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Summary
This report describes the research activities we have conducted at North Car-
olina State University (NCSU) and National Institute of Aerospace in fulfill-
ing our contract (W911NF-16-1-0108) to the U.S. Army Research Office from
May 2016 to September 2019. The technical progress of the work during the
three years toward achieving the objectives of the proposed work is reported.
The significant accomplishments are discussed. The hyperbolic reconstructed
discontinuous Galerkin method is first implemented for model equations, and
then applied to compressible Navier-Stokes equations. It is then extended to
unsteady viscous simulations on unstructured grids. Numerical simulations
are presented to illustrate the work performed. Conclusions and future work
are discussed.

List of Accomplishments:

- Developed a systematic construction of efficient hyperbolic reconstructed
discontinuous Galerkin schemes for model equations.

- Discovered that the hyperbolic reconstructed discontinuous Galerkin method
can be time accurate with explicit time-stepping schemes.

- Demonstrated the hyperbolic method for diffusion problems with discon-
tinuous coefficients as well as for tensor coefficients.

- Developed a new hyperbolic Navier-Stokes system (HNS20G) to enable
an efficient high-order scheme construction.

- Derived an optimal length scale for improving the performance of the hy-
perbolic method for high Reynolds number flows.
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- Developed a weak formulation based on the primitive variables instead of
the conservative variables.

- Demonstrated superior accuracy and efficiency of the hyperbolic recon-
structed discontinuous Galerkin method for steady and unsteady viscous flow
cases.
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Background and
Motivations
The reconstructed Discontinuous Galerkin (rDG) methods [1, 2, 3, 4, 5, 6, 7,
8, 9, 10], originally developed by the NCSU team, have been successfully used
for the simulation of inviscid, RANS, LES and DNS flows. This method is a
natural choice for the solution of the hyperbolic equations, but far less certain
for elliptic or parabolic problems such as the compressible Navier-Stokes (NS)
equations, where diffusive viscous and heat fluxes exist.

On the other hand, a first-order hyperbolic system (FOHS) was developed
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] to reformulate the viscous terms.
The FOHS method has been shown to offer several distinguished advantages
over other viscous methods. This method leads to numerical schemes that
can achieve the same order of accuracy in the solution and the derivative
quantities. Moreover, it enables high quality derivative prediction on fully
irregular grids. This capability has a critical importance to high-order vis-
cous simulations over complex geometries for which grids are likely to be
highly irregular and it is widely known that significant amount of numerical
noise is introduced in the derivatives estimated by reconstruction as typical
in finite volume (FV) methods or even in those predicted by DG methods
on irregular grids. Therefore, the FOHS method has a potential for en-
abling fully arbitrary unstructured-grid generation and isotropic/anisotropic
grid adaption built upon accurate high-order derivatives, thus promising a
full potential of unstructured high-order methodologies for complex appli-
cations. Another advantage of the FOHS method lies in the construction
of improved iterative solvers by a complete elimination of second-derivatives
in the target partial differential equations (PDE), leading to speed-up and
robustness. The implicit iterative solvers, as often required in implicit-time
stepping schemes, are known to slow down for refined grids if the residual Ja-
cobian is derived from inconsistent discretizations. The residual Jacobians,
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or a preconditioner within a Newton-Krylov method, are often constructed
based on a lower-order scheme, but inconsistent schemes are often used for
viscous terms because first-order viscous schemes are not available. For the
same reason, p-multigrid methods, which are popular in high-order methods,
are not fully exploited for the potential. In the FOHS method, first-order vis-
cous schemes can be constructed straightforwardly just like for any hyperbolic
system, and therefore can provide consistent residual-Jacobians for implicit
solvers and allow a full and systematic construction of p-multigrid methods.
Finally, the FOHS method can improve not only the viscous discretization
but also the inviscid discretization. As demonstrated in the previous papers
[22, 23], high-order derivatives generated in the FOHS method can be used
to improve the inviscid discretization.

