be deduced in the limit of vanishing non-locality directly 
from the nonlocal dynamics. This interaction agrees with the modern theory of fracture mechanics for running 
cracks. This is established mathematically using well posed variational methods together with the notion of weak 
convergence. In addition it is shown that the time rate of change of internal energy of any subdomain surrounding 
the crack tip can be written as an expansion in the diameter of the domain. To leading order it is the difference 
between the power consumed by the growing crack in terms of the material’s critical energy release rate and the 
power being supplied to the domain by the motion of the elastic media surrounding the crack tip. We recover the 
generalization of Griffith’s criterion to dynamic fracture mechanics and the associated kinetics governing the crack 
tip velocity. The modern theory of dynamic fracture mechanics articulated in Freund uses Mott’s hypotheses on the 
power balance around the crack tip to facilitate recovery of the crack tip kinetic relation; however using the nonlocal 
model the same kinetic relation is recovered directly in the limit of vanishing non-locality and Mott’s hypothesis is no 
longer a hypothesis but is instead a consequence the nonlocal modeling. This paper is currently in preprint from on 
arXiv.org at https://arxiv.org/abs/1908.07589 and will be submitted for publication as two articles.



We have attained the fourth goal and have developed stable and consistent numerical schemes for nonlocal 
fracture modeling for nonlocal models associated with two and three dimensional fracture problems. The first 
accomplishment in this direction are the first upper bounds on the convergence rate of finite difference 
approximations for nonlocal fracture given by bond based peridynamic models. Finite difference methods have 
been used as simulation tools for peridynamic models since 2000, see (Silling JMPS 48 (2000), pp. 175-209). We 
consider two point force interactions characterized by a double well potential. This type of interaction is known 
popularly as bond based peridynamics. We show the existence of an evolving Holder continuous displacement 
field. A special case are Lipschitz continuous solutions with, |u(x)-u(y)|<C|x-y|, where u is the displacement, x and y 
are points, and C is a constant independent of u, x, and y. For Lipschitz continuous solutions the rate of 
convergence is on the order (d+ h/epsilon^2 ) where epsilon  gives the length scale of nonlocal interaction, h is the 
discretization length and d is the time step. This rate is uniform in time for bounded time intervals. It is shown that 
the rate of convergence holds for both the forward Euler scheme   as well as general single step implicit schemes. 
The Holder continuous evolution converges to a brittle fracture evolution in the limit of epsilon going to zero.  These 
are the first (and still only) error estimates for finite difference approximations to nonlinear and nonlocal fracture 
models of peridynamic type. This research work has appeared in ``Numerical Analysis of Nonlocal Fracture Models 
in Holder Space,’’ by Prashant Jah and Robert Lipton, SIAM Journal on Numerical Analysis, 56 (2018), pp. 906--
941.



The second accomplishment along these lines are the first upper bounds on the convergence rate of finite 
difference approximations for nonlocal fracture given by state based peridynamic models. These results extend 
earlier supported work to materials that can fail due to cavitation and subsequent fracture.  Here the nonlocal model 
is initially elastic but beyond a critical strain the material softens with increasing strain. This model is formulated as 
a state-based peridynamic model using two potentials: one associated with hydrostatic strain and the other 
associated with tensile strain. We show the existence of an evolving Lipshitz continuous displacement field. For 
Lipschitz continuous solutions the rate of convergence is order ( d+ h/epsilon^2 ) where epsilon gives the length 
scale of nonlocal interaction, h is the discretization length and d is the time step. It is shown that this rate of 
convergence holds for both the forward Euler scheme as well as general single step implicit schemes. The Lipchitz 
continuous evolutions converge to a brittle fracture evolution in the limit of vanishing non-locality. These are the first 
error estimates for finite difference approximations to state based fracture models of peridynamic type. Numerical 
experiments demonstrate that the rate of increase in peridynamic energy of the evolving fracture region is the same 
as the classical Griffith energy release rate. This work is published with Prashant Jha in Computer Methods in 
Applied Mechanics and Engineering 351 (2019), pp. 184–225. 



Last we establish a better convergence rate for the finite element scheme for the state based nonlocal model with 
regularized solutions. The convergence rate is of the order ( d+ h^2/epsilon^2 ) where epsilon gives the length 
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scale of nonlocal interaction, h is the discretization length and d is the time step. Numerical experiments show that 
the rate of increase in peridynamic energy of the evolving fracture region is the same as the Griffith energy release 
rate. We show that regularized solutions  converge to brittle fracture evolution in the limit of vanishing non-locality. 
Here the slopes of these regularized solutions steepen and become jumps in the limit of vanishing non-locality. This 
work is published with Prashant Jha in Communications on Applied Mathematics and Computation (2019). https:
//doi.org/10.1007/s42967.
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Training Opportunities:  This grant supported the postdoctoral research of Dr. Prashant Jha. While on this grant 
Dr. Jha was an active participant in the research work that lead to 6 scientific publications 4 book chapters, 2 
preprints submitted for publication and one scientific paper now in preparation. I met with Dr. Jha twice per week for 
the past 3 years. During our meetings we reviewed mechanics literature and I taught him the mathematics of the 
finite difference and finite element approximations, methods of variational convergence, and general functional and 
numerical analysis. Since finishing the grant in August 2019, Dr. Jha is now a Postdoctoral Fellow at the Oden 
Institute at the University of Texas. This grant also supported Dr. Patrick Deihl who is is a postdoc  working on the 
parallel numerical implementation of the nonlocal model developed here. His participation is central to the 
parallelization of this numerical method and has participated on one preprint submitted for publication.
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Results Dissemination:  Research results and products have been disseminated through lectures at scientific 
conferences, academic institutions and DoD labs. Results have also been disseminated through scientific articles 
appearing in top Numerical Analysis and computational Mechanics Journals a listing of all publications as of this 
date are given below the lecture section as well as in the products pod.



Outreach has been accomplished through the invited lectures listed below.



Invited talk: Double Well Potentials and Brittle Fracture Modeling.  Given at Wright Patterson Air Force Base, 
Wright Patterson Labs, Materials and Manufacturing Directorate, August 14-18, 2017. 



 ``Double Well Potentials and Nonlocal Brittle Fracture Modeling." Aerospace Engineering Seminar, University of 
Texas, September 28, 2017.



 ``Nonlocal Models for Complex Fracture Simulations." Babuska Seminar, ICES, University of Texas, October 20, 
2017.
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January 15-16, 2018.



``Damage with Memory: A Non-Local State Based Model.’’ Engineering Mechanics Institute Conference 
Massachusetts Institute of Technology, May 27-31, 2018.



``Double Well Potentials and Nonlocal Brittle Fracture Modeling." Fields Institute, Toronto Canada, Conference in 
Multiscale Problems in Materials and Biology, June 4-7, 2018.



 ``Free Damage Propagation with Memory,” 13th World Congress on Computational Mechanics (WCCM XIII), July 
22-27, 2018 New York, New York.



``Predicting Complex Fracture Evolution using Nonlocal Dynamics,'' Department of Mathematics, Colloquium, 
University of Nebraska, Lincoln Nebraska, September 14, 2018.



``Complex Fracture Evolution using Nonlocal Dynamics,'' Department of Mechanical Engineering, Graduate 
Student Seminar, University of Nebraska, Lincoln Nebraska, September 13, 2018.



``Nonlocal Brittle Fracture Modeling,'' Mathematical Aspects of Materials Science Mini-symposium at the MRS 
Spring Meeting, April 22--26, 2019, Phoenix, AZ.



``Nonlocal Models for Computing Dynamic Fracture,'' CFRAC 2019 - VI International Conference on Computational 
Modeling of Fracture and Failure of Materials and Structures, June 12-14, 2019, Braunschweig, Germany.



``Nonlocal Models for Computing Dynamic Fracture,'' Engineering Mechanics Institute Conference, June 18-21, 
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2019 - International Congress on Industrial and Applied Mathematics, July 15-19, 2019, Valencia Spain.



``Nonlocal Brittle Fracture Modeling," ICIAM 2019 - International Congress on Industrial and Applied Mathematics, 
July 15-19, 2019, Valencia Spain.



``Numerical Fracture Experiments using Nonlocal Fracture Models,'' USNCCM 2019 - U.S. National Congress on 
Computational Mechanics, July 28-30, 2019, Austin, TX.



``Nonlocal Models for Computing Dynamic Fracture,'' USNCCM 2019 - U.S. National Congress on Computational 
Mechanics, July 28-30, 2019, Austin, TX.



Journal Publications of ARO supported research (to date):
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International Journal of Numerical Methods in Engineering. Published March 12, 2018, https://doi.org/10.1002/nme.
5791.



Lipton, R., Said, E., and Jha, K. ``Free damage propagation with memory.’’ Journal of Elasticity. Published March 
14, 2018, https://doi.org/10.1007/s10659-018-9672-7.



Jha, P. and Lipton, R., ``Numerical analysis of nonlocal fracture models in Holder space.’’ SIAM Journal on 
Numerical Analysis 56 (2018), pp. 906-941.



P. K. Jha and R. P. Lipton, Numerical convergence of finite difference approximations for state based peridynamoc 
fracture

models. Computer Methods in Applied Mechanics and Engineering, 351 (2019) 184-225.



P.K. Jha and R. P. Lipton, Finite element convergence for state based peridynamic fracture models. 
Communications on Applied Mathematics and Computation, 31, May 2019 doi/10.1007/s42967-019-00039-4.



R. P. Lipton, R. B. Lehoucq and P.K. Jha, Complex fracture nucleation and evolution with nonlocal elastodynamics, 
Journal of Peridynamics and Nonlocal Modeling, 5 April 2019, doi/10.1007/s42102-019-00010-0.





Preprints submitted for publication in peer reviewed journals:
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Chapter 1

Introduction

1.1 Overview

The goals of the grant supported project have been achieved for a significant class of nonlocal
fracture models. The advantage of nonlocal modeling is that fracture becomes an emergent
phenomena in an another wise elastic material and the dynamics is mediated only by the
balance of linear momentum. This obviates any need for supplementary kinetic relations
describing the crack motion. In the project we have developed the theory of numerical
analysis for a nonlocal theory of fracture mechanics that can be categorized as a generic
state-based peridynamic theory [Silling, 2000, Silling et al., 2007]. The strain inside the
medium is expressed in terms of displacement differences as opposed to the displacement
gradients. Acceleration of a point is due to the sum of the forces acting on the point from
near by points. Here fracture emerges from the nonlocal dynamics. The nonlocal model
has been applied numerically to model fracture phenomenon in materials, see for example
[Weckner and Abeyaratne, 2005], [Silling and Bobaru, 2005], [Silling and Lehoucq, 2008],
[Silling et al., 2010], [Foster et al., 2011], [Ha and Bobaru, 2010], [Agwai et al., 2011],
[Bobaru and Hu, 2012], [Ghajari et al., 2014], [Du et al., 2013a], [Lipton et al., 2016]. The
work of [Tian and Du, 2014] provides a framework for analyzing quadrature methods for
many linear peridynamics models in the absence of fracture. A recent review of the state
of the art can be found in [Bobaru et al., 2016] and [Du, 2018a].

The finite element and finite difference approximations to nonlocal fracture models given
in this project are described in chapters two and three. In these chapters we demonstrate
that the nonlinear nonlocal fracture models are mathematically well posed and derive the
first convergence rates for finite element and finite difference approximations to nonlocal
fracture models [Jha and Lipton, 2018a], [Jha and Lipton, 2019a], and [Jha and Lipton, 2019].
The fourth chapter examines the single edge notch specimen in tension and shows theoreti-
cally, for the first time [Lipton and Jha, 2019], that the nonlocal fracture evolution converges
to the modern dynamic fracture evolution as presented in [Freund, 1998].

