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Abstract

A major aspect of the research has been on determining explicit
strategies for stochastic control problems and stochastic differential
games. Generally the optimal strategies are obtained by a direct
method which does not require solving Hamilton-Jacobi-Bellman par-
tial differential equations or using a stochastic maximum principle.
The problems have included linear exponential quadratic problems
for control and games, nonlinear stochastic problems especially evolv-
ing in compact Lie groups or symmetric spaces, and some systems
evolving in linear or bilinear stochastic partial differential equations.
The noise has included Gauss-Volterra processes and Rosenblatt pro-
cesses. Problems in discrete time and with input constraints have also
been considered. Mean field games have been solved in a variety of
formulations including jump diffusions, input constraints and model
predicative control.

1 Introduction

To have an effective theory of stochastic control and stochastic differential
games it is necessary to have a variety of explicitly solvable problems. Histor-
ically the control and game problems that were solved were quite restrictive
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because the solutions depended on solving Hamilton-Jacobi-Bellman equa-
tions or extending necessary conditions of stochastic maximum principles.
Another typical restriction for the models has been that the noise was re-
stricted to Brownian motions. The PlIs have developed a direct method for
control and game problems that allows to obtain explicit solutions without
imposing restrictive conditions that have been required by other methods.
Furthermore this direct method allows for noise processes that are not Gaus-
sian or Markovian.

2 Description of the Main Results

A variety of stochastic control and stochastic differential game problems are
described that were solved with the support of this AFOSR grant. Linear
exponential quadratic differential game problems were solved in a simple di-
rect manner that showed why an additional term arises in the associated
Riccati equations [1]. A stochastic volatility model where the volatility was
driven by a fractional Brownian motion was explicitly solved [2]. A variety
of stochastic differential games were explicitly solved that evolved in some
nonlinear spaces including a family of rank one compact symmetric spaces
and some other spaces [3, 4, 6, 7]. A direct approach for the solution of the
linear-quadratic control problem that shows why a Riccati equation appears
naturally is given in [5]. A well known product-sum formula for theta func-
tions for an arbitrary compact simple Lie group is obtained using a simple
change of variables in Wiener space [8]. A partially observed multi-agent
stochastic differential games with exponential quadratic payoffs is explicitly
solved [9]. General Gauss-Volterra processes are used to drive linear stochas-
tic partial differential equations to model linear-quadratic control problems
that are explicitly solved in [10]. Risk-sensitive zero-sum stochastic differen-
tial games are solved in [11]. Linear-quadratic mean field games are explicitly
solved in [12]. A solution of linear-quadratic mean field games with jump dif-
fusions is solved in [13]. Some cooperative linear mean field games are solved
in [14] because often cooperation occurs in games. Some linear-quadratic
mean field games with multiple input constraints are solved in [15]. A de-
scription of some adaptive control methods is given in [16]. Gauss-Volterra
processes are a family of Gaussian processes that includes various long range
dependent Gaussian processes such as fractional Brownian motions. Some
linear-quadratic stochastic differential games with Gauss-Volterra processes
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are solved explicitly in [17]. Some discrete time stochastic differential games
are solved in [18]. A stochastic calculus for Rosenblatt processes is devel-
oped in [19]. Rosenblatt processes are a family of continuous non-Gaussian
processes which have important properties for modeling physical phenom-
ena. Some linear stochastic differential games with state dependent noise are
explicitly solved in [22]. Some stochastic control problems with convexity as-
sumptions on the state drift terms are solved directly [20]. A simple solution
for indefinite linear quadratic stochastic control with random coefficients is
given in [21]. Linear stochastic differential games with state dependent frac-
tional Gaussian noise are solved in [26]. An ergodic linear quadratic control
problem with Rosenblatt noise is explicitly solved in [23]. A micro-grid energy
storage problem described by a mean field game is solved in [24]. A direct
method is used to solve a fractional mean field game with non-quadratic
costs in [25]. Linear-quadratic stochastic control with random coefficients
and driven by fractional Brownian motions is solved in [26].
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