The objective of the presented work is to develop a high-order unsteady
viscous solver for 3D unstructured grids by combining the FOHS method and
the rDG method. The developed method, i.e., hyperbolic Navier-Stokes with
reconstructed Discontinuous Galerkin (HNS+rDG) method, is expected to
bring several advancements: (1) reduction in computational cost and stor-
age over DG methods; (2) high-order and accurate derivative predictions on
irregular grids; (3) robust and systematic construction of iterative solvers;
(4) high accuracy in the inviscid discretization. The capability of predicting
derivative quantities on irregular grids is of critical importance to viscous
flow simulations, especially for high-fidelity adaptive unstructured-grid sim-
ulations over complex geometries as well as complex grid structure such as
moving overset grids. It is critical particularly because high-order methods
are often used with grid-adaptation for practical purpose. The significance of
this work lies in the new way of treating the viscous terms in high-order and
accurate gradient prediction on unstructured grids, and inviscid discretiza-
tion improvement via the viscous discretization.
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Research Activities

Task 1: Develop the Hyperbolic rDG Method
for Linear Advection-Diffusion Equations
High-order reconstructed discontinuous Galerkin methods based on FOHS
for advection-diffusion equations are developed at first. The FOHS formu-
lation allows a straightforward DG discretization for diffusion. Additional
gradients introduced to form a hyperbolic system are used to reduce the to-
tal number of degrees of freedom, such that a Pk hyperbolic DG scheme is
almost equivalent to a conventional Pk+1 DG scheme in terms of accuracy.
The cost is further reduced by means of the rDG method, where the high-
est order terms in the polynomials are obtained by gradient reconstruction
process. The study shows that the variational reconstruction method yields
more stable and accurate results than the least-squares method.

Basic Construction of Hyperbolic rDG Method
Consider a steady model advection-diffusion equation:

∂φ

∂τ
+ a

∂φ

∂x
+ b

∂φ

∂y
= ν

(
∂2φ

∂x2
+

∂2φ

∂y2

)
, (1)

where τ is a pseudotime variable, (a, b) is a constant advection vector, and ν is
a constant diffusion coefficient. In the FOHS method, the advection-diffusion
equation is reformulated as

∂U

∂τ
+

∂Fx

∂x
+

∂Fy

∂y
= S, (2)
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where

U =

φ
u
v

 , Fx =

aφ− νu
−φ/Tr

0

 , Fy =

bφ− νv
0

−φ/Tr

 , S =

f(x, y)
−u/Tr

−v/Tr

 ,

(3)
where u and v are called the gradient variables since they correspond to the
solution gradient in the pseudo steady state, and Tr is a relaxation time
suitably defined as described in Ref.[24]. This system is hyperbolic in τ , and
therefore can be discretized by methods for hyperbolic systems. In this work,
an upwind discretization is always employed [22].

To discretize it, we first define solution polynomials within each cell:

Uh(x, y) = C(x, y)V(t), (4)

where C is a basis matrix, and V is a vector of unknown polynomial coeffi-
cients. Then, following the standard Galerkin formulation, we obtain

M
dV

dt
= R(V), (5)

where M is the mass matrix,

M =

∫
Ωe

CTCdΩ, (6)

and R is the residual vector, defined as

R =

∫
Ωe

∂CT

∂xk
Fk +CTSdΩ−

∫
Γe

CTFknkdΓ, (7)

where nk the unit outward normal vector to the Γe, the boundary of Ωe.
The numerical polynomial solutions are represented using a Taylor series

expansion at the cell center and normalized to improve the conditioning of
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the system matrix wth the basis functions:

B1 = 1, B2 =
x− xc
△x

,B3 =
y − yc
△y

,

B4 =
1

2

(
B2

2 −
1

Ωe

∫
Ωe

B2
2dΩ

)
, B5 =

1

2

(
B2

3 −
1

Ωe

∫
Ωe

B2
3dΩ

)
,

B6 = B2B3 −
1

Ωe

∫
Ωe

B2B3dΩ,

B7 =
1

6

(
B3

2 −
1

Ωe

∫
Ωe

B3
2dΩ

)
, B8 =

1

6

(
B3

3 −
1

Ωe

∫
Ωe

B3
3dΩ

)
,

B9 =
1

2

(
B2

2B3 −
1

Ωe

∫
Ωe

B2
2B3dΩ

)
, B10 =

1

2

(
B2B

2
3 −

1

Ωe

∫
Ωe

B2B
2
3dΩ

)
.