1.2 The nonlocal fracture model

We consider a large class of state based peridynamic models where the force at a material
point is due to both the strain between two points and the change in volume inside the
domain of nonlocal interaction. The pairwise interactions between points are mediated by a

4
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Figure 1.1: (a) Potential function f(r) for tensile force. C+ and C− are two extreme values
of f . (b) Cohesive tensile force.

bond potential of multi-well type while multi point interactions are associated with volume
change mediated by a hydrostatic strain potential. The hydrostatic potential can either be
a quadratic function, delivering a linear force-strain relation, or a multi-well type that can
be associated with material degradation and cavitation. Let D ⊂ Rd, for d = 2, 3, be the
material domain. For a displacement field u : D × [0, T ] → Rd, the strain between two
material points x,y ∈ D is given by

S(y,x, t;u) =
u(y, t)− u(x, t)

|y − x| · y − x|y − x| . (1.2.1)

Let ε > 0 be the size of horizon and Hε(x) = {y ∈ Rd : |y − x| < ε} is the neighborhood
of a material point x. For pairwise interaction, we assume the following form of pairwise
interaction potential

Wε(S(y,x, t;u)) =
J ε(|y − x|)
ε|y − x| f(

√
|y − x|S(y,x, t;u)), (1.2.2)

where J ε(|y − x|) is the influence function. We assume J ε(|y − x|) = J(|y − x|/ε) where
0 ≤ J(r) ≤M for r < 1 and J(r) = 0 for r ≥ 1. The potential f , see Figure 1.1a, is assumed
to be convex for small strains and becomes concave for larger strains. In the widely used
prototypical micro-elastic brittle (PMB) peridynamic material, the strain vs force profile
is linear up to some critical strain Sc and is zero for any strain above Sc. In contrast, the
peridynamic force given by ∂SWε, is linear near zero strain and as the strain gets larger and
reaches the critical strain, S+

c (S−c ) for positive (negative) strain, the bond starts to soften,

see Figure 1.1b. For a given potential function f , the critical strain is given by S+
c = r+√

|y−x|

and S−c = r−√
|y−x|

where r+ > 0, r− < 0 are the inflection points of the potential function

f as shown in Figure 1.1a.
The spherical or hydrostatic strain θ(x, t;u) at a material point is given by

θ(x, t;u) =
1

εdωd

∫
Hε(x)

J ε(|y − x|)S(y,x, t;u)|y − x| dy, (1.2.3)
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Figure 1.2: (a) Two types of potential function g(r) for hydrostatic force. The dashed line
corresponds to the quadratic potential g(r) = βr2/2. The solid line corresponds to the
convex-concave type potential g(r). For the convex-concave type potential, there are two
special points r−∗ and r+

∗ at which material points start to soften. C+
∗ and C−∗ are two

extreme values. (b) Hydrostatic forces.

where ωd is the volume of unit ball in dimension d = 2, 3. The potential for hydrostatic
interaction is of the form

Vε(θ(x, t;u)) =
g(θ(x, t;u))

ε2
, (1.2.4)

where g is the potential function associated to hydrostatic strain. Here g can be of two
types: 1) a quadratic function with only one well at zero strain, and 2) a convex-concave
function with a well at the origin and at ±∞, see Figure 1.2a. If g is assumed to be quadratic
then the force due to spherical strain is linear. If g is a multi-well potential, the material
softens as the hydrostatic strains exceeds critical value. For the convex-concave type g, the
critical values are 0 < θ+

c and θ−c < 0 beyond which the force begins to soften is related to
the inflection point r+

∗ and r−∗ of g as follows

θ+
c = r+

∗ , θ−c = r−∗ . (1.2.5)

The critical compressive hydrostatic strain where the force begins to soften for negative
hydrostatic strain is chosen much larger in magnitude than θ+

c , i.e. θ+
c << |θ−c |.

To enforce zero displacement boundary conditions at ∂D and to insure a well posed
evolution we introduce the boundary function ω(x). This function is introduced as a factor
into the potentials Wε and Vε. Here the boundary function takes value 1 in the interior of
domain and is zero on the boundary. We assume supx |∇ω(x)| <∞ and supx |∇2ω(x)| <∞
in our analysis. The hydrostatic strain is modified to include the boundary and is given by

θ(x, t;u) =
1

εdωd

∫
Hε(x)

ω(y)J ε(|y − x|)S(y,x, t;u)|y − x| dy. (1.2.6)

The peridynamic potentials Equation 1.2.2 and Equation 1.2.4 are modified to see the
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boundary as follows

Wε(S(y,x, t;u)) = ω(x)ω(y)
J ε(|y − x|)
ε|y − x| f(

√
|y − x|S(y,x, t;u)), (1.2.7)

Vε(θ(x, t;u)) = ω(x)
g(θ(x, t;u))

ε2
. (1.2.8)

We assume that potential function f is at least 4 times differentiable and satisfies following
regularity condition:

Cf0 := sup
r
|f(r)| <∞, Cfi := sup

r
|f (i)(r)| <∞, ∀i = 1, 2, 3, 4. (1.2.9)

If potential function g is convex-concave type then we assume that g satisfies same regularity
condition as f . We denote constants Cgi , for i = 0, 1, .., 4, similar to Cfi above.

The total potential energy at time t is given by

PDε(u(t)) =
1

εdωd

∫
D

∫
Hε(x)

|y − x|Wε(S(y,x, t;u)) dydx

+

∫
D
Vε(θ(x, t;u)) dx,

(1.2.10)

where potentialWε and Vε are described above. The material is assumed to be homogeneous
and the density is given by ρ. The applied body force is denoted by b(x, t). We define the
Lagrangian

L(u, ∂tu, t) =
ρ

2
||u̇||2 − PDε(u(t)) +

∫
D
b(t) · u(t)dx,

here u̇ is the velocity given by the time derivative of u. Applying the principal of least
action gives the nonlocal dynamics

ρü(x, t) = Lε(u)(x, t) + b(x, t), for x ∈ D, (1.2.11)

where

Lε(u)(x, t) = LεT (u)(x, t) + LεD(u)(x, t), (1.2.12)

LεT (u) is the peridynamic force due to bond-based interaction and is given by

LεT (u)(x, t)

=
2

εdωd

∫
Hε(x)

ω(x)ω(y)
J ε(|y − x|)
ε|y − x| ∂Sf(

√
|y − x|S(y,x, t;u))ey−x dy, (1.2.13)

and LεD(u) is the peridynamic force due to state-based interaction and is given by

LεD(u)(x, t)

=
1

εdωd

∫
Hε(x)

ω(x)ω(y)
J ε(|y − x|)

ε2
[∂θg(θ(y, t;u)) + ∂θg(θ(x, t;u))] ey−x dy. (1.2.14)

The dynamics is complemented with the initial data

u(x, 0) = u0(x), ∂tu(x, 0) = v0(x). (1.2.15)
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We prescribe zero Dirichlet boundary condition on the boundary ∂D

u(x) = 0 ∀x ∈ ∂D. (1.2.16)

We extend the zero boundary condition outside D to whole Rd.
We conclude with notation that is used throughout. Points and vectors in Rd are denoted

as bold letters. For convenience the key notation is listed here as well as defined where it
is first used.

[0, T ] Time domain
ε Size of horizon
ρ Density
Hε(x) Horizon of x ∈ D, a ball of radius ε centered at x
ωd Volume of unit ball in dimension d = 2, 3
ω(x) ∈ [0, 1] Boundary function defined on D taking value 1 in the inte-

rior and smoothly decaying to 0 as x approaches ∂D
u Displacement field defined over D× [0, T ]. We may also use

notation u to denote field defined over just D
u0,v0 Initial condition on displacement
b Body force defined over D × [0, T ]
ey−x The unit vector pointing from a point y to the point x

S = S(y,x, t;u) Bond strain S = u(y,t)−u(x,t)
|y−x| · ey−x. We may also use

S(y,x;u) if u is a filed defined over just D
θ = θ(x, t;u) Spherical or hydrostatic strain. We may also use θ(x;u) if

u is a filed defined over just D
S+
c , S

−
c Critical bond strain

θ+
c , θ

−
c Critical hydrostatic strain

J ε(r) = J(r/ε) Influence function where J is integrable with J(r) = 0 for
r ≥ 1 and 0 ≤ J(r) ≤M for r < 1

J̄α Moment of function J over H1(0) with weight 1/(ωd|ξ|α)
f, g Potential functions for pairwise and state-based interaction
Wε,Vε Pairwise and state-based potential energy density
PDε(u(t)) Total peridynamic potential energy at time t
Eε(u)(t) Total dynamic energy at time t
Lε,LεT ,LεD total peridynamic force, pairwise peridynamic force, and

state-based peridynamic force respectively
aε(u,v) Nonlinear operator where u,v are vector fields over D
aεT , a

ε
D Nonlinear pairwise and state-based operator

|| · ||, || · ||∞, || · ||n L2 norm over D, L∞ norm over D, and Sobolev Hn norm
over D (for n = 1, 2) respectively
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h,∆t Size of mesh and size of time step
Th Triangulation ofD given by triangular/tetrahedral elements
Ih Continuous piecewise linear interpolation operator on Th
W Space of functions in H2(D;Rd) such that trace of function

is zero on boundary ∂D, i.e. W = H2(D;Rd) ∩H1
0 (D;Rd)

Vh Space of continuous piecewise linear interpolations on Th
φi Interpolation function of mesh node i
rh(u) Finite element projection of u onto Vh
Ek Total error in mean square norm at time step k
ukh,v

k
h Approximate displacement and velocity field at time step k

uk,vk Exact displacement and velocity field at time step k



Chapter 2

Finite element approximation of
nonlocal fracture models

2.1 Introduction

In this chapter we focus on finite element approximations. We first show the well-posedness
of the peridynamic formulation and that peridynamic evolutions exist in the Sobolev space
H2. Application of earlier work [Lipton, 2016], [Lipton, 2014] shows that these solutions
converge as the nonlocal interaction goes to zero, in mean square, to sharp fracture solu-
tions where evolving cracks are growing in otherwise elastic regions. The finite element
approximation has been applied to peridynamic fracture, however to the best of the PI’s
knowledge this investigation is the first to develop rigorous a-priori convergence theory
for the finite element approximation to peridynamic problems in the presence of material
failure. In this project we first prove existence of peridynamic evolutions taking values
in H2(D;Rd) ∩ H1

0 (D;Rd) that are twice differentiable in time, see Theorem 2.1.2. We
note that as these evolutions will become more fracture like as the region of nonlocal in-
teraction decreases. These evolutions can be thought of as inner approximations (or reg-
ularized) fracture evolutions. On passing to subsequences it is possible to show that the
H2(D;Rd)∩H1

0 (D;Rd) evolutions converge in the limit of vanishing non-locality to a limit
solution taking values in the space of special functions of bounded deformation SBD. Func-
tions in the class SBD have localized jump sets and off these sets they have well defined
gradients. This is the function space used for fracture. Here the limit evolution has a
well defined Griffith fracture energy bounded by the initial data, see [Lipton, 2016] and
[Jha and Lipton, 2019b]. We show here that higher temporal regularity can be established
if the body force changes smoothly in time. Motivated by these considerations we develop
finite element error estimates for solutions that take values in H2(D;Rd) ∩H1

0 (D;Rd) and
for a bounded time interval.

In this project we obtain an a-priori L2 error bound for the finite element approxima-
tion of the displacement and velocity using a central in time discretization. Due to the
nonlinear nature of the problem we get a convergence rate by using Lax Richtmyer stability
together with consistency. Both stability and consistency are shown to follow from the
Lipschitz continuity of the peridynamic force in L2(D;Rd). We show that the finite element
approximations converge to the H2 solutions uniformly in time as measured in the mean
square norm. For linear continuous finite elements the convergence rate is shown to be

10
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Ct∆t+Csh
2/ε2, where ε is the size of horizon, h is the mesh size, and ∆t is the size of time

step. The constants Ct and Cs are independent of ∆t and h and may depend on ε through
the norm of the exact solution, see Theorem 3.3.3. We demonstrate the stability of the
semi-discrete approximation. The stability of the fully discrete approximation is shown for
the linearized peridynamic force. We will present numerical simulations with dynamic crack
propagation that support the theoretical convergence rate. A more elaborate discussion of
the a-priori bound is presented in section subsection 2.3.2. For the linearized model we
obtain a stability condition on ∆t, Theorem 2.3.2, that is of the same form as those given
for linear local and nonlocal wave equations [Karaa, 2012, Guan and Gunzburger, 2015].
We demonstrate stability for the linearized model noting that for small strains the material
behaves like a linear elastic material and that the stability of the linearized model is neces-
sary for the stability of the nonlinear model. We believe a more constructive CFL stability
condition is possible for the linear case and will pursue this in future work.

We carry out numerical experiments for dynamic crack propagation and obtain conver-
gence rates for Plexiglass that are in line with the theory, see section 2.4. We also compare
the Griffith’s fracture energy with the peridynamic energy of the material softening zone
we show good agreement between the two energies, see subsection 2.4.2. Finite difference
methods are less expensive than finite element approximations for nonlocal problems, how-
ever the latter offers more control on the accuracy of solution see, [Macek and Silling, 2007,
Littlewood, 2010, Du et al., 2013c, Gerstle et al., 2007, Du, 2018b].