(8)
Unlike the conventional DG method, the FOHS method allows an efficient
polynomial construction. For example, in the current model equation case,
we need to define polynomials for three variables, φ, u, and v. However, the
vector (u, v) corresponds to the solution gradient, and therefore we can define

Uh(x, y) = CV =

B1 B2 B3

0 B1 0
0 0 B1

φ
u
v

 , (9)

which is a linear polynomial for φ and constant approximations to u and v.
This particular discretization is called DG(P0P1)+DG(P0), where the former
indicates the order of discretization for the primal variable φ and the latter
indicates that for the gradient variables. The scheme is further improved
by the rDG method, where these polynomials are made one-order higher by
using reconstructed derivatives:

Uh(x, y) = CV =

B1 B2 B3 B4 B5 B6

0 B1 0 B2 0 B3

0 0 B1 0 B3 B2




φ
u
v
ũx
ṽy
Ṽxy

 , (10)

where the tilde indicates the reconstruction, e.g., a least-squares (LS) recon-
struction or the variational reconstruction (VR) [10], which is an implicit
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gradient method and is more stable than the LS method. Note that ũx, ṽy,
and Ṽxy are reconstructed derivatives ux, vy, uy (or vx), respectively. In this
case, we still keep three unknowns φ, u, and v, since others are reconstructed
from them. This method is called DG(P0P2)+rDG_LS(P0P1) if the LS is
used for the reconstruction or DG(P0P2)+rDG_VR(P0P1) if the VR method
is used for the reconstruction. The developed hyperbolic rDG scheme is more
efficient than the DG method since it achieves third-order accuracy in the ad-
vection term with only three unknowns, whereas the third-order conventional
DG method requires a quadratic polynomial with six unknowns. This efficient
construction can be systematically extended to higher-order schemes. This is
the core idea and a fundamental advantage of the hyperbolic rDG method.
In the following, we will present and discuss numerical results obtained with
the hyperbolic rDG schemes.

2D Steady Advection Diffusion Problem
A steady model advection diffusion problem in a unit square domain is con-
sidered, i.e.,

∂φ

∂τ
+ a

∂φ

∂x
+ b

∂φ

∂y
= ν

(
∂2φ

∂x2
+

∂2φ

∂y2

)
. (11)

The exact solution can be found accordingly. Three sets of grids, as shown in
Fig.1, are considered to test the performance of the hyperbolic rDG methods.

(a) 17× 17 regular grid (b) 17× 17 irregular grid (c) 23× 21 heterogeneous grid

Figure 1: The sample grid of each type for 2D steady advection diffusion
problem

10



Table 1: Order of accuracy on regular grids with different ν.

Advection Advection-Diffusion Diffusion
Scheme [DoFs] φ vx φ vx φ vx

DG(P0P1)+DG(P0) [3] 2.11 0 .99 1.26 1.00 1.95 1.00
DG(P0P2)+DG(P1) [6] 3.02 2.01 2.03 1.62 2.05 1.62
DG(P0P3)+DG(P2) [10] 3.97 2.97 3.65 2.99 3.59 2.97

DG(P0P2)+rDG_LS(P0P1) [3] 3.18 2.01 - - - -
DG(P0P3)+rDG_LS(P1P2) [6] 4.14 3.22 3.69 2.82 3.70 2.82
DG(P0P2)+rDG_VR(P0P1) [3] 3.11 2.00 2.88 2.17 2.88 2.18
DG(P0P3)+rDG_VR(P0P2) [3] 4.49 3.28 3.04 2.90 2.99 2.81
DG(P0P3)+rDG_VR(P1P2) [6] 4.30 3.06 3.74 3.12 3.76 3.11

Table 2: Order of accuracy on irregular grids with different ν.

Advection Advection-Diffusion Diffusion
Scheme [DoFs] φ vx φ vx φ vx

G(P0P1)+DG(P0) [3] 1.93 0.99 1.26 0.92 1.92 0.89
DG(P0P2)+DG(P1) [6] 2.74 1.91 2.38 1.73 2.39 1.73
DG(P0P3)+DG(P2) [10] 3.97 2.97 2.99 2.72 2.96 2.75

DG(P0P2)+rDG_LS(P0P1) [3] 2.80 1.92 - - - -
DG(P0P3)+rDG_LS(P1P2) [6] 4.18 3.19 3.61 2.67 3.61 2.70
DG(P0P2)+rDG_VR(P0P1) [3] 2.74 1.93 2.78 2.21 2.81 2.22
DG(P0P3)+rDG_VR(P0P2) [3] 3.77 2.97 3.02 2.62 3.01 2.78
DG(P0P3)+rDG_VR(P1P2) [6] 3.87 3.01 3.97 3.23 3.94 3.22

Table 3: Order of accuracy on heterogeneous grids with different ν.