Here the a-priori L2 convergence rates for the FEM given by Theorem 3.3.3 include
the effects of material degradation through the softening of material properties. The FEM
simulations presented in this paper show that the material develops localized softening
zones (region where bonds exceed critical tensile strain) as it deforms. This is in con-
trast to linear peridynamic models which are incapable of developing softening zones. For
nonlinear peridynamic models with material failure the localization of zones of softening
and damage is the hallmark of peridynamic modeling [Silling, 2000, Silling et al., 2007],
[Ha and Bobaru, 2010], [Foster et al., 2011]. One notes that the a-priori error involves ε
in the denominator and in many cases ε is chosen small. However typical dynamic frac-
ture experiments last only hundreds of microseconds and the a-priori error is controlled
by the product of simulation time multiplied by h2/ε2. So for material properties char-
acteristic of Plexiglass and ε of size 4mm, the a-priori estimates predict a relative error
of 1/10 for simulations lasting around 100 microseconds. We point out that the a-priori
error estimates assume the appearance of nonlinearity anywhere in the computational do-
main. On the other hand numerical simulation and independent theoretical estimates show
that the nonlinearity concentrates along cracks of finite length and width equal to ε, see
[Lipton, 2016, Lipton, 2014]. Moreover the remainder of the computational domain is seen
to behave linearly and to leading order can be modeled as a linear elastic material up to
an error proportional to ε, see [Proposition 6, [Jha and Lipton 2018b]]. Future work will
use these observations to focus on adaptive implementation and a-posteriori estimates. A-
posteriori convergence for FEM models of peridynamics with material degradation can be
seen in the work [Macek and Silling, 2007], [Chen and Gunzburger, 2011],
[Ren et al., 2017]. For other nonlinear and nonlocal models adaptive mesh refinement within
FE framework for nonlocal models has been explored in [Du et al., 2013c] and convergence
of the adaptive FE approximation is rigorously shown. A-posteriori error analysis of linear
nonlocal models is carried out in [Du et al., 2013b].
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2.1.1 Existence of solutions and higher regularity in time

We recall that the space Hn
0 (D;Rd) is the closure in the Hn norm of the functions that

are infinitely differentiable with compact support in D. For suitable initial conditions and
body force we have shown that solutions exist in

W = H2(D;Rd) ∩H1
0 (D;Rd) = {v ∈ H2(D;Rd) : γv = 0, on ∂D} (2.1.1)

where γ is the trace of the function v on the boundary of D. We will assume that u ∈ W
is extended by zero outside D. We first exhibit the Lipschitz continuity property and
boundedness of the peridynamic force for displacements in W . We then apply [Theorem
3.2, [Jha and Lipton, 2019]] to conclude the existence of unique solutions.

The Lipschitz continuity property of a peridynamic force Lε.

Theorem 2.1.1 Lipschitz continuity of peridynamic force
Let f be a convex-concave function satisfying Cfi < ∞ for i = 0, .., 4 and let g either be a
quadratic function, or g be a convex-concave function with Cgi <∞ for i = 0, .., 4. Also, let
boundary function ω : D → [0, 1] be such that supx∈D |∇ω(x)| <∞ and supx∈D |∇2ω(x)| <
∞. Then, for any u,v ∈W , we have

||Lε(u)− Lε(v)||2 ≤
L̄1(1 + ||u||2 + ||v||2)2

ε3
||u− v||2, (2.1.2)

where constant L̄1 does not depend on ε and u,v. Also, for u ∈W , we have

||Lε(u)||2 ≤
L̄2(||u||2 + ||u||22)

ε5/2
, (2.1.3)

where constant L̄2 does not depend on ε and u.

Now let T > 0 be any positive number, a straight-forward application of [Theorem 3.2,
[Jha and Lipton, 2019]] gives:

Theorem 2.1.2 Existence and uniqueness of solutions over finite time intervals
Let f , g, and ω satisfy the hypothesis of Theorem 2.1.1. For any initial condition u0,v0 ∈
W , time interval I0 = (−T, T ), and right hand side b(t) continuous in time for t ∈ I0

such that b(t) satisfies supt∈I0 ||b(t)||2 < ∞, there is a unique solution u(t) ∈ C2(I0;W )
of peridynamic equation 1.2.11. Also, u(t) and u̇(t) are Lipschitz continuous in time for
t ∈ I0.

We also have shown higher regularity in time of the evolutions:

Theorem 2.1.3 Higher regularity
Suppose the initial data and righthand side b(t) satisfy the hypothesis of Theorem 2.1.2 and
suppose further that ḃ(t) exists and is continuous in time for t ∈ I0 and supt∈I0 ||ḃ(t)||2 <
∞. Then u ∈ C3(I0;W ) and

||∂3
tttu(x, t)||2 ≤

C(1 + sups∈I0 ||u(s)||2)2

ε3
sup
s∈I0
||∂tu(s)||2 + ||ḃ(x, t)||2, (2.1.4)

where C is a positive constant independent of u.
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We also can conclude Lipshitz continuity of the peridynamic force in the L2 (mean
square) norm. For any u,v ∈ L2

0(D;Rd), we have with respect to

||Lε(u)− Lε(v)|| ≤ L

ε2
||u− v||. (2.1.5)

where we have an explicit formula for the constant L is given by

L :=

{
4(Cf2 J̄1 + Cg2 J̄

2
0 ) if g is a convex-concave type,

4(Cf2 J̄1 + g′′(0)J̄2
0 ) if g is a quadratic function,

(2.1.6)

and J̄α = (1/ωd)
∫
H1(0) J(|ξ|)/|ξ|αdξ .

2.1.2 Weak form

We multiply Equation 1.2.11 by a test function ũ in H1
0 (D;Rd) and integrate over D to get

(ü(t), ũ) = (Lε(u(t)), ũ) + (b(t), ũ). (2.1.7)

We have the following integration by parts formula:

Lemma 2.1.4 For any u,v ∈ L2
0(D;Rd) we have

(Lε(u),v) = −aε(u,v), (2.1.8)

where

aε(u,v) = aεT (u,v) + aεD(u,v) (2.1.9)

and

aεT (u,v) =
1

εd+1ωd

∫
D

∫
D
ω(x)ω(y)J ε(|y − x|)

∂Sf(
√
|y − x|S(y,x;u))S(y,x;v)dydx,

aεD(u,v) =
1

ε2

∫
D
ω(x)g′(θ(x;u))θ(x;v)dx. (2.1.10)

The proof of above lemma is identical to the proof of Lemma 4.2 in [Lipton et al., 2018a].
Using the above Lemma, the weak form of the peridynamic evolution is given by

(ü(t), ũ) + aε(u(t), ũ) = (b(t), ũ). (2.1.11)

Total dynamic energy: We define the total dynamic energy as follows

Eε(u)(t) =
1

2
||u̇(t)||2L2 + PDε(u(t)), (2.1.12)

where PDε is defined in Equation 1.2.10. Time derivative of total energy satisfies

d

dt
Eε(u)(t) = (ü(t), u̇(t)) + aε(u(t), u̇(t)). (2.1.13)
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Remark. It is readily verified that the peridynamic force and energy are bounded
for all functions in L2(D;Rd). Here the bound on the force follows from the Lipschitz
property of the force in L2(D;Rd), see, Equation 2.1.5. The peridynamic force is also
bounded for functions u in H1(D;Rd). This again follows from the Lipschitz property of
the force in H1(D;Rd). The boundedness of the energy PDε(u) in both L2(D;Rd) and
H1(D;Rd) follows from the boundedness of the bond potential energy Wε(S(y,x, t;u))
and Vε(θ(x, t;u)) used in the definition of PDε(u), see Equation 1.2.7 and Equation 1.2.8.
More generally this also shows that PDε(u) <∞ for u ∈ L1(D;Rd).

We next discuss the spatial and the time discretization of peridynamic equation.

2.2 Finite element approximation

Let Vh be given by linear continuous interpolations over tetrahedral or triangular elements
Th where h denotes the size of finite element mesh. Here we assume the elements are
conforming and the finite element mesh is shape regular and Vh ⊂ H1

0 (D;Rd).
For a continuous function u on D̄, Ih(u) is the continuous piecewise linear interpolant

on Th. It is given by

Ih(u)

∣∣∣∣
T

= IT (u) ∀T ∈ Th, (2.2.1)

where IT (u) is the local interpolant defined over finite element T and is given by

IT (u) =

n∑
i=1

u(xi)φi. (2.2.2)

Here n is the number of vertices in an element T , xi is the position of vertex i, and φi is
the linear interpolant associated to vertex i.

Application of Theorem 4.4.20 and remark 4.4.27 in [Brenner and Scott, 2007] gives

||u− Ih(u)|| ≤ ch2||u||2, ∀u ∈W. (2.2.3)

Let rh(u) denote the projection of u ∈W on Vh. For the L2 norm it is defined as

||u− rh(u)|| = inf
ũ∈Vh

||u− ũ||. (2.2.4)

and satisfies

(rh(u), ũ) = (u, ũ), ∀ũ ∈ Vh. (2.2.5)

Since Ih(u) ∈ Vh, and Equation 2.2.3 we see that

||u− rh(u)|| ≤ ch2||u||2, ∀u ∈W (2.2.6)

2.2.1 Semi-discrete approximation

Let uh(t) ∈ Vh be the approximation of u(t) satisfying following for all t ∈ [0, T ]

(üh, ũ) + aε(uh(t), ũ) = (b(t), ũ), ∀ũ ∈ Vh. (2.2.7)

We have following result:
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Theorem 2.2.1 Energy stability of semi-discrete approximation
The semi-discrete scheme is stable and the energy Eε(uh)(t), defined in Equation 2.1.12,
satisfies the following bound

Eε(uh)(t) ≤
[√
Eε(uh)(0) +

∫ t

0
||b(τ)||dτ

]2

.

2.3 Central difference time discretization

In subsection 2.3.2 we calculate the convergence rate for the central difference time dis-
cretization of the fully nonlinear problem. We then present a CFL like condition on the
time step ∆t for the linearized peridynamic equation in subsection 2.3.3.

At time step k, the exact solution is given by (uk,vk) where vk = ∂uk/∂t, and their
projection onto Vh is given by (rh(uk), rh(vk)). The solution of fully discrete problem at
time step k is given by (ukh,v

k
h).

We approximate the initial data on displacement u0 and velocity v0 by their projections
rh(u0) and rh(v0). Let u0

h = rh(u0) and v0
h = rh(v0). For k ≥ 1, (ukh,v

k
h) satisfies, for all

ũ ∈ Vh, (
uk+1
h − ukh

∆t
, ũ

)
= (vk+1

h , ũ),(
vk+1
h − vkh

∆t
, ũ

)
= (Lε(ukh), ũ) + (bkh, ũ), (2.3.1)

where we have denoted the projection of b(tk), i.e. rh(b(tk)), as bkh. Combining the two
equations delivers central difference equation for ukh. We have(

uk+1
h − 2ukh + uk−1

h

∆t2
, ũ

)
= (Lε(ukh), ũ) + (bkh, ũ), ∀ũ ∈ Vh. (2.3.2)

For k = 0, we have ∀ũ ∈ Vh(
u1
h − u0

h

∆t2
, ũ

)
=

1

2
(Lε(u0

h), ũ) +
1

∆t
(v0
h, ũ) +

1

2
(b0
h, ũ). (2.3.3)

2.3.1 Implementation details

For completeness we describe the implementation of the time stepping method using FEM
interpolants. Let N be the shape tensor then ukh, ũ ∈ Vh are given by

ukh = NUk, ũ = NŨ , (2.3.4)

where Uk and Ũ are Nd dimensional vectors, where N is the number of nodal points in
the mesh and d is the dimension.
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From Equation 2.3.2, for all Ũ ∈ RNd with elements of Ũ zero on the boundary, then
the following holds for k ≥ 1[

M
Uk+1 − 2Uk +Uk−1

∆t2

]
· Ũ = F k · Ũ . (2.3.5)

Here the mass matrix M and force vector F k are given by

M :=

∫
D
NTNdx,

F k := F k
pd +

∫
D
NTb(x, tk)dx, (2.3.6)

where F k
pd is defined by

F k
pd :=

∫
D
NT (Lε(ukh)(x))dx. (2.3.7)

We remark that a similar equation holds for k = 0.
At the time step k we must invert M to solve for Uk+1 using

Uk+1 = ∆t2M−1F k + 2Uk −Uk−1. (2.3.8)

As is well known this inversion amounts to an increase of computational complexity asso-
ciated with discrete approximation of the weak formulation of the evolution. Further, the
matrix-vector multiplication M−1F k needs to be carried out at each time step. On the
other hand the quadrature error in the computation of the force vector F k

pd is reduced when
using the weak form.

We next show the convergence of approximation.

2.3.2 Convergence of approximation

In this section, we prove the uniform bound on the error and show that the approximate
solution converges to the exact solution with rate given by Ct∆t + Csh

2/ε2. Here horizon
ε > 0 is assumed to be fixed. We first compare the exact solution with its projection in
Vh and then compare the projection with the approximate solution. We further divide
the calculation of error between the projection and the approximate solution in two parts,
namely consistency analysis and error analysis.

Error Ek is given by

Ek := ||ukh − u(tk)||+ ||vkh − v(tk)||.

The error is split into two parts as follows

Ek ≤
(
||uk − rh(uk)||+ ||vk − rh(vk)||

)
+
(
||rh(uk)− ukh||+ ||rh(vk)− vkh||

)
,

where the first term is the error between the exact solution and projection, and the second
term is the error between the projection and approximate solution. Let

ekh(u) := rh(uk)− ukh and ekh(v) := rh(vk)− vkh (2.3.9)
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and

ek := ||ekh(u)||+ ||ekh(v)||. (2.3.10)

Using Equation 2.2.6, we have

Ek ≤ Cph2 + ek, (2.3.11)

where

Cp := c

[
sup
t
||u(t)||2 + sup

t
||∂u(t)

∂t
||2
]
. (2.3.12)

We have the following a-priori convergence rate given by

Theorem 2.3.1 Convergence of Central difference approximation
Let (u,v) be the exact solution of the peridynamic equation 1.2.11. Let (ukh,v

k
h) be the FE

solution of Equation 2.3.1. If u,v ∈ C2([0, T ];W ), then the scheme is consistent and the
error Ek satisfies following bound

sup
k≤T/∆t

Ek

= Cph
2 + exp[T (1 + L/ε2)(

1

1−∆t
)]

[
e0 +

(
T

1−∆t

)(
Ct∆t+ Cs

h2

ε2

)]
(2.3.13)

where the constants Cp, Ct, and Cs are given by Equation 2.3.12. The constant L/ε2 is the
Lipschitz constant of the peridynamic force Lε(u) in L2, see Equation 2.1.5. If the error in
initial data is zero then Ek is of the order of Ct∆t+ Csh

2/ε2.

In Theorem 2.1.3 we have shown that u,v ∈ C2([0, T ];W ) for righthand side b ∈ C1([0, T ];W ).
In section 2.5 we discuss the behavior of the exponential constant appearing in Theo-
rem 3.3.3 for evolution times seen in fracture experiments.

2.3.3 Linearized peridynamics and energy stability

In this section, we linearize the peridynamics model and state a CFL like stability condition.
For problems where strains are small, the stability condition for the linearized model is
expected to apply to the nonlinear model. The slope of peridynamics potential f and g
are constant for sufficiently small strain and therefore for small strain the nonlinear model
behaves like a linear model.

In Equation 1.2.13, linearization gives

LεT,l(u)(x) =
2

εd+1ωd

∫
Hε(x)

ω(x)ω(y)J ε(|y − x|)f ′′(0)S(y,x;u)ey−xdy. (2.3.14)

The corresponding bilinear form is denoted as aεT,l and is given by

aεT,l(u,v) =
f ′′(0)

εd+1ωd

∫
D

∫
D
ω(x)ω(y)J ε(|y − x|)|y − x|S(y,x;u)S(y,x;v)dydx. (2.3.15)
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Similarly, linearization of LεD in Equation 1.2.14 gives

LεD,l(u)(x) =
g′′(0)

εd+2ωd

∫
Hε(x)

ω(x)ω(y)J ε(|y − x|) [θ(y, t;u) + θ(x, t;u)] ey−x dy. (2.3.16)

The associated bilinear form is given by

aεD,l(u,v) =
g′′(0)

ε2

∫
D
ω(x)θ(x;u)θ(y;v)dx. (2.3.17)

The total force after linearization is

Lεl (u)(x) = LεT,l(u)(x) + LεD,l(u)(x) (2.3.18)

and the bilinear operator associated to Lεl is given by

aεl (u,v) = aεT,l(u,v) + aεD,l(u,v). (2.3.19)

We have

(Lεl (u),v) = −aεl (u,v).

We now discuss the stability of the FEM approximation to the linearized problem. Let
ukl,h denote the approximate solution satisfying, for k ≥ 1,(

uk+1
l,h − 2ukl,h + uk−1

l,h

∆t2
, ũ

)
= (Lεl (ukl,h), ũ) + (bkh, ũ), ∀ũ ∈ Vh (2.3.20)

and, for k = 0,(
u1
l,h − u0

l,h

∆t2
, ũ

)
=

1

2
(Lε(u0

l,h), ũ) +
1

∆t
(v0
l,h, ũ) +

1

2
(b0
h, ũ), ∀ũ ∈ Vh. (2.3.21)

The following notation will be used to define the discrete energy at each time step k

uk+1
h :=

uk+1
h + ukh

2
, ukh :=

ukh + uk−1
h

2
,

∂̄tu
k
h :=

uk+1
h − uk−1

h

2∆t
, ∂̄+

t u
k
h :=

uk+1
h − ukh

∆t
, ∂̄−t u

k
h :=

ukh − uk−1
h

∆t
. (2.3.22)

We also define

∂̄ttu
k
h :=

uk+1
h − 2ukh + uk−1

h

∆t2
=
∂̄+
t u

k
h − ∂̄−t ukh
∆t

.

We introduce the discrete energy associated with ukl,h at time step k as follows

E(ukl,h) :=
1

2

[
||∂̄+

t u
k
l,h||2 −

∆t2

4
aεl (∂̄

+
t u

k
l,h, ∂̄

+
t u

k
l,h) + aεl (u

k+1
l,h ,uk+1

l,h )

]
Following [Theorem 4.1, [Karaa, 2012]], the stability of central difference scheme is given

by
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Theorem 2.3.2 Energy Stability of the Central difference approximation of lin-
earized peridynamics
Let ukl,h be the approximate solution of Equation 2.3.20 and Equation 2.3.21. In the absence
of body force b(t) = 0 for all t, if ∆t satisfies the CFL like condition

∆t2

4
sup

u∈Vh\{0}

aεl (u,u)

(u,u)
≤ 1, (2.3.23)

then the discrete energy is positive and we have the stability

E(ukl,h) = E(u0
l,h). (2.3.24)

2.4 Numerical experimants

In this section, we present numerical simulations that are consistent with the theoretical
a-priori bound on the convergence rate. We also compare the peridynamic energy of the
material softening zone and the classic Griffith’s fracture energy of linear elastic fracture
mechanics.

We consider Plexiglass at room temperature and specify the density ρ = 1200 kg/m3,
bulk modulus K = 25GPa, Poisson’s ratio ν = 0.245, and critical energy release rate
Gc = 500 Jm−2. The pairwise interaction and the hydrostatic interaction are characterized
by potentials f(r) = c(1− exp[−βr2]) and g(r) = C̄r2/2 respectively. Here we have used a
quadratic hydrostatic interaction potential. The influence function is J(r) = 1 − r. Since
pairwise potential f is symmetric for positive and negative strain the critical strain is given
by Sc(y, bx) = ±r̄√

y−x , where ±r̄ is the inflection point of f(r) given by r̄ = 1√
β

. Following

equations 94, 95, and 97 of [Lipton et al., 2018b], the relation between peridynamic material
parameters and Lamé constants (λ, µ) and critical energy release rate Gc can be written as
(for 2-d)

c =
πGc
4MJ

, β =
4µ

CMJ
, C̄ =

2(λ− µ)

M2
J

, (2.4.1)

where MJ is given by

MJ =

∫ 1

0
J(r)r2dr =

1

12
.

By solving Equation 2.4.1, we get c = 4712.4, C̄ = −1.7349× 1011, β = 1.5647× 108.
We consider a 2-d domain D = [0, 0.1m]2 (with unit thickness in third direction) with

vertical crack of length 0.02m. The boundary conditions are described in Figure 3.2. The
simulation time is T = 40µs and the time step is ∆t = 0.004µs. We consider two horizons
8mm and 4mm. We run simulations for mesh sizes h = 2, 1, 0.5mm. We consider the cen-
tral difference time discretization described by Equation 2.3.2 on a uniform mesh consisting
of linear triangle elements. Second order quadrature approximation is used in the simula-
tion for each triangle element. To reduce the load on memory and to avoid matrix-vector
multiplication at each time step, we approximate the mass matrix by diagonal mass matrix
using lumping (row-sum) technique. Suppose exact mass matrix is M = [mij ] where mij

is the element of M corresponding to ith row and jth column, then we approximate M by
diagonal matrix M̂ = [m̂ij ] where m̂ii =

∑
jmij and m̂ij = 0 if j 6= i.
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Figure 2.1: Material domain D = [0, 0.1m]2 with crack of length 0.02m. The x-component
and y-component of displacement are fixed along a collar of thickness equal to the horizon
on top. On the bottom the velocity vx = ±1m/s along x-direction is specified on either
side of the crack to make the crack propagate upwards.

2.4.1 Convergence rate

To compute convergence rate numerically we proceed as follows: consider a fixed horizon
ε and three different mesh sizes h1, h2, h3 such that r = h1/h2 = h2/h3. Let u1,u2,u3 be
approximate solutions corresponding to meshes of size h1, h2, h3, and let u be the exact
solution. We write the error as ||uh − u|| = Chα for some constant C and α > 0, to get

log(||u1 − u2||) = C + α log h2,

log(||u2 − u3||) = C + α log h3.

From above two equations, it is easy to see that the rate of convergence α is

log(||u1 − u2||)− log(||u2 − u3||)
log(r)

. (2.4.2)

The convergence result for horizons ε = 8mm and ε = 4mm is shown in Figure 3.5. In
the simulation we have considered second order approximation of integration using quadra-
ture points. The simulations show a rate of convergence that agrees with the a-priori
estimates given in Theorem 3.3.3.

2.4.2 Fracture energy of crack zone

The extent of damage at material point x is given by the function Z(x)

Z(x) = max
y∈Hε(x)∩D

S(y,x;u)

S+
c

. (2.4.3)

The crack zone is defined as set of material points which have Z > 1. We compute the
peridynamic energy of crack zone and compare it with the Griffith’s fracture energy. For
a crack of length l, the Griffith’s fracture energy (G.E.) will be G.E. = Gc × l. The
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Figure 2.2: Convergence rate at different times for two horizons. For both horizons
ε = 4, 8mm, the three meshes of size h = 2, 1, 0.5mm were considered to compute the
convergence rate.

peridynamic fracture energy (P.E.) associated with the material softening zone is given by

P.E. =

∫
x∈D,
Z(x)≥1

[
1

εdωd

∫
Hε(x)

|y − x|Wε(S(y,x;u)) dy

]
dx

+

∫
x∈D,
Z(x)≥1

Vε(θ(x, t;u)) dx

where Wε(S(y,x;u)) is the bond-based potential, see Equation 1.2.2 and Vε(θ(x, t;u)) is
the hydrostatic interaction potential, see Equation 1.2.4.

In Figure 2.3 classical fracture energy and peridynamic fracture energy is shown at
different crack length. The error in both energies at different times is shown in Figure 2.4.
The agreement between two energies is good. The damage profile at time 30µs and 40µs
is shown in Figure 2.5. At each node, the damage function Z is computed by treating edges
between mesh nodes as bonds. In addition to the damage plots, we show velocity profile
at 30µs and 40µs in Figure 2.6. In Figure 2.7 we show the plot of the xx component of
symmetric gradient of the displacement. Here the region for which the magnitude of the
strain is greater than a multiple of the critical strain is the yellow region. It is seen that
the high strain region surrounds the crack.

As the crack is propagating vertically it is seen that the high strain region is next to the
crack i

2.5 Concluding remarks on the FEM method for nonlocal
fracture modeling

We have provided a-priori error estimates for finite element approximations to nonlocal
state based peridynamic fracture models. We have shown that the convergence rate applies
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Figure 2.3: Peridynamic energy and Griffith’s energy as a function of crack length.
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Figure 2.4: Error between Peridynamic energy and Griffith’s energy at different times.

even over time intervals for which the material is softening over parts of the computational
domain. The results are established for two different classes of state-based peridynamic
forces. The convergence rate of the approximation is of the form C(∆t+ h2/ε2) where the
constant C depends on ε and the H2 norm of the solution and its time derivatives. For
fixed ∆t numerical simulations for Plexiglass show that the error decreases at the rate of
h2 at 40µ-sec into the simulation. The simulations were carried out in parallel using 20
threads on an workstation with single Intel Xeon processor and with 32 GB of RAM. We
anticipate similar convergence rates for longer times on bigger parallel machines. We note
that we will also have convergence rates if the spatial regularity of the evolution is in the
Sobelev spaces H1. However for this case we can show the convergence rate is the same as
for the finite difference method discussed in the next section. Because the finite difference
method is simpler to implement and offers less computational complexity than FEM we do
not discuss the H1 FEM and instead discuss the finite difference method in the following
section.