Advection Advection-Diffusion Diffusion
Scheme [DoFs] φ vx φ vx φ vx

DG(P0P1)+DG(P0) [3] 2.11 0.95 1.17 1.00 1.98 1.00
DG(P0P2)+DG(P1) [6] 3.15 2.07 2.60 1.92 2.60 1.92
DG(P0P3)+DG(P2) [10] 4.08 3.04 3.12 2.76 3.10 2.76

DG(P0P2)+rDG_LS(P0P1) [3] 3.05 2.06 - - - -
DG(P0P3)+rDG_LS(P1P2) [6] 4.17 3.11 3.87 2.99 4.00 3.10
DG(P0P2)+rDG_VR(P0P1) [3] 3.05 2.06 2.38 2.01 2.39 2.21
DG(P0P3)+rDG_VR(P0P2) [3] 4.51 3.27 3.57 3.09 3.53 3.04
DG(P0P3)+rDG_VR(P1P2) [6] 4.23 3.08 3.89 3.11 3.86 2.99

The accuracy and convergence of the hyperbolic rDG methods are shown
in Tab.1, Tab.2 and Tab.3 for regular, irregular, and heterogeneous grids,
respectively. Overall, the hyperbolic rDG methods are able to deliver the

11



designed or higher order of accuracy for most of the cases. All schemes con-
verged without any problem in the advection limit. However, we do observe
that DG(P0P2)+rDG(P0P1)_LS being unstable for non-advection limit cases.
It appears that this issue can be fixed by either adding more cells in the LS
stencils or applying limiters. On the other hand, DG(P0P3)+rDG(P1P2)_LS,
DG(P0P3)+rDG(P0P2)_VR and DG(P0P3)+rDG(P1P2)_VR are stable. Vari-
ational reconstruction is based on a global stencil with compact data struc-
ture, resolving the stability issue of the LS reconstruction and thus making
the extension to higher-order reconstruction simple and straightforward.

(a) L2 error of φ (b) L2 error of vx

Figure 2: Efficiency plots of the hyperbolic rDG methods: Error versus
CPU time for a sequence of 6 irregular grids with ν = 1,Re =

√
5.

The efficiency plots are shown in Fig.2, from where one can observe that
for the same error, 10−7 in primary variable φ and 10−5 in the gradients,
the presented rDG methods are more efficient than their DG counterparts.
The DG(P0P3)+rDG(P1P2)_VR is the most efficient method as expected.
The high efficiency of the VR based rDG methods is attributed to the fact
that only one SGS relaxation sweep is used to solve the global linear system
in the varational reconstruction at each time step and the convergence is
only achieved at the steady state. The numerical results indicate that the
presented hyperbolic rDG schemes with the variational reconstruction are
attractive and worth further investigation.
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2D Unsteady Advection Diffusion Problem
A 2D unsteady case is considered here. The analytical solution is given as

φ(x, y, t) =
1

4t+ 1
exp

(
−(x− at− x0)

2 + (y − bt− y0)
2

ν(4t+ 1)

)
,

(x, y) ∈ [0, 2]× [0, 2],

(12)

where
x0 = y0 = 1.0, a = b = 10−5, ν = 0.01. (13)

The regular and irregular grids of the 2D steady case are used with a scaling
factor of 2. The physical time step is taken as ∆t = 10−3 with tend = 1.
For time integration, the third-order TVD-RK explicit time-stepping scheme
was employed [? ]. The time is here too small to impact the order of error
convergence in grid refinement. The presented schemes are shown to provide
the designed or higher order of accuracy in this unsteady case, as shown in
Tab.4.

Table 4: Order of accuracy on 2D unsteady advection diffusion problem.

Regular Irregular
Scheme [DoFs] φ vx φ vx

DG(P0P1)+DG(P0) [3] 0.97 0.79 0.99 0.80
DG(P0P2)+DG(P1) [6] 1.96 1.86 1.84 1.68

DG(P0P2)+rDG_LS(P0P1) [3] 2.34 2.24 1.94 1.95
DG(P0P3)+rDG_LS(P1P2) [6] 3.96 3.34 3.93 3.18
DG(P0P2)+rDG_VR(P0P1) [3] 2.89 2.30 2.64 2.24
DG(P0P3)+rDG_VR(P0P2) [3] 5.30 4.57 4.38 4.57
DG(P0P3)+rDG_VR(P1P2) [6] 3.76 3.66 3.81 3.56
DG(P0P4)+rDG_VR(P1P3) [6] 5.14 5.06 4.74 4.62