In conclusion we reiterate that the a-priori error estimates account for the possible
appearance of nonlinearity anywhere in the computational domain. On the other hand
numerical simulation and independent theoretical estimates show that the nonlinearity
concentrates along “fat” cracks of finite length and width equal to ε, see [Lipton, 2016,
Lipton, 2014]. Moreover the remainder of the computational domain is seen to behave
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(a) t = 30µs (b) t = 40µs

Figure 2.5: Color plot of damage function Z on deformed material domain at time t = 30µs
and 40µs. Dark blue represents undamaged material Z < 1, Z ≈ 1 is yellow at crack tip,
red is softening material. Here, the displacements are scaled by 100 and damage function
is cut off at 5 to highlight the crack zone.

(a) t = 30µs (b) t = 40µs

Figure 2.6: Velocity profile.
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(a) t = 30µs (b) t = 40µs

Figure 2.7: Magnitude of the xx component of strain ∇u+∇uT . The region for which the
magnitude of the strain is greater than a multiple of the critical strain is the yellow region

linearly and to leading order can be modeled as a linear elastic material up to an error
proportional to ε, see [Proposition 6, [Jha and Lipton 2018b]]. Future work will use these
observations to focus on adaptive implementation and a-posteriori estimates.



Chapter 3

Finite difference approximation to
nonlocal fracture models

3.1 Introduction

In this project published in [Jha and Lipton, 2018a] the new contributions are a-priori con-
vergence rates for finite difference methods applied to state based peridynamic models. As
mentioned earlier the constitutive behavior is non-linear, non-convex and material proper-
ties can degrade during the course of the evolution. Here we consider the class of Hölder
continuous displacement fields and show the existence of a unique Hölder continuous evolu-
tion for a prescribed Hölder continuous initial condition and body force, see Theorem 3.2.2.
To obtain a-priori bounds on the error, we construct the L2 approximation theory for the
finite difference approximation in the spatial variables and the forward Euler approxima-
tion in time, see section 3.3. Hölder continuous solutions are not differentiable and strains
are written as difference quotients. As before the fracture set is approximated by regions
with softening forces with large strains. The model naturally localizes the fracture set in
the computational simulations. We show that discrete approximations converge to the ex-
act Hölder continuous solution uniformly over finite time intervals with respect to the L2

norm. The a-priori rate of convergence in the L2 norm is given by (Ct∆t+Csh
γ/ε2), where

∆t is the size of the time step, h is the size of spatial mesh discretization, γ ∈ (0, 1] is
the Hölder exponent, and ε is the length scale of nonlocal interaction relative to the size
of the domain, see Theorem 3.3.3 The constant Ct depends on the L2 norm of the time
derivatives of the solution, Cs depends on the Hölder norm of the solution and the Lip-
schitz constant of peridynamic force. We point out that the convergence results derived
here can be extended to general single step time discretization using arguments provided in
[Jha and Lipton, 2018a]. Although the constitutive law relating force to strain is nonlinear
we are still able to establish stability for the semi-discrete approximation and it is shown
that the energy at any given time t is bounded above by the energy of the initial conditions
and the total work done by the body force up to time t, see Theorem 3.3.2. We provide
the connection between the non-dimensionalized dynamics used in the a-priori convergence
analysis and the simulated dynamics using dimensional quantities, see section 3.4. The
numerics are carried out for plexiglass. Our numerical simulations are consistent with the
theoretical studies, see section 3.5. In the simulations we introduce a straight crack and
it propagates in response to applied boundary conditions. For these simulations we use

25
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piecewise constant interpolants and record the rate of convergence with respect to mesh
size while keeping the horizon fixed. Our results show that convergence rate remains above
the a-priori estimated rate during the simulation. For illustration we also present numerical
simulations for a pre-cracked samples subject to a bending load.

3.2 Existence of solutions

Let C0,γ(D;Rd) be the Hölder space with exponent γ ∈ (0, 1]. We introduce C0,γ
0 (D) =

C0,γ(D)∩C0(D) where C0(D) is the closure of continuous functions with compact support
on D in the supremum norm. Functions in C0(D) are uniquely extended to D and take
zero values on ∂D. We extend all functions in C0,γ

0 (D) by zero outside D. The norm of

u ∈ C0,γ
0 (D;Rd) is given by

‖u‖C0,γ(D;Rd) := sup
x∈D
|u(x)|+ [u]C0,γ(D;Rd) ,

where [u]C0,γ(D;Rd) is the Hölder semi norm and given by

[u]C0,γ(D;Rd) := sup
x6=y,
x,y∈D

|u(x)− u(y)|
|x− y|γ ,

and C0,γ
0 (D;Rd) is a Banach space with this norm. Here we make the hypothesis that the

domain function ω belongs to C0,γ
0 (D; [0, 1]).

We consider the first order system of equations equivalent to Equation 1.2.11. Let
y1(t) = u(t), y2(t) = v(t) with v(t) = u̇(t). We form the vector y = (y1, y2)T where
y1, y2 ∈ C0,γ

0 (D;Rd) and let F ε(y, t) = (F ε1(y, t), F ε2(y, t))T with

F ε1(y, t) := y2 (3.2.1)

F ε2(y, t) := Lε(y1(t)) + b(t). (3.2.2)

We point out here that the domain function ω insures that F ε(y, t) maps into C0,γ
0 (D;Rd)×

C0,γ
0 (D;Rd). The initial boundary value associated with the evolution Equation 1.2.11 is

equivalent to the initial boundary value problem for the first order system given by

d

dt
y = F ε(y, t), (3.2.3)

with initial condition given by y(0) = (u0,v0)T ∈ C0,γ
0 (D;Rd)× C0,γ

0 (D;Rd).
We next show that F ε(y, t) is Lipschitz continuous.

Proposition 3.2.1 Lipschitz continuity and bound
Let X = C0,γ

0 (D;Rd) × C0,γ
0 (D;Rd). We suppose that the boundary function ω belongs

to C0,γ
0 (D; [0, 1]). Let f be a convex-concave function satisfying Cfi < ∞ for i = 0, .., 4

and let g either be a quadratic function, or g be a convex-concave function with Cgi < ∞
for i = 0, .., 4, then the function F ε(y, t) = (F ε1 , F

ε
2)T , as defined in Equation 3.2.1 and
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Equation 3.2.2, is Lipschitz continuous in any bounded subset of X. We have, for any
y, z ∈ X and t > 0,

‖F ε(y, t)− F ε(z, t)‖X
≤ L1(1 + ||ω||C0,γ )(1 + ||y||X + ||z||X)

ε2+α(γ)
||y − z||X . (3.2.4)

where L1 is independent of u,v and ε, and depends on f , J , and g. The exponent α(γ) is
0 if γ ≥ 1/2 and is 1/2− γ if γ ≤ 1/2. Furthermore, for any y ∈ X and any t ∈ [0, T ], we
have the bound

‖F ε(y, t)‖X ≤
L2(1 + ||ω||C0,γ )(1 + ||y||X)

ε2
+ b, (3.2.5)

where b = supt ‖b(t)‖C0,γ(D;Rd) and L2 is independent of y.

We easily see that on choosing z = 0 in Equation 3.2.4 that Lε(u) is in C0,γ(D;Rd)
provided that u belongs to C0,γ(D;R3). Moreover since Lε(u) takes the value 0 on ∂D we
can conclude that Lε(u) also belongs to C0,γ

0 (D;Rd).
The following theorem gives the existence and uniqueness of solution in any given time

domain I0 = (−T, T ).

Theorem 3.2.2 Existence and uniqueness of Hölder solutions over finite time
intervals
Let f be a convex-concave function satisfying Cfi < ∞ for i = 0, .., 4 and let g either be a
quadratic function, or g be a convex-concave function with Cgi <∞ for i = 0, .., 4. For any

initial condition x0 ∈ X = C0,γ
0 (D;Rd)× C0,γ

0 (D;Rd), time interval I0 = (−T, T ), and right
hand side b(t) continuous in time for t ∈ I0 such that b(t) satisfies supt∈I0 ||b(t)||C0,γ <∞,
there is a unique solution y(t) ∈ C1(I0;X) of

y(t) = x0 +

∫ t

0
F ε(y(τ), τ) dτ, (3.2.6)

or equivalently
y′(t) = F ε(y(t), t),with y(0) = x0, (3.2.7)

where y(t) and y′(t) are Lipschitz continuous in time for t ∈ I0.

We conclude this section by stating the following result which shows the Lipschitz bound
of peridynamic force in L2 norm for functions in L2

0(D;Rd). Here L2
0(D;Rd) denotes the

space of functions u ∈ L2(D;Rd) such that u = 0 on ∂D. We assume that functions in
L2

0(D;Rd) are extended to Rd by zero.

Proposition 3.2.3 Lipschitz continuity of peridynamic force in L2

Let f and g satisfy the hypothesis of Theorem 3.2.2, then for any u,v ∈ L2
0(D;Rd) we have

||Lε(u)− Lε(v)||L2(D;Rd) ≤
L3

ε2
||u− v||L2(D;Rd), (3.2.8)

where the constants L3 and L4 are independent of ε, u and v. Here L3 = 4(Cf1 J̄1 +

Cg2 J̄
2
0 ), for convex-concave g, and L3 = 4(Cf1 J̄1 + g′′(0)J̄2

0 ), for quadratic g. Here J̄α =
1
ωd

∫
H1(0) J(|ξ|)|ξ|−αdξ.
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We now describe the finite difference scheme and give the rate of convergence to Hölder
continuous solutions of the nonlocal equation of motion.

3.3 Finite difference approximation

In this section we consider the discrete approximation to the dynamics given by finite
differences in space and the forward Euler discretization in time. Let h denote the mesh

Figure 3.1: (a) Typical mesh of size h. (b) Unit cell Ui corresponding to material point xi.

size and Dh = D∩ (hZ)d be the associated discretization of the material domain D. In this
paper we will keep the horizon length scale ε fixed and assume that the spatial discretization
length satisfies h < ε < 1. Let i ∈ Zd be the index such that xi = hi ∈ D, see Figure 3.1.
Let Ui be a the cell of volume hd corresponding to the grid point xi. The exact solution
evaluated at grid points is denoted by (ui(t),vi(t)). Given any discrete set {ûi}i,xi∈D,
where i is index representing grid point of mesh, we define its piecewise constant extension
as

û(x) :=
∑
i,xi∈D

ûiχUi(x). (3.3.1)

In this way we have representation of the discrete set as a piecewise constant function.
We now describe the L2-projection of the function u : D → Rd onto the space of

piecewise constant functions defined over the cells Ui. We denote the average of u over the
unit cell Ui as ũi and

ũi :=
1

hd

∫
Ui

u(x)dx (3.3.2)

and the L2 projection of u onto piecewise constant functions is ũ given by

ũ(x) :=
∑
i,xi∈D

ũiχUi(x). (3.3.3)
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Lemma 3.3.1 Let u ∈ C0,γ
0 (D;Rd) and let ũ be its L2 projection defined in Equation 3.3.3,

then we have

|ũ(x)− u(x)| ≤ [cγ ||u||C0,γ ]hγ , ∀x ∈ D,
||ũ(x)− u(x)||L2 ≤

[
cγ
√
|D|||u||C0,γ

]
hγ , (3.3.4)

where c =
√

2 for d = 2 and c =
√

3 for d = 3.

This lemma can be demonstrated easily by substituting Equation 3.3.3 for ũ and using the
fact that u ∈ C0,γ

0 (D;Rd). We also note that first line of Equation 3.3.4 remains valid of x
in a layer of thickness 2ε surrounding D.

3.3.1 Stability of the semi-discrete approximation

We first introduce the semi-discrete boundary condition by setting ûi(t) = 0 for all t and for
all xi /∈ D. Let {ûi(t)}i,xi∈D denote the semi-discrete approximate solution which satisfies
the following, for all t ∈ [0, T ] and i such that xi ∈ D,

¨̂ui(t) = Lε(û(t))(xi) + b(xi, t), (3.3.5)

where û(t) is the piecewise constant extension of discrete set {ûi(t)}i and is defined as

û(x, t) =

{∑
i,xi∈D ûi(t)χUi(x),

0, i, such that xi 6∈ D.
(3.3.6)

The scheme is complemented with the discretized initial conditions ûi(0) = u0(xi) and
v̂i(0) = v0(xi).

The total kinetic and potential energy is given by

Eε(u)(t) =
1

2
||u̇(t)||2L2 + PDε(u(t)),

and we introduce the augmented energy given by

Ēε(u)(t) := Eε(u)(t) +
1

2
||u(t)||2L2 . (3.3.7)

We have the stability of the semi-discrete evolution.