Task 2: Develop the HNS Method for Steady
Compressible Viscous Flow Simulation
A New Hyperbolic Navier-Stokes System: HNS20G
In order to construct a hyperbolic rDG scheme for the Navier-Stokes equa-
tions, it was necessary to develop a new hyperbolic system with the gradients
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of the primitive variables as additional variables, instead of those scaled by
the viscosity as in the previous work [25, 26]. In this way, higher-order deriva-
tives of the primitive variables can be easily obtained from the extra variables
and their derivatives to build high-order polynomials of the primitive vari-
ables. To this end, we have developed the hyperbolic Navier-Stokes system
called HNS20G [23]:

P−1∂U

∂τ
+T

∂U

∂t
+

∂Fk

∂xk
= S, (14)

where τ refers to pseudo-time,

P−1 =

 1
. . .

1


5×5  Tv

. . .
Tv


9×9  Th

. . .
Th


3×3  Tr

. . .
Tr


3×3



,

(15)

T =



 1
. . .

1


5×5  0

. . .
0


15×15


. (16)

and U and S are defined as

U =
(
ρ, ρu, ρv, ρw, ρe, gT

u , gT
v , gT

w, hT , rT
)T

, (17)

S =
(
0, 0, 0, 0, 0, −gT

u , −gT
v , −gT

w, −hT , −rT
)T

, (18)
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with the superscript T to denote the transpose, and the gradient variables:

r = ∇ρ =

 ρx
ρy
ρz

 , gu = ∇u =

 ux
uy
uz

 , gv = ∇v =

 vx
vy
vz

 ,

gw = ∇w =

 wx

wy

wz

 , h = ∇T =

 Tx

Ty

Tz

 ,

(19)

where ρ is the density, (u, v, w) is the velocity vector, T is the temperature,
and the subscript indicates the derivative.

To discretize it, we define local polynomials for the primitive variables
and apply the weak formulation to the HNS20G system written in the form:

P−1 ∂U

∂W

∂W

∂τ
+T

∂U

∂W

∂W

∂t
+

∂Fk

∂xk
= S, (20)

where
W = [ρ, u, v, w, T,gT

u , gT
v , gT

w, hT , rT ]T . (21)
The polynomials of the primitive variables can be made higher-order by
adding higher-order terms expressed in terms of higher-order derivatives of
the gradient variables: e.g., for the density,

ρR

rRx
rRy
rRz

 =


B1 B2 B3 B4

1
∆x

1
∆y

1
∆z




ρ
∆xrx
∆yry
∆zrz

 , (22)

where
B1 = 1, B2 =

x− xc
∆x

, B3 =
y − yc
∆y

, B4 =
z − zc
∆z

. (23)

In this way, we only store and compute ρ for the density and its gradient is
directly evaluated by the gradient variables (rx, ry, rz). These polynomials
are made even higher-order by using reconstructed derivatives as described
for the model equations. As a result, we have developed HNS(P0P1+P0),
HNS(P0P2+P0P1_VR), HNS(P0P3+P0P2_VR) methods. Further details
can be found in Refs.[23, 27, 28]. For steady problems, the implicit defect-
correction solver is employed as described in Refs.[23, 27]. For unsteady prob-
lems, the ESDIRK implicit time-stepping scheme is employed as described in
Ref.[28]
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2D Manufactured Problem
A 2D manufactured problem is introduced to verify the accuracy of the
HNS+rFV method. The numerical experiment is executed on four types
of grids. These four sets of grids are composed of regular hexahedral, regular
prismatic, distorted prismatic and highly-skewed prismatic cells, respectively,
as is shown in Fig. 3. The following functions are made the exact solutions
by introducing source terms into the Navier-Stokes equations:

ρ = 1.0 + 0.15 · sin(1.0 · x+ 2.0 · y),
u = 0.3 + 0.16 · sin(2.5 · x+ 3.0 · y),
v = 0.4 + 0.13 · sin(1.0 · x+ 3.0 · y),
p = 1.62 + 0.31 · sin(3.0 · x+ 1.0 · y).

(24)

A constant viscosity µ = ρinfvinfL/Re is used here for a verification purpose.
The subscript denotes the free stream values. The free stream state is taken
as ρinf = 1.0 and vinf = 0.5 here. The Reynolds number is taken as 10 and
105.

16



X
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Z

(a) Grid of regular hexahedral cells

X

Y

Z

(b) Grid of regular prismatic cells

X

Y

Z

(c) Grid of distorted hexahedral cells

X

Y

Z

(d) Grid of highly skewed hexahedral cells

Figure 3: Four types of prismatic mesh for 2D manufactured problem

The mesh convergence of Re = 10 and Re = 105 is shown in Fig.4 and
Fig.5, respectively. For the viscous limit when Re = 10, all the primitive vari-
ables and auxiliary variables converge to first, second and third order of accu-
racy for HNS(P0P1+P0), HNS(P0P2+P0P1_VR) and HNS(P0P3+P0P2_VR),
respectively. However, when it comes to inviscid limit for Re = 105, the gra-
dient variables still converge to first, second and third, but super-convergence
occurs for primitive variables as they converge to second-, third- and forth-
order of accuracy for these three methods, respectively.
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Figure 4: Mesh convergence of L2 error for manufactured solution, Re = 10
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Figure 5: Mesh convergence of L2 error for manufactured solution, Re = 105
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Laminar Flow Past a Flat Plate
The laminar boundary layer over an adiabatic flat plate at a free-stream
Mach number of M∞ = 0.5 and a Reynolds number of Re = 105 based on
the free-stream velocity and the length of the flat plate is considered here.
This problem is chosen to illustrate the accuracy of the HNS methods, as
the classical Blasius solution can be used to measure the accuracy of the
numerical solution.

Computations are performed on a hexahedral grid, as is shown in Fig. 6.
The computation domain is bounded from −0.5 to 1.0 along the x-direction,
from 0 to 1.0 in the y-direction, and from 0 to 0.1 along the z-direction. The
hexahedral grid used in this computation is composed of (25 + 50)× 1 cells,
with 25 × 30 × 1 cells ahead of the flat plate and 50 × 30 × 1 cells for the
flat plate. In order to cluster points near the flat plate, the distribution of
grid points in the y-direction follows a geometric stretching. The stretch-
ing ratio (SR) is taken as SR = 1.3 for the ratio of the heights of the two
successive elements. The computation is performed with HNS(P0P1+P0P)
and HNS(P0P2+P0P1_VR) methods. The pressure contours near the front
of the flat plate are shown in Fig.7. Fig 8 provides the logarithmic plot of
the computed skin friction coefficient cf distributions along the flat plat. The
skin friction coefficient cf is defined by

cf =
τw

1
2ρu

2
∞
, (25)

where τw is the local wall shear stress

τw = µ

(
∂u

∂y

)
y=0

, (26)

where µ is the dynamic viscosity, ρ is the fluid density and u∞ is the free-
stream velocity.

Fig. 9 shows the plot of velocity profiles versus similarity variable η for
computed x-velocity u and scaled y-velocity v+ along the cells cut through
by plane of x = 0.1 and x = 0.5 in the boundary layer region. The similarity
variable η is defined as

η =
y

δ(x)
=

y√
νx
u∞

, (27)

where δ(x) is the scaling argument, and x is the downstream coordinate.
It can be observed from Fig.9 that the u profiles at both downstream lo-
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cations match quite well with the analytical solution, which illustrates a
consistent convergence and accuracy of the numerical HNS methods. On
the other side, the v+ profiles are also able to match the analytical solu-
tion, but not as good as the u profiles, since y-velocity is relatively a very
small quantity with respect to x-velocity, and requires a much higher grid
resolution if expected to match the analytical solution better. Moreover,
the v+ profile obtained with HNS(P0P2+P0P1_VR) method matches better
than the other one of HNS(P0P1+P0) method, demonstrating that the recon-
structed HNS(P0P2+P0P1_VR) method is more accurate than the baseline
HNS(P0P1+P0) method.

Figure 6: Plot of the hexahedral grid for laminar flow past a flat plat at
Re = 105

(a) HNS(P0P1+P0) result (b) HNS(P0P2+P0P1_VR) result

Figure 7: Pressure contours obtained with HNS(P0P1+P0) and
HNS(P0P2+P0P1_VR) methods for laminar flow past a flat plate
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Figure 8: Logarithmic plot of the computed skin friction coefficient cf
distribution obtained with HNS(P0P1+P0) and HNS(P0P2+P0P1_VR)

methods compared with analytical solution along the flat plate 0 ≤ x ≤ 1

(a) x-velocity (b) y-velocity

Figure 9: Plot of velocity versus similarity variable η obtained with
HNS(P0P1+P0) and HNS(P0P2+P0P1_VR) methods and compared with
the analytical solutions at downstream coordinates x = 0.1 and x = 0.5 in

the boundary layer region
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Laminar Flow Past a Sphere
The laminar flow past a sphere is simulated here to testify the accuracy of
the rDG methods base on HNS20G equations. The grids are shown in Fig.
10.