Theorem 3.3.2 Energy stability of the semi-discrete approximation
Let {ûi(t)}i,xi∈D be the solution to the semidiscrete initial boundary value problem Equa-

tion 3.3.5 and û(t) denote its piecewise constant extension. Similarly let b̂(t,x) denote the
piecewise constant extension of {b(t,xi)}i,xi∈D. If f and g are convex-concave type func-
tions satisfying the hypotheses of Theorem 3.2.2, then the total energy Eε(û)(t) satisfies,

Eε(û)(t) ≤
(√
Eε(û)(0) +

tC

ε2
+

∫ t

0
||b̂(s)||L2ds

)2

, ∀t ∈ [0, T ], (3.3.8)

and the constant C is independent of ε and h.
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If f is a convex-concave type function as above and g is quadratic then the augmented
energy Ēε(û)(t) satisfies,

Ēε(û)(t) ≤ exp[3(C2/ε
2 + 1)t]

(
Ēε(û)(0)

+

∫ T

0
(
C2

1

ε4
+ ||b̂(s)||2L2) exp[−3(C2/ε

2 + 1)s]ds

)
, ∀t ∈ [0, T ], (3.3.9)

where the constants C1 and C2 are independent of ε and h.

3.3.2 Time discretization

Let ∆t be the size of the time step and [0, T ] ∩ (∆tZ) be the discretization of the time
domain. We denote the fully discrete solution at (tk = k∆t,xi = ih) as (ûki , v̂

k
i ) and the

exact solution as (uki ,v
k
i ). We enforce the boundary condition ûki = 0 for all xi /∈ D and

for all k. The piecewise constant extension of {ûki }i∈Zd and {v̂ki }i∈Zd are denoted by ûk

and v̂k respectively. The L2-projection of uk and vk onto piecewise constant functions are
denoted by ũk and ṽk respectively.

The forward Euler time discretization, with respect to velocity, and the finite difference
scheme for (ûki , v̂

k
i ) is written

ûk+1
i − ûki

∆t
= v̂k+1

i (3.3.10)

v̂k+1
i − v̂ki

∆t
= Lε(ûk)(xi) + bki . (3.3.11)

The initial condition is enforced by setting û0
i = (û0)i and v̂0

i = (v̂0)i. We note that the
forward difference scheme for the system reduces to the central difference scheme for the
second order differential equation Equation 1.2.11 on substitution of Equation 3.3.10 into
Equation 3.3.11.

Convergence of approximation

In this section we provide an upper bound on the convergence rate of the fully discrete
approximation to the Hölder continuous solution as measured by the L2 norm. The L2

approximation error Ek at time tk, for 0 < tk ≤ T , given by

Ek :=
∥∥∥ûk − uk∥∥∥

L2(D;Rd)
+
∥∥∥v̂k − vk∥∥∥

L2(D;Rd)
.

The following theorem gives an explicit a-priori upper bound on the convergence rate.

Theorem 3.3.3 Convergence of finite difference approximation (forward Euler
time discretization)
Let ε > 0 be fixed. Let (u,v) be the solution of peridynamic equation Equation 3.2.3. We
assume u,v ∈ C2([0, T ];C0,γ

0 (D;Rd)). Then the finite difference scheme given by Equa-
tion 3.3.10 and Equation 3.3.11 is consistent in both time and spatial discretization and
converges to the exact solution uniformly in time with respect to the L2(D;Rd) norm. If
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we assume the error at the initial step is zero then the error Ek at time tk is bounded and
satisfies

sup
0≤k≤T/∆t

Ek ≤ O
(
Ct∆t+ Cs

hγ

ε2

)
, (3.3.12)

where constant Cs and Ct are independent of h and ∆t and Cs depends on the Hölder norm
of the solution and Ct depends on the L2 norms of time derivatives of the solution.

Here we have assumed the initial error is zero for ease of exposition only.
We remark that the explicit constants leading to Equation 3.3.12 can be large. The

inequality that delivers Equation 3.3.12 is given by

sup
0≤k≤T/∆t

Ek ≤ exp
[
T (1 + L3/ε

2)
]
T
[
Ct∆t+ (Cs/ε

2)hγ
]
. (3.3.13)

The explicit constant Ct depends on the spatial L2 norm of the time derivatives of the
solution and Cs depends on the spatial Hölder continuity of the solution and the constant
L3. The constant L3 is bounded independently of horizon ε. Although the constants are
necessarily pessimistic they deliver a-priori error estimates. We provide the connection
between the non-dimensionalized dynamics used in the a-priori convergence analysis and
the simulated dynamics using dimensional quantities in section 3.4. We carry out numerical
simulations for different values of the horizon ε in section 3.5. We find that the convergence
rate for piecewise constant finite difference interpolation functions is greater than or equal
to γ = 1 for simulations lasting in the tens of microseconds. These results are seen to be
consistent with the a-priori estimates given in Theorem 3.3.3 above.

3.4 Quantifying the error

In this section we show how to apply the a-priori error bound to numerical simulations
carried out using quantities with dimensions. As an example we consider the numerical
simulation of a propagating crack in plexiglass at room temperature. Here the dynamics is
modeled in terms of quantities with dimensions. We show how to transform the peridynamic
equation of motion for Plexiglass into an equivalent evolution in terms of non dimensional
quantities Equation 1.2.11. We then apply our a-priori error bounds to the equivalent non
dimensional peridynamics subsection 3.3.2. In this way obtain the dimensionless simulation
time for which the error remains within an acceptable limit. One can then transform the
dimensionless time back to the actual time of the fracture propagation given in micro-
seconds for which the a-priori simulation error is acceptable. We find that the acceptable
simulation time predicted by a-priori analysis is smaller than can be seen in the numerical
experiments. This is to be expected as a-priori estimates are naturally pessimistic. We
explain the reasons for this difference in the last part of this section. To keep the following
presentation simple, we will assume that the dimension is 2, the potential function g = 0
and b = 0.

Suppose D̄ is the material domain with characteristic length scale L0 and suppose x̄ ∈ D̄
are coordinates with dimensions of length. Let T̄ denote the simulation time with dimen-
sions of time and t̄ ∈ [0, T̄ ]. Let ε̄ denote the size of horizon with units of length. The
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displacement field is ū(x̄, t̄) and has units of length. The influence function J̄(ξ) = a(1− ξ)
is non dimensional and its argument ξ = |x̄ − ȳ|/ε̄ is also non dimensional. The non di-
mensional parameter a > 0 is a fixed positive constant. Last we note that the boundary
function ω is dimensionless and its argument is also dimensionless.

To fix ideas we consider an explicit potential function f̄(r̄) = C̄(1− exp[−β̄r̄2]) where r̄
has units of

√
length, C̄ has units of force/length, and β̄ has units of 1/length. Let the bulk

modulus K, density ρ̄, and critical energy release rate G correspond to Plexiglass at room
temperature. Following equations 94, 95, and 97 of [Lipton et al., 2018b], the parameters
C̄, β̄ are given by

C̄ =
G

2(ω1/ω2)M
, β̄ =

λ

(1/4)C̄M
, M =

∫ 1

0
J̄(ξ)ξ2dξ, (3.4.1)

where ω1 = 2, ω2 = π. Here the Lamé parameter is related to K by λ = 3K/5. For
J̄(ξ) = a(1− ξ), M = a/12. Substituting, we have

C̄ =
3πG

a
, β̄ =

48K

5πG
(3.4.2)

and also

C̄β̄ =
144

5a
K. (3.4.3)

The solution ū satisfies

ρ̄¨̄u(x̄, t̄) = L̄ε̄T (ū)(x̄, t̄), ∀(x̄, t̄) ∈ D̄ × [0, T̄ ]. (3.4.4)

The solution ū takes the boundary condition ū(t) = 0 for all x̄ ∈ ∂D̄ and the initial
condition ū(0) = ū0, ˙̄u(0) = v̄0.

3.4.1 Nondimensionalization

Now we associate a local wave speed for the peridynamic material and an associated local
time scale given by

v0 =

√
C̄β̄

ρ̄
, T0 =

L0

v0
. (3.4.5)

The change to non-dimensional variables is given by

x =
x̄

L0
, t =

t̄

T0
, ε =

ε

L0
u(x, t) =

ū(x̄, t̄)

L0
. (3.4.6)

From above it is easy to see that S̄(x̄, ȳ, t̄) = ū(ȳ,t̄)−ū(x̄,t̄)
|ȳ−x̄| · ȳ−x̄

|ȳ−x̄ = S(x, ȳ, t). We write

r̄ =
√
|x̄− ȳ|S̄ =

√
L0

√
|x− y|S =

√
L0r, (3.4.7)

where r =
√
|x− y|S. The non-dimensional potential function f is related to f̄ by

f(r) =
f̄(
√
L0r)

L0ρ̄v2
0

=
1

L0ρ̄v2
0

C̄(1− exp[−L0β̄r
2]). (3.4.8)
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It is now clear that the dimension of f̄ is the same as L0ρ̄v
2
0 and therefore f is non-

dimensional. We have,

f ′(r) =
f̄ ′(
√
L0r)√

L0ρ̄v2
0

=
2C̄β̄r

ρ̄v2
0

exp[−L0β̄r
2]. (3.4.9)

Collecting results we now see that the peridynamic equation 3.4.4 is equivalent to the
non-dimensional equation of motion ?? with density ρ = 1, i.e.,(

ρ̄v2
0

L0

)
∂ttu = ρ̄∂t̄t̄ū = L̄ε̄T (ū)(x̄) =

(
ρ̄v2

0

L0

)
LεT (u)(x), (3.4.10)

so

∂ttu = LεT (u)(x). (3.4.11)

3.4.2 Lipschitz continuity constant and bound on error

The exact solution is in u ∈ C0,1
0 (D;R2), and the bound on the spatial discretization error

becomes,

sup
k
ek ≤ exp

[
T (1 + L3/ε

2)
]
T (Cs/ε

2)h, (3.4.12)

where

L3 = 4Cf2 J̄1, Cf2 = sup
r
|f ′′(r)|, J̄1 =

1

ω2

∫
H1(0)

J(|ξ|)/|ξ|dξ, ω2 = π

and

Cs =
√

2L0

[
ε2 sup

t

∥∥∥∥∂2u(t)

∂t2

∥∥∥∥
C0,γ

+ L3 sup
t
‖u(t)‖C0,γ

]
≈ L3

√
2
√
L0 sup

t
‖u(t)‖C0,γ ,

where we have ignored the order ε2 term.
For f(r) = 1

L0ρ̄v20
C̄(1− exp[−L0β̄r

2]) and J(r) = a(1− ξ), it can be seen that

Cf2 =
2C̄β̄

ρ̄v2
0

, J̄1 = a. (3.4.13)

Now C̄β̄ = ρ̄v2
0 so

L3 =
8a

ε2
. (3.4.14)

The upper bound on error is given by

sup
k
ek ≤

√
2L0 exp[(1 +

8a

ε2
)T ]T

8a

ε2
sup
t
‖u(t)‖C0,γh/ε

2,

and the a-priori upper bound on the relative error is denoted by α where

α =
√

2L0 exp[(1 +
8a

ε2
)T ]8a

Th

ε2
(3.4.15)
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3.4.3 Numerical value of α

We set L0 = 1, ε = 1/10, h = 1/100 and we fix a = 0.001 and v0 =
√

C̄β̄
ρ̄ . The material

properties of plexiglass at room temperature are given by the density ρ̄ = 1200 kg/m3, the
bulk modulus K = 25GPa, and the critical energy release rate G = 500 Jm−2. We then
have

α = exp[1.8T ]0.012T. (3.4.16)

Here the relative error upper bound α < 1/10 when the non-dimensional time T ≤ 2
1.8 =

1.111. Therefore the actual time in seconds of the simulation can be T̄ = T0 × T ≤
(L0/v0)× 1.111 = 1.433µs.

3.4.4 Discussion on error accumulation in the numerics

Fracture in notched plexiglass samples can last up to several hundred microseconds. From
the previous subsection we see that error increases by factor 1/10 every 1.433µs for nonlinear
peridynamic material. This gives us about 5µs of simulation time till the a-priori bound
on the relative error is about 1/2. However, from the numerical experiments conducted in
the following section we find that the discrete simulation is stable and converges with h at
a linear rate for a far longer amount of time than predicted by the a-priori estimates.