(a) Level 1 (b) Level 2

Figure 10: Tetrahedral grids for laminar flow past a sphere

We start with a free-stream Mach number of M∞ = 0.5 and Reynold’s
number of Re = 100. The residuals’ convergence of velocity and the gradients
of velocity are compared between HNS(P0P1+P0), HNS(P0P2+P0P1_VR)
and DG(P1) methods on the coarse grid in Fig.11, from where we can see
that given the same convergence threshold of the linear solver at each step
of Newton’s method (the relative residual magnitude drops with one-order),
HNS(P0P2+P0P1_VR) method converges faster than conventional DG(P1)
method to a steady-state, i.e., to a state where the residuals are small enough.
This is expected because by implementing the HNS20G method, the second-
order derivatives in the NS equations are eliminated. The Jacobian matrix for
HNS(P0P2+P0P1_VR) method is not accurate anymore because of the fact
that reconstruction techniques are involved. That’s why HNS(P0P2+P0P1_VR)
method converges slower to a steady-state than conventional DG(P1) method
in the presented work.
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(a) Residuals of velocity (b) Residuals of the gradients of velocity

Figure 11: Convergence of the residuals of velocity and its gradients with
HNS(P0P1+P0), HNS(P0P2+P0P1_VR) and DG(P1) methods for laminar

flow past a sphere at M∞ = 0.5 and Re = 100 on the coarse grid

The voricity magnitude contours are given in Fig.12, where HNS(P0P1+P0)
and DG(P1) give the similar results, but HNS(P0P2+P0P1_VR) method gives
a smoother result than HNS(P0P1+P0) and DG(P1) methods.
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(a) DG(P1)

(b) HNS(P0P1+P0) (c) HNS(P0P2+P0P1_VR)

Figure 12: Vorticity magnitude contours obtained with HNS(P0P1+P0),
HNS(P0P2+P0P1_VR) and DG(P1) methods for laminar flow past a sphere

at M∞ = 0.5 and Re = 100 on the fine grid

The Reynold’s number is then increased to Re = 250. The Mach contours
and the streamlines obtained with HNS(P0P2+P0P1_VR) method on the fine
mesh are given in Fig. 13, and compared with the reference solution [29]. The
flow becomes asymmetric at this condition, but still laminar.
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(a) HNS(P0P2+P0P1_VR)

(b) Reference solution [29]

Figure 13: Mach number contours and streamlines obtained with
HNS(P0P2+P0P1_VR) method for laminar flow past a sphere at M∞ = 0.5

and Re = 250 on the fine grid and compared with reference solution

Laminar Flow Past a Delta Wing
A laminar flow at a high angle of attack past a delta wing with a sharp
leading edge and a blunt trailing edge is considered here. The free stream
Mach number is of M∞ = 0.3, the angle of attack is α = 12.5o, and the
Reynolds number is of Re = 4, 000 based on a mean cord length of 1. The
objective here is to assess if the rDG methods based on HNS20G equations
are able to effectively resolve the flow features in more complex conditions.
A tetrahedral grid consisting of 670, 680 tetrahedral elements, 197, 752 grid
points and 25, 944 triangular boundary faces. The triangular meshes of the
delta wing surface are illustrated in Fig. 14. The no-slip and adiabatic
boundary conditions are prescribed to the wing surface. Both HNS(P0P1+P0)
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and HNS(P0P2+P0P1_VR) methods are used to perform the computation.
The computed vorticity magnitude contours are displayed in Fig. 15 along
with the stream-straces in the flow field. It is observed that as the flow passes
the leading edge, it rolls up and creates a vortex together with a secondary
vortex. The vortex system remains over a distance behind the wing.