To explain this we first note that the region where nonlinearity is strong is always
restricted to a very small region, with area L0 × 2ε̄ in 2-d for a single crack. For points
in the region away from the crack the deformation is smooth. In this region the material
behaves like a linear elastic material up to a small error of the order of O(ε). This is shown
for this model when the solution is smooth and using [Proposition 6, [Jha and Lipton 2018b]
we write

L̄ε̄T (ū)(x̄) = ∇ · CEū(x̄) +O(ε), (3.4.17)

where

Eū(x̄) =
1

2
(∇ū(x̄) +∇ū(x̄)T ), (3.4.18)

Cijkl = 2µ
δikδjl + δilδjk

2
+ λδijδkl, (3.4.19)

λ = µ =
f̄ ′′(0)

8

∫ 1

0
J(ξ)ξ2dξ = C̄β̄

a

48
, (3.4.20)

where last equation is for d = 2 and for J(ξ) = a(1 − ξ). We now observe that for the
non-dimensional function f(r) = 1

L0ρ̄v20
C̄(1 − exp[−L0β̄r

2]), f ′′(0) = 2. Using this we can

write

L̄ε̄T (ū)(x̄) =
C̄β̄

L0

a

48
∇ · ĈEu(x) +O(ε), (3.4.21)

where Ĉ is given by Equation 4.2.7 for the choice λ = µ = 1.
Substituting Equation 3.4.17 into Equation 3.4.11 we get

L̄ε̄T (u)(x) =

(
ρ̄ṽ2

0

L0

)
∇ · ĈEu(x) +O(ε), (3.4.22)
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Parameters \ Poisson’s ratio ν = 0.245 ν = 0.25

c 4712.4 4712.4

C −1.0623× 1012 0

β 1.7533× 108 1.5279× 108

r∗ = 1√
2β

5.3402× 10−5 5.7206× 10−5

Table 3.1: Peridynamic material parameters assuming bulk modulus K = 25GPa and
critical energy release rate Gc = 500 J/m−2. Density is ρ = 1200 kg/m3.

with

ṽ0 =

√
C̄β̄

48ρ̄
=

√
λ

ρ̄
. (3.4.23)

where we have used the relation Equation 3.4.3 and λ = µ and ṽ0 is the s-wave speed in
plexiglass.

It follows from Equation 3.4.22, that for regions where nonlinearity is negligible then
the solution should be an approximation to the solution of the linear elastic wave equation.
This is shown for smooth solutions in [Theorem 5, [Jha and Lipton 2018b]] so the total
error accumulated at each time step is far less than in the nonlinear region. The error due
to the truly nonlinear peridynamic interaction is restricted to a region of small area 2L0ε.
This explains why simulations in the next section exhibit a linear rate of convergence in h
for a longer time than predicted from the a-priori estimates.

3.5 Numerical results

In this section, we present numerical simulations that support the theoretical upper bound
on the convergence rate. We also show the sharp crack propagation in the sample under
the bending load. We specify the density ρ = 1200 kg/m3, bulk modulus K = 25GPa, and
critical energy release rate Gc = 500 Jm−2. The pairwise interaction and the hydrostatic
interaction are characterized by potentials f(r) = c(1 − exp[−βr2]) and g(r) = Cr2/2
respectively. The influence function is J(r) = 1 − r. We present results when hydrostatic
force is active (when Poisson’s ratio ν = 0.245) and when hydrostatic force is inactive (when
ν = 0.25). Equations 94, 95, and 97 of [Lipton et al., 2018b] relate parameters c, β, C to the
Lamè parameters λ, µ and the critical energy release rate Gc. In Table 3.1 we list the values
of parameters. The critical bond strain between material point y and x is Sc = r∗/

√
|y − x|

where r∗ = 1/
√

2β.
We consider the central difference time discretization described by Equation 3.3.10 and

Equation 3.3.11 on a uniform square mesh of mesh size h. We can write the peridynamic
force Lε(ûk)(xi) as follows

Lε(ûk)(xi) =

∫
Hε(xi)

(w1(y,xi) + w2(y,xi))dy, (3.5.1)
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Figure 3.2: Material domain D = [0, 0.1m]2 with crack of length 0.02m. The x-component
of displacement is fixed along a collar of thickness equal to the horizon on top. On the
bottom the velocity vx = ±1m/s along x-direction is specified on either side of the crack
to make the crack propagate upwards.

where w1 and w2 can be determined from expression of Lε in Equation 1.2.12. In the
simulation we approximate Lε(ûk)(xi) as below

Lε(ûk)(xi) ≈
∑

xj∈Dh∩Hε(xi)

(w1(xj ,xi) + ww(xj ,xi))Vj V̄ij , (3.5.2)

where Vj = h2 for uniform mesh in 2-d and V̄ij is the volume correction. The correction
is the ratio of the volume of the mesh element contained within the horizon of xi and the
volume Vj . The numerical results are presented in the following section.

3.5.1 Crack propagation: Fracture energy and numerical convergence
study

We consider a 2-d domain D = [0, 0.1m]2 (with unit thickness in the third direction) with a
vertical pre-crack of length 0.02m. We use a uniform square mesh of size h. The boundary
conditions are described in Figure 3.2. The simulation time is T = 34µs and the time
step is ∆t = 0.004µs. In what follows we run the simulations for three different horizons
ε = 8mm, 4mm, 2mm. For the coarsest horizon ε = 8mm, the number of mesh nodes are
(approximately) 0.9×103, 3.5×103, 13.7×103 for h = 4, 2, 1mm respectively. The memory
consumed are 10 MB, 16 MB, 95 MB respectively. For the finest horizon, ε = 2mm, the
number of nodes is 11 × 103, 44 × 103, 174 × 103 for h = 1, 0.5, 0.25mm respectively. The
memory consumed are 16.4 MB, 99.4 MB, 1126.4 MB respectively. All computations were
performed on a single workstation in parallel using 20 threads.

Fracture energy of crack zone

The extent of damage at a material point x is given by the function Z(x)

Z(x) = max
y∈Hε(x)∩D

S(y,x;u)

Sc
. (3.5.3)

We define the crack zone as the set of material points which have Z > 1. We compute
the peridynamic energy of crack zone and compare it with the Griffith’s fracture energy.



Mathematical and Multi-scale Foundations for PD Models. R. Lipton 37

(a) (b)

Figure 3.3: (a) Color plot of damage function Z on deformed material domain at time
t = 34µs. Dark blue represents undamaged material Z < 1, Z ≈ 1 is yellow at crack
tip, red is softening material. The plot is for a horizon ε = 2mm and h = ε/8. Here,
the displacements are scaled by 100 and damage function is cut off at 5 to highlight the
crack zone. The maximum displacement is 4.4mm and the maximum value of Z(x) is 82
at t = 34µs. (b) View near the crack tip.
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Figure 3.4: Crack length vs peridynamic fracture energy (P.E.) and Griffith’s fracture energy
(G.E.). G.E. is simply Gc × l where Gc = 500. Plot is for ε = 2mm.

For a crack of length l, the Griffith’s fracture energy (G.E.) will be G.E. = Gc × l. The
peridynamic fracture energy (P.E.) is given by

P.E. =

∫
x∈D,
Z(x)≥1

[
1

εdωd

∫
Hε(x)

|y − x|Wε(S(y,x,u)) dy

]
dx,

where Wε(S(y,x,u)) is the bond-based potential. For the choice of f(r) and g(r), only
bond-based potential f contributes to the fracture energy, therefore P.E. is computed only
from bond-based interaction.

Figure 3.3 shows the plot of Z at time t = 34µs for horizon ε = 2mm. The figure on
the right shows the Z field near a crack tip. In Figure 3.4 we plot the peridynamic and
Griffith’s fracture energy as a function of crack length. The absolute error between the
peridynamic and Griffith’s fracture energy remain below 5% for simulation time upto 34µs.
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Convergence rate

Consider a fixed horizon ε and three different mesh sizes h1 = ε/2, h2 = ε/4, h3 = ε/8.
We compute the convergence rate as follows. Let u1,u2,u3 be approximate solutions cor-
responding to meshes of size h1, h2, h3, and let u be the exact solution. We suppose for
h′ < h that Chα ≤ ||uh − uh′ || = Chα with C ≤ C and α > 0, and fix the ratio of mesh
size h1/h2 = h2/h3 = r. A straight forward calculation gives

α ≤ log(||u1 − u2||)− log(||u2 − u3||) + log(C)− log(C)

log(r)
, (3.5.4)

so an upper bound on the convergence rate is at least as big as

b =
log(||u1 − u2||)− log(||u2 − u3||)

log(r)
. (3.5.5)
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Figure 3.5: Convergence rate with respect to mesh size for different fixed size of horizons.

We calculate the convergence rate estimate b for mesh sizes h = ε/2, ε/4, ε/8 and plot it
for every 2µs for times up to 34µs, see Figure 3.5. It is seen that the convergence rate is at
least 1 up to the final time of 34µs. These numerical results show a convergence at a rate
that is at least as good as the linear a-priori convergence rate obtained in Theorem 3.3.3.

3.5.2 Bending test with pre-crack

We consider a 2-d material domain (with unit thickness in third direction) D = [0, 0.25m]×
[0, 0.05m] with single and double vertical cracks. We fix horizon to ε = 0.75mm and mesh
size h = 0.25mm. The boundary conditions are described in Figure 3.6 for single crack.
For the double crack problem, the two vertical cracks are symmetrically located at distance
0.02m along x-axis from the mid point x = 0.125m, y = 0. With time step ∆t = 0.0035µs
we run simulations upto time T = 350µs. Material properties correspond to the Poisson’s
ration ν = 0.25, see Table 3.1.

In Figure 3.7 we plot the fracture energy as a function of total crack length. The error
in energy remain below 5% till 220.5µs for single crack problem and 245µs for double crack
problem. In Figure 3.8 damage profile at various times are shown for both single and double
crack problem.
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Figure 3.6: Material domain D = [0, 0.25m]× [0, 0.05m] with single verticle crack of length
0.015m at mid point of bottom edge. We apply linear in time distributed load, along
negative y-direction, on part of the top edge. At any time t, the load is zero at the end
points of loading line (red line) and is fmax × t at the midpoint. We take constant fmax =
−2.5 × 1014. We fix a vertical displacement on two support regions shown in the figure.
Horizon is ε = 0.75mm.
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Figure 3.7: Crack length vs peridynamic fracture energy (P.E.) and Griffith’s fracture energy
(G.E.). Here crack length and fracture energy of single crack and double crack are normal-
ized by crack length L = 0.038604m at time t = 220.5µs and crack length L = 0.0706034m
at time t = 245µs respectively.
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(a) t = 168µs (b) t = 189µs

(c) t = 210µs (d) t = 238µs

(e) t = 224µs (f) t = 266µs

Figure 3.8: Damage profile under bending load. Plots on left are for single crack and plots
on right are for double crack.

3.6 Concluding remarks on the finite difference method for
nonlocal fracture modeling

In this project, we present an a-priori convergence analysis for a class of nonlinear nonlocal
state based peridynamic models. We have shown that the convergence rate applies, even
when the fields do not have well-defined spatial derivatives. The results are valid for two
different classes of state-based peridynamic models depending on the potential functions
associated with the dilatational energy. For both models the potential function character-
izing the energy due to tensile strain is of convex-concave type while the potential function
for the dilatational strain can be either convex-concave or quadratic. The convergence rate
of the discrete approximation to the true solution in the mean square norm is given by
C(∆t+ hγ/ε2). Here the constant depends on the Hölder and L2 norm of the true solution
and its time derivatives. The Lipschitz property of the nonlocal, nonlinear force together
with boundedness of the nonlocal kernel plays an important role. It ensures that the error
in the nonlocal force remains bounded when replacing the exact solution with its approx-
imation. This, in turn, implies that even in the presence of mechanical instabilities the
global approximation error remains controlled by the local truncation error in space and
time. We have described the connection between the non-dimensionalized dynamics used in
the a-priori convergence analysis and the simulated dynamics using dimensional quantities.
The numerics are carried out for plexiglass. The a-priori estimates predict a simulation
time of a few microseconds before the relative error grows too large. On the other hand
the numerical simulation with crack propagation looks to be stable and one can control the
error by choosing the time step and spatial discretization sufficiently small. The simulation
shows a linear convergence rate with respect to mesh size for simulation times ten times
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larger than predicted by the a-priori estimates. This is due to the fact that the nonlinearity
is isolated on a set of small area related to the crack set. Away from the crack set the
evolution is linearly elastic and characterized by the shear wave speed of plexiglass. This
observation motivates future work that will address a-posteriori error estimation and mesh
adaptivity.



Chapter 4

Convergence of the cohesive
nonlocal fracture model to linear
elastic fracture mechanics

4.1 Introduction

The appeal of nonlocal fracture models is that cracks appear as emergent phenomena gen-
erated by the underlying field theory eliminating the need for supplemental kinetic relations
describing crack growth. As outlined earlier the deformation field inside the body for points
x at time t is written u(x, t) and the model is described simply by the balance of linear
momentum of the form

ρutt(x, t) =

∫
Hε(x)

f(y,x) dy + b(x, t). (4.1.1)

Here Hε(x) is a neighborhood of x, ρ is the density, b is the body force density field, and
f is the material-dependent constitutive law that represents the force density that a point
y inside the neighborhood exerts on x as a result of the deformation field. The radius ε
of the neighborhood is referred to as the horizon. Here all points satisfy the same basic
field equations (4.1.1). In this project we examine the displacement fields and fracture
evolution predicted by nonlocal models. In order to be a valid theory the predictions of the
nonlocal models must agree with those of modern fracture mechanics. Our theoretically
based investigation indicates that certain classes of nonlocal models will agree with the
established theory of dynamic fracture mechanics when the length scale of non-locality is
sufficiently small. Unfortunately we are not able to give a rate of convergence for the
non-locally based fracture evolution to the Linear Elastic Fracture Mechanics LEFM based
evolution. On the other hand we can establish using applied mathematics that LEFM is the
target theory for the nonlocal model when the length scale of non-locality tends to zero. At
this time the same question is wide open for other nonlocal dynamic approaches including
the phase field numerical approach, XFEM, and the level set approaches. One conjectures
that it should be true for the correct formulation of these models and this is a goal for
future work. This requirement is absolute and can be used to rule out proposed heuristic
regularizations of LFEM whose target theory is subsequently determined not to be LFEM.