Figure 14: Tetrahedral grid used for laminar flow past a Delta wing
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(a) HNS(P0P1+P0) (b) HNS(P0P2+P0P1_VR)

Figure 15: Vorticity magnitude contours and stream-traces obtained with
HNS(P0P1+P0) and HNS(P0P2+P0P1_VR) methods for laminar flow past

a Delta wing

Task 3: Develop the HNS Method for Un-
steady Compressible Viscous Flow Simulation
Von-Karman Vortex Street Behind A Circular Cylinder
The von-Karman vortex street is one of the most extensively studied case both
experimentally and numerically in fluid dynamics. The initial condition is a
uniform free-stream with non-slip and adiabatic wall boundary on the circular
cylinder surface. The free-stream Mach number is taken as M∞ = 0.1 and the
Reynold’s number is taken as Re = 100 based on the diameter of the cylinder.
The grid is composed of 21, 809 prismatic elements, 22, 804 grid points 43, 168
triangular boundary faces and 199 quadratic boundary faces. The third-
order ESDIRK method is used for time marching with a fixed physical-time
step ∆t = 0.2. The computation is performed with HNS(P0P2+P0P1_VR)
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method. The drag and lift coefficients are reported in Fig. 17. The vorticity
magnitude contours within one half period is shown in Fig. 18.

Figure 16: Prismatic grid used for von-Karman vortex street behind a
circular cylinder

Figure 17: Time history of the computed lift and drag coefficient for
von-Karman vortex street behind a circular cylinder at N∞ = 0.1 and

Re = 100 with HNS(P0P2+P0P1_VR) method
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(a) 1/8 phase (b) 2/8 phase

(c) 3/8 phase (d) 4/8 phase

Figure 18: Vorticity magnitude contours at four phases within a half period
for von-Karman vortex street behind a circular cylinder with

HNS(P0P2+P0P1_VR) method
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Concluding Remarks and
Future Work
A new formulation of first-order hyperbolic Navier-Stokes equations, i.e.,
HNS20G is first derived. Different from previous works about HNS, the aux-
iliary variables in the HNS20G equations are taken directly as the gradients
of density, velocity and temperature.

With this new HNS20G, a reconstruction strategy, namely variational re-
construction, is allowed to be taken into account for spatial discretization.
Then, the auxiliary variables are recycled to get a higher-order polynomial es-
timation of the primitive variables, i.e., density, velocity and temperature. A
higher-order estimation is obtained by performing a reconstruction strategy,
variational reconstruction, on the gradient variables.

The HNS+rDG methods based on the newly developed HNS20G equa-
tions are implemented for numberical experiments. From the numerical re-
sults, we can see that the HNS method is efficient, accurate and robust. The
HNS methods converge faster than DG(P1) methods with the same number of
degree of freedoms. The higher-order reconstructed HNS method converges
slower. This is because that in the implicit time marching methods, although
the Jacobian matrix is exact for the baseline HNS methods by using the auto-
matic differentiation tool, the Jacobian matrix is not exact anymore when the
variational reconstruction is used. However, the reconstructed method based
on HNS20G equations gives a much smoother solution than the conventional
DG counterpart with the same degree of freedom, demonstrating the high
accuracy for the rDG methods based on the HNS20G equations. Finally,
a numerical simulation of an unsteady Karmen-vortex is carried out with
HNS+rDG method and ESDIRK time integration to show that the present
method is able to solve for real unsteady flow problems.

It is noticeable that the HNS(P0P1+P0) method is important and unique.
This method is compact, efficient, and gives first-order of accuracy in the
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gradients, while any conventional first-order viscous scheme will only give
zeroth-order of accuracy in the gradients. This method is also accurate for
many real flow problems as shown in this work.

The developed rDG+HNS methods showed their potential for future works.
First, high-performance computing techniques can be implemented to opti-
mize the performance of the presented schemes. Second, these methods can
be extended to simulate real flows with high Reynold’s number, or even
turbulent flows. Third, because the baseline HNS methods are faster than
conventional DG when it comes to convergence, and the high-order HNS
methods are able to get more accurate results than DG methods, especially
when it comes to the gradients, the presented methods can also be consid-
ered to be implemented with hp-adaptation, so that accurate results can be
obtained without too much sacrifice of computing resources. The presented
HNS methods are able to get accurate and noise-free velocity gradients even
on highly distorted grids, which makes it suitable for hp-adaptation, where
the grid will be highly irregular and the accuracy of the gradients becomes a
great concern. Additionally, the superior gradient accuracy of HNS is a very
strong advantage for enabling anisotropic grid adaptation through a bound-
ary layer. It is an enabling feature for future adaptive-grid simulations since
the current state-of-the-art methods cannot provide satisfactory accuracy in
gradients on adaptive grids. As such, the next logical step would be to apply
the HNS method to fully adaptive-grid simulations.
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