42
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Figure 4.1: Single-edge-notch

In this project we theoretically examine the predictions of the nonlocal theory in the
limit of vanishing non-locality. We examine a class of peridynamic models with nonlocal
forces derived from double well potentials. see [Lipton, 2014], [Lipton, 2016]. We investigate
the limit of these evolutions as the length scale ε of nonlocal interaction goes to zero. We
are able to describe the interaction between the crack and the surrounding displacement
field of intact material in this limit. Here all information on this limit is obtained from
what is known from the nonlocal peridynamic model for ε > 0. We consider a single edge
notch specimen as given in Figure 4.1. For small strains the nonlocal force is linearly elastic
but for larger strains the force begins to soften and then approaches zero after reaching
a critical strain. Because of this force vs. strain behavior this type of model is called a
cohesive model.

Previous work has addressed the convergence of the cohesive fracture model to classic
local brittle fracture for dynamic free crack propagation with multiple interacting cracks
[Lipton, 2014], [Lipton, 2016], [Jha and Lipton, 2018a]. There it is shown that the nonlocal
cohesive evolution converges to an evolution of sharp cracks with bounded Griffith fracture
energy satisfying the linear elastic wave equation off the cracks. However the explicit in-
teraction between the sharp crack and intact material remains to be described in the local
limit. In this work we describe in an explicit way the limiting interaction between the sharp
crack and surrounding material. Here we pass to the limit in the nonlocal model to recover
the limiting dynamic interaction of the sharp crack with the surrounding intact material.
A distinguishing feature of the cohesive nonlocal model is that the fracture toughness is the
same for all horizons ε > 0. It is shown here that fracture evolutions are mathematically
well posed for every ε > 0 and that as ε→ 0 the nonlocal evolution converges to the dynamic
brittle fracture model given by:

• Balance of linear momentum described by the linear elastic wave equation away from
the crack.

• Zero traction on the crack lips.

• The classic kinetic relation for crack tip velocity implicitly given by equating the
dynamic stress intensity factor with the energy dissipation per unit extension of the
crack.

However in this project the kinetic relation for crack tip velocity is not derived from the
power balance postulate of [Mott, 1948] but instead is recovered from the nonlocal model
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Figure 4.2: Using the nonlocal model the crack is captured as softening zone
(red) for different horizons. (a), (b), (c) at t = 460µs for ε = 2.5, 1.25, 0.625 mm.
(d), (e), (f) correspond to softening zone t = 520µs for ε = 2.5, 1.25, 0.625 mm.

(1.2.11) directly by taking the ε = 0 limit in the nonlocal power balance, see the following
section. The kinetic relation derived here follows from an explicit formula for the time
rate of change of internal energy inside a domain containing the crack tip. In this way we
recover the modern dynamic fracture model developed and described in [Freund, 1998], but
without using the power balance postulate. Instead the rate of internal energy increase in
a neighborhood surrounding the advancing defect in the nonlocal formulation is calculated
directly. This can be done since the field theory in the vicinity of the advancing defect is well
defined for the nonlocal model. It is shown analytically that the change in internal energy
converges to the well known difference between fracture energy and elastic energy flowing
into the crack tip in the limit of vanishing nonlocality. We note further that the limiting
classic local fracture problem is hard to simulate directly, this is because the crack velocity
at the crack tip is directly coupled to the wave equation off the crack and vice versa. On
the other hand this coupling between intact material and crack is handled autonomously in
the nonlocal model and numerical simulation is straight forward.

We numerically simulate the single edge notch in tension using the nonlocal model
for progressively smaller nonlocal interaction in Figures 4.2 and 4.3. The softening zone
becomes thinner and more localized to the x2 = 0 axis as the length scale of the nonlocal
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Figure 4.3: Top: Softening zone for ε = 2.5, 1.25, 0.625 mm at time t = 520µs on top
of each other. Red, light yellow, and light blue color is used for softening zone
of horizon 2.5, 1.25, 0.625 mm respectively. Bottom: Zoomed in near the tip.

interaction decreases approaching a crack. This is corroborated theoretically. The tip of
the softening zone emerges from our simulations and in Figure 4.4 we plot the tip of the
softening zone (x-coordinate) at different times. We see that softening zone tip for the
larger horizon is consistently ahead of the crack tip for the smaller horizon.

The analysis used in this project relies in part on the earlier analysis of [Lipton, 2016]
but also requires new compactness methods specifically suited to the balance of momentum
for nonlocal - nonlinear operators. The interaction between crack tip and intact material
for the nonlocal model delivers the kinetic relation for LEFM in the ε → 0 limit, this is
highlighted in the next section.

These results have been archived in the preprint [Lipton and Jha, 2019] and are being
prepared for journal publication as two separate articles.

4.2 Crack tip interaction with intact material and the kinetic
relation for LEFM

We address crack tip interaction with intact elastic material by calculating the limiting
change in internal energy inside a neighborhood enclosing the defect tip for the nonlocal
model as the length scale of nonlocal interaction ε → 0. For a nonlocal evolution with
perydynamic horizon ε consider the rectangular contour Γεδ(t) of diameter δ surrounding
the domain Pεδ(t) containing the crack tip, see Figure 4.5. We suppose Pεδ(t) is moving with
the crack tip velocity V ε(t)e1 where the unit vector e1 is along the horizontal axis. To fix
ideas we assume that the force due to volume change is small and that the potential energy is
given exclusively by (1.2.2). Define the kinetic energy density by T ε = ρ|uε(x, t)|2/2 and the
nonlocal potential energy density is given by W ε(x) =

∫
Hε(x) |y − x|Wε(S(y,x,uε(t))) dy.

The the rate of change of internal energy inside the domain containing the defect tip is
given explicitly by
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Figure 4.4: The softening zone length is plotted as a function of time for three
different horizons.

P εδ
Γεδ

V ε

Figure 4.5: Contour Γεδ surrounding the domain P εδ moving with the defect tip
velocity V ε.



Mathematical and Multi-scale Foundations for PD Models. R. Lipton 47

Pδ
Γδ

V

Figure 4.6: Contour Γδ surrounding the domain Pδ moving with the velocity V
of the crack centerline.

Proposition 4.2.1
d

dt

∫
Pεδ(t)

T ε +W ε dx = Iε(Γεδ(t)) (4.2.1)

with

Iε(Γεδ(t)) =

∫
Γεδ(t)

(T εn +W εn)V εne1 · n ds− Eεn(Γεnδ (t)), (4.2.2)

and

Eεn(Γεnδ (t))

=

∫
Aεnδ (t)

∫
Hεn (x)∩Pεnδ (t)

∂SWεn(S(y,x,uεn))ey−x · (u̇εn(x) + u̇εn(y)) dydx,

where n is the unit normal pointing out of the domain Pεnδ (t) and Aεnδ (t) is the part of D
exterior to Pεnδ (t).

As ε→ 0 the contour Γεδ(t) converges to Γδ(t) of diameter surrounding the domain Pδ(t)
containing the crack tip for the local model, see Figure 4.6. This domain is moving to the
right with the crack tip velocity V . On passing to the ε→ 0 limit in the nonlocal cohesive
model the rate of change of internal energy inside Pδ can be explicitly calculated and is
given by

lim
ε→0

d

dt

∫
Pδ(t)

T ε +W ε dx =

∫
Γδ(t)

CEu0n · u̇0 ds− GcV (t) +O(δ), (4.2.3)

where T ε is the kinetic energy density and W ε is the energy density given by

W ε(x, t) =

∫
Hε(x)∩D

|y − x|Wε(S(y,x,uε(t))) dy, (4.2.4)

The fracture toughness and elastic tensor are obtained directly from the nonlocal potential.
The fracture toughness is given by

Gc = 2

∫ ε

0

∫ ε

z

∫ arccos(z/ζ)

0
Wε(S+

c )ζ2 dψ dζ dz (4.2.5)

where ζ = |y − x|, see Figure 4.7. Substitution of Wε(S(y,x,u(t))) into (4.2.5) and
calculation delivers the explicit formula for the fracture toughness

Gc =
4

π

∫ 1

0
f(S+

c )r2J(r)dr. (4.2.6)
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Figure 4.7: Evaluation of fracture toughness Gc. For each point x along the dashed
line, 0 ≤ z ≤ ε, the work required to break the interaction between x and y in
the spherical cap is summed up in (4.2.5) using spherical coordinates centered
at x.

and the elastic tensor is given by

Cijkl = 2µ

(
δikδjl + δilδjk

2

)
+ λδijδkl, (4.2.7)

with shear modulus µ and Lamé coefficient λ given by

µ =
f ′′(0)

10

∫ 1

0
r3J(r) dr and λ =

f ′′(0)

10

∫ 1

0
r3J(r) dr. (4.2.8)

If the limit of the internal energy is not changing in time then in the δ = 0 limit we
recover the power balance for the local model given by

V (t)Gc = J = lim
δ→0

Jδ, (4.2.9)

where Jδ is the rate of energy flowing into Pδ(t) towards the crack tip for the local model
given by

Jδ =

∫
Γδ

CEu0n · u̇0 ds. (4.2.10)

This well known situation can happen for cracks propagating at constant velocity inside
domains with remote boundaries [Freund and Clifton(1974)]. Here n is the outward di-
rected unit normal, ds is an element of arc length and CEu0 : Eu0 is the elastic energy
density. Clearly the crack advances if J > 0. The formula recovered in this project is
in the form given by [Freund and Clifton(1974)]. Based on the nature of the dynamic
stress field [Atkinson and Eshelby(1968)], [Kostrov and Nikitin(1970)], [Freund(1972)], and
[Willis(1975)] provide a representation of the instantaneous rate of energy flowing into the
crack tip, is given by

J =
1 + ν

E

V 3

c2
sD

αtK
2
I (t), (4.2.11)

were ν is the Poisson ratio, E is the Young modulus V is the crack velocity, cs is the shear
wave speed, cl = (λ + 2µ/ρ)1/2 is the longitudinal wave speed, D = 4αsαl − (1 + α2

s)
2,

and αs = (1 − V 2/c2
s)

1/2, αl = (1 − V 2/c2
l )

1/2. Here KI(t) is the mode I dynamic stress
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intensity factor and depends on the details of the loading and is not explicit. On applying
Equation 4.2.9 we recover the kinetic relation for the crack tip velocity given by

Gc =
J

V
=

1 + ν

E

V 2

c2
sD

αtK
2
I (t), (4.2.12)

see [Freund, 1998]. In this way the nonlocal model recovers the LEFM kinetic relation for
crack tip motion in the limit of vanishing horizon.

4.3 Concluding remarks

In this project we demonstrate that the nonlocal cohesive model has solutions that converge
in the limit of vanishing non-locality to classic plane elastodynamics with a running crack.
The normal traction on the crack lips is zero and the energy release rate given by the
generalized Irwin relationship ([Freund, 1998], equation (5.39)). The kinetic relation for
crack tip motion corresponds to a zero change in internal energy inside domains containing
the crack tip and is the classic one given by (4.2.12). The power balance given by (4.2.9)
is not postulated but instead recovered by taking the ε = 0 limit in the nonlocal power
balance. In this way one sees that the generalized Irwin relationship is a consequence of the
nonlocal cohesive dynamics in the εn = 0 limit. The recovery is possible since the nonlocal
model is well defined over “the process zone” around the tip of the softening region. This
shows that the double well potential provides a phenomenological description of the process
zone at mesoscopic length scales.

The ideas have been illustrated using the simplest double well energy for a bond based
perydynamic formulation. We are free to take a more sophisticated energy like those moti-
vated by the Lennard Jones potential. Doing so will deliver a nonlocal model that preserves
non-interpenetration of material points for all types of loadings. We can then pass to the
small horizon limit in such a model to recover a sharp fracture model with crack lips that
do not interpenetrate. More generally we may consider state based peridynamic models
and perform similar analyses. These are projects for the future but we believe that all are
theoretically accessible.